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Abstract
The numerical modelling is widely employed for the prediction of the railway track
dynamic behaviour, which is of utmost importance for the characterisation of the
undesired medium-high frequency phenomena, such as corrugation, wheel-out-ofroundness and noise emission. This study is devoted to the improvement of railway
track numerical modelling, the efficient resolution of the problem in the time domain
and the assessment of rolling noise for different approaches of the track modelling.
Regarding the enhancement of the railway track numerical modelling, two main
core ideas have led the development of this task. On the one hand, the rail modelling, and on the other hand, the characterisation of the finite length nature of
track supports. The proposals of this work include two basic premises, accuracy
and computational efficiency.
Firstly, the study makes use of Timoshenko beam theory for the numerical description of the rail. However, the conventional Timoshenko finite element involves
drawbacks for the description of the rail dynamic behaviour and the calculation of
the wheel-rail interaction in the time domain. These problems are addressed by
improving the finite element formulation, which is based on the description of its
local displacements.
Secondly, the versatility of numerical methods is exploited to develop a distributed model of support. It substitutes the usual concentrated model, which entails
overestimation of the periodicity effects and disruption of the wheel-rail interaction
in the time domain.
Thirdly, the advantages of the formulation of numerical models in the frequency
domain are explored focusing on the ability to fairly describe the sleeper dynamics,
the enhancement of the model boundaries and the realistic modelling of the track
components dissipative behaviour. Moreover, the frequency domain response can
be used to obtain the wheel-rail interaction in the time domain efficiently, by means
of the moving Green’s function.
Lastly, this work deals with the assessment of rolling noise, in which particular
emphasis is made on the influence of track dynamics in the noise prediction. At
this regard, a methodology is proposed to account for the track periodicity, load
speed and finite length of supports.
Keywords: Track modelling, Timoshenko element, local deformation, distributed supports, moving Green’s functions, rolling noise.
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Sammanfattning
Numerisk modellering är en utbredd metod för att prediktera det dynamiska beteendet av järnvägsspår, en metod som är av stor betydelse för att karaktärisera
dom oönskade högfrekvensfenomenen så som korrugering, hjulorundhet och bulleremissioner. Denna studie är ämnad till att förbättra den numeriska modelleringen
av järnvägsspår, effektiv upplösning av problemet i tidsdomänen och uppskattning
av hjul-rälkontaktbuller för olika typer av spårmodeller.
När det gäller förbättringen av den numeriska modelleringen av järnvägsspåret
har två huvudkärnaidéer lett till utvecklingen av detta arbete. Den ena är rälmodeleringen och den andra karaktäriseringen av den finita längden på rälsunderstödet.
Förslagen i detta arbete omfattar två grundläggande premisser, noggrannhet och
beräkningseffektivitet.
För den första studien används Timoshenko-balkteori för den numeriska beskrivningen av rälen. Den konventionella Timoshenko finita-elementformuleringen
har emellertid nackdelar med att beskriva det dynamiska beteendet samt nackdelar
med beräkningen av hjul-rälinteraktionen i tidsdomänen. Dessa tillkortakommanden åtgärdas genom att förbättra den finita-elementformuleringen genom att basera
beskrivningen på den lokala deformationen.
För den andra studien, utnyttjas mångsidigheten hos numeriska metoder för
att utveckla en distribuerad modell av rälsunderstödet. Det ersätter den vanliga
koncentrerade punkt-modellen, vilken överskattar periodicitetseffekterna och störningen av hjul-rälinteraktionen i tidsdomänen.
För den tredje studien undersöks fördelarna med formuleringen av numeriska
modeller i frekvensdomänen med fokus på att rimligen beskriva slipersdynamiken,
förbättringen av randvillkoren och modellering av spårkomponentens dissipativa
beteende. Vidare kan frekvensdomänsvaret användas för att effektivt återskapa
hjul-rälinteraktionen i tidsdomänen med hjälp av den rörliga Greens funktionen.
Slutligen avhandlar det här arbetet uppskattningen av hjul-rälkontaktbuller,
där särskild tonvikt lagts på spårdynamikens inverkan i bullerpredikteringen. I detta
avseende föreslås en metod för att redogöra för spårets periodicitet, lastens hastighet och längden av rälsunderstödet.
Nyckelord: Spårmodellering, Timoshenko element, lokal deformation, distribuerat understöd, rörlig Greens funktion, hjul-rälkontaktbuller.
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Resumen
La modelización numérica es ampliamente usada en la predicción del comportamiento dinámico de la vía ferroviaria, que es de vital importancia en la caracterización de fenómenos perjudiciales en el rango de media y alta frecuencia, tales como,
corrugación, ruedas fuera de redondez y la emisión de ruido. Este estudio está dedicado a la mejora de los modelos numéricos de vía ferroviaria, la resolución eficiente
del problema en el dominio del tiempo y la evaluación del ruido de rodadura para
diferentes aproximaciones del modelo de vía.
Respecto a la mejora del modelo numérico de vía ferroviaria, dos ideas centrales
han dirigido el desarrollo de esta tarea. Por un lado, la modelización del carril; por
otro lado, la caracterización de la naturaleza finita de la longitud de los apoyos
en vía. Las propuestas de este trabajo parten de dos premisas básicas, precisión y
eficiencia computacional.
En primer lugar, el estudio hace uso de la teoría de vigas Timoshenko para la descripción numérica del carril. Sin embargo, el elemento finito Timoshenko
convencional implica ciertos inconvenientes en la descripción del comportamiento
dinámico del carril y el cálculo de la interacción rueda-carril. Estos problemas son
abordados mediante la mejora de la formulación del elemento finito, que se basa en
la descripción de sus desplazamientos locales.
En segundo lugar, la versatilidad de los métodos numéricos es explotada para desarrollar un modelo de apoyo distribuido. Éste sustituye el modelo común
de apoyo concentrado, que conlleva la sobreestimación de los efectos debidos a la
periodicidad, y perturba la interacción rueda-carril en el dominio temporal.
En tercer lugar, las ventajas de la formulación de modelos numéricos en el dominio de la frecuencia son exploradas, centrándose en la capacidad para describir
fielmente la dinámica de las traviesas, la mejora de los límites en los extremos del
modelo y el modelaje realista del comportamiento disipativo de los componentes de
la vía. Además, la respuesta en el dominio frecuencial puede ser utilizada para obtener de forma eficiente la interacción rueda-carril en el dominio temporal, mediante
las funciones de Green móviles.
Finalmente, este trabajo trata con el problema del ruido de rodadura, en el
que se hace un especial énfasis en la influencia del modelo dinámico de vía. A este
respecto, se propone una metodología que considera la periodicidad de la fundación,
la velocidad de la carga y la longitud finita de los apoyos.
Palabras clave: Modelo de vía, elemento Timoshenko, deformación local, apoyo distribuido, funciones de Green móviles, ruido de rodadura.
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Introduction
Railway dynamics tackle the study and prediction of the movement of railway vehicles. For these systems, most excitations of the railway vehicle dynamic behaviour
are due to the forces arising at the wheel-rail contact interaction, which are responsible for noise nuisance and deterioration of wheel and rail contact surfaces
in the medium and high-frequency range. The current context is characterised by
the quick development of high-speed railway lines, the public awareness of noise
nuisance as a cause of stress diseases and inadequate rest, and the ambition of
operator and manufacturers to improve the durability of wheels and tracks. This
situation has led the effort of researchers to achieve a better understanding of the
medium-high frequency interaction phenomena.
In the calculation of the contact forces exciting the railway dynamics, theoretical models must account to some extent for three different parts, the vehicle and
track dynamic models, and the contact theory. The level of detail and complexity
of the theoretical models describing the railway system are influenced mainly by
the highest frequency studied in the dynamic simulations. For the case of the railway track, in low-frequency studies, such as safety, comfort and curve negotiation
simulations, the track modelling accepts coarse simplifications. However, the track
requires a description in a high level of detail when addressing medium-high phenomena. Accordingly, the track models used in simulations devoted to the study of
noise generation and some deterioration mechanisms become more sophisticated.
The railway track has some specific features that make its modelling a complex
task. The most important features to account for are: a geometry that can be
considered infinite in its longitudinal dimension, elastic and periodically distributed
dissipative properties, sources of excitation with a moving nature and the presence
of components with non-linear behaviour.
This introductory chapter is structured in the following way. The first section
presents a general overview of the railway sector in Europe. The second section
introduces the sources of the dynamic behaviour of the wheel-rail interaction. The
third section summarises the most important consequences of this dynamic behaviour. The fourth section details the role of the main track components. The
fifth section briefly explains the most important dynamic features of the railway
3
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track. The sixth section reviews the state of art regarding track dynamic modelling.
The seventh section introduces the goals of this thesis. Finally, the eighth section
describes the thesis structure.

1.1

Current context of the railway sector

Nowadays, the railway is the main tool of the European Union to shift the transportation system toward a sustainable model. This statement is based on the fact that
the railway is the most efficient transport system in energetic terms. Moreover, it
is realistic to reach an almost total conversion to electric powered trains in the next
decades. Firstly, it will enable the use of renewable energy in a large proportion,
with the subsequent reduction of Green-House Gas (GHG) emissions, and secondly,
it will relieve the chronic energetic dependency of European states.
The facts that make railway the greenest mean of transport are:
• Railway has a specific energy consumption six times lower than road transport
(because of the low level of losses at contact as well as aerodynamics features)
[1].
• Railway transportation accounts only for by around 1.5 % of transport’s GHG
emissions, taking into account the direct emission (diesel) and the electricity
generation [2].
• Figure 1.1 shows that the specific emission of CO2 per passenger is approximately two, four and nine times lower in railway transport than in coach, car
and air transports, respectively [3].
In 2014 the railway transport modal share was 6.5 and 12 % in the passenger
and freight transports, respectively, in 2014. Excluding the maritime means of
transport, rail represents the 17.8 % of the inland freight transport [3]. However,
the European Commission aims to increase significantly these ratios. In the White
Paper [4], which sets the long-term goals of the European transport system, the
most ambitious goals concerning the rail sector are:
• "By 2050, complete a European high-speed rail network. Triple the length of
the existing high-speed rail network by 2030 and maintain a dense railway
network in all Member States. By 2050 the majority of medium-distance
passenger transport should go by rail."
• "30 % of road freight over 300 km should shift to other modes such as rail or
waterborne transport by 2030, and more than 50 % by 2050 ".
With this shift toward the railway sector the Transport White Paper attempts
to reduce GHG emissions in a 60 % by 2050 in relation to 1990.
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Figure 1.1: Specific CO2 emissions at average occupancy for various transport modes,
2014 [3].

Apart from the environmental reasons railway transport has proved its usefulness in metropolitan areas since it provides high capacity and travel reliability.
At distances up to 1000 km high-speed trains combine a reduced time journey and
high level of comfort. Moreover, regarding safety railways transport is 1.5 times
safer than long-distance coach and 24 times safer than car [5].
In the modal competition the overall trend is that, on the one hand, railway
offers a faster service than coach and car transportations, but, on the other hand,
fares usually are higher. Despite this, the revenue from passengers and freight is
able to bear around 60 % of the total costs associated with the rail sector. Subsidies
hold 31 % of the cost, and other concepts balance 9 %. The costs are roughly share
out in a proportion 70%:30% between operator and infrastructure, respectively.
Focusing on the infrastructure costs, half of it is due to maintenance and renewal
[6, 7].
In the exposed context, a reduction of the expenditures associated with the
railway operations would enhance the competitiveness of the sector and guarantee
its economic sustainability. Accordingly, an appropriated maintenance strategy
can reduce renewal expenditures by tackling problems before they become severe.
Moreover, smart maintenance scheduling optimises human and material resources.
Finally, either a reduction of the cost is reflected in the final customer fares or
required subsidies, it will improve the public acceptance of railway transportation.
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This last factor would also profit from any possible reduction of the noise nuisance
caused during railway operations.
Both optimisations of costs and reduction of noise nuisance are major challenges for research. Since few decades ago, there has been a sustained effort to develop
enhanced predictive tools for noise and damage assessment. The starting point in
the prediction of both problems is the same, the characterisation of the dynamic
behaviour of the wheel-rail interaction.

1.2

Dynamic behaviour of the wheel-rail interaction

The most characteristic feature of railway transportation is the contact between
wheel and rail, which is directly related to its high energy efficiency. Because of the
high hardness of both elements, contact takes place in a small area known as contact
patch. This fact, together with the low dissipation of rail and wheel material, result
in low energy losses during train operation. However, the rolling contact forces are
usually high and, since they are applied to small surfaces, they involve high stresses
capable of causing damage. If the damage is high enough, the dynamic performance
of the vehicle is affected, and the contact forces are further amplified. It leads to
uncomfortable travel conditions for the passenger, noise problems, deterioration of
wheel and track and, in the worst-case scenario, security issues are jeopardised.
There are several sources of the train and track dynamic response. For detailed
descriptions of this issue the Refs. [8, 9] can be consulted. Nevertheless, the most
important sources are:
• Track geometry: Changes of geometry, mainly associated with curves, cause
transient states with a dynamic behaviour between quasi-static equilibriums.
• Unevenness of the track geometry: Deviation of the of the vertical and lateral
rail positions in relation to the nominal values, which are characterised by
long wavelengths from metres to hundreds of metres. It may be originated by
ballast deterioration and track settlement.
• Parametric excitation: It is due to varying track flexibility. Periodic foundations can cause it since the track is stiffer at the sleeper positions. It results
in the so-called sleeper passing frequency, f = V /l, where V is the vehicle
speed, and l is the distance between sleepers. Other examples of varying
flexibility are transitions between ballast to slab tracks, variations on the rail
sections and changes of the support type. These cases are prevalent in switches, crossing, transition zones and stations. Typically, these variations have
large wavelengths.
• Unevenness of the contact surfaces: Irregularities at the surfaces of both
wheel and rail with a stochastic nature, which are commonly referred to as
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roughness. The wavelength of this phenomenon encompasses a broad range,
from 0.03 to even 2 m and, in turn, train operational speeds can cover from 10
to 300 km/h. Therefore, the frequency range in which a track can be excited
comprises from 1 to 2800 Hz.
• Track singularities such as rail joints, welded unions, switches and crossings
(S&C), etcetera. They can be seen as impact loads that excite high-frequency
response.
• Rail and wheel corrugation: Sinusoidal wear associated with a fixed wavelength that can occur in a wide range of wavelengths, from 30 to 300 mm.
• Wheel out of roundness: When the wheel has a periodic irregularity with one
to five waves around the wheel tread, it is known as wheel polygonization
(long wavelength). For more waves, it is considered as wheel corrugation.
Furthermore, non-periodic irregularities can appear, like wheelflats, caused
by train braking.
The excitation frequency related to each one of these sources depends on their
characteristic wavelength and the vehicle speed. Excepting those excitations due
to the nominal track geometry, the periodic foundation and the presence of rail
joints and S&C, the sources of excitation are associated with defects at the railway
components. The appearance of one of them can boost the fast development of
other failures. Therefore, they should be prevented beforehand.
Regarding the dynamic response of the vehicle carbody, it typically concerns
passenger comfort issues, from 0 to 25 Hz, which is in the low-frequency range.
Usually, passenger vehicles optimise the suspension design to set the bogie frequency
around 7 Hz; in such a way, that higher frequencies due to irregularities are filtered
out. As compared with the suspension elements, wheelsets and track are much
stiffer systems that are directly loaded by the contact forces. Therefore both of
them show a significant dynamic behaviour from low to high frequencies.

1.3

Dynamic phenomena at track and wheelsets

The dynamic response of both track and wheelset influence to a large extent the
degradation of the vehicle and track components, and the noise emission. In this
fact lies the importance of the accurate modelling of track and wheelset dynamics.
Following, some of these problems are commented.

1.3.1

Ballast settlement

After a certain time, the track geometry starts to settle because of permanent deformation in the ballast and underlying soil, as a consequence of the repeated traffic
7
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loading. The dynamic behaviour of contact forces together with possible differences of the support conditions in the track, lead to differential track settlement that
implies a severe degradation of the track geometry. The ballast settlement occurs
in two major phases. Firstly, a rapid settlement due to ballast consolidation takes
place directly after construction, tamping or renewal. Secondly, a slower settlement due to ballast deterioration with a more or less linear relationship between
settlement and time (or load). This process can lead to the failure of the ballast
as shown in Fig. 1.2 (left). The mechanisms whereby the second phase occurs are
detailed by Dahlberg [10].
The pressure exerted by the sleepers over the ballast is a crucial factor in the
second phase of ballast settlement. Consequently, track singularities and transitions
have a non-negligible contribution to the phenomenon since they cause a larger
amplitude of the contact forces that is subsequently transmitted to the ballast bed.
At this regard, there are some numerical studies devoted to the influence on ballast
settlement of joints [11], turnouts [12] and transition zones [13–15].

Figure 1.2: Pictures of track damages. Left: Highly fouled ballast under concrete sleepers
[16]. Right: Rolling contact fatigue in the rail [17].

1.3.2

Wear

Wear is the loss or displacement of material from the contact surfaces. This problem is proportional to the level of sliding occurring between surfaces; hence it is
especially severe at curves. Although most studies tackle the assessment of this
issue by using dynamic simulations [18], the quasi-static methodology developed by
Apezetxea et al. [19] obtains a large agreement with field measurements. Generally,
wear is mainly determined by curve radius, lubrication and suspension stiffness of
the vehicle.
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1.3.3

Rolling contact fatigue

Rolling contact fatigue (RCF) encompasses a wide range of deterioration phenomena at both wheel and rail, e.g. shelling, head checks (Fig. 1.2 (right)), taches
ovale and squats, among others. These defects are originated by the high level
of shear stresses at the contact surfaces. Curves with a radius above 700 m are
prone to undergo RCF, below that value wear usually prevents its development.
Apart from curves, when joints are overtaken [20, 21] and during S&C negotiation
[22], impact forces with a marked dynamic behaviour arise that can lead to RCF.
In addition, corrugation [23, 24] and wheel out-of-roundness [25] cause additional
dynamic loading that can boost RCF. Other triggers of this defect might be corrosion spots and stress concentration at machined holes and other notches. However,
RCF is mostly influenced by contact conditions, such as geometry and lubrication,
setting aside the role of the dynamic behaviour of track and wheelset.

1.3.4

Wheel out of roundness

This defect has been previously mentioned in Sec. 1.2 as a source itself of dynamic
behaviour. Two groups are clearly distinguished: on the one hand, polygonization
(Fig. 1.3 (right)) and corrugation that have a periodic nature and are associated
with high-speed trains and, on the other hand, discrete defects, such as wheel-flats
(Fig. 1.3 (left)) [26] .
The sinusoidal defect related to wheel corrugation has wavelength of 3-7 cm.
For train speeds in the range within 50-250 km/h, this irregularity would excite
frequencies from 200 to 2300 Hz, in which rail corrugation and wheel-rail noise
arise. The origin is attributed to the thermochemical interaction between brake
block and wheel rim.

Figure 1.3: Left: Railway wheel-flat. Picture from fotocommunity.de. Right: Polygonised
wheel [27].
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Polygonal wheels undergo a periodic radial irregularity along its tread. Normally, the irregularity is composed of 1 to 5 waves with amplitudes in the order of
1 mm [28], that for speeds from 50-250 km/h cause dynamic excitation between 5 to
125 Hz. The dynamic response around these frequencies involves internal noise at
the vehicle, ground vibration affecting the surrounding areas and track degradation.
Morys [29] points out that the origin of this phenomenon could be associated with
lateral material removal at frequencies dominated by the lower bending modes of
the wheelset, in which the track properties will also have a strong impact on the
order of the resulting defect.
The discrete defects of the wheel can be related to sliding phenomena, wheelflats; and rolling contact fatigue. Regarding the wheelflats, they are deviations
from the nominal wheel radius but, on the contrary to periodic defects, they cover
a small area of the tread. They may be due to poor adjustment or faulty brakes and
variable friction conditions because of frost, leaves, grease and snow. The result
is a severe wear that induces high impact forces at each wheel revolution. The
consequences are further degradation of track components and wheel and annoying
impact noise.

1.3.5

Rail corrugation

Rail corrugation is a damage mechanism fixed to a specific wavelength from 0.03 to
0.1 m and from 0.1 to 0.3 m, for the cases of short and long-wavelength corrugations,
respectively (Fig. 1.4). The repeated operation of railway vehicles under circumstances that do not undergo important variations results in the predominance of
some exciting frequencies, leading to a fixed pattern deterioration. The corrugation
affects the wheel and rail lifetime, it highly increases the level of generated noise
and in some circumstances, it leads to rail replacement to prevent safety issues.
Rail corrugation tends to be more frequent in curve sections, although it is
also present in tangent tracks. Classification of this phenomenon is not an easy

Figure 1.4: Example of ‘Heavy haul’ (left) [30] and ‘pinned-pinned’ resonance (right)
(from UIC rail defects) corrugations.
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task because the underlying mechanisms causing corrugation are diverse and they
are not completely understood, especially the short-pitch type that is referred as
an enigma by some studies dealing with it [31–34]. The classification proposed by
Grassie [30] is presented in Tab. 1.1. Track dynamics have a significant role in
some sorts of corrugation through the P2 resonance (the track and wheelset mass
vibrating together over the track flexibility), the sleeper vibration modes and the
rail resonance due to periodic foundation. On the other hand, the wheelset vibration modes and the dynamic behaviour of tangent contact close to saturation are
also identified as causes of some types of corrugation.
Table 1.1: Corrugation classification according to Ref. [30].

Type
Heavy haul
Light rail
Other P2 resonance
Trackform specific
Rutting
Roaring rails

1.3.6

Wavelength-fixing mechanism

Frequency (Hz)

P2 resonance
P2 resonance
P2 resonance + torsional modes
Sleeper resonance
Second torsion mode of axle
Pinned-Pinned rail resonance

50 - 100
50 - 100
50 - 100
50 - 100
250 - 400
400 - 1200

Wheel-rail noise

The railway traffic is associated with three main kinds of noise: the engine, wheelrail and aerodynamic noise, where the second is dominant for a velocity range within
30 and 300 km/h [35]. Below and above that velocity range, engine and aerodynamic
noise are dominant, respectively. Correspondingly, the wheel-rail interaction is the
primary mechanism of noise generation for most operational conditions in railway
lines, and therefore it is the most widely studied.
The wheel-rail noise is caused by contact forces, which excite the track and
vehicle, leading to structural vibrations that propagate to the environment in the
forms of acoustic noise and ground vibration. The most important sources of wheelrail noise are sleepers, rails and wheels (Fig. 1.5 (left)). As it is shown in Fig. 1.5
(right), the dominant source of noise highly depends on the excitation frequency.
Below 500 Hz noise mainly comes from sleepers, between 500 to 2000 Hz rails play
the leading role and above 2000 Hz the primary source are the wheels [35]. Therefore, it is generally assumed that track dynamics control wheel-rail noise below
2000 Hz.
Depending on the track geometry different types of noise can arise. On tangent tracks, structural noise with a broad frequency content occurs, known as rolling
noise. It is due to the excitation caused by the irregularities of both wheel and rail
surfaces. In curves, very high noise levels can be produced, which are often domi11
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nated by single frequencies. This phenomenon is known as curve squeal. Instead
of vertical excitation related to a relative displacement associated with irregularities, squeal noise is generated by unsteady lateral creep forces. They lead to free
vibration of the wheelset vibration modes, whose natural frequencies dominate the
sound emission. The resulting noise has a characteristic tonal nature, which makes
squeal noise an especially annoying phenomenon. Another kind of noise is due to
wheel-track singularities, such as wheel-flats or rail joints, known as impact noise.

Figure 1.5: Sources of noise: wheel, rail and sleepers (left) [35]; and their contribution
depending on the excitation frequency (right) [36].

Nowadays, the railway noise emission is subjected to regulations established
by the European Commission, as a response to the public concern about this issue.
According to the European Environment Agency more than 14 million European
inhabitants were exposed to more than 55 dB due to railway noise during 2014 [37].
Some European countries have done their own studies, for instance, in Sweden; the
social cost of railway noise was estimated to be SEK 908 million (90 Me) per year
[38].

1.3.7

Overview

Among the problems listed before, the influence of the track and wheelset dynamic
behaviour can be stated, to a greater or lesser degree, as a cause, excepting for the
wear deterioration. Therefore, dynamic models of both wheelset and track become
necessary when it comes to the assessment and prediction of these phenomena.
In this regard, the following sections address a general description of the track
components and their dynamic behaviour as well as the state of the art concerning
this topic.
12
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1.4

Track components

The railway track encompasses tracks, switches, crossings and ballast beds or concrete slabs, whose function is to guide trains safely and economically. This goal
entails some difficulties since high loads should be transmitted downward with a
progressive reduction of the stresses at each component, whereas meaningful displacements and deterioration of the track should be avoided. Typically, railway
lines employ ballasted track configurations in order to meet these requirements.
Ballasted tracks can be divided into two parts, the superstructure and the substructure, which are schematically shown in Fig. 1.6. Detailed description of track
components, their roles and designs can be consulted in [8, 39]. Those components
that are part of the track superstructure are briefly detailed:
• Rails: They have a double function; providing a running surface and, simultaneously, bearing capacity. As running surfaces, they must be smooth for the
train wheels, allowing a quiet running and a low level of vibrations. Vertical
load is the main force acting over a rail. Accordingly, rails are derived from
an I-profile, to provide bearing capacity in that direction. The most common
rail on main lines in Europe is the UIC60 rail.
• Rail-pads and fastening: Rail-pads are viscoelastic elements placed between
the rail and sleepers, which protect the latter one from wear and impact
damage. Clips fasten the rail and sleepers through the rail-pads and introduce a preload. Rail-pads increase the track flexibility and introduce part
of the track dissipative properties. Soft rail-pads permit large deflection of
the rail and a better distribution of the load at the sleepers. Moreover, the
softer the rail-pad is, the better is the isolation of sleepers and ballast from

Figure 1.6: Pictorial scheme of a ballasted track divided at the symmetry plane.
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high-frequency vibrations. However, hard pads have a better performance
regarding noise emission [35]. Rail-pads are composed of a rubber material
with non-linear behaviour that is known to be influenced by the preload [40].
• Sleepers: They are the supports of the rail, which transmit forces uniformly
from the rail down to the ballast bed. Their other main task is to maintain the
characteristic dimensions between both rails: the gauge, level and alignment
of the track. Most typical sleepers are those formed by monoblock of concrete,
although, the biblock configuration is also used. Regarding the material, they
can be made not only of concrete but also wood or mixed; using concrete for
the outer parts and steel for the centre. Monoblock sleepers are cheaper and
less susceptible to crack, whereas biblock configuration increases the lateral
resistance and reduces the acoustic emission [41]. Usually, a constant distance
between sleepers of 0.5 − 0.65 m is used.
• Ballast: It is typically made of course-sized, angular-shaped, non-cohesive
and uniformly graded granular material, in which sleepers are embedded. The
ballast layer supports the vertical and lateral forces. It provides considerable
flexibility and dissipation to the system. Its modelling is complex, due to its
granular nature and the characterisation of its properties.
• Subballast: This a transition layer between the ballast and the subgrade, in
which the mean size of the particles is reduced. The primary goal of this layer
is avoiding penetration between the ballast and subgrade that would boost
track settlement.
The substructure is composed of the subgrade and ground. The subgrade is the
part of the ground which is treated in order to achieve a levelled terrain. The proper
design of subgrade is a crucial aspect since it cannot be subjected to maintenance
tasks after construction.
It is also worth noting the existence of ballastless tracks. In this sort of tracks,
the ballast is substituted by concrete slabs. It has a higher installation cost, but in
contrast, it provides great accuracy and durability, which has a direct impact on the
maintenance cost. This kind of track is a particularly appropriate choice for places
where the maintenance tasks are obstructed, e.g. tunnels, bridges and stations.
Several configurations exist for ballastless tracks, some of them neither use sleepers
since the rail is directly connected to the slab with one or two intermediate pads.
If the sleepers are not removed, they can be embedded on the slab, without any
intermediate element or with resilient pads between the slab and sleepers.

1.5

Track dynamics

In this section, a general description of the vertical dynamic behaviour of the track
is introduced in order to understand the role played by each of the components
14
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previously presented. The frequency response function, FRF, provides an easy and
rapid way to study the dynamic behaviour of the track. Fig. 1.7 displays the
vertical FRF of the receptance (displacement/force) for a periodically supported
track excited by a stationary load, in which several resonant frequencies are distinguished. Four main dynamics features are denoted at the receptance of the track,
whose amplitudes and shapes (real part) are displayed in Fig. 1.8.

Amplitude (m/N)
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2

3

4

10-9
Sleeper
Rail. Mid-span excitation.
Rail. Above sleeper excitation.

10-10

102

103

Frequency (Hz)
Figure 1.7: Rail receptance at the excitation position. Sleeper receptance for excitation
at the rail mid-span position.

1. Sleepers and rail vibrating in phase (Fig. 1.8 (a)): In this case, the rail and
sleepers act as the mass, and ballast behaves as the spring. This resonance
usually takes place between 50 and 300 Hz. After adding the mass of the
wheelset, this resonance is shifted to lower frequencies, and it becomes the
so-called, P2 resonance, in which the wheelset resembles an unsprung mass
vibrating on the track stiffness.
2. Sleepers and rail vibrating out of phase (Fig. 1.8 (b)) (sleeper dominant):
In this resonance the rail and sleepers act like independent masses connected
by the rail-pads, which act as spring together with the ballast. The sleeper
absorbs the system vibration, while the rail experiences an anti-resonance.
This resonance takes place around 250 Hz, mainly depending on the rail-pad
stiffness. Above this frequency rail-pads start to isolate the sleepers from the
rail, thus stiffening the support position in relation to the mid-span position.
3. Sleepers and rail vibrating out of phase (Fig. 1.8 (c)) (rail dominant): This
resonance is analogous to the previous one, but with the dominant motion at
the rail. It takes place between 200 and 600 Hz, mainly depending on the pad
stiffness and the rail mass. Above this resonance the rail vibration starts to
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Figure 1.8: Dynamic response of the track for its most significant resonances. Left:
Amplitude of the response. Right: Real part of the response. Solid line: Rail. Squares:
Sleepers. Excitation at the mid-span: (a), (c) and (d). Excitation above sleeper: (b).
Paper: B [42].

propagate, resembling the vibration of a free rail, which is why it is known as
cut-on frequency.
4. Rail resonance (Fig. 1.8 (d)): The frequency where this resonance occurs is
called ‘pinned-pinned’ frequency. In this dynamic motion, the movement is
mainly located in the rail, and the supports resemble infinitely stiff joints. It
happens when the wavelength of the rail bending waves is twice the sleeper
spacing, which generally occurs around 1000 Hz. This vibration is assumed
to be poorly damped since the rail hysteretic dissipation is low. However,
the finite nature of the supports introduces a certain level of damping at this
16
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resonance. The response to excitation at this frequency strongly depends on
the load position. It is maximum at the mid of a span, and minimum above
the sleeper, leading to a resonance and an anti-resonance, respectively.
There are other resonances which can be detected in track dynamics. At
lower frequencies, between 20 to 40 Hz the track mass, including the ballast, could
vibrate over the soil stiffness. At higher frequencies, the second order ‘pinnedpinned’ resonance occurs (2600-3000 Hz) and several resonances associated with
the rail section deformation arise, such as web-bending and foot-flapping above 1.5
and 2 kHz, respectively [43].

1.6

State of art

In Sec. 1.3 several undesired consequences of the dynamic wheel-rail interaction
are presented. The addressed problem, e.g. corrugation, impact and rolling noise,
among others; conditions to a large extent the level of accuracy required to the
model. In this context, the development of track dynamic models that join accuracy
and efficiency has been a field of in-depth research during the last few decades.
Excellent reviews are presented in Refs. [44, 45].
The railway track and the excitation nature have some inherent difficulties that
make track modelling a non-trivial task. Geometrically, it resembles an infinite
structure in which waves travel without reflection. Regarding the load, it has a
moving nature that, in the case of periodic foundation, varies the receptance of the
track at the load position. Furthermore, the moving nature of the load can affect
the dynamic behaviour of the track because of the Doppler effect. On the other
hand, the modelling of each track component can imply different levels of accuracy
concerning both its geometric representation and the constitutive law representing
its dynamics. For instance, rail-pad supports modelling can be represented as point
interaction with a linear behaviour, whereas in reality, they are finite components
with non-linear behaviour. The different models in bibliography take into account
some of these features depending on their goals. Nevertheless, a very accurate
model could be unsuitable if it involves a substantial computational cost. Therefore,
a commitment between accuracy and usability should be sought when it comes to
the modelling of track dynamics.
For low-frequency studies (below 20 Hz), such as comfort analysis and curve
negotiation, the track behaves as a very stiff component, and software packages
devoted to these studies tend to consider it as a rigid system or with a certain static
flexibility. The simplest dynamic track models make use of two masses connected in
series (one-dimensional models) [46], one representing the mass of rail and sleeper,
and another accounting for the ballast. Both masses are joined by Kelvin-Voigt
elements representing the dissipative and flexible properties of ballast and pad.
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Below each wheelset, one of this simple representation is placed moving together
with the wheelsets, that is why they are known as ‘co-running’ track models.
According to Blanco-Lorenzo et al. [47] after a proper adjustment, ‘co-running’
track models with 2 degrees of freedom (DoF) are able to approach the track receptance up to the cut-on frequency around 400 Hz. However, after performing time
domain simulations Di Gialleonardo et al. [48] state that ‘co-running’ track models
with 2 DoF could lead to severe overestimation of the contact force above the first
resonance of the coupled train-track system (around 50 Hz).
Therefore, simple models are unsuitable to address the prediction of corrugation and noise, and the calculation of impact forces. Moreover, they neglect the
interaction phenomena between different wheelsets. At these tasks, it is necessary
to address the modelling of the longitudinal track dimension (two-dimensional models), and even the modelling of the interaction between rails through sleepers and
wheelsets with three-dimensional models.

1.6.1

Dynamic rail modelling

The extension from one to two or three-dimensional track models firstly deals with
the rail representation. At this task, two main options are available, full modelling
based on full-3D Finite Element Analysis (FEA) or utilisation of beam theories.
The former can account for the cross-section deformation; however, it has a high
computational cost. On the contrary, beam theories neglect the cross-section deformation, but they are more efficient in computational terms. Consequently, most
studies make use of beam theories to predict rail dynamics. Between beam models
and full 3D FEA there are intermediate alternatives based on 2.5D Finite Elements
(FE), also known as Waveguide Finite Elements (WFE), and Finite Strip Method
(FSM).
There are two beam theories commonly used in the rail modelling, the EulerBernoulli and Timoshenko theories. Euler-Bernoulli beam theory assumes that
the rail is infinitely stiff to shear strain. Statically, Euler-Bernoulli might not be
accurate if the supports are very stiff, since the rail does not resemble a thin beam
in those cases and therefore the shear strain becomes noticeable. Dynamically,
shear strain and rotatory inertia start to be significant above frequencies around
500 Hz [44]. Therefore, those models based on Euler-Bernoulli beam theory start to
be inaccurate above 500 Hz, and especially around the ‘pinned-pinned’ frequency,
where they lead to significant deviation of the results. Concerning dynamic force
calculation at impact, the study of Dukkipati and Dong [49] shows that EulerBernoulli theory tends to overestimate the amplitude of the first peak (P1 ) as
compared with Timoshenko theory, since Euler-Bernoulli theory considers the rail
stiffer than it really is. Regarding rolling noise estimation, it involves the calculation
of the rail wave propagation, for which Hamet [50] proves that the Timoshenko
theory has a better performance.
18
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Timoshenko theory accounts for both the rotatory inertia and the shear strain,
extending the validity range of this beam theory up to 1.5 and 2 kHz for the lateral
and vertical directions, respectively [43]. As it was mentioned previously, above
the given frequencies web-bending and foot-flapping start to occur. The modelling
of these phenomena can be tackled by using full 3D FEA [51, 52]. Alternatively,
the section deformation can be approached by using 2.5D FE [53], the finite strip
method [54] or multiple beam models [43], which are more efficient in computational
terms than full 3D element modelling.
Tab. 1.2 classifies publications devoted to the study of railway dynamics depending on the addressed phenomenon and the technique employed in the rail
modelling. The one denoted as impact refers to all the problems caused by singularities such as wheelflats, transitions, turnouts, welds and joints. Most phenomena
have been addressed with all the available techniques by some publication. The
exceptions are track settlement and noise assessment. The former is only addressed
by numerical methods, whereas the latter is mostly assessed with analytical and
2.5D FEA. A particular case is the work of Torstensson et al. [55], which performs
noise assessment of impact loads.
Despite the further accuracy provided by 2.5D and FSM techniques, Timoshenko theory is commonly used since it encompasses a wide range of frequencies in
which it is valid at a low computational cost and simplicity. Those models making
use of the Timoshenko beam theory are divided into three groups in Tab. 1.2 that
are explained in the next section.

1.6.2

Classification of the models based on Timoshenko theory

The dynamic response of a Timoshenko beam periodically supported can be assessed by different mathematical techniques sorted in three groups, analytical, semianalytical and numerical methods. The main features and examples of them are
detailed below.
1.6.2.1

Analytical methods

They perform the exact solution of the differential equation representing the periodically supported beam. The solution can be obtained in two ways. On the one
hand, the models presented in Refs. [50, 73] make use of the Floquet’s theory that
assumes perfect periodicity of the track. On the other hand, the models proposed
in Refs. [71, 72, 82] carry out a direct resolution of the differential system of equations. It enables the study of supports randomly spaced and the implementation of
supports models more sophisticated than the conventional point modelling. These
pieces of work solve the differential equation in the frequency domain. Thus, if
time domain simulations are desired, a subsequent inverse Fourier transformation
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Table 1.2: Track models used in the assessment of railway problems

Rail modelling

Problems
Corrugation

Settlement

Impact

Noise
assessment

Euler-Bernoulli

[31, 56, 57]

[13, 58]

[34, 59, 60]

[61]

Timoshenko
numerical

[23, 24]

[11, 62]

[20, 25, 63–67]

[55]

Timoshenko
semi-analytical

[68]

-

[69, 70]

-

Timoshenko
analytical

[32]

-

[71]

[50, 72, 73]

Rail cross
section deformation

[74, 75]

-

[76]

[53, 77, 78]

Full 3D FE
rail modelling

[79, 80]

-

[21, 81]

-

of the track receptance from the frequency to time domain is necessary. Although
it provides a very accurate solution, it can become costly in computational terms.
Moreover, it constrains these techniques to linear modelling. These studies solve
the differential equations governing the beam motion at stationary conditions. In
order to study the impact of moving conditions at the track frequency response
(Doppler effect) two paths are available. Firstly, re-ordering of the time domain response and subsequent inverse Fourier transformation [83]. Secondly, direct solving
of the equation of motion in the frequency and wavenumber domains [84].
1.6.2.2

Semi-analytical methods

These techniques are mainly devoted to the time domain analysis of the track. They
are based on the modal superposition of the vibration modes of a Timoshenko beam,
which are obtained analytically. The calculation of the vibration modes requires
the imposition of special boundary conditions. The model presented by Sun and
Dhanasekar [70] assumes that vertical deformation and rotation are vanishing at a
certain distance that is long enough to consider the track as infinite. Subsequently,
Baeza and Ouyang [85] proposed a model that, by imposing cyclic boundary conditions, obtains the analytic expression of the rail vibration modes. Cyclic boundary
conditions assume that the track is a limitless structure on which there is an infinite
number of identical vehicle equally spaced. In this way, problems associated with
the track ends are avoided and wave reflection is restrained to the interaction bet20
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ween vehicles. Both track models overcome the restriction of analytical techniques
regarding the non-linear behaviour of track components. At this regard, Uzzal et
al. [69] asses the impact of non-linear behaviour of pad and ballast by using the
model proposed by Sun and Dhanasekar [70].
1.6.2.3

Numerical methods

In this case, rail dynamics are described numerically by using FE formulation.
These methods are also normally used in time domain simulations. The resulting
equations of motion can be directly solved by using numerical integration [86–88], or
alternatively, vibration modes of the track can be extracted and subsequent modal
superposition is performed [89, 90]. The main argument for using modal superposition is that, once the vibration modes are obtained, it reduces substantially the
number of equations representing the track motion, resulting in a lightened computational cost. Finally, numerical models can also be used to obtain the impulse
response function (or Green’s functions) in a similar way to analytical techniques.
This methodology is employed with Timoshenko elements by Andersson et al. [25]
and Pieringer et al. [66, 91], and also with Euler-Bernoulli elements by Li et al. [34].
Its main advantage in relation to the analytical calculation is a lower computational
time required by the pre-calculus; however, Green’s functions obtained numerically
are subjected to some level of error due to FE discretisation. Numerical modelling
is a useful technique when a non-linear analysis is addressed, like rail lift-off from
tie [88] and non-linear behaviour of pads, ballast [40] and voids [92–94]. Moreover,
the numerical formulation is versatile and allows a simple representation of transition zones [67, 95–97] and distributed load due to rail pads [98]. Moreover, they
become mandatory when a change of the rail section occurs, like in S&C [63, 99],
or at assessing the response of joints [20, 64].

1.6.3

Conclusions obtained from the literature review

The usage of Timoshenko FE in rail modelling is widespread among the studies
dealing with medium-high frequency phenomena, especially corrugation and load
impact (Tab. 1.2). The main reason is that this technique joins simplicity, versatility and accuracy. Most of the models make use of the standard beam elements
(denoted as conventional element in this work) derived according to the Timoshenko beam theory [100], which use statically exact cubic interpolation functions.
From now on, this FE is denoted as TIM4 because it is formulated in terms of four
DoF. However, some gaps are detected in the consulted bibliography regarding the
use of this FE and numerical techniques.
1. TIM4 involves some drawbacks that are pointed out by Nielsen and Igeland
[89]. The first of them is the underestimation of the local displacement because of the conversion of the moving contact forces into spatially stationary
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nodal forces. This effect is inherent to any FE formulation, but it is more
pronounced in rail modelling when the shear deformation is accounted for.
2. The second problem is that TIM4 does not guarantee the continuity of shear
strain at the element boundaries. That leads to a non-physical discontinuity
in deflection slope when the system is loaded dynamically.
3. The rail-pads are generally modelled as a concentrated interaction between
the rail and sleepers, which is not realistic and it is known to cause prompt
disruptions of the contact forces (e.g. see results from [65, 71]). Attempts to
substitute this conventional modelling are performed by Ferrara et al. [98],
who implement a distributed area rail-pad model. This modelling corrects
the response around the ‘pinned-pinned’ frequency, however there is room for
improvement regarding its efficiency.
4. As an alternative of time-domain resolution through modal superposition and
direct numerical integration, the formulation of numerical models in the frequency domain allows a fast time-domain resolution by making use of numerically calculated impulse response [25, 34, 66, 91]. Moreover, the formulation
in the frequency domain enables a straightforward adoption of more sophisticated models of track components and model boundaries. However, both
advantages have not been exploited together.

1.7

Objectives

The general objective of this thesis is the development of improved modelling techniques that allow the accurate prediction of the high-frequency dynamic behaviour
of the track, at a lower computational cost. The enhancements are implemented in
a numerical track model based on Timoshenko beam theory. More specifically, the
objectives are ordered as:
1. To evaluate the problems related to the use of TIM4 elements for the rail
modelling. Subsequently, proposal of solutions in order to correct the inaccuracies derived from its formulation.
2. To study the benefits from using more realistic and efficient models of track
supports concerning the time and frequency domains.
3. To improve the numerical modelling with the adoption of more realistic representations of sleepers, the dissipative properties of track components and
model boundaries.
4. To explore the advantages regarding the computational cost of using impulse
response functions in the time domain simulations instead of direct numerical
integration.
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5. To tackle the implementation of numerical methodologies in the prediction of
rolling noise.

1.8

Organization of the thesis

The objectives of this thesis are addressed in the next six chapters, and conclusions
are presented in the last eighth chapter. The content of these chapters is briefly
detailed below.
• The second chapter introduces the basic concepts required for the numerical
modelling of a railway track employing beam FE. It briefly details the formulation of the equations describing the wheel-rail interaction problem and the
numerical resolution of them. Finally, the impact of TIM4 FE limitations is
observed in the time domain solution.
• The third chapter deals with an accurate dynamic rail modelling in order to
avoid the problems related to the TIM4 FE. An enhancement of the conventional element is proposed based on the semi-analytic description of the local
displacement. The performance of this methodology is tested in the frequency
domain, and in the calculation of dynamic contact forces in the time domain.
• The fourth chapter addresses the modelling of the support length by using
a Timoshenko element adapted to account for an elastic foundation below
it. This methodology is tested in the frequency and time domains, and the
implementation of local displacement in accordance with the second chapter
is tackled.
• The fifth chapter exposes the limitations of the proposed methodology regarding the prediction of the rail accelerations, and studies the suitability of
low-pass filtering.
• The sixth chapter develops an efficient resolution algorithm based on the use
of the impulse response functions. Moreover, it explores some advantages
of the combination of a numerical model of the rail, supports and damping,
together with an analytical modelling of sleepers and model boundaries.
• The seventh chapter studies the impact of load speed, track periodicity and
support modelling on the rolling noise prediction.
• The eighth chapter presents the conclusions and future lines of work of this
thesis.
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CHAPTER

2

Basic concepts of the
numerical track modelling
This chapter introduces the basic fundamentals regarding the numerical modelling
of the railway track employing beam elements. Independently on the sort of the
implemented beam element, the track modelling follows some generic patterns at
its construction and solution procedures, which are in the base of the subsequent
developments entailed by this thesis.
This chapter is organised as follows: In the first section, the Timoshenko beam
theory is presented and its elementary matrices are derived. The second section
assemblies the global matrices. The third section formulates the contact element
coupling the wheel with the track model. The fourth section details the time domain
resolution procedure. The fifth section presents the results in the frequency and
time domains. Finally, conclusions are exposed in the sixth section.

2.1

Introduction

The basic concepts concerning the numerical modelling of railway track using beam
elements are pointed out in Ref. [95], which uses the Euler-Bernoulli beam theory.
Beyond the formulation of the finite element, the use of Euler-Bernoulli or Timoshenko theories does not involve significant changes regarding the system assembly
and solving procedures.
The main task of the FEA is the formulation of the mass, Mtr , damping,
Ctr , and stiffness, Ktr , matrices that represent the inertia, dissipative and elastic
features of the track, respectively. From them, the equilibrium equation of the track
is stated as
Mtr q̈tr + Ctr q̇tr + Ktr qtr = f,

(2.1)

where qtr is the vector that includes the degrees of freedom (DoF) of the track and
f contains the acting forces. The first and second time derivatives are denoted with
(˙) and (¨), respectively.
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The rail is modelled by using Timoshenko beam elements. In railway dynamics, the Timoshenko element with four DoF and cubic interpolation functions
is extensively employed [65, 87, 89, 98], which from now on is denoted as TIM4.
This element is derived from solving the coupled static governing equations of a
Timoshenko beam (Przemieniecki [100] can be consulted for more details), which
read
Q = κAG (−θ +
M = −EI

∂w
),
∂x

(2.2)

∂θ
,
∂x

(2.3)

where Q is the shear strength, A is the rail cross-section area, G is the shear
modulus, x is the longitudinal coordinate, M is the bending moment, E is the
Young’s modulus, I is the section moment of inertia and κ is the Timoshenko’s
coefficient. The latter parameter is a factor relating the gross area of the beam
with the actual area experiencing shear deformation. Nevertheless, some track
models [64, 88] make use of the Timoshenko element with seven [101] and eight
DoF [102].

2.1.1

Finite element formulation

The elementary vector of displacement regarding the TIM4 is
q(e) = [w1

θ1

w2

θ2 ] ,

(2.4)

where wi and θi are the vertical displacement and bending motion at the element
boundaries. The vertical displacement at any point, x, inside the FE is obtained
with the interpolation functions as
T

w(x) = q(e) N(e) (x),

(2.5)

where
N(e) (x) = [Nw1 (ξ)

Nθ1 (ξ)

Nw2 (ξ)

Nθ2 (ξ)] ,

(2.6)

being ξ = x/L and L the element length. The interpolation functions of the vertical
displacement read
1
[1 − 3ξ 2 + 2ξ 3 + Φ(1 − ξ)] ,
1+Φ
ξ
Φ
Nθ1 (ξ) =
[L(1 − 2ξ + ξ 2 ) + (1 − ξ)L] ,
1+Φ
2
1
2
3
[3ξ − 2ξ + Φξ] ,
Nw2 (ξ) =
1+Φ
ξ
Φ
Nθ2 (ξ) =
[L(ξ 2 − ξ) − (1 − ξ)L] ,
1+Φ
2
Nw1 (ξ) =
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and Φ = 12EI/GAκL2 . The parameter Φ represents the ratio between the flexural
and shear rigidities. For a beam infinitely stiff to shear, Φ tends to zero, and the
interpolation functions become those obtained by the Euler-Bernoulli theory.
The internal elastic energy of a Timoshenko beam reads
2
∂θ 2
∂w
1
{EI
(
)
+
GAκ
(
−
θ)
} dx
∫
2 L
∂x
∂x
⎧
(e) T
⎪
⎛ ∂Nb(e) ⎞
1 (e)
⎪ ⎛ ∂Nb ⎞
= q ∫ ⎨
EI
2
L⎪
⎝ ∂x ⎠
⎝ ∂x ⎠
⎪
⎩

Uint =

+(

T
⎫
⎪
T
∂N(e)
∂N(e)
(e)
(e) ⎪
− Nb ) GAκ (
− Nb ) ⎬dx q(e) ,
⎪
∂x
∂x
⎪
⎭

(2.11)

letting Nb be a vector containing the interpolation functions for the bending rotation. The elementary stiffness matrix of the Timoshenko element reads
(e) T

K(e) = ∫ Bb
L

(e)

(e) T

(e)

(e)

EIBb dx + ∫ Bsh GAκBsh dx,

(2.12)

L

(e)

where Bb and Bsh are the functions relating the nodal displacements with the
nodal bending and shear strains, respectively. Both are defined as
(e)

(e)

Bb =

dNb
dx

=

I
d
EI (e) III
[N(e) +
N
],
dx
kAG

(2.13)

and
(e)

Bsh =

dN(e)
EI (e) III
(e)
− Nb = −
N
,
dx
kAG

(2.14)

where the Roman numerals denote spatial derivative. The first and second terms
inside the integral in Eq. (2.11) account for the bending and shear stiffness, respectively. Finally, the elementary stiffness matrix of the Timoshenko element can
be derived as
⎡ 12
6L
⎢
⎢ 6L L2 (4 + Φ)
EI
⎢
⎢
K(e) =
−6L
(Φ + 1) L3 ⎢⎢−12
⎢ 6L L2 (2 − Φ)
⎣

−12
−6L
12
−6L

⎤
6L
⎥
L (2 − Φ)⎥⎥
⎥,
−6L ⎥⎥
2
L (4 + Φ)⎥⎦
2

(2.15)

in which the bending and shear stiffness matrices are regrouped in the resulting
matrix. The interpolation functions used to derive this stiffness matrix describe
the exact displacement field of a beam loaded at the ends. It means that any model
built with K(e) describes exactly the system solution according to the Timoshenko
beam theory for static loads applied at nodal positions.
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The kinetic energy of the Timoshenko beam reads
1
2
2
∫ (ρI θ̇ + ρAẇ ) dx
2 L
T
1
(e) T
(e)
= q̇(e) ∫ (Nb ρINb + N(e) ρAN(e) ) dx q̇(e)T ,
2
L

T =

(2.16)

from which the mass matrix is formulated as
(e) T

T

M(e) = ρA ∫ N(e) N(e) dx + ρI ∫ Nb
L

L

(e)

Nb dx.

(2.17)

Likewise the stiffness matrix, the mass matrix is composed of two parts, each one
accounting for the translational and rotational inertias. The expression for the mass
matrix reads

⎡
13
7
11
11
1 2
⎢
( 210
+ 10
Φ + 31 Φ2
+ 120
Φ + 24
Φ )L
35
⎢
⎢ 11
11
1
1
1
1
2
( 105 + 60 Φ + 120 Φ2 ) L2
AL ⎢⎢ ( 210 + 120 Φ + 24 Φ ) L
⎢
M(e) = ρ
9
3
3
1 2
13
(1 + Φ)2 ⎢⎢
( 420
+ 10
Φ + 61 Φ2
+ 40
Φ + 24
Φ )L
70
⎢
⎢
3
1
1
1
1
13
2
2
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⎢− (
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⋯⋯
⋯⋯

9
3
+ 10
Φ + 16 Φ2
70
13
3
1 2
( 420
+ 40
Φ + 24
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1
1
1
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(− 10

⋯⋯
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⎤
⎥
⎥
⎥
1
1
1
1 2
2⎥
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6
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5
⎢
⎢ 1 1
⎢( − Φ) L ( 2 + 1 Φ + 1 Φ2 ) L2
ρI
⎢ 10 2
15
6
3
⎢
+
2
1
(1 + Φ) L ⎢⎢
(− 10
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+ 12 Φ) L
⎢
⎢ 1 1
⎢( − Φ) L − ( 1 + 1 Φ − 1 Φ2 ) L2
⎣ 10 2
30
6
6

1
⋯⋯ (− 10

⋯⋯

1
( 10
− 12 Φ) L

It should be noted that the velocity field in Eq. (2.16) is approached with static
shape functions, N(e) . It creates a lack of consistency at dynamic conditions since
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differences arise between the dynamic and static shape functions as the frequency
increases. This problem partially determines the required refinement level of the
FE mesh.
Elementary damping matrices could be also formulated by using proportional
damping
C(e) = αd M(e) + βd K(e) ,

(2.19)

where αd and βd are the damping coefficients, which can be set to introduce a
certain damping ratio at a given frequency.

2.2

Assembly of the system

Once the elementary matrices of the FE are derived, the next step is to define the
basic units modelling the track. The track structure contained between supports
is taken as the basic unit, which is denoted as generalised beam element by Lei
[95]. In that work, Lei [95] uses only one beam element in the description of the
rail dynamics of the sections between supports. However, most track models use
several elements since it guarantees the accurate description of rail dynamics at
high frequencies.
1
2
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3
4

6

9

7
10

8

sp

cp

2

2
11

Ms

12

2
sb

cb

2

2

Figure 2.1: Basic unit modelling a bay with four beam elements representing the rail
sections between supports. The blue arrows and numbers denote the DoF composing the
system.
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For the case in which four elements are used to describe the track span between
supports (also denoted as bay), the corresponding basic unit is shown in Fig. 2.1.
It corresponds to a 2-dimensional model, which assumes symmetry of the track
in relation to its centre line. Therefore, only one rail is modelled, and half mass
of the sleepers is considered. The study performed by Oregui et al. [103] shows
a noticeable difference at the frequency content of 3-dimensional track model as
compared to 2-dimensional modelling, because of the coupling between rails through
monoblock sleepers. However, the time-domain study presented by Nguyen et al.
[104] makes a comparison between 2 and 3-dimensional models, concluding that, in
spite of some unavoidable differences, 2-dimensional model is a quick and sufficiently
accurate tool for the prediction of vertical track dynamics. Regardless accuracy of
both modellings, the 2-dimensional modelling is used to assess new approaches in
pursuit of simplicity and clarity. For instance, 2-dimensional models are used by
Ferrara et al. [98] to study the impact of modelling the support length, and by
Sheng et al. [104] to analyse the interaction between wheelsets through the rail.
Regarding supports, Kelvin-Voigt elements are adopted between the sleepers
and rail model the rail-pads, with sp and cp representing their stiffness and damping
properties, respectively. Similarly, ballast is modelled using the same technique with
sb and cb . The magnitude of the ballast and pads properties are divided by two
since they will sum their total value after assembling with adjacent units. Sleepers
are described by lumped masses that account for the half mass of it, in the case of
monoblock sleepers.
The equations of motion of the system represented in Fig. 2.1 can be derived
with the Lagrangian method and subsequently converted to matrix form. The
assembly of the span stiffness matrix is shown schematically in Fig. 2.2. Each
column and row of the matrix corresponds to a DoF presented in Fig. 2.1. The
elementary stiffness matrices of the four elements appear overlapping one after
another at the diagonal band. Additionally, cross-terms arise from the interaction
between the rail and sleepers DoF. The 1st and 11th DoF are related through the pad
stiffness, as well as the 9th and 12th . The ballast stiffness only affects to the sleeper
DoF. The mass matrix has a similar formulation to the stiffness matrix, regarding
the elementary matrices; however, there are not cross-terms between the rail and
sleeper DoF. Regarding the damping matrix, it would have a similar formulation if
an elementary matrix is defined obeying Eq. (2.19), otherwise only pad and ballast
damping terms are introduced. Once the bay is characterised, the mass, damping
and stiffness matrices of the track can be assembled
The length of the track model requires an extra comment. Due to the finite nature of the numerical track model, which does not represent reality, wave reflection
occurs at the model boundaries. This phenomenon should be prevented by a proper choice of the model length and the pad damping. Typical values of pad viscous
damping make negligible the impact of boundary effects in the validity range of
Timoshenko beam theory, at track models with a number of bays between 50 and
100 [105]. This is due to viscous damping overestimating the dissipation at high
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Figure 2.2: Stiffness matrix representing the track span between supports.

frequencies and accordingly attenuating the rail vibrations along the track in that
range, whereas in reality they are transmitted throughout the limitless structure.
If a more real dissipation behaviour should be accounted for, track models use
structural damping. In this situation, the model length should be enlarged quite
above 100 bays. The alternative is implementing special boundary conditions, which
are treated in Chapter 6. Nevertheless, structural damping is not used extensively
in numerical modelling since it precludes the direct numerical integration of the
system, because it leads to non-zero imaginary terms at the time-domain solution
and uncertainties due to lack of causality [106, 107].
After deciding the size of the track model, the corresponding matrices representing the stiffness, damping and inertia of the bay are concatenated in order to
form Ktr , Ctr and Mtr , which are assembled as shown in Fig. 2.3. Once the track
structure is modelled the following step is the formulation of the coupling with the
upper structure representing the vehicle.
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Figure 2.3: Assembly of the track matrices and coupling of the wheel/rail system.

2.3

Contact element formulation

Due to the interaction between wheels and rail contact forces arise acting on both
bodies. The coupling between track and wheel relies on these contact forces, which
can be introduced into the system through a contact element. The contact forces
are defined as a function of a non-linear Hertzian spring [108] (Kc in Fig. 2.3) and
the interpenetration between bodies, δwr = wr − ww , as
⎧
3/2
⎪
⎪Kc δwr
fc = ⎨
⎪
⎪
⎩

+ Cc δ̇wr
0

δwr > 0
,
δwr ≤ 0

(2.20)

where Kc is the Hertzian contact coefficient, Cc is the contact damping, wr and
ww , are the vertical displacements of rail and wheel, respectively. For the case here
studied the influence of the contact damping is considered negligible.
The definition of the contact element is stated from the contact equation (2.20),
which is following expressed in matrix form and in terms of the system DoF, q, for
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the case of a simple wheel as
1
3
−1
−1
−1
2
2
fc = − [ ] fc = − [ ] Kc δwr
= − [ ] Kc δwr
(wr + wirr − ww )
N
N
N

⎡−1⎤T ⎡ w ⎤
⎡w ⎤
⎥ ⎢ w⎥
1 ⎢
1
−1
−1
NT
1 ⎢⎢ w ⎥⎥
⎥ ⎢
⎥
2 ⎢
2
= − [ ] Kc δwr ⎢ N ⎥ ⎢ qtr ⎥ = Kc δwr [
]⎢q ⎥
⎢ ⎥ ⎢
⎥
N
N −NNT −N ⎢⎢w tr ⎥⎥
⎢ 1 ⎥ ⎢wirr ⎥
⎣ ⎦ ⎣
⎣ irr ⎦
⎦
T
1
1
1
−1
N
w
1
2
2
2
[
] [ w ] + Kc δwr
[
] w = Kc δwr
Eq + firr .
= Kc δwr
−N irr
N −NNT qtr

(2.21)

The irregularities on the contact bodies surfaces are accounted for by wirr , analogously firr introduces the forces caused by them. The vector N contains the interpolation functions associated with the element in which contact is taking place.
T
For the single wheel case, N = [0 N(e) (xc ) 0] , where xc is the contact position.
Finally, q is the vector including all the DoF of vehicle and track.
1
2
From Eq. (2.21) the contact element is defined as Kc δwr
E. In this formulation, contact forces depend on the displacements and rotations of the system; thus
they are introduced together with the stiffness matrix of the system exclusively,
whereas forces due to irregularities are treated as external actions. Accordingly,
the equilibrium equation becomes

1
2
Msys q̈ + Csys q̇ + [Ksys − Kc δwr
E] q = firr + fext ,

(2.22)

where
M
Msys = [ w
0

2.4

0
0
] , Csys = [
Mtr
0

0
0
] , Ksys = [
Ctr
0

0
].
Ktr

(2.23)

Time domain resolution

The time domain resolution is based on a direct numerical integration of the equations of motion in Eq. (2.22). Furthermore, the treatment of the finite nature of
the track model to avoid the approach of the vehicle to the model end also requires
a comment.

2.4.1

Direct numerical integration

The equations of motion are solved via an iterative scheme based on the Newmark
integrator [109], which is a second order and implicit numerical integrator. It is
widely used to obtain the time domain response in railway simulations [64, 65, 98].
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The Newmark equations are defined as
∆t2
[(1 − 2β) q̈k + 2β q̈k+1 ] ,
2
q̇k+1 = q̇k + ∆t [(1 − γ) q̈k + γ q̈k+1 ] ,
qk+1 = qk + ∆tq̇k +

(2.24)
(2.25)

where ∆t is the time-step length. The Newmark’s method defines displacements
and velocities, Eqs. (2.24) and (2.25), respectively, by establishing a linear relation
between the known instant tk and at the unknown instant tk+1 , which are weighted
by γ and β. By changing these parameters the performance of the Newmark’s
method can be modified. It becomes unconditionally stable for 2β ≥ γ ≥ 1/2.
For values of γ greater than 0.5, numerical damping of the high-frequency content
occurs, being maximum for γ = 0.9 and β = 0.49.
Throughout this work, the Newmark’s parameters are set in γ = 0.5 and
β = 0.25, for which the method is known as the average acceleration method (or
trapezoidal rule) since the acceleration is constant over the time interval from tn
to tn+1 . For that special case, the Newmark’s method has a degree of accuracy
of order two, whereas for any other set of β and γ it degrades to order one [109].
Moreover, the average acceleration method guarantees numerical stability without
introducing numerical damping at the high-frequency response derived from the
stated equations, allowing a fair analysis of any phenomenon.
After substituting Eqs. (2.24) and (2.25) into Eq. (2.22), the equations of
motion become
z (q̈k+1 ) = Aq̈k+1 + B1 q̈k + B2 q̇k + B3 qk − fext − firr = 0,

(2.26)

equalling the number of equations and unknowns, where
1

2
A = Msys + ∆tγCsys + ∆t2 β (Ksys + Kc δwr.k+1
E) .

(2.27)

The Bi matrices, which weight the influence of the acceleration, velocity and displacement at the instant tk , are
B1 = ∆t(1 − γ)Csys +

1
∆t2
2
(1 − 2β) (Ksys + Kc δwr.k+1
E) ,
2

(2.28)

1
2
B2 = Csys + ∆t (Ksys + Kc δwr.k+1
E) ,

(2.29)

1
2
B3 = (Ksys + Kc δwr.k+1
E) .

(2.30)

The convergence of the system is reached by using a Newton–Raphson iterative
procedure
zk+1.r+1 = zk+1.r − J (δwr.k+1.r )
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where J is the Jacobian matrix. By solving iteratively the Eq. (2.31) the value of
q̈k+1 is considered correct after ∣zk+1 ∣ is below a certain value that here is set in 1 N.
From the Newmark equations (2.24) and (2.25), the displacements and velocities
of the system DoF at tk+1 are calculated.
During the convergence procedure the value of δwr should be updated at each
r-th iteration in accordance with the new value qk+1.r+1 , as a direct consequence
of the non-linear nature of the wheel-rail contact. It entails a redefinition of J, A,
B1 , B2 and B3 with the subsequent increase of the computational cost.
Regarding the Jacobin matrix, at a linear contact, J(δwr.k+1 ) = A(δwr.k+1 ). For
non-linear contact, second-order terms related to δwr arise at the exact expression
of J. Nevertheless, the use of the exact Jacobian matrix is not a critical issue
in this case, since it does not involve a significant reduction of the number of
iterations. Moreover, its redefinition is costly in computational terms, and therefore
J(δwr.k+1 ) ≈ A(δwr.k+1 ) is assumed at non-linear contact.
It should be noted that at each instant tk+1 the wheel position changes, which
forces a redefinition of E since it depends on the value of the shape function at the
contact position. Therefore, during time domain simulations, the stiffness matrix
of the system undergoes modifications, at each time-step, due to the redefinition
of E; and at each iteration of the convergence procedure, because of the update of
δwr .

2.4.2

Cutting and merging method

The use of a very long model to analyse the response of the track is not efficient
since the influence in the response of sections far from the wheel-rail interaction
area is small. Conversely, the approach of the vehicle toward the model ends should
be avoided. This issue is addressed by removing the rear bay each time the vehicle
overtakes one bay, whereas a new one is merged in the moving direction (see Fig.
2.4). In this way, the track becomes infinitely long, and the wheel seems to be always
acting at the central bay. This method is used by Dong et al. [88]. However, the
previously explained wave reflection problem (Sec. 2.2) is not circumvented, making
that the number of bays in the model is more conditioned by wave reflection, rather
than by the influence over dynamics of sections far from the central bay.
The kinematic variables of the added bay are set in zero which generates an
artificial excitation. However, it is attenuated when the wheel reaches that position. Nevertheless, this issue could be subject of further improvement. It can be
addressed by using the moving modes method proposed by Recuero and Escalona
[90, 110] or the moving element method proposed by Koh et al. [111, 112], which
is extended for Timoshenko elements and periodic foundation by Dai et al. [113]
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l
V

V
Removed
bay

Added bay

Figure 2.4: The cutting and merging method for the track model.

2.5

Simulations

The parameters of the simulated track are included in Tab. 2.1, obtained from the
work of Mazilu [71], which in turn takes them from Ref. [114]. The properties
belong to a ballasted track with concrete monoblock sleepers. The rail parameters
correspond to the UIC60 type. The model proposed by Mazilu obtains analytically
the frequency response of the track.
Table 2.1: Parameters for the track in Ref. [71].

Young’s modulus (GPa)
Cross-sectional area (cm2 )
Shear coefficient
Pad stiffness (MN/m)
Ballast stiffness (MN/m)
Wheel mass (kg)
External force (kN)
Support length (m)
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E
A
κ
sp
sb
Mw
fext
Ls

210
76.9
0.4
350
70
550
100
0.16

Inertia moment (cm4 )
Mass density (kg/m3 )
Sleeper spacing (m)
Pad damping (kNs/m)
Ballast damping (kNs/m)
Sleeper mass (kg)
Contact coeff. (GN/m3/2 )

I
ρ
l
cp
cb
Ms
Kc

3055
7850
0.6
48
47
160
118.6
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2.5.1

Frequency domain simulations

The track frequency response is obtained as
Htr (ω) = (−ω 2 Mtr + iωCtr + Ktr )

−1

.

(2.32)

In order to model the track 81 bays are taken into account. The receptance of the
track is plot in Fig. 2.5. The four main dynamic features of the track response in
the frequency domain are commented in Sec. 1.5. In fact, those resonances shown
in Fig. 1.8 belong to this track configuration.

Amplitude (m/N)

Fig. 2.5 also displays the response obtained using the analytical methodology
proposed by Mazilu [71] to use it as a reference. It introduces two features that
have not been commented up to now, the sleeper rotation along its longitudinal
axis and the length of the pad. The former is introduced by assigning a rotational
inertia to the sleeper, and the latter by rotational Kelvin-Voigt elements at the
support positions. Their stiffness and damping values are sp L2s /12 and cp L2s /12,
respectively, where Ls is the support length. Only the rotational Kelvin-Voigt
element is adopted in the numerical results shown in Fig. 2.5, which avoids large
deviation of the amplitude at the ‘pinned-pinned’ frequency. However, the sleeper
is assumed infinitely stiff to rotation. It leads to a slight difference of the response

10-8

10-10

Rail numerical
Sleeper numerical
Rail analytical. Mazilu's model

102

103

102

103

Phase (rad)

2

0

-2

Frequency (Hz)
Figure 2.5: Frequency domain vertical response of the track. Excitation at the mid-span
(solid line) and above the sleepers (dashed line). Numerical modelling uses 81 bays and 8
elements per bay.
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around 110 Hz where the sleeper pitch motion has a resonance. The implications
of the rail-pads and sleeper modellings are discussed in detail in Ch. 4.
It should be noted that at this level of the modelling and to perform frequency
domain simulations, analytical methodologies are more suitable than numerical.
However, the latter are more appropriate for more complicated geometries and
non-linear problems. Apart from such restrictions, time domain simulations from
analytical models have significant computational cost in the pre-calculus stage.
With eight finite elements accounting for the rail dynamics at each bay, numerical model achieves a significant level of accordance with analytical results. Small
differences are detected at the estimation of the second order ‘pinned-pinned’ frequency, and the deviation becomes noticeable around 5000 Hz.
The progressive convergence of the frequency domain solution as the number
of elements increases is shown in Fig. 2.6, which displays the response when it is
excited at the mid-span position. With one element per bay, the response starts to
be erroneously estimated above 200 Hz, although at low frequencies overestimation
of the static track stiffness also occurs. Four elements are necessary to predict
accurately the first order ‘pinned-pinned’ frequency. With eight elements second
order ‘pinned-pinned’ frequency is predicted in its range of appearance. The use of
FE is always linked to a certain level of uncertainty regarding the accuracy of the
prediction. There are some basic patterns to set the maximum frequency in which
a model gives acceptable results, like including a minimum of six or eight elements
modelling the wavelength of the maximum frequency to be predicted [105].

Amplitude (m/N)

10-8

10-9

10-10

Rail analytical
8 el./bay
4 el./bay
2 el./bay
1 el./bay

103

Frequency (Hz)
Figure 2.6: Progressive convergence of the vertical track response in the frequency domain
as the number of elements is increased.
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2.5.2

Time domain simulations

Figs. 2.7 (a)-(c) show the time domain response of the rail kinetic variables at the
contact position. The wheel speed is set in 36 m/s and the surfaces are assumed to
be smooth. A constant force loads the wheel, fext . The dynamic excitation arises
from the varying track receptance at the contact position (parametric excitation).
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Figure 2.7: Vertical response of the rail kinematic variables at the contact position using
a different number of elements modelling the bay. Displacement (a), velocity (b) and
acceleration (c). Support positions are denoted with ∎.
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Regarding the rail displacement (Fig. 2.7 (a)), the response with only one
TIM4 FE modelling the bay is erroneously estimated. The mean value of the
absolute displacement is lower, which points out the overestimation of the system
stiffness, and the response is out-of-phase. Two elements are necessary to achieve
a proper shape of the response. Discretisation with four elements per bay achieves
acceptable levels of convergence when comparing it with the solution obtained with
eight elements per bay.
At the solution with eight elements small disturbances of the displacement
response take place, but they are not highly noticeable. However, if this solution
is numerically differentiated to obtain the velocity and acceleration at the contact
position, Figs. 2.7 (b) and (c) respectively, the disturbances produce severe discontinuities of the responses. This disruption of the response takes place each time a
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Figure 2.8: Response of the wheel kinematic variables for track modelled with eight
elements per bay. Displacement (a), velocity (b) and acceleration (c). Supports positions
are denoted with ∎.
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nodal position is overtaken. The increase in the number of elements modelling the
bay partially improves this unrealistic behaviour, since the dominant frequency of
this phenomenon is shifted to higher values; however, its amplitude is enlarged and
therefore the response seems more irregular.
Fig. 2.8 shows the predicted dynamic response of the wheel when the track
is modelled with eight elements per bay. The wheel displacement response has
higher negative values than the one of the rail, which results in the interpenetration
between surfaces responsible for the contact force. The displacement of the wheel
is free of noticeable disturbances. However, at the velocity response, the small
disturbances start to be appreciable. Finally, the acceleration presents disruptions
at the nodal position. Nevertheless, on the contrary to the rail accelerations, the
overall trend of the response is not hidden by the error.
Concerning the contact forces, they are displayed in Fig. 2.9 in the form of
the contact force factor, fc /fext . In this case, the disruption at the response also
becomes very noticeable, and the increase in the number of elements neither corrects
this non-physical behaviour. The contact force directly acts on the wheel, which
balances this forces with its inertia. That is the reason why the wheel acceleration
exhibits a shape similar to that of the contact force.
The solution obtained with only one element modelling the bay only experiences one discontinuity at the support position; however, the response is overall
incorrect. It should be noted that, despite being an unrealistic response, the discontinuity at the support position is coherent with the concentrated modelling adopted
1.1
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Figure 2.9: Contact force factor (fc /fext ) using a different number of elements modelling
the bay. Supports positions are denoted with ∎.
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2.6. Conclusions
for its modelling and the Timoshenko beam theory.

2.6

Conclusions

The response of the track in the frequency domain can be estimated accurately by
using TIM4 FE. In spite of it, time domain simulations reveal that the response
experiences significant disruptions each time the wheel overtakes a nodal position.
This non-physical behaviour is not efficiently corrected by increasing the number
of elements modelling the span between supports.
The detected unrealistic response can cause problems in the implementation
of more sophisticated contact theories, where the impact of discontinuities on the
numerical computation makes the solution convergence difficult. Moreover, it is
proved to be a source of inaccuracies when fundamental dynamics are studied.
Therefore, erroneous results are obtained when parametric excitation is analysed.
In the next chapter, the causes of this problem are identified and they are
addressed with an improved formulation of the TIM4 FE.
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CHAPTER

3

Enhanced formulation of the
conventional Timoshenko
element
The previous chapter exposes the problems in time domain analysis derived from
using the TIM4 FE. In this chapter, the causes of these problems are discussed, and
subsequently, the formulation of the TIM4 FE is enhanced with the implementation
of the local system deformation.
Firstly, the decomposition of the whole system into the global and local system
is presented. Secondly, the equations defining the local system are developed for
both static and dynamic approaches. Thirdly, the validation of the methodology is
performed in frequency and time domains.
This chapter includes the methodology presented in Paper [A] [42] which establishes the base of the implementation of the local system. Later, the formulation
of the local system is presented more compactly in terms of internal degrees of
freedom in Paper [C] [115], which is directly adopted in this chapter.

3.1

Analysis of the non-physical discontinuity

Nielsen and Igeland [89] firstly reported the appearance of numeric disturbances
when TIM4 FE is used to model the rail. That work points out two causes of the
problem, firstly, the underestimation of the ‘true local deflection’, and secondly, the
existence of a ‘non-physical discontinuity in slope’.
Regarding the underestimation of the true local deflection, it is due to the
interpolation functions of the conventional Timoshenko element being derived from
a beam loaded at the ends. It means that for nodal loads, the system modelled with
TIM4 FE achieves the exact solution of the static displacement field at any point
of the domain. However, for loads acting in positions different to the nodal ones,
which is an intrinsic situation to the moving nature of the load, the description of
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3.1. Analysis of the non-physical discontinuity
the displacement field fails. It occurs because the extrapolation of the force over
the nodal positions involves a certain level of displacement underestimation.
The local displacement underestimation due to force extrapolation occurs in a
greater or lesser extent in all FEA. Nevertheless, it is typically considered negligible
or addressed by mesh refinement. However, when shear strain is accounted for in
beam elements, this underestimation becomes non-negligible. It can be proved by
studying the shear strain at the load position, when it takes place at the element
middle position, xm . Assuming that the structure is symmetric over the load position, the nodal displacements of the loaded element will also be symmetric and
proportional to N(e) (xm ). Therefore, the shear strain at the middle position reads
T
∂w(xm )
(e) (e) T
(e)
− θ(xm ) = Bsh qm
= Bsh N(e) (xm )P
∂x
PΦ
[12 6L −12 6L] ⋅ [1/2 L/8 1/2
=
12L(1 + Φ)

φ(xm ) =

T

−L/8] = 0,

(3.1)

where P is an unknown proportional constant containing the effect of the load
magnitude. Regardless of the value of P , the shear strain obtained at the load
T
(e)
position is null since Bsh N(e) (xm ) = 0, while in fact it is maximum.
(e)

The terms of the vector Bsh are obtained according to Eq. (2.14), resulting
in constant values. It means that the distribution of the shear strain along a TIM4
element is constant. This fact links with the second problem pointed out by Nielsen
and Igeland [89] ‘the existence of a non-physical discontinuity in slope’. A constant
distribution of the shear along the FE is correct at static loading. However, at
dynamic loading, it is no longer consistent. Fig. 3.1 shows the response of the track
for stationary load acting statically and dynamically. The excitation frequency
is set in 100 Hz which is about the first resonance frequency of ballasted tracks.
Apparently, dynamic loading results in a vertical deflection free of disturbances
(Fig. 3.1 (a)). However, if the shear strain is observed (Fig. 3.1 (b)), discontinuities
arise at each nodal position, as a consequence of the inability of TIM4 to represent
a non-constant shear distribution along the element length. For the static case,
discontinuities only take place at support positions, which is consistent with the
Timoshenko theory.
The rail slenderness plays a key role in these problems. The more slender a
beam is, the less deformation via shear strain it undergoes. The railway rail does not
resemble a slender beam but a thick one, because of the distance between supports
is short compared with the beam geometric features. The equivalent slenderness is
also reduced when the stiffness of the supports is high.
For the case of a railway track, the local displacement underestimation is
tackled by Aggestam, Nielsen and Bolmsvik in [67] by using a fine mesh of the
rail with 16 elements modelling the sections between supports. A low-pass filter
with cut-off frequency around the FE passing frequency is applied for aesthetic
reasons, since the slope discontinuity distorts the contact force results. Instead of
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Figure 3.1: Track response for a stationary load. Solid: Harmonic load (100 Hz). Dashed: Static load. (a): Vertical displacement. (b): Shear strain. Parameters in Tab. 3.1.

increasing the system discretisation, Koro et al. [64] and Yang [65] address the
problem with improved mathematical formulation of the FE.
On the one hand, the model proposed by Koro et al. [64] uses TIM7 element
[101], which uses seven degrees of freedom per element to force the shear continuity
at the element nodes. Subsequently, the discontinuity due to the conversion of the
moving load into nodal forces is removed with further enhancement of the TIM7
formulation. Specifically, that work proposes using hat functions together with a
moving node associated with the contact position. However, despite obtaining good
results, the method forces to redefine the stiffness and mass matrices at each timestep. On the other hand, the approach of Yang [65] keeps the use of TIM4. That
work calculates the flexibility of the local system numerically, and subsequently,
it introduces its effect by using an equivalent contact stiffness. This approach
provides significant enhancement, but the slope discontinuity is not fully removed.
Both alternatives present drawbacks, whether the discontinuity is still noticeable
[65] or the formulation of the problem slows down temporal simulations [64].
The method proposed in the following sections addresses these problems by
enriching the formulation of the TIM4 with new DoF derived analytically. The
new DoF represent the so-called, local system. Two approaches are formulated,
one purely in static terms and another using both dynamic and static expressions.
Both methodologies are validated using the same track parameters as Yang [65]
(Tab. 3.1), which belong to an old track configuration. Finally, the performance is
assessed using track parameters from newer configurations.

3.2

Local system formulation

In the structural field, it is well known that the total displacement of a structure
loaded at positions between nodes is the result of the superposition of two systems,
which are denoted as global and local. Fig. 3.2 depicts the superposition method. In
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Table 3.1: Parameters for the railway track in Ref. [88].

Young’s modulus (GPa)
Cross-sectional area (cm2 )
Shear coefficient
Pad stiffness (MN/m)
Ballast stiffness (MN/m)
Wheel mass (kg)
External force (kN)

E
A
κ
sp
sb
Mw
fext

207
71.7
0.34
200
31.6
500
82

Inertia moment (cm4 )
Mass density (kg/m)
Sleeper spacing (m)
Pad damping (kNs/m)
Ballast damping (kNs/m)
Sleeper mass (kg)
Contact coeff. (GN/m3/2 )

I
ρ
l
cp
cb
Ms
Kc

2350
56
0.79
21.8
21.8
50
100

the global system, the structure keeps the original formulation whereas the middle
loads are extrapolated as nodal forces. On the contrary, in the local system forces
are applied at their current positions and nodal displacements are constrained.

2
3

1

f1

f2

5
6

Q2,2

8
9

4

f3

Original problem

M 1,3
Q1,1

7

M2,3

Q2,5

Q3,7 M3,9 Q3,8
M 2,6

f2

+

=

Global system

f3
f1

Local system

Figure 3.2: Schematic representation of the superposition method in which the formulation of the local system is based.

The description of the local system is usually performed in static conditions.
In this work, both static and dynamic approaches are developed. As it is shown
in Fig. 3.3, the local static approach is based on the static displacement field of
the clamped-ends beam corresponding to the loaded element. The local dynamic
approach is based on the modal superposition of the clamped-ends beam vibration
modes. The clamped-ends of the local system shown in Fig. 3.3 lock the bending
rotation and vertical displacement, but they allow shear rotation. In this way,
adjacent local systems balance themselves achieving the shear strain continuity at
the element boundaries.

3.2.1

Static formulation of the local system

The proposed approach keeps the formulation with TIM4 FE as done by Yang
[65], but it formulates the local displacement analytically instead of numerically.
Beyond this issue, the static description of the local displacement does not differ
significantly from the Yang’s approach [65]. However, the analytical procedure
allows a consistent expansion to the dynamic description of the local displacement.
The expressions that define the static displacement field of a clamped-ends
Timoshenko beam subjected to a point load, fc , can be obtained straightforwardly
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Figure 3.3: Illustrative scheme of the global and local systems composing the track model.

by solving the differential equations (2.2) and (2.3), in whose resolution the proper
equilibrium, continuity and boundary conditions should be introduced. For the
Timoshenko beam theory, the displacement field is defined by Eqs. (3.2) and (3.3),
which are the solutions for both sides in relation to the load position, ξc . For ξ ≤ ξc ,
⎧
fc L3 ⎪
Φ
⎪
⎨ξ [(1 − ξc ) (ξ 2 − ) + 3ξc2 − ξc3 − 2ξc ]
6EI ⎪
2
⎪
⎩
⎤⎫
⎡
⎥⎪
ξc (1 − ξc ) ⎢⎢
3
2
3 ⎥⎪
+
(2 − 2ξc + Φ) (ξ − 3ξ + 2ξ) + (2ξc + Φ) (ξ − ξ )⎥⎬,
⎢
2(1 + Φ) ⎢
⎥⎪
⎭
⎦⎪
⎣

wSta (ξ, ξc ) =

(3.2)

and for ξ > ξc ,
⎧
fc L3 ⎪
Φ
⎪
⎨ξc [ (ξ − 1) + 3ξ 2 − ξ 3 − ξξc2 − 2ξ + ξc2 ]
⎪
6EI ⎪
2
⎩
⎡
⎤⎫
⎥⎪
ξc (1 − ξc ) ⎢⎢
3
2
3 ⎥⎪
+
(2 − 2ξc + Φ) (ξ − 3ξ + 2ξ) + (2ξc + Φ) (ξ − ξ )⎥⎬.
⎢
2(1 + Φ) ⎢
⎥⎪
⎭
⎣
⎦⎪

wSta (ξ, ξc ) =

(3.3)

In order to verify the influence of the local system on the total rail deflection,
a point force is applied at the centre of an element. The results are shown in Fig.
3.4. The solution when the local system is taken into account is compared with
that obtained when it is not considered. Two elements per bay are used. In the
same figure, the vertical displacement at the nodes is plotted for a system with
the double number of elements (4 elements per bay) and, hence, with the force
acting at a nodal position. In this situation, the global solution matches with the
exact one. This is due to the global system correctly represent the track flexibility
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Figure 3.4: Contribution of the local system to the static deformation of the whole system.
Supports positions are indicated with ∎. Track parameters from Tab. 3.1. Fig. 4 in Paper
A [42].

only at the nodes. For other positions deviation from the correct values becomes
significant, because of bending and shear strains are being underestimated. In the
case of shear strain, for a middle load, the element resembles an infinite stiffness to
shear strength.

3.2.2

Dynamic formulation of the local system

The equations in Sec. 3.2.1 provide the static response of the local system, but
similarly to the global system, there are local dynamic effects which contribute
to the motion. The proposed approach is based on a modal superposition of the
natural frequencies corresponding to a clamped-ends Timoshenko beam.
3.2.2.1

Vibration modes of a clamped-ends Timoshenko beam

The resonance frequencies of a clamped-ends Timoshenko beam are obtained by
solving the dynamic differential governing equations of the Timoshenko theory and
imposing the proper boundary conditions. The coupled differential equations for
transverse free vibration according to Timoshenko beam theory are
κAG (
EI
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∂θ(x, t) ∂ 2 w(x, t)
∂ 2 w(x, t)
−
)
=
−ρA
,
∂x
∂x2
∂t2

∂ 2 θ(x, t)
∂w(x, t)
∂ 2 θ(x, t)
+
κAG
(
−
θ(x,
t))
=
Iρ
,
∂x2
∂x
∂t2

(3.4)
(3.5)

Enhanced formulation of the conventional Timoshenko element
for the vertical force and moment equilibriums, respectively. Modal solutions are
sought based on the next time dependency
w(x, t) = W (x)eiωt

,

θ(x, t) = Θ(x)eiωt ,

(3.6)

that are introduced into the governing equations (3.4) and (3.5). After rearranging
W IV +

E
ω2 ρ ω2 ρ A
ω2 ρ
(1 +
) W II +
(
− ) W = 0,
E
Gκ
E
Gκ I

(3.7)

where the beam section rotation spatial function, Θ, can be expressed as a function
of W ,
Θ=

ω 2 ρ κAG
EI
[(
+
) W I + W III ] .
2
κAG − ω ρI
κG
EI

(3.8)

The solution of the differential equation (3.7) depends on the frequency
W (x) = P1 cos(kp x) + P2 sin(kp x) + P3 cosh(kd x) + P4 sinh(kd x),

(3.9)

∀ ω < ω0 , and
W (x) = P1 cos(kp x) + P2 sin(kp x) + P3 cos(kd.2 x) + P4 sin(kd.2 x),

(3.10)

√
∀ ω > ω0 , where Pi are the solution coefficients and ω0 = κAG/Iρ is the cut-off
frequency for the shear wave. Above this frequency shear waves becomes propagative. The terms kp and kd denote the propagative and dissipative wavenumbers,
respectively, of the Timoshenko beam
√
1/2
1
2
2
2
2
2
4
kp = √ [ (kL − ksh ) + 4kb + (kL + ksh )] ,
2
√
1/2
1
2 )2 + 4k 4 − (k 2 + k 2 )]
kd = √ [ (kL2 − ksh
,
L
sh
b
2

(3.11)
(3.12)

and kd.2 = ikd . In turn, these wavenumbers depend √
on the longitudinal,
shear
√
and bending wavenumbers that are defined as kL = ω ρ/E, ksh = ω ρ/Gκ and
√ √
kb = ω 4 ρA/EI, respectively.
The imposition of clamped-ends boundary conditions (W (0) = Θ(0) = W (L) =
Θ(L) = 0) leads to ΛP = 0, where PT = [P1 P2 P3 P4 ]. Depending on the
value of ω the definition of the matrix Λ will vary. For ω < ω0 and for ω > ω0 , it is
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defined, respectively, by
⎡
1
0
⎢
⎢
0
k
(p
− kp2 )
⋯⋯
⎢
p
Λ=⎢
⎢
cos(k
L)
sin(k
L)
⋯⋯
p
p
⎢
⎢sin(kp L)(kp3 − pkp ) cos(kp L)(−kp3 + pkp )
⎣
⎤
1
0
⎥
⎥
⋯⋯
0
kd (kd2 + p)
⎥
⎥,
⎥
⋯⋯
cosh(kd L)
sinh(kd L)
⎥
sinh(kd L)(kd3 + pkd ) cosh(kd L)(kd3 + pkd )⎥⎦

(3.13)

⎡
1
0
⎢
⎢
0
kp (p − kp2 )
⋯⋯
⎢
Λ=⎢
⎢
cos(k
L)
sin(k
L)
⋯⋯
p
p
⎢
⎢sin(kp L)(kp3 − pkp ) cos(kp L)(−kp3 + pkp )
⎣
⎤
1
0
⎥
⎥
2
⋯⋯
0
kd.2 (p − kd.2 )
⎥
⎥,
⎥
⋯⋯
cos(kd.2 L)
sin(kd.2 L)
⎥
3
3
sin(kd.2 L)(kd.2 − pkd.2 ) cos(kd.2 L)(−kd.2 + pkd.2 )⎥⎦

(3.14)

and

where p = (ω 2 ρ/κG) + (κAG/EI). The natural frequencies of the system are those
which make det(Λ) = 0. Due to ΛP = 0 is a homogeneous system, one of the
coefficients of P should be imposed. In this way, natural mode shape functions are
calculated. In a subsequent step, they are normalised with the next relation
L

∫

[ρAW 2 (x) + ρIΘ2 (x)] dx = 1,

(3.15)

0

which imposes that the modal mass should be unitary. Fig. 3.5 displays the first
four vibration modes of clamped-ends Timoshenko beams for the rail parameters included in Tab. 3.1. The length of the elements are 0.79, 0.395, 0.2633 and 0.1975 m,
which correspond to a representation of the rail sections between supports with 1,
2, 3 and 4 elements, respectively. As the element size decreases the corresponding
vibration modes increase their natural frequency. The effect on the track dynamics
estimation of the number of vibration modes describing the local system is studied
below. It is important to notice that because of the bending rotation is constrained
at ξ = 0 and ξ = 1, the slope of the vertical displacement entirely corresponds to
extra shear strain at nodal positions. This fact enables the convergence of shear
strain between elements.
3.2.2.2

Residual flexibility

The description of the local system using modal superposition can be lightened by
defining a residual flexibility, in such a way that the total flexibility of the local
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Figure 3.5: First four vibration modes of clamped-ends Timoshenko beams with different
lengths. Solid: 0.79 m. Dashed: 0.395 m. Dash-dot: 0.263 m. Dot: 0.1975 m. Beam
parameters from Tab. 3.1.

system is taken into account. This is a modal truncation technique known as mode
acceleration method [116], in which any loading represented by the non-retained
modes will produce a quasi-static response. It allows to reduce significantly the
number of vibration modes required in order to avoid the slope discontinuity. The
residual flexibility of the local system is defined as

Nm

FRes (x) = FSta (x) − FMod (x) = FSta (x) − ∑
i=1

Wi2 (x)
,
ωi2

(3.16)

where FSta and FMod , are the static and modal flexibilities, corresponding to the
static and dynamic approaches, respectively. The modal flexibility is the sum of
the vibration modes flexibilities that describe the local system. The term Nm is
the number of vibration modes that are taken into account. The definition of FSta
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can be obtained from Eq. (3.2) imposing wSta (ξ, ξc = ξ)/fc ,
FSta (ξ) =

+

⎧
Φ
L3 ⎪
⎪
⎨ξ [(1 − ξ) (ξ 2 − ) + 3ξ 2 − ξ 3 − 2ξ]
⎪
6EI ⎪
2
⎩

⎫
⎪
ξ(1 − ξ)
⎪
[(2 − 2ξ + Φ) (ξ 3 − 3ξ 2 + 2ξ) + (2ξ + Φ) (ξ − ξ 3 )]⎬.
⎪
2(1 + Φ)
⎪
⎭

(3.17)

Fig. 3.6 shows the resulting residual flexibility for several numbers of vibration
modes introduced in the dynamic approach of the local system. As the number of
modes increases the residual flexibility becomes lower.
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Figure 3.6: Residual flexibilities for a clamped-end Timoshenko beam. Length of 79 cm.
Beam parameters from Tab. 3.1. Fig. 5 in Paper A [42].

3.2.2.3

Formulation of the enhanced element

The vibration modes describing the local system are added to the TIM4 FE. The
new elementary displacement vector of the element accounting for the local system,
‘LS’, becomes
(e)

qLS = [q(e)
ext

(e)

qint ] = [q(e)

η1

...

ηi

...

ηNm ] ,

(3.18)

where η denotes the modal coordinates describing the local system, which are referred to as internal DoF (iDoF) since they can contribute only to the displacement
field of the element in which they are implemented. The DoF associated with the
TIM4 are called from now on, external DoF (eDoF). The vector containing the
interpolation functions is
(e)

NLS = [N(e)
ext
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(e)

Nint ] = [N(e)

W1

...

Wi

...

WNm ] ,

(3.19)
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where those related to the iDoF are the modal shape of the corresponding vibration
mode. The stiffness and mass matrices can be derived applying the Eqs. (2.15) and
(2.18). The resulting stiffness matrix is
K
(e)
KLS = [ ext
Kcross

K(e)
KT
cross
]=[
Kint
0

0
],
diag (ω 2 )

(3.20)

where external and internal DoF are uncoupled statically, which is evident since the
global system reaches exact solutions for static loads acting on the eDoF. The left
upper quadrant includes the stiffness matrix of the TIM4 FE. The terms associated
with the local system become a diagonal matrix due to the orthogonality between
vibration modes and, because of normalisation of the modal masses, each term
equals the squared natural frequency of the associated vibration mode, ω 2 . On the
other hand, the mass matrix results in
M
(e)
MLS = [ ext
Mcross

MT
M(e)
cross
]=[
Mint
Mcross

MT
cross ] .
I

(3.21)

Again, the left upper quadrant includes the stiffness matrix of the TIM4 FE. The
normalisation of the vibration modes leads to the identity matrix, I, at the terms
(e)
representing the local system. The most important feature of MLS is the coupling
between the internal and external DoF, which involves a direct interaction between
the local and global system. It means that unloaded elements have a local response
under any dynamic behaviour of the global system. Finally, these terms force the
convergence of the shear strain between elements. The mass cross terms matrix is
defined as
⎡ mcross
⎢ 1.w1
⎢
⋮
Mcross = ⎢
⎢ cross
⎢mN .w
m
1
⎣

mcross
1.θ1
⋮
mcross
Nm .θ1

mcross
1.w2
⋮
mcross
Nm .w2

⎤
mcross
1.θ2 ⎥
⎥
⋮
⎥.
cross ⎥
mNm .θ2 ⎥⎦

(3.22)

The general definition for a mass cross term which relates the i-th iDoF with a j-th
eDoF is
mcross
= ∫ ρAWi (x)Nj (x)dx + ∫ ρIΘi (x)Nbj (x)dx,
ij
L

(3.23)

L

The expressions for Nj are collected in Eqs. (2.7) to (2.10), and from them, Nbj ,
which is implicitly defined in Eq. (2.13).
The elementary damping matrix is separately defined as
C(e)
(e)
CLS = [
0

0
],
diag (2ζ ○ ω)

(3.24)

where ζ contains the damping coefficients of each local mode. The operator ‘○’
represents the entrywise product. C(e) can be defined as in Eq. (2.19).
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3.2.3

Formulation of the contact element

The formulation of the contact elements is similar to the description given in Sec.
2.3, but some comments are necessary about its implementation when considering
the local system. In the static approach of the local system, the local displacements
are represented quasi-statically. For the dynamic approach, the same occurs with
the residual term of the local system. The resulting contact forces are defined as
⎡−1⎤
⎡−1⎤
⎡−1⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
1
1
⎢ ⎥
⎢ ⎥
⎢ ⎥
fc = − ⎢ N ⎥ fc = − ⎢ N ⎥ Kc δ 2 (wr + wirr − ww ) = − ⎢ N ⎥ Kc δ 2
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢1⎥
⎢1⎥
⎢1⎥
⎣ ⎦
⎣ ⎦
⎣ ⎦
⎡−1
⎢
⎢
= Kc δ ⎢ N
⎢
⎢1
⎣
1
2

NT
−NNT
−NT

1 ⎤⎥ ⎡⎢ww ⎤⎥
1
⎥⎢ ⎥
−N⎥⎥ ⎢⎢qtr ⎥⎥ + Kc δ 2
−1 ⎥⎦ ⎢⎣ qqs ⎥⎦

⎡−1⎤T ⎡ ww ⎤
⎢ ⎥ ⎢
⎥
⎢N⎥ ⎢ q ⎥
⎢ ⎥ ⎢ tr ⎥
⎥
⎢ ⎥ ⎢
⎢ 1 ⎥ ⎢ qqs ⎥
⎥
⎢ ⎥ ⎢
⎢ 1 ⎥ ⎢wirr ⎥
⎦
⎣ ⎦ ⎣

⎡ 1 ⎤
⎥
⎢
1
⎥
⎢
⎢−N⎥ wirr = Kc δ 2 Eqsys + firr .
⎥
⎢
⎢ −1 ⎥
⎦
⎣

(3.25)

T

(e)

In which, N is redefined as [0 NLS (xc ) 0] . The system displacement vector,
1

qsys , and the contact element matrix, Kc δ 2 E, are redefined to contain the quasistatic displacement, qqs . According to the redefinition of qsys , the system matrices
should be enlarged with a new dimension. The only term different from zero is
the last one of the main diagonal in the stiffness matrix, which contains the static
or residual flexibility of the local system, depending on the local system approach.
The rest of the calculations regarding the time domain simulations are performed
as indicated in Ch. 2.

3.3

Validation of the methodology in the frequency domain

In this section, the validity of both approaches is assessed in terms of their capacity
to accurately represent the frequency content of the track. The parameters used are
those included in Tab. 3.1, from Ref. [88]. These parameters correspond to an old
ballasted track configuration, where the sleepers are made of wood, the separation
between supports is longer than in newly constructed tracks, and the rail is lighter
than the common UIC60. The track is modelled with 81 bays. To obtain the
frequency response function the Eq. (2.32) is used.
For UIC60 rails with separation around 0.6 m the ‘pinned-pinned’ frequency
occurs around 1000 Hz, while in the studied track this frequency takes place around
600 Hz. It is due to the higher flexibility of the rail and the longer distance between
supports.
The correction of the frequency content is confirmed with the results shown
in Figs. 3.7 (a) and (b). The former displays the response at the low-medium
frequency range. The modelling with only 1 conventional element stiffens the system
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Figure 3.7: Frequency response of the track for excitation at the mid-span. (a) Lowmedium frequency range. (b) High frequency range. Dynamic approach uses one element
per bay.

at low frequencies.1 This response is corrected after applying the static approach
of the local system.
Fig. 3.7 (b) shows the response at the high-frequency range, where the response obtained analytically is also displayed in order to assess the accuracy of the
numerical approaches. The analytical solution is obtained using the formulation
proposed by Mazilu [71]. Above 200 Hz the static approach of the local system
starts to fail in the response prediction. Both the static approach and the conventional formulation with one element shift the ‘pinned-pinned’ frequency at 805 Hz,
while in fact, it occurs at 620 Hz. The dynamic approach with one element per bay
and one iDoF can correct the response up to 1000 Hz.
1 The result with only 1 conventional element differs from that in Fig. 6 (a) of Paper A [42],
where, due to an errata, the displayed response corresponds to the mid position of the bay adjacent
to the loaded one.
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At higher frequencies, progressive enrichment of the Timoshenko element with
iDoF is able to extend the correction of the track frequency content with only
one finite element. One enriched element with six iDoF is able to achieve better
predictions than eight TIM4 FE, as compared with the analytical solution. Furthermore, the numerical model with enriched element uses 10 DoF per bay, whereas
the conventional formulation uses 16 DoF per bay. The first, second, fourth and
sixth vibration modes take place at 0.97, 2.00, 3.19, 4.40 and 6.22 kHz (Fig. 3.5).
These frequencies can be related to the limit frequency above which the enriched
Timoshenko element starts to fail in the track response calculation. Proportional
damping is not adopted, but iDoF are damped by setting ζ = 0.001. It causes small
differences in the sharpness of higher resonances and anti-resonances, between track
modelled with conventional and enriched elements
Fig. 3.8 shows how the implementation of the first iDoF in elements surrounding the excitation corrects the response around the first order ‘pinned-pinned’
frequency progressively. As the number of elements accounting for the local system
increases, the mass and flexibility of the model are corrected. At 11 bays describing the local displacements dynamically, the elimination of the wrong peak and
the surge of a resonance at the ‘pinned-pinned’ frequency are achieved. However,
the peak is highly damped due to the impossibility of propagation beyond the bays

Amplitude (m/N)

10-7

81 el. dyn.
41 el. dyn.
21 el. dyn.
11 el. dyn.
5 el. dyn.
3 el. dyn.
1 el. dyn.
Static

10-8

10-9
450
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550
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700

750

800
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900
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Figure 3.8: Influence of the number of elements describing the local dynamic displacement
on the track response. One element per bay used. Excitation at the mid-span. Fig. 7 in
Paper A [42].
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accounting for the local dynamics. In successive enlargements of the local system,
the ‘pinned-pinned’ resonance is formed. For 41 bays describing dynamically local
displacements, the amplitude is estimated with enough accuracy.

3.4

Validation of the methodology in the time domain

In this section, the performance of the presented methodology is assessed in timedomain simulations. Firstly, the track is excited by a harmonic point load in stationary conditions. Secondly, the response is studied for a moving mass attached to
the rail by a non-linear spring.

3.4.1

Point force

The main goal of the dynamic approach of the local system is to avoid the shear
discontinuity at the element nodes. Its usefulness is evaluated by studying the response for a stationary harmonic load acting at a nodal position. For this situation,
both the conventional elements and the model with the static local system lead to
the same result. The results shown in Fig. 3.1 exhibits a constant shear distribution
along the element length, and discontinuities at the element nodes. These results
are complemented in Fig. 3.9 with the shear distribution obtained using one and
six iDoF with the same number of FE per bay. When the dynamic approach of the
local system is used, the shear is no longer constant along the element length, since
the shear distribution associated with each vibration mode is added. Accounting
for only one vibration mode largely reduces the discontinuity, and it is negligible in practice with six vibration modes. The only remaining discontinuities are
10-4

Shear strain (-)

2

Conventional
Dyn. approach 1 vib. mode
Dyn. approach 6 vib. mode
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Figure 3.9: Comparison of the shear distributions obtained by the conventional element
and the dynamic approach of the local system. The track is excited by a stationary harmonic load at 100 Hz. Fig. 8 (a) in Paper A [42].
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those due to the supports, which are coherent with their modelling as concentrated
interactions between rail and sleepers.

3.4.2

Moving mass

In this section, the usefulness of the presented methodology in order to avoid the
discontinuities at the element boundaries is validated. The wheel is moving at
148 km/h connected with the rail by a non-linear spring, on which a static load is
acting. No irregularities are considered in this example.
1.2

1.2

Conventional Timoshenko element
Static approach

Contact force factor
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(a) Local static approach and conventional (b) Local dynamic and static approaches.
model with 8 elements per bay.
Dynamic: 2 elements per bay. Five elements
using enriched formulation with 6 iDoF. Static: 8 elements per bay.
Figure 3.10: Wheel/rail dynamic force in steady-state interaction at 148 km/h with track
parameters of Tab. 3.1. Fig. 9 in Paper A [42].

The steady-state response of the system is shown in Fig. 3.10. For the local
static approach, the number of elements between adjacent sleepers is eight, as well
as for the model with conventional elements. For the local dynamic approach, two
elements between supports are used. Fig. 3.10 (a) compares the results of the local
static approach with those of the conventional FE model. It can be seen how the
introduction of the local static approach corrects the contact forces significantly.
Moreover, the discontinuities at the element boundaries are also highly reduced.
Concerning the local static approach (Fig. 3.10 (a)), the results here presented
are in a great accordance with those from Yang [65], what is expected since they
are analogous techniques. Both make use of a varying flexibility at the contact
position, but here it is analytically stated, whereas in that presented by Yang [65]
it is numerically derived.
In the work presented by Yang [65] the dynamic effects are considered negligible. However, a detailed study of results in Fig. 3.10 (a) and those from Ref. [65]
allows detecting that the discontinuities are still noticeable even if a high number
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of elements per bay are used. On the contrary, in the methodology here proposed
the introduction of the local dynamics leads to an almost total elimination of the
discontinuity. The results corresponding to the dynamic approach of the local system are presented in Fig. 3.10 (b). The response is continuous in practice, despite
it is performed with only two elements per bay. This fact has a positive impact
on the computational efficiency of the method. Six iDoF are implemented into
five elements, being the loaded one at the central position. The only recognisable
discontinuity is the one caused by the support, which is inherent to its modelling
as a point connection.
For more details regarding the convergence of the dynamic approach of the
local system, regarding the number of iDoF and enriched elements, as well as some
computational advantages, the Paper A [42] can be consulted.

3.5

Corrugation assessment

For the assessment of the impact of non-linear behaviour, welds and parametric
excitation on the development of short-pitch corrugation, time domain analysis is
necessary. Numerical methods are extensively used for these tasks; however, its
accuracy is conditioned by the FE discretisation. The proposed methodology is
tested concerning its ability to predict the response for high-frequency excitation
in the time domain accurately.
Before comparing the results between conventional and enriched elements, the
response is verified with that obtained analytically by Mazilu [71]. The features of
the pad modelling implemented by Mazilu are commented in Sec. 2.5.1. To obtain
comparable results similar modelling is used here, but assuming the sleeper to be
infinitely rigid to pitch motion. Fig. 3.11 shows the response of the track excited
by a double sinusoidal irregularity with wavelengths set in 5 and 6 cm, and with
amplitudes of 8 and 12 µm, respectively. The vehicle speed is 60 m/s. Therefore,
the system is excited at 1200 and 1000 Hz. The track is modelled with 61 bays.
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Figure 3.11: Contact force for a corrugated rail with a double sinusoidal irregularity
exciting the system at 1000 and 1200 Hz. The upper right corner shows the result obtained
by Mazilu [71]. Supports position denoted with ∎. Fig. 11 in Paper A [42].
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Figure 3.12: Amplification factor (maximum contact force/external force) obtained with
conventional Timoshenko element and dynamic approach of the local system. Speed:
50 m/s. Irregularity wavelength: 0.046 m. Excitation frequency: 1080 Hz (‘pinned-pinned’
resonance). Fig. 12 in Paper A [42].
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Fig. 3.11 shows the contact force obtained from models using two elements per
bay, in which the enriched elements use one iDoF. With the dynamic approach of the
local system maximum and minimum values of the contact force are closer to those
provided by Ref. [71], 139.3 and 58.36 kN, respectively, while here they are 140.1
and 57.3 kN. However, the formulation with two conventional Timoshenko elements
introduces relative errors of 1.75 % and 10.5 % for the minimum and maximum
contact forces, respectively.
Furthermore, conventional formulation of the Timoshenko element introduces
a large error in the contact force estimation, mainly due to shear stiffening. This
error increases with the amplitude of the irregularity. Fig. 3.12 displays this effect.
It shows the relation between the maximum contact force and the static external
force as a function of the corrugation amplitude. The irregularity is represented by
only one harmonic function. The wavelength and vehicle speed are set in 0.046 m
and 50 m/s; therefore the system is excited at its ‘pinned-pinned’ frequency. It is
observed that the amplification factor is significantly overestimated when conventional elements are used since the rail is stiffened. However, the convergence of the
results occurs for only two elements per bay when the local dynamic approach is
used.
Fig. 3.13 shows the response of the previous problem for the irregularity amplitude of 15 µm. The convergence of the solution with conventional FE is slow,
whereas for the element enriched with iDoF the solution is accurate with only two
elements per bay, which involves a clear advantage in computational terms.
It should be noted that for the case with one element per bay shown in Fig.
3.14, neither the conventional Timoshenko element or the improved one can predict
the response accurately. The conventional element is not able to approach the shape
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Figure 3.13: Convergence of the contact force response as the number conventional FE
is increased for sinusoidal irregularity. Speed: 50 m/s. Irregularity wavelength: 0.046 m.
Excitation frequency: 1080 Hz (‘pinned-pinned’ resonance).

61

3.6. Conclusions

Contact force factor

1.4

2 TIM4 per bay (1iDOF)
1 TIM4 per bay (2iDOF)
1 TIM4 per bay

1.2

1

0.8

0.6
10

10.2

10.4

10.6

10.8

11

11.2

11.4

11.6

Position (m)
Figure 3.14: Deviation of the response when only one FE is used for sinusoidal irregularity. Speed: 60 m/s. Irregularity wavelength: 5.36 cm. Exciting frequency: 1119 Hz
(‘pinned-pinned’ anti-resonance). Irregularity amplitude: 10 µm.

of the response, while the formulation enriched with two iDoF is able to approach
it excepting at the support positions, where the extreme values occur. For the case
of the enriched element, this could be due to the modelling of the support as a
concentrated interaction, which introduces a large disturbance into the iDoF.

3.6

Conclusions

The proposed methodology is able to correct some of the drawbacks concerning rail
modelling with conventional Timoshenko FE (TIM4). The implementation of local
displacement by using internal degrees of freedom can correct the response of both
the frequency and time domains at a lower computational cost.
Regarding the frequency domain, it is proved that, by comparison with the
analytical solution, the progressive inclusion of iDoF extends the validity of the
numerical predictions of the rail dynamics based on Timoshenko theory. The convergence of the methodology occurs at a lower number of DoF than the formulation
with conventional TIM4 FE.
Concerning the time domain simulations, the methodology can achieve an almost total continuity of the shear strain at the element boundaries. Moreover, it
corrects the irregular behaviour of the contact force, eliminating the disruptions
occurring when nodes are overtaken, and leading to an almost free of disturbances
sinusoidal response due to the parametric excitation. The only remaining disruptions are those due to supports modelled as concentrated interactions.
The proposed methodology also shows a better performance at the assessment
of phenomena such as corrugation. At low number of DoF, enhanced numerical
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models achieve convergence in the calculation of dynamic forces caused by irregularities exciting the high-frequency behaviour.
Furthermore, the numerical methodology devoted to rail modelling has some
interesting features regarding its formulation:
• It is an extension of the conventional formulation of the Timoshenko element
(TIM4). Hence, it can be directly applied to previous models based on that
finite element.
• The number of iDoF can be freely set according to the requirements of the
model, extending the validity up to any desired frequency.
• The analytical formulation of the local system based on vibration modes
points out the limit frequency for which the enriched element is valid through
the frequency associated with the higher local vibration mode implemented.
The remaining problems of the developed model are three. The first corresponds to the jump of the response when the load overtakes the support positions.
Secondly, the inability of the methodology to model the response at high frequencies with only one element. Thirdly, the rail acceleration response is not apparently
corrected, which is addressed in Ch. 5. First and second problems seem to share
the same cause, the modelling of the supports as concentrated interactions between
rail and sleepers. This issue is addressed in the next chapter.
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CHAPTER

4

Distributed support model of
rail-pad
As it is exposed in Section 1.5, the periodic nature of the foundation changes
the dynamic behaviour of the track in the medium-high frequency range. Despite
modelling of track accounting for the periodic foundation is currently a generalised
trend, some models do not take into account the support length, and others consider
it by means of a rotational stiffness between sleepers and rail.
The goal of this chapter is to develop an accurate numerical model of rail-pad
support, which accounts realistically and efficiently for the support length. The
implementation of the developed model together with the local dynamics studied
in the previous chapter is addressed. Finally, the proposed methodology is validated
via frequency and time domain simulations.
This chapter mainly refers to the work presented in Paper B [117] that presents
the formulation of the distributed support and its validation. Paper C [115] extends
the formulation to account for the sleeper pitch motion and the local dynamics
together with the distributed model of support.

4.1

Introduction

Most railway track models account for the interaction between sleepers and rail
by means of Kelvin-Voigt connections. In this way, the support is modelled as a
concentrated force acting on the rail. It neglects the finite length nature of the
support, even when it encompasses around a quarter part of the rail length. Moreover, Thompson et al. [114] point out that concentrated support modelling causes
exaggeration of the ‘pinned-pinned’ resonance, and subsequently, they correct the
deviation in relation to experimental measurements by setting an internal rail damping about two orders of magnitude higher than the typical steel loss factor [43].
Conversely, in Ferrara et al. [98] and Oregui et al. [103] correction of the response
is addressed with a more realistic support representation, in which the rail-pad
stiffness is distributed along those rail sections over the supports. Fig. 4.1 displays
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the comparison made in the research of Ferrara et al. [98] between predictions and
the experimental results from Ref. [44]. The model of Ferrara et al. [98] achieves a
high level of accordance between both, whereas the concentrated model of support
involves a significant overestimation of the response around the ‘pinned-pinned’
frequency when it is excited at both mid-span and above sleepers.

Figure 4.1: Comparison performed by Ferrara et al. [98] between its numerical model accounting for the rail-pad length (contact-area model), the concentrated support with
only vertical stiffness (contact-point model), the continuous foundation model and field
measurements from Ref. [44].

Fig. 4.2 presents the support models that are used to approach the finite
nature of the rail-pad when Timoshenko theory is employed in the rail modelling.
The simplest attempt to describe the rail-pad length is based on the introduction
of rotational Kelvin-Voigt elements between rail and sleepers together with the
conventional vertical elements [61, 71, 118]. From now on, this sort of rail-pad
modelling is denoted as concentrated. The values of the rotational elements are
set in sp L2s /12 and cp L2s /12 for the stiffness and damping, respectively. A more
realistic approach of the finite support length is proposed by Ferrara et al. [98].
In that model, multiple concentrated connections are introduced per each support
by dividing the rail length over supports in several beam elements. Therefore,
Ferrara’s model [98] implies a significant enlargement of the number of track DoF.
In a later work, the representation proposed by Ferrara et al. [98] is formulated
analytically by Mazilu and Leu [82]. Analogously, Oregui et al. [103] represent the
rail-pad length and width in a full 3D finite element model, by also using a set of
concentrated connections at each rail-pad.
The model of support presented hereunder accounts for its finite length compactly and efficiently, by developing a specific beam element devoted to this task. It
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Concentrated support

Ferrara support

Distributed support

Figure 4.2: Pictorial representation of the support models used in track modelling when
the rail is represented by a Timoshenko beam. Fig. 1 in Paper B [117].

is called distributed support model since it is characterised through the distributed
stiffness of the pad, sd = sp /Ls . The distributed support is modelled with a Timoshenko element over elastic foundation, hereafter denoted as TEEF. Hence, the
proposed track model extends the global formulation of the rail previously presented, which was only based on the use of TIM4 FE. In this update, the rail sections
above the supports are modelled with TEEF and the rest of the rail with TIM4
FE.

4.2

Formulation of the distributed support

TEEF introduces two new features when comparing it with the previous models.
Firstly, the rail-pad is described as a distributed foundation below the Timoshenko
beam, which modifies the interpolation functions of the beam element; hence it also
changes the stiffness and mass matrices. Secondly, the vertical and pitch motions of
the sleeper are related to the deformation of the rail, increasing to six the number
of DoF of the TEEF.
The formulation of the distributed support model is based on the methodology
presented in Ref. [119] for the formulation of beam elements over elastic foundation.
The foundation stiffness is introduced with a matrix derived from the virtual work
principle as
EVW = IVW + ∫ δ (w − wt.s ) qdx =
L

T

(e)

= IVW − ∫ δ (w − wt.s ) sd (w − wt.s ) dx = IVW + δq(e) Kd q(e) ,

(4.1)

L
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where IVW and EVW are the internal and external virtual work, respectively, wt.s
is the vertical displacement at the top surface of the sleeper, q is the distribu(e)
ted shear strength and Kd accounts for the interaction between the element DoF
through the elastic foundation. Ref. [119] uses linear interpolation functions describing the element displacement field; therefore the accuracy of the model for static
nodal loading lies in the refinement of the mesh. The element performance can
be improved by using interpolation functions resulting from the static equilibrium,
analogously to those functions defined in Eqs. (2.7) to (2.10), but accounting for
(e)
the presence of an elastic foundation below the beam. It leads to a new vector NEF
that contains the exact interpolation functions relating the rail displacement with
the DoF of both rail and sleeper for the TEEF.
Below, the interpolation functions for TEEF concerning the rail DoF are derived, and subsequently, new interpolation functions that consider the interaction
between sleeper displacements and rail deflection are defined. Finally, the elementary matrices are stated.

4.2.1

Timoshenko beam over elastic foundation

The presence of the foundation introduces a constraint to the nodal displacement
of Timoshenko element. It is qualitatively shown in Fig. 4.3, where the elastic
foundation limits the resulting nodal displacement caused by a nodal force, and an
imposed nodal displacement leads to a reduced displacement field along the element
length.
The static equilibrium equations of the Timoshenko beam (2.2) and (2.3) are
used together with a new definition of the distributed shear strength, which is
assumed vanishing in the TIM4 FE formulation, given by
q = −QI = −sd w.

(4.2)

After some mathematical developments using Eqs. (2.2), (2.3) and (4.2) and taking into account that Q = M I , the differential static governing equation of the

w1

f

w1

(a) Vertical nodal force.

(b) Vertical nodal displacement.

Figure 4.3: Qualitative comparison between the displacement fields of the TIM4 (dashed
line) and TEEF (solid line). Fig. 2 in Paper B [117].
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Timoshenko beam reads
sd II sd
w +
w = 0.
(4.3)
κAG
EI
In parallel, bending rotation can be expressed as a function of vertical deflection as
wIV −

sd EI

θ = wI [1 −

(κAG)

2

]+

EI III
w .
κAG

(4.4)

The detailed process followed to obtain these expressions can be found in Paper
B [117]. The solution for the differential equation (4.3) has a vanishing particular
solution, and the homogeneous solution reads
w(x) = Ĉ1 er1 x + Ĉ2 er2 x + Ĉ3 er3 x + Ĉ4 er4 x ,

(4.5)

where Ĉi are the solution coefficients and ri are the characteristic roots of Eq. (4.3),
generally denoted as
r1 = β + iα

;

r2 = β − iα

;

r3 = −β + iα

;

r4 = −β − iα.

(4.6)

After some trigonometric transformations, Eq. (4.5) can be expressed as
w(x) = cosh (βx) [C1 cos (αx) + C2 sin (αx)]
+ sinh (βx) [C3 cos (αx) + C4 sin (αx)] .

(4.7)

Equation (4.7) represents the generic expression of the TEEF interpolation functions. Adopting more compact definitions, the rail vertical displacement and rail
bending rotation are expressed as
w(x) = C1 g1 (x) + C2 g2 (x) + C3 g3 (x)3 + C4 g4 (x),

(4.8)

θ(x) = C1 h1 (x) + C2 h2 (x) + C3 h3 (x)3 + C4 h4 (x),

(4.9)

where the coefficients, Ci , can be obtained for each interpolation function by solving
the following system of equations
⎡ g1 (0)
g2 (0)
g3 (0)
g4 (0) ⎤⎥ ⎡⎢C1 ⎤⎥ ⎡⎢ w(0) ⎤⎥
⎢
⎢ h (0)
h2 (0)
h3 (0)
h4 (0) ⎥⎥ ⎢⎢C2 ⎥⎥ ⎢⎢ θ(0) ⎥⎥
⎢ 1
⎢
⎥⎢ ⎥ = ⎢
⎥,
(4.10)
⎢ g1 (Ls ) g2 (Ls ) g3 (Ls ) g4 (Ls ) ⎥ ⎢C3 ⎥ ⎢w(Ls )⎥
⎢
⎥⎢ ⎥ ⎢
⎥
⎢h1 (Ls ) h2 (Ls ) h3 (Ls ) h4 (Ls )⎥ ⎢C4 ⎥ ⎢ θ(Ls ) ⎥
⎣
⎦⎣ ⎦ ⎣
⎦
for the set of boundary conditions associated with the nodal displacements
w(0) = 1 ; θ(0) = 0 ; w(Ls ) = 0 ; θ(Ls ) = 0 ⇒ Ciw1 ⇒ NwEF
,
1

(4.11)

Ciθ1 ⇒ NθEF
,
1
EF
Ciw2 ⇒ Nw2 ,
Ciθ2 ⇒ NθEF
.
2

(4.12)

w(0) = 0 ; θ(0) = 1 ; w(Ls ) = 0 ; θ(Ls ) = 0 ⇒
w(0) = 0 ; θ(0) = 0 ; w(Ls ) = 1 ; θ(Ls ) = 0 ⇒
w(0) = 0 ; θ(0) = 0 ; w(Ls ) = 0 ; θ(Ls ) = 1 ⇒

(4.13)
(4.14)

Figure 4.4 shows the differences between TIM4 interpolation functions, N(e) , and
(e)
those from TEEF, NEF , as the distributed stiffness increases.
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Figure 4.4: Difference between interpolation functions of the TEEF in relation to those
from TIM4 for different distributed stiffness. The element length is 0.5 m. Distributed
stiffness: (-⋅-) 0.1 GN/m2 , (− −) 0.2 GN/m2 , (-×-) 0.3 GN/m2 , (-∗-) 0.4 GN/m2 , (-○-)
0.6 GN/m2 , (-+-) 1 GN/m2 . Parameters from the UIC60 rail. Fig. 3 in Paper B [117].

4.2.2

Rail deflection caused by the sleeper movement

In the concentrated model of support, the movement of the sleeper only affects
nodal displacement of the rail. However, in the distributed modelling there is
a direct interaction between the sleeper displacements and beam deflection at no
nodal positions. It is shown schematically in Fig. 4.5, where the vertical movement,
ws , and the rotation, θs , of the sleeper cause a deflection of the rail given by Nws
and Nθs , respectively, which are the new interpolation functions of the TEEF.
(a)

(b)
x

x

Nws (x)· ws

ws

Nθs (x)· θs

θs

Figure 4.5: Qualitative representation of the interaction between the rail and sleeper
through the elastic foundation for vertical (a) and pitch (b) motions. Fig. 3 in Paper
[115].

If the displacement of the sleeper is introduced, the Eq. (4.3) becomes
wIV −

sd II sd
qs
w +
w=
,
κAG
EI
EI

(4.15)

where qs accounts for the shear strength due to the sleeper motion, which is defined
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Figure 4.6: Interpolation functions of the vertical (a) and pitch (b) motions of the sleeper
for several values of the distributed pad stiffness. Distributed stiffness: (-×-) 0.5 GN/m2 ,
(-∗-) 1.0 GN/m2 , (-○-) 2.5 GN/m2 , (-+-) 5.0 GN/m2 . Parameters from the UIC60 rail.
Pad length: 16 cm. Fig. 2 in Paper [115].

as
qs = sd wt.s = sd [ws + (x − Ls /2) sin θs ] ≈ sd [ws + (x − Ls /2) θs ] .

(4.16)

After imposing unitary displacement at the sleeper DoF, and vanishing values at
the rest, the interpolation functions for the sleeper displacements are obtained,
which are displayed in Fig. 4.6. The vertical and pitch motions of the sleeper will
be the fifth and sixth DoF of the TEEF, respectively. The interaction of the sleeper
with the rail through the elastic foundation is noticeable for the case of the vertical
motion. On the contrary, the interpolation function of the sleeper pitch motion
denotes a negligible coupling with the rail displacement. Although these results
affect only the formulation of the TEEF, they point out an overall low influence of
the sleeper pitch motion.
The vertical displacement of any section of the rail in TEEF is defined as
wr = [w1
(e)

θ1

w2

θ2

ws

θs ] ⋅ [NwEF
1

NθEF
1

NwEF
2

NθEF
2

Nws

(e) T

=qEF NEF .

4.2.3

T

Nθ s ]

(4.17)

Matrices of TEEF
(e)

The matrix Kd that accounts for the interaction between nodal displacement
through the elastic foundation becomes
(e)

Kd = − ∫

Ls

δ (wr − wt.s ) sd (wr − wt.s ) dx = −sd ∫

Ls

NT
r.s Nr.s dx,

(4.18)
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NθEF
NwEF
NθEF
(Nws − 1) (Nθs − x + Ls /2)]. On the one
where Nr.s = [NwEF
1
2
1
2
hand, the definition given in Eq. (2.15) of the stiffness matrix is extended to include
the interaction between the nodal displacements through the elastic foundation,
(e)

KEF = ∫
=

(e) T

(e)

BEFb EIBEFb dx + ∫

Ls
(e)
KEFb

Ls

(e)

(e)

T

(e)

(e)

BEFsh GAκBEFsh dx + Kd

(e)

+ KEFsh + Kd .

(4.19)

On the other hand, the mass matrix of the TEEF is defined as in Eq. (2.18),
(e)
(e)
(e)
but substituting N(e) and Nb , by NEF and NEF.b , respectively. The vectors
containing the functions that convert nodal displacement into nodal strains also
undergo redefinition to consider the elastic foundation. They are written here as
(e)

dNEFb (e)
EI III
sd EI
dθ d
)+
=
[wI (1 −
w ]=
q
2
dx dx
κAG
dx
(κAG)
= [NII
EF (1 −

sd EI
(κAG)

2

)+

EI IV (e)
(e)
N ] q = BEFb q(e) ,
κAG EF

(4.20)

and
dw
sd EI
EI III (e)
− θ = [NIEF − NIEF (1 −
)−
NEF ] q
2
dx
κAG
(κAG)
sd
EI (e)
(e)
= (NIEF
− NIII
q = BEFsh q(e) .
EF )
κAG
κAG

(4.21)
(e)

The viscous damping introduced by the rail-pad is modelled with Cd , with an
(e)
analogous definition to Kd in Eq. (4.18), in which sd is substituted by cd = cp /Ls .

4.3

The local system for the TEEF

In Ch. 3 the problems associated with the use of TIM4 FE are addressed by implementing the element local displacements. The implementation of TEEF requires a
similar treatment in order to avoid local displacement underestimation and guaranteeing the continuity of shear strain, correcting the non-physical slope discontinuity
at the element boundaries.
The static approach of the local system is able to mend to some extent these
problems. However, the dynamic description of the local dynamics is necessary to
extend the validity of the model to high frequencies, and therefore it is directly
implemented here. Nevertheless, the residual flexibility of the dynamic approach
is defined in terms of the flexibility obtained in the static approach; hence its
resolution becomes mandatory.
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4.3.1

Static approach

The static approach of the local system uses a simple flexibility derived from the
displacement at the load position of a Timoshenko beam over an elastic foundation
loaded by a static point force. The displacement field is studied from two sections
of the beam, which is divided at the point where the load acts. For the TEEF local
system, the homogeneous differential equation (4.7) describes the displacement field
out of the section on which the load is acting. The solution for the differential
equation is different for both sides of the load, denoting the left side displacement
as
w− (x) = cosh (βx) [C1 cos (αx) + C2 sin (αx)]
+ sinh (βx) [C3 cos (αx) + C4 sin (αx)] ,

(4.22)

and the right side as
w+ (x) = cosh (βx) [C5 cos (αx) + C6 sin (αx)]
+ sinh (βx) [C7 cos (αx) + C8 sin (αx)] .

(4.23)

Their respective rotation fields are obtained with Eq. (4.4). The boundary conditions of the local system are
w− (0) = θ− (0) = w+ (Ls ) = θ+ (Ls ) = 0,

(4.24)

the continuity conditions between both displacement fields read
θ− (xc ) = θ+ (xc )

;

w− (xc ) = w+ (xc ),

(4.25)

and finally, the equilibrium conditions with a unitary external force become
I

I

θ− (xc ) − θ+ (xc ) = 0

;

GAκ [φ− (xc ) − φ+ (xc )] = 1,

(4.26)

that in total sums eight conditions, from which coefficients Ci by Eqs. (4.22)
and (4.23) are obtained. The displacement at the load position derived from these
conditions is implicitly the system flexibility since the external force is unitary. The
calculation is performed with the aid of analytical package of MATLAB®, which
directly calculates the value of the coefficients Ci for a given set of rail parameters,
an element length and a distributed foundation value. In order to speed up the
analytical calculation, a change of coordinates in Eqs. (4.22) to (4.26) can be
performed imposing that xc = 0.

4.3.2

Dynamic approach

The vibration modes describing the local dynamics are calculated from the coupled
differential dynamic equations of a Timoshenko beam over viscoelastic foundation,
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which read
κAG (
EI

∂ 2 w(x, t)
∂θ(x, t) ∂ 2 w(x, t)
) + ρA
= −sd w(x, t) − cd ẇ(x, t),
−
2
∂x
∂x
∂t2

∂ 2 θ(x, t)
∂w(x, t)
∂ 2 θ(x, t)
+
κAG
(
−
θ(x,
t))
−
Iρ
= 0,
∂x2
∂x
∂t2

(4.27)
(4.28)

for the vertical and moment equilibriums. In this case, due to the dynamic nature
of this calculation, the damping of the foundation is introduced together with the
flexibility. Assuming a modal superposition like in Eq. (3.6), but using r instead
of iω, the differential equation in terms of the vertical displacement yields
W IV − [

r2 ρ E
sd + cd r
(
+ 1) +
] W II
E κG
κAG

+[

r2 ρ r2 ρ A sd + cd r
sd + cd r
(
+ +
)+
] W = 0,
E kG I
κAG
EI

(4.29)

whereas the bending rotation in terms of the vertical displacement reads
Θ=

EI
κAG ρAr2 + sd + cd r
[W I (
−
) + W III ]
2
κAG + Iρr
EI
κAG

= D1 (D2 W I + W III ) .

(4.30)

The Eq. (4.29) has a homogeneous solution formed by four exponential terms,
EF

W = P1 ekp

x

EF

+ P2 e−kp

x

EF

+ P3 ekd

x

EF

+ P4 e−kd

x

,

(4.31)

where kiEF are the characteristic roots of the differential equation (4.29), similar to
those defined in Eqs. (3.11) and (3.12) but for a beam resting on a viscoelastic foundation. The coefficients Pi are obtained by imposing the clamped-ends boundary
conditions, W = Θ = 0, at x = 0 and x = Ls , which lead to
⎡
1
⎢
⎢ kEF Ls
⎢ e p
⎢
⎢ C1
⎢
EF
⎢
⎢C1 ekp Ls
⎣

1

1

EF
−kp
Ls

EF
kd
Ls

e

e

−C1
EF
−C1 e−kp Ls

C2
EF
C2 ekd Ls

3

⎤⎡ ⎤
⎥ ⎢P1 ⎥
⎥⎢ ⎥
⎥ ⎢P2 ⎥
e
⎥ ⎢ ⎥ = ΛEF P = 0,
⎥ ⎢P3 ⎥
−C2
⎥⎢ ⎥
EF
−kd
Ls ⎥
⎥ ⎢⎣P4 ⎥⎦
−C2 e
⎦
1

EF
−kd
Ls

(4.32)

3

where C1 = (kpEF + D2 kpEF ) D1 and C2 = (kdEF + D2 kdEF ) D1 . Those values of s
that make det(ΛEF ) = 0, are the natural frequencies of the vibration modes.
For the local modes of the TEEF, the presence of viscous forces at the equation
leads to complex values of the natural frequencies, ωcx. . The value of s is rearranged
to express it in terms of an absolute natural frequency, ω = ∣ωcx. ∣, and a damping
2

1/2

coefficient, ζ = [1 − R(ωcx. ) /ω 2 ]
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. Tab. 4.1 presents the natural frequencies and
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Table 4.1: Natural frequencies of the vibration modes for several distributed pad stiffness.
Element length 16 cm and rail parameter from the UIC60 type. cd = 300 kNs/m2 .

period/element length

Half period (shear)
1 period (shear)
1 period (bending)
3/2 period (shear)
2 period (shear)

Distributed and rail-pad stiffness
sd (GN/m2 )
sp (MN/m)

0
0

1
160

2.5
400

5
800

ω (kHz)
ζ (-)
ω (kHz)
ζ (-)
ω (kHz)
ζ (-)
ω (kHz)
ζ (-)
ω (kHz)
ζ (-)

6.28
0.063
12.41
0.031
17.11
0.001
18.89
0.021
25.28
0.016

6.31
0.063
12.42
0.031
17.11
0.001
18.91
0.021
25.29
0.016

6.36
0.062
12.45
0.030
17.11
0.001
18.92
0.021
25.30
0.016

6.44
0.061
12.49
0.030
17.11
0.001
18.95
0.021
25.32
0.016

damping coefficients of the first five local vibration modes, for several values of the
stiffness foundation and a constant value of the distributed viscous damping.
The vibration modes in Tab. 4.1 are distinguished by means of the number
of periods composing the modal shape, and the dominant type of strain involved
in their motion. The data shows that distributed foundation has a low impact on
the highest modes, in fact, only the first vibration mode undergoes a noticeable
variation of the natural frequency value. An extreme case is the mode involving
dominant bending strain, which has a null sensitivity to the foundation presence. In
spite of the small differences between vibration modes of TIM4 element and TEEF,
for the sake of coherence the proper vibration modes are used at the formulation
of iDoF. Since the damping is kept constant, the value of ζ does not show either
significant changes.
Once the frequencies of the vibration modes are obtained, the calculation of
the coefficients Pi and the subsequent normalisation is performed as in Sec. 3.2.2.1.
However, it should be noted that the presence of distributed damping leads to
complex modal shapes which make difficult their accurate normalisation. Since one
of the components is much larger than the other, the normalisation is performed in
relation to the largest one.

4.4

Track model with TEEF and iDoF

The proposed track model using TEEF and TIM4 FE is schematically presented
in Fig. 4.7. The representation of rail-pad points out two different interactions
between rail and sleeper, one between the nodal displacements explicitly introduced
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(a) Global system
fc1 NwEF1

fc1

fc1 NwEF2
fc1 NθEF2

fc1 NθEF1

fc1 NsEF
EF

TIM4

fc2 Nw1
Ls

L

fc2 Nw2
fc2 Nθ 2

fc2 Nθ1

TEEF

Is , Ms

Is , Ms

fc1 Nθ s

fc2

cb

sb

sb

cb

l
(b) Local
system

fc1
EF

K res

fc2

K res

Figure 4.7: Pictorial representation of the numerical track model combining TEEF and
TIM4 together with the description of the local system using the dynamic approach.

(e)

by Sk , which is represented with Kelvin-Voigt elements; and another implicitly
defined through the interpolation functions, which is denoted by the distributed
spring layer.
Regarding the local system, the redefinition concerns to those sections of the
rail support above the sleeper which use the vibration modes obtained from a
Timoshenko beam over a viscoelastic layer. In this element, the residual flexibility
EF
should also be calculated as in Eq. (3.16), but substituting Fsta by Fsta
, which is
obtained from the static approach of the local system developed in Sec. 4.3.1.
The formulation of the elementary matrices of the TEEF enriched with the
iDoF derived in the previous section is performed in a similar way to TIM4 in Sec.
3.2.2.3. The structure of the stiffness, damping and mass matrices is analogous to
that from Eqs. (3.20), (3.24) and (3.21). The only difference lies in Eq. (3.24)
where the values of ζ are set from the damping coefficient obtained due to the
viscoelastic foundation, whereas in the TIM4 FE they should be set from steel-like
internal damping values.
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4.5

Validation of TEEF in the frequency domain

The validation in the frequency domain is performed using the track parameters
included in Tab. 2.1. The frequency response functions are obtained by using the
Eq. (2.32). The number of bays is set in 81.

4.5.1

Influence of the support modelling

Amplitude (m/N)

Fig. 4.8 displays the receptance of the developed numerical models as well as those
obtained with concentrated support modellings. In the cases with concentrated
interaction, one TIM4 element with four iDoF is used. For the distributed modelling, one TEEF with one iDoF models the length of rail above support and another
TIM4 element with three iDoF represents the rest of the bay. For both cases, the
highest vibration mode of the iDoF is located around 6 kHz. The iDoF associated
with the TIM4 use ζ = 10−4 .

10 -8
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CV ( )
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Sleeper
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Figure 4.8: Receptances obtained using different rail-pad modellings. (a): Excitation at
the mid-span. (b): Excitation above the sleeper. CV: Concentrated vertical interaction.
CVR: Concentrated vertical and rotational interactions. TEEF: Distributed support.

The most significant differences observed in Figs. 4.8 as a consequence of the
type of support modelling, take place around the first and second order ‘pinnedpinned’ frequencies. For the first order ‘pinned-pinned’ resonance, the amplitude
of the response is reduced by factors1 of 0.6 and 0.25 due to the distributed modelling, when comparing it with the response obtained by the concentrated modelling
1 These values, especially the second one, change as compared with Paper B [117] due to the
implementation of internal nodes with modal damping in this work.
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including both vertical and rotational interactions (CVR modelling) and using only
the vertical one (CV modelling), respectively.
The difference introduced at the amplitude of the first order ‘pinned-pinned’
antiresonance is not that obvious. The CVR modelling has an almost negligible
impact on the amplitude. While the distributed support increases the amplitude
of the response by a factor2 of 1.45. These results are in accordance with those
obtained by using the model proposed by Ferrara et al. [98],3 however TEEF
requires a lower number of DoF.
The correction of the anti-resonance is meaningful since it influences more the
amplitude of the contact forces, whereas the correction of the resonance affects more
the displacement level. Therefore, the correction of the former can be significant
for the corrugation assessment, and the latter might involve changes in the rolling
noise prediction.
Regarding the second-order ‘pinned-pinned’ frequency, the distributed support
modelling introduces a considerable attenuation of the resonance when comparing
it with concentrated modellings. It points out a decisive influence of the pad length
in that resonance, as previously detected by Oregui [51].

4.5.2

The impact of sleeper pitch motion

Figs. 4.9 (a) displays the frequency domain response for the track loaded at the
mid-span, with and without the implementation of the sleeper pitch motion. The
impact of sleeper pitch motion on the rail dynamics is negligible when comparing it
with the model assuming infinite rotational stiffness. Regarding the sleeper motion,
it has a noticeable influence over the response of adjacent sleepers only at 130 Hz
where the rotation of the sleeper creates a small anti-resonance.
Fig. 4.9 (b) shows the rotational response of the sleeper when it is excited
at the mid-span position. It is observed that the anti-resonance at the vertical
sleeper motion is caused by a resonance at the pitch motion. At the ‘pinnedpinned’ frequency, the rotation of the sleeper is amplified, but the response at the
rail remains the same.
In general, the effect of the sleeper rotation is almost imperceptible at the contact position, and it arises only at a certain distance from the excitation. Therefore,
it only could affect the coupling between wheelsets, but even so, the impact on the
response does not seem to be enough to involve significant differences. According to
2 This value is 1.6 in Paper B [117], in which the local system flexibility is not introduced in
the frequency domain simulations leading to more substantial differences between concentrated
and distributed modellings.
3 This comparison is performed in Paper B [117] concluding that there are significant differences
between both support models. However, those differences become negligible after introducing the
local system in TEEF at the frequency domain analysis.
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Figure 4.9: Influence of TEEF formulation including the sleeper pitch motion at the
track response. Rail excitation at the mid position between supports. (a) Vertical response
of the rail and sleepers with the pitch motion (solid line) and without it (dashed line). (b)
Sleeper pitch motion. Fig. 7 in Paper C [115].

these arguments, the sleeper will be considered as infinitely stiff to rotation along
its longitudinal axis in subsequent simulations.

4.5.3

The pad-properties vs. the pad geometry

The response around the ‘pinned-pinned’ frequency resembles that of a very poorly
damped resonance. The succeeding corrections of the amplitude, introduced by the
rotational concentrated interaction and the distributed support, also involve slightly
shift of the frequency where the ‘pinned-pinned’ resonance occurs, from 1068 Hz to
1073 Hz and 1081 Hz, respectively. For the case of the anti-resonance frequency the
shifting is from 1112 Hz to 1117 Hz and 1122 Hz after implementing the rotational
elements and the distributed support, respectively. The difference between the
‘pinned-pinned’ frequency predicted by CVR and TEEF can be observed in Fig.
4.10 (a). The limited shift of these frequencies could hint a higher influence of the
pad damping beyond other geometrical considerations. This issue is discussed with
the results displayed in Figs. 4.10 (a) and (b).
In Fig. 4.10 (a) the rotational damping is modified in relation to cr in order
to verify its influence on the amplitude of the ‘pinned-pinned’ resonance. It should
be noted that the definition of cr as cp L2s /12 is not arbitrary, but it is derived from
the integration of the distributed damping over the support length. Taking the
solution from TEEF as the reference, cr should be three times larger to correct the
amplitude of the ‘pinned-pinned’ resonance; however, that increment is not still
enough to correct the underestimation of the anti-resonance amplitude.
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Figure 4.10: Impact of the rail-pad damping on the predicted receptance around the
‘pinned-pinned’ frequency, depending on the support modelling. (a) Influence of the damping value of CVR. (b) Influence of several distributed pad damping values of TEEF. Fig.
6 in Paper C [115].

The amplitude of the ‘pinned-pinned’ resonance estimated by the TEEF has
a less marked dependency on the pad damping, as it is shown in Fig. 4.10 (b). It
points out that the use of TEEF attenuates the ‘pinned-pinned’ resonance, but also
it seems to constrain its formation due to a more realistic geometrical representation, whereas the introduction of rotational Kelvin-Voigt elements only adds more
damping in a pure ‘pinned-pinned’ resonance.

4.6

Validation of TEEF in the time domain

Time domain simulations are performed to validate the usefulness of the model at
the elimination of the discontinuity introduced by the concentrated support, and
the impact on the calculation of the dynamic contact forces due to short-pitch
corrugation. The track parameters are those included in Tab. 2.1.

4.6.1

Correction of the disruption due to concentrated supports

The time domain simulations are performed assuming perfectly smooth surfaces,
in order to ensure that the parametric excitation is the only source of dynamic
behaviour. The contact force response is assessed at 24 and 36 m/s. For the former
speed, the impact of the concentrated support modelling is very noticeable, whereas,
for the latter, the sleeper passing frequency and the first resonance of the coupled
wheel-track system coincide. The local system is modelled by using the dynamic
approach, the results with only the static approach of the local system are presented
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Figure 4.11: Temporal response of the contact force factor (fdyn /fsta ) for smooth surfaces. V = 24 m/s. The support positions are denoted with ∎.
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Figure 4.12: Dynamic response of the contact force factor (fdyn /fsta ) (a) and the vertical
displacements (b) for wheel moving at 36 m/s with smooth surfaces. CV (– –): Concentrated vertical support. CVR (—): Concentrated vertical and rotational support. Both models
using CV and CVR supports implement 2 TIM4 (2 iDoF). Distributed support (—): use
1 TEEF (1 iDoF) and 2 TIM4 (2 iDoF) for the bay. The support positions are denoted
with ∎.

in Paper B [117]. The track is modelled with 61 bays. Since the study concerns the
parametric excitation, at low frequencies, the local system is implemented in only
15 bays.
Fig. 4.11 displays the response for the wheel speed set in 24 m/s, the prompt
disruption of the contact force is removed with the use of TEEF at the support
modelling. With only one enriched TIM4 element the response does not totally
converge since it experiences disturbances at the entry and exit of the wheel in the
support. However, this effect disappears if two or more enriched TIM4 elements
are used. Finally, the shape of the response is closer to have harmonic behaviour,
which is a more realistic solution.
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Figs. 4.12 (a) and (b) show the contact force response and the displacement
field, respectively, for the wheel speed set in 36 m/s. In this case, the excitation
of the first wheel-track resonance amplifies the dynamic response. Fig. 4.12 (a)
displays the contact force response for concentrated supports (CV and CVR modellings), and the distributed supports with TEEF. Both concentrated support
modellings result in almost identical contact force response. However, in Fig. 4.12
(b) the corresponding displacement field is slightly different due to stiffening introduced by rotational elements. The use of TEEF reduces the amplitude of the
dynamic component of the contact force by removing the disruption due to the concentrated support. Moreover, it further reduces the amplitude of the displacement
field response, as compared with the CVR support modelling.

4.6.2

Calculation for short-pitch corrugated rail

In this section, the calculation of dynamic forces due to short-pitch corrugation is
analysed. The track is modelled with 81 bays. The wheel speed is set in 60 m/s and
the irregularity wavelength in 5.36 cm, hence the track is excited at the frequency
in which the anti-resonance of the ‘pinned-pinned’ frequency occurs, 1119 Hz.
Firstly, the differences between track models using CVR and distributed modellings of support are compared in Fig. 4.13, where the irregularity amplitude
is set in 10 µm. In general terms, the improved modelling of support achieves a
response resembling an almost perfect modulated signal. However, the concentrated support slightly disturbs the response around its position, leading to higher
amplitudes of the contact force oscillations as compared with the distributed modelling. The maximum amplitude of the contact force factor oscillation estimated
by the concentrated modelling is 0.49 (from 0.74 to 1.23), taking place at support
positions. However, the distributed support reduces this estimation to 0.44 (from
0.77 to 1.21). This reduction is in accordance with the frequency domain results,
1.4
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Figure 4.13: Comparison between the contact force response at short pitch corrugation
assessment obtained using concentrated (CVR) and distributed modellings of support. Irregularity amplitude: 10 µm. The support positions are denoted with ∎.
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Figure 4.14: Analysis of the contact force convergence at short-pitch corrugated rail when
supports are modelled with TEEF. The support positions are denoted with ∎.

in which the distributed support diminishes the sharpness of the notch associated
with the ‘pinned-pinned’ anti-resonance. In addition, the distributed support is
able to predict that the maximum amplitude occurs when the wheel is leaving rail
sections above supports.
Regarding the convergence of the results, it should be borne in mind that
modelling with concentrated supports requires at least two element per bay since
disturbance at the support positions deviates the response (Fig. 3.14). At this issue,
results in Fig. 4.14 prove this assertion since the solution converges with only one
enriched TIM4 FE between supports modelled with TEEF. The simulations are
performed using the above-exposed description of the irregularity, which is the
same as Fig. 3.14.
The influence of the irregularity amplitude is analysed in Figs. 4.15 (a) and
(b) for the concentrated and distributed modellings of support, respectively. The
difference between both support modellings at the calculation of the force amplitude
oscillation is around 11% once the irregularity amplitude exceeds 10 µm. Fig. 4.15
(a) shows that the non-realistic response introduced by the concentrated support
emerges as a soft drop in the maximum values reached by the contact force response
when a corrugated rail is studied. Fig. 4.15 (b) shows that the maximum force is
shifted from the entrance point of the support at smooth surfaces, to the exit
point when the irregularity is introduced. Independently on the support modelling,
the minimum amplitude of the contact force oscillations occurs around 10 cm after
the mid-span position is overtaken. As the irregularity amplitude increases the
difference between the maximum and minimum amplitudes of the contact force
oscillations becomes more accentuated.

4.7

Conclusions

In this chapter, the impact on track dynamics of implementing a more accurate
support modelling has been assessed. The developed element, TEEF, accounts for
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Figure 4.15: Impact of the amplitude irregularity at the contact force response. (a) Concentrated interaction (CVR). (b) Distributed supports. The support positions are denoted
with ∎.

the rail-pad as an elastic foundation below the rail sections at the support positions.
By means of simulation in the time and frequency domains, the usefulness of this
modelling is confirmed.
In the frequency domain, the correction is located around the ‘pinned-pinned’
frequency. As compared with concentrated support models using rotational KelvinVoigt elements, the support modelled with TEEF reduces the amplitude of the
‘pinned-pinned’ resonance by a factor of 0.6. Concerning the antiresonance, the
amplitude is increased by a factor of 1.45. The latter result is a significant advantage
compared with concentrated modelling since it is not able to introduce meaningful
correction in the amplitude of the anti-resonance.
The simulations in the frequency domain also report a negligible influence of
the sleeper pitch motion in the track dynamics. This motion does not affect the
response at the load position, and the only noticeable effect is the appearance of a
slight anti-resonance in the response of the sleepers surrounding the loaded bay. It
is concluded that the sleeper can be considered infinitely stiff to this motion.
Concerning the time domain, the contact force disruption at support positi84
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ons, which is fictitious despite being consistent with Timoshenko theory, is not
corrected to any extent by the rotational concentrated interaction. However, the
distributed support can eliminate the prompt disruption of the contact force when
smooth surfaces are considered, which leads to a more realistic representation of the
fundamental wheel-rail interaction. Nevertheless, the rotational element achieves
correction of the track flexibility leading to a reduced amplitude of the displacement
response at only parametric excitation, although the distributed modelling reaches
a further reduction of this amplitude.
The modelling is also proved to affect the response when wheel-rail interaction
is studied under the effect of short-pitch rail corrugation. In this case, the distributed support removes the disturbance introduced by the concentrated support. The
resulting contact force response is corrected in shape, due to it closely resembling
a modulated signal, and in magnitude, since an overestimation about 11% in the
maximum amplitude of the contact force oscillations is avoided.
Finally, when TEEF is employed, the solution converges by using only one
enriched TIM4 FE describing the rail length between supports at short-pitch corrugation excitation. This fact equals the computational cost of using concentrated
and distributed supports, since the model with concentrated supports and one TIM4
FE per bay erroneously predicts the response, requiring at least two elements per
bay, likewise the simplest track model using distributed supports (1 TEEF and 1
TIM4 FE). Hence, this advantage underpins the use of TEEF from the viewpoint
of computational efficiency.
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CHAPTER

5

Acceleration filtering
In the previous chapters, those problems concerning the rail (Ch. 3) and supports
modellings with Timoshenko FE are addressed (Ch. 4). With the proposed enhancements, correction of the resulting wheel-rail contact is achieved. However, in
Ch. 2, it is also shown that the velocity and acceleration responses of the rail at
the contact position undergo non-physical response when the wheel overtakes nodal
positions. Both variables are studied in this chapter.
Rail accelerations during the train passage provide reliable measurement in
order to detect track and vehicle defects [120]. Accelerations in the railway vehicle
and track components are easily acquired utilising accelerometers, when comparing
it with the difficulties that entail the measurement of displacements and contact
forces [121]. Accelerometers are non-invasive devices whose set up is not complex.
Accurate prediction of accelerations should be guaranteed to ease the validation of
theoretical models and the adjustment of track parameters. Moreover, some track
models, like the one proposed by Dyniewicz et al. [122], attach part of the wheel
mass rigidly to the rail, resulting in a contact force strongly dependent on the rail
accelerations.

5.1

Analysis of the acceleration response

The response of the rail kinematic variables at the contact position with conventional Timoshenko element is shown in Fig. 2.7. The velocity and acceleration
obtained with conventional Timoshenko FE display a marked irregular behaviour.
The implementation of the local dynamics is proved to correct the contact force response in Ch. 3. However, correction of the kinematic variables is not satisfactory
achieved in appearance.
The results of the rail velocity and acceleration at the wheel-rail contact position after implementing the dynamic approach are displayed in Fig. 5.1, which is
analogous to Fig. 2.7. The track parameters are those in Tab. 2.1 and the wheel
speed is set in 36 m/s. Two elements model the bay with conventional and enriched
formulations of the Timoshenko FE. The velocity and acceleration are obtained as
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Figure 5.1: Response of the rail kinematic variables at the contact position using conventional and enriched elements. Displacement (a), velocity (b) and accelerations (c). The
support positions are denoted with ∎.

the numerical derivative of the rail displacement, in this way both variables take
into account the response of the residual displacement, which has a quasi-static
response.
Regarding the rail displacement (Fig. 5.1 (a)), the enriched element corrects
the response by avoiding overvalued element stiffness. Concerning the vertical velocity (Fig. 5.1 (b)), the enriched element also leads to a significant correction. However, at the boundary positions, it entails high-frequency non-physical response,
88

Acceleration filtering
which is rapidly attenuated. Finally, for rail accelerations (Fig. 5.1 (c)) the highfrequency non-physical response is dominant with totally unrealistic peaks when
the load overtakes the nodal positions, which hide the real response of the rail.
In order to study the fundamental nature of this behaviour, the response of
the same track configuration is studied when a moving constant point force load of
100 kN is applied on it. For the sake of comparison, the analytical solution of this
problem is obtained with a procedure based on the convolution product using the
Green’s functions derived from the method presented in Hamet’s work [50]. The
speed of the load is set in 54 m/s; therefore it excites the first resonance of the
isolated track at 90 Hz. Fig. 5.2 compares the analytical and numerical solutions.
The analytical solution accounts for the track response up to 6 kHz, while the first
and fourth iDoF of the numerical model are related to vibration modes at 3.28 and
10.21 kHz, respectively.
Regarding the displacement field, a slight mismatch between the numerical
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Figure 5.2: Comparison between numerical and analytical solutions of the rail kinematic
variables at the moving load position. Displacement (a), velocity (b) and accelerations (c).
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and analytical solutions is obtained. It is due to Hamet’s formulation [50] not
accounting for the rotational stiffness of the rail-pad, which leads to a more flexible
track model. Despite this difference between both models, the results are similar
enough to proceed with further comparisons.
Concerning the acceleration and velocity, the analytical solution is exempt of
discontinuities excepting at the support positions, where the rail velocity suddenly
changes from 0.01 to -0.044 m/s, and the acceleration undergoes a notch that reaches
-172 m/s2 . In general terms, both numerical and analytical solutions coincide, but
the disturbances at the nodal positions fade the fundamental behaviour of the
response in the numerical case.
Fig. 5.3 zooms the acceleration response at the nodal position between supports. A study in detail of the discontinuity shows that the increase of the number
of iDoF amplifies the non-physical response, but it also shifts the fundamental
frequency of this erroneous response to higher values.
Results of the Fourier transformation of the accelerations shown in Fig. 5.2
(c) are shown in Fig. 5.4, displaying acceleration spectrum in one-third octave
bands. The results corresponding to the local system only represented by the
static approach are also included. Since the temporal response is due to parametric
excitation, the frequency content is composed of a main peak at the sleeper passing
frequency (90 Hz for 54 m/s) and the corresponding upper harmonics.
The analysis of the frequency content of these signals confirms that the erroneous response occurs at a higher frequency as the description of the local displacement is enhanced with more iDoF. With the static approach, the frequency content
starts to differ significantly from the analytic one above 900 Hz. The validity of
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Figure 5.3: Detail of the non-physical disturbance of the rail at the moving load position
caused by the mid-span node.

90

Acceleration filtering

10 0

10 -1
4 iDoF
1 iDoF
Static
Analytic
10 2

10 3

10 4

Frequency (Hz)
Figure 5.4: Frequency content of the acceleration response for a constant moving force
in one-third octave bands. Both frequency contents of numerical and analytical solution
are displayed.

the solution is extended up to around 2.9 kHz when one iDoF is implemented. The
frequency content with four iDoF is roughly the same as the analytical solution
up to the maximum frequency predicted by the latter one (6 kHz). Above that
frequency, the numerical solution with four iDoF keeps the response approximately
constant up to a frequency around 10 kHz, where the magnitude drastically rises.
Furthermore, the amplitude of the non-physical response progressively increases as
the local system description is enhanced.
From these results, it is concluded that the non-physical response is composed
of dynamic components that start to appear around the highest natural frequency
of the implemented iDoF, and become severe above that limit value. It should be
remarked that the contribution of the upper internal vibration modes is only retained statically through the residual flexibility, but their inertia is ignored. Therefore,
dynamically the element is consistent only below the highest vibration mode and
the continuity of the response is only guaranteed below that value. The remaining
discontinuity causes the non-physical response at higher frequencies.
In short, the continuity problems of the conventional Timoshenko FE are only
corrected by the dynamic approach up to a specific frequency, which is determined
by the highest iDoF. For the contact force and displacement, this lack of continuity could have a negligible impact as long as it is shifted to a high enough
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frequency range. However, the acceleration response remains very sensitive to the
discontinuity. This phenomenon is inherent to moving loads problems in numerical models, and only analytical formulation can achieve a complete removal of it.
However, subsequent filtering of the response can take advantage of the fact that
the frequency threshold of the non-physical response increases as the local system
description improves.

5.2

Response filtering

In the railway track-vehicle model proposed by Aggestam et al. [67], the drawbacks
of the conventional Timoshenko element are simply avoided by using 16 elements
per bay and a subsequent low-pass response filtering with a cut-off frequency set in
650 Hz (around sleeper passing frequency). This option involves a significant larger
number of DoF, which is balanced with the use of modal superposition solving
methodologies. The subsequent filtering could be unsuitable for those cases in
which high-frequency phenomena are of interest. As it is proved in Ch. 3 the
use of enriched element lightens the model, ensures the response correctness in the
validity frequency range of the Timoshenko theory and achieves smooth response
of the contact forces. However, since the rail acceleration response is still affected
by the slope discontinuity, it is subjected to low-pass filtering to remove its nonphysical response.
The rail acceleration response is treated with zero-phase low-pass Butterworth
filter. The order of the filter is established in five, above it, the response is not
further enhanced. The cut-off frequency of the filter, ωc , should be set in a value
above the range of frequencies in which the Timoshenko theory can predict with
some accuracy the rail response. According to Wu and Thompson [43], the single
Timoshenko beam model may be used for predicting the railhead response up to
5 kHz, as long as the foot motion is not of interest, otherwise, it is valid only up to
2 kHz.
Fig. 5.5 displays the filtered results of the accelerations obtained with one
(Fig. 5.5 (a)) and four iDoF (Fig. 5.5 (b)). In both cases, the cut-off frequency
should be set around 5000 Hz to achieve the same acceleration jump at the support
as the analytical results. However, with one iDoF a cut-off frequency at 5000 Hz
still involves significant disturbance of the response at the middle nodal position.
Further reduction of the cut-off frequency is necessary to make the disturbance
small compared with that of the support position. If four iDoF are used, a cut-off
frequency at 6000 Hz significantly reduces the disturbance of the middle position
while it approaches the acceleration at the supports predicted by the analytical
method.
It should be pointed out that using the analytical result of the acceleration at
the support position as a reference is not exempt of uncertainty. Dyniewicz and
Bajer [123] calculate the response of a Timoshenko beam loaded by a moving mass
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Figure 5.5: Filtered response of the accelerations using different values of ωc . (a) Numerical response using one iDoF. (b) Numerical response using four iDoF.

in the neighbourhood of the support, by using a semi-analytical procedure based
on modal superposition technique. The results obtained by Dyniewicz and Bajer
[123] show that as the number of modes included in the calculation is increased,
and therefore the frequency range of the study is extended, the particle trajectory
becomes sharper at the vicinity of the support.1 This feature of the Timoshenko
theory leads to larger accelerations at supports positions as the maximum frequency
of the analytical model is increased. In fact, this explains that the cut-off frequency
of the filter should be set around 6 kHz, which is the maximum frequency of the
analytical model.
For the case of excitation caused by the moving wheel instead of the point force,
the kinematic response is shown in Figs. 5.6 and 5.7, making comparisons between
filtered (ωc = 6 kHz) and original responses. Figs. 5.6 (a)-(d) show the response
at fundamental wheel-rail interaction assuming smooth surfaces with point and
distributed modellings of support. The wheel travels at 36 m/s, exciting through
the sleeper passing frequency the first resonance of the wheel-track coupled system.
The amplitudes of both velocity and acceleration due to the parametric excitation
are slightly smaller for the case in which distributed supports are implemented. The
filtering of the velocity response (Figs. 5.6 (a) and (b)) makes almost negligible the
impact of the disturbance.
Regarding the acceleration response with concentrated modelling of support
1 Both authors study this phenomenon in deeper detail for the case of a moving particle in a
string [124], whose response keeps some similarities to the shear strain of the Timoshenko beam.
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(in Fig. 5.6 (c)), two types of disruptions are distinguished after filtering. On the
one hand, those purely due to the nodal positions, with extreme values of -18 and
35 m/s2 . On the other hand, those at the positions of supports, in which their
modelling as concentrated interactions also contributes to the peak, whose extreme
values are -97 and 40 m/s2 . These results are obtained using two elements per bay
enriched with four iDoF.
For the case with distributed supports (Fig. 5.6 (d)), one element enriched
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with seven iDoF is used between supports, which are modelled with one TEEF
enriched with two iDoF. In both elements the highest iDoF has a natural frequency
around 12 kHz. The time domain simulations show disturbances at the entrance
and exit of TEEF. After the filtering procedure the resulting disturbance at the
entrance varies from -16 to 34 m/s2 . Concerning the disturbance at the exit, it
varies from -22 to 26 m/s2 . The amplitude of the non-physical response is similar
in both cases, at about 50 m/s2 , which is approximately the same as the disturbance
at the mid-span nodal position with the concentrated modelling of support (Fig.
5.6 (c)). Therefore, it could be concluded that the distributed support eliminates
the disruption of the acceleration due to the concentrated support modelling, only
remaining that due to the lack of continuity between elements.
For a practical situation such as corrugation, Fig. 5.7 shows the acceleration and velocity responses when introducing a sinusoidal irregularity resembling
a short-pitch corrugated surface. The wheel travels at 60 m/s and the irregularity
wavelength is set in 5.36 cm, thus exciting the ‘pinned-pinned’ resonance. The irregularity amplitude is set in 10 µm. In this case, the amplitude of the oscillations
due to the defect becomes comparable to that caused by the non-physical response,
which is not able to hide the correct response. The application of the filter makes
indiscernible the presence of the non-physical behaviour. The maximum and minimum values of the rail acceleration are 750 and -750 m/s2 , which are in the order
of magnitude of the measurements gathered in Ref. [120].
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Figure 5.7: Response of the rail velocity (left) and acceleration (right) at the contact
position for the track with distributed supports. Corrugated rail. Orange: Non-filtered
response. Blue: Filtered response.

5.3

Conclusions

The numerical methodology proposed in this thesis is not able to remove from the
acceleration the non-physical response arising when nodes are overtaken. In ap95
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pearance, it becomes more severe as the number of iDoF is increased. However,
by comparison of the frequency content of numerical and analytical results, it is
detected that the implementation of the iDoF extends the frequency range where
the numerical approach accurately predicts accelerations. This is due to the dynamic approach of the local system having a validity range delimited by the highest
resonance frequency of the iDoF, above which the element formulation is not consistent. This fact explains the remaining discontinuity, for which the acceleration
response turns out to be very sensitive, on the contrary to contact forces, which are
unaffected.
The use of filters allows removing to a large extent the disturbance of the response. The performance of a filter with a fixed cut-off frequency improves as the
number of iDoF is increased. When smooth surfaces are studied, acceleration filtering makes distinguishable the fundamental behaviour of the response. However,
the impact of the non-physical slope discontinuity is still very significant.
Substitution of the concentrated support modelling by a distributed formulation eliminates the contribution of the support to the acceleration disruption. This
proves that the concentrated modelling of support causes an artificial discontinuity
at the slope, which is balanced with an impulse-like response of the rail accelerations.
At the practical case of a corrugated rail, the influence of the discontinuity
becomes less important but still noticeable. Nevertheless, application of the lowpass filter with cut-off frequency at 6 kHz removes the unrealistic response.
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6

Frequency domain numerical
modelling and time domain
resolution
This chapter explores some of the advantages of the formulation in the frequency
domain in order to improve the track model based on Timoshenko FE (numerical
model). In the first sections of the chapter, several enhancements of the numerical model are addressed, concerning the sleeper description, the adopted type of
damping and the formulation of the track boundaries. The last part of the chapter
is focused on the development of a fast resolution procedure in time domain by
using the frequency domain description of the track. Most part of the work of this
chapter corresponds to the model used in Paper D [125].

6.1

Introduction

The formulation of the problem in the frequency domain provides substantial advantages regarding the description of dissipative properties and the sleeper dynamic behaviour [78]. This chapter formulates the numerical model in the frequency
domain, in order to account for distributed supports, along with idealised dissipative properties, sleeper flexibility and improved track boundary conditions. Other
advantages of numerical modelling that are not developed here might consist of
coupling between ballast below different supports, which is proposed by Zhai et al.
[126], or varying track nature at railway crossings. The latter problem is formulated
numerically in the frequency domain by Li et al. [34], who subsequently obtain the
time domain response of the system.
This chapter also makes use of the frequency domain results for the calculation
of the wheel-rail interaction in time domain. This task is fulfilled via convolution
product between the numerical impulse response functions (Green’s functions in
the time domain) and the contact force. Several studies employ this procedure
with the rail formulated according to beam theories [25, 56, 61, 77, 91, 127] and
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by using waveguide FE [66, 128]. This chapter makes special emphasis in the use
of time domain moving Green’s functions in order to exploit the computational
efficiency of the convolution product. The main drawback of this methodology is
that the initial formulation in the frequency domain assumes linear behaviour of
track components.

6.2

Sleeper flexible modelling

Typically, half-track models use point masses to represent the sleeper. In spite
of being a widespread approach, it is only adequate for biblock sleepers, in which
both concrete blocks are connected by a flexible pipe that largely isolates the two
masses [103]. For the case of monoblock sleepers, Oregui et al. [103] prove that the
track receptance is affected by the sleeper bending vibration modes. It is taken into
account by Zhang et al. [78], who develop a WFE half-track model that introduces
the receptance of a flexible sleeper model at the support positions.
The numerical modelling presented in this thesis allows a straightforward substitution of the sleeper point mass model by the flexible approach. In Ch. 2, Fig.
2.2 shows a scheme of the stiffness matrix of a bay. The implementation of the
flexible modelling eliminates the terms associated with the ballast stiffness and
substitutes them by a dynamic stiffness of the flexible sleeper. These terms jointly
account for the ballast properties and the inertia of the sleeper; thus the sleeper
mass and viscous ballast damping are subtracted from the mass and damping global
matrices, respectively.
More compactly, the contribution of the sleeper can be introduced in an individual matrix with dynamic behaviour, Ks (ω), which is directly summed over the
global stiffness matrix. Ks (ω) has no null terms only at the sleepers DoF. The Eq.
(2.32) defining the frequency response functions is rewritten as
2
Htr (ω) = K−1
dyn (ω) = [−ω Mr.p + iωCr.p + Kr.p + Ks (ω)]

−1

,

(6.1)

where Mr.p , Cr.p and Kr.p are global matrices modelling the rail and rail-pads
behaviour.
Those terms at the sleeper DoF in Ks (ω) are the flexible sleeper receptances, Sf.s (ω), which are derived analytically with a wave approach as suggested by
Thompson in Ref. [35]. The details of the procedure are given below.

6.2.1

Vertical motion

In [35] the sleeper is modelled as a homogeneous Timoshenko beam over an elastic
foundation, whose area and section inertia features are averaged along its length.
Approaching the sleeper as a homogeneous beam is a realistic approach according
to Grassie [129], who compares measured natural frequencies with those predicted
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under the mentioned assumption. Nevertheless, significant disagreement occurs
at the prediction of the first vibration mode for an unsupported sleeper, which
is corrected after the stiffness of the ballast is included at the vibration mode
calculation [35].
The sleeper foundation here implemented can consider both elastic and viscous
behaviour. The dynamic differential equation of a Timoshenko beam over a viscoelastic foundation is given in Eq. (4.29). From it, the wave approach defines the
sleeper vertical displacement field, Ws (y), as a piecewise function. At both sides of
the loading position it reads
EF

EF

EF

EF

EF
ykp

EF
−ykp

EF
ykd

EF
−ykd

Ws− (y) = P1 eykp + P2 e−ykp + P3 eykd + P4 e−ykd
Ws+ (y)

= P5 e

+ P6 e

+ P7 e

+ P8 e

for − y0 < y < 0,
for

0 < y < ls − y0 ,

(6.2)
(6.3)

where y0 is the distance from the end to the load position and ls is the sleeper
length. The variables kpEF and kdEF are the propagative and decaying wavenumber,
respectively, for the case in which the beam rests on a viscoelastic foundation.
The eight coefficients defining Ws (y) are derived after imposing the proper
boundary conditions at the sleeper ends, and the equilibrium and continuity conditions at the loading position. At both sleeper ends the moment and shear force
are vanishing, resulting in
∂Θ−s
∂Θ+s
∣
=
∣
=0
∂y y=−y0
∂y y=ls −y0

(6.4)

∂Ws−
∂Ws+
− Θ−s ) ∣
=(
− Θ+s ) ∣
= 0,
∂y
∂y
y=−y0
y=ls −y0

(6.5)

and
(

where Θs is the sleeper bending rotation, which can be defined in terms of the
vertical displacement by means of Eq. (4.30). The continuity between displacement
fields imposes another two conditions as
Ws+ ∣y=0 = Ws− ∣y=0 ,

(6.6)

Θ+s ∣y=0 = Θ−s ∣y=0 .

(6.7)

and

Finally, the equilibrium requirements impose the last two conditions as
∂Θ+s
∂Θ−s
∣
=
∣ ,
∂y y=0
∂y y=0

(6.8)
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and
Gs As κs (

∂Ws+
∂Ws−
− Θ−s ) ∣
− Gs As κs (
− Θ+s ) ∣
= P.
∂y
∂y
y=0
y=0

(6.9)

From this set of conditions, the coefficients Ci describing the forced response of the
sleeper excited at the rail-pad position are obtained. If P is a unitary value, the
resulting displacement at Ws (0) is the sleeper dynamic flexibility, ant its inverse
value is the dynamic stiffness, Sf.s (ω).
The averaged parameters of a concrete monoblock sleeper are gathered in Tab.
6.1, which are taken from [35]. The foundation formulated here can include ballast
dissipation features through viscous and hysteretic elements, characterised by cb
and ηb (ballast loss factor), respectively. The internal sleeper dissipation is also
implemented through Es′ = Es (1 + iηs ), where ηs is the sleeper loss factor.
Table 6.1: Averaged parameters of the monoblock sleeper [35].

Cross area (cm2 )
Shear coefficient (-)
Length (m)
Loss factor (-)
Shear modulus (GN/m2 )

As
κs
ls
ηs
Gs

436
0.83
2.5
0.01
18.7

Section inertia (cm4 )
Load position (m)
Density (kg/m3 )
Young’s modulus (GN/m2 )
Half sleeper mass (kg)

Is
y0
ρs
Es
Ms

16500
2
2500
43
136

|Dynamic stiffness| (N/m)

The resulting dynamic stiffness of the sleeper for point and flexible modellings
is shown in Fig. 6.1. The flexible model is studied at unsupported conditions as well
as over elastic and viscoelastic foundation types. The ballast stiffness and damping
are set in 56 MN/m2 and 37.6 kNs/m2 , respectively, which corresponds to 70 MN/m
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Figure 6.1: Vertical dynamic stiffness of the substructure for different sleeper modellings.
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and 47 kNs/m for the point support modelling, respectively. The dynamic stiffness
of the point modelling simply reads
Spoint.s (ω) = −Ms ω 2 + iωcb + sb .

(6.10)

Results included in Fig. 6.1 prove that using half the sleeper mass at the point
sleeper modelling approaches the rigid mode of the sleeper over the ballast correctly.
This result is also mathematically confirmed by Kostovasilis [130]. Additionally,
after including the sleeper flexibility, a marked dynamic behaviour arises above a
frequency located between the first and second sleeper vibration modes, at 130 and
376 Hz, respectively. The overall trend of the flexible sleeper model is a reduction
of the dynamic stiffness, which lies below the one predicted by the point modelling,
excepting at the frequencies where the sleeper anti-resonances occur. Regarding the
elastic foundation, it mainly affects the first and second sleeper vibration modes
by causing a noticeable increase of their natural frequencies, whereas the upper
vibration modes are not substantially modified. Finally, the viscous damping is
proved as necessary to avoid exaggerated response of the dynamic features.

6.2.2

Lateral motion

In whole track models the lateral track dynamics must be introduced, in order to
account for the coupling between left and right rails. However, lateral modelling
might also be necessary for half-track modelling, e.g. in noise assessment where the
lateral rail emission should also be addressed.
Similarly to the transversal motion of the sleeper, the dynamic features of the
axial sleeper motion can be introduced into numerical models by using its dynamic
stiffness, which is obtained analytically with a wave approach. The sleeper is again
assumed to be homogeneous and resting on a viscoelastic foundation. The resulting
equilibrium equation reads
Es As

∂ 2 us (y, t)
∂ 2 us (y, t)
−
ρ
A
− sd us (y, t) − cd u̇s (y, t) = 0,
s
s
∂y 2
∂t2

(6.11)

in which us (y, t) is the axial sleeper displacement. Assuming a wave solution of the
kind us (y, t) = Us (y)eiωt , the equilibrium equation becomes
Es As UsII + (ρs As ω 2 − sd − iωcd ) Us = 0,

(6.12)

from which the longitudinal wavenumber is obtained as
√
kLEF

=

−

ω 2 ρs sd + iωcd
+
.
Es
E s As

(6.13)
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Following a similar procedure to that used in the vertical description of the sleeper,
the displacement field at both sides of the point force is described by
EF

EF

EF
ykL

EF
−ykL

Us− (y) = P1 eykL + P2 e−ykL
Us+ (y)

= P3 e

+ P4 e

for − y0 < y < 0,
for

0 < y < ls − y0 .

(6.14)
(6.15)

The coefficients Pi are obtained after imposing zero axial force at the sleeper ends,
and force equilibrium and displacement continuity at the loading position. The
four conditions are stated as
∂Us−
∂Us+
=
= 0,
∣
∣
∂y y=−y0
∂y y=ls −y0

(6.16)

Us+ ∣

(6.17)

y=0

E s As

− Us− ∣

= 0,

y=0

∂Us+
∂U −
∣
− Es As s ∣
= P.
∂y y=0
∂y y=0

(6.18)

Fig. 6.2 shows the axial flexible dynamic stiffness at the rail-pad position,
where it is point loaded, for different sleeper modelling options. The lateral distributed stiffness and viscous damping are set in 44 MN/m2 and 30 kNs/m2 , respectively, which correspond to 110 MN/m and 75 kNs/m for the point sleeper modelling,
respectively. Lateral stiffness value is obtained from [114], and viscous lateral damping value is set in relation to the vertical one using the same ratio as the lateral to
vertical stiffness. In order to calculate the dynamic stiffness with the point sleeper
modelling, Eq. (6.10) has been used again but employing the whole sleeper mass.

|Dynamic stiffness| (N/m)

In the longitudinal case, the first resonance of the sleeper is correctly approached if the point modelling introduces the whole mass of the sleeper, as it is also
confirmed by Kostovasilis [130]. On the other hand, the first dynamic feature occurs
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Figure 6.2: Lateral dynamic stiffness of the substructure for different sleeper modellings.
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at about 530 Hz, quite above the analogous frequency for the transversal direction,
which points out a high rigidity of the longitudinal direction. The influence of the
elastic foundation on the axial dynamic behaviour of the sleeper is negligible beyond
the rigid body motion at 100 Hz. However, the viscous nature of the foundation
provides significant damping.

6.2.3

Influence of the sleeper flexibility in the rail dynamics

The vertical and lateral receptances of the track for point and flexible modelling of
the sleeper are shown in Fig. 6.3 (a) and (b), respectively. The track is modelled
using 51 bays, which use one TEEF element at the rail above supports and three
TIM4 elements for the rest of the bay. The vertical track parameters are those
included in Tab. 2.1, excepting the half sleeper mass, which from the length, area
section and density of the sleeper in Tab. 6.1 is set in 136 kg. Regarding the lateral
modelling, the inertia moment of the rail section is set in 512.3 cm4 (UIC60 type).
In that direction, the pad stiffness and damping are set in 50 MN/m and 10 kNs/m
(from [71]), respectively. The ballast properties are those from the previous section.
For the vertical dynamics (Fig. 6.3 (a)), the flexible modelling causes two
resonances at about 365 and 525 Hz, and anti-resonances at about 420 and 735 Hz.
The track anti-resonances match with the second and third bending vibration modes
of the monoblock sleeper. Although the first bending mode occurs at 212 Hz it is
not noticeable since the rigid mode overlaps it. Oregui et al. [103] point out that
other two resonances arise at the track response due to the coupling between both
rails through the sleepers, which is not accounted for here.
Concerning the lateral direction (Fig. 6.3 (b)), the response is not affected
by the flexible modelling of the sleeper. It is due to the sleeper being much stiffer
than rail and rail-pads, and the higher flexibility of the dynamic sleeper modelling

(a)

(b)

|Receptance| (m/N)
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Figure 6.3: Amplitude of the rail receptance for point (Black) and flexible (Blue) modellings of the sleeper, for the vertical (a) and lateral directions (b).
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being unable to reverse this situation. Fig. 6.3 (b) also zooms the response at
the high-frequency range, where the boundary effect becomes perceptible since the
dissipative capacity of the rail-pad in the lateral direction is considerably lower than
in the vertical one.
In this approach, the definition of the laterally distributed ballast foundation is
not realistic since a significant part of the stiffness is provided by the ballast stacked
at both ends of the sleeper. A more proper approach would require the assignment
of part of the stiffness to concentrated springs at both ends. Nevertheless, the
influence of the axial flexibility does not seem to be decisive in the lateral track
dynamics, and therefore this fact is considered negligible.

6.3

Damping modelling

According to the results presented in [35], the ballast is strongly frequency-dependent
above 100 Hz. This behaviour is modelled in [35] with an idealised stiffness that
linearly increases in one order of magnitude from 100 to 1000 Hz, whereas the loss
factor remains constant.
Fig. 6.4 shows the dynamic stiffness of the flexible sleeper for viscous and
hysteretic models of ballast damping. The parameters of the ballast foundation are
those from the previous section, and the loss factor is set in one, which is a typical value [131]. The viscous and hysteretic frequency independent ballast damping
models result in similar responses. In both models, resonances and anti-resonances
take place at the same frequency, but the viscous damping causes slightly higher
attenuation. However, the frequency-dependent stiffness model introduces higher
damping, and moreover, it shifts the dynamic features to higher frequencies due to
the stiffness increase. Therefore, the representation of the ballast frequency dependency is necessary when modelling the track with flexible sleepers. Nevertheless,
this ballast behaviour can also be approached by adjusting its viscous damping [78].
Concerning the rail-pads, their dissipative properties have been taken into
account up to this point by using viscous damping. However, rail-pads have a weak
dependency on frequency, and their dissipative behaviour closely resembles that of
a hysteretic model [132] (constant loss factor). This behaviour can be approached
straightforwardly in the frequency domain; whereas in the time domain it requires
the use of more sophisticated models like the proposed by Fenander [133], which
is based on fractional derivatives formulation (pot element). The latter model is
adopted by Zhu et al. [134] in time domain simulations, together with frictional
elements to account for the non-linear and amplitude-dependent behaviour of the
rail-pad.
In frequency domain simulations, hysteretic damping can be easily implemented by defining a complex pad stiffness as sp (1 + iηp ), where ηp is the rail-pad loss
factor. Subsequently, the time domain response can be obtained via convolution
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Figure 6.4: Dynamic stiffness of the sleeper for different ballast damping models.

product as done by Nordborg [61] and Pieringer [66]. The main disadvantage of
this procedure is the level of uncertainty due to causality problems, which arise
from using a frequency independent damping [106, 107].
Another problem of using hysteretic damping in numerical track models is the
appearance of significant boundary effects, since hysteretic damping is unable to
achieve high dissipation of high-frequency vibrations. Even if a large number of
bays is used to model the track, high-frequency vibrations reach the finite model
ends and affect the excitation position. This problem is especially accentuated at
the lateral direction. Before studying the influence of the pad damping modelling,
boundary effects are addressed in the next section with the use of infinite elements.

6.4

Implementation of infinite elements at the model ends

The use of infinite Timoshenko elements at the model ends avoids the boundary
effect to a large extent, and enables the use of structural damping. The derivation
of the infinite element is based on the development proposed by Dimitrovová [135].
The vertical displacements of semi-infinite Timoshenko beams placed at the right
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and left ends of the track are defined as
+
Ws.∞
(x) = C1 e−ikp x + C2 e−kd x ,
−
Ws.∞
(x)

ikp x

= C3 e

kd x

+ C4 e

(6.19)

,

(6.20)

respectively, where kp and kd are defined in Eqs. (3.11) and (3.12), respectively.
The bending displacement fields are represented as
Θ+s.∞ (x) = C1 k̂p+ e−ikp x + C2 k̂d+ e−kd x ,
Θ−s.∞ (x)

=

C3 k̂p− eikp x

(6.21)

+ C4 k̂d− ekd x ,

(6.22)

where value of k̂ reads the general expression
ω 2 ρB
)
G′ κ
− Iρω 2

k (k 2 B + K +
k̂ =

K

⎧
k̂ = k̂p+ → k = −ikp
⎪
⎪
⎪
⎪
⎪
⎪
⎪k̂ = k̂d+ → k = −kd
where ⎨
⎪
k̂ = k̂p− → k = ikp
⎪
⎪
⎪
⎪
−
⎪
⎪
⎩k̂ = k̂d → k = kd

.

(6.23)

where B = E ′ I, K = G′ Aκ, E ′ = E (1 + iηr ) and G′ = G (1 + iηr ). The equilibrium
equations become
∂Θ+s.∞
,
∂x
∂Θ−s.∞
−
Mnum
= −B
,
∂x
+
∂Ws.∞
Q+num = K (
− Θ+ ) ,
∂x

+
Mnum
=B

Q−num = −K (

−
∂Ws.∞
− Θ− ) ,
∂x

(6.24)
(6.25)
(6.26)
(6.27)

±
where Mnum
and Q±num are the moment and shear forces of the numerical model
ends, respectively. After imposing continuity conditions between the semi-infinite
beam edges and the DoF of the numerical model ends, the dynamic stiffness matrices of the infinite elements read

K+∞ (ω) =

1

−K (kd k̂p+ − ikp k̂d+ ) K (kd + k̂d+ − k̂p+ − ikp )
[
]
+ +
B (kd k̂d+ − ikp k̂p+ )
k̂d+ − k̂p+ −B k̂d k̂p (kd − ikp )

(6.28)

and
K−∞ (ω) =
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1

−K (kd k̂p− − ik̂d− kp ) K (kd − k̂d− + k̂p− − ikp )
[
].
− −
B (kd k̂d− − kp k̂p− i)
k̂d− − k̂p− −B k̂d k̂p (kd − kp )

(6.29)
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The matrix K∞ (ω) includes both K+∞ (ω) and K−∞ (ω) at the DoF of the model
ends. Finally, the frequency response of the system is given by
2
H (ω) = K−1
dyn (ω) = [−ω M + iωC + Kr.p + Ks (ω) + K∞ (ω)]

−1

.

(6.30)

The track receptance using hysteretic damping at the rail-pad is displayed
in Fig. 6.5 for finite and infinite numerical track models. The finite numerical
track model leads to a significant error at high frequencies, especially for the lateral
direction, where it even becomes dominant. The implementation of infinite elements
is able to achieve a substantial reduction of the boundary effects. It confirms the
effectiveness of the infinite Timoshenko element to avoid the wave reflection at
the boundaries. The track is modelled with 81 bays, two TEEF are used for the
support modelling and six TIM4 FE for the rest of the bay. The rail-pad loss
factor is set in 0.25 [114]. It should be noted that the infinite elements do not
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Figure 6.5: Track receptance for finite (Blue) and infinite (Red) numerical models when
hysteretic damping is implemented in rail-pads. Solid: mid-span excitation. Dashed: above
support excitation. Left: vertical direction. Right: Lateral direction.
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eliminate the boundary effects completely since the track is modelled with elements
whose shape functions are derived statically, consequently, as frequency increases
the compatibility between infinite and finite elements decreases.
Once the boundary effect is corrected, the influence of the ballast and rail-pad
damping modellings on the track dynamics is studied in Figs. 6.6. In the vertical
direction, the selected type of ballast damping leads to large differences between
0 and 600 Hz. As compared with viscous damping, hysteretic one reduces the
magnitude of the track receptance below 140 Hz significantly, and it also flattens
the first track resonance. At the medium-frequency range, hysteretic damping
attenuates the resonances and anti-resonances since it damps the sleeper bending
modes. Above 800 Hz the ballast damping formulation has a negligible influence
on the track dynamics. For the lateral direction, the difference between hysteretic
and viscous ballast damping modellings are noticeable below 200 Hz, where the
hysteretic damping removes the first resonance of the track.

Amplitude (m/N)

Concerning the modelling of the rail-pad damping, its influence is significant
at the vertical rail receptance between 400 and 2000 Hz. However, its impact on the
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Figure 6.6: Track receptance for different damping modellings. Direction: vertical (upper) and lateral (bottom). Excitation: mid-span (left) and above the sleeper (right). Black:
Ballast and rail-pads with viscous damping. Cyan: Ballast and rail-pads with hysteretic
and viscous damping, respectively. Red: Ballast and rail-pads with hysteretic damping.
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track receptance is less noticeable than that due to the ballast damping modelling.
The impact of hysteretic damping is evaluated in comparison with the results using
viscous one. Hysteretic damping increases the amplitude of the response below the
‘pinned-pinned’ frequency, and the corresponding resonance and anti-resonance are
less damped. Above the ‘pinned-pinned’ frequency up to 2000 Hz, hysteretic damping results in lower and higher response for excitations at the mid-span and above
the sleeper, respectively. The hysteretic damping also causes a more accentuated
response at the second ‘pinned-pinned’ frequency, around 3000 Hz. For the lateral
direction, the pad damping modelling introduces slight differences just above the
first and second ‘pinned-pinned’ frequencies.

6.5

Resolution based on the numerical convolution

The time domain solution of a linear system formulated in the frequency domain
can be performed by using the convolution product, which reads
t

w (xres , t) = ∫

0

g (xexc , xres , t − τ ) fexc (xexc , τ ) dτ

(6.31)

where xres and xexc are the response and excitation positions and g contains the
impulse response functions (or Green’s functions in the time domain). This methodology is fast since, for a known force-time history, the calculation of the response
at each instant can be reduced to a scalar product.

6.5.1

Moving Green’s functions

The use of moving Green’s functions can give some insight into the impact of the
load speed on the track dynamics. For the problem studied here, the excitation is
due to the contact force, fc , that takes place at xm
c = x0 + V t, where the superscript
‘m’ refers to its moving nature. If the rail response is studied at a moving position,
m
xm
d , separated by a constant distance, d, from xc , the convolution product becomes
wr (xm
d , t) = − ∫

t
0

m
g m (xm
c , xd , t − τ ) fc (τ )dτ,

(6.32)

where g m is the time domain moving Green’s function. The negative sign in the
right-hand side of Eq. (6.32) comes from the contact force definition adopted in
this work, in which the downward contact force acting on the rail is positive in
accordance with the definition of the interpenetration as δwr = wr − ww and Eq.
(2.20). The numerical impulse response function of the model is derived as the
discrete inverse Fourier transform of the numerical frequency response functions
defined in Eq. (6.30),
h (t) =

1 N
iω t
∑ H (ωn ) e n ∆ω,
N n=0

(6.33)
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Both H (ω) and h (t) are three dimensional matrices. Two dimensions relate the
excitation and response DoF, and a third one represents the time and frequency
domains. The size of h (t) depends on whether the track is assumed perfectly
periodic, in which case the DoF of the central bay are enough to represent the
excitation DoF. The time domain Green’s function of any rail position can be
approached as
g (xexc , xres , t) = NT (xres )h (t) N(xexc ),

(6.34)

T

where N(x) = [0 N(e) (x) 0] , which weights the contribution of the DoF belonging to the excitation and response FE. The moving Green’s function are defined
as
g m (x0 , d, V, t) = NT (x0 + V t + d)h (t) N(x0 ),

(6.35)

which represents the time domain response at a moving position, x0 + V t + d, due to
an impulse occurring at x0 . Here, the moving Green’s functions are derived from
the stationary time domain response at the nodes, however they account for the
impact of the moving conditions on the track dynamics. Fig. 6.7 depicts this idea,
in which the moving Green’s function is assembled from individual values of the
Green’s function derived in the stationary reference framework. This conversion
from stationary to moving Green’s function is used by Nordborg [61], Mazilu [83]
and Pieringer [91].
For the track parameters included in Tab. 2.1 the stationary and moving
Green’s functions are displayed in Figs. 6.8 (a) and (b), when it is excited at positions above the sleeper and at the mid-span, respectively. Both responses exhibit
two peaks below 5 ms related to the P1 resonance, and a highly damped oscillatory
behaviour above 10 ms associated with the P2 resonance. The latter resonance is
slightly affected by the load speed, which causes a reduction of its amplitude. For
the excitation at the mid-span, the response of the ‘pinned-pinned’ resonance is
also observed. In moving conditions, the ‘pinned-pinned’ frequency resembles a
modulated response due to Doppler effect causing splitting of the resonance peak
into two, approximately separated by V /l. In both cases, the response is vanishing
after 100 ms.
The effect of the load speed in the frequency domain is displayed in Fig. 6.9,
which plots the moving frequency response function obtained after applying the
Fourier transformation to g m . The twin peaks resulting from splitting ‘pinnedpinned’ resonance reduce their magnitude as the load speed increases. The corresponding anti-resonance dip does not change significantly. At 80 m/s, the P2
resonance slightly reduces its amplitude and frequency. The anti-resonance due to
the sleeper vibration (around 250 Hz) also undergoes a small reduction of its depth.
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Figure 6.7: Schematic representation of the derivation of the moving Green’s functions
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Figure 6.8: Moving and stationary Green’s functions in the time domain. (a): Excitation
above supports. (b): Excitation at the mid-span.
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Figure 6.9: Moving and stationary track receptances. Solid line: excitation at the midspan. Dashed line: excitation above supports.

6.5.2

Numerical convolution product

The convolution product can be written as a summation of discrete values, for
which Eq. (6.32) becomes
N

T
wr (xm
d , tN ) = − ∑ N (x0 + V tN + d)h (tN − τj ) N(x0 + V τj )fc (τj )∆τ,

(6.36)

j=0

which in terms of the moving Green’s functions reads
N

m
wr (xm
d , tN ) = − ∑ g (x0 + V τj , d, V, tN − τj ) fc (τj ) ∆τ.

(6.37)

j=0

The contribution of each impulse to the response is characterised through the moving Green’s functions, which can be rearranged to express Eq. (6.32) by means of
a scalar product as
wr (xm
d , tN ) = −ĥN (x0 , V, d, tN )fc (tN )∆τ,

(6.38)

where the contact force time history up to tN is included in fc (tN ) and ĥN (x0 , V, d, tN )
contains the contribution of the impulses (up to the N -th) to the response at the
instant tN and the position xm
d = x0 + d + V tN . For each new studied instant, the
vectors fc (tN ) and ĥN (x0 , V, d, tN ) are enlarged with a new term. Moreover, as
the influence of a given impulse with time should be attenuated, all the terms in
ĥN (x0 , V, d, tN ) are redefined for each studied instant.
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Once ĥN (x0 , V, d, tN ) is obtained by rearranging g m , time domain simulations become costless in computational terms. This advantage is especially useful
when simulations should be repeated at several loading conditions; for instance, at
assessing the dynamic behaviour with different irregularity profiles.

6.5.3

Wheel-rail contact interaction

The coupling between wheel and rail is performed, as in the previous chapters, with
Eq. (2.20). The influence of the contact damping will also be assumed negligible in
this study. The formulation presented in the previous section enables the calculation
of the response for a known excitation force. In the case of a moving wheel exciting
the track, the wheel-rail contact force time history is known, excepting at the instant
which is being calculated. Therefore, the scalar product in Eq. (6.38) should be
split into the known and unknown parts as
wr (xm
d , tN ) = −ĥN −1 (x0 , V, d, tN −1 )fc (tN −1 )∆τ − h0 fc ∆τ,

(6.39)

where h0 = g m (xc , d, V, 0) is the instantaneous response of the track.
The resolution of the time-domain response is not exempt from the problems
addressed in Ch. 3. However, convolution procedure has one advantage when
comparing it with direct numerical integration, since the non-physical behaviour is
implicitly filtered out by imposing a maximum frequency of H(ω) below the one
associated to that phenomenon. Nevertheless, it requires at least the implementation of the static approach of the local system in order to avoid significant error in
the contact force response.
Since the local displacement is described statically, it only affects to the instantaneous response of the track, h0 , in Eq. (6.39), which is redefined as
h0 = g m (xc , d, V, 0) + hsta (xc )

(6.40)

where hsta = Fsta (xc )/∆τ . The function Fsta (xc ) is defined for the TIM4 FE and
TEEF in Eq. (3.17) and implicitly in Sec. 4.3.1, respectively.
Eq. (6.39) together with the contact equation (2.20), the equilibrium equation
for the wheel and the Newmark equations (2.24) and (2.24), construct a non-linear
system of equations with the same number of equations as unknowns. In matrix
form it reads
⎡ 1
⎢
⎢h ∆τ
⎢ 0
⎢
⎢ 1
⎢
⎢ 0
⎢
⎢ 0
⎣

1/2

Kc δwr
0
0
1
0

0
0
0
0
0 −Mw
0 −β∆τ 2
1 −γ∆τ

1/2 ⎤ ⎡

−Kc δwr
1
0
0
0

⎤ ⎡
⎤
0
⎥ ⎢ fc ⎥ ⎢
⎥
⎥ ⎢w ⎥ ⎢ĥ
⎥
⎥ ⎢ w ⎥ ⎢ N −1 (x0 , V, d, tN −1 )fc (tN −1 )∆τ ⎥
⎥⎢ ⎥ ⎢
⎥
⎥ ⎢ẇw ⎥ = ⎢
⎥,
−fext
⎥⎢ ⎥ ⎢
⎥
2
⎥ ⎢ẅw ⎥ ⎢ wp + ẇp ∆τ + ∆τ (1/2 − β) ẅp ⎥
⎥⎢ ⎥ ⎢
⎥
⎥ ⎢ wr ⎥ ⎢
⎥
ẇp + ∆τ (1 − γ)ẅp
⎦⎣ ⎦ ⎣
⎦
(6.41)
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where subscript ‘p’ refers to the instant previous to the one which is being studied,
tN . At each time-step, a Newton-Raphson iterative process (Eq. 2.31) should be
followed in order to reach the solution convergence. The Jacobian matrix is defined
as the squared matrix in the left-hand side of Eq. (6.41), which ignores second-order
terms resulting from the dependence of δwr on the unknowns, ww and wr .
The matrix and vectors in Eq. (6.41) have constant dimensions independently
of the size of the numerical track model. In this fact lies the main advantage of this
procedure, since a system of several hundreds of DoF can be condensed to five DoF,
at the cost of losing the ability to represent any non-linear and amplitude-dependent
behaviour.
Figs. 6.10 and 6.11 show the contact force factor (fdyn /fext ) response obtained
with the convolution product for the concentrated and distributed support modellings, respectively. For the sake of comparison, the solution obtained via direct
numerical integration using the Newmark integrator is also displayed. The frequency domain response is obtained up to 5 kHz, with a discretisation of 2 Hz. The
track is modelled with 61 bays and infinite Timoshenko elements at the boundaries.
The track parameters are those from Mazilu [71] (Tab. 2.1).
The significant error introduced by the non-physical response when the local
system is not taken into account is observed in Figs. 6.10 and 6.11. After implementing the static approach of the local system in the convolution procedure, the
response is significantly corrected with an almost negligible error due to the shear
incompatibility between elements. The result obtained with both resolution procedures, the direct numerical integration and the convolution, are in a high level of
accordance. The elements size in the convolution procedure, around 15 cm, would
result in first internal vibration mode occurring above 6 kHz; thus, the maximum
frequency set in 5 kHz filters out a large part of the non-physical slope discontinuity
at element boundaries.

Convolution. Local static.
Convolution. Conventional.
Newmark integration. Local dynamic.

Contact force factor
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1

0.95

5.5

6

6.5

Position (m)

7

7.5

8

Figure 6.10: Time domain response obtained with different resolution procedures. Concentrated support modelling. V = 36 m/s. Convolution: 4 elements per bay. Newmark: 2
TIM4 (2 iDoF) per bay. The supports positions are denoted with ∎ .
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Convolution. Local static.
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Newmark integration. Local dynamic.
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Figure 6.11: Time domain response obtained with different resolution procedures. Distributed support modelling. V = 36 m/s. Convolution: 1 TEEF per support and 4 TIM4
FE between supports. Newmark: 1 TEEF (1 iDoF) and 2 TIM4 (2 iDoF) per bay. The
supports positions are denoted with ∎ .

Regarding the computational cost of the simulations for the concentrated support modelling, a time domain simulation of 0.5 s based on Eq. (6.41) takes 0.89 s,
whereas the precalculus requires 175 s. The time used by the precalculus is divided
into two processes, the calculation of the frequency domain response, H (ω), which
takes 105 s, and the subsequent conversion to the time domain and the rearrangement to obtain ĥ, which spends 70 s. It should be noted that a longer time domain
simulation would not involve extra precalculus. In contrast, an analogous simulation based on the Newmark direct numerical integration takes 850 s, with those
parameters specified in Fig. 6.10 and 61 bays modelling the track. The time-step
length is set in 50 µs, in order to predict the response of the iDoF accurately. All
the simulations are performed with a computer whose processor is an Intel Core
i5-3470 CPU 3.2 GHz and a RAM of 8 GB.

6.6

Conclusions

Regarding the sleeper modelling, the transversal sleeper flexibility has a significant influence in the vertical track dynamics between 200 and 1000 Hz, where the
second and third sleeper vibration modes occur. These resonances arise as two
anti-resonances at the rail receptance. For the lateral track dynamics, the impact
of axial sleeper flexibility is negligible, and point mass modelling achieves accurate
results.
The modelling of ballast damping has a considerable influence in the first track
resonance, which is almost removed when hysteretic damping is employed, whereas
viscous modelling predicts a significant dynamic response of that resonance. Moreover, when the flexible sleeper model is used the influence of the ballast damping
extends up to 600 Hz through the sleeper vibration modes. In this case, the viscous
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ballast damping leads to larger resonances and anti-resonances than the hysteretic
modelling. For the lateral direction, the hysteretic damping also removes the first
resonance.
The modelling of the rail-pad damping involves some noticeable differences on
the resonances and anti-resonances due to the flexible sleeper, and above the first
and second ‘pinned-pinned’ frequencies. However, in general terms, rail-pad damping model has not a crucial role in the track receptance at the loading position.
Nevertheless, the viscous damping inhibits wave propagation along the track, whereas the hysteretic damping causes a limited attenuation, especially in the lateral
track dynamics. This behaviour is confirmed by the boundary effects arising when
hysteretic damping is used, which means that vibration is not attenuated before it
reaches the model ends. The propagation of vibration through rail is meaningful at
noise generation, and it might also be important at the coupling between wheelsets.
Concerning the boundary effects, the use of infinite Timoshenko elements is
proved to avoid this problem to a large extent. Nevertheless, a certain level of wave
reflection still occurs, whose origin is attributed to the assembly of the track model
with Timoshenko elements formulated with static shape functions.
The advantages of performing time domain simulations by using a track model
formulated in the frequency domain are also confirmed. The time domain simulations are carried out via convolution product. For the case studied in this chapter, the
convolution procedure is almost one thousand times faster than the direct numerical integration with Newmark integrator. It involves some precalculus procedures
that should be completed at least once; however, they take five times less than
the numerical integration. Nevertheless, convolution product loses the ability to
account for non-linear and amplitude-dependent behaviour of track components.
Finally, convolution product is based on moving Green’s functions in the time
domain, which, after Fourier transformation, can also be used to address the influence of load speed on track dynamics in the frequency domain. Concerning the track
receptance, load speed mainly causes splitting of the ‘pinned-pinned’ resonance and
decrease of the resulting resonance magnitude.
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CHAPTER

7

Rolling noise assessment
This chapter proposes a methodology for predicting rolling noise, which takes into
account the railway track periodicity and the moving load nature. Both analytical
and numerical track models are used in the proposed methodology. The latter
enables the adoption of distributed supports, whose advantages in the rolling noise
assessment are explored. The work performed in this chapter is mainly included in
Paper D.

7.1

Introduction

Sec. 1.3.6 makes a brief description of the noise generation mechanisms in railway
operations, the most important among which is the structural vibration caused by
wheel-rail contact forces, known as wheel-rail noise. In turn, this type of noise is
divided into three groups: rolling, impact and squeal noise. Wheelset dynamics
dominate the latter type of noise. On the contrary, track dynamics are of utmost
importance in the development of rolling noise below 2000 Hz [35], above which the
sound emission from the wheel is dominant. This fact justifies the study of the
influence of moving load nature and track features, such as periodicity and support
length, on the rolling noise generation.
The use of theoretical models to tackle the rolling noise phenomenon has been a
common practice during the last few decades. The primary goal is the prediction of
the track and train configuration that has the best performance from the acoustical
point of view. This way, noise problems can be foreseen at design stages, and
appropriate measures can be taken in order to avoid actions such as noise barriers,
which apart from being expensive, reduce the public acceptance of railway transport
system.

7.2

Fundamentals of the theoretical models for rolling noise

The first theoretical model was formulated and tested with field measurements by
Remington [136, 137]. That work was subsequently extended by Thompson [138–
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142], which is now an essential part of the theoretical background of the TrackWheel Interaction Noise Software (TWINS) [143], and was validated through field
tests [144, 145]. There are other theoretical models such as RRPNS (Railway
Rolling Noise Prediction Software) [146] and CRoNoS (CAF Rolling Noise Software)
[147, 148].
Those acoustical prediction models share a similar theoretical background in
which two main parts are distinguished. On the one hand, the dynamic description
of the components involved in the rolling noise generation, which is a mechanical
vibration problem. This part also comprises the coupling between wheel and rail,
which is performed with the moving irregularity strip technique (detailed in Sec.
7.2.2). On the other hand, the conversion from structure vibration to acoustic borne
sound and its propagation in the surrounding environment, which is an acoustical
problem. Refs. [35, 149] give detailed reviews of this topic.
Concerning the wheelset dynamics, its description has commonly been addressed with finite element methods (FEM). Thompson [139] uses axisymmetric
elements in the wheelset dynamic modelling. The wheel rotational speed can be
accounted for by using the methodology presented Fayos et al. [150]. For the acoustical problem, Thompson and Jones [151] study the wheel sound radiation and
state analytical expressions to approach the wheel radiation in a simplified way.
Regarding the track dynamic model, it encompasses the sleeper and rail description. The flexible description of the former is detailed in the previous chapter.
Referring to the acoustical performance of the sleeper, traditionally it is characterised by assuming that emission from adjacent sleepers is uncoupled [143]. However,
Zhang et al. [152] prove that a significant acoustic coupling occurs between adjacent
sleepers, which results in higher noise emission below 300 Hz, due to constructive
interference. Among the track components, the rail has been the subject of most
in-depth research, for which the most significant contributions are detailed below.

7.2.1

Rail modelling in rolling noise assessment

Theoretical models devoted to the rail modelling for acoustical purposes commonly
make use of beam theories for the description of rail dynamics. Nordborg [61,
153] develops a track model based on Euler-Bernoulli beam that accounts for the
periodic foundation by using the Floquet’s theory, which assumes a perfect track
periodicity. That work is further on enhanced by Hamet [50] who adopts the
Timoshenko beam theory. A subsequent extension of these studies is proposed
by Heckl [73], whose model accounts for the coupling between lateral and vertical
directions due to support positions off the rail centreline
Usually, the vertical rail motion controls the rail noise emission due to the
roughness excitation acting in that direction [35]. However, there is a significant
coupling between vertical and lateral directions because of the offset at the contact
position, asymmetries in the support, the inclination of the rail and cross-sectional
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deformation [143]. Therefore, the lateral rail dynamics should be accounted for in
noise prediction models.
For this purpose, an extension of simple beam models to describe lateral rail dynamics is performed by Wu and Thompson [43, 154], who develop a multiple beam
model. More accurate modelling of the rail-cross section deformation is achieved
with the waveguide FE (WFE) model proposed by Nilsson et al. [53], which is extended to account for the periodic foundation by Zhang et al. [78]. However, despite
the accuracy provided by the previous models, the simple Timoshenko beam theory
remains as a usual choice in the rail modelling for noise assessment [146, 147, 155].
The reasons that justify this practice are:
• In accordance with previous studies based on TWINS model and validated
through field tests [144, 156], the rail lateral emission might be dominant
in a frequency range between 500 and 1000 Hz. However, the web-buckling
resonance that involves cross-sectional deformation and contributes to lateral
emission arises above 1.5 kHz [53], and therefore prediction of lateral noise
emission accepts Timoshenko beam modelling.
• For the vertical direction, TWINS predictions [144, 156] point out a dominant
contribution of vertical rail emission in a range approximately delimited by 1
and 2 kHz, above which the wheel becomes the most important source. Precisely, the effect of cross-sectional deformation in the vertical direction starts to
be noticeable above 2 kHz [43], where foot-flapping, together with fastening
system [157], starts to inhibit the rail wave propagation. Thus, beam modelling overestimates the rail noise emission above that frequency. However,
since noise emitted by wheels becomes dominant, an accurate estimation of
rail emission above 2 kHz is not critical.
• An important disadvantage of single beam models is the resulting uncoupled
motion between vertical and lateral directions. In order to overcome this problem Thompson and Vincent [158] propose the use of an empirical expression
for the cross-receptance in terms of the vertical and lateral ones, Hzz and
Hyy , respectively, as
√
(7.1)
Hyz = 10LH /20 Hyy Hzz ,
where the parameter LH is normally set about -10 and -15 for monoblock and
bi-block sleepers, respectively, to fit the cross-receptance with experimental
results. Betgen et al. [157] prove this expression to be a realistic approach
by comparison with results from a 3D FE model. An available extension for
beam modelling is using torsional beam models as proposed by Kostovasilis et
al. [159], who also obtain a high level of accordance with WFE model results.
Therefore, single beam models are suitable for the prediction of rail noise
emission in the frequency range where the track has a significant influence on noise
emission, i.e. from 500 to 2000 Hz [144, 156].
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7.2.2

Irregularity strip technique

Once the wheelset and track dynamics are formulated, they are coupled through
some contact theory to solve the wheel-rail interaction. In Ref. [35], the Hertzian
and linear Kalker’s theories [108] are suggested for the vertical and lateral directions,
respectively. The excitation of the system is introduced with the irregularity strip,
which operates in the frequency domain and assumes that the strip slides between
wheel and rail, whereas both bodies remain stationary.
Fig. 7.1 shows a schematic representation of the technique, in which kinematic
variables are expressed in terms of the velocity because it is directly used in noise
calculus. Dynamics of the wheel, rail and contact account for the vertical and
lateral directions, while the longitudinal direction is omitted since it has a minor
contribution [143]. The origin of the reference system is located at the wheelrail contact position, and the excitation and moving nature are introduced by the
irregularity strip that is pulled between rail and contact (alternatively, between
wheel and contact) with the vehicle speed, V .

Figure 7.1: Schematic representation of the irregularity strip technique. Paper D [125].

The dynamic behaviour of the wheel, rail and contact is defined through their
mobilities, Yw , Yr , and Yc , respectively. The wheel-rail contact forces generated
by this system are obtained as
fwr (ω) = [Yr (ω) + Yw (ω) + Yc (ω)]
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where r(ω) is the roughness amplitude at each frequency. The dynamic response
of track and wheel is derived, and subsequently, their sound power is calculated
separately.

7.2.3

Sound power calculation

The sound power level (SWL) characterises the capability of the source to generate
sound. The calculation is carried out by using the radiation efficiency, σ(ω), which
is defined as the ratio between the SWL of the emitting body, to the SWL of a
uniformly vibrating circumferential baffled piston whose surface equals that of the
emitting body. The resulting general expression for the acoustic power at a certain
frequency reads
1
(7.3)
Wa (ω) = ρ0 c0 σ (ω) Σ ⟨vn2 (ω)⟩ ,
2
where ρ0 c0 is the air impedance, Σ is the surface of the vibrating structure, σ (ω)
is the radiation efficiency (or radiation ratio) and ⟨vn2 (ω)⟩ is the squared velocity
normal to the surface averaged over time (⟨ ⟩) and surface (¯). The calculation of
the SWL is performed in the frequency domain, but for the sake of clarity, from
now on the notation referring the frequency dependency is omitted.
The value of σ is derived from acoustical modelling of the vibrating structure.
For the wheel, σ can be approached with the expressions in Ref. [151]. More details of the acoustical modelling of wheelset and the SWL calculation using Abaqus
FEA® acoustical package can be found in [160, 161]. Regarding the rail, Thompson et al. [162] prove that 2D acoustical modelling of the rail is accurate for the
modelling of rail emission above 500 Hz. Taking advantage of this fact, the radiation efficiency can be easily obtained by using acoustical packages of FEA software.
In this case, Abaqus FEA software is used to derive the radiation efficiency of the
UIC60 rail type. Fig. 7.2 displays the radiation efficiency for the lateral and vertical
directions after post-processing the Abaqus FEA results. The peaks and notches in
the radiation efficiency are caused by constructive and destructive interferences due
to phase differences in the sound emission from different parts of the rail section
[35].
Assuming a negligible acoustic coupling between the vibration modes of the
wheelset, the SWL can be calculated by adding the contribution of each wheelset
resonance obtained with Eq. (7.3). However, the calculation of the rail emission
requires a different approach, because of the limitless appearance of the emitting
structure. According with Timoshenko beam theory, the rail velocity is assumed to
be composed of two waves, one propagative and another decaying, as
v (x, t) = R (ṽeiωt ) = R [(Vd eξd x + Vp eξp x ) eiωt ] ,

(7.4)

where Vd and Vp are the amplitudes of the dissipative and propagative waves, and
their wavenumber values are ξd and ξp , respectively. It should be mentioned that
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Figure 7.2: Radiation efficiency for a UIC60 rail type.

the latter variables refer to the wavenumbers of a periodically supported Timoshenko beam, in contrast to kd and kp (Eqs. (3.11) and (3.12)) that represent
the wavenumbers of a freely oscillating Timoshenko beam. The averaged squared
velocity becomes
1
2
⟨v 2 ⟩ = ⟨[R (ṽeiωt )] ⟩ = ṽṽ ∗
2
∗
1
1
2
2
= ∣Vp ∣ e2R(ξp )x + ∣Vd ∣ e2R(ξd )x + R [Vd Vp∗ e(ξd +ξp )x ] ,
2
2

(7.5)

where ∗ denotes the complex conjugate. The third term defining ⟨v 2 ⟩ results after
∗
applying that (F G∗ + F ∗ G) = 2R (F G∗ ), since (F G∗ ) = (F ∗ G) where F and G
2
are generic complex functions. The integration of ⟨v ⟩ along the rail length after
assuming symmetry reads
∞

⟨v 2 ⟩ = 2 ∫

0

2

⟨v 2 ⟩ dx = −

2
∣Vp ∣
∣Vd ∣
2
(βR [Vd Vp∗ ] + αI [Vd Vp∗ ]) ,
−
−
2R (ξp ) 2R (ξd ) α2 + β 2
(7.6)

where α = R [ξd + ξp∗ ] and β = I [ξd + ξp∗ ]. Eq. (7.6) is introduced in Eq. (7.3),
where Σ is replaced by the rail area projected on a plane perpendicular to the
motion per unit of length; for the UIC60 rail they are 0.4 and 0.34 m2 /m for the
vertical and lateral directions [155], respectively.
After calculating the contact forces by using Eq. (7.2), the rail velocity amplitudes are obtained as fwr Yr . The other important parameters in order to calculate
the SWL are the rail wavenumbers, especially that of the propagative wave, ξp .
The real part of ξp is a measure of the rail wave attenuation with distance, and
therefore it is a key factor in the rail noise emission. From ξp , the track decay rate
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is defined as
TDR = 20 log10 (eR(ξp ) ) ,

(7.7)

which results in −8.686 R(ξp ) dB/m that is commonly employed to point out the
rail waves attenuation. The value of the wavenumbers for a Timoshenko beam
over continuous and periodic foundations at stationary conditions can be analytically obtained by using the expressions given by Thompson [35] and Hamet [50],
respectively. Regarding ξd , it causes large attenuation of the decaying waves above
the cut-on frequency1 [35], where the rail starts to be the dominant source, and
therefore rail decaying waves are not subject of important concern.

7.2.4

Gaps in the research field

Within the frequency range where the rail is the dominant source of noise, the
‘pinned-pinned’ resonance occurs in the vertical direction. As it has been shown
in this thesis, this resonance affects the response significantly, and therefore its
influence on the emitted noise should not be ignored. For the lateral direction, the
‘pinned-pinned’ resonance may lie out of this range, because stiff rail-pad can shift
the bottom frequency of the rail dominance range up to around 1000 Hz by coupling
the motion of sleepers and rail, whereas laterally ‘pinned-pinned’ frequency occurs
around 550 Hz.
The implementation of track foundation periodicity in noise emission models
has to overcome two main difficulties. Firstly, the use of irregularity strip in noise
models [143, 146, 147] requires a spatially constant receptance of both wheel and
track, in which case the varying track receptance of periodic foundation prevents a
straightforward introduction. Secondly, the use of concentrated supports tends to
exaggerate the effect of periodicity at the ‘pinned-pinned’ frequency, as it is proved
in Ch. 4.
7.2.4.1

Varying track receptance

Geometrically, the wheel is a continuous system in which Yw does not change as the
vehicle moves forward. In the same way, for continuous track models Yr is easily
derived and directly introduced into Eq. (7.2). In periodically supported tracks,
the receptance varies as the contact position advances, which creates difficulties in
the direct implementation of the moving irregularity strip technique. Fig. 7.3 shows
that the periodic nature of the track becomes noticeable for the vertical receptance
above 300 Hz. The influence of the load position is more significant around the
‘pinned-pinned’ frequencies, especially at the first one at about 1100 Hz. For the
lateral direction, the ‘pinned-pinned’ frequency occurs around 550 Hz, and although
1 Defined

in Sec. 1.5 in the third track dynamic feature.
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it shows significant dependency on the load position along the bay, it is less affected
than the vertical one.
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Figure 7.3: Vertical (left) and lateral (right) stationary mobilities at the load point,
for several positions along the bay. Periodic track modelled with Timoshenko beam and
point supports. Vertical and lateral directions use flexible and point sleeper modellings,
respectively. Track parameters from Tabs. 2.1 (Vertical direction), 6.1 (Sleepers) and 7.1
(Loss factor and lateral direction). Paper D [115].

Varying track receptance is addressed in some Refs. [144, 163] by using a
value averaged with the receptance of several positions within the bay. Beyond
the uncertainty which comes along the use of this averaging procedure, this is a
quasi-static approach that neglects the impact of the Doppler’s effect.
In this chapter, the varying track receptance is addressed together with the
moving load nature, by using several precalculated time domain responses in moving
conditions performed with a convolution procedure (Ch. 6), which are subsequently
subjected to Fourier transformation to the frequency domain and averaging. The
results obtained from this procedure are suitable for the resolution based on the
irregularity strip technique.
Table 7.1: Track parameters complementing thos from Tabs. 2.1 and 6.1. Values from
[43, 131, 143]. The models with point and distributed supports use different rail loss factor.

Rail-pad loss factor (-)
Lateral rail-pad stiffness (MN/m)
Lateral ballast stiffness (MN/m)
Lateral rail inertia (cm4 )
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0.25
50
110
512.3

Ballast loss factor (-)
Vertical ηr (Point) (-)
Lateral ηr (Point) (-)
Vert. & lat. ηr (Dist.) (-)

1
0.02
0.01
10−4
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7.2.4.2

Overvalued track decay rate

Above the ‘cut-on’ frequency, TDR is primarily controlled by the rail loss factor,
ηr , and secondarily by the support stiffness. The rail loss factor is also used to
avoid the exaggeration of the ‘pinned-pinned’ resonance, e.g. Wu and Thompson
[43] define an overvalued rail loss factor between 0.01 and 0.02, whereas real one
is very small, usually in the range of (0.2 - 3) × 10−4 [43, 164]. For the vertical
direction, rail loss factors between 0.01 and 0.02 lead to minimum TDR between
0.6 and 1 dB/m, which is in accordance with field tests [143].
However, according to some track measurements [156, 157, 165] vertical TDR
could be located between 0.1 and 0.3 dB/m above the ‘pinned-pinned’ frequency,
up to about 2 kHz for some track configurations. Therefore, overvalued loss factor
could result in TDR higher than actual one, that in turn would underestimate
noise emission. In this case, controlling both the amplitude at the ‘pinned-pinned’
frequency and TDR at the same time by tuning the internal rail damping could not
be possible. In order to achieve better estimations, it is necessary to define ηr with
a steel-like value.
This chapter implements the distributed model of support (Ch. 4) in order to
achieve an accurate estimation of the ‘pinned-pinned’ resonance, without employing
extra rail internal damping.

7.3

Averaged moving mobility

In order to account for both load speed and varying track stiffness, a spatially
m
averaged rail mobility, Y r , is set from time domain simulations performed under
random moving point force as excitation (white noise). This value is implicitly
averaged over the load and response positions, (¯), and it also contains the impact
of the load moving nature on the track dynamics, (m). In order to assess the
propagation along the structure, the velocity is obtained at the moving contact
position and several forward positions. The propagation is quantified with ξpm that
represents the wavenumber of the propagative waves at moving conditions, and
from which the TDR is defined.
Schematically, the methodology is presented in Fig. 7.4. Each box stands for
an action that is described below:
(a) Analytical or numerical track model: The track model is set analytically or
numerically, both based on Timoshenko beam. The numerical model allows
implementation of distributed support modelling [42]. The analytical model is
taken from Hamet [50], which uses point support modelling with only vertical
interaction, and the numerical model corresponds to the one presented in Ch.
6.
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Wheel-rail contact
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ifft
(c)

Stationary Green’s
functions in time
domain

Input redefinition

(g)

Rearrangement
(d)

Moving Green’s
functions in time
domain (g*)

fft
(e)

Convolution product

(f)

Time domain signals

Figure 7.4: Explicative scheme of the proposed procedure to use the irregularity strip
technique accounting for the moving conditions together with periodic foundation. Paper
D [125].

(b) Stationary Green’s functions, Gv : By solving the previous model track receptances are obtained, which are transformed to mobilities, denoted as Gv .
(c) Stationary Green’s functions in the time domain, gv : Discrete inverse Fourier
transformation of the track receptance is performed, in order to obtain the
time domain response in a stationary frame (Eq. (6.33)).
(d) Moving Green’s functions in time domain, gvm : The Green’s functions are converted from a stationary to a moving reference framework, and subsequently
they are rearranged in order to obtain ĥv (x0 , V, d, t) (Sec. 6.5.2).
(e) Convolution product: The rail response can be obtained as the convolution
product between a given excitation, in this case, a white-noise force, fwn.i ,
and the rearranged moving green functions in the time domain as
wr (xm
d , t) = −ĥv (x0 , V, d, t)fwn.i (t)∆τ,

(7.8)

The variable fwn.i (t) represents a white noise signal, with unitary amplitude
along the frequency range of interest and random phase. The subscript i
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denotes that this operation is repeated a certain number of times, Ni , and for
each one the phase of fwn.i is redefined.
(f) Time domain signals: A collection of Ni time domain responses of the velocity
m
m
m
m
at xm
c , xd1 and xd2 are obtained. The positions xd1 and xd2 are located at
constant distances, d1 and d2 , forward from the load position, xm
c .
(g) Averaging and moving mobilities: Each time domain signal is subjected to a
Fourier transformation and averaging. In this way, spatially averaged moving
m
mobilities of the track, Y r , are obtained for several positions. These account
accurately for both the influence of the load speed and the varying track
stiffness.
(h) Wheel-rail contact force calculation: The rail mobility at the contact position,
m
Y r (0), is used in Eq. (7.2) to obtain the resulting force from the wheel-rail
contact interaction. This calculation is performed by the software CRoNoS
that defines the mobilities regarding wheel and contact.
(i) Rail sound power: Finally, the rail sound power is calculated by using the
contact force, the mobilities of the wheel, rail and sleeper, and the attenuation
of the propagative and decaying waves in the rail. The decaying wave is
described analytically from the stationary condition, hence assuming that it
is unaffected by both the load speed and the support modelling. Finally,
CRoNoS uses acoustic models to perform the SWL calculations.
m

The moving mobility propagative part, Y r.p , is used to obtain the wave attenuation, which is subsequently employed in the SWL calculation. The propagative
part of the moving mobility is calculated as
m

m

Y r.p (d) = Y r (d) − Y r.d eξd d ,

(7.9)

m

in which Y r (d) is the mobility resulting from the Fourier transformation and averaging of the time domain signals in step (g). The wave attenuation used in step (i)
for the SWL calculation is obtained by comparison of the propagative part of the
moving mobilities as
R [ξpm ]

m
m
⎡
⎤
⎡
⎤
1 ⎢⎢ ⎛ Y r (d) − Y d eξd d ⎞⎥⎥ 1 ⎢⎢ Y r.p (d) ⎥⎥
= R ⎢ln
=
R
ln
.
m
m
d ⎢ ⎝
⎠⎥⎥ d ⎢⎢ Y r.p (0) ⎥⎥
Y r.p (0)
⎣
⎣
⎦
⎦

(7.10)

Time domain results are obtained in three positions: the load position, and two
others at distances d1 and d2 from the load position. The farthest forward position,
d2 , is used to calculate the attenuation above the cut-on frequency, since below it
the signal becomes weak and inaccurate. A closer position, d1 ≈ 2 m, is used to
calculate R [ξpm ] below the cut-on frequency up to 100 Hz, where the signal becomes
again inaccurate. Because of the rail emission is not dominant at low frequencies,
stationary response from 0 to 100 Hz is used.
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The contribution of the decaying part, Y r.d , and its wavenumber, ξd , are obtained from the analytical model proposed by Hamet [50]. It makes necessary to assume a negligible influence of load speed and support modelling on the decaying
part of the track mobility. This simplification is acceptable under the conclusions
obtained from Fig. 7.5, which displays the mobilities at mid-span and support
positions for the propagative and decaying amplitudes, in both vertical and lateral directions. Firstly, the decaying part does not show a strong dependency on
the load position; thus the accuracy of the averaging is not as important as for
the propagative part. Secondly, the effect of the speed is more noticeable for the
‘pinned-pinned’ resonances, for which decaying part shows a vanishing contribution.
Thus Y r.d is calculated as the mean value between mid-span and support positions analytically obtained as well as ξd . Implementation of distributed supports
mainly affects the response around the ‘pinned-pinned’ frequencies; hence numerical track modelling also uses this calculation of the decaying part. With Y r.d and
ξd the second term in Eq. (7.6) is calculated. However, the third term is neglected
since the proposed methodology is not adjusted to obtain I [ξpm ]. Nevertheless, its
contribution is expected to be negligible.
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Figure 7.5: Propagative (blue) and decaying (black) parts of the track mobility at stationary conditions for the vertical (a) and lateral (b) directions. Solid line: Mid-span.
Dashed line: Above sleepers. Paper D [125].

7.4

Results of moving track mobility and decay rate

This section comments those results of the methodology proposed in the previous
section, which are subsequently used in the wheel-rail contact force and SWL calculations. Firstly, the moving Green’s functions are shown, followed by the averaged
moving mobility. Finally, the obtained TDR are displayed.
The influence of the load speed on the track response is analysed with the moving Green’s functions in the frequency domain (Sec. 6.5.1). These functions are
shown in Fig. 7.6 with point and distributed support modellings as well as the stationary response with point support modelling. Both modellings also differ in the
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value of ηr , which is set in 0.02 and 0.01 for the vertical and lateral directions in the
point modelling, respectively [143]; whereas for the distributed modelling ηr = 10−4
for both directions. The impact of load speed on the response is commented in Sec.
6.5.1. Nevertheless, it is necessary to point out that the high value of ηr in the
point modelling induces a lower amplitude around the ‘pinned-pinned’ frequency.
For the lateral direction (Fig. 7.6 (b)), the lower ηr in the point modelling reduces
the differences between both support modellings. Furthermore, anti-resonance experiences notch splitting, which significantly increases its minimum amplitude. The
required track parameters are contained in Tabs. 2.1, 6.1 and 7.1 and the damping
of track components is exclusively hysteretic.
At moving conditions, the response around the second ‘pinned-pinned’ frequency also has similar shapes for mid-span and sleeper positions when using the
point support modelling. However, for the distributed modelling the response at
both positions differs significantly, and two sharp peaks arise. Although the low rail
loss factor has some influence in this response, the distributed support modelling
is the main cause (this conclusion is also reached in Ch. 4 and in Ref. [51]). In
the lateral direction the second ‘pinned-pinned’ frequency also shows two resonan-
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Figure 7.6: Frequency response of the track under moving (Gm
v ) and stationary (Gv )
conditions in the vertical (a) and lateral (b) directions. Speed: 80 m/s. The track is
modelled with point and distributed (Dist.) supports. Paper D [125].
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ces, but in this case, the response is more attenuated. The accurate prediction of
the second ‘pinned-pinned’ frequency could be unnecessary since for vertical and
lateral directions they are beyond 2 and 1.5 kHz [43], respectively, above which
cross-sectional deformation starts to affect both directions.
Fig. 7.7 (a) displays the absolute value of the spatially averaged moving mobim
lity, ∣Y ∣, the Green’s functions under moving condition at the contact position for
periodic foundation and the stationary Green’s function for the continuous foundation. Averaged moving mobilities are obtained as indicated in the steps (e) to (g)
of the procedure detailed in Sec. 7.3. 250 time domain simulations are performed
m
employing the convolution product [82, 127]. Y results from the direct average
m
of the responses. For the vertical direction, ∣Y (0)∣ lies between the values of the
moving mobilities for excitations at the mid-span and above the sleeper, although
above 2000 Hz, and particularly, around the second ‘pinned-pinned’ frequency, the
response is higher. It occurs because mid-span and support positions are anti-nodes
of the vibration shape at those frequencies. As compared with the mobility of the
continuous foundation, the track periodicity leads to overall higher flexibility. Since
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Figure 7.7: Averaged vertical moving response of the track at several positions. (a) Load
position mobility. (b) Propagative part of the mobilities at the load and forward positions.
ηr = 10−4 and 0.02 in the distributed and point supports modellings, respectively. Speed:
80 m/s. Paper D [125].
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the lateral direction exhibits a similar trend, it is not shown.
Fig. 7.7(b) shows the propagative part of the averaged moving mobilities at
the load and forward positions. As it has been said, one of them is near to the
load position and the other one is far from it. The amplitude reduction caused
by subtracting the decaying part is noticeable at d = 0 m and below 1000 Hz, as
compared with the results from Fig. 7.7(a). At the loading position, the most
noticeable difference between both support modellings arises at the ‘pinned-pinned’
frequencies, for which the point support with overvalued ηr reduces the amplitude of
the response. Similarly, at forward positions, the extra ηr causes large attenuation
of the response at d = 10.0 m above 1000 Hz, mainly for d = 10.0 m that will be
reflected in a larger decay rate.
From results in Fig. 7.7, the value of R [ξp ] is obtained as indicated in Eq.
(7.10). The resulting decay rates are plotted in Fig. 7.8, which are compared
with the decay rates analytically obtained from the propagation constant, γp . The
analytical value is calculated from the roots of the polynomial in Eq. (4) from
Paper D [125]. The derivation of the expression is done by Hamet [50]2 . The
impact of load speed at the decay rate is significant at the vertical direction, around
the so-called blocked zone, between 1 and 1.5 kHz, in which periodicity inhibits
wave propagation. High speeds, 80 m/s, cause splitting of the blocked and an
overall reduction of the attenuation. For medium speeds, 30 m/s, both splitting
and attenuation reduction are less noticeable. Laterally, the influence of load speed
is less marked than in the vertical direction. The splitting of the blocked zone
and its attenuation reduction are appreciable at medium speeds. At high speeds,
the blocked zone is just slightly shifted to lower frequencies, since the separation
between twin peaks due to Doppler’s effect is larger than the width of the blocked
zone.
Regarding the different support modellings, controlling the amplitude of the response at the ‘pinned-pinned’ frequencies with an overvalued steel loss factor causes
substantial attenuation, which can impede the modelling of situations where measured TDR is quite below 0.1 dB/m [156, 157, 165]. In those situations, adopting a
distributed modelling of support approaches the measured attenuation, whereas it
prevents the exaggeration of the ‘pinned-pinned’ resonance. Moreover, distributed
support modelling obtains TDR slightly higher than the analytical solution, above
1 and 1.5 kHz for the lateral and vertical directions, respectively.
Experimental measurements in Refs. [156, 157, 165] show that at some frequency above 2000 Hz the TDR starts to increase drastically for both, vertical and
lateral directions. For the vertical direction, this effect can be accurately represented by accounting for the cross-sectional deformation [78, 157]. Nevertheless, it
does not entirely represent the phenomenon for the lateral direction, that seems to
be related to the fastening system [157].
2 The expression of the polynomial given in Ref. [50] has an error in the last term of the
left-hand side, in which one of the wavenumbers is erroneously written as kp .
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Figure 7.8: Decay rates calculated accounting for the load speed and different support
modellings. (a): Vertical direction at 30 m/s. (b): Vertical direction at 80 m/s. (c):
Lateral direction at 30 m/s. (d): Lateral direction at 80 m/s. Solid line: ηr = 10−4 . Dashed
line: ηrvert. = 0.02 and ηrlat. = 0.01. Black: Analytical solutions. Red: Moving solution with
point supports. Blue: Moving solution with distributed support. Paper D [125]

The TDRs in Fig. 7.8 correspond to medium-high rail-pad stiffness, which is
the reason why even at low steel loss factor, predicted TDRs are above the results
in Ref. [156]. In fact, the latter work estimates the stiffness of the rail-pads to be
105 and 14 MN/m for the vertical and lateral directions, respectively. Predictions
of the TDR with those values of the rail-pad stiffness are displayed in Fig. 7.9. In
this case, the vertical TDR closely approaches that from Ref. [156] above the first
‘pinned-pinned’ frequency, up to 2000 Hz. However, the lateral TDR is predicted
around 0.08 dB/m around 1000 Hz, whereas it is measured to be around 0.3 dB/m.
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Figure 7.9: Decay rates for soft rail-pads. (a): Vertical direction. (b): Lateral direction.
Speed: 80 m/s. Solid line: ηr = 10−4 . Dashed line: ηrvert. = 0.02 and ηrlat. = 0.01. Black:
Analytical solutions. Red: Moving solution with point supports. Blue: Moving solution
with distributed support. Paper D [125].

7.5

Contact force and SWL results

This section assesses the influence on the SWL results of the accurate modelling of
the foundation, the vehicle speed and the distributed modelling of support. The
results are obtained after steps (h) and (i) of the procedure detailed in Sec. 7.3,
which are performed with CRoNoS [147, 148]. A brief description of the modules
implemented in that software is given in paper D [125].
The results are given in terms of the transfer function between the SWL and
the roughness spectrum in the frequency domain. Thus, it points out the noise
emission for a unitary value of the roughness along the whole frequency range.
The results do not include contact filtering to make direct comparisons at different speeds. The wheel used during simulations has straight web and 920 mm of
diameter, whose vertical and lateral wheel mobilities are shown in Fig. 7.10 (a)
and (b), respectively, for 30 and 80 m/s, together with the moving averaged mobility of the track with medium-high rail-pad stiffness and the contact mobility.
Regarding the impact of the speed on the wheel dynamics, it is more noticeable
for the lateral than for the vertical direction. It should be also noted that above
1000 Hz the contact becomes the component with the highest mobility, excepting at
the frequencies where the wheel resonances occur. Therefore, in the high-frequency
range, the resulting contact force is controlled by the contact stiffness, which is set
in 1.33 GN/m. Below 1000 Hz, the track and the wheel are the softest elements for
the vertical and lateral directions, respectively.
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Figure 7.10: Wheel, track (Black) and contact (Red) mobilities. Wheel mobilities at 30
(Orange) and 80 m/s (Blue). Averaged track mobility with distributed supports at 80 m/s,
medium-hard rail-pad type and flexible sleeper (Parameters from Tabs. 2.1 and 6.1). Vertical (a) and lateral (b) directions.

7.5.1

Influence of the periodic foundation

The periodic foundation causes an overall increase of the track flexibility (7.7 (a))
as compared with the continuous foundation, with differences becoming more significant as the rail-pad stiffness increases. This relaxation causes opposite effects
at the calculated SWL. On the one hand, an increase of the track mobility, and on
the other hand, a reduction of the contact force, excepting at the ‘pinned-pinned’
frequency. The latter trend is shown in Fig. 7.11 that displays the contact forces obtained with continuous and periodic foundation at 30 m/s, for both rail-pad
types.
The SWL predicted with continuous and periodic foundations are displayed in
Figs. 7.12 (a) and (b) for soft and hard rail-pad types, respectively. The speed
is set in 30 m/s and the results are displayed in third-octave bands. In addition,
to the opposite contribution of the periodic foundation regarding flexibility and
contact forces, the presence of the blocked zoned at the TDR above the ‘pinnedpinned’ frequency also attenuates the emission of the periodic track. Moreover,
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Figure 7.11: Comparison of the contact force obtained with continuous and periodic
foundations, and soft and hard rail-pads types. Vertical (a) and lateral (b) directions.
Paper D [125].
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Figure 7.12: Comparison between SWL for continuous (dashed line) and periodic (solid
line) foundation types. (a) Soft rail-pads. (b) Hard rail-pads. Paper D [125].

noise emission results are commonly converted to octave thirds, which fades those
differences that are not highly marked.
For the track with soft rail-pads (Fig. 7.12 (a)), the wheel and rail vertical and
lateral SWL are approximately the same for the periodic and continuous foundations. The sleeper emission is lower for the periodic configuration when comparing
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it with the continuous one. Nevertheless, differences at sleeper SWL are not in the
range of frequencies in which their emissions are dominant.
At hard rail-pad type (Fig. 7.12 (b)), there is a significant difference between
the flexibility of the periodic track configuration and the one with continuous foundation. It results in a noticeable increase of the vertical rail SWL around 1000 Hz.
Although above this frequency, the blocked zone acts reducing the SWL slightly.
Regarding lateral rail and wheel emissions, there are no significant differences.
It is known that hard rail-pads reduce sound emission from the rail by increasing the decay rate, but in turn, they cause stronger coupling between rail and
sleepers. Hence, the dominance of the sleeper is extended up to higher frequencies.
For soft rail-pad configuration, sleepers are the primary source of noise up to about
400 Hz, whereas for the hard type they are up to 800 Hz. In the latter case, the
SWL overestimation caused by the continuous foundation falls in frequencies where
sleepers are still the most important source, highlighting the benefits of periodic
foundation modelling. Above 800 Hz, the vertical rail motion contributes most to
noise up to 2000 Hz, where the wheel becomes dominant. The lateral rail emission
is only dominant at a narrow band at about 400 Hz when soft rail-pads are used.

7.5.2

Influence of the speed

Figs. 7.13 (a) and (b) show the SWL for the periodic track configuration implementing soft and hard rail-pad types, respectively, when they are subjected to loads
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Figure 7.13: Impact of the speed on the SWL. Track modelled with periodic foundation
with soft (a) and hard (b) rail-pad types. Dashed line: 30 m/s. Solid line: 80 m/s. Paper
D [125].
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travelling at 30 and 80 m/s. Regardless of the rail-pad type, the impact of the speed
is small, with some noticeable differences at the wheel and lateral rail emissions.
Some increment of the emission is observed as the speed increases, mainly in the
lateral direction at about 650 Hz, whereas the wheel emission undergoes a SWL
reduction at the same frequency range. The origin of these small differences is not
clear since the behaviour of track and wheel is not significantly affected by the
speed at those frequencies. At hard rail-pad type, there are also slight changes
in the vertical rail emission around the ‘pinned-pinned’ frequency caused by the
splitting of that resonance.

7.5.3

Influence of the support modelling

Figs. 7.14 (a)-(d) display the SWL results for point and distributed support modellings. Figs. 7.14 (a) and (b) show the SWL of the track with hard rail-pads for
the lateral and vertical directions, respectively. Analogously, Figs. 7.14 (c) and (d)
display the results of the track with soft pads.
At first view, Figs. 7.14 (a)-(d) denote that the definition of ηr has a strong
influence on the resulting SWL through the TDR. For the case of track with hard
rail-pads, defining a steel-like value of ηr with point supports causes an increase of
about 4 dB of the lateral rail SWL (Fig. 7.14 (a)) at 1000 Hz, as compared with
the results when ηr = 0.01. This difference reaches 8 dB at the track with soft
pads (Fig. 7.14 (c)). However, distributed modelling exhibits differences of 3 and
6 dB, for the tracks with hard and soft pads, respectively. The correction is mainly
because of the lateral TDR predicted with distributed supports being higher than
the analytical one, especially for the soft pad (Fig. 7.9 (b)).
For the case of the vertical direction (Figs. 7.14 (b) and (d)), the correction introduced by the distributed model of support is mainly located around the ‘pinnedpinned’ frequencies. The point support modelling with steel-like ηr results in SWL
of about 5 and 8 dB larger than the SWL obtained with ηr = 0.02 around the
‘pinned-pinned’ frequency, for hard and soft pad types, respectively. The same
differences are reduced to 2 and 4 dB by the distributed model of support. The
vertical TDRs obtained by both support modellings with steel-like ηr do not differ
from each other significantly. Thus, differences at the SWL are mainly due to the
correct approach of the amplitudes around the ‘pinned-pinned’ frequencies provided
by the distributed support.
TDR rapidly decreases above 2 kHz due to cross-sectional deformation and
fastening system. Since both effects are not considered here, track modelling with
low ηr predicts too large SWL above 2 kHz, in which the wheel is the dominant
source. Therefore, the accurate modelling of the cross-section deformation becomes
necessary for the TDR prediction.
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Figure 7.14: Comparison of the rail SWL for track with hard (lateral (a) and vertical (b)
directions) and soft rail-pads (lateral (c) and vertical (d) directions) with several track modellings. Point supports and ηr set in 0.02 and 0.01 for the vertical and lateral directions,
respectively (− ∗ −). Distributed support ηr = 10−4 (− ◻ −). Point supports ηr = 10−4 (− ○ −).
Sleeper (⋅). Wheel (− −). Vertical ((a) and (c)) and lateral ((b) and (d)) rail emission, for
point support modelling with ηr set in 0.02 and 0.01 for the vertical and lateral directions,
respectively (− ⋅ −). Paper D [125].

7.6

Conclusions

Concerning the track periodicity, it plays an noticeable effect in the vertical rail
noise emission when the rail-pad stiffness is high; otherwise, there are no significant
differences between continuous and periodic modelling of the railway track. With
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medium-high stiff rail-pads, the periodic track is vertically more flexible than the
continuous foundation model from 600 to 1000 Hz, which leads to higher SWL
in that range. Between 1000 and 1500 Hz, the blocked-zone in the TDR inhibits
the wave propagation and therefore reduces the SWL. The track periodicity also
affects the sleeper SWL, which is overestimated by the continuous foundation track
modelling.
Regarding the load speed, it causes the splitting of the ‘pinned-pinned’ resonance and reduction of the attenuation around the blocked zone as it increases.
However, these changes do not involve significant differences at SWL results when
the load speed is increased from 30 to 80 m/s.
The adoption of distributed rail-pad modelling enables the use of steel-like
loss factor for the rail, since the overestimation of the pinned-pinned resonance
is avoided, whereas the TDR falls to values around 0.1 dB/m. In that situation,
rail-pad modelling becomes an important factor in the rail SWL results. For the
vertical direction, the distributed support reduces the rail SWL significantly around
the ‘pinned-pinned’ frequency when comparing it with the common point modelling.
Above 2000 Hz, SWL reduction is also observed, but it is not analysed since the
predicted TDR differs from reality due to cross-section deformation. For the lateral
direction, the distributed rail-pad modelling involves a reduction of SWL above
the ‘pinned-pinned’ frequency as compared with the point modelling, because the
former modelling prevents to a certain extent the TDR drop due to the steel-like
loss factor. The difference between both modellings is especially significant for the
soft rail-pad type.
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8

Conclusions and future
research lines
8.1

Conclusions

In this thesis, several improvements to the standard railway track numerical modelling have been proposed:
• An accurate modelling of the rail dynamics based on the enrichment of conventional Timoshenko finite element with internal degrees of freedom (iDoF),
which describe the local displacement.
• The representation of the finite support length by employing Timoshenko
elements over elastic foundation (TEEF) on the description of rail sections
above supports.
• The formulation of the numerical model in the frequency domain in order
to enhance the track dynamic description and speed up the resolution of the
time domain problem.
• The use of time domain simulations to study the impact of periodicity, load
speed and support modelling on the rolling noise.
The main conclusions and achievements of the present work are summarised
below:
Regarding the numerical rail modelling
• The enrichment of the conventional Timoshenko beam finite element (TIM4
FE) with iDoF prevents to a large extent the local displacement underestimation and the non-physical slope discontinuity (shear discontinuity) at nodal
positions. The use of iDoF leads to the removal of the disturbances in the
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contact force response of a moving wheel only excited by the periodic foundation. Furthermore, the contact force solution in short-pitch corrugation
situations converges with only two enriched elements per bay, whereas conventional element formulation requires around 8 elements per bay.
• Regarding the correction of the frequency content, the use of iDoF increases
the convergence speed in relation to conventional beam elements.
• The use of iDoF does not suppress the non-physical response in the rail accelerations, which are very sensitive to the remaining discontinuity. However,
the non-physical response is shifted to frequencies above the one associated to
the iDoF. A subsequent low-pass filtering step allows assessing the response
of the rail accelerations for smooth surfaces. In the case of a corrugated rail,
the filtering step totally removes the non-physical response.
Regarding the support modelling
• The developed distributed support modelling accounts for the real length of
the support by using only one TEEF.
• For time-domain simulations with only parametric excitation, the distributed
support modelling removes the prompt disruption of the contact force caused
by the concentrated support modelling.
• In the frequency domain, the use of TEEF corrects the overestimation of
the ‘pinned-pinned’ resonance. In turn, it causes a further correction of the
contact force solution for short-pitch corrugation in the time domain.
• The sleeper pitch motion has a negligible impact on the railway track dynamics.
• Concerning the numerical efficiency, the use of TEEF and TIM4 FE enhanced
with iDoF has a similar computational cost than using concentrated support
modelling, whereas it improves the railway track description.
Regarding the frequency domain formulation
• The sleeper bending vibration modes affect the vertical response of the rail
and therefore its flexibility should be considered even in half-track models.
However, the sleeper axial modes have a negligible impact on the lateral
response of half-track models.
• The definition of ballast damping properties largely determines the influence
of the sleeper vibration modes on the track receptance.
• The use of viscous damping in the rail-pad does not affect the point receptance
of the track significantly; however, it overestimates the wave attenuation.
142

Conclusions and future research lines
• Adopting infinite elements for the formulation of the numerical model ends
enables the use of the hysteretic modelling for the rail-pad damping, which
in turn does not overestimate the rail wave attenuation. Infinite elements
reduce to a large extent the boundary effects, especially for the lateral track
dynamics.
• The convolution product based on time domain moving Green’s functions is
a highly efficient methodology in order to obtain the time domain response
of numerical track models formulated in the frequency domain.
Regarding the rolling noise assessment
• The track periodicity increases the predicted rail vertical sound power level
(SWL) around 1000 Hz if rail-pads are relatively hard. On the contrary, it
reduces the predicted SWL from the sleepers.
• The load speed has a noticeable impact on the wheel and track dynamics;
however, it seems to be negligible for the calculation of the SWL.
• In those situations in which the use of extra rail internal damping is not
suitable, because measured track decay rate is low and prevents it, the exaggeration of the ‘pinned-pinned’ resonance can be avoided with the distributed
support modelling.
• At low rail internal damping, the distributed support reduces the SWL around
the ‘pinned-pinned’ frequency in the vertical direction, as compared with the
point support modelling. For the vertical direction, the SWL correction is
mainly located around the ‘pinned-pinned’ frequency due to amplitude correction. For the lateral direction, the distributed support predicts a significantly higher TDR than point support with steel-like loss factor, and therefore
it causes an overall reduction of the predicted rail SWL. Nevertheless, these
predictions are not accurate above 2000 Hz, where cross-section deformation
causes a high attenuation.

8.2

Future research lines

There are several aspects that remain to be studied in order to improve the numerical description of the railway track and the resolution procedures:
• The convolution product only takes advantage of the static description of the
local system. The use of iDoF describing the local system dynamically would
lighten the numerical model; hence, resulting in a reduction of the precalculus
computational cost.
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• In the frequency domain formulation of the problem, the use of hysteretic
damping models involves uncertainties in the time domain Green’s functions
due to a possible lack of causality. This problem could be addressed with the
use of other damping models such as those based on fractional derivatives
(pot element).
• The response at positions forward from the excitation is used in the rolling noise assessment. It could also be employed to account for the coupling
between wheelsets through the rail in order to explore the impact of their
interaction in the high-frequency phenomena.
• The half-track numerical model here developed can be easily extended to a
whole track model, in which both rails are coupled vertically and laterally
by the flexible sleeper model. On the one hand, it could lead to subsequent
improvement of the contact force calculation by accounting for the coupling
between both rails through wheelset and sleeper. On the other hand, it would
be interesting to analyse the impact on rolling noise emission of lateral coupling between rail through the sleepers.
• The rail modelling would also benefit from implementing a coupling between
vertical and lateral directions by describing the rail torsional behaviour. In
this way, the use of empirical relations to account for the cross-receptance
could be avoided.
• The direct numerical integration procedure is necessary for the description
of non-linear behaviour of track components, rail-pad amplitude dependence
and stiffening due to compression of both ballast and rail-pads. The current
numerical model could be used to study the impact of these effects on highfrequency phenomena, such as corrugation. Nevertheless, the application of
the distributed support together with non-linear behaviour would require indepth research.
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