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Locally resonant metamaterial flat panels have proved to potentially exhibit extraordinary sound transmission loss
properties when the resonance frequency of the resonators is tuned to the coincidence frequency region. Whether this
technique is also effective to address the ring frequency effect for curved panels is investigated in this paper. For this
purpose, a cylindrical shell, as a representation of curved panels, is studied from a theoretical and numerical point
of view, with a specific focus on the transmission loss behaviour around the ring frequency region when the shell is
mounted with local resonators. The influence from the resonators is presented, and compared with that for a flat panel.
An inverse effect of the resonators is observed on the sound transmission loss between the metamaterial cylindrical
shell and the metamaterial flat panel when the resonance frequency of the resonators is tuned to be below or above the
ring or coincidence frequency, respectively. Rather than the extraordinary improvement observed for the metamaterial
flat panel, tuning such conventional resonators to the ring frequency of curved panels generates two side dips despite
a sharp improvement at the ring frequency itself. This phenomenon is explained from an effective impedance point of
view developed in this paper. The approach proposed and the conclusions provided may subsequently allow for the
design of suitable resonators in order to resolve the ring frequency effect for curved panels.

I. INTRODUCTION
Acoustic metamaterials have been studied extensively due
to their nontrivial acoustic behaviour1–15 . The concept of
acoustic metamaterial has been adapted in order to design
novel acoustic panels for sound insulation purposes2–7,12–15 .
A metamaterial acoustic panel normally consists of a host
panel and resonators that may be composed of, e.g., massspring systems. One of the potential drawbacks of a metamaterial acoustic panel is that only a limited frequency range
may benefit from the behaviour of the resonators. However, it
was shown that an extraordinary sound transmission loss may
be achieved if the resonance frequency of the resonators is
tuned to the coincidence frequency region of the host panel,
by successfully overcoming the coincidence effect3,6,7,12,15 .
Consequently, it may also be worthy to consider whether this
approach may be effective in order to overcome the ring frequency effect of curved panels.
Curved panels are commonly used in modern aerospace and
aeronautical industries. The sound insulation properties of
these structures are of great importance due to increasing environmental requirements for passenger comfort and health.
In particular, the problematic ring frequency effect, associated with the curved nature of these structures, may lead to a
severe deterioration on the sound transmission loss, and thus
demands careful considerations. Hence, there is a great need
for resolving the ring frequency effect and thus improving the
sound insulation properties of curved panels.
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Several research contributions have been conducted to
study the acoustic behaviour of curved panels of different
kinds16–28 . However, effective solutions for improving the
sound transmission loss of these panels, especially over the
ring frequency region, are relatively rare, e.g., compared to
the attention given to the coincidence effect. Estève et al.22
adopted distributed vibration absorbers and Helmholtz resonators in order to obtain a reduction of sound transmission
through a cylindrical shell by tuning the resonance frequency
to suppress the structural and acoustic modes. Liu et al.24 employed stringers for a curved panel, which leads to a slight
improvement of sound transmission loss around the ring frequency, at the expense of decreasing it above the ring frequency. In particular, to the authors’ knowledge, few contributions have been made with respect to sound transmission loss
properties of curved panels mounted with resonators. This
may well be due to the difficulty to design effective solutions
for this configuration. Indeed, unlike for the coincidence frequency, it is relatively ineffective to tune such resonators in
order to overcome the ring frequency effect. This point is illustrated in a preliminary evaluation in Figure 1, based on an
impedance approach such as the one developed in this contribution. As shown in Figure 1b, the use of resonators in
combination with curved panels in order to overcome the ring
frequency effect gives rise to two side dips, considered here to
be ‘side effects’. In fact, a similar phenomenon may also be
seen in a recent experimental study on the use of resonators
to solve the ring frequency effect28 . This paper is mainly focused on providing explanations for these phenomena. The
physical insights drawn from the analysis may provide valuable theories for the design of suitable resonators in order to
resolve the ring frequency effect of curved panels.
In order to carry out the investigation, a cylindrical shell is
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(a) Coincidence effect.

(b) Ring frequency effect

FIG. 1: Illustration of the impact of tuning a conventional mass-spring resonator to the coincidence frequency (left) or the ring
frequency (right).

taken as a representation of curved panels in order to study the
sound transmission loss behaviour around the ring frequency
region. The influence of the resonators is systematically evaluated by varying their resonance frequency to different frequency regions, i.e., below, at, or above the ring frequency of
the cylindrical shell. Both the theoretical estimation and the
numerical simulations are conducted for the cylindrical shell.
The theoretical derivation is based on an impedance approach
developed for the infinite cylindrical shell. The numerical
simulations are based on Finite Element models, constructed
for a section of the cylindrical shell, assumed infinitely long
in one direction and clamped in the other, which is a realistic
representation of practical engineering situations. In order to
support the explanations associated with the sound transmission loss behaviour of the metamaterial cylindrical shell, a flat
panel, whose coincidence frequency is on purpose set to be
about the same as the ring frequency of the cylindrical shell,
is also presented. This latter test case serves as a reference in
order to highlight the effect of the resonators when associated
with the cylindrical shell.
The paper is organized as follows, Section II introduces an
effective impedance approach for the sound transmission loss
estimation of the metamaterial flat panel and the cylindrical
shell; Section III presents the Finite Element simulations for
a section of the metamaterial cylindrical shell; in Section IV
comparisons of the investigated panels and the explanations
of the phenomena are provided; conclusions are then drawn
in Section V.

II. IMPEDANCE APPROACH
The impedance approach is developed in order to estimate
the airborne sound transmission loss of locally resonant meta-

material acoustic panels. This approach is developed in the
low frequency range where both the thickness of the panels
and the distance between resonators are much smaller than
the acoustic wavelength. On this basis, the sound transmission loss of a metamaterial acoustic panel is studied by taking
into account the classic airborne sound transmission model, as
shown in Figure 2. The panel is located between two semiinfinite domains and is excited by time-harmonic incident
plane waves, inducing both reflected and transmitted acoustic
waves. The incident angle with respect to the normal direction of the panel is θ . The azimuth angle ϕ, as shown in the
figure, is set to be 0. The impedance of the panels may thus
be derived by considering the ratio of the acoustic pressure
difference to the normal particle velocity of the panel.
In order to extend the case to the metamaterial acoustic panels, an effective impedance approach is introduced. The effective impedance of a metamaterial panel may be obtained by
combining the impedance of the host panel with the equivalent impedance of the resonators. By using such an approach,
the sound transmission loss of the metamaterial flat panel and
the metamaterial cylindrical shell may be estimated.

A. Impedance of the host panels
The impedance of an unbounded flat panel under a thin
plate assumption is given by29


f2
Z = jωm 1 − 2 sin4 θ ,
fcr

(1)

√
where
j = −1, m is the surface density of the panel, fcr =
p
c20 m/D/(2π) is the critical frequency of the panel, in which
D = E(1 + jηst )t 3 /[12(1 − υ 2 )] is the bending stiffness, with
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(a) Resonator.

(b) Cylindrical shell.

(c) Flat panel.

FIG. 2: Presentation of the locally resonant metamaterial acoustic panels studied.

E the Young’s Modulus, υ the Poisson’s ratio, t the thickness
of the panel and ηst the structural loss factor.
Koval17,18 developed a simplified theory for an ‘infinite’
slightly curved shell in order to qualitatively describe the
impedance of the shell, as
!
fring 2
f2
4
Z = jωm 1 − 2 sin θ − 2
,
(2)
f
fcr
p
in which fring = Et/m(1 − υ 2 )/(2πR) is the ring frequency
with R the radius of curvature of the shell. This impedance
is denoted, in this paper, as the ‘simplified’ impedance in order to distinguish it from the more complex impedance model
developed for a full cylinder mounted with resonators, which
is introduced in Appendix A. In the present contribution, although this refined model has been tested and would be applicable with the methodology proposed here for fully cylindrical structures, it is only briefly mentioned in the appendix as
a natural extension.

B. Equivalent impedance of the locally resonant system

(3)

where k is the spring constant, ξ and w are the displacement
of the resonator and of the host panel, respectively. mr is the
surface density of the resonator, that is, the ratio of the mass
of the resonator to the surface area of one lattice.
Assuming a time harmonic motion of the form ξ = ξˆ ejωt in
Equation (3), we have
ξˆ
k
=
.
ŵ k − ω 2 mr

r
Zeq
=

1
F̂

= jωmr
,
2
jω ŵ
1 − f fres 2

(5)

p
where fres = k(1 + jηsp )/mr /(2π) is the resonance frequency of the resonator, with ηsp the loss factor of the spring.

C. Eective impedance of the metamaterial panels
The effective impedance may subsequently be expressed
as a combination of the impedance of the host panel and the
equivalent impedance of the locally resonant system, such that
Zeff = Z + Zeq .

(6)

D. Sound transmission loss
The transmission coefficient may be expressed as

In order to evaluate the influence of the locally resonant
systems on the host panel, an equivalent impedance model is
developed.
Based on the notations in Figure 2a, the equation of motion
for the resonator mr is, similarly to the locally resonant system
in one lattice of the periodic metamaterial,
− k (ξ − w) = mr ξ¨ ,

the ratio of the reaction force to the local velocity, as

(4)

of the host panel on the resonator is F̂ =
The force

k ŵ − ξˆ . The equivalent impedance is then estimated by

τ = 1+

cos θ
Z
2ρ0 c0 (eff)

−2

,

(7)

where ρ0 and c0 are the density of and speed of sound in the
air, respectively. The notation Z(eff) indicates that whether
the effective impedance or the host panel impedance shall be
adopted depends on the situation.
The sound transmission loss (STL) may be calculated subsequently as
1
STL = 10 log .
τ

(8)

The impedance approach developed in this section will be
validated and compared against the Finite Element results in
the following. Although the impedance approach is for the unbounded panels, it may also be used to approximate acoustic
behaviour for the panels under a finite-sized situation as long
as the size of the panel is much larger than the wavelength30 .
Moreover, in addition to offering a very efficient approach
for a preliminary study of the metamaterial structures before
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a more detailed and computationally-costly numerical modelling, the impedance approach also provides a basis for the
physical explanation of the transmission behaviour observed
with Finite Element simulations, as introduced in the following section.

III. FINITE ELEMENT MODELLING OF THE LOCALLY
RESONANT METAMATERIAL PANELS
In order to validate the impedance approach as well as to
model the specific applications of interest, numerical simulations are presented here. These are based on the Finite Element method and are conducted in the commercial software
COMSOL R 31 .

is set to be clamped. In the infinitely long direction, the unbounded dimension of the shell is also modelled by a Floquet
periodic condition, while the non-reflecting boundary condition is modelled by a cylindrical wave radiation boundary condition in this case.
The material properties are provided in Table I. The sound
transmission loss may thus be estimated from the models by
STL = 10 log

Ŵinc
,
Ŵtrans

(9)

where Ŵinc and Ŵtrans are the incident and the transmitted powers, respectively.

IV. RESULTS AND DISCUSSIONS
A. Validation between the impedance approach and the
Finite Element method

FIG. 3: Presentation of a section of the metamaterial
cylindrical shell. The region enclosed by the dashed line
represents a lattice of this one-dimensional periodic shell.
The Finite Element models are constructed for both an infinite metamaterial flat panel and a section of the metamaterial
cylindrical shell (see Figure 3). The details and the mesh constituting the Finite Element model are presented in Figure 4.
The dimension of the mesh has been set in order to ensure
the accuracy of the calculations for the shortest wavelength
considered (i.e. highest frequency of interest).
As for the metamaterial flat panel, in order to model sound
transmission through an unbounded flat panel with periodically distributed mass-spring resonators, the model is constructed for one lattice. The resonators are modelled by soft,
lightweight materials acting as springs and dense, stiff materials to represent localized masses, in a way similar to a previous contribution12 . An aluminum panel is defined as the
host panel. The unbounded dimension is modelled using a
Floquet periodic boundary condition. The oblique incident
sound field is modelled by a time-harmonic background pressure field with the elevation angle θ = π/3 and the azimuth
angle ϕ = 0. A non-reflecting boundary condition is introduced, using a plane wave radiation boundary condition in order to model the semi-infinite incident and transmitted acoustic fields. Structural-acoustic coupling conditions are enforced
at the interface between the acoustic and solid domains.
Regarding the section of the shell, it may be represented
by modelling one portion of the periodic structure, as shown
in Figure 4b. The boundary condition in the finite direction

In the first step, the results based on the impedance approach and the Finite Element method are here validated
against each other, as shown in Figure 5.
Figure 5a shows a comparison associated with oblique incidence (θ = π/3, ϕ = 0). The trends between the impedance
approach and the Finite Element method are clearly the same,
except for the fluctuations in the Finite Element results. These
fluctuations are attributed to the eigenmodes inherent to the
finite-sized nature of the model and the fact that only one
oblique incident angle is considered in the Finite Element simulations.
In order to further validate the impedance approach, an averaged sound transmission loss is studied with multiple angles
of incidence. The averaged sound transmission loss based
on the Finite Element method in 1/3-octave bands is shown
in Figure 5b. As shown, the fluctuation due to the influence
of the eigenmodes is almost entirely suppressed. In fact, the
more incident angles, the closer the Finite Element results become to the impedance approach. The reason for considering only one angle of incidence here is to extract key features
with reduced computational resources. The results provided
by the impedance approach thus offer both satisfying accuracy as well as great efficiency for the scope of the current
study.

B. Sound transmission loss properties around the
coincidence frequency and the ring frequency
The coincidence frequency varies according to the oblique
incident angle and the thickness of the panel. For an unbounded flat panel, at frequencies below the coincidence frequency, the sound transmission loss is dominated by the surface density of the panel, while above the coincidence frequency, the sound transmission loss is driven by the stiffness of the panel. Accordingly, the sound transmission loss
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(a) One lattice of the metamaterial flat panel (left); Zoomed-in view of
the lattice of the shell (right).

(b) One lattice of the section of the metamaterial cylindrical
shell.

FIG. 4: Finite Element models.
TABLE I: Material properties of the host panels.
E(Pa)
Flat panel
Cylindrical shell
a
b

6.9 × 1010
6.9 × 1010

υ(-)
0.3
0.3

ρ(kg/m3 )

t(m)

2700
2700

2 × 10−2
1 × 10−3

Sectional angle
(rad)
1.85

R(m)

fco (Hz)a

fring (Hz)

+∞
1

816
1.6 × 104

843b

fco is the coincidence frequency of the panel. When the incident elevation angle θ = π/3, fco = 816 Hz.
For the section of the cylindrical shell, the lowest sound transmission loss occurs at 780 Hz rather than exactly at the ring frequency, this is due to the
influence of the clamped boundary condition.

(a) One angle of incidence.

(b) Average from multiple angles of incidence.

FIG. 5: Comparison of the sound transmission loss evaluation between the impedance approach and the Finite Element method.

may thus be attributed to the mass-controlled region and the
stiffness-controlled region, respectively32 .
For shells with a curvature, in addition to the coincidence
frequency, the ring frequency is another frequency where the
sound transmission loss deteriorates, since, at such a frequency, the interaction between the bending stiffness and
the membrane forces in the shell may result in a minimum

impedance24,25 . The ring frequency, in contrast to the coincidence frequency, does not change with the incident angle and the thickness of the panel. In the case of a section
of a shell, the lowest transmission loss actually occurs at a
slightly lower frequency than the ring frequency. A simulated
displacement field at the frequency where the lowest transmission loss occurs for the section of the cylindrical shell
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is shown in Figure 6. This displacement field implies that

m

FIG. 6: Simulated displacement field in the normal direction
of the surface at 780 Hz for the section of the cylindrical
shell with R = 1 m.
the acoustic radiation efficiency of the shell reaches a maximum value at this frequency. The influence of the curvature
is shown in Figure 7. As may be seen from this plot, the ring

C. Inuence of the resonators on the sound transmission loss
The influence of the resonators on the sound transmission
loss is taken into account in this section, with a particular focus around the coincidence frequency and the ring frequency
regions. Note that the incremental weight of the structure
caused by the resonators in the two cases is maintained at 20%
of the host panel. In order to facilitate the discussion, the coincidence frequency and the ring frequency are referred to as
the specific frequencies of interest.
The influence is systematically studied by tuning the resonance frequency of the resonators to be below, at, or above
the specific frequencies of interest. The results based on the
impedance approach are presented, as shown in Figure 8.
When the resonance frequency is tuned to below the specific
frequencies of interest, a peak and a dip associated with the
resonance are generated. For the flat panel, the peak appears
first, followed by the dip, while these are inverted for the shell.
The shift between the peak and the dip associated with the response of resonators may also be seen between the flat panel
and the shell when the resonance frequency is tuned above the
specific frequencies of interest.
These inverse effects of the resonators observed with
the sound transmission loss are found between the masscontrolled region and stiffness-controlled region. These opposite behaviours may be explained in terms of placing the
resonance of the resonators in the mass- or stiffness-controlled
regions.
As to tuning the resonance of the resonators to the specific
frequencies of interest, the sound insulation behaviour of the
shell, unlike for the flat panel at the coincidence frequency,
results in the appearance of side dips, here denoted as ‘side effects’, associated with the resonance of the resonators. Physically:
• For a flat panel at the coincidence frequency, the
impedance is transferred from the mass-controlled region to the stiffness-controlled region,

FIG. 7: Sound transmission loss of the section of the shell
with different curvatures.
frequency is shifted to a lower frequency as the radius of curvature increases. In addition, below the ring frequency, the
sound transmission loss of a shell is better than that of a flat
panel. This is due to the existence of tension forces in the
curved shell, which may lead to an increased stiffness dominating the transmission loss behaviour in this frequency region. When the frequency increases to twice that of the ring
frequency, the panel behaves like a flat panel, indicating that
the sound transmission loss is dominated by the surface mass
density of the shell in this frequency region. Therefore, contrary to the behaviour around the coincidence frequency, the
sound transmission loss is stiffness-controlled below the ring
frequency, while it is mass-controlled above it.

• For a cylindrical shell at the ring frequency, the
impedance is transferred from the stiffness-controlled
region to the mass-controlled region.
This provides the underlying physical explanation for the ineffectiveness of tuning resonators to the ring frequency, a point
which may be further explained from an impedance point of
view, as detailed in Section IV D.
The Finite Element results for a section of the metamaterial cylindrical shell, as plotted in Figure 9, also capture the
behaviour of the resonators in agreement with the results of
the impedance approach, thus validating the ability of the latter to estimate the overall sound transmission loss behaviour
of the metamaterial panel. In particular, the resonance of the
resonators in combination with the response of the host panel
are well estimated by the proposed impedance approach.
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(a) Flat panel;

(b) Cylindrical shell.

FIG. 8: Comparison of the influence from the resonators on the sound transmission loss between the metamaterial flat panel
and the metamaterial cylindrical shell by tuning the resonance frequency of the resonators to different frequency regions.

(a) fres = 400Hz.

(b) fres = 780Hz.

(c) fres = 1600Hz.

FIG. 9: Sound transmission loss of the metamaterial shell based on the Finite Element modelling and the impedance approach,
for the three different tuning frequencies of the resonators.

D. Analysis from an impedance point of view
In order to further detail the reasons for the extraordinary
behaviour associated with the coincidence effect and the ‘side
effects’ associated with the ring frequency effect provided by
the corresponding metamaterials, the impedances are studied
in detail.
When the damping is small, the imaginary part of the
impedance is dominant. The imaginary part of the impedance
of the host panels and the equivalent impedance of the resonators are plotted in Figure 10. As may be seen from
the figure, regarding the host panel, the mass-controlled region corresponds to the region where the imaginary part of
the impedance is greater than zero, whereas the stiffnesscontrolled region corresponds to the region where the imaginary part of the impedance is lower than zero. Regarding the
equivalent impedance of the resonators, the imaginary part of

the impedance changes from being positive below the resonance frequency to negative above the resonance frequency.
These behaviours imply that the resonators have the same
phase change as the impedance of the flat panel if tuned at
the coincidence frequency, while they have an opposite phase
change to the impedance of the cylindrical shell if tuned at the
ring frequency.
TABLE II: Sign of impedance for different subsystems and
frequency regions of interest.
Z
Below freq. of interesta
Above freq. of interest
a The

Resonators
+
−

Flat panel
+
−

Shell
−
+

frequencies of interest are referring to the resonance
frequency, coincidence frequency, or the ring frequency for the
resonators, the flat panel, or the cylindrical shell, respectively.
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FIG. 10: Impedance of the host panels and equivalent
impedance of the resonators.

Therefore, the cumulative effect of the impedance of the
resonators and the host panels, driving the behaviour of the
metamaterial panel leads to:
• An increase of the absolute value of the effective
impedance of the metamaterial flat panel, due to the
identical phase change between the resonators and the
panel (see dash-dotted line in Figure 11). This results
in an increased transmission loss over the entire coincidence frequency region.
• The emergence of two points where the absolute value
of the effective impedance of the metamaterial shell
is zero, i.e., where the impedance of the shell and
the equivalent impedance of the resonators cancel each
other, due to the opposite phase change between the resonators and the shell. This results in two dips at the
frequencies where the effective impedance is cancelled
out. Furthermore, the narrow improvement of the transmission loss in between these side frequencies is due
to the resonance of the resonators (see dashed line in
Figure 11).
The above impedance-based interpretation is further summarized in Table II, highlighting the cumulating or cancelling effects around the coincidence or ring frequencies, respectively.
In practice, this implies the need to introduce resonators following the same phase change as the host panel at the specific frequencies of interest. For this purpose, the impedance
approach may prove to be a powerful methodology. For the
coincidence effect, this impedance approach allows to tune
conventional resonators in order to suppress the dip in the
transmission loss on the basis of a systematic tuning criterion12 . For the ring frequency, however, the impedance approach highlights that such a dip is hardly avoidable when
conventional mass-spring resonators are used. In order to
achieve this, specifically designed resonators may be sought,

FIG. 11: Effective impedance of the metamaterial flat panel
and the metamaterial cylindrical shell.

exhibiting a negative-to-positive impedance change at the resonance frequency, which cannot be achieved using conventional mass-spring resonators. The impedance approach may
here open the way for the design of such unconventional resonators, e.g. considering active resonators, as one of the perspectives of this contribution.

V. CONCLUSIONS
In order to provide an explanation for the fact that conventional mass-spring resonators may not be best-suited in order
to suppress the ring frequency effect associated with curved
panels, a cylindrical shell was considered in this article as a
representation of curved panels. It was studied both using a
theoretical impedance approach and a numerical model. The
comparison with the response of a locally resonant metamaterial flat panel using conventional mass-spring resonators allows to highlight that the efficiency of such conventional resonators is governed by the change of impedance of the host
panels. In the case of a flat panel with resonators tuned at the
coincidence frequency, the overall effective impedance, resulting from the cumulated impedances from the resonators
and the host panel, leads to an increased transmission loss
without side dips. On the other hand, a similar configuration for the ring frequency of a curved panel leads to a sharp
increase of the transmission loss at the expense of two side
dips.
The impedance approach proposed shows that the efficiency of the metamaterial structures lies in the fact that the
phase change of the impedance of the resonators should be
identical to that of the host plate. As summarized in Table II, this is the case for a flat panel at the coincidence frequency, where the impedance of the host panel shifts from the
mass-controlled region at lower frequencies to the stiffnesscontrolled region at higher frequencies. This corresponds to
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the behaviour of the resonator (from the sound transmission
point of view), mass-driven just below its resonance frequency
and stiffness-driven just above. For the curved panel, however,
shifting at the ring frequency from the stiffness-controlled region in the lower frequencies, to the mass-controlled region at
higher frequencies, the cumulative effect with the resonators
leads to the cancellation of the effective impedance at two side
frequencies to the ring frequency. Despite a sharp improvement at the ring frequency itself, this side effect worsens the
overall transmission loss properties of the curved panel.
The proposed study further highlights the requirements for
the design of suitable non-conventional resonators in order to
address the ring frequency effect, based on their equivalent
impedance derivation.

introduced based on Koval’s theory17 , with a modification derived from the effective impedance approach, as
τ =∑
N

2εN
ℜ {ZNc } ℜ {ZNs } Z(eff) N
k⊥ R

Zeff N = ZN + Zeq .

ZN = ZNsh + ZNc + ZNs ,



(A2)

(A3)

where ZNsh is the modal impedance of the shell; ZNc is the
impedance associated with the interior of the cylindrical domain and ZNs is the radiation modal impedance of the shell.
In Equation (A3):
ZNsh

fring 2
= jωm 1 − AN 2
f

!
;

(1)

ZNc = j

A more detailed description to estimate the sound transmission loss of a full cylinder mounted with resonators is further

ρ0 c0
cos θ

(A1)

In Equation (A2), ZN is the impedance for the N th circumferential mode under acoustic excitation of the cylindrical shell,
which may be decomposed as

Appendix A: Impedance approach for a metamaterial full
cylinder

ZNs =

,

where
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ρ0 c0 HN (k⊥ R)
;
cos θ H 0 (1) (k⊥ R)
N


JN (k⊥ R) JN02 (k⊥ R) +YN (k⊥ R)YN02 (k⊥ R)
2
1
−
j
.
πk⊥ R JN02 (k⊥ R) +YN02 (k⊥ R)
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(A4)

where,

AN = K

2
(ktr R)6 − (ktr R)2 N 4 + (ktr R)2 N 2
(ktr R) + N − 1 + 2(1 − υ)
((ktr R)2 + N 2 )2
2

2


 
(1)
(1)
with K = t 2 12 1 − υ 2 R2 . HN , H 0 N are the Hankel
function of the first kind and its derivation, respectively; JN ,
J 0 N , YN , Y 0 N are Bessel functions of the first and second kinds
and their derivations, respectively; ktr = k sin θ is the trace
wavenumber; k⊥ = k cos θ is the radial wavenumber. εN is
expressed as

εN =

1, N = 0
.
2, N > 1

1 J.

!
+

(ktr R)4
,
(ktr R)2 + N 2

(A5)
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