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KTH Main Campus.

c© 2019 Arash Owrang, unless otherwise stated.

Tryck: Universitetsservice US AB



Abstract

The fundamental importance of model specification has motivated researchers to
study different aspects of this problem. One of which is the task of model selection
from the set of available competing models. In this regard, several successful model
selection criteria have been developed for the classical setting in which the number of
measurements is much larger than the parameter space. However, when the number
of measurements is comparable with the size of the dimension of the parameter
space, these criteria are too liberal and prone to overfitting.

In this thesis, we consider the problem of model selection for the
high-dimensional setting in which the number of measurements is much smaller
than the dimension of the parameter space. Inspired by previous work in this area,
we propose a new model selection criterion based on the Fisher information. We
analyze the performance of our criterion as the number of measurements increases
to infinity as well as when the noise variance decreases to zero. We prove that
the proposed criterion is consistent in selecting the true model in both scenarios.
Besides, we conceive a computationally affordable algorithm to execute our model
selection criterion. This algorithm utilizes the solution path of Lasso to narrow
the set of all plausible combinatorial models down to a few ones. Interestingly,
this algorithm also can be used for choosing the regularization parameter in the
Lasso estimator properly. The empirical results support our theoretical findings.
We also practice the task of model selection in situations where there are multiple
measurement vectors available. Here, we also allow the elements of the noise vector
to be spatially correlated. For such situations, we propose a non-negative Lasso
estimator that is inspired by covariance matching techniques. Here, to tune the
corresponding regularization parameter, we use our model selection criterion that
has been introduced earlier. Empirical results show that our non-negative Lasso
estimator can correctly select the true model when a relatively small number of
measurement vectors are available. Moreover, the empirical results show that our
proposed method is rather insensitive to a high correlation between the columns
of the design matrix. In the last part of the thesis, we apply some of the theories
and tools developed for model selection in the previous chapters to the problem of
change point detection for noisy piecewise constant signals. In more details, we first
consider the previously proposed change point estimation method, fused Lasso, and
explain why it cannot guarantee the detection of the true change points. Then, we
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propose a normalized version of fused Lasso that is obtained by normalizing the
columns of the sensing matrix of the Lasso equivalent. We analyze the performance
of the proposed method, and in particular, we show that it is consistent in detecting
change points as the noise variance tends to zero. Finally, we show numerical
experiments that support our theoretical findings.



Sammanfattning

Den grundläggande betydelsen av modellspecifikation har motiverat forskare att
studera olika aspekter av detta problem. En av dem är uppgiften att välja
modell fr̊an en uppsättning av tillgängliga konkurrerande modeller. I detta
avseende har flera framg̊angsrika modellvalskriterier utvecklats för den klassiska
problemställningen där antalet mätningar är mycket större än parameterrummet.
När antalet mätningar är jämförbara med storleken p̊a parameterrummet, är dessa
kriterier dock alltför liberala och benägna att leda till övermodellering.

I denna avhandling betraktar vi problemet med modellval för den
högdimensionella problemställningen, där antalet mätningar är mycket mindre
än dimensionen för parameterrummet. Inspirerat av tidigare arbete inom detta
omr̊ade, föresl̊ar vi ett nytt modellvalskriterium baserat p̊a Fisher-informationen.
Vi analyserar resultatet av v̊art kriterium d̊a antalet mätningar ökar till
oändligheten samt när brusvariansen g̊ar mot noll. Vi bevisar att det föreslagna
kriteriet ger en konsistent skattning av den sanna modellstrukturen i bägge fallen.
Dessutom föresl̊ar vi en beräkningsmässigt överkomlig algoritm för att praktiskt
använda v̊art modellvalskriterium. Denna algoritm använder Lasso-metodens
lösningar för att begränsa uppsättningen av alla rimliga kombinatoriska modeller
till n̊agra f̊a. En intressant aspekt är att denna algoritm ocks̊a kan användas för att
välja regulariseringsparametern i Lasso-metoden. De empiriska resultaten stöder
v̊ara teoretiska fynd. Vi studerar ocks̊a uppgiften att välja modell i situationer
där det finns flera mätvektorer tillgängliga. Här till̊ater vi ocks̊a att elementen
i brusvektorn är rumsligt korrelerade. För s̊adana situationer föresl̊ar vi en
icke-negativ version av Lasso som är inspirerad av kovariansanpassningstekniker.
Här, för att ställa in motsvarande regulariseringsparameter, använder vi v̊art
kriterium för modellval som införts tidigare. Empiriska resultat visar att v̊ar
icke-negativa Lasso-metod korrekt kan välja den sanna modellen när ett relativt
litet antal mätvektorer är tillgängliga. Dessutom visar de empiriska resultaten att
v̊ar föreslagna metod är ganska okänslig för en hög korrelation mellan kolumnerna
i designmatrisen. I den sista delen av avhandlingen tillämpar vi n̊agra av teorierna
och verktygen som utvecklats för modellval i de föreg̊aende kapitlen till problemet
med detektering av tidpunkter för stegändringar för brusiga styckvis konstanta
signaler. Vi behandlar först den tidigare föreslagna stegdetekteringssmetoden,
“fused Lasso”, och förklarar varför den inte kan garantera detektering av de
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sanna ändringspunkterna. Därefter föresl̊ar vi en normaliserad version av “fused
Lasso” som erh̊alls genom att normalisera kolumnerna i sensormatrisen hos
Lasso-ekvivalenten. Vi analyserar prestanda för den föreslagna metoden och i
synnerhet visar vi att den är konsistent i detektering av stegändringspunkterna
d̊a brusvariansen g̊ar mot noll. Slutligen visar vi numeriska experiment som stöder
v̊ara teoretiska fynd.







Acknowledgments

Through my Ph.D., I have benefited from interaction with people in KTH and the
academic community.

I would like to thank my supervisor Prof. Magnus Jansson for his support
and providing me the opportunity to pursue my doctoral study. I appreciate
his collaboration and the time he spent on me. I also would like to extend my
gratitude to Prof. Yoram Bresler for hosting me in UIUC as a research scholar and
being available for fruitful technical discussions. Moreover, I am thankful for the
helpful comments and the discussions with Prof. Alexandre Proutiere during the
collaboration in one of the projects.

I have also been privileged to be engaged in valuable technical discussions
with skilled colleagues, namely, M. Malek-Mohammadi, M. Golami, H. Gourchian,
H. Shokri and N. Moghadam. In particular, I was able to collaborate with M.
Mallek-Mohammadi.

I also would like to acknowledge Prof. Joakim Jalden for being available for the
math-related subjects. Furthermore, I would like to thank Prof. Mats Bengtsson
for his support in any Latex related problem. Additionally, I must thank wonderful
past and present Ph.D. colleagues, Rasmus, Hamed, Klas, Amirpasha, Marie, Alla,
Ehsan, Alireza, Nafiseh, Hadi, Farshad, Rami, Arun, Sina, Amir, Baptiste, Dong
and many others for the pleasant time they have shared with me. Also, I express
my gratefulness to Tove, the former financial administrator of our department, for
taking care of the never-ending administrative matters.

My family has been essential for my success, for supporting me unconditionally,
bringing me joy and encouraging me to overcome difficulties. In particular, I am
thankful to my parents for the lovely calls, through which, they share their life with
me; I am also very happy to have two sisters that cheer me up whenever I feel blue.
I am also deeply thankful to my wife for her patience and support. Additionally, I
am grateful to my in-laws for all the help and advice they have provided.

ix





Contents

Abstract iii

Sammanfattning v

Acknowledgments ix

Contents xi

List of Figures xiii

List of Tables xvii

1 Introduction 1

2 Contributions, Outline of the Thesis and Notation 3
2.1 Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
2.2 Mathematical Notation . . . . . . . . . . . . . . . . . . . . . . . . . 7

3 Background 9
3.1 Model Selection With Information Criterion . . . . . . . . . . . . . . 10
3.2 Lasso . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
3.3 Appendix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

4 Extended Fisher Information Criterion 35
4.1 Generalized Model Selection . . . . . . . . . . . . . . . . . . . . . . . 36
4.2 Performance Analysis of EFIC for the Linear Regression . . . . . . . 41
4.3 Computing EFIC for Linear Regressions . . . . . . . . . . . . . . . . 49
4.4 Empirical Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
4.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56
4.6 Appendix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

5 Covariance Matching Based Model Selection 61
5.1 Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
5.2 Calculating λ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

xi



xii CONTENTS

5.3 Empirical Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69
5.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71
5.5 Appendix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

6 Change Point Detection for Piecewise Constant Signals With
Fused Lasso 83
6.1 From Fused Lasso to Normalized Fused Lasso . . . . . . . . . . . . . 83
6.2 Performance Analysis of NFL . . . . . . . . . . . . . . . . . . . . . . 88
6.3 Empirical Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90
6.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

7 Conclusions and Future Work 95
7.1 Future Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

Bibliography 97



List of Figures

3.1 An example of polynomial regression when the true polynomial is
p(ai) = a4

i − 1.8a3
i − 3a2

i + 4ai + 4, m = 70, N = 10, ε’s are i.i.d.
Gaussian distributed with ε ∼ N (0, 1) and σ = 0.8. . . . . . . . . . . . 11

3.2 The numerical evaluation of deviance versus the cardinality of |I|. The
small box on top magnifies the lower values of deviance. The smallest
value at each cardinality index represents the value of deviance forMk’s.
Here, ai’s are chosen as i.i.d. multivariate Gaussian random vectors from
N (0, I), S = {2, 4, 5} and σ2 = 0.8. . . . . . . . . . . . . . . . . . . . . 14

3.3 The numerical evaluation of the behaviour of AIC, BIC and FIC when
ai’s are realizations of N i.i.d. Gaussian random vectors with N (0, I),
m = 100, N = 10, S = {2, 4, 9} and σ2 = 10−1.2. The small box in
the top right corner magnifies the value of AIC for few |Î|’s after the
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3.10 The empirical probability of Î = S for Lasso given different values of λ.
Here, λ obeys λ = σ(1 + τ)

√
2 lnm, σ2 = 100.3, |S| = 5, N = md where

d = 1.3. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

4.1 Projecting y into the orthogonal subspaces of the nested models of S
and I{S∪i1} makes g1(S) ≥ g1(I1). . . . . . . . . . . . . . . . . . . . . . 40

4.2 The behavior of a few model selection criteria versus the indices of the
solution set of Lasso. The setting is σ2 = 10−1, |S| = 5, m = 100 and
N = dmde, for d = 1.3. Label six corresponds to the true model. . . . . 50

4.3 The empirical probability of {Î = S} versus m when A has an
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Chapter 1

Introduction

Many branches of science and engineering such as epidemiology, mathematical
psychology, econometrics, statistical signal processing and control theory are
substantially influenced by the field of parametric statistical inference. This
inference is the process of using the general statistical description of the data to
form judgments about the unknown underlying parameters [Zac14]. In this regard,
one first needs to determine the parametric model by specifying the contributing
parameters [Fis22,Leh90]. This is accomplished by selecting a model, which is the
collection of some of the parameters, from the set of available competing models
in the N -dimensional parameter space. Once the model is selected, various forms
of inferences can be applied to the measurements. The effect of model selection on
the succeeding inference is so influential that it can be argued solving the majority
of complex real-world problems is linked to this task [KK08].

Surprisingly, Fisher believed that the practice of model selection is outside of
the field of mathematical statistics and his attitude dissuaded the community to
develop the corresponding theory for few decades [Leh90,BA03]. Nevertheless, the
essential role of model selection in mathematical statistics motivated researchers
to investigate this problem. As a result, many model selection criteria have been
developed for the classical setting in which the dimension of the parameter space,
N , is much smaller than the number of accessible measurements, m [Aka74,RW01,
KK08, Shi81, Hau88]. In such classical setting, it is shown that popular criteria
such as Bayesian information criterion (BIC) [Sch78], minimum description length
(MDL) [Ris78] and Fisher information based criterion (FIC) [Kay93] are consistent
in selecting the true model as m tends to infinity.

However, in many real-world applications, such as high-resolution magnetic
resonance imaging [LDP07], genome-wide association studies [MDC05] and
high-resolution radar systems [BS07], the dimension of the parameter space can
be much larger than the number of available observations. In such scenarios, large
N -dimensional parameter space and a relatively small number of measurements
makes the models selection a great challenge [BS02,MBD04]. In fact, it is shown
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that when N � m, the classical model selection criteria are too liberal and tend
to overestimate the size of the model [CC08]. To overcome this issue, an extended
version of BIC (EBIC) has been proposed [CC08]. Although, it is proven that
EBIC can asymptotically select the true model as m grows to infinity, the empirical
performance of EBIC for practical size m is somewhat unsatisfactory. To improve
the performance of model selection in the high-dimensional setting, in this thesis,
we propose an extended version of FIC.

As an alternative approach to the conventional model selection methods, Lasso
has been introduced. In principle, Lasso is a model selection method that regularizes
the empirical loss with a `1 penalty term. The size of the regularization parameter
essentially controls the cardinality of the estimated model. It is shown that Lasso
can correctly select the true model if some suitable conditions are satisfied; one of
which is that the signal to noise ratio should be high. To overcome this issue, we
propose a non-negative version of Lasso that uses multiple measurement vectors. To
form the proposed non-negative Lasso, we utilize the existing covariance matching
techniques. The empirical results show that the proposed non-negative Lasso can
successfully select the true model as the number of measurements grows.



Chapter 2

Contributions, Outline of the
Thesis and Notation

2.1 Contributions

Chapter 2: Background

In the first part of this chapter, we mathematically describe the problem of model
selection. Consequently, we reintroduce several popular model selection criteria
and we provide a heuristic interpretation of the general structure of these criteria.
Further, we present a sketch of derivation for FIC. Using our derivation, we
mathematically show that FIC and BIC tend to overestimate the model when
the dimension of the parameter space is relatively large. To overcome this issue,
inspired by [CC08], we argue that the prior probability assigned to models should
be reconsidered. Such a reconsideration leads to the extended versions of BIC
and FIC. In the second part, we reintroduce the `1 minimization as an alternative
approach for the classical model selection procedure. Here, we specifically consider
Lasso. In this regard, we represent the conditions under which Lasso can identify
the true model. Further, we describe the solution path of Lasso as a function of
its tuning parameter. Moreover, we explain how the choice of tuning parameter in
Lasso can affect the estimate of Lasso and we reintroduce the currently available
guideline for selecting the tuning parameter.

Chapter 3: Extended Fisher Information Criterion

In high-dimensional settings, in which the dimension of the parameter space is much
larger than the accessible number of measurements, the classical model selection
criteria are ineffective and prone to overfit the model. Inspired by [CC08], we
propose a new model selection criterion based on Fisher information that results in
selecting a parsimonious model form the union of all combinatorial models up to
a certain cardinality. Here, we consider the deterministic optimality conditions for
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NOTATION

our proposed criterion. Further, we study the performance of our criterion when
the variance of noise tends to zero, as well as when the number of measurements
grows to infinity. In both cases, we prove that our proposed criterion can correctly
select the true model under some identifiability condition. Moreover, we conceive
a computationally affordable algorithm, which exploits the solution path of Lasso,
to implement the model selection procedure.

This chapter is based on the following published papers.

• A. Owrang and M. Jansson, “Model selection for high-dimensional data,” in
Signals, Systems and Computers, 2016 50th Asilomar Conf. on. IEEE, pp.
606–609.

• A. Owrang and M. Jansson, “A model selection criterion for high-dimensional
linear regression,” IEEE Trans. Signal Process., vol. 66, no. 13, pp.
3436–3446, Jul. 2018.

Chapter 4: Covariance Matching Based Model Selection
Here we practice the task of model selection in a somewhat different setup than
what has been considered in previous chapters. In more details, we assume that
we have access to L number of vector measurements, where the signal part of
the measurement is also stochastic. Moreover, we assume that the additive noise
is spatially correlated where the structure of the correlation is considered to be
known. To estimate the true model, we utilize `1 minimization and propose a
non-negative version of Lasso that is based on the covariance matching techniques.
We provide the deterministic conditions under which our non-negative Lasso can
correctly identify the true model. We also use our extended Fisher information
criterion, proposed in Chapter 4, to tune the regularization parameter in the
proposed non-negative Lasso. The numerical results show that our method can
correctly select the true model given a relatively small number of measurement
vectors when the signal to noise ratio is fairly small. The numerical results also
show that our method is rather insensitive to the correlation between the columns
of the regressor matrix.

This chapter is based on the following published papers and submitted
manuscripts.

• A. Owrang and M. Jansson, “Weighted Covariance Matching Based Square
Root Lasso,” IEEE International Conf. on Acoustics, Speech and Signal
Process. (ICASSP), 2015.

• A. Owrang and M. Jansson, “Model Selection With Covariance Matching
Based Non-negative Lasso,” To be submitted.

• M. Malek-Mohammadi, M. Jansson, A. Owrang, A. Koochakzadeh and
M. Babaie-Zadeh, “DOA Estimation in Partially Correlated Noise Using
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Low-rank/Sparse Matrix Decomposition,” IEEE 8th Sensor Array and
Multichannel Signal Processing Workshop (SAM), 2014, pp. 373–376.

Chapter 5: Change Point Detection for Piecewise Constant
Signals With Fused Lasso
Consider the problem of change point detection for noisy piecewise constant signals.
To detect change points, [TSR+05] exploits the temporal sparsity of the discrete
derivative of the piecewise constant signal and proposes a Lasso-like estimator,
called fused Lasso. Although the estimate of fused Lasso fits the true signal in the
least squares sense, the support of the derivative of the estimated signal does not
match that of the true signal if two consecutive steps are in the same direction
[RW14]. To overcome this issue, we propose a normalized version of fused Lasso
that is obtained by normalizing the columns of the corresponding sensing matrix
of the Lasso equivalent. We prove that the normalized fused Lasso is consistent in
estimating the true change points as the variance of the noise tends to zero.

This chapter is based on the following published paper.

• A. Owrang, M. Malek-Mohammadi, A. Proutiere, and M. Jansson,
“Consistent Change Point Detection for Piecewise Constant Signals With
Normalized Fused Lasso,” IEEE Signal Process. Lett., vol. 24, no. 6, pp.
799–803, Jun. 2017.

Chapter 6: Conclusion
We end this thesis with some conclusions and possible future research problems.

Copyright Notice
Materials presented in Chapters 4, 5 and 6 come from the compilation of the work
published in the aforementioned papers. Most of the passages are taken verbatim
from the corresponding publications, however this reprint differs from the original
in typographical detail. Accepted papers are c©IEEE.
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2.2 Mathematical Notation
R The set of real numbers
N+ The set of non-negative natural numbers
C The set of complex numbers
I The set of elements i1, i2, . . . , ik
S The set corresponding to the true model
I \ S The relative complement of S with respect to I
|I| The cardinality of the set I
J

⋃K
k=0{I| |I| = k}

I̊k {I| |I| = k,S ⊂ I}
Ĭk {I| |I| = k,S 6⊂ I}
[N ] {1, 2, . . . , N}

a Vectors are presented in lower-case bold fonts
ai The i-th element of a
aI The subvector [ai1 ai2 . . . aik ] formed from the collection

of the elements of the vector a with support I
‖a‖p The p-norm of a ∈ Cn defined as ‖a‖p = (

∑n
i=1 |a|

p
i )1/p

A Matrices are presented in upper-case bold fonts
ai The i-th column of the A matrix
a∗i The i-th row of the A matrix
AI The submatrix [ai1 ai2 . . . aii ] formed from the collection

of columns of the matrix A with support I
ai,j The (i, j)-th element of the matrix A
Ã The normalized version of the matrix A such that Ã has

`2 unit-norm columns
WA The diagonal matrix such that (wA)i,i = ‖ai‖2
AT The transpose of the matrix A
AH The Hermitian transpose of the matrix A
Ā The complex conjugate of the matrix A
A−1 The inverse of the non-singular square matrix A
A† The Moore-Penrose pseudo inverse of the matrix A
ΠA The orthogonal projection matrix onto the span of the

matrix A
Π⊥A The orthogonal projection matrix onto the null space of

the matrix AH

I The identity matrix
det(A) The determinant of the square matrix A
Λmax(A) The largest eigenvalue of the square matrix A
Λmin(A) The smallest eigenvalue of the square matrix A
Λi(A) The i-th eigenvalue of the square matrix A
‖A‖p The induced p-norm of the matrix A
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NOTATION

A⊗B The Kronecker product of A and B
A ◦B The Khatri-Rao product of A and B

E(X) The expected value of the random variable X
N (µ,C) The Gaussian probability distribution with mean µ and C
CN (µ,C) The complex circular-symmetric Gaussian probability

distribution with mean µ and C

Cmin, C, C0, etc. Positive constants whose values may differ



Chapter 3

Background

Statistical model selection is the task of selecting a parsimonious model from a
set of available competing models in the N -dimensional parameter space that
best fits the measurements. This task is of such fundamental importance that
many problems in statistical inference can be considered to be problems linked
to model selection [KK08]. For this reason, many model selection methods have
been developed in the classical setting in which the number of measurements, m,
can grow to infinity, but N and the number of available competing models is fixed
[Aka74,Sch78,Ris78,Shi81,Boz87,Hau88,FG94,RW01,KK08]. These classical model
selection criteria are theoretically well functioning as long as N � m; among these
criteria, the Bayesian information criterion (BIC) has been very popular due to its
simplicity and asymptotic consistency in model selection [Sch78,Woo82]. However,
in high-dimensional settings, in which the number of accessible measurements is
much smaller than the dimension of the parameter space (N � m), BIC and
other classical model selection criteria are ineffective and prone to overfitting
[BS02, CC08]. To overcome this issue an extended version of BIC (EBIC) has
been introduced for the high-dimensional setting [CC08]. EBIC is a generic model
selection method in the sense that it generalizes the set of competing models to
the collection of all plausible combinatorial models up to cardinality K, with
K � m. Even though EBIC is asymptotically consistent in model selection, EBIC’s
performance is somewhat unsatisfactory for practical size m. Further, in scenarios
when m is fixed but the noise variance, σ2, tends to zero, EBIC is inconsistent.

Another issue that any model selection procedure based on minimizing a
criterion with respect to the set of competing models would face whenN gets large is
the computational complexity. This is due to the fact that such procedure involves
an exhaustive search over the union of all combinatorial competing models. To
circumvent this obstacle, `1 minimization methods like Lasso have been introduced
[Tib96].

What follows in this chapter is divided into two main sections. In the first
section, we first clarify the statement of the model selection problem. We then

9
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investigate the heuristics behind the canonical form of a model selection criterion
for the low-dimensional setting. Next, we sketch the derivation of the Fisher
information criterion (FIC) and we show that FIC is too liberal when the dimension
of the parameter space is relatively large. Finally, we introduce EBIC. In the second
section, we introduce Lasso and explain its parameter selection property intuitively.
We also introduce some identifiability conditions for Lasso. Then, we explain how
the solution of Lasso is affected by the change of the tuning parameter λ. Finally,
we express the conditions for ideal model selection with Lasso.

3.1 Model Selection With Information Criterion

Model Selection for Low-Dimensional Linear Regression
Suppose that the measurement vector y ∈ Rm is described under the hypothesis
HI as

HI : y = AIxI + σε, I ∈ J ,

where the elements of the set I = {i1, i2, . . . , ik},

1 ≤ i1 < i2 < · · · < ik ≤ N,

represent the data model with the convention of I = ∅ for k = 0. Here, the unknown
vector xI ∈ Rk,

xI =
[
xi1 , xi2 , . . . , xik

]T
,

is the collection of xi’s with the support I from the general parameter vector
x ∈ RN and |I| denotes the cardinality of the set I. The set J = ∪Nk=0 {I| |I| = k}
is the collection of all combinatorial competing models. The matrix AI is the
collection of the columns of the known regressor matrix A ∈ Rm×N with the support
I and m� N . Moreover, the elements of the noise vector ε are independent
and identically distributed random variables. We assume that εi’s are Gaussian
distributed with N (0, 1), but this is not essential and the theory of what follows
can accommodate other types of distributions. Finally, the unknown standard
deviation σ ≥ 0 is considered as a nuisance parameter. Subsequently, under each
hypothesis HI , the probability density function p(y; θI |HI) is known apart from
θI , [σ2,xI ]T .

Model selection problem: The aim of model selection is to find the true unknown
model S from the collection of competing models, given that y is generated by
hypothesis HS .

In this setup, we should remark that the set of competing models does not
necessarily need to incorporate all the possible combinations of I’s up to cardinality
equal to N . In fact, constructing this set can be a subjective art and the operator
can use the discipline of their respective field to ignore models that are not sound
[BA03].
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Figure 3.1: An example of polynomial regression when the true polynomial is
p(ai) = a4

i − 1.8a3
i − 3a2

i + 4ai + 4, m = 70, N = 10, ε’s are i.i.d. Gaussian
distributed with ε ∼ N (0, 1) and σ = 0.8.

Example: Consider the polynomial regression problem in which the matrix A is
constructed as

A =


1 a1 a2

1 a3
1 · · · aN−1

1
1 a2 a2

2 a3
2 · · · aN−1

2
1 a3 a2

1 a3
3 · · · aN−1

3
...

...
...

1 am a2
m a3

m · · · aN−1
m

 .

Here, each ai represents a point in a known uniformly sampled interval. Now given
the noisy measurements of the polynomial p(·) at point ai as yi = p(ai) + σεi, it
is desirable to identify the contributing coefficients. Fig. 3.1 illustrates the result
of fitting polynomials to y when the true polynomial is a4

i − 1.8a3
i − 3a2

i + 4ai +
4. The dashed line represents the estimation of the true polynomial when the
model is correctly estimated. The dotted line denotes AI x̂I when the model is
overestimated.

Mean Squared Error Criterion
In search for appropriate models, we require to adopt some criterion upon which
the appropriacy of the model is judged. One such criterion is the mean squared
error (MSE). Prior to establishing MSE, note that, the LS estimate of xI is
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x̂LS
I = A†Iy, where A†I = (AT

IAI)−1AT
I is the Moore-Penrose pseudo-inverse of

AI . Consequently, we can say

AI x̂LS
I = ΠIy,

where ΠI = AIA†I is the orthogonal projection matrix onto the space spanned by
AI . Then, the MSE of ‖ASx∗S −AI x̂LS

I ‖22 can be obtained as

E‖ASx∗S −AI x̂LS
I ‖22 = E‖Π⊥IASx∗S − σΠIε‖22

= ‖Π⊥IASx∗S‖22 + σ2|I|,

where the expectation is taken with respect to p(ε) and the matrix Π⊥I = I −ΠI
is the orthogonal projection onto the null space of AT

I . This is the typical bias
variance decomposition. Here, the term ‖Π⊥IASx∗S‖22 measures the bias of the
estimate of ASxS with only the subspace spanned by AI and the second term
measures the variance of the same estimate. One should note that, in general,
as |I| increases, the minimum of the first term decreases whereas the second
term increases. Consequently, one can select the best explanatory parameters by
minimizing the MSE over J as

min
I∈J

{
‖Π⊥IASx∗S‖22 + σ2|I|

}
.

From the practical point of view, the MSE criterion needs to be abandoned as it
depends on knowledge of the true unknown model. Nevertheless, the conflicting
terms in the MSE criterion provide an insight into how a model selection criterion
should behave in general.

A Canonical Model Selection Procedure: the Heuristic Point of View

The conflicting terms in the MSE criterion motivate us to present a canonical
heuristic description of model selection criteria in a similar manner. From such a
point of view, a model selection criterion consists of two terms. One term measures
the goodness of the fit of the model that generally decreases as the complexity
of the model increases, whereas the other one acts as a penalty that prevents the
criterion from overfitting. Further, note that a popular approach for measuring how
well a model fits the measured data is the principle of maximum likelihood. That
being said, we can estimate a model from the given measurements by minimizing
the general form of the model selection criterion as

Î = arg min
I∈J

{
−2 ln p

(
y; θ̂

ML
I |HI

)
+ η(I)

}
,

where θ̂
ML
I is the maximum likelihood (ML) estimate of θI and η(I) is a penalty

function that increases monotonically as |I| increases.
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The classical way to implement the preceding optimization problem is to first
reduce J to the collection of N + 1 models, say

M ,

{
N⋃
k=0
Mk| |Mk| = k

}
,

whereMk defined as

Mk = arg min
I∈Ik

min
θI

{−2 ln p(y; θI |HI)}

denotes the best model with size equal to k that fits y [TF09]. To obtain the
set M, one needs to separately minimize the negative log-likelihood over every
Ik = {I| |I| = k} for 0 ≤ k ≤ N . OnceM is obtained, the estimate of the model
is achieved by minimizing −2 ln p(y; θ̂

ML

I |HI) + η(I) overM. See Alg. 3.1 for the
summary of the model selection procedure.

Algorithm 3.1 Model selection
1: for k = 0, 1, 2, · · · , N do
2: Mk = arg min

I∈Ik
min
θI

−2 ln p(y; θI |HI)

3: end for
4: Î = arg min

I∈M
−2 ln p

(
y; θ̂

ML
I |HI

)
+ η(I)

With the definition ofM in place, it is easy to confirm that the log-likelihood
term monotonically decreases as the complexity of the model increases. In this
regard, note that

ln p
(
y; θ̂

ML
Mk
|HMk

)
≤ ln p

(
y; θ̂

ML
Mk+1

|HMk+1

)
since the parameter space Ik+1 includes Ik. Fig. 3.2 illustrates the numerical
evaluation of−2 ln p

(
y; θ̂

ML
I |HI

)
for all combinatorial choices of I. Here,m = 100,

N = 10, columns of the matrix A are chosen as i.i.d. multivariate Gaussian random
vectors from N (0, I), S = {2, 4, 5}, the elements of xS are chosen randomly from
the Bernoulli distribution of the sample space {−1, 1} and σ2 = 0.8. Circles with
the smallest value for each cardinality are linked to Mk’s. As can be seen, the
minimum of −2 ln p(y; θ̂

ML
I |HI) decreases monotonically as |I| increases.

Continuing, since ε is Gaussian distributed, the log-likelihood under hypothesis
HI obeys

ln p(y; θI |HI) = −m2 ln
(
2πσ2)− 1

2σ2 ‖y−AIxI‖22.

Consequently, setting the derivative of the log-likelihood with respect to the
corresponding unknown parameter to zero gives

θ̂
ML
I ,

[
σ̂2, x̂I

]T =
[

1
m
‖Π⊥I y‖22 , A†Iy

]T
.
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Figure 3.2: The numerical evaluation of deviance versus the cardinality of |I|. The
small box on top magnifies the lower values of deviance. The smallest value at
each cardinality index represents the value of deviance for Mk’s. Here, ai’s are
chosen as i.i.d. multivariate Gaussian random vectors from N (0, I), S = {2, 4, 5}
and σ2 = 0.8.

As a result,

−2 ln p
(
y; θ̂

ML
I |HI

)
= m ln‖Π⊥I y‖22 +m

(
1 + ln 2π

m

)
.

To summarize, when ε ∼ N (0, I), minimizing the canonical model selection
criterion is equivalent to solve

Î = arg min
I∈M

{
m ln‖Π⊥I y‖22 + η(I)

}
. (3.1)

Regarding the penalty term, we should emphasize that the choice η(I) is not based
on personal taste. In fact, η(I) is generally either the outcome of applying a specific
statistical feature or the consequence of approximating a particular mathematical
term. For instance:

• in the Akaike’s information criterion (AIC), η(I) is chosen as 2(|I| + 1) to
correct the asymptotic bias of the log-likelihood in estimating the expected
log-likelihood [Boz87,KK08,And10],

• in the risk inflation criterion (RIC), η(I) is chosen as (|I|+1) lnN to minimize
the risk of selecting irrelevant parameters [FG94],
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• in the Fisher information criterion (FIC), η(I) is chosen as ln det F(θ̂
ML
I ),

where F(·) is the Fisher information matrix defied as

F(θI) , −E


∂2 ln p (y; θI |HI)

∂xI∂xTI
∂2 ln p (y; θI |HI)

∂xI∂σ2

∂2 ln p (y; θI |HI)
∂σ2∂xTI

∂2 ln p (y; θI |HI)
∂σ4


and the expectation is taken with respect to p (y; θI |HI) [Kay98]. Here, the
presence of the Fisher information matrix is due to the asymptotic behavior
of the likelihood function. Using the result in Chapter 4, we can say

ln det F(θ̂
ML
I ) = ln(m/2)− (|I|+ 2)

[
ln‖Π⊥I y‖22 − lnm

]
+ ln det(AT

IAI),

• in the Bayesian information criterion (BIC), η(I) is chosen as (|I|+ 1) lnm,
which is due to approximating the determinant of the Fisher information by
m|I|+1 [SB12].

Table 3.1 summarizes the choice of penalty terms for a few information criteria
(IC). As can be seen, AIC penalizes the least squares term the least. This suggests
that the size of the model estimated by AIC should be potentially larger than those
estimated by the other criteria. Fig. 3.3 illustrates the numerical evaluation of the
behavior of AIC, BIC and FIC when ai’s are chosen as i.i.d. Gaussian random
vectors from N (0, I), m = 100, N = 10, S = {2, 4, 9} and σ2 = 10−1.2. The
waterfall effect at index four is due to the fact that M3 coincides with the true
model. As we expected, AIC chooses a relatively large model with |Î| = 5.

The basic question we should ask here is how accurate one can estimate the
model using these information criteria. It is shown that both BIC and FIC are
consistent in selecting the true model as m→∞ [Sch78,Boz87]. However, AIC and
RIC do not show such desirable behavior [Woo82]. In fact, it is argued that these
criteria are not theoretically justified to be assessed accordingly [Boz87, And10].
That being said, since our primary goal in this thesis is to find the true model for
high-dimensional linear regression, hereinafter we only consider BIC and FIC as
viable model selection criteria.

Table 3.1: The choice of penalty term for a few model selection criteria.

AIC η(I) = 2(|I|+ 1)
BIC η(I) = (|I|+ 1) lnm
RIC η(I) = (|I|+ 1) lnN
FIC η(I) = ln det F(θ̂I)
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Figure 3.3: The numerical evaluation of the behaviour of AIC, BIC and FIC when
ai’s are realizations of N i.i.d. Gaussian random vectors with N (0, I), m = 100,
N = 10, S = {2, 4, 9} and σ2 = 10−1.2. The small box in the top right corner
magnifies the value of AIC for few |Î|’s after the waterfall effect.

Sketch of Derivation of FIC
Let p(HI) be the prior probability for model I. Observe that, by using Bayes
Theorem, the posterior probability of the model I given the measurement y can be
expressed as

p(HI |y) = p(HI)p(y; θI |HI)∑
I∈J

p(HI)p(y; θI |HI)
.

In principle, we can now select a model from the set of competing models that
maximizes the posterior probability p(HI |y). However, p(y; θI |HI) depends on the
unknown parameter θI ; thus, this approach cannot be implemented. To circumvent
this issue, we utilize the Bayesian philosophy and consider θI as a multivariate
random variable [Kay98, Chapter 6.8]. Consequently, the marginal distribution
p(y|HI) can be obtained as

p(y|HI) =
∫
p(y|θI ,HI)p(θI)dθI ,

where p(θI) is the prior distribution for the parameter vector θI . Since the
denominator of the posterior probability p(HI |y) is invariant to the choice of any
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specific model, maximizing p(HI |y) with respect to I is equivalent to

min
I∈J
−2 ln

(
p(HI)

∫
p(y|θI ,HI)p(θI)dθI

)
. (3.2)

Now consider the integrand in (3.2). Then, use the asymptotic properties of the
ML estimator, so that

p(y|θI ,HI) = p(y|θ̂
ML
I ,HI) exp

[
−1

2(θI − θ̂
ML
I )TF(θ̂

ML
I )(θI − θ̂

ML
I )

]
(3.3)

as m → ∞ [Kay98]. Moreover, consider the Taylor expansion and approximate
p(θI) at θ̂

ML
I as

p(θI) = p(θ̂
ML
I ) + (θI − θ̂

ML
I )T ∂p(θI)

∂θI

∣∣∣∣
θI=θ̂

ML
I

+ o(1). (3.4)

Substituting (3.4) and (3.3) into p(y|HI) yields

p(y|HI) =p(y|θ̂
ML
I ,HI)p(θ̂

ML
I )

∫
exp

[
−1

2(θI − θ̂
ML
I )TF(θ̂

ML
I )(θI − θ̂

ML
I )

]
dθI

+ p(y|θ̂
ML
I ,HI) ∂p(θI)

∂θI

∣∣∣∣T
θI=θ̂

ML
I

×
∫

(θI − θ̂
ML
I ) exp

[
−1

2(θI − θ̂
ML
I )TF(θ̂

ML
I )(θI − θ̂

ML
I )

]
dθI︸ ︷︷ ︸

T1

.

Continuing, based on the asymptotic properties of the ML estimator, θ̂
ML
I is

asymptotically Gaussian distributed with θ̂
ML
I ∼ N (θI ,F−1(θI)) [Kay98,And10].

Since θ̂
ML
I is asymptotically Gaussian distributed, it can be shown that∫

exp
[
−1

2(θI − θ̂
ML
I )TF(θ̂

ML
I )(θI − θ̂

ML
I )

]
dθI = (2π)|I|+1det1/2

(
F−1(θ̂

ML
I )

)
and T1 = 0. Thus,

p(y|HI) = (2π)|I|+1det1/2
(
F−1(θ̂

ML
I )

)
p(θ̂

ML
I )p(y|θ̂

ML
I ,HI).

Taking logarithm of both sides of the preceding identity and considering the
properties of the determinant yields

−2 ln p(y|HI) = −2 ln
∫
p(y|θI ,HI)p(θI)dθI

= −2 ln p(y|θ̂
ML
I ,HI) + ln detF(θ̂

ML
I ) + O(1).
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Here, we have used the fact that (|I| + 1) ln(2π) and ln p(θ̂
ML
I ) are invariant with

respect to the size of m. We conclude by inserting −2 ln p(y|HI) into the objective
function of (3.2) and ignoring the O(1) term, which gives

g(I) , −2 ln p(HI)− 2 ln p(y|θ̂
ML
I ,HI) + ln detF(θ̂

ML
I ).

Despite the fact that the preceding result is achieved by using the Bayesian approach
for θI , it is applied in the deterministic case. Hence,

g(I) = −2 ln p(HI)− 2 ln p(y; θ̂
ML
I |HI) + ln detF(θ̂

ML
I ). (3.5)

Regarding p(HI), it is convenient to assign an equal probability to all models as

p(HI) = 1
2N I ∈ J .

Such a choice of prior is non-informative since it treats each hypothesis equally.
Finally, under the preceding uniform prior, we can ignore the term −2 ln p(HI)
from (3.5) and obtain FIC. Moreover, approximating the determinant of the Fisher
information by m|I|+1 gives the Bayesian information criterion. This is acceptable
for many applications but not always true, e.g. in polynomial regression and high
signal-to-noise scenarios [SB12]. In such cases, if detF(θ̂

ML
I ) is not appropriately

approximated then the information criterion performs inefficiently. Nevertheless,
it is shown that both FIC and BIC (with the appropriate approximation) are
consistent in selecting the true model as m→∞ when N is fixed.

Model Selection for High-Dimensional Linear Regression

In some applications, such as [BS07, LDP07, TSR+05, MDC05], the observed
data fall into the high-dimensional setting, in which the number of accessible
measurements is much smaller than the dimension of the parameter space, N � m.
In such circumstances, it is often the case that only a small number of parameters
contribute in constructing the data. As a result of such setting, the set of competing
models is required to be redefined as the union of all the combinatorial competing
models up to cardinality K � m. Mathematically,

J =
K⋃
k=0
{I| |I| = k} .

Moreover, here we assume that the dimension of the unknown parameter vector is
linked to the number of measurements as N = md, where d > 1 is a constant.

The important question is whether or not a classical consistent information
criterion is viable when N = md. To answer this, we need to investigate the effect
of very large combinatorial subspaces on the quantity −2 ln p(y; θ̂

ML

I |HI). In this
regard, let the set I̊k be the collection of all combinatorial models with the size
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equal to k > |S| that include the true model S, i.e. I̊k = {I| S ⊂ I, |I| = k}.
Consequently, use the definition of the projection matrix and note that Π⊥IASxS =
0 for I ∈ I̊k. Observe, now, that

‖Π⊥I y‖22 = ‖Π⊥I (ASxS + σε)‖22
= σ2(‖ε‖22 − ‖ΠIε‖22).

Apply logarithm to the both sides of the preceding identity, so that

ln‖Π⊥I y‖22 = ln σ2 + ln‖ε‖22 + ln
(

1− ‖ΠIε‖
2
2

‖ε‖22

)
.

Thus, using the properties of logarithm, we have

min
I∈I̊k

ln‖Π⊥I y‖22 = ln σ2 + ln‖ε‖22 + ln
(

1− max
I∈I̊k

‖ΠIε‖22
‖ε‖22

)
. (3.6)

We continue the argument by showing that maxI∈I̊k‖ΠIε‖22/‖ε‖22 → 0 as m→∞.
To see this, note that ‖ε‖22/m converges to 1 as m → ∞, due to the law of large
numbers, whereas

max
I∈I̊k
‖ΠIε‖22 = 2 ln

(
N

|I| − |S|

)
(1 + op(1))

= 2(|I| − |S|) lnN(1 + op(1)),

where we have used the results produced in [OJ18] for the first identity. To
summarize, since maxI∈I̊k‖ΠIε‖22/‖ε‖22 → 0, we can use the properties of the
logarithm and say

ln
(

1− max
I∈I̊k

‖ΠIε‖22
‖ε‖22

)
= −2(|I| − |S|) lnN

m

with very high probability as m → ∞. Inserting the preceding identity into (3.6)
implies

min
I∈I̊k

m ln‖Π⊥I y‖22 = [m(ln σ2 + lnm)− 2(|I| − |S|) lnN ](1 + op(1))

as m→∞. That is to say, for the choice of η(I) as η(I) = |I| lnm, we have

min
I∈I̊k

{
m ln‖Π⊥I y‖22 + η(I)

}
= m(ln σ2 + lnm) +

(
(1− 2d)|I|+ |S|

)
lnm.

Observe that, when d > 1/2, the term (1−2d)|I|+ |S| can become a negative value
that monotonically decreases as |I| increases. As a result, the information criterion
continually decreases with respect to |I|. This simply suggests that if

√
N/m =

Ω(1), BIC and FIC are likely to be inconsistent in selecting the true model. In
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conclusion, because of very large combinatorial subspaces, the classical consistent
model selection criteria are too flexible to correctly select the model and they have
the tendency to overfit [CC08]. To offset the tendency of the classical information
criteria in selecting large models, we need to re-examine the prior probability that
had been assigned to models. In this regard, to prevent the information criteria
from overfitting, we assign lower probability to larger models. This makes sense,
since in the high-dimensional setting we have assumed that the true model is rather
small in size, |S| < K � m. Mathematically, we assume that the probability of a
model having size equal to k is inversely proportional to the size of the class of all
k-sparse models such that

Pr{I ∈ Ik} ∝
(
N

k

)−c
,

where c > 0 is a positive constant that should be chosen properly [CC08]. As a
result, BIC and FIC can be extended as

Î = arg min
I∈J

m ln‖Π⊥I y‖22 + η(I) + 2c ln
(
N

|I|

)
. (3.7)

Fig. 3.4 shows the behavior of BIC and extended FIC (EFIC) for c = 1 + 3/(2d).
Here, indices represent a selection of models that is provided by the solution path
of Lasso. Here, σ2 = 10−1, |S| = 5, m = 100 and N = dmde, for d = 1.3. As can
be seen, BIC is too liberal and promotes large models; in contrast, EFIC rigorously
penalizes the least squares term and selects the true model.

Identifiability in High-Dimensional Setting

Identifiability is an essential feature of a model; otherwise, how can one expect to
find the true model by using any criterion if the model is theoretically unattainable?
In statistics, a model is identifiable if any sets of different parameter values do not
result in the same distribution [ELC06]. However, for the sake of our intention
in this thesis, we need to introduce a different definition of identifiability. In
this regard, the model S is considered to be identifiable if no other model of the
same or smaller size can describe the given noise free measurements equally well.
Mathematically, S is identifiable if

y = ASxS 6= AIxI

for {I| |I| ≤ |S|}. Thus, to have S uniformly identifiable, it is necessary that every
submatrix AI with |I| ≤ 2|S| to be injective as a map from R|I| to Rm [FR13,
Chapter 4].
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Figure 3.4: The comparison between the behavior of extended FIC and BIC versus
the selection of indices of the models provided by the solution path of Lasso. The
setting is σ2 = 10−1, |S| = 5, m = 100 and N = dmde, for d = 1.3. Label six
corresponds to the true model.

What Goes Wrong With EBIC
It is shown that under some asymptotic identifiability condition, EBIC defined as

−2 ln p(y; θ̂
ML
I |HI) + (|I|+ 1) lnm+ 2ć ln

(
N

|I|

)
is consistent in selecting the true model as m→∞ if the constant ć > 0 is properly
chosen [CC08].

Theorem 3.1.1. Suppose that

min
I∈{I||I|≤|S|,I6=S}

‖Π⊥IASxS‖22
lnm →∞

as m→∞. Then, the EBIC’s estimate satisfies Î = S with a probability converging
to one, if ć obeys ć > 1− 1/(2d).

Unfortunately, the empirical performance of EBIC for practical size m is
unsatisfactory. This is due to the conservative choice of ć > 1− 1/(2d). Moreover,
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Figure 3.5: The empirical probability of {Î = S} versus m when A has an
uncorrelated structure. Here, µ = 0, σ2 = 10−0.3, |S| = 5 and N = dmde for
d = 1.3.

EBIC approximates det(F(θ̂
ML
I )) by m|I|+1; as it was mentioned previously, such

an approximation is not appropriate when the signal to noise ratio is high [SB12].
To overcome these issues, we propose the extended version of FIC defined as

Î = arg min
I∈J

−2 ln p(y; θ̂
ML
I |HI) + ln det(F(θ̂

ML
I )) + 2cd|I| lnm.

The choice of the constant c is discussed in detail in Chapter 4. We show
theoretically and experimentally that our choice of c yields high rate of success
in model selection for practical size m. Further, we will show that EFIC’s estimate
fulfills

Pr{Î = S} → 1 as σ → 0,
Pr{Î = S} → 1 as m→∞.

Fig. 3.5 illustrates the empirical probability of successfully estimating the model
over 500 Monte Carlo trials versus m. Here, rows of A are chosen as i.i.d.
multivariate Gaussian random vectors from N (0, I), σ2 = 10−0.3, |S| = 5 and
N = dmde for d = 1.3. The constant ć is set to one as it is recommended in [CC08].
Here, due to the computational restriction, we have replaced J with the solution set
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Figure 3.6: The empirical probability of {Î = S} versus ln(1/σ2) when A has an
uncorrelated structure. Here, µ = 0, m = 120, |S| = 5 and N = dmde for d = 1.3.

of Lasso. Naturally, the ideal performance of Lasso, hereafter called Lasso-oracle,
represents the benchmark for model selection in the current situation. Technically,
Lasso-oracle represents the performance of Lasso when |S| is known. We will discuss
this in detail in upcoming sections. As can be seen, for m > 180, EFIC correctly
estimates the true model, whereas EBIC fails to achieve the same. Fig. 3.6 shows
the empirical probability of Î = S versus ln 1/σ2 when m = 120, |S| = 5 and
N = dmde for d = 1.3. The numerical simulation indicates the inconsistency of
EBIC in high SNR scenarios. In contrast to EBIC, EFIC successfully estimates the
true model as the noise variance diminishes.
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3.2 Lasso

In the previous section, we discussed the principle of model selection. We showed
that, in principle, one can obtain an appropriate estimate of the true model by
minimizing a penalized version of the negative log-likelihood with respect to all
elements of J = ∪Kk=0{I| |I| = k}. This procedure requires an exhaustive search
overJ , which as N grows, has O(NK) elements. Obviously, this is impractical
even if N is of moderate size. As an alternative approach, we can fit a model
to y by considering all the parameters of the N -dimensional space, x, and using
the shrinkage technique to shrink the estimates of the parameters towards zero.
Mathematically, this can be described by

x̂ = arg min
x∈RN

1
2‖y− Ãx‖22 + λ‖x‖pp, (3.8)

where the matrix Ã has unit-norm columns such that ‖ãi‖22 = 1 for i ∈ [N ] and
the regularization parameter λ ≥ 0 establishes the trade-off between the goodness
of the fit and the size of x measured by ‖x‖pp with the popular choice of 0 < p ≤ 2.
Different values of p, however, restrain xi’s in different geometrical shapes. Fig.
3.7 shows contours of ‖x‖pp = 1 for several values of p. It is shown that using p ≤ 1
promotes sparse solutions in the minimization problem (3.8) [DH01,CDS01,Tib96].
In a noise free scenario, an intuitive explanation can be provided by noting that the
solution to the optimization problem (3.8) is in fact the intersection between the

Figure 3.7: Illustration of the contours of ‖x‖pp = 1 for different choices of p when
x ∈ R2. From top left to bottom right the choice of p follows as 0, 0.1, 0.8, 1, 2, 4.
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y = Ãx

Figure 3.8: Intersection of the hyperplane y = Ãx with `1-norm and `2-norm balls.
The `1-norm ball intersects the hyperplane at one of its corners producing a sparse
solution whereas the intersection of the `2-norm ball with the hyperplane involves
all xi’s.

hyperplane y = Ãx and the ‖x‖pp ball. It is highly anticipated that the hyperplane
intersects the ball in one of its pointy corners if p ≤ 1 resulting in a sparse solution.
Although, it is tempting to consider values of p less than one in (3.8), one should
notice that for p < 1, (3.8) becomes a non-convex problem that is hard to solve.
Fig. 3.8 depicts how the ‖x‖1 and ‖x‖22 balls intersect with the plane y = Ãx when
x ∈ R3. As can be seen, the intersection of the plane Ãx with the `1 ball happens
at one of the coordinate axes. In contrast, Ãx almost never intersects the `2 ball
on the axes.

Due to the attractive characteristics of the `1 norm, the estimator

x̂ = arg min
x∈RN

1
2‖y− Ãx‖22 + λ‖x‖1, (3.9)

known as Lasso, and its primal form have attracted a great deal of research over the
last decade [BG11,CW08,Don06a,FR13,ZY06, dG08,MB+06]. Since the solution
of Lasso is characterized by sparsity, one can consider the sign and the support of
x̂ as an estimate of the true model. In fact, it is shown that under some suitable
conditions, the sign and the support of Lasso’s estimate coincide with those of the
true model [Wai09,CP09,ZY06].

Recovery Conditions for `0 minimization and Lasso
In the current section, we briefly present the theory developed for recovering
the true unknown parameter x∗ using the primal form of Lasso in the noise
free scenarios. We would like to remark that recovering x∗ is not our primary
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goal, nevertheless the theory developed in this regard provides essential tools to
understand the suitability of the regressor matrices that lead to a successful support
recovery with Lasso.

The suitability of Ã can be assessed by some notions such as the null space
property [DE03, EB02,GN03,CDD09], restricted isometry property [CP09,CT05]
and coherence [MZ93,DH01]. In what follows, we define these notions and express
their corresponding theoretical guarantees in identifying the true model.
Null space property: The matrix Ã satisfies the null space property relative to a
set I ⊂ [N ], if

‖vI‖1 < ‖vIc‖1
for all v ∈ ker(Ã) \ {0}, where ker(Ã) denotes the null space of the matrix Ã.
If A satisfies the null space property relative to any I ⊂ [N ] with |I| ≤ K, we
can say that A satisfies the null space property of order K. In words, the null
space property implies that the null space of Ã cannot be concentrated on a small
collection of indices. We now express the exact recovery of x via the primal form
of Lasso.

Theorem 3.2.1 ( [FR13] ). Let S be any set in [N ] such that |S| ≤ K and suppose
that x ∈ RN satisfies xSc = 0. Then, Lasso can recover x uniformly from y = Ãx,
if and only if Ã fulfills the null space property of order K.

This theorem can be used to understand why the columns of Ã in `1
minimization are typically considered to have unit-norm. In this regard, suppose
that Ã satisfies the null space property of order K. Now, let the matrix A be
linked to Ã such that Ã = AW−1, where W is a diagonal matrix with the diagonal
elements defined as wii = ‖ai‖2. Consequently, it can be said that A satisfies the
null space property of order K, if

‖W−1
I,IvI‖1 < ‖W

−1
Ic,IcvIc‖1

holds for any I with |I| ≤ K. It can be seen, the preceding inequality will not hold
uniformly if the ration of wii’s is substantial.
Restricted isometry constant: The smallest constant δk ≥ 0 associated with a matrix
Ã such that

(1− δk)‖xI‖22 ≤ ‖ÃIxI‖22 ≤ (1 + δk)‖xI‖22,

holds for {I| I ∈ [N ], |I| = k} with |I| ≤ K is called the restricted isometry
constant.
Equivalently, by rearranging any side of the preceding inequality, we obtain

δk = max
xI∈R|I|
I∈Ik

‖(ÃT
I ÃI − I)1/2xI‖22
‖xI‖22

= max
I∈Ik

Λmax(ÃT
I ÃI − I).
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A small δk implies that any k collection of columns of the matrix Ã is roughly
orthonormal. Also, δ2K < 1 indicates that any model with |I| ≤ K is identifiable.
Continuing, now we can represent the uniform recovery condition based on the
restricted isometry constant.

Theorem 3.2.2 ( [FR13] ). Suppose that the restricted isometry constant δ2K of
a matrix Ã obeys

δ2K < 1/3.

Then, every sparse vector x such that |supp(x)| ≤ K is recoverable by Lasso.

Assessing either of the aforementioned properties for a given matrix Ã to
determine its suitability is rather impractical since the assessment procedure
involves an exhaustive search over a collection of subsets of O(NK). A very simple
alternative to measure the suitability of Ã is by exploiting the notion of coherence.
Coherence : The coherence of the matrix Ã is defined as

µ = max
1≤i<j≤N

|ãTi ãj |.

Theorem 3.2.3 ( [FR13] ). minx∈RN ‖x‖1 s.t. y = Ãx can successfully recover the
true sparse signal x if the cardinality of x obeys

|S| < 1
2

(
1 + 1

µ

)
.

It is possible to link the coherence to the restricted isometry constant as

|Λi(ÃT
I ÃI)− 1| ≤

∑
i,j∈I
i 6=j

|ãTi ãj |

≤ (|I| − 1)µ.

Here, we have used the Gerschgorin’s disk theorem to establish the first inequality.
Moreover, the preceding inequality implies that the eigenvalues of ÃT

I ÃI for {I|I ∈
[N ], |I| ≤ K} are concentrated around one if the coherence is small. We end this
section by remarking that the requirement on |S| based on the µ is pessimistic since
the coherence only measures the dependency of pairs of columns of Ã.

Solution Path of Lasso
It is shown that the solution path of Lasso is piecewise linear as a function of
λ [RZ07,EHJT04]. That is, there exist some pivotal λi’s

∞ > λ1 > λ2 > · · · > λl > 0,

such that
x̂(λ) = x̂(λk) + (λk − λ)ν
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for λk+1 ≤ λ ≤ λk, where the vector ν ∈ RN . The pivotal λi’s and x̂(λ) can
be systematically calculated by exploiting the optimality conditions of the Lasso
minimization. This is very attractive since we can calculate the whole regularization
path x̂(λ) for λ ∈ [0,∞). In this regard, let h(x) = 1

2‖y− Ãx‖22 + λ‖x‖1 denote
the objective function of the Lasso estimator. Then, observe that the minimizer of
h(x) should satisfy the optimality conditions of

∂h(x)
∂xi

∣∣∣∣
x=x̂

= −aTi (y− Ãx̂) + λ$i = 0, x̂i = 0,

∂h(x)
∂xi

∣∣∣∣
x=x̂

= −aTi (y− Ãx̂) + λsgn(x̂i) = 0, x̂i 6= 0, (3.10)

where $i is the sub-gradient of |xi| at zero satisfying |$i| ≤ 1. This implies that
the regularization parameter λ fulfills

λ =
∣∣aTi (y− ÃI x̂I(λ)

)∣∣ , i ∈ I,
λ ≥

∣∣aTi (y− ÃI x̂I(λ)
)∣∣ , i ∈ Ic (3.11)

and we can obtain x̂I(λ) as

x̂I(λ) = Ã†Iy− λ(ÃT
I ÃI)−1sgn

(
x̂I(λ)

)
.

Further, remark that supp(x̂(λ)) remains the same for a relatively small change in
λ; thus, Lasso’s estimate at λ+ t obeys

x̂I(λ+ t) = x̂I(λ)− t(ÃT
I ÃI)−1sgn

(
x̂I(λ)

)
.

However, when the change in λ is comparatively substantial, supp(x̂(λ)) encounters
one of the two following events.

• The index i ∈ Ic joins the support: there comes a point that further decrease
in λ would violate λ ≥ maxi∈Ic |ãTi (y − ÃI x̂I(λ))|. Therefore, to maintain
(3.11), the corresponding index should join I as I ← I ∪ {i}. The sign
of the new non-zero variable is determined by (3.10) such that sgn(x̂i) =
sgn
(
ãTi [y− Ãx̂(λ)]

)
.

• The index i ∈ I leaves the support: the direction of the change in x̂j with
respect to λ, [

∂x̂I
∂λ

]
j

= −
[
(ÃT
I ÃI)−1sgn

(
x̂I(λ)

)]
j
,

is such that x̂j hits zero; thus, the corresponding index should be eliminated
from I as I ← I \ {i}.

To conclude, for values of λ ∈ [‖ÃTy‖∞,∞), the support of x̂(λ) obeys
supp(x̂(λ)) = ∅. Then, as λ decreases, supp(x̂(λ)) evolves at some pivotal λi’s. Alg.
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3.2 provides further details for calculating the solution path of Lasso. A numerical
example of finding the solution path of Lasso as function of λ is illustrated in Fig.
3.9. Each piecewise linear curve represents the evolution of a particular x̂i versus
λ. Here, the colorful curves and the gray curves illustrate the evolution of x̂S and
x̂Sc , respectively, versus λ.

Algorithm 3.2 The solution path of Lasso.
1: x̂ = 0, λ1 = maxi∈[N ] |aTi y|, I = arg maxi∈[N ] |aTi y|, ν = sgn(aTI y), k = 1.
2: while k ≤ K do
3: Obtain ti’s by solving

|aTi (y−AI [x̂I + tiν])| = |aTj (y−AI [x̂I + tiν])|

for all i ∈ Ic when j is one of indices in I.
4: tjoin = mini∈Ic ti > 0, ijoin = arg mini∈Ic ti > 0.
5: Obtain ti’s by solving x̂i + tiνi = 0 for i ∈ I.
6: teliminate = mini∈I ti > 0, ieliminate = arg mini∈I ti > 0.
7: Set the step length as λk+1 = min(teliminate, tjoin)
8: x̂I = x̂I + λk+1ν.
9: if λk+1 = tjoin then

10: sgn(x̂ijoin) = sgn(aTijoin(y−AI x̂I))
11: I ← I ∪ ijoin

12: else
13: I ← I \ ieliminate

14: end if
15: ν = (AT

IAI)−1sgn(x̂I).
16: k ← k + 1 .
17: end while

Ideal Model Selection With Lasso

A model is considered to be correctly selected with the Lasso estimator, if the
estimate obeys

supp(x̂) = S,
sgn(x̂i) = sgn(x∗i )

for all i ∈ S [ZY06]. This is a stronger requirement than what is needed for ordinary
model selection. The sign matching restriction in here is to avoid situations in which
the support is correctly estimated, but signs are not. With Lasso’s requirement for
the ideal model selection in place, it can be shown that if there exists λp > 0 for a
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Figure 3.9: Solution path of Lasso for 40 pivotal λ’s when A ∈ R60×204, |x∗i | = 1
with i ∈ S, |S| = 4 and σ2 = 10−1. The colorful piecewise linear curves represent
the evolution of x̂S versus λ where S denotes the true support. Curves in gray
show the evolution of x̂i’s where i 6∈ S.

particular realization of the noise vector ε, such that

‖σÃT
ScΠ⊥S ε + λpÃT

ScÃ
†T
S sgn(x∗S)‖∞ < λp, (3.12)

min
i∈S
|x∗i | > ‖σÃ†Sε− λp

(
ÃT
S ÃS

)−1 sgn(x∗S)‖∞, (3.13)

then Lasso’s estimate obtained by λ = λp satisfies supp(x̂) = S and sgn(x̂S) =
sgn(x∗S) [CP09, OMMPJ17]. Note now, if Lasso fails in correctly selecting the
model when σ = 0, then there is little hope in successfully recovering the model
in noisy scenarios. Motivated by this argument, setting σ = 0 in (3.12) and (3.13)
yields

‖ÃT
ScÃ

†T
S sgn(x∗S)‖∞ < 1,

min
i∈S
|x∗i | > ‖λp

(
ÃT
S ÃS

)−1 sgn(x∗S)‖∞,

where the former gives the necessary condition for correctly selecting S in noise-free
scenarios. Consequently, we impose the following irrepresentable condition for
model selection with Lasso [ZY06].
Irrepresentable condition: Given the matrix Ã and the set I, there exist some
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constant δ ∈ (0, 1] such that

‖ÃT
IcÃ

†T
I sgn(x∗I)‖∞ < 1− δ.

The value of δ, known as the incoherence parameter, measures the robustness of
model selection with Lasso. It can be seen from (3.12), the larger the incoherence
parameter the more robust Lasso is. Further, using the properties of norm, we have

min
i∈S
|x∗i | > λp‖

(
ÃT
S ÃS

)−1 sgn(x∗S)‖∞

> λp
√
|S|Λ−1

min(ÃT
S ÃS).

Thus, when the measurement is noise-free, solving Lasso with the choice of λ as

0 < λ < |S|−1/2(min
i∈S
|x∗i |)Λmin(ÃT

S ÃS)

results in a successful model selection, if the irrepresentable condition is satisfied.

Choice of λ When σ is Known
Previously, we showed that as the tuning parameter λ decreases from ‖ATy‖∞
towards zero, the support of the solution of Lasso evolves at some pivotal λi’s.
We also showed that if (3.12) and (3.13) are satisfied, then supp(x̂) and sgn(x̂)
coincide with those of the true parameter vector. Consequently, we argued that
one can achieve this when the measurements are noise free, by choosing λ slightly
larger than zero, if the irrepresentable condition is satisfied. However, when the
measurements are noisy, one should choose λ with care; otherwise, supp(x̂) 6= S.
The reason for this is due to the fact that supp(x̂) 6= S if λk+1 < λ < λk for
the corresponding λk. The key for the appropriate choice of λ is (3.12). In what
follows, we provide the sketch of the derivation based on [Wai09,CP09,ZY06] that
leads us to the appropriate choice of λ.

Use the properties of the norm and notice that (3.12) is satisfied if

σ‖ÃT
ScΠ⊥S ε‖∞ + λ‖ÃT

ScÃ
†T
S sgn(x∗S)‖∞ ≤ λ. (3.14)

We continue the argument by highlighting the key fact that ‖ÃT
ScΠ

⊥
S ε‖∞ is known

to be bounded [CP09]. In details,

‖ÃT
ScΠ⊥S ε‖∞ = 2

√
lnN(1 + op(1)).

Because of this and the irrepresentable condition, we can bound the left-hand side
of (3.14) as

σ‖ÃT
ScΠ⊥S ε‖∞ + λ‖ÃT

ScÃ
†T
S sgn(x∗S)‖∞ ≤ 2σ

√
lnN(1 + op(1)) + (1− δ)λ.
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Then, a straightforward calculation shows that (3.12) is satisfied with very high
probability if

λ ≥ 2σ
δ

√
lnN.

Continuing, we can now use (3.13) to find a lower bound for the size of xi’s. In this
regard, consider the properties of norm and note that (3.13) is fulfilled if

min
i∈S
|x∗i | > σ‖Ã†Sε‖∞ + λ‖

(
ÃT
S ÃS

)−1 sgn(x∗S)‖∞. (3.15)

However,

‖Ã†Sε‖∞ = 2
√

2 lnN(1 + op(1)),

‖
(
ÃT
S ÃS

)−1 sgn(x̃∗S)‖∞ = C(1 + op(1)),

where C > 0 is a constant. Consequently,

σ‖Ã†Sε‖∞ + λ‖
(
ÃT
S ÃS

)−1 sgn(x̃∗S)‖∞ ≤ (2σ
√

2 lnN + Cλ)(1 + op(1)).

It follows then, for

min
i∈S
|x∗i | > σ

(√
8 + 2C

δ

)√
lnN

(3.13) is satisfied with very high probability. In words, if the non-zero elements of
the unknown x∗ are sufficiently above the noise level, then Lasso can potentially
identify all the contributing parameters correctly with high probability. The
derivation above with somewhat different constants is the basis for proving the
following theorem [Wai09,CP09].

Theorem 3.2.4. Let x̂ denote the estimate of Lasso when λ is chosen as λ =
σ(1 + τ)

√
2 lnN , where τ > 0 is a constant. Then,

supp(x̂) = S,
sgn(x̂S) = sgn(x∗S),

with the probability approaching one, if

min
i∈S
|x∗i | > σC1

√
2 lnN.

Although Theorem 3.2.4 provides valuable information about the order of λ,
it somewhat lacks practicality. This is due to the dependence of λ on σ which is
unknown in most of the real-world applications. To remediate this issue, one can
use an estimate of σ; though, due to the nature of the high-dimensional setup,
estimating σ accurately is a hard problem to solve [CD14]. Further, even if σ is
known, yet τ should be tuned, otherwise the performance of Lasso in selecting the
ideal model deteriorates from what Lasso can potentially achieve. This issue is
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Figure 3.10: The empirical probability of Î = S for Lasso given different values of
λ. Here, λ obeys λ = σ(1 + τ)

√
2 lnm, σ2 = 100.3, |S| = 5, N = md where d = 1.3.

more pronounced when the signal to noise ratio is relatively small. Fig. 3.10 shows
the empirical probability of Pr{Î = S} for different values of τ . As can be seen,
the choice of τ has greatly affected the performance of Lasso. To remediate this
issue, we empirically show in Chapter 4 that by using EFIC together with Lasso
results in an estimator that satisfies Î = S with high probability in many practical
scenarios.

Summary
Statistical inference in the high-dimensional setup is a challenging task. In the
last two decades, a great deal of research has been dedicated to this field. One
of the most famous inference methods developed for the high-dimensional setup is
Lasso. It is shown, theoretically and practically, that Lasso has very interesting
characteristics. One of which, the whole regularization path of the solution of
Lasso can be efficiently generated. This is very attractive; because we can exploit
the solution path of Lasso to overcome the computational complexity of executing
EFIC over the union of K-sparse competing models. Moreover, under certain
conditions, it is shown that Lasso can correctly estimate the unknown model if
the regularization parameter is suitably chosen. However, the available popular
guidelines for selecting the regularization parameter are rather impractical since
they involve the unknown variance of the noise.
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3.3 Appendix

Let f(m) and g(m) be two sequences. Then,

• f(m) = O(g(m)) as m→∞ means there exists a constant C and an integer
m0 such that

|f(m)| ≤ C|g(m)| for all m ≥ m0

• f(m) = Ω(g(m)) as m → ∞ means there exists a constant C and an integer
m0 such that

|f(m)| ≥ C|g(m)| for all m ≥ m0

• f(m) = o(g(m)) as m→∞ means there exists an integer m0 such that

|f(m)| ≤ ε|g(m)|

for all ε > 0 and all m ≥ m0.

Let Xm represent a sequence of random variables. Then,

• Xm = op(g(m)) as m→∞ means there exist an integer m0(ε, η) such that

Pr {|Xm/g(m)| ≤ ε} = 1− η

for every η > 0, if m ≥ m0(ε, η).

• Xm = Op(g(m)) asm→∞means there exists a constant C(η) and an integer
m0(η) such that

Pr {|Xm/g(m)| ≤ C(η)} = 1− η

for every η > 0, if m ≥ m0(η).



Chapter 4

Extended Fisher Information
Criterion

We showed in Chapter 3 that BIC and other classical model selection methods are
ineffective and prone to overfitting when the data is of high-dimensional setting.
We also showed that to overcome this issue, EBIC suggests to add a binomial
coefficient penalty to the BIC’s objective function. It is shown that under a suitable
asymptotic identifiability condition, EBIC can consistently select the true model as
m grows to infinity [CC08]. However, as indicated in our simulations the empirical
performance of EBIC can sometimes be unsatisfactory for practical sizes of m.
Moreover, in scenarios when m is fixed but the noise variance, σ2, tends to zero,
our results show that EBIC is inconsistent.

In this chapter, we study the problem of model selection, in the context of
subset selection, using information criteria for high-dimensional linear regressions.
Accordingly, we propose a new model selection criterion with the Fisher information
that leads to the selection of a parsimonious model from all the combinatorial
models up to cardinality K. We analyze the performance of our criterion as the
number of measurements grows to infinity, as well as when the noise variance tends
to zero. In each case, we prove that our proposed criterion gives the true model
with a probability approaching one. Additionally, we devise a computationally
affordable algorithm to conduct model selection with the proposed criterion in
practice. Interestingly, as a side product, our algorithm can provide the ideal
regularization parameter for the Lasso estimator such that Lasso selects the true
variables.

35



36 CHAPTER 4. EXTENDED FISHER INFORMATION CRITERION

4.1 Generalized Model Selection

Data Model
Let y ∈ Rm be the measurement vector and suppose that under hypothesis HI we
have

HI : y = s(xI) + σε, I ∈ J .

Here, the set I = {i1, i2, . . . , ik},

1 ≤ i1 < i2 < · · · < ik ≤ N,

represents the data model with the convention of I = ∅ for k = 0. The unknown
vector xI ∈ Rk is the collection of xi’s with the support I from the general
parameter vector x ∈ RN ,

xI =
[
xi1 , xi2 , . . . , xik

]T
The set J =

⋃K
k=0{I| |I| = k} is the collection of all the combinatorial competing

models up to cardinality K � m and |I| denotes the cardinality of the set I.
It is assumed that the continuous function s(·) is known and maps RN to Rm,
and N is linked to m by N = md where d > 1 is a constant. Moreover, the
elements of the noise vector ε are independent and identically Gaussian distributed
with εi ∼ N (0, 1), and the unknown standard deviation σ ≥ 0 is considered as a
nuisance parameter. Subsequently, under each HI , the probability density function
p(y; θI |HI) is known apart from θI , [σ2,xI ]T .

Objectives
Our main interest is to propose a criterion to identify the true unknown subset S
from the collection of competing subsets J , given that the measurement y ∈ Rm is
generated by hypothesis HS . The estimate of this criterion, Î, should fulfill

Pr
{
Î = S

}
→ 1 as σ → 0,

Pr
{
Î = S

}
→ 1 as m→∞.

A standard approach to find Î is to minimize a penalized log-likelihood
[Aka74,Sch78,Shi81,Hau88,Boz87,Ris78]. To adapt this approach to the needs of
generalized model selection, [CC08] suggests to add a binomial coefficient penalty
to the BIC’s objective function. As a result, EBIC selects Î by

min
I∈J

{
− 2 ln p(y; θ̂I |HI) + (|I|+ 1) lnm+ 2ć ln

(
N

|I|

)}
, (4.1)

where θ̂I is the maximum likelihood (ML) estimate of θI ,
(
N
|I|
)
is a binomial

coefficient, and ć > 1− 1/(2d) is a constant that controls the penalty level. The
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advent of the binomial coefficient penalty term is the consequence of considering
the binomial model spaces. By introducing this penalty, EBIC penalizes the
log-likelihood rigorously to compensate for the effect of a large collection of binomial
spaces. It is proven that the EBIC’s estimate satisfies Pr{Î = S} → 1 as m→∞
[CC08]. However, its empirical performance for problems of practical size is not
satisfactory. See e.g. Fig. 4.3 in Sec. 4.4. Moreover, EBIC exploits BIC’s criterion,
in which some approximations have been considered. Namely, approximating the
determinant of the Fisher information matrix by m|I|+1. This is acceptable for
many cases but not always appropriate, e.g. for polynomial regressions and in
high signal-to-noise ratio scenarios [SB12]. Due to such an approximation, EBIC is
inconsistent in selecting the true model as σ → 0. See Fig. 4.4 in Sec. 4.4.

To fulfill our goal in estimating the model, we propose a new model selection
criterion for high-dimensional data, EFIC, as

min
I∈J

{
− 2 ln p(y; θ̂I |HI) + ln det F(θ̂I) + 2cd|I| lnm

}
. (4.2)

Here, F(·) is the Fisher information matrix defined by

F(θI) , −E


∂2 ln p (y; θI |HI)

∂xI∂xTI
∂2 ln p (y; θI |HI)

∂xI∂σ2

∂2 ln p (y; θI |HI)
∂σ2∂xTI

∂2 ln p (y; θI |HI)
∂σ4

 , (4.3)

where E denotes the expected value operator and the expectation is taken with
respect to p (y; θI |HI). The choice of d|I| lnm in (4.9) is due to approximating
ln
(
N
|I|
)
. To show this, note that

ln
(
N

|I|

)
=
|I|−1∑
i=0

ln(N − i)− ln(|I|!).

Now, since |I| ≤ K � m and N = md, we have

ln
(
N

|I|

)
= |I| lnN(1 + o(1))

= d|I| lnm(1 + o(1)),

as m→∞. The choice of the constant c is discussed in Sec. 4.2. In the following,
we will make a detailed analysis of EFIC for the linear regression problem.

EFIC for Linear Regression
Now consider s(xI) as a linear function of xI . Thus,

HI : y = AIxI + σε, I ∈ J , (4.4)
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where the matrix AI is the collection of the columns of the known regressor or
sensing matrix A ∈ Rm×N with the support I. Then, for the preceding linear
regression, the log-likelihood becomes

ln p(y; θI |HI) = −m2 ln(2πσ2)− 1
2σ2 ‖y−AIxI‖22, (4.5)

where ‖·‖2 represents the Euclidean norm. The ML estimate of θI is

θ̂I , [σ̂2, x̂I ]T =
[

1
m
‖Π⊥I y‖22 , A†Iy

]T
, (4.6)

where the matrix A†I = (AT
IAI)−1AT

I is the Moore-Penrose pseudo-inverse of AI
and the matrix Π⊥I = I − AIA†I is the orthogonal projection matrix onto the
null-space of AT

I . Next, take the second derivative of ln p(y; θI |HI) with respect
to the corresponding unknown parameters,

∂2 ln p (y; θI |HI)
∂xI∂xTI

= − 1
σ2 AT

IAI ,

∂2 ln p (y; θI |HI)
∂xI∂σ2 = − 1

σ4 AT
I (y−AIxI),

∂2 ln p (y; θI |HI)
∂σ4 = m

2σ4 −
1
σ6 ‖y−AIxI‖22.

By taking the expectation of the preceding identities with respect to p(y; θI |HI),
we obtain the Fisher information matrix of θI as

F(θI) = 1
σ2

(
AT
IAI 0
0 m

2σ2

)
.

Next use the properties of the determinant function to get

det F(θI) = m

2

(
1
σ2

)|I|+2
det(AT

IAI).

Inserting σ̂2 from (4.6) into the preceding identity and taking logarithm from both
sides leads to

ln det F(θ̂I) = ln(m/2)− (|I|+ 2)[ln‖Π⊥I y‖22 − lnm]
+ ln det(AT

IAI). (4.7)

From (4.6) and (5.9),

−2 ln p(y; θ̂I |HI) = m ln‖Π⊥I y‖22 +m(1 + ln 2π
m

). (4.8)
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Eventually, by inserting (4.7) and (4.8) into (4.2) and ignoring the constant terms
we get

Î = arg min
I∈J

g(I), (4.9)

where

g(I) =

g1(I)︷ ︸︸ ︷
(m−|I|−2) ln‖Π⊥I y‖22
+ln det(AT

IAI)+(1+2cd)|I| lnm︸ ︷︷ ︸
g2(I)

. (4.10)

To gain intuition for the behavior of g(I), it is helpful to break it into two terms
as g1(·) and g2(·), and consider the behavior of each term with respect to I’s that
deviate from the true model. In this regard, first split J \ S into two classes of
overfitted and misfitted models as

J \ S =
{ K⋃
k=|S|+1

I̊k
}⋃{ K⋃

k=0
Ĭk
}
,

where

I̊k , {I
∣∣|I| = k,S ⊂ I},

Ĭk , {I
∣∣|I| = k,S 6⊂ I}.

Next consider the term g1(·). Observe that g1(·), which is a function of the estimate
of σ2, inflates as I deviates from S such that I ∈ Ĭk, since

‖Π⊥IASxS‖22 = ‖Π⊥IAS\IxS\I‖22
> ‖Π⊥SASxS‖22 = 0

for I ∈ Ĭk. However, in contrast to the misfitted models, for overfitted models of
the form

S ⊂ IS∪ik+1 ⊂ IS∪{ik+1,ik+2} ⊂ · · · ⊂ IS∪{ik+1,...,iK}, (4.11)

g1(·) monotonically decreases as

‖Π⊥S y‖22 > ‖Π⊥S∪ik+1
y‖22 > ‖Π⊥S∪{ik+1,ik+2}y‖

2
2

> · · · > ‖Π⊥S∪{ik+1,...,iK}y‖
2
2

for ik+l 6∈ S with l ≥ 1. In detail, use the properties of the projection matrix, thus
we can decompose ΠI∪i as

ΠI∪i = ΠI + uuT ,
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Π⊥S y

span(AS)

y

Π⊥S∪ik+1
y

span(AS∪ik+1)

ΠS∪ik+1y

ΠSy

ker(AS)

Figure 4.1: Projecting y into the orthogonal subspaces of the nested models of S
and I{S∪i1} makes g1(S) ≥ g1(I1).

where u = Π⊥I ai/‖Π⊥I ai‖2 is a unit-norm vector orthogonal to the span of AI . A
straightforward manipulation yields

‖Π⊥I∪iy‖22 = ‖Π⊥I y‖22 + ‖(I− uuT )y‖2.

The conclusion is straightforward. See Fig. 4.1 for a geometrical illustration. By
this argument we can see that g1(·) measures the goodness of the fit and gets smaller
as the complexity of the model increases in I ∈ I̊k. Unlike g1(·), g2(·) measures the
complexity of the model and, generally speaking, it increases as the cardinality of
the model increases. Intuitively, by this increase, g2(·) attempts to counterbalance
the decrease in g1(·) and therefore preventing (4.9) from overfitting.

Identifiability of The Model
A model is considered to be identifiable if no other model of the same or smaller
size can describe the given (noise free) measurements equally well. In the linear
regression setup, this is equivalent to say y = ÃSxS 6= ÃIxI for {I||I| ≤ |S|, I 6=
S}. Here, Ã denotes the normalized version of the sensing matrix A in the
sense that Ã has unit-norm columns. The identifiability of the true model in
the high-dimensional linear regression setup is uniformly maintained if the minimal
eigenvalue of all restricted sub-matrices, ÃT

I ÃI for {I||I| ≤ 2K}, is bounded away
from zero [Don06b, CT07, FR13]. This is a reasonable constraint; for instance,
when Ã is a sub-Gaussian random matrix, one can roughly conclude from Chapter
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9 in [FR13] that the minimal restricted eigenvalue of Ã is bounded away from zero,
even if N grows exponentially with m.

Having this stated, we need to lower bound the minimal eigenvalues of all
restricted sub-matrices of at most size 2K. Now, inspired by [MY09], we introduce
our slightly more general assumption in comparison with what is traditionally
assumed, such as e.g. the restricted isometry property in [CT05], as we allow the
minimal restricted eigenvalues to slowly converge to zero.
Restricted eigenvalue property: The normalized matrix Ã satisfies the restricted
eigenvalue property if any restricted sub-matrix ÃT

I ÃI obeys

min
|I|≤2K

Λmin(ÃT
I ÃI) ≥ Cmin

lnm ,

for some constant Cmin > 0. Here, Λmin(·) denotes the minimum eigenvalue of the
corresponding matrix. Clearly, for a fixed m, the value of Cmin indicates the degree
of correlation between ãi’s.

4.2 Performance Analysis of EFIC for the Linear
Regression

Desirably, a statistical inference method provides the true unknown parameter in
an asymptotic regime. To examine the asymptotic properties of EFIC, we evaluate
the probability of (4.9) selecting the correct model as σ → 0, as well as when
m→∞.

Deterministic Optimality Conditions for EFIC

Prior to investigating the asymptotic properties of EFIC, we first present the
sufficient non-asymptotic conditions, under which EFIC selects the true model.
Later, in Theorem 4.2.1 and 4.2.2, we show that these conditions are satisfied with
high probability in the corresponding asymptotic regimes.

Lemma 4.2.1. Let S ∈ J be the true model and suppose that I 6= S denotes any
other competing subset in J . Additionally, assume that the matrix A satisfies the
restricted eigenvalue property. Then, for a particular realization of ε, the minimizer
of (4.9) obeys Î = S, if

I1 : ln ‖Π
⊥
S ε‖2(m−|S|−2)

2

‖Π⊥I ε‖2(m−|I|−2)
2

< Υ(I)− ln σ2∆, I ∈
K⋃

k=|S|+1

I̊k,

I2 : ln

(
σ2‖Π⊥S ε‖22

)(m−|S|−2)

‖Π⊥I y‖2(m−|I|−2)
2

< Υ(I), I ∈
K⋃
k=0
Ĭk,
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where ∆ =
∣∣|I| − |S|∣∣ and

Υ(I) = ln det(AT
IAI)

det(AT
SAS)

+
(
|I| − |S|

)
(1 + 2cd) lnm.

Proof. The strict minimizer of (4.9) coincides with the subset S if g(S) < g(I) for
any I ∈ J \ S. Thus, using (4.10), it is sufficient to show that

(m− |S| − 2) ln‖Π⊥S y‖22 + ln det(AT
SAS)

+ (1 + 2cd)|S| lnm < (m− |I| − 2) ln‖Π⊥I y‖22
+ ln det(AT

IAI) + (1 + 2cd)|I| lnm (4.12)

is equivalent to the I1 and I2 inequalities. In this regard, by the definition of the
projection matrix, we have ΠIASxS = ASxS for I ∈ I̊k. Thus,

Π⊥I y = Π⊥I (ASxS + σε)
= σΠ⊥I ε, ∀ I ∈ I̊k. (4.13)

Moreover,
Π⊥S y = σΠ⊥S ε. (4.14)

If (4.13) and (4.14) are inserted into (4.12), then, with some straightforward
manipulations, we obtain I1. Next, use (4.14) and (4.12) to obtain I2. Also
note that, because of the restricted eigenvalue property, AT

IAI and AT
SAS are

full-rank and therefore ln det(·) is finite.

Model Selection as σ → 0
As mentioned before, it is of course desirable that EFIC selects the true model for
high signal to noise ratio data. This motivates us to examine the performance of
EFIC as σ → 0.

Theorem 4.2.1. Let m be the fixed number of measurements and assume that
N = md. Then, under the restricted eigenvalue property, the estimate of (4.9), Î,
obeys Î = S with a probability approaching one as σ → 0.

Proof. Based on Lemma 4.2.1, the minimizer of (4.9) coincides with S if I1 and I2
are satisfied. Having this stated, we begin by showing that as σ → 0 the inequality
I1 holds with a probability approaching one. In this regard, consider the event of
the form

ÅI : ρ(I) < eΥ(I)/σ2∆, I ∈ I̊k

for |S|+ 1 ≤ k ≤ K, where ρ(I) is defined by

ρ(I) = ‖Π
⊥
S ε‖2(m−|S|−2)

2

‖Π⊥I ε‖2(m−|I|−2)
2

.
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Observe that ‖Π⊥I ε‖22 is a Chi-square random variable with m− |I| degrees of
freedom. Therefore, Pr{‖Π⊥I ε‖22 = 0} = 0. This implies that ρ(I) is a well
defined random variable [Cur41], and therefore we can consider the probability
of ÅI happening. Now we look at the term eΥ(I)/σ2∆. It is clear that, due to
the restricted eigenvalue property, there exists some constant α ∈ R for which
ln[det(AT

IAI)/ det(AT
SAS)] > α, and therefore eΥ(I)/σ2∆ →∞ as σ → 0. Hence,

we have Pr{ÅcI} → 0 as σ → 0, where ÅcI denotes the complement event of ÅI .
Finally, by using Boole’s inequality, we have

Pr
{
I1
}

= Pr
{ K⋂

k=
|S|+1

⋂
I∈I̊k

ÅI

}

≥ 1−
K∑
k=
|S|+1

∑
I∈I̊k

ÅcI → 1

as σ → 0.
Continuing with I2, let the event ĂI be

ĂI : ‖Π⊥S ε‖22 <
β(I)
σ2 , I ∈ Ĭk,

where β(I) is defined by

β(I) =
[
eΥ(I)‖Π⊥I y‖2(m−|I|−2)

2

] 1
m−|S|−2

.

Now observe that ‖Π⊥I y‖22 → ‖Π
⊥
IASxS‖22 in probability as σ → 0. Moreover, we

know from Lemma (4.6.3)-(i) in the Appendix that ‖Π⊥IASxS‖22 > 0. Because of
this and the fact that eΥ(I) > 0 we can conclude that β(I) > α′ as σ → 0, for
some positive constant α′. As a result, β(I)/σ2 →∞ when σ → 0 for any I ∈ Ĭk.
Therefore, the probability of the event ĂI happening converges to one as σ → 0.
Again, we use Boole’s inequality to show that Pr{I2} → 1 as σ → 0.

Theorem 4.2.1 implies that, when the noise power is negligible, S is the global
minimizer of g(·) if the restricted eigenvalue property is satisfied. Now, to show the
inconsistency of EBIC as σ → 0, let us to restate the equivalent of I1 for EBIC.
In this regard, first insert (4.8) into (4.1) and ignore the constant terms to get

gEBIC(I) = m ln‖Π⊥I y‖22 + (1 + 2ćd)|I| lnm.

Next, by imitating the argument in Lemma 4.2.1, we can say

ln
(
‖Π⊥S ε‖22
‖Π⊥I ε‖22

)m
< (|I| − |S|)(1 + 2ćd) lnm, I ∈

K⋃
k=|S|+1

I̊k,

which is the equivalent form of I1 for EBIC. Clearly, for a fixed m, EBIC cannot
assure Pr{Î = S} → 1 as σ → 0.
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Model Selection as m→∞
In the following, we state our second main result which presents the asymptotic
behavior of EFIC as m→∞.

Theorem 4.2.2. Suppose that the matrix A ∈ Rm×N , with N = md, satisfies the
restricted eigenvalue property. Moreover, assume that the columns of A fulfill

‖ai‖22 = Ω(ma) (4.15)

for some constant a > 0. Then, the EFIC’s estimate obeys Î = S with probability
one as m→∞, if c is chosen such that

c > 1− a

2d + 1
d
.

Proof. The proof of Theorem 4.2.2 consists of three main parts. We start by finding
the asymptotic behavior of Υ. Then, we establish the probability of I1 happening
as m→∞ and, finally, we do the same for I2.

The asymptotic behavior of Υ(I): Normalize the columns of AI as ÃI =
AIW−1

I,I , where WI,I is a diagonal matrix with the diagonal elements defined
by wii = ‖ai‖2 for i ∈ I. Now using the properties of the determinant function, we
have

ln det
(
AT
IAI

)
= ln det(W2

I,I) + ln det(ÃT
I ÃI)

=
∑
i∈I

lnw2
ii +

|I|∑
i=1

ln Λi(ÃT
I ÃI),

where Λi(·) denotes the i-th eigenvalue of the corresponding matrix. Then, observe
that, by Gerschgorin’s Theorem,

|Λi(ÃT
I ÃI)− 1| ≤

∑
j∈I,j 6=i

|ãTi ãj | ≤ |I| − 1.

Therefore, because of (4.15), we can say

ln det(AT
IAI) =

∑
i∈I

lnw2
ii(1 + o(1)) (4.16)

as m → ∞. Now, after inserting (4.16) into Υ(I) and some straightforward
simplifications, we conclude that for I ∈ I̊k

Υ(I) =
[∑
i∈I\S

lnw2
ii

]
(1 + o(1)) + ∆(1 + 2cd) lnm

≥ ∆(1 + a+ 2cd) lnm (1 + o(1)) , (4.17)
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and for I ∈ Ĭk

Υ(I) =
[∑
i∈I\S

lnw2
ii −

∑
i∈S\I

lnw2
ii

]
(1 + o(1)) +

(
|I| − |S|

)
(1 + 2cd) lnm (4.18)

as m→∞.
Establishing the probability of I1 as m→∞: Rewrite the left-hand side of I1

as

ln ‖Π
⊥
S ε‖2(m−|S|−2)

2

‖Π⊥I ε‖2(m−|I|−2)
2

= (m− |I| − 2) ln ‖Π
⊥
S ε‖22

‖Π⊥I ε‖22
+ ∆ ln‖Π⊥S ε‖22. (4.19)

Observe, now, that

‖Π⊥S ε‖22 = ‖Π⊥I ε + (Π⊥S −Π⊥I )ε‖22
= ‖Π⊥I ε + Π̄I\Sε‖22,

where Π̄I\S is defined as Π̄I\S = ΠI −ΠS . Moreover, note that, Π⊥IΠS = 0
since S ⊂ I. Thus, we rewrite

‖Π⊥S ε‖22 = ‖Π⊥I ε‖22 + ‖Π̄I\Sε‖22.

Then, by using the properties of the logarithm function, we can say

ln ‖Π
⊥
S ε‖22

‖Π⊥I ε‖22
= ln

(
1 +
‖Π̄I\Sε‖22
‖Π⊥I ε‖22

)

≤
‖Π̄I\Sε‖22
‖Π⊥I ε‖22

.

Next we insert the preceding inequality into (4.19) to get

ln ‖Π
⊥
S ε‖2(m−|S|−2)

2

‖Π⊥I ε‖2(m−|I|−2)
2

≤ (m− |I| − 2)
‖Π̄I\Sε‖22
‖Π⊥I ε‖22

+ ∆ ln‖Π⊥S ε‖22. (4.20)

Considering (4.20) together with I1, it is clear that on the event

E̊k : max
I∈I̊k

{
(m− |I| − 2)

‖Π̄I\Sε‖22
‖Π⊥I ε‖22

+ ∆ ln‖Π⊥S ε‖22

}
< min
I∈I̊k
{Υ(I)} − ln σ2∆

for all k ∈ {|S|+ 1, . . . ,K}, I1 is satisfied. Consequently, when ε is a random
vector

Pr I1 ≥ Pr
{

K⋂
k=1+|S|

E̊k

}
. (4.21)
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As m→∞, the event E̊k can be restated by its asymptotic equivalent. In this
regard, using the law of large numbers, ‖Π⊥S ε‖22 → m− |S|, together with (4.17)
yields

E̊k : m
maxI∈I̊k‖Π̄I\Sε‖22
m−maxI∈I̊k‖ΠIε‖22

< ∆(a+ 2cd) lnm (4.22)

as m → ∞. Now we continue the argument with the goal of showing, under some
suitable condition for c, Pr E̊k = 1 as m→∞. The idea is to use the extreme
value theory to show that maxI∈I̊k‖Π̄I\Sε‖22 and maxI∈I̊k‖ΠIε‖22 are of the order
of lnm in probability, i.e. maxI∈I̊k‖Π̄I\Sε‖22 = Op(lnm) [PEM13]. To develop
this idea, consider ‖Π̄I\Sε‖22’s as a sequence of

(
N
∆
)
random variables, identically

distributed, having Chi-square distribution with ∆ degrees of freedom, ‖Π̄I\Sε‖22 ∼
χ2

∆. Therefore, by applying Lemma 4.6.1 and Lemma 4.6.2, we can conclude that,
for any t > 0, the centered and normalized maximum of this sequence obeys

Pr
{[

max
I∈I̊k

{
‖Π̄I\Sε‖22

}
− h
]
≤ 2t

}
≥ exp(−e−t)

as m→∞, where h is defined by

h = 2 ln
(
N

∆

)
+ (∆− 2) ln ln

(
N

∆

)
.

Next, replace h with its asymptotic approximation

h = 2d∆ lnm(1 + o(1))

and let t = γ lnm. Thus, as m→∞,

Pr
{

max
I∈I̊k

{
‖Π̄I\Sε‖22

}
≤ 2(∆d+ γ) lnm

}
≥ 1−m−γ , (4.23)

where γ > 0 is a constant. Then, the Borel-Cantelli lemma implies that for γ > 1

max
I∈I̊k

{
‖Π̄I\Sε‖22

}
≤ 2(∆d+ γ) lnm (4.24)

with probability one as m → ∞. Continuing, one can use the same argument to
obtain

m− max
I∈I̊k
‖ΠIε‖22 = m(1 + o(1)) (4.25)

with probability one. We conclude from (4.22), (4.24) and (4.25) that under the
condition of

2(∆d+ γ) < ∆(a+ 2cd),
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for ∆ = 1, . . . ,K − |S|, the event E̊k occurs with probability one. Finally, because
of (4.21), one can say that I1 holds with probability one.

Rearranging the preceding condition as

c > 1 + γ

∆d −
a

2d , (4.26)

provides the guideline for choosing c upon setting ∆ = 1.
Establishing the probability of I2: Rewrite I2 as

(m−|I|−2) ln ‖Π
⊥
I y‖22

σ2‖Π⊥S ε‖22
−(|I|−|S|) ln‖Π⊥S ε‖22+Υ(I) > 0.

Then, it is clear that on the event

Ĕk : min
I∈Ĭk

{
(m− |I| − 2) ln ‖Π

⊥
I y‖22

σ2‖Π⊥S ε‖22
− (|I| − |S|) ln‖Π⊥S ε‖22 + Υ(I)

}
> 0,

(4.27)

for all k such that 0 ≤ k ≤ K, I2 holds. Thus, when ε is a random vector, we can
say

Pr I2 ≥ Pr
{

K⋂
k=0

Ĕk

}
. (4.28)

The next step is to establish a lower bound on the asymptotic equivalent of

(m− |I| − 2) ln ‖Π
⊥
I y‖22

σ2‖Π⊥S ε‖22
.

In this respect, expand ‖Π⊥I y‖22 as

‖Π⊥I y‖22 = A1 + σ2‖Π⊥I ε‖22, (4.29)

where A1 is defined as

A1 = ‖Π⊥IASxS‖22

(
1 + 2σ εTΠ⊥IASxS

‖Π⊥IASxS‖22

)
.

However,

A1 ≥ ‖Π⊥IASxS‖22 ×
(

1− 2σ
‖Π⊥IASxS‖2

max
I∈Ĭk

∣∣∣εT Π⊥IASxS
‖Π⊥IASxS‖2

∣∣∣︸ ︷︷ ︸
ζ1

)
.

Continuing, when ε is a random vector, because of Lemma 4.6.3-(ii) and the
Borel-Cantelli lemma, we have

max
I∈Ĭk

∣∣∣εT Π⊥IASxS
‖Π⊥IASxS‖2

∣∣∣ ≤ 2

√
ln
(
N

|I|

)
(4.30)
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with probability one. Moreover, by considering Lemma 4.6.3-(i), the restricted
eigenvalue property and ‖ai‖22 = Ω(ma), we can say

‖Π⊥IASxS‖2 = Ω
(√

ma

lnm

)
.

Because of this and (4.30), we can conclude that ζ1 = 0 with probability one as
m→∞. Again, use Lemma 4.6.3-(i), so that

A1 ≥ Cminx
2
min

∑
i∈Ś w

2
ii

lnm ,

where Ś is defined by Ś , S \ I. Next, consider (4.29) together with the preceding
inequality and that ‖Π⊥S ε‖22 → m− |S|. Thus, as m→∞, we have

(m− |I| − 2) ln ‖Π
⊥
I y‖22

σ2‖Π⊥S ε‖22
≥ m ln

(
1 + A1

σ2m
−

maxI∈Ĭk‖ΠIε‖22
m︸ ︷︷ ︸
ζ2

)
T
≥ m ln

(
1 + Cminx

2
min

σ2m lnm
∑
i∈Ś

w2
ii − 2(d|I|+ γ́) lnm

m

)
.

Note that the inequality T is due to the fact that

ζ2 ≤ 2(d|I|+ γ́) lnm
m

with probability one for some constant γ́ > 1, cf. (4.24). Now, by exploiting the
preceding inequality and (4.18), we can bound the inner expression in Ĕk from
below as

A2 + O(lnm), (4.31)
where

A2 =m ln
(

1 + Cminx
2
min

σ2m lnm
∑
i∈Ś

w2
ii(1 + o(1))

)
−
∑
i∈Ś

lnw2
ii.

It is straightforward to show that A2 is an increasing function of w2
ii. Therefore,

since w2
ii = Ω(ma), A2 has the smallest growth if 0 < a ≤ 1, so that

A2 ≥ b|Ś|
x2

min
σ2

ma

lnm, 0 < a ≤ 1,

for some constant b > 0. This implies that A2 is the dominant term in (4.31) and
therefore, the event Ĕk occurs with probability one asm→∞. Finally, since (4.28),
we obtain Pr I2 = 1 as m→∞.

In summary, because Pr I1 = 1 under the condition (4.26) and that Pr I2 = 1,
Lemma 4.2.1 provides that Î = S with probability one.
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We would like to remark that the condition for choosing c in Theorem 4.2.2
can be restated as c > 1− a/(2d) + γ/d for γ > 0 where γ affects the probability
of success. In fact, our proof indicates that when γ ≤ 1 one can only assure the
event Î = S in probability as m→∞, whereas when γ > 1, this event occurs with
probability one as m → ∞. Having this stated, we also would like to emphasize
on the effect of γ > 1 on the performance of EFIC for practical size of m. In this
regard, (4.23) indicates that when γ is large, the probability of success of I1 is
elevated. However, at the same time, a large γ lowers the probability of success of
(4.31), and consequently Pr I2, for small size m. The latter happens since a large γ
may cause the O(lnm) term to dominate A2. In conclusion, we do not recommend
to use a large γ. In the simulations in Section 4.4 we use γ = 2.

4.3 Computing EFIC for Linear Regressions

Finding the optimal solution of (4.9) essentially involves an exhaustive search over
J . However, the size of J grows as |J | = O(NK), and therefore, solving (4.9)
with an exhaustive search is impractical, even for a moderate size N . To overcome
this issue, motivated by the intrinsic nature of the Lasso estimator as a model
selection method, we exploit Lasso to improve the computational performance of
(4.9). The Lasso estimator is a well-known model selection method that estimates
the unknown model by solving

x̂L(λ) = arg min
x̃∈RN

1
2‖y− Ãx̃‖22 + λ‖x̃‖1, (4.32)

where λ ≥ 0 is a regularization parameter that controls ÎL(λ) = supp(x̂L(λ)),
the vector x̃ is linked to x as x = W−1x̃ and W is a diagonal matrix with the
diagonal elements defined as wii = ‖ai‖2 [Tib96]. If λ is properly chosen, then under
some suitable conditions, Lasso can estimate the model correctly [ZY06, CP09].
To elaborate on the effect of λ on the solution of Lasso, one should note that
for the choice of λ ≥ λ1 = ‖ATy‖∞, Lasso’s estimate is an empty set, then
as λ decreases, ÎL(λ) evolves at some pivotal λj ’s, providing the solution set
of {ÎL(λj)}Kj=1 [EHJT04, RZ07]. Having this stated, we use the modified-LARS
algorithm to obtain {ÎL(λj)}Kj=1 [EHJT04], and then we apply (4.10) on the
solution set of Lasso to solve (4.9); see Alg. 5.1. Note that we use the normalized
regressor matrix Ã in the Lasso estimator, but the un-normalized A in computing
the EFIC criterion in (4.9). This is because EFIC is derived under the assumption
that the dependence on m should be reflected in A and not in x. However, when
using Lasso it is recommended to normalize the regressors.
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Figure 4.2: The behavior of a few model selection criteria versus the indices of the
solution set of Lasso. The setting is σ2 = 10−1, |S| = 5, m = 100 and N = dmde,
for d = 1.3. Label six corresponds to the true model.

Algorithm 4.1 Model selection by combining EFIC and the modified-LARS algorithm.
1: for j = 1 to K do
2: {ÎL(λj)} ← execute modified-LARS at step j
3: evaluate g(ÎL(λj))
4: end for
5: Î = arg min{ÎL(λj)}Kj=1

g(ÎL(λj))

Compared to performing an exhaustive search, we reduce the search cost in
solving EFIC from O(mdK) to the computational cost of modified-LARS, which is
O(m2) at each step [EHJT04]. Another observation is that we can find the ideal
λ value for the Lasso estimator without knowing σ. In details, when σ is known,
by choosing λ = (1 + τ)σ

√
2 lnN for some τ > 0, Lasso performs near-ideal in

estimating the model [CP09]. However, the proper choice of λ when σ is unknown
is rather challenging [CD14] and to the best of our knowledge, selecting λ in such
scenarios is still a practical issue. We would like to remark that the choice of Lasso
is not a necessity and the operator can potentially use any other viable variable
selection method for high-dimensional data.

A numerical example of the behavior of the objective function of a few model
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selection criteria versus {ÎL(λj)}20
j=1 is depicted in Fig. 4.2. The setup for this

numerical evaluation is as σ2 = 10−1, |S| = 5, m = 100, N = dmde, for d = 1.3.
The abrupt decrease in the value of the objective functions at label six is due
to the perfect model selection. After label six, g(·) monotonically increases. As
was mentioned before, this increase is caused by g2(·) in order to offset g1(·) from
overfitting. EFIC has estimated the model correctly whereas EBIC and BIC fail
in doing so. Here and in the empirical section, we set ć = 1 in EBIC, as it is
also applied in [CC08]. One should note that, by choosing ć > 1− 1/(2d), EBIC’s
estimate theoretically satisfies Pr{Î = S} → 1 as m→∞. However, when m is of
practical size, EBIC’s performance is sensitive to the value of ć. That is to say, small
ć causes EBIC to overestimate the size of the model, whereas large ć would cause the
opposite. Therefore, by setting ć just above the threshold level 1− 1/(2d), EBIC’s
performance would deteriorate in the numerical simulations presented herein. Fig.
4.2 also shows that BIC is too liberal to find the true model.

4.4 Empirical Results

In this section, we provide some numerical results to illustrate the empirical
performance of EFIC in selecting the correct model. Additionally, we compare
the performance of EFIC with the following existing model selection methods.

Some Existing Model Selection Methods for High-Dimensional
Data
Square Root (SR)-Lasso

Replacing the least squares term in (4.32) with its square-root results in the
SR-Lasso estimator [BCW11],

min
x̃∈Rm

‖y− Ãx̃‖2 + λSR‖x̃‖1.

The parameter λSR can be chosen by

λSR = c1
√
mF−1

n

(
1− α1

2N

)
.

Here, F−1
n (·) is the quantile function for a normal distribution, and c1 and α1 are

constants that are recommended to set to 1.1 and 0.05, respectively. Note that
SR-Lasso does not need to know σ to choose its regularization parameter λSR.

Combined BIC (COBIC)

The objective function of BIC is presented in an elegant simple form [Sch78]. This
simplicity is achieved under some suitable conditions, one of which concerns the
signal to noise power ratio. On this subject, it is shown that as the noise power
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Figure 4.3: The empirical probability of {Î = S} versus m when A has an
uncorrelated structure. Here, µ = 0, σ2 = 10−0.3, |S| = 5 and N = dmde for
d = 1.3.

converges to zero, a modified version of BIC, namely COBIC, is needed [SB12].
Here, an extended version of COBIC, where we have added the binomial coefficient
penalty similar to EBIC, is considered as

min
I∈JSR

{
m ln σ̂2 + f + 2 ln

(
N

|I|

)}
,

where f is defined as

f = max
(
−(|I|+ 2) ln σ̂2, (|I|+ 1) lnm

)
.

Results
Here, to support our theoretical findings, we measure the empirical probability of
Î = S. The general setting for our numerical simulation is as follows. In each
Monte Carlo trial, the true support, S, is chosen randomly from

(
N
|S|
)
possible

choices, when |S| is fixed to five. The elements of the true parameter xS is
drawn from the Bernoulli distribution of the sample space {1,−1}. The rows of
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Figure 4.4: The empirical probability of {Î = S} versus ln(1/σ2) when A has an
uncorrelated structure. Here, µ = 0, m = 120, |S| = 5 and N = dmde for d = 1.3.

the measurement matrix, a∗i’s, are chosen as i.i.d. multivariate Gaussian random
vectors from N (0,C), where the matrix C ∈ RN is structured as

C =


1 µ µ . . . µ
µ 1 µ µ . . . µ
µ µ 1 µ . . . µ
...

...
...

µ µ . . . µ 1

 ,

and the constant µ determines the degree of correlation between ai’s. The structure
of C also implies that ai’s are statistically equiangular. The dimension of the
parameter space is linked to the number of measurements as N = dmde, where d·e
is the ceiling function and d is fixed to 1.3. The vector ε is a white Gaussian noise
with ε ∼ N (0, I). To select parameter a for EFIC, recall that the smallest ‖ai‖22 for
1 ≤ i ≤ N determines the constant a. Furthermore, note that ‖ai‖22 = m with very
high probability for a Gaussian random A. This motivates us to set a = 1. Finally,
as mentioned at the end of Section 4.3, we let γ = 2 which results in c = 1 + 3/(2d).

Fig. 4.3 shows the empirical probability of correct model selection versus m
when A has an uncorrelated structure, i.e. µ = 0. Here, the noise variance is fixed
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Î

=
S
}

Lasso-oracle
EBIC
Lasso-σ
EFIC
SR-Lasso

Figure 4.5: The empirical probability of {Î = S} versus m when A has a correlated
structure. Here, µ = 0.25, σ2 = 10−0.3, |S| = 5 and N = dmde for d = 1.3.

as σ2 = 10−0.3. The measured probabilities are the result of calculating the success
rate over 500 Monte Carlo trials. Here, Lasso-oracle represents the performance of
Lasso when |S| is known. Recall that, in our algorithm, the exhaustive search over J
is replaced by Lasso; therefore, it is natural to have Lasso-oracle as the performance
benchmark. As can be seen, for m ≥ 80 EFIC coincides with Lasso-oracle and both
achieve Pr(Î = S) = 1 for m ≥ 120. The numerical results conform that EFIC
is consistent in selecting the true model as m grows. Moreover, the numerical
simulation shows that Pr{Î = S} for EBIC improves very slowly for m ≥ 100. The
slack pace in the improvement is due to the conservative choice of ć = 1. COBIC
is practically identical to EBIC for this example and therefore its curve is not
displayed in Fig. 4.3. The performance gap between SR-Lasso and Lasso-oracle is
very big for m < 140, nevertheless, SR-Lasso manages to achieve ideal performance
as m grows. Finally, Lasso-σ shows how Lasso behaves if λ = 7σ

√
2 lnN when σ is

known [CP09].
We now consider the effect of a decrease in σ on Pr(Î = S) = 1 when m = 120

and A has an uncorrelated structure. Fig. 4.4 illustrates the empirical probability
of correct model selection versus ln 1/σ2 over 5000 Monte Carlo trials. As can be
seen, all information criteria perform poorly for large σ. This can be linked to the
poor performance of Lasso in estimating the model in presence of strong noise. As
σ slightly decreases, EFIC achieves the ideal performance. However, in contrast to
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Figure 4.6: The empirical probability of {Î = S} versus ln(1/σ2) when A has a
correlated structure. Here, µ = 0.25, m = 200, |S| = 5 and N = dmde for d = 1.3.

EFIC, the success rate of EBIC always stays below 0.95. This indicates that EBIC
is inconsistent in finding S as σ → 0. Fig. 4.4 also shows that COBIC achieves
Pr(I = S) = 1 at a very slow pace. Finally, note the unsatisfactory performance of
SR-Lasso. This is because SR-Lasso requires a larger m than Lasso to achieve the
same performance in estimating models.

Next, we examine the effect of the correlation in the structure of A on the
performances of the model selection criteria. Fig. 4.5 illustrates the empirical
probability of correct model selection versus m over 500 Monte Carlo trials when
µ = 0.25. Here, the rest of the setting is identical to the corresponding uncorrelated
case. As can be seen, EFIC’s and Lasso-oracle’s performances are identical and
both achieve Pr{Î = S} = 1 for m ≥ 200. Note that based on Algorithm
1, the performance of EFIC is tied to the solution set of Lasso. Thus, EFIC
cannot outperform Lasso-oracle. Predictively, due to the correlation between ai’s,
Lasso-oracle requires relatively larger number of measurements to achieve ideal
model selection. The numerical simulation again shows that the performance of
EBIC improves very slowly for m ≥ 200. Interestingly, the performance gap
between Lasso-σ and Lasso-oracle is tightened. Finally, SR-Lasso performs rather
poorly which indicates that SR-Lasso is more sensitive to the correlation in the
structure of A than Lasso.

Fig. 4.6 shows the empirical probability of Î = S versus ln 1/σ2 over 5000 Monte
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Carlo trials. Here, µ = 0.25 and m is fixed to 200. EFIC performs as good as the
benchmark for ln 1/σ2 ≥ 0 and it achieves ideal model selection for ln 1/σ2 ≥ 1.
In contrast, EBIC’s performance does not improve as ln 1/σ2 gets larger than one,
indicating the inconsistency of EBIC as σ → 0. The numerical simulation also
shows that COBIC’s estimate achieves Pr{Î = S} = 1 for a very small σ. Lasso-σ
shows an abrupt change in its performance. This is due to setting τ to a relatively
large value [CP09]. Predictively, SR-Lasso again performs poorly.

4.5 Summary

Many real life applications face the challenging task of model selection when the
number of accessible measurements is much smaller than the dimension of the
parameter space. To accomplish this task, we have proposed a new criterion for
high-dimensional linear regression. Additionally, we have analyzed the behavior
of the proposed criterion as m → ∞ as well as σ → 0. In both cases, we have
shown that the probability that our criterion gives the true model approaches
one. Moreover, we propose a computationally affordable algorithm to practically
perform the model selection with the proposed criterion. This algorithm implicitly
determines the regularization parameter in the Lasso estimator for precise variable
selection. Finally, some numerical simulations are conducted to support our
theoretical findings. Moreover, we would like to remark that our focus in this
chapter has been on perfect variable selection. Arguably, there are also other
broader aspects to the problem of model selection. In some applications, selecting
relevant variables is indeed a major interest whereas in others the predictive ability
of the model is the main focus. Hence, other measures of performance such as
positive discovery rate, false discovery rate, and prediction mean square error should
also be considered in future evaluations of EFIC and related approaches.



4.6. APPENDIX 57

4.6 Appendix

Lemma 4.6.1. Let Mn = maxi{X1, X2, . . . , Xn}, where X1, X2, . . . , Xn is a
sequence of i.i.d. random variables having Chi-square distribution with r degrees
of freedom. Then, the centered and normalized maxima of this sequence has the
Gumbel distribution such that

Pr
{
Mn − hn

2 ≤ x
}
→ exp

(
−e−x

)
as n→∞,

where
hn = 2 lnn+ (r − 2) ln lnn(1 + o(1))

and d−→ denotes convergence in distribution.

Proof. Based on Fisher-Tippet theorem, if there exists a sequence of norming
constants {cn > 0} and {dn} such that

Pr
{
Mn − dn

cn
≤ x

}
→ G(x) as n→∞,

where G(x) is a non-degenerate distribution function, then G belongs to one of
the extreme value distributions [PEM13,MRLR83]. Knowing that the Chi-square
distribution is a special case of the Gamma distribution, verifies that χ2 random
variables belong to the maximum domain of attraction of the Gumbel distribution,
so that G(x) = exp(−ex) [PEM13]. Accordingly, Proposition 3.3.25 in [PEM13]
provides a possible choice of the norming constants. Exploiting the provided
constants on page 159 in [PEM13], we have

dn = 2 lnn+ (r − 2) ln lnn(1 + o(1)), cn = 2.

Lemma 4.6.2. LetMκ = maxi{Xi}κi=1 where X1, X2, . . . , Xκ is a sequence of i.i.d.
random variables having Chi-square distribution with r < m degrees of freedom.
Further, let M̄κ = maxi{‖Πiε‖22}κi=1 where {Πi}κi=1 is a set of orthogonal projection
matrices projecting onto r-dimensional subspaces of Rm, and ε ∈ Rm is a normalized
zero-mean Gaussian vector, ε ∼ N (0, Im).

If m < rκ, then, for each t > 0,

Pr
{
M̄κ ≤ t

}
≥ Pr

{
Mκ ≤ t

}
. (4.33)

Proof. Consider the random vectors t and t̄, defined as

t =
[
t1 t2 . . . tκ

]T
,

t̄ =
[
U1 U2 . . . Uκ

]T
ε,
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where the ti’s are r-dimensional real Gaussian random row vectors such that t ∼
N (0, Irκ) and Xi = titTi . Moreover, {Ui ∈ Rm×r}κi=1 are orthonormal matrices
such that Πi = UiUT

i . Observe that Mκ and M̄κ are obtained by applying the
function

f
([

b1 b2 . . . bκ
]T) = max

j

{
‖bj‖22

}κ
j=1

on t and t̄, respectively, where bj ∈ Rr. Note that the sub-vectors of t̄, t̄i = UT
i ε,

are r-dimensional real Gaussian random vectors similar to the ti’s. However,

t̄ ∈ span
( [

U1 U2 . . . Uκ

]T )
,

whereas t ∈ Rrκ. This implies, when m < rκ, t̄ is constrained to a subspace of Rrκ
and therefore (4.33) follows.

Lemma 4.6.3. Let Ś be Ś = {S \ I} for I ∈ Ĭk, xmin = mini∈S xi and constant
B > 0 . Then, we have

(i) ‖Π⊥IASxS‖22 ≥ Λmin(ÃT
I∪ŚÃI∪Ś)x2

min
∑
i∈Ś w

2
ii;

(ii) Pr
{

max
I∈Ĭk

∣∣∣εT Π⊥IASxS
‖Π⊥IASxS‖2

∣∣∣ >B√2 ln
(
N
|I|
)}

≤ (
√
πB)−1

[
ln
(
N
|I|
)]−1/2[(

N
|I|
)]1−B2

.

Proof. For (i), split S into two disjoint subsets as S = {S ∩ I} ∪ {S \ I}. Since
span(AS∩I) ⊂ span(ΠI), we have

‖Π⊥IASxS‖22 = ‖Π⊥IAŚxŚ‖
2
2. (4.34)

Now consider the closest point theorem to show that

‖Π⊥IAŚxŚ‖
2
2 = min

ν∈R|I|
‖AŚxŚ −AIν‖22

T1= min
ν∈R|I|

∥∥∥∥ [ÃŚ ÃI
] [WŚ,ŚxŚ
−WI,Iν

] ∥∥∥∥2

2
T2
≥ Λmin(ÃT

I∪ŚÃI∪Ś) min
ν∈R|I|

∥∥∥∥ [WŚ,ŚxŚ
−WÍ,Íν

] ∥∥∥∥2

2

≥ Λmin(ÃT
I∪ŚÃI∪Ś)x2

min
∑
i∈Ś

w2
ii,

where the identity in T1 is because of normalizing the corresponding columns of A
and the inequality in T2 is due to the definition of the smallest eigenvalue.
For (ii), define t as

t = Π⊥IASxS
‖Π⊥IASxS‖2
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and note that, when ε is a random variable, εT t is a standard Gaussian random
variable with εT t ∼ N (0, 1). Exploiting Boole’s inequality, for any α > 0, we have

Pr
{

max
I∈Ĭk

|εT t| > α
}
≤ 2
(
N

|I|

)
Pr{εT t > α}.

Continuing, by the tail distribution of a Gaussian random variable, we have

Pr{εT t > α} < 1
α
√

2π
e−α

2/2.

Now letting α = B
√

2 ln
(
N
|I|
)
results in the statement in (ii).





Chapter 5

Covariance Matching Based Model
Selection

In this chapter, we consider the problem of support recovery for a high-dimensional
linear data model when L number of observations are available, {y(t)}Lt=1 ∈ Cm.
Here, we assume that y(t) = Ax(t) + Σ1/2ε(t), where A is a known over-complete
matrix. In contrast to most previous work, we assume that the unknown signal
vectors, x(t)’s, are random vectors restricted in space. Further, we assume Σ is a
restricted unknown matrix that determines the correlation of the additive noise. To
estimate the support of the x(t)’s, we propose a non-negative Lasso estimator that
exploits covariance matching techniques. Here, we provide deterministic conditions
under which the support estimate of our method is guaranteed to match the true
support. Further, we use EFIC to select the tuning parameter in our non-negative
Lasso properly. We also prove that EFIC can find the true support with probability
one as the number of rows in the corresponding design matrix grows to infinity. The
numerical simulations show that our method is asymptotically consistent in finding
the true support. Finally, the numerical simulations show that the proposed method
is robust to high correlation between columns of A.

5.1 Method

Data Model and Problem Formulation
Suppose that the m-dimensional complex measurement vector y(t) ∈ Cm is
described at the time index t ∈ N+ as

y(t) = Ax(t) + Σ1/2ε(t).

It is assumed that y(t)’s are independent and identically distributed (i.i.d.) complex
circular-symmetric Gaussian random vectors having zero mean. The signal vector
x(t) ∈ CN is restricted in space such that xSc(t) = 0 for t ∈ N+, where the set

61
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S is the unknown fixed true support of x(t) having the maximum cardinality of
K � m, Sc represents the relative complement of S in the set [N ] , {1, 2, . . . , N}
and the vector xSc(t) is the collection of xi(t)’s with i ∈ Sc. Additionally, xS(t)’s
are temporally i.i.d. complex random vectors with zero mean. Furthermore, the
elements of the signal vectors xS(t) are assumed to be independent of each other.
The noise vectors, {ε(t)}t∈N+ ∈ Cm, are temporally and spatially i.i.d. with zero
mean and E(ε(t)εH(t)) = I, where E(·) denotes the expected value operator and
εH(t) denotes the conjugate transpose of ε(t). Moreover, ε(t)’s are considered to
be uncorrelated with xS(t)’s. In this paper, although this is not a restriction, we
are mostly interested in scenarios in which the dimensions of the known full row
rank matrix A ∈ Cm×N obey m2 < N . The nuisance positive definite matrix
Σ ∈ Cm×m is unknown and Σ1/2 denotes the unique positive definite square root
of Σ. Further, it is assumed that Σ can be linearly parameterized by some unknown
real parameter vector and the eigenvalues of Σ, denoted by Λi(Σ) for i ∈ [m], obey
Λi(Σ) = O(1). The primary goal of this study is to recover the true unknown
support S from L observations, {y(t)}Lt=1.

The Covariance Model
Let the unknown positive definite matrix R ∈ Cm×m denote the covariance of y(t).
Then, observe that the statistical assumptions considered for x(t)’s and ε(t)’s imply

R = APAH + Σ,

where P ∈ RN×N is a diagonal matrix with pi,i = E(xi(t)x̄i(t)) for i ∈ S, pi,i = 0
for i ∈ Sc and x̄i(t) denotes the complex conjugate of xi(t). Now, associate R with
the vector vec(R) ∈ Cm2 defined as

r = vec(R) , [rT1 rT2 . . . rTm]T

where the column vector ri denotes the i-th column of R. By vectorizing both
sides of the preceding covariance matrix equation and using the properties of the
vec operator, we get

r = (Ā⊗A)vec(P) + vec(Σ)
= (Ā ◦A)p + vec(Σ), (5.1)

where the elements of the matrix Ā are the complex conjugates of those of A, the
vector p = diag(P) is a non-negative sparse vector with cardinality equal to |S| in
RN+ that contains the diagonal elements of P, |S| denotes the cardinality of the set
S, ⊗ and ◦ denote the Kronecker and the Khatri-Rao product, respectively.

For the development that follows in the upcoming sections, it is crucial to ensure
the identifiability of the covariance model from the knowledge of r. In this regard,
let us momentarily assume that S is given. Under this condition, one can see
that (5.1) has m2 + |S| real-valued unknown parameters and m2 equations if Σ is
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considered to be an arbitrary positive definite matrix. Obviously, some structure
must be imposed on Σ [SS92,OSR98]. Having said this, since Σ can be linearly
parameterized, we can rewrite (5.1) as

r = (Ā ◦A)p + Qh, (5.2)

where the elements of the known matrix Q ∈ Cm
2×κ are chosen from the set of

zero, one and the imaginary unit ±j, the real-valued unknown parameter vector
h ∈ Rκ only contains the unique unknown parameters in the upper triangular part
of Σ and κ is assumed to satisfy κ ≤ m2 − |S|. Continuing, by highlighting that
m2 < N and that S is unknown, it can be seen that (5.2) is an underdetermined
system of equations. Thus, to guarantee the identifiability of (Ā ◦A)p + Qh from
r, no other vectorized covariance model of smaller or equal number of parameters
should describe r equally well. That is,[

¯̃AS ◦ ÃS Q̃
] [W−1

ASp
∗
S

W−1
Q h∗

]
6=
[

¯̃AI ◦ ÃI Q̃
] [W−1

AIpI
W−1

Q h

]
for {pI > 0| I ⊂ [N ], |I| ≤ |S|, I 6= S}, where the columns of matrices Ã and Q̃ are
the normalized versions of those of A and Q, respectively. Here, WAS is a diagonal
matrix such that (wAS )i,i = ‖ai‖2 for i ∈ S and ‖·‖2 denotes the Euclidean norm.
Consequently, inspired by [FR13] and [Wai09], we impose the following condition
to uniformly ensure the identifiability of the true covariance model.
Restricted eigenvalue property: There exists a positive constant Cmin > 0 such that

min
|I|≤2K

Λmin

([
( ¯̃AI ◦ ÃI)H

Q̃H

] [
¯̃AI ◦ ÃI Q̃

])
≥ Cmin,

where Λmin(·) denotes the smallest eigenvalue of the corresponding matrix. The
constant Cmin is essentially an indicator of how incoherent the columns of[

¯̃AS ◦ ÃS Q̃
]
are.

Covariance Matching Based Non-negative Lasso (COM-Lasso)
As a first step towards developing our method, we determine an estimate of h. For
this purpose, construct the real-valued vector f ∈ Rm2 from the real and imaginary
parts of the entries in the upper triangular part of R and note that the relation
between f and r can be described by

f = Tr.

Here, T ∈ Cm2×m2 is an injective matrix where its elements are zero, one, 1/2 and
±j/2. Now, estimate f as f̂ = Tr̂, where the vector r̂ is defined as r̂ = vec(R̂)
and R̂ = 1/L

∑L
t=1 y(t)yH(t) is the sample covariance matrix. Consequently, the

difference between f and its estimate can be expressed as

f̂ − f = T
(
r̂− (Ā ◦A)p−Qh

)
.
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Observe that the covariance of the residual vector f̂ − f obeys

cov(f̂ − f) = Tcov(r̂− r)TH

E1= 1
L

T(RT ⊗R)TH ,

where we invoke [OSR98] to obtain the equality in E1. It is clear that the elements of
f̂ − f are correlated. As a result, a viable estimate of h can be obtained by utilizing
the generalized least squares; this involves cov(f̂ − f) [Ait36, Gre03]. However,
as can be seen, cov(f̂ − f) depends on the unknown R. A standard approach
is to replace R with its consistent estimate, see e.g. [Gre03, Chapter 10.5.2.].
Consequently, the estimate of h can be found by minimizing the Mahalanobis
distance between Tr̂ and Tr as

η(p,h) = ‖Γ̂
−1/2

T
(
r̂− (Ā ◦A)p−Qh

)
‖22

with respect to h, where the matrix Γ̂ = T(R̂T ⊗ R̂)TH is the consistent estimate
of Lcov(f̂ − f). Now, take the derivative of η(p,h) with respect to h and set it
equal to zero. As a result,

ĥ = (Γ̂
−1/2

TQ)†Γ̂
−1/2

T
(
r̂− (Ā ◦A)p

)
,

where (·)† is the Moore-Penrose pseudo inverse of the corresponding matrix, e.g.
Q† = (QHQ)−1QH . Next, by inserting ĥ back into η(p,h), we obtain the minimum
generalized least squares error parameterized by p as

ηmin(p) = ‖Π⊥
Γ̂−1/2TQ

Γ̂
−1/2

T︸ ︷︷ ︸
B

[r̂− (Ā ◦A)p]‖22,

where the matrix Π⊥
Γ̂−1/2TQ

= I− Γ̂
−1/2

TQ(Γ̂
−1/2

TQ)† is the orthogonal

projection matrix onto the null space of (Γ̂
−1/2

TQ)H . However, by considering the
properties of the projection matrix, we can decompose Π⊥

Γ̂−1/2TQ
as Π⊥

Γ̂−1/2TQ
=

ΩΩT , where the columns of the matrix Ω ∈ Rm
2×m2−κ are the unit-norm

eigenvectors of Π⊥
Γ̂−1/2TQ

associated with the non-zero eigenvalues of Π⊥
Γ̂−1/2TQ

.
Consequently, we can rewrite ηmin(p) as

ηmin(p) = ‖ΩT Γ̂
−1/2

T[r̂− (Ā ◦A)p]︸ ︷︷ ︸
α

‖22,

Continuing, one should be mindful of the rank of Ā ◦A. Indeed, depending on
the structure of A in the given application, Ā ◦A can be rank deficient. The rank
deficiency of Ā ◦A implies that the effective number of row samples in ΩT Γ̂

−1/2
Tr̂
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is equal to l < m2 − κ. In such scenarios, it is computationally beneficial to
represent α in the corresponding l-dimensional space. Thus, we simply utilize
the singular value decomposition of ΩT Γ̂

−1/2
T(Ā ◦A) and reformulate ηmin(p) as

ηmin(p) = ‖UTΩT Γ̂
−1/2

Tr̂︸ ︷︷ ︸
z

−SVT︸ ︷︷ ︸
Φ

p‖22.

Here, ΩT Γ̂
−1/2

T(Ā ◦A) = USVT , where the matrices U ∈ Rm
2×l and V ∈

RN×l have orthonormal columns and the elements of the diagonal matrix S are the
singular values of ΩT Γ̂

−1/2
T(Ā ◦A) such that s1,1 ≥ s2,2 ≥ · · · ≥ sl,l > 0. Now,

let z−Φp be associated with the residual vector e ∈ Rl as

z = Φp + e. (5.3)

Continuing, recall that p∗ is a sparse vector with |supp(p∗)| ≤ K � m; thus,
the data description in (5.3) can be considered as an ideal setup to utilize
`1-minimization for estimating the support of p∗. As a result, we construct
the following non-negative (NN) Lasso, hereinafter referred to as COM-Lasso, to
estimate S

p̂(λ) = arg min
p̃≥0

{
min
h∈Rκ

1
2η(W−1

Φ p̃,h)
}

+ λ1T p̃

= arg min
p̃≥0

1
2‖z− Φ̃p̃‖22 + λ1T p̃, (5.4)

where the matrix WΦ is a diagonal matrix with the diagonal elements (wΦ)i,i =
‖φi‖2 for i ∈ [N ], the vector 1 represents 1 = [1, 1, . . . , 1]T , columns of the matrix Φ̃
are related to those of Φ as Φ̃ = ΦW−1

Φ and the unknown tuning parameter λ ≥ 0
controls the cardinality of Î(λ) = supp(p̂(λ)). One should note that normalizing the
columns of the design matrix such that they have unit-norm lengths is a standard
procedure in constructing the Lasso estimator. By doing so, it is more likely that
any sparse covariate with relatively small cardinality be equally identifiable by
Lasso.

We complete the argument by addressing the asymptotic distribution of e. In
this regard, observe that Γ̂ converges in probability to Γ and

√
L(f̂ − f) converges

in distribution to N (0,Γ) as L → ∞. Consequently, by using Slutsky’s Theorem,
one can say that

√
LΓ̂
−1/2

(f̂ − f) is asymptotically Gaussian distributed with
√
LΓ̂
−1/2

(f̂ − f) ∼ N (0, I) as L → ∞. Finally, because e = UTΩT Γ̂
−1/2

(f̂ − f),
and that Ω and U have orthonormal columns, we can conclude that

√
Le ∼ N (0, I)

as L→∞.

Exact Support Recovery When L is Finite
Assuming that the covariance model (5.2) is identifiable, the important question is
whether COM-Lasso can ensure the exact support recovery. In this regard, here,
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we present the deterministic conditions under which the support of (5.4) satisfies
Î = S.

Theorem 5.1.1. Suppose that we are given L > m corrupted measurements
{y(t)}Lt=1. Then, if there exists λ ≥ 0 such that

λ > max
i∈Sc

φ̃
T

i (Π⊥S e + λΦ̃†
T

S 1) and

min
i∈S

p̃∗i > ‖Φ̃
†
Se− λ(Φ̃T

S Φ̃S)−11‖∞,

the estimate of (5.4) satisfies supp(p̂) = S.

Proof. The vector p̂ is the solution of (5.4) if it satisfies the optimality conditions

− φ̃
T

i (z− Φ̃p̂) + λ− ξi = 0, (5.5)
p̂iξi = 0

for i ∈ [N ], as well as ξ ≥ 0 and p̂ ≥ 0. Here, the vector ξ ∈ RN+ is the Lagrangian
multiplier associated with the non-negativity constraint in (5.4). Observe now,
since p̂iξi = 0 for i ∈ [N ], the choice of λ as

λ > max
i∈Sc

φ̃
T

i (z− Φ̃p̂) (5.6)

ensures p̂Sc = 0. As a result, we can say p̂ = p̃∗ + ν for some vector ν ∈ RN such
that νSc = 0. Clearly, if p̃∗ obeys

p̂S = p̃∗S + νS > 0 (5.7)

then supp(p̂) = S. This implies that ξS = 0; hence, the optimality condition (5.5)
can be rewritten as

Φ̃T

S (z− Φ̃S(p̃∗S + νS)) = λ1

for i ∈ S. Next, by inserting z = Φ̃S p̃∗S + e into the preceding identity and then
solving it for νS , we obtain

νS = Φ̃†Se− λk(Φ̃T

S Φ̃S)−11.

Now insert νS into (5.7) to obtain the second condition in the statement of Theorem
5.1.1. Finally, we complete the argument by evaluating p̂S from Φ̃T

S (z− Φ̃S p̂S) =
λ1 and then inserting it into (5.6).

As can be seen, whether or not the conditions of Theorem 5.1.1 are satisfied
depends on the behavior of Φ̃ and e. However, it can be argued that if 1T Φ̃†Sφ̃i < 1
fails for i 6∈ S, then there is little hope for (5.4) to succeed in recovering S.
Motivated by this argument, we now impose the non-negative version of the
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irrepresentable condition (NIR) on Φ̃ [ZY06,WYL14].
NIR condition: The matrix Φ̃ satisfies the NIR condition if there exists some
ζ ∈ (0, 1] such that

max
i∈Sc

1T Φ̃†Sφ̃i ≤ 1− ζ.

Note that, by imposing the NIR condition to all S ⊂ [N ] such that |S| ≤ K,
program (5.4) can recover S uniformly with very high probability, if mini∈S p̃∗i is
large enough and λ is properly chosen [CP09,WYL14]. Of course, to have the NIR
condition uniformly satisfied, Φ̃S should also be uniformly injective over S. Lemma
(5.5.1) guarantees the injectivity of Φ̃S under the restricted eigenvalue property.

5.2 Calculating λ

Similar to Lasso, the support of the solution of NN-Lasso evolves as the value of λ
changes [EHJT04,RZ07,WYL14]. In details, by considering the proof of Theorem
5.1.1, one can see that the support of p̂(λ) satisfies Î(λ) = supp(p̂(λ)) = ∅ for
the choice of λ as λ ≥ λ1 = maxi∈[N ] φ̃

T

i z. Then, as λ gradually decreases from
λ1, Î(λ) evolves at some pivotal λi’s, producing the solution set of NN-Lasso as
{Î(λi)}Ki=1. That being said, assuming that S ∈ {Î(λi)}Ki=1, we need to choose λ
carefully in solving (5.4) to identify S correctly. Several studies have considered
the choice of λ in the Lasso estimator [CP09,Wai09]. Adapting their result to our
case would result in the choice of λ as

λ(τ) = 1√
L

(1 + τ)
√

2 lnN

for some constant τ > 0. Unfortunately, the preceding choice of λ introduces the
new free-parameter τ that again should be tuned. Having said this, now, notice
that estimating the true unknown support S from the set {Î(λi)}Ki=1 can in fact
be considered as a multiple hypotheses testing problem, where hypothesis HI is
described as

HI : z = ΦIpI + e, I ∈ {Î(λi)}Ki=1.

A standard approach is to find Ŝ by minimizing a model selection criterion [Aka74,
Sch78, Boz87]. Here, one should note that since the dimension of the parameter
space N is much larger than l, the classical model selection methods, like the
Bayesian information criterion, perform poorly and tend to overestimate the size
of the support [BS02, CC08]. This motivates us to consider the extended Fisher
information criterion (EFIC), which is shown to be consistent in selecting the true
support as the dimensions of the problem grow to infinity [OJ18]. Now, by recalling
that e is approximately Gaussian distributed with e a∼ N (0, 1

LI), EFIC can be
formulated as

−2 ln p(z; p̂ML
I |HI) + ln det F(p̂ML

I ) + 2c|I| ln l, (5.8)
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where p(z; pI |HI) represents the probability density function of z parameterized
by pI , the vector p̂ML

I denotes the maximum likelihood (ML) estimate of pI and
the Fisher information matrix F(pI) is defined by

F(pI) , −E
(
∂2 ln p(z; pI |HI)

∂pI∂pTI

)
,

where the expectation is taken with respect to p(z; pI |HI). In (5.8), c > 0 is
a constant that controls the penalty level in EFIC and its appropriate choice is
discussed in Theorem 5.2.1.

To evaluate EFIC, first note that

ln p(z; pI |HI) = − l2 ln(2π
L

)− L

2 ‖z−ΦIpI‖22.

By differentiating the log-likelihood function with respect to pI and setting the
corresponding result equal to zero, we obtain the ML estimate of pI as

p̂ML
I = Φ†Iz.

Inserting p̂ML
I into the log-likelihood function yields

−2 ln p(z; p̂ML
I |HI) = l ln(2π/L) + L‖Π⊥ΦIz‖

2
2. (5.9)

Continuing, a straightforward calculation results in F(pI) = LΦT
IΦI . Next, use

the properties of the determinant function, so that

det F(p̂ML
I ) = L|I| det(ΦT

IΦI). (5.10)

By plugging (5.10) and (5.9) into (5.8) and ignoring the constant terms we get

ÎEFIC = arg min
I∈J

g(I), (5.11)

where

g(I) = L‖Π⊥
ΦI

z‖22 + ln det(ΦT
IΦI) + |I| lnL+ 2c|I| lnN

and the set J =
⋃K
k=1{I| |I| = k} is the union of all combinatorial subsets up to

cardinality K � l. To summarize, we obtain the solution set of (5.4) as {Î(λi)}Ki=1
by using the modified-LARS algorithm [EHJT04,RZ07] and then we apply EFIC
on this solution set to find which of the support estimates describes z the best; see
Alg. 5.1.
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Algorithm 5.1 Estimating the support of p∗ by applying EFIC on the solution set of
(5.4).

1: for j = 1 to K do
2: {Î(λj)} ← execute modified-LARS at step j
3: evaluate g

(
Î(λj)

)
4: end for
5: ÎEFIC = arg min

I∈{Î(λj)}Kj=1

g(I)

The important question is whether (5.11) is consistent in selecting the true
support as l → ∞. Moreover, what is the appropriate choice of c? In Theorem
5.2.1 we show that minimizing g(I) over J obeys ÎEFIC = S with probability one
as l→∞. Also, we provide a guideline for the choice of c.

Theorem 5.2.1. Suppose that the covariance data model (5.2) satisfies the
necessary identifiability conditions. Specifically,

[
Ā ◦A Q

]
satisfies the restricted

eigenvalue property. Additionally, columns of A obey

min
i 6=j

‖ai‖22
‖aj‖22

= Ω(mr) (5.12)

for some constant r ≤ 0. Then, the EFIC estimate with

c > 1 + ln l
lnN −

lnL
2 lnN −

r lnm
lnN

satisfies Î = S with probability one.

5.3 Empirical Results

In this section, we provide some numerical results to evaluate the performance
of COM-Lasso in recovering the true support. In this regard, we calculate
the empirical probability of exact support recovery over 400 Monte Carlo trials.
Moreover, to have a better understanding of the effectiveness of COM-Lasso, we
compare the performance of COM-Lasso with two existing methods. One of which
is the SPICE method which is an iterative method that has been introduced
in [SBL11] and the other one is the complex version of what has been proposed
in [PV15] as

min
p̃≥0

1
2‖T

[
r̂− ( ¯̃A ◦ Ã)p̃

]
‖22 + λ‖p̃‖1. (5.13)

In our experience, the estimate of SPICE is far from being sparse when the
number of iterations is not large; thus, to find the support estimate of SPICE,
the experimenter should carefully apply a thresholding policy on the estimate of
SPICE to obtain an estimate of the support. Here, we have experimentally set the
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threshold to a certain value for which the support of SPICE’s estimate coincides
with S for the majority of trials. Having said this, we now express the setting
for our numerical simulations. In each Monte Carlo trial, the true support S is
chosen randomly from

(
N
|S|
)
possible combinations where the cardinality of |S|

is fixed to 20. The restricted signal vectors, xS(t)’s, are i.i.d. having complex
Gaussian distribution with xS(t) ∼ CN (0, I). The i.i.d. noise vectors ε(t)’s are
drawn from a standard complex Gaussian distribution, independently from xS(t)’s,
with CN (0, I). Further, the rows of the matrix A are chosen in an i.i.d. manner
from a multivariate complex Gaussian distribution such that a∗i ∼ CN (0,C), where
the matrix C ∈ RN×N is characterized as

C =


1 µ µ . . . µ
µ 1 µ µ . . . µ
µ µ 1 µ . . . µ
...

... . . .
...

µ µ . . . 1

 .

Here, the constant µ ∈ [0, 1) controls the degree of correlation between columns
of A. Moreover, the dimension of the signal space is linked to the number of
row measurements as well as the degrees of freedom in the noise space as N =
d(m2 − κ)de, where d·e is the ceiling function and d = 1.2. Note that columns of a
Gaussian random A have equal weights with high probability; hence, we set r = 0.
Finally, as recommended in [OJ18], we let γ = 2. In all figures, COM-Lasso-oracle
and (5.13) show the performance of the corresponding methods when the cardinality
of S is known. Also, COM-Lasso-λ illustrates the performance of COM-Lasso when
λ = 1+τ√

L

√
2 lnN . Remark that we choose τ as τ = 3 in these numerical simulations

to tune COM-Lasso-λ such that it performs at its best.
Figs. 5.1 and 5.2 plot the empirical probability of Î = S versus m when

Σ = σ2I and σ2 = 10. As can be seen, Fig. 5.1 illustrates that COM-Lasso can
potentially achieve perfect support recovery for m ≥ 26 with fairly small number
of vector observations in time when SNR is low. This indicates that even though
Φ̃ is exceedingly overcomplete, Φ̃ still satisfies the NIR condition if m is large
enough. Fig. 5.1 shows that there is a small performance gap between oracle
and EFIC. This gap is most probably due to the fact that e is far from being
Gaussian distributed with N (0, 1/L) when m is small; that is, the calculations for
the choice of c in EFIC is inaccurate when m is small. Fig. 5.1 also shows that,
even though λ(τ) is tuned to perform at its best, it is still outperformed by EFIC.
SPICE performs near-identical to COM-Lasso in the setup of Fig. 5.1. Expectedly,
COM-Lasso-oracle outperforms (5.13)-oracle. Further, Fig. 5.2 shows that the
performance of COM-Lasso-oracle is slightly shifted due to the large µ. This
implies that support recovery by COM-Lasso is relatively robust to the correlation
between ai’s. Moreover, Fig. 5.2 unveils that Pr{Î = S} for COM-Lasso-EFIC,
COM-Lasso-λ and SPICE has slightly worsen due to large µ. Finally, (5.13)-oracle
completely fails in identifying S when a∗i’s are highly correlated.
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Figure 5.1: The empirical probability of {Î = S} versus m when A has an
uncorrelated structure, i.e. µ = 0, and Σ = σ2I. Here, |S| = 20, σ2 = 10,
N = d(m2 − 1)de for d = 1.2 and L = 4m lnm.

Next, we assess the performance of support recovery when Σ is a diagonal
matrix. Figs. 5.3 and 5.4 illustrate the empirical probability of support recovery
versus m when the diagonal elements of Σ are normalized random positive integers
such that tr(Σ) = 10m. These numerical simulations show that the performance of
COM-Lasso-oracle is nearly identical for the same µ. This implies that COM-Lasso
properly takes the nuisance parameter h into account. Moreover, when µ = 0, the
performance gap between EFIC and COM-Lasso-oracle is rather small. As can be
seen, Fig. 5.3 shows that Pr{Î = S} worsens for (5.13)-oracle and SPICE when
Σ has a diagonal structure. Continuing, Fig. 5.4 shows that SPICE performs
poorly when µ = 0.5. Again, (5.13)-oracle completely fails to estimate the true
support when a∗i’s are strongly correlated. Finally, COM-Lasso-EFIC outperforms
COM-Lasso-λ both when µ = 0 and when µ = 0.5.

5.4 Summary

Many real life applications involve support recovery of a high-dimensional linear
data model corrupted with a random noise. In situations that the signal to noise
ratio is low and the noise is correlated, the currently available methods do not have
satisfactory performance. To overcome this issue, we have developed a non-negative
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Figure 5.2: The empirical probability of {Î = S} versus m when A has a correlated
structure and Σ = σ2I. Here, µ = 0.5, |S| = 20, σ2 = 10, N = d(m2 − 1)de for
d = 1.2 and L = 4m lnm.

`1 minimization method based on covariance matching technique. Here, we proved
conditions under which our method successfully recovers the support. We also
provide a guideline for selecting the tuning parameter incorporated in the objective
function of the `1 minimization method. The simulation results shows that
our method successfully recovers the support as the number of measurements
increases. Moreover, the simulation results show that our method is insensitive
to the coherence between the columns of the design matrix.
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Figure 5.3: The empirical probability of {Î = S} versus m when A has an
uncorrelated structure, i.e. µ = 0, and Σ is a diagonal matrix. Here, |S| = 20,
tr(Σ) = 10m, N = d(m2 −m)de for d = 1.2 and L = 4m lnm.
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Figure 5.4: The empirical probability of {Î = S} versus m when A has a correlated
structure and Σ is diagonal matrix. Here, µ = 0.5, |S| = 20, tr(Σ) = 10m,
N = d(m2 −m)de for d = 1.2 and L = 4m lnm.
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5.5 Appendix

Lemma 5.5.1. Suppose that L ≥ m and [ ¯̃A ◦ Ã Q̃] satisfies the restricted
eigenvalue properties. Then, Φ̃I is a full column-rank matrix with very high
probability for any I ∈ [N ] such that |I| ≤ K.

Proof. Because Γ̂
−1/2

T has full rank with very high probability and that
[ ¯̃A ◦ Ã Q̃] satisfies the restricted eigenvalue property, we can say that
Γ̂
−1/2

T
[
Ā ◦A Q

]
has full rank with very high probability. Thus,

Ξ =
[
ΨT
IΨI ΨT

IG
GTΨI GTG

]
is also a full rank matrix, where matrices ΨI and G are defined as ΨI =
Γ̂
−1/2

T(ĀI ◦AI) and G = Γ̂
−1/2

TQ. Now, the Schur complement of GTG in
the preceding block matrix is

ΨT
IΨI −ΨT

IG(GTG)−1GTΨI =ΨT
IΠ⊥GΨI

=(B(ĀI ◦AI))TB(ĀI ◦AI).

By considering the properties of the Schur complement together with the fact that
GTG and Ξ are full rank matrices, we can conclude that B(ĀI ◦AI) has full
rank. Finally, observe that ΩUΦ̃I = B(ĀI ◦AI)W−1

ΦI ; thus, by considering that
ΩU has orthonormal columns we can conclude that Φ̃I is a full rank matrix for
{I|I ⊂ [N ], |I| ≤ K}.

Lemma 5.5.2. Suppose that [ ¯̃A ◦ Ã Q̃] satisfies the restricted eigenvalue
property. Then, for sufficiently large L, columns of Φ obey

i) ‖φi‖22 ≥
Cmin[

Ć0 maxi∈S pi,i
]2 (mini 6∈S‖ai‖42

maxi∈S‖ai‖42

)
, i 6∈ S,

ii) ‖φi‖22 ≤
1
p2
i

, i ∈ S,

for some constant Ć0 > 0. Further,

iii) ‖Π⊥ΦIΦSpS‖
2
2 ≥ Λmin(Φ̃T

Ś∪IΦ̃Ś∪I)(min
i∈Ś

p2
i )
∑
i∈Ś

‖φi‖22,

where the set Ś is defined as Ś , S \ I.



76 CHAPTER 5. COVARIANCE MATCHING BASED MODEL SELECTION

Proof. For i) : First, recall the definition of Φ and B; then, note that

(wΦ)2
i,i = ‖φi‖22

= ‖US(VT )i‖22

= ‖ΩT Γ̂
−1/2

(āi)⊗ ai‖22
= ‖B(āi ⊗ ai)‖22.

Next, by using some straightforward manipulations, it can be shown that

‖B(āi ⊗ ai)‖22 = ‖Π⊥(R̂T⊗R̂)−1/2Q(R̂T ⊗ R̂)−1/2(āi ⊗ ai)‖22. (5.14)

Then, utilize the closest point theorem to show that

‖Π⊥(R̂T⊗R̂)−1/2Q(R̂T ⊗ R̂)−1/2(āi ⊗ ai)‖22 = min
ν∈Cκ

‖(R̂T ⊗ R̂)−1/2(āi ⊗ ai −Qν)‖22
E2
≥ Λ−1

max(R̂T ⊗ R̂) min
ν∈Cκ

‖āi ⊗ ai −Qν‖22,

where we have used the definition of the smallest eigenvalue to obtain the inequality
in E2. As a result, we can say

min
i6∈S

(wΦ)2
i,i ≥Λ−1

max(R̂T ⊗ R̂) min
i 6∈S

min
ν∈Cκ

‖āi ⊗ ai −Qν‖22
E3=Λ−2

max(R̂) min
i 6∈S

min
ν∈Cκ

‖āi ⊗ ai −Qν‖22

E4=Λ−2
max(R̂) min

i 6∈S
min
ν∈Cκ

‖
[˜̄ai ⊗ ãi Q̃

] [‖āi ⊗ ai‖2
−WQν

]
‖22

E5
≥Λ−2

max(R̂)
(

min
i 6∈S

min
ν∈Cκ

‖
[
‖āi ⊗ ai‖2
−WQν

]
‖22
)

×min
i 6∈S

Λmin

([˜̄ai ⊗ ãi Q̃
]H [˜̄ai ⊗ ãi Q̃

])
≥CminΛ−2

max(R̂) min
i 6∈S
‖ai‖42.

Here, the identity in E3 is due to the properties of the Kronecker product and
the fact that R̂ is a positive definite matrix, the identity in E4 is obtained by
normalizing the columns of

[
āi ⊗ ai Q

]
, the elements of the diagonal matrix WQ

are ‖qi‖2’s, the inequality in E5 is again because of the definition of the smallest
eigenvalue and the final inequality is obtained by considering the properties of
the Kronecker product together with the definition of the restricted eigenvalue
property. Continuing, to address Λmax(R̂), one should note that R has only |S|
dominant eigenvalues. Thus, eigenvalues of R̂ are close to those of R with very
high probability when L = O(m lnm) [Tro12,Ver12]. Having said this, now observe
that

Λmax(R) ≤ Λmax(ASPS,SAH
S ) + Λmax(Σ).
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Moreover, by using the properties of eigenvalues, we can say

Λmax(ASPS,SAH
S ) = Λmax(P1/2

S,SA
H
S ASP1/2

S,S)
≤ max

i∈S
pi,iΛmax(AH

S AS). (5.15)

Next, normalize columns of AS as AS = ÃSWAS and again exploit the properties
of eigenvalue, so that

Λmax(AH
S AS) = Λmax(WAS ÃH

S ÃSWAS )
≤ max

i∈S
‖ai‖22Λmax(ÃH

S ÃS).

Further, Gerschgorin’s Theorem implies that Λmax(ÃH
S ÃS) = O(1); thus,

Λmax(AH
S AS) = O(max

i∈S
‖ai‖22)

To summarize, insert the preceding identity into (5.15) and note that Λi(Σ) = O(1),
hence

Λmax(R) ≤ (Ć0 max
i∈S

pi,i) max
i∈S
‖ai‖22(1 + o(1)).

The conclusion is straightforward.
For ii) : By considering the properties of the projection matrix, we can deduce

from (5.14) that
‖φi‖22 ≤ ‖(R̂T ⊗ R̂)−1/2(āi ⊗ ai)‖22.

Representing the right-hand side Euclidean-norm as a quadratic form and using the
properties of the Kronecker product gives

‖φi‖22 ≤ (aHi R̂−1ai)2.

Next, rewrite R̂ as

R̂ = piaiaHi +
∑
j∈S\i

pjajaHj + Σ + E

︸ ︷︷ ︸
D

,

where the residual matrix E = R̂ −R. Since D is a positive definite matrix with
a very high probability for large enough L, by considering the Woodbury matrix
identity, we can reformulate R̂−1 as

R̂−1 = D−1 − 1
p−1
i + β

D−1aiaHi D−1,

where β represents β = aHi D−1ai. Inserting the preceding identity into aHi R̂−1ai
yields

aHi R̂−1ai = β

1 + piβ
≤ 1
pi
,
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which is what we needed to prove.
For iii) : split S as S = Ś ∪ {I ∩ S} and observe that

‖Π⊥ΦIΦSpS‖
2
2 = ‖Π⊥ΦI

[
ΦI∩S ΦŚ

] [pI∩S
pŚ

]
‖22

= ‖Π⊥ΦIΦŚpŚ‖
2
2.

Next, reusing the similar techniques that have been established in Lemma 5.5.2-(i)
yields

‖Π⊥ΦIΦSpS‖
2
2 ≥ Λmin(Φ̃T

Ś∪IΦ̃Ś∪I)(min
i∈Ś

p2
i )
∑
i∈Ś

‖φi‖22.

Proof of Theorem 5.2.1. We would like to highlight that the main steps that should
be taken to prove Theorem 5.2.1 in this paper are similar to those of Theorem 2 in
[OJ18]; thus, to condense this proof, we adopt the presentation in [OJ18, Theorem
2]. However, we carefully express the main differences in detail. Having said this,
this proof consists of three main sections. First, we express two deterministic
optimality conditions for EFIC. Then, we show that each of these conditions hold
as l→∞.

The optimality conditions for EFIC: The strict minimizer of

ÎEFIC = arg min
I∈J

g(I) (5.16)

satisfies ÎEFIC = S if g(S) < g(I) for I ∈ J \ S. Observe, now, that J \ S can be
split into the union of two subsets as

J \ S =
{

K⋃
k=|S|+1

I̊k
}⋃{

K⋃
k=0
Ĭk
}
,

where

I̊k = {I|S ⊂ I, |I| = k},
Ĭk = {I|S 6⊂ I, |I| = k}.

Having this in mind, by simplifying g(S) < g(I) for I ∈ I̊k and I ∈ Ĭk, we can say
that ÎEFIC = S if

I1 : ‖Π⊥ΦSε‖22 − ‖Π⊥ΦIε‖22 < Υ(I), I ∈
K⋃

k=|S|+1

I̊k,

I2 : ‖Π⊥ΦSε‖22 − L‖Π⊥ΦIz‖
2
2 < Υ(I), I ∈

K⋃
k=0
Ĭk.
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Here, the vector ε =
√
Le is the normalized version of e and

Υ(I) = ln det(ΦT
IΦI)

det(ΦT
SΦS)

+ (|I| − |S|) (lnL+ 2c lnN).

We continue this section of the proof by evaluating the asymptotic behavior of
Υ(I). In this regard, using the result produced in [OJ18, Theorem 2], we have

ln det(ΦT
IΦI) =

∑
i∈I

ln‖φi‖22 + C0.

Next, by inserting the preceding identity into Υ(I) and considering Lemma
5.5.2-(i,ii) together with (5.12), we can conclude that for I ∈ I̊k

Υ(I) =
∑
i∈I\S

ln‖φi‖22 + C1 + ∆(lnL+ 2c lnN)

≥2∆ ln
(

mini 6∈S‖ai‖22
maxi∈S‖ai‖22

)
+ ∆(lnL+ 2c lnN) + O(1)

≥∆[2r lnm+ lnL+ 2c lnN ](1 + o(1)) (5.17)

and for I ∈ Ĭk

Υ(I) =
∑
i∈I\S

ln‖φi‖22 −
∑
i∈S\I

ln‖φi‖22 + C2 + (|I| − |S|) (lnL+ 2c lnN)

≥2 (|I| − |S|) ln
(

mini 6∈S‖ai‖22
maxi∈S‖ai‖22

)
+ (|I| − |S|) (lnL+ 2c lnN) + O(1)

≥(|I| − |S|)[2r lnm+ lnL+ 2c lnN ](1 + o(1)) (5.18)

where ∆ = ||I| − |S||.
Establishing Pr{I1} as l → ∞: In this regard, first use the definition of the

projection matrix, so that

‖Π⊥ΦSε‖22 − ‖Π⊥ΦIε‖22 = ‖Π̊ΦI\Sε‖22,

where Π̊ΦI\S is defined as Π̊ΦI\S = ΠΦI −ΠΦS . Then, let E̊k be the event

E̊k : max
I∈I̊k
‖Π̊ΦI\Sε‖22 < min

I∈I̊k
Υ(I)

and observe that I1 is fulfilled if E̊k occurs for all k ∈ {|S|+ 1, . . . ,K}.
Observe, now, since ε is approximately a standard Gaussian random variable,
maxI∈I̊k‖Π̊ΦI\Sε‖22 = Op(ln l) [OJ18, Theorem 2]. In details,

Pr
{

max
I∈I̊k
‖Π̊ΦI\Sε‖22 ≤ 2(∆ lnN + γ ln l)

}
≥ 1− l−γ ,
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where γ > 0 is a positive constant. Consequently, using the Borel-Cantelli lemma
provides that

max
I∈I̊k
‖Π̊ΦI\Sε‖22 ≤ 2(∆ lnN + γ ln l) (5.19)

with probability one as m→∞ for the choice of γ > 1. To conclude, using (5.19)
and (5.17) implies that the event E̊k happens with probability one if

2(∆ lnN + γ ln l) < ∆[2r lnm+ lnL+ 2c lnN ]

for ∆ = 1, 2, . . . ,K − |S|. A straightforward calculation yields

c > 1 + γ
ln l

lnN −
lnL

2 lnN −
r lnm
lnN .

Eventually, because

Pr I1 ≥ Pr


K⋂

k=|S|+1

E̊k

 ,

we can say that I1 holds with probability one.
Establish Pr{I2} as l→∞: Expand ‖Π⊥ΦIz‖

2
2 and observe that on the event

Ĕk : min
I∈Ĭk
{A1 +A2 + Υ(I)} > 0 (5.20)

for all k ∈ [K], I2 is satisfied, where the terms A1 and A2 are defined as

A1 = L‖Π⊥ΦIΦSpS‖
2
2 + 2

√
LεTΠ⊥ΦIΦSpS and

A2 = ‖Π⊥ΦIε‖22 − ‖Π⊥ΦSε‖22
= ‖ΠΦSε‖22 − ‖ΠΦIε‖22.

We evaluate each term individually. First,

A1 =L‖Π⊥ΦIΦSpS‖
2
2

(
1 + 2√

L

εTΠ⊥ΦIΦSpS
‖Π⊥ΦIΦSpS‖

2
2

)

≥L‖Π⊥ΦIΦSpS‖
2
2 ×

(
1− 2√

L‖Π⊥ΦIΦSpS‖2
max
I∈Ĭk

∣∣∣∣εT Π⊥ΦIΦSpS
‖Π⊥ΦIΦSpS‖2

∣∣∣∣︸ ︷︷ ︸
A3

)
.

However, A3 ≤ 2
√

ln
(
N
|I|
)
with probability one as l → ∞ [OJ18, Theorem 2].

Applying parts (ii) and (iii) in Lemma 5.5.2 gives

A3√
L‖Π⊥ΦIΦSpS‖2

≤ C3

√
lnN
L
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with probability one as m→∞. Hence,

A1 ≥ L‖Π⊥ΦIΦSpS‖
2
2(1 + o(1)).

Second, A2 = Op(ln l), cf. (5.19). To summarize, use (5.18) together with the
bounds provided for A1 and A2, thus

min
I∈Ĭk
{A1 +A2 + Υ(I)} ≥ L‖Π⊥ΦIΦSpS‖

2
2 + 2 (|I| − |S|) ln

(
mini 6∈S‖ai‖22
maxi∈S‖ai‖22

)
+ O(lnN) + O(lnL).

As can be seen, L‖Π⊥ΦIΦSpS‖
2
2 is the dominant positive term. As a result, the

event Ĕk holds with probability one as l → ∞. Eventually, we conclude that I2
holds with probability one as l→∞ since

Pr I2 = Pr
{

K⋂
k=0

Ĕk

}
.





Chapter 6

Change Point Detection for
Piecewise Constant Signals With
Fused Lasso

In this chapter, we consider the problem of offline change point detection from noisy
piecewise constant signals. A popular method for estimating the change points is
fused Lasso. Recently, by transforming fussed Lasso into the standard Lasso, it
has been shown that fused Lasso cannot guarantee the detection of the true change
points. In this chapter, we propose a normalized version of fused Lasso that is
obtained by normalizing the columns of the sensing matrix of the Lasso equivalent.
We analyze the performance of the proposed method, and in particular we show
that it is consistent in detecting change points as the noise variance tends to zero.
Finally, we show numerical experiments that support our theoretical findings.

6.1 From Fused Lasso to Normalized Fused Lasso

Introduction

Piecewise constant signals play a major role in numerous applications such
as comparative genomic hybridization [ZS07], analysis of financial time-series
[KCPM01], bio-medical imaging [ZBS01], smart power grids [SWSJ11] and data
segmentation. These applications call for detecting the change points from
perturbed measurements. Numerous change point detection methods have been
proposed [ROF92, LlH08,TSR+05, LJ11]. In particular, the fused Lasso (FL) has
attracted a lot of attention recently [TSR+05].

FL is closely related to the standard Lasso, and exploits the sparsity of piecewise
constant signals in the discrete derivative domain [Tib96]. Although FL provides
a rather good match to the true piecewise constant signal, it can get cluttered
with small additional steps [OWR16,LlH08,RW14]. In fact, it is shown that FL is

83
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inconsistent in detecting the true change points even asymptotically [LlH08,RW14].
More precisely, if two successive steps in the true piecewise constant signal are in
the same direction, then FL most often detects spurious change points in addition
to the true ones, even when the noise variance tends to zero. To overcome this issue,
some methods propose to post-process the solution of FL [OWR16, LlH08]. This
obviously increases the computational cost. In an alternative approach, [MMRW16]
proposes an iterative method based on solving a weighted Lasso in each iteration to
suppress the spurious change points. Despite its superiority to FL in detecting the
true change points, its performance is dependent on the distance between the true
change points. Furthermore, this method appears computationally more expensive
than FL.

In this paper, we consider the equivalent form of FL in the standard Lasso
format. We prove that by normalizing the columns of the sensing matrix of the
so-called Lasso equivalent, the irrepresentable condition [ZY06] is satisfied. That
is to say, this normalized FL (NFL) is asymptotically consistent in detecting the
true change points when the noise level converges to zero. Hence, if the amplitude
of the smallest step in the true piecewise constant signal is reasonably larger than
the standard deviation of the noise, NFL detects the change points accurately even
with a limited number of measurements. We also emphasize that NFL and FL have
the same computational complexity. We provide numerical examples that illustrate
the superiority of NFL.

Model

We have access to N noisy measurements {y(t)}Nt=1 of the true piecewise constant
signal m∗(t) according to the model

y(t) = m∗(t) + σε(t), t ∈ {1, . . . , N} , (6.1)

where the additive random noise samples, ε(t)’s, are temporally independent and
identically Gaussian distributed with ε(t) ∼ N (0, 1) and σ denotes the unknown
standard deviation. The signal m∗(t) is piecewise constant; i.e., there are K
unknown change points {si}Ki=1 and K + 1 values m1, . . . ,mK+1 such that for all
i = 1, . . . ,K + 1, m∗(t) = mi for all si−1 < t ≤ si with the convention that s0 = 0
and sK+1 = N . Moreover, we assume that m∗(t) is constant for at least two
consecutive samples, i.e.,

s1 ≥ 2, si − si−1 ≥ 2 for 1 < i ≤ K, sK ≤ N − 2. (6.2)

Our objective is to devise a method able to detect the change points from the
noisy measurements {y(t)}Nt=1. This method should be at least asymptotically
consistent, meaning that when the noise level σ tends to 0, the method should
detect the true change points.
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Figure 6.1: The solution of FL, m̂FL(t), is cluttered with small steps when σ = 0.1.
The small box in the left top corner magnifies the intermediate level of m̂FL(t) and
m̂NFL(t) (y(t) is eliminated for the sake of visibility).

The Failure of the fused Lasso
FL exploits the temporal sparsity of the discrete derivative of the piecewise constant
signals using `1 regularization [TSR+05]. FL aims at striking an appropriate
trade-off between reducing the measurement noise and the piecewise constant
structure by solving

m̂FL = arg min
m∈RN

{1
2‖y−m‖22 + λ‖Dm‖1

}
, (6.3)

where y ∈ RN is the measurement vector constructed as y = [y(1), . . . , y(N)]T , the
matrix D ∈ R(N−1)×N defined by

D =


−1 1 0 . . . 0
0 −1 1 0 . . . 0

. . .
0 . . . 0 −1 1


acts as the difference operator and λ > 0 is the regularization parameter, which
implicitly controls the number of detected change points. Unfortunately, in a
general setting for m∗(t), FL fails at detecting the true change points. This is
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due to the fact that m̂FL may be cluttered with small undesired steps forming a
staircase [RW14]. Fig. 6.1 illustrates these undesired extra steps in the solution of
FL. To understand the failure of FL, we adopt the equivalent of (6.3) in the standard
Lasso format. Lasso has been extensively studied, and the literature provides
sufficient conditions for perfect detection [CP09,Wai09,ZY06]. The standard Lasso
reformulation of (6.3) has been introduced in [RW14] as

min
x∈RN−1

{
1
2‖ỹ−Ax‖22 + λ‖x‖1

}
, (6.4)

where ỹ = y− yT 1
N 1, 1 = [1, . . . , 1]T and A ∈ RN×(N−1) is given by

ai,j = j

N
− 1, for i ≤ j and

ai,j = j

N
, otherwise.

This reformulation basically implies that the data model is transformed to

ỹ = Ax∗ + σε̃, (6.5)

where ε̃ is a random Gaussian perturbation with ε̃ ∼ N (0,C), C is given by
cii = N−1

N , cij = −1/N for i 6= j and x∗ = Dm∗ [RW14]. We know that Lasso
can potentially select the true non-zero elements if the irrepresentable condition
holds [ZY06,Wai09]. The irrepresentable condition for problem (6.4) is

‖B sgn(x∗S)‖∞ < 1, (6.6)

where sgn(·) denotes the element-wise sign function and S denotes the ordered
sequence of the true change points. Also, the vector x∗S is the collection of x∗i ’s
with the support S, matrix B is defined as

B = AT
ScAS

(
AT
SAS

)−1
, (6.7)

where AS is the collection of the columns of A with the support S, and Sc represents
the relative complement of S in {1, . . . , N − 1}. It is shown that B has a specific
structure described by

B =
[
B1 B2 . . . BK+1]T ,

where the columns of Br’s (rows of B) are defined as

b1
k =

[
k

s1
, 0, . . . , 0

]T
, 1 ≤ k < s1

bK+1
k =

[
0, . . . , 0, 1− k

N + 1− sK

]T
, 1 ≤ k ≤ N − sK

brk =

0, . . . , 0︸ ︷︷ ︸
r − 2

, 1− k

sr − sr−1
,

k

sr − sr−1
, 0, . . . , 0

T , (6.8)
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for 2 ≤ r ≤ K and 1 ≤ k ≤ sr − sr−1 − 1 [RW14] . Now it is clear that
if sgn(x∗r−1) = sgn(x∗r) for r ∈ S, then brk

T sgn(x∗S) = 1 implying that the
irrepresentable condition is not satisfied. This suggests that FL cannot perfectly
detect the true change points when two consecutive steps are in the same direction.
On the contrary, if every two consecutive steps are in the opposite direction, i.e.,
sgn(x∗r−1) = −sgn(x∗r) for all r’s, the irrepresentable condition is preserved.

The Normalized Fused Lasso
We know that the sensing matrix on which Lasso operates ideally should have
unit-norm columns [CP09]. Otherwise, Lasso tends to select the parameters that
are associated with columns having large norm. Now, in the Lasso reformulation
(6.4), it is easy to see that the columns of Ã are not normalized. This motivates
the introduction of the normalized FL as

x̂NFL = arg min
x̃∈RN−1

{1
2
∥∥ỹ− Ãx̃

∥∥2
2 + λ‖x̃‖1

}
, (6.9)

where the columns of A are normalized as Ã = AW−1 and W is a diagonal
matrix with diagonal elements wii =

√
i(N − i)/N for i ∈ [N − 1]. Note that

after normalizing the columns of A, the model becomes ỹ = Ãx̃∗ + σε̃ where
x̃∗ = Wx∗. Alternatively, the optimization problem (6.9) can be transformed back
to the standard FL format as

min
m∈RN

1
2‖y−m‖22 + λ‖WDm‖1.

To solve the above optimization problem, one can use the weighted taut-string
algorithm [BS14], which has a computational complexity similar to that of the
taut-string algorithm [Con13] for solving (6.3).

Remarkably, Ã now satisfies the irrepresentable condition as stated in the
following lemma. This suggests that NFL could detect the true change points
asymptotically accurately, even if consecutive steps in m∗ are in the same direction.
This will be confirmed in the next section where we analyze the performance of NFL.
Fig. 6.1 illustrates a clutter-free m̂NFL in contrast to the cluttered m̂FL.

Lemma 6.1.1. Consider any S that satisfies (6.2). For any arbitrary sgn(x̃∗S),
ÃS and sgn(x̃∗S) satisfy the irrepresentable condition.

Proof. Using Ã to replace A in (6.7), we get the irrepresentable condition for
problem (6.9) as

‖W−1
Sc,ScBWS,S sgn(x̃∗S)‖∞ < 1, (6.10)

where WS,S is a diagonal matrix formed by the columns and the rows of W with
the support S. Now by using basic properties of norms, we have

‖W−1
Sc,ScBWS,Ssgn(x∗S)‖∞ ≤ ‖W−1

Sc,ScBWS,S‖∞,
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where the ∞-norm of a matrix is the largest absolute row sum. Exploiting (6.8)
and the expression for wii, the absolute row sum of W−1

Sc,ScBWS,S for Br, r 6=
{1,K + 1} can be written as(

1− k

sr − sr−1

)
g(sr−1)

g(sr−1 + k) + k

sr − sr−1

g(sr)
g(sr−1 + k) ,

where the function g(·) is defined as g(a) =
√
a(N − a) for 0 < a ≤ N . By a

straightforward manipulation, it becomes(
g(sr−1) + [g(sr)− g(sr−1)] k

sr − sr−1

)
g(sr−1 + k) .

Note that the irrepresentable condition is trivially satisfied for the cases r = 1 and
K + 1. Then showing ‖W−1

Sc,ScBWS,S‖∞ < 1 is equivalent to proving

g(sr−1) + [g(sr)− g(sr−1)] z
sr − sr−1

< g(sr−1 + z) (6.11)

for 2 ≤ r ≤ K, where z is a continuous variable such that z ∈ [1, sr − sr−1 − 1]. We
know that g(sr−1 + z) is a concave function with respect to z, whereas the left-hand
side of (6.11) is affine in z. We also know that these two functions intersect at z = 0
and z = sr − sr−1. Now the conclusion follows from the concavity of g.

Observe that ν = ‖W−1
Sc,ScBWS,S‖∞ determines the sensitivity of NFL to

noise. This effect has been studied previously in the general framework of Lasso
[CP09,Wai09]. In the next section, we study this sensitivity in detail to analyze
the performance of NFL.

6.2 Performance Analysis of NFL

The next theorem is inspired by Lemma 3.4 in [CP09], and provides deterministic
sufficient conditions under which NFL accurately detects change points.

Theorem 6.2.1. Assume that for a particular realization of ε̃ there is a λp > 0
such that

‖σÃT
ScΠ⊥S ε̃ + λpÃT

ScÃ
†T
S sgn(x̃∗S)‖∞ < λp, (6.12)

min
i∈S
|x̃∗i | > ‖σÃ†S ε̃− λp

(
ÃT
S ÃS

)−1 sgn(x̃∗S)‖∞, (6.13)

where the matrix Ã†S = (ÃT
S ÃS)−1ÃT

S is the Moore-Penrose pseudo-inverse of ÃS
and Π⊥S denotes the orthogonal projection matrix defined as Π⊥S = I− ÃSÃ†S .
Then, x̂NFL, obtained by solving (6.9) with λ = λp, satisfies supp(x̂NFL) = S and
sgn(x̂NFL

S ) = sgn(x̃∗S).
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Proof. From the optimality conditions for (6.9),we know that

‖ÃT
Sc(ỹ− Ãx̂NFL)‖∞ < λp (6.14)

ensures x̂NFL
Sc = 0 (see, e.g., Lemma 2.1 in [BG11]). Hence, under this condition

we can write x̂NFL = x̃∗ + r for some r with rSc = 0. Now if

min
i∈S
|x̃∗i | > ‖rS‖∞, (6.15)

then we have

supp(x̂NFL) = S,
sgn(x̂NFL

S ) = sgn(x̃∗S).

From the optimality conditions of (6.9), we must also have

ÃT
S (ỹ− Ãx̂NFL) = λp sgn(x̂NFL

S ),

which can be rewritten as

ÃT
S (ÃS x̃∗S + σε̃− ÃS (x̃∗S − rS)) = λp sgn(x̂NFL

S ).

Solving the preceding equation for rS gives

rS = (ÃT
S ÃS)−1[σÃT

S ε̃− λpsgn(x̃∗S)].

Finally, inserting the explicit expressions for ỹ and x̂NFL into (6.14) and (6.15)
yields (6.12) and (6.13), respectively.

Note that whenε̃ is a random variable, (6.12) holds with high probability for a
proper choice of λp if σ is small enough. Consequently, if mini∈S |x̃∗i | > Cσ

√
2 lnN

for some positive constant C > 0, NFL most likely detects the true change points
[CP09]. Furthermore, as σ → 0, (6.12) simplifies to the irrepresentable condition,
which was shown to hold in Lemma 6.1.1. Relating to (6.13), using norm properties,
we can say

‖(ÃT
S ÃS)−1sgn(x̃∗S)‖∞ ≤

√
K‖(ÃT

S ÃS)−1‖2

=
√
K

Λmin(ÃT
S ÃS)

,

where Λmin(·) represents the smallest eigenvalue. Therefore, if

min
i∈S
|x̃∗i |Λmin(ÃT

S ÃS) > λp
√
K,

NFL is asymptotically consistent in detecting S; i.e., Pr{supp(x̂NFL) = S} → 1 as
σ → 0.
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Figure 6.2: The probability of correct change point detection versus ln(1/σ2) when
N = 250 and [m1,m2,m3] = [1, 2, 3].

6.3 Empirical Results

In this section, we provide numerical experiments to illustrate the performance of
NFL. The performance of NFL is compared with those of FL and iterative penalized
FL (IPFL) [MMRW16]. IPFL is an iterative method that solves a weighted FL
within successive iterations. The weighted FL in iteration l can be formulated as

m̂IP(l + 1) = arg min
m∈RN

{1
2‖y−m‖22 + λ‖h(l)� (Dm)‖1

}
,

where � denotes elementwise multiplication and the elements of the weight vector
h(l) are defined as

hi(l) = exp
(
−|
[
Dm̂IP(l)

]
i
|/%
)

and % > 0 is a constant. It is suggested to set the parameter % to 4λ [MMRW16].
In all considered methods FL, NFL and IPFL, the parameter λ is known to

control the support of the solution [TT11, EHJT04,MMRW16], and it has to be
tuned appropriately. For instance, supp(x̂NFL) evolves as λ varies from ‖ÃTy‖∞
down to zero, and typically, the cardinality of supp(x̂NFL) is a decreasing function
of λ. Ideally, we would like to select λ satisfying the conditions of Theorem 6.2.1,
so that the NFL estimator returns the true support. Many approaches have been
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Figure 6.3: Graphical illustration of ν as a function of S when K = 2 and N = 200.

proposed in the literature to tune λ. In [CP09] and [CD14], λ is chosen of the
order of σ

√
2 lnN . This choice requires the knowledge of σ, and yields a detector

whose performance only slowly increases with the number of samples N . Hence,
to overcome these issues in tuning λ for NFL and FL, we adopt the recently
proposed model selection approach, EFIC [OJ16]. EFIC in principle takes the
set of evolution of {supp(x̂NFL), λ} from the Lasso’s solution-path (i.e. solving
Lasso piecewise linearly [EHJT04]) and finds which supp(x̂NFL) describes data the
best. Unfortunately, due to the complicated nature of IPFL, it is not possible to
find its solution-path with respect to λ. Therefore, for IPFL we set λ to 4σ

√
N , as

suggested in [MMRW16] (as if σ were known).
Now we first provide a numerical experiment to support our theoretical claim.

To do so, the probability of correctly detecting the change points is measured versus
ln(1/σ2) over 500 Monte Carlo trials when N is fixed to 250. In this numerical
experiment, the number of change points is fixed to two and the true amplitudes are
[m1,m2,m3] = [1, 2, 3]. This means that the experiment only focuses on sgn(x∗s1) =
sgn(x∗s2) = 1. The true change points are specified in each Monte Carlo trial
randomly, such that (6.2) is satisfied. The random perturbation is a white Gaussian
noise with ε ∼ N (0, 1). Fig. 6.2 illustrates the empirical probability of correct
change point detection versus ln(1/σ2) under the aforementioned setting. The
numerical experiment shows that NFL detects the change points perfectly if the
perturbation is sufficiently small. As can be seen, NFL with properly tuned λ,
NFL(EFIC), outperforms IPFL. NFL(σ) illustrates the performance of NFL when
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{Î

=
S}

NFL
FL
IPFL

Figure 6.4: The probability of correct change point detection versus s2 − s1 when
σ = 0.1, N = 200 and [m1,m2,m3] = [1, 2, 3].

λ is selected of the order of σ
√

2 lnN . The huge gap between NFL(EFIC) and
NFL(σ) shows the sensitivity of Lasso to the tuning parameter. This experiment
also shows that FL completely fails in exactly detecting S, as was expected from
the discussion in Section 6.1.

Next, we consider the effect of the temporal distance of si’s on the accuracy of
detection. In this regard, the probability of correctly detecting the change points
is measured versus s2 − s1 over 500 Monte Carlo trials for N = 200 and σ = 0.1.
Through the experiment, the change points gradually move apart according to
s1 = 99−∆/2 and s2 = 101 + ∆/2, where the initial value of ∆ is 10. It is
expected that a small temporal distance between si’s decreases the accuracy of
detection. This anticipation is due to the structure of Ã. Roughly speaking, Ã
is structured such that the distance between columns, |i− j|, affects ν inversely.
See Fig. 6.3. Therefore, by considering noise, NFL has little chance in finding
si’s associated with a small temporal distance. Fig. 6.4 depicts the probability of
correct change point detection versus s2 − s1. The probability of supp(x̂NFL) = S
for NFL converges to one as s2 − s1 increases. In contrast, this probability for IPFL
decreases as s2 − s1 increases. This is perhaps related to how the choice of λ and
% affects the performance of IPFL. For the same reasons as before, FL shows poor
performance in detecting si’s.
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6.4 Summary

It is known that FL is inconsistent in detecting the true change points from a noisy
piecewise constant signal. To overcome this issue, we have proposed a new method,
NFL. Our method is indeed nothing but a normalized formulation of FL. We prove
that NFL satisfies the irrepresentable condition. This implies that, as σ → 0
our method consistently detects the true change points. The numerical results
confirm that NFL detects the change points perfectly when the perturbation is small
enough. Additionally, we highlight that NFL and FL have the same computational
complexity.





Chapter 7

Conclusions and Future Work

Many real life applications deal with data that is of high-dimensional setting.
Viability of these applications relies on the accuracy of some involved statistical
inference. It is also well understood that the accuracy of statistical inference is
affected by the choice of model. In this thesis, we consider the problem of model
selection for high-dimensional linear regression in two different setups. First, we
study this problem in the context of subset selection for high-dimensional linear
regression given a single measurement vector. Here, it is assumed that the additive
noise is spatially independent and identically distributed. Accordingly, we propose
a new model selection criterion based on the Fisher information, named EFIC, that
leads to selection of the best parsimonious model that fits the data from the union
of all K-sparse combinatorial competing models. We analyze the performance of
EFIC when the number of measurements grows to infinity, as well as when the
variance of the noise tends to zero. In either of these cases, we show that EFIC
is consistent in selecting the true model. Further, we devise a computationally
affordable algorithm, by using the solution path of Lasso, to implement EFIC. An
interesting side product of this algorithm is finding the ideal tuning parameter for
the Lasso estimator such that the support of Lasso’s estimate coincides with the
true model. Second, we study the same problem given multiple measurements
when the additive noise potentially is spatially correlated. Consequently, we
propose a non-negative Lasso estimator, in which the fitting term benefits from
the feasible generalized least squares estimator, to identify the model. We provide
the conditions under which our method can successfully identify the model. We
also provide a guideline for the choice of the tuning parameter in our non-negative
Lasso estimator; the guideline exploits EFIC. The empirical experiments shows
that the proposed method achieves ideal model selection when the measurement
matrix is highly overcomplete. We achieve this when the number of measurements
is relatively small. Moreover, the empirical results show that unlike ordinary Lasso,
our method is rather insensitive to the coherence between the columns of the
measurement matrix. In the final chapter of this thesis, we consider the problem of
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change point detection for piecewise constant signals as an application that involves
model selection. Here, we propose a normalized version of the fused Lasso estimator.
We show that normalized fused Lasso can detect the change points in high SNR
scenarios. Again, we exploit EFIC to properly select the tuning parameter to detect
the change points correctly.

7.1 Future Work

• The theory of classical model selection is established upon the data description
of the form y = s(x) + σε. However, in some applications, the unknown
parameters in the signal part are constrained to form a matrix, X. Clearly, the
notion of the model needs to be extended to include matrices. In this regard,
a reasonable choice is to associate the model with the rank of X. Moreover,
we also need to develop new model selection criteria that can appropriately
deal with such a data description. To this end, it is interesting to develop an
information criterion to estimate the rank of a matrix.

• We have exploited Lasso to overcome the exhaustive search involved in
minimizing EFIC over the union of all K-sparse models. The evidence
suggests that if Lasso can successfully recover the support, then EFIC should
also be able to estimate the model successfully. However, this needs to be
mathematically justified.

• The ideal model selection with the covariance matching based version of Lasso
depends on the suitability of the involved sensing matrix. A proper measure
for the suitability of the sensing matrix is the NIR condition. The success of
our formulated Lasso in the numerical simulations indicates that the sensing
matrix satisfies the NIR condition. A mathematical analysis and extensive
numerical results are required.
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