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Abstract

Acoustic underwater communication channels are multipath channels where sound is re-
flected from the surface and the bottom of the sea and refracted by sound speed variations.
In shallow water, the impulse response is typically long compared to the time length of
the symbols in a transmitted message. This causes inter-symbol interference, which makes
the message difficult to decode.

This thesis deals with physical modelling of the communication channel. Such mod-
elling can provide insight into the difficulties of communication system design and may
serve as an aid in the development of appropriate modulation techniques and decoding
algorithms. The sound propagation is simulated by a ray tracing method with plane-
wave reflection coefficients, in papers 4 and 5 expanded to a Gaussian beam summation
algorithm.

The main scientific contributions are the following.

Paper 1: Up-to-date knowledge of the impulse response of the communication channel
considerably simplifies the extraction of information from a detected signal. In this
paper the time variability of the impulse response is studied in terms of the bit-
error rate, when an old impulse response is used for channel equalisation. The time
variability is found to vary significantly with the receiver position, not only in range,
but also in depth.

Paper 2: A hybrid raytrace method is presented, combining ray tracing in a range-
dependent water column with local full-field modelling of the seabed interaction.
The method is applied to simulations of acoustic communication in shallow water.

Paper 3: To be able to make reliable simulations of sound propagation, one needs to
know, quite accurately, the sound speed profile of the medium — information which
is not always available. In this paper the hybrid raytrace method from paper 2 is used
to estimate the sound speed profile from communication data. The environmental
model obtained by the inversion reduces the mismatch between the modelled and the
observed impulse response estimates, compared to the mismatch with a two-days-old
sound speed profile. The model is also used to investigate alternative source-receiver
configurations.

Paper 4: Gaussian beam summation is a wave propagation model similar to ray tracing,
which can yield correct results in singular regions like shadow zones and caustic
points. In this paper some different choices of the complex beam parameter ǫ are
discussed for shallow waveguides. Best results are observed when ǫ is chosen so that
each beam is narrow at the point where it is closest to the receiver and has a plane
wavefront there.

Paper 5: An adaptive method for Gaussian beam summation in shallow waveguides is
presented. The algorithm yields better or at least as good accuracy as ray tracing,
even in shallow waveguides with a strongly depth-dependent sound speed profile.

Keywords: underwater acoustics, hydroacoustics, time variability, ray tracing, Gaus-
sian beam summation, sound propagation models, shallow water, waveguides, caustics,
underwater communication.



Sammanfattning

Akustiska kanaler för undervattenskommunikation är flervägskanaler där ljudet reflekteras
fr̊an havets yta och botten och bryts vid ljudhastighetsförändringar. I grunt vatten är
impulssvaret l̊angt jämfört med symbolernas tidslängd i ett utskickat meddelande. Detta
orsakar intersymbolinterferens, vilket gör det sv̊art att återskapa meddelandet.

Denna avhandling behandlar fysikalisk modellering av kommunikationskanalen. S̊adan
modellering kan öka insikten om de sv̊arigheter som finns vid design av kommunikations-
system och kan vara till hjälp vid utveckling av lämpliga modulationstekniker och avkod-
ningsalgoritmer. Ljudutbredningen simuleras med en str̊alg̊angsmetod med reflektions-
koefficienter beräknade för plana v̊agor. I artikel 4 och 5 utvidgas modellen till en algoritm
för gaussisk str̊alsummation.

De viktigaste vetenskapliga bidragen är följande.

Artikel 1: Aktuell kunskap om impulssvaret hos kommunikationskanalen gör det betyd-
ligt lättare att tolka det mottagna meddelandet. I denna artikel studeras tidsvaria-
biliteten hos impulssvaret i termer av bitfelssannolikhet när ett gammalt impulssvar
används för kanalutjämning. Tidsvariabiliteten visar sig variera avsevärt med mot-
tagarpositionen, inte bara när det gäller avst̊andet till sändaren, utan även när det
gäller placeringen i djupled.

Artikel 2: En hybridmetod presenteras, där str̊alg̊ang i ett avst̊andsberoende medium
kombineras med lokal fullfältsmodellering av interaktionen med havsbottnen. Meto-
den används för simuleringar av akustisk kommunikation i grunt vatten.

Artikel 3: För att kunna göra tillförlitliga simuleringar av ljudutbredning behöver man
god kunskap om mediets ljudhastighetsprofil — information som inte alltid är till-
gänglig. I denna artikel används den hybrida str̊alg̊angsmetoden fr̊an artikel 2 för
att skatta ljudhastighetsprofilen fr̊an kommunikationsdata. Miljöparametrarna som
beräknats genom inversionen minskar avvikelsen mellan simulerade och observerade
skattningar av impulssvaret jämfört med avvikelsen d̊a en uppmätt, tv̊a dagar gam-
mal ljudhastighetsprofil används vid simuleringen. Miljömodellen används ocks̊a för
en genomg̊ang av alternativa käll- och mottagarpositioner.

Artikel 4: Gaussisk str̊alsummation är en v̊agutbredningsmodell som liknar str̊alg̊ang
men kan ge korrekta resultat i str̊alg̊angens singulära omr̊aden, som skuggzoner
och kaustikor. I denna artikel diskuteras hur n̊agra olika val av den komplexa
str̊alparametern ǫ fungerar i grunda v̊agledare. Bäst resultat erh̊alls om man väljer ǫ

s̊a att str̊alen blir smal i punkten närmast mottagaren och f̊ar en plan v̊agfront där.

Artikel 5: En adaptiv metod för gaussisk str̊alsummation i grunda v̊agledare presen-
teras. Algoritmen ger en noggrannhet som är bättre än eller minst lika bra som
str̊alg̊angens, även i grunda v̊agledare med en starkt djupberoende ljudhastighets-
profil.

Nyckelord: undervattensakustik, hydroakustik, tidsvariabilitet, str̊alg̊ang, gaussisk str̊al-
summation, ljudutbredningsmodeller, grunt vatten, v̊agledare, kaustikor, undervattens-
kommunikation.
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Preface
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of this dissertation.
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problems, fight the difficulties, get new ideas, and share the successes, the people
around you are important.

My supervisor Ilkka Karasalo has inspired me every Friday, and made them
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physical and the pure mathematical point of view and helped me with a wide range
of computer problems, from really strange bugs to printing difficulties.

My present and former roommates at MWL have increased my knowledge on
many different branches of acoustics. Our discussions on sound, optimisation, com-
puters, mathematics, and everyday life have been most valuable. Especially, I want
to thank Susann and Daniel.

The support from my family has been fantastic. They have given me the energy
to continue my work, sometimes in the form of food, but also through encourage-
ment, late questions on mathematics, and totally different projects, like building a
greenhouse or planning concerts.

Finally, the one who has had the most impact on me during these years is my
favourite person and fiancé, Jonas. He also solved all my LATEXproblems.

Of course, there are many more people that embellish my life and ought to be
gratified. Thanks, all of you!

My position was financed by the Swedish National Defence College.
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Introduction

The ocean is a challenging medium when it comes to communication. Electromag-
netic waves, e.g. radio waves, become strongly attenuated when they propagate
through water and cannot be used for communication over long distances as they
can in air.

One option is to follow the example from the animal world and use acoustic
signals, like whales and dolphins do. Acoustic signals are less attenuated than elec-
tromagnetic signals and thus they can propagate over longer distances. However,
the acoustic underwater communication channel is reverberant and time-varying,
which makes it difficult to decode a received message. Especially complicated is
shallow water, where a large part of the received energy has interacted with the
surface and the bottom.

The focus of the research on acoustic underwater communication is to make
it possible to establish reliable data communication. This research includes pure
communication theory, like modulation techniques and error control coding; pure
acoustics, e.g. physical models of the propagation channel; and research where
knowledge about the channel physics is exploited, for example to choose receiver
positions. A review of the research is found in [6].

This thesis treats modelling of shallow-water communication channels from
physical parameters. The propagation of sound in a shallow-water medium is sim-
ulated using ray tracing and Gaussian beam summation. These types of simulation
provide insight into why it is sometimes difficult to recover the original message from
the received signal. They can be used to investigate what modulation techniques
to apply and which transmitter/receiver positions to choose at field experiments.
Since such experiments are expensive, it is a clear advantage to get predictions
of the outcome of an experiment so that the most promising setup can be chosen
for the actual field trial. Such a simulation tool was developed e.g. in [2]. When
experimental data are studied, simulation of the signal propagation can give a hint
of how the geometry and the environment influenced the result. An example of this
is found in [15].

The application areas for underwater communication are both civilian and mil-
itary. Civilian examples are image transmission, communication in the offshore
industry, and transmission of data from sensors monitoring the sea. Military com-
munication, especially with submarines, naturally give rise to many applications
for acoustic underwater communication. A study on future applications within the
Swedish Navy is presented in [9].
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1 Theoretical background

1.1 The ocean as an acoustic medium

Water is a fluid where pressure waves, i.e. sound, propagate with a speed c around
1500 m/s. The speed of sound depends on the density and the compressibility
of the medium and can in the ocean be approximately determined [7] from the
temperature T [◦C], the salinity S [�] and the depth D [m] as

c = 1449.2 + 4.6T − 0.055T 2 + 0.00029T 3 + (1.34 − 0.01T )(S − 35) + 0.016D.

In the deep ocean basins, the water is several kilometres deep. Regions that
are shallow compared to these basins are called shallow water. The water depth in
such regions is typically up to a few hundred metres. In this dissertation, shallow
water is exemplified mainly by the Baltic Sea, but also by the continental shelf of
the Mediterranean.

The Baltic Sea is strongly influenced by seasonal temperature changes. In
Fig. 1.1, some example sound speed profiles from different seasons are shown. The
profiles have approximately the same sound speed at the bottom, but above that
the sound speed varies over the seasons. In December, the speed of sound is almost
constant throughout the water volume, since the temperature is almost constant.
During summer the typical thermocline develops: the temperature and the sound
speed suddenly drops at a depth of about 20 m. A bit further down, at 50 m, a
sound speed minimum is formed.

When sound propagates in water, the wave is attenuated as it propagates. Sev-
eral different mechanisms contribute to the attenuation: sound is absorbed due
to molecular relaxation and viscosity, but also scattered by inhomogeneities like
bubbles. The absorption due to molecular relaxation is important for underwater
communication. The salinity affects this absorption above 1 kHz, so that the at-
tenuation in the Baltic Sea is less than half of that in the open ocean [5, Sec 1.5.2].
The attenuation can be approximately expressed in dB per wavelength, which is
equivalent to adding an imaginary part to the sound speed.

The seabed material in shallow water varies from solid rock to sand, clay, and
gyttja, and the different sediments are usually classified depending on grain size,
clay content, organic content, and age of formation. Parts of the Baltic Sea seabeds
have been documented on special bottom sediment maps by the Geological Survey

6



Modelling of sound propagation

Jan Feb Mar Apr MayJun Jul Aug Sep Oct Nov Dec

Sound speed

Figure 1.1: Example sound speed profiles from the Baltic Sea at different times of the
year. The sound speed is around 1437 m/s at the bottom for all these profiles. In
December, the sound speed is almost independent of depth. The thermocline is well
developed during July, August, and September.

of Sweden; see e.g. [1]. Some typical sound speeds and densities are presented in
Table 1.1.

In contrast to water, the seabed materials are elastic rather than fluid, and
shear waves propagate in these materials. In the present dissertation, however,
the primary focus is on sound propagation in the water column, while the seabed
medium is of secondary importance and is therefore modelled by standard fluid
models.

Table 1.1: Example sound speed and densities for different seabed materials [3].

Material Sound speed c [m/s] Density ρ [kg/m3]
Sand 1800 2000
Clay 1500 1500
Silt 1600 1700
Sedimentary bedrock 3500-4000 2600
Basalt 5200 2700

1.2 Modelling of sound propagation

In an ideal fluid, the propagation of sound is described by the linear wave equation

∇2p −
1

c2

∂2p

∂t2
= 0, (1.1)
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1. Theoretical background

where p is the acoustic pressure, t the time, and c the speed of sound. This equation
can be transformed to the frequency domain (and back again) by the following
Fourier transform, which is used throughout the dissertation and the appended
papers:

p̂(ω) =

∞∫

−∞

p(t)eiωtdt, (1.2)

p(t) =
1

2π

∞∫

−∞

p̂(ω)e−iωtdω, (1.3)

where ω = 2πf is the angular frequency and f is the frequency. The resulting
complex pressure p̂(ω) is then a solution to the 3-D Helmholtz equation

∇2p̂ + k2p̂ = 0, (1.4)

where k = ω/c is the wave number.
This partial differential equation can be solved in many different ways. A com-

mon simplification in underwater acoustics is to assume the medium to be cylin-
drically symmetric, thereby reducing the problem to two dimensions. This simpli-
fication is also adopted here, where we study the Helmholtz equation in cylindrical
coordinates (r, z) with the vertical z-axis directed upwards through the source.

Which numerical solution method to choose depends on the typical frequencies
and distances in the problem. Shallow-water communication channels are range-
dependent, and the propagation distance is normally thousands of wavelengths. A
common choice that can increase the physical understanding of the problem for
high frequencies is ray tracing.

8



2 Ray tracing

Sound emitted from a source can be considered as rays that propagate in different
directions, just as light. The sound pressure field at a receiver can then be calculated
as a sum of the contribution from those rays that connect the source and the receiver
— the eigenrays. If the medium is homogeneous, the rays follow straight lines, but
when the sound speed varies, the rays are refracted as they propagate through the
medium, as can be seen in an example in Fig. 2.1.

Figure 2.1: Two eigenrays in a medium whose sound speed is constant (left panel) and
linear (right panel), respectively. Source at the range 0 m and receiver at the range
100 m.

2.1 Ray trajectories

In this section, we give a brief review of ray theory. Consult [5, Sec. 3.2.1] for
a comprehensive discussion. As mentioned earlier, the medium is assumed to be
cylindrically symmetric.

Theoretically, the ray solution is found by seeking an asymptotic series of the
form

p̂(r, z) ∼ eiωτ(r,z)
∞∑

j=0

Cj(r, z)

(iω)j
(2.1)

9



2. Ray tracing

-6

q

α

z r

s

(0, z0)

Figure 2.2: Ray trajectory (r(s), z(s)) with launch angle α from a source at (0, z0).

for the solution p̂(r, z) of the Helmholtz equation (1.4). After plugging this series
into Eq. (1.4) and keeping terms of order O(ω2) only, τ(r, z) can be determined.
The rays are then defined to be perpendicular to the level curves of τ(r, z). As an
example, we study a range-independent medium with sound speed c = c(z) and
density ρ = ρ(z), where the ray trajectories can be determined from

dr

ds
= cos φ,

dz

ds
= sinφ,

dφ

ds
= −

cos φ

c
c′(z). (2.2)

Here, s is the arc length, r and z are cylindrical coordinates with the z-axis directed
upwards through the source, and φ is the grazing angle. The initial conditions are

r(0) = 0, z(0) = z0, φ(0) = α, (2.3)

where −z0 is the source depth and α the launch angle of the ray, as shown in
Fig. 2.2.

The propagation time τ along a ray as a function of the arc length s is determined
from

dτ

ds
=

1

c
, τ(0) = 0. (2.4)

The ray trajectories give information of the sound propagation paths. However,
to calculate the sound pressure, the amplitude and phase of the ray are needed.
The total sound pressure field at the receiver is calculated by summing up the
contributions from all eigenrays, where each eigenray ε contributes with a copy of
the emitted signal p̂s that is rescaled by an amplitude factor Aε, phase-shifted by
ϕε, and time-delayed by τε, yielding

p̂ =
∑

ε

Aεe
i sgn(ω)ϕεeiωτε p̂s. (2.5)

The sign of the angular frequency is included to ensure that p̂(−ω) = p̂(ω), which
is required for real-valued p(t).
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Geometrical spreading

2.2 Geometrical spreading

The power emitted from the source is spread over a larger area as the rays travel
out from the source. However, the power inside an infinitesimal ray tube is always
the same no matter how the boundary rays of the tube travel. The intensity along
the ray is inversely proportional to the cross section ∂S of the ray tube [5, 3.2.3],
which varies with the launch angle α according to

∂S

∂α
= −

∂r

∂α
sinφ +

∂z

∂α
cos φ

def
= Q(s), (2.6)

where s is kept constant in the partial derivatives. Q(s) can be calculated from the
dynamic ray-tracing differential equations

dQ

ds
= c(s)P (s),

dP

ds
= −

cnn(s)

c2(s)
Q(s), (2.7)

with (Q(0), P (0)) = (0, 1
c(0) ), see [5, Sec. 3.4]. Here, cnn denotes the second normal

derivative of the sound speed.

The sound pressure is proportional to the square root of the time average I of
the intensity, in the far-field according to

|p̂| =
√

2ρcI. (2.8)

The geometrical spreading factor for pressure is therefore inversely proportional to
the square root of the cross section area of the ray tube. In cylinder symmetry, it
is given by

Ageo =

√
ρ(s)c(s)

ρ(0)c(0)
·

cos φ

r|Q(s)|
. (2.9)

2.3 Caustic points

The points where Q(s) vanishes are called caustic points. Ray theory predicts the
intensity to be infinite there, and as shown in [10], the field of a ray will not be
valid in their vicinity.

In Fig. 2.3, the formation of a caustic is illustrated by two rays with similar
launch angles that cross. The diamond marks the caustic point where the cross-
section of the ray tube vanishes. Q(s) changes sign at the crossing, but this is
ignored by the geometrical spreading factor Ageo as defined above. It can be shown
that the proper way to handle the sign-change is to include a phase-shift of −90◦

at each caustic point [10].

11



2. Ray tracing

Figure 2.3: The boundary rays of a ray tube cross and a caustic is formed at the
diamond.

2.4 Reflection

When the ray is reflected at a boundary, both the amplitude and phase can change.
Some power is reflected and some is transmitted into the next layer. The reflection
coefficient Rrefl can be written

Rrefl = |Rrefl| e
iγ , (2.10)

where γ is the phase shift. A phase shift appears when there is attenuation (i.e.
complex sound speeds) in the seabed or in the water, or when the grazing angle is
subcritical so that there is total reflection.

In this dissertation a local plane-wave reflection coefficient is used for the bottom
interaction. The coefficient is calculated for a layered seabed with fluid and/or
elastic layers; see [5, Sec. 1.6.3] for a discussion of fluid layers. The surface is
assumed to be totally reflecting with R = −1.

12



3 Communication theory

In data communication, a message consisting of a bit sequence is transmitted from a
source to a receiver. The message is encoded into symbols, used to modulate a car-
rier wave. Common modulation techniques are, for instance, frequency modulation
(FM) and amplitude modulation (AM), which we recognize from radio transmis-
sions. Here, we give an example based on quadrature amplitude modulation (QAM)
and for a detailed treatment we refer to [13].

3.1 Quadrature amplitude modulation

Quadrature amplitude modulation has two orthogonal carrier signals, cosωct and
sinωct, with the carrier frequency fc = ωc/2π. These carriers are combined as
xc cos ωct + xs sinωct where xc and xs are 1 or −1, yielding four different symbols
as illustrated in Fig. 3.1.

The message bit sequence is divided into pairs which are converted to complex
symbols as follows. First, if the pair contains zeroes, these are substituted by −1.
Then, the first and second bits in the pair are interpreted as real and imaginary

6

-
xc

xs

Figure 3.1: Symbol constellation in quadrature amplitude modulation, QAM, with four
symbol points.
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3. Communication theory

parts, respectively. For example, here is how the sequence 01001100101110 . . . will
be processed:

Bit sequence 01 00 11 00 10 11 10 . . .
Complex symbol −1+i −1−i 1+i −1−i 1−i 1+i 1−i . . .
Symbol name a1 a2 a3 a4 a5 a6 a7 . . .

Given a symbol time length T , the complex baseband signal sbb(t) is constructed
from the sequence of complex symbols, by applying a transmitter filter gT (t) that
softens the abrupt transitions between the symbols:

sbb(t) =
∑

m

amgT (t − mT ) = xc(t) + ixs(t), (3.1)

where xc(t) is the in-phase part and xs(t) the quadrature part. The function gT (t)
is typically chosen to be a smooth pulse of width T . This signal modulates the
carrier wave to give the transmitted bandpass signal sbp(t) defined by

sbp(t) = Re
(
sbb(t)e

−iωct
)

= xc(t) cosωct + xs(t) sinωct. (3.2)

3.2 Detecting the message

At the receiver, the detected signal is distorted by the channel. From the transmit-
ted signal sbp(t) and the channel impulse response h(t), the received signal sr(t) is
given by

sr(t) = h(t) ∗ sbp(t) + n(t), (3.3)

where ∗ denotes convolution and n(t) is an additive noise term.
The first step to retrieve the transmitted message is to demodulate the signal,

i.e. down-convert the signal to baseband. Multiplying the transmitted signal sbp(t)
by 2eiωct yields

2eiωctsbp(t) = sbb(t) + sbb(t)e
2iωct, (3.4)

which is a sum of the complex baseband signal, and its conjugate shifted to the
double carrier frequency. Given that the complex baseband signal sbb(t) is band-
limited, the double-frequency terms can be removed by application of a low-pass
filter.

For the received signal sr(t) the same operations are performed, followed by
a receiver filter GR(f) matched to the transmitter filter. Given a large signal-to-
noise ratio and an impulse response consisting of a single peak, the message could
have been retrieved by sampling the signal at the symbol frequency. However, in
shallow water, the multipath propagation gives an impulse response that consists of
multiple peaks with different amplitudes and phase shifts. At data communication,

14



Detecting the message

- - - - - -
6

�

sr(t) y(t) zm ãm
eiωct GR(f)

Lowpass

filter

Feedforward

filter
Detector

Feedback

filterDFE

Figure 3.2: Block diagram of a decision feedback equaliser.

typically the symbol time length is small compared to the time extent of the impulse
response, which results in inter-symbol interference.

To compensate for this channel distortion, a channel equaliser is used. A linear
equalising filter should ideally have the frequency response GE(f) = 1/H(f), where
H(f) is the frequency response of the channel. An efficient standard non-linear
equaliser is the differential feedback equaliser (DFE). It consists of a feedforward
filter combined with a feedback filter where the previously detected symbols are
used as shown in Fig. 3.2. For a signal sampled at the symbol rate, i.e. with time
spacing T , the detector gets the input signal

zm =
M−N−1∑

n=−N

cny
(
(m − n)T

)
−

K∑

k=1

bkãm−k, (3.5)

which is a weighted sum of the samples and the already detected symbols. The DFE
is controlled by three parameters: the number K of coefficients in the feedback filter,
the number M of coefficients in the feedforward filter, and the decision delay N .
The present symbol is guessed to be

ãm = sgn(Re zm) + i sgn(Im zm). (3.6)

Of course, the DFE filter coefficients cn and bk must be cleverly chosen if the
filter is to determine the symbols correctly. To this end, the transmitted message
is preceded by a training sequence that is known to the receiver.

Finally, the detected message ã1, ã2, ã3, . . . is converted to a bit sequence again,
and the deviation from the transmitted bit sequence is measured by the bit-error

rate given by

BER =
# error bits

# transmitted bits
. (3.7)
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3. Communication theory

3.3 Estimating the impulse response from communication

data

An estimate of the channel impulse response can be calculated by cross-correlating
the received signal with the transmitted one:

h̃(t) = sr(t) ⋆ sbp(t) = h(t) ∗
(
sbp(t) ⋆ sbp(t)

)
+ n(t) ⋆ sbp(t), (3.8)

where ⋆ denotes cross-correlation and ∗ denotes convolution. The estimate of the
impulse response is thus a convolution of the true impulse response and the autocor-
relation of the transmitted signal, with a noise term added. Since n(t) is expected
to be uncorrelated with the transmitted signal sbp(t), the noise term n(t) ⋆ sbp(t) is
small.

To get a good estimate, the autocorrelation of the transmitted signal should
resemble a Dirac-pulse. Examples of signals with this property are pseudo-random
binary sequences, which are often used as training sequences. They can be con-
structed from linear feedback shift registers where a register of length m gives a
sequence of length 2m − 1.

However, when the impulse response is estimated from bandpass signals, the
training sequence modulates a carrier wave, yielding an autocorrelation consisting
of a series of peaks. To get a single peak, we can multiply the estimate by eiωct and
apply a low-pass filter to get a complex baseband estimate of the impulse response.
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4 Summary of results from papers

1, 2, and 3

4.1 Paper 1: Time variability of an underwater acoustic

channel

Paper 1 investigates how the time variability of an underwater channel influences
communication reliability. Of course, if one knows the exact impulse response it
is easy to decode a transmitted message perfectly, but in practice this information
is seldom available. Rather, if anything is known about the impulse response, it
is typically based on experiments performed at some earlier point of time, and the
question is how well the original message can be recovered from such old measure-
ments.

The study was performed by numerical simulations using channel impulse-
response data from the Yellow Shark 94 trials [4] in the Mediterranean. First
we simulate transmission of a message through a channel with an impulse response
measured at a time t2, and then we try to recover the message from the received
data using a linear equalising filter based on the impulse response measured at an
earlier time instant t1. The result is then compared to the original message, by
computing the bit-error rate. Typically, a larger age t2 − t1 of the equalising filter
will yield a larger bit-error rate.

It is clear from the study that the time variability of the bit-error rate depends
highly on the receiver position in the water column. In Fig. 4.1 the bit-error rate
is plotted as a function of the receiver depth and the age of the impulse response
used by the equalising filter. The source was positioned at a depth of 68 m. The
receiver array spanned the part of the water column shown in the figure, which is
entirely below the thermocline.

As is clear from the figure, some receiver depths have a significantly lower bit-
error rate than others. Both modulation techniques shown, QAM (4 symbol points)
and 16-QAM (16 symbol points), yield better results for receiver depths around
50 m. Worst results are obtained for receiver positions between 60 and 70 m, which
is near the depth of the source. Receivers in the uppermost part of the receiver
array also seem to have higher time variability, which may be due to the fact that
they are closest to the thermocline.
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4. Summary of results from papers 1, 2, and 3

Figure 4.1: Average bit-error rate as a function of receiver depth and equalising filter
age. QAM (left) and 16-QAM (right) modulation. Source-receiver range 4.5 km.

The time variability of the bit-error rate is also range-dependent. In part it
can be explained by small changes of the environmental conditions at the different
measurements, but most likely it also indicates that small changes of the medium
influence long-range signalling more severely. Fig. 4.2 shows the same type of bit-
error rate calculations when the receiver array was positioned 9 km from the source.
For this source-receiver range, good results are obtained for receiver positions just
below 70 m, but also around 60 m which was not the case for the 4.5 km source-
receiver range.

Figure 4.2: Average bit-error rate as a function of receiver depth and equalising filter
age. QAM (left) and 16-QAM (right) modulation. Source-receiver range 9 km.
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Paper 2

The changes of the physical parameters could be suspected to be highest close
to the sea surface. The sunlight influences the temperature of the top layer, and
on windy days parts of the top layer will mix. At long-range communication in
a medium with a sound speed minimum, like the SOFAR channel, a part of the
transmitted power is trapped in a channel around the sound speed minimum and
propagates without bottom and surface interaction. In the shallow medium of
paper 1, there was no sound speed minimum, and it would be interesting to know
more about the physical background behind the variability.

An interesting future study would be simultaneous measurements at receiver
arrays placed at different ranges. Another question is how to determine which
depths will have high time-variability and which ones will be more stable. Is it
mainly determined by the receiver’s position related to the source, surface, bottom,
and thermocline or are there other important physical factors?

4.2 Paper 2: Hybrid raytrace modelling of an underwater

acoustics communication channel

A simulation tool was developed for underwater communication experiments with
acoustic signals. Since direct discretisation of the governing differential equations
is computationally demanding, a hybrid raytrace method was chosen. The method

Figure 4.3: Band-limited impulse response from a source at depth 67.2 m to a receiver
at range 9026 m and depth 85.2 m. Frequency range 800 ≤ f ≤ 1600 Hz. Above:
experimentally observed. Below: model-predicted.
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4. Summary of results from papers 1, 2, and 3

combines ray tracing in the water column with local plane-wave reflection coeffi-
cients at the seabed.

In Fig. 4.3, an experimentally observed channel impulse response from the Yel-
low Shark 94 experiments is compared to a modelled impulse response, as calculated
by simulation with the hybrid raytrace method. The structure and the duration of
the model-predicted impulse response is in good agreement with the observed one,
but there is an arrival-time difference of about 7 ms. Its cause is not clear, but
possible sources are simplifications in the environmental model and measurement
uncertainties in source-receiver range, sound speed and propagation time.

Both the experimentally observed impulse response and the modelled one were
used to simulate a communication experiment. A standard QAM technique was
applied together with a differential feedback equaliser. In Fig. 4.4, symbol constella-
tions from experimentally observed and modelled impulse responses are compared.
The point spread reflects how well the DFE managed to equalise the channel. In
these constellation plots, all symbols are in the correct quadrant and can be success-
fully identified. The point spread is similar in the different simulations, indicating
that the model transfer functions are satisfactorily realistic.
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0

5
99.2 m 85.2 m 69.2 m 53.2 m 37.2 m

−5 0 5
−5

0
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−5 0 5 −5 0 5 −5 0 5 −5 0 5

Figure 4.4: Symbol constellations at the input of the decision step of the DFE for
different receiver depths. Experimentally observed (above) and model-predicted (below)
impulse responses, respectively.

4.3 Paper 3: Inverting acoustic communication signals for

the sound speed profile

Sometimes simulations of sound propagation are desired, but a lack of data com-
plicates such attempts. In paper 3, the sound speed profile was estimated from
communication data with knowledge of two sound speed profiles measured two
days before the experiment. As seen in paper 1, even changes over a short-time
perspective influence communication data. The main characteristics of the sound
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Paper 3

speed profile can, however, be expected to remain constant over a two-day interval,
since major changes of the sound speed profile mainly are season-dependent.

The two-days-old sound speed profiles were used as a starting point in a search
for a sound speed profile yielding higher agreement between simulated and measured
data. From a parameterisation of the sound speed profiles, a search space of similar
profiles was defined and searched by the global optimisation method differential

evolution. A target signal was constructed from the observed data and as objective
function, a measure of the agreement between this target function and estimated
bandpass impulse responses from the simulated data was used.

In Fig. 4.5 a section of the estimated impulse responses is shown. The sec-
tion was chosen to give the best possible fit when observed and modelled impulse
responses were compared. Figs. 4.5a and 4.5b show results from one of the two-
days-old profiles, here named profile A. These are compared to the results from
the best-fit profile, shown in Figs. 4.5c and 4.5d. The mismatch was significantly
reduced by the optimisation.

The best-fit environmental model was used to investigate how different source-
receiver configuration influenced the impulse response. In Fig. 4.6 estimated band-
pass impulse responses are shown, in the left panel for varying receiver depth, and

(a) (b)

(c) (d)

Figure 4.5: Profile A — (a) estimated bandpass impulse response; (b) magnitude of the
estimated baseband impulse response. The best fit profile — (c) estimated bandpass
impulse response; (d) magnitude of the estimated baseband impulse response. The
grey curves show the target signal at the optimal time.
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4. Summary of results from papers 1, 2, and 3

in the right panel for varying source depth. The transmission can be expected to
be most reliable if the channel has a single dominating propagation path, so deep
source and receiver positions seem more promising. The number σ indicated in the
figures is a measure of the spread of the impulse responses. A low value is desirable.
As can be seen, power spread over a large time region as well as single late arriving
peaks degrade the value of σ.
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Figure 4.6: Impulse responses at varying source and receiver depths: source at depth
30 m with varying receiver depth (left panel) and receiver at depth 36 m with varying
source depth (right panel).
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5 Gaussian beam summation

Standard eigenray tracing has some drawbacks in propagation modelling. Quite
natural is that, being a high frequency approximation, it is not valid at low fre-
quencies. More problematic is that there are singular regions where eigenray tracing
fails, such as caustic points, shadow zones, and rays with a critical grazing angle.

The intensity of a ray at a caustic point is erroneously predicted by ray tracing
to be infinite. In Fig. 5.1 a fan of rays is traced in a medium with linearly varying
sound speed. This profile is not realistic, but it is well-suited for producing pictures
with the same scale on the axes, which is preferable to us. The rays follow circular
arcs, and the diamonds on the rays mark the caustic points which form caustic
surfaces that take the shape of a lying V. A receiver placed inside the V is reached
by two more eigenrays than a receiver outside the V. The region inside the V is
therefore called insonified and the region outside is a shadow zone with respect to
these ray types.

Figure 5.1: Geometry with linear sound speed profile. The diamonds mark the caustic
points. The small circles are the projection points of the receiver that form the caustic-
shadow contribution.

In reality, sound from the insonified region penetrates into the shadow zone
with a penetration depth proportional to the wavelength [14]. Eigenray tracing to
a receiver in a medium with caustic surfaces can thus give erroneous results if the
receiver is positioned in a caustic shadow.
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5. Gaussian beam summation

5.1 Gaussian beams

The method of Gaussian beam summation was developed by seismologists in the
early 1980s to give better results than eigenray tracing in singular regions [11, 16].
It is based on standard ray tracing, but the infinitely thin rays are substituted
by beams following the ray trajectories. The amplitude of the beams decreases as
a Gaussian function with the normal distance from the ray. All beams will thus
contribute to the field at all points. For instance, the beams in the insonified region
will contribute to positions in the caustic shadow.

The Gaussian beams are derived by approximating the wave equation by a
parabolic equation in ray-centred coordinates (s, n); see [16, 12] for a complete
derivation. The contribution from the beam with launch angle α to a point (s, n)
is given by

p̂beam(α) =

√
iω

2πc(0)
Rrefl(α)

√
c(s)ρ(s)

c(0)ρ(0)

√
Q(0) cosα

Q(s)r
eiωτ(s)+iω P (s)

2Q(s)
n2

. (5.1)

Rrefl(α) is the accumulated plane-wave reflection coefficient and P and Q are solu-
tions to the dynamic ray tracing equations (2.7), which emerge in the derivation,
but now with complex-valued initial conditions. It turns out that Q rotates counter-
clockwise around zero in the complex plane [8], and by choosing the square-root of
Q properly it is not necessary to count the caustic points in order to keep track of
the phase-shift.

The total field at a receiver at (rr, zr) is calculated by integration of the con-
tributions from beams with all possible launch angles. On each ray

(
r(s), z(s)

)
we

define a projection point as a point
(
r(sr), z(sr)

)
where a normal of the ray passes

through the receiver (rr, zr); see Fig. 5.2. This point is used when the contribution
from the beam to the field at the receiver is calculated.

The Gaussian beams are characterised by the complex beam parameter ǫ. It is

-6

q

α

z r

s

(0, z0)

(rr, zr)

nr

sr

Figure 5.2: Ray trajectory
(
r(s), z(s)

)
with launch angle α from a source at (0, z0).

The ray is closest to the receiver (rr, zr) when it reaches the projection point at sr.
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End effects

used to define the initial conditions of the dynamic ray tracing equations as

Q(0) = ǫ, P (0) = 1. (5.2)

A number of different choices of ǫ have been studied in the literature [8, 17]. In
practice, the choices are formulated in terms of beamwidth and curvature at some
point or points along the ray. From the exponent in Eq. (5.1) we identify the
beamwidth L and the curvature of the wavefront K as

L(s) =

(
ω

2
Im

P (s)

Q(s)

)
−1/2

, K(s) = c(s) Re
P (s)

Q(s)
. (5.3)

Since the beamwidth should be a positive real number, we must have Im P (s)
Q(s) > 0

along the entire ray, which implies that Im ǫ < 0.

5.2 End effects

When the total field is calculated by integrating the contributions from all launch
angles, the contributions from the ends of the integration interval have to be neg-
ligible. Otherwise spurious arrivals, which we call end effects, will appear in the
calculated impulse response. This happens when the beams are too wide, which is
more likely to happen in a shallow medium. In Fig. 5.3, direct beams are shown for
an example geometry. The projection points approach the bottom, which restricts
the usable launch-angle interval. It is thus necessary to control the beamwidth so
that the contribution from the beam with the projection point at the bottom is
negligible.

Figure 5.3: Geometry with linear sound speed profile. Source at a depth of 80 m and
receiver at a depth of 74 m. The source-receiver distance is 100 m. The projection
points of the receiver are marked with small circles. The launch-angle interval with
direct arriving beams is bounded by the bottom.

One choice is to define ǫ to give a predefined beamwidth and a plane wavefront
at the projection point. This will not only make it possible to avoid end effects, but
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5. Gaussian beam summation

will also reduce the risk of time discretisation errors from the approximation of the
beam integral by a sum. Fig. 5.4 shows how the beamwidth and wavefront curvature
develop along the beam for a launch angle in a medium with linear sound speed
profile for f = 2000 Hz with this choice of ǫ. The beamwidth at the projection point
was set to L = 5 m. At the projection point, a beamwidth minimum is reached.

Figure 5.4: Geometry with linear sound speed profile. Curvature of the wavefront and
beamwidth for f = 2000 Hz. The complex beam parameter ǫ was chosen to give plane
wavefronts and the beamwidth L = 5 m at the projection point (marked by a small
circle). The curvature of the wavefront is indicated with a dashed line at some points
along the beam. The solid lines mark the central ray and the beamwidth along the
beam.
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6 Summary of results from papers

4 and 5

6.1 Paper 4: Gaussian beam summation in shallow

waveguides

Gaussian beam summation is a model for wave propagation that is a huge improve-
ment over classical ray tracing when it comes to compute the field in a singular
region, e.g. near a caustic point. It has been used extensively since it was invented
by Popov in the early 1980s, but it is seldom applied to propagation in waveguides.
The main reason is that the method was originally developed for propagation of
seismic waves in the Earth, where typical medium depths are several kilometres.

In paper 4, different choices for the complex beam parameter ǫ are studied in
a shallow waveguide. The geometry of the waveguide puts a restriction on the
feasible beamwidths. Therefore, choosing ǫ for each beam to give plane wavefronts
and sufficiently narrow beams at the projection point yields the best results.

As an example we study a receiver placed in a caustic shadow, as shown in
Fig. 6.1. The dashed line marks the receiver depth, and the solid curve marks the
depth of a ray at the receiver range as a function of the launch angle. Around the
launch angle 30◦, the receiver is in a shadow zone.

Figure 6.1: Ray depth at the range of the receiver as a function of the launch angle α.
The dashed line marks the depth of the receiver.
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6. Summary of results from papers 4 and 5

Figure 6.2: Received signal as a function of time. Results from ray tracing in the left
panel and Gaussian beam summation in the right panel. The dotted line marks the
reference solution, as calculated by a full-field method.

A calculation with ray tracing compared to a full-field solution confirms that
this is a singular region for ray tracing. However, Gaussian beam summation can
compute the field at this receiver position correctly, when the best ǫ option is chosen;
see Fig. 6.2.

An example with a realistic environment is presented in Fig. 6.3. Here, a Baltic
Sea sound speed profile was used and the figure shows a section of the received
signals obtained for a specific source-receiver configuration. At about 2707 ms,
there is a caustic-shadow contribution, which ray tracing cannot find, but Gaussian
beam summation solves the problem.

Figure 6.3: A section of the received signal as a function of time for a Baltic Sea sound
speed profile. Results from ray tracing in the left panel and Gaussian beam summation
in the right panel. The dotted line marks the reference solution, as calculated by a
full-field method.
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Paper 5

6.2 Paper 5: An adaptive algorithm for Gaussian beam

summation in shallow waveguides

In paper 5, an adaptive Gaussian beam summation algorithm is presented. The
algorithm is developed to yield results that are better than or at least as good as
ray tracing in shallow waveguides. The main problem of shallow waveguides is that
the beamwidth at the receiver range must be small in order to avoid end effects
due to interactions with the surface and bottom. Another problem is the variation
of the ray depth at the receiver range as a function of launch angle. In some angle
regions, the change is fast, which requires the Gaussian beams to be closely spaced
to avoid discretisation errors. In other regions, the change is slow and tracing of
too many rays increases the computational burden without improving the result.

Starting from one end of a selected launch angle region, the launch angles are
determined stepwise, with a step that is adapted both to the beamwidth and to the
derivative of the ray depth at the receiver range with respect to the launch angle.

Some examples are shown in Fig. 6.4. The curves in the left column show
received signals as calculated by ray tracing compared to a full-field solution, and
the right column shows the corresponding curves for the Gaussian beam summation
algorithm. For the receiver depth 25 m, the problems are corrected, but at 35 m,
some of them still remain. The reason is that ǫ is chosen to give a beamwidth

Receiver depth 25 m

Receiver depth 35 m

Receiver depth 25 m

Receiver depth 35 m

(a) (b)

Figure 6.4: (a) Solid line — received signal as calculated by eigenray tracing. Dotted
line — full-field solution. (b) Solid line — received signal as calculated by Gaussian
beam summation using the spline approximation with the beamwidth L set to 2 m.
Dotted line — full-field solution.
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6. Summary of results from papers 4 and 5

which should avoid end effects. For 2 m wide beams at this receiver position, the
beams are not penetrating deep enough into the shadow zone to be able to form
the caustic-shadow contribution.

In this case the result can be further improved by choosing wider beams, as
shown in Fig. 6.5 where the beamwidth is set to 8 m. However, increasing the
beamwidth will always cause end effects eventually. Here, for instance, the accuracy
starts to deteriorate when the beamwidth is increased to more than 8 m.

Receiver depth 35 m

Figure 6.5: Solid line — received signal as calculated by Gaussian beam summation
using spline interpolation with the beamwidth set to 8 m. Dotted line — full-field
solution.
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Nomenclature

c the speed of sound

f frequency

fc frequency of the carrier wave

GE(f) frequency response of the equalising filter

GR(f) frequency response of the receiver filter

gT (t) transmitter filter

h(t) channel impulse response

H(f) channel frequency response

k wave number

K curvature of the wavefront of a Gaussian beam

L beamwidth of a Gaussian beam

n(t) noise

P, Q dynamic ray tracing variables

p acoustic pressure in the time domain

p̂ complex pressure in the frequency domain

r, z cylindrical coordinates

s, n ray-centred coordinates with s being the arc length

sbb(t) complex baseband signal

sbp(t) bandpass signal

t time
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Nomenclature

T symbol time length

xc(t) real part of the complex baseband signal

xs(t) imaginary part of the complex baseband signal

z0 vertical coordinate of the source

α launch angle

ǫ complex beam parameter

τ propagation time

ρ density

φ grazing angle

ω angular frequency

ωc angular frequency of the carrier wave
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