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Abstract  

Ageing of low alloy steel in nuclear applications commonly takes the form as a 

hardening and an embrittlement of the material. This is due to the evolution of the 

microstructure during irradiation and at purely thermal conditions, as a 

combination or separate. Irradiation introduces evenly distributed solute clusters, 

while thermal ageing has been shown to yield a more inhomogeneous distribution. 

These clusters affect the dislocation motion within the material and results in a 

hardening and in more severe cases of ageing, also a decreased work hardening 

slope due to plastic strain localization into bands/channels. Embrittlement 

corresponds to decreased fracture toughness due to microstructural changes 

resulting from ageing. The thesis presents a possible framework for modeling of 

ageing effects in low alloy steels. 

In Paper I, a strain gradient plasticity framework is applied in order to capture 

length scale effects. The constitutive length scale is assumed to be related to the 

dislocation mean free path and the changes this undergoes during plastic 

deformation. Several evolution laws for the length scale were developed and 

implemented in a FEM-code considering 2D plane strain. This was used to solve a 

test problem of pure bending in order to investigate the effects of the length scale 

evolution. As all length scale evolution laws considered in this study results in a 

decreasing length scale; this leads to a loss of non-locality which causes an overall 

softening at cases where the strain gradient is dominating the solution. The results 

are in tentative agreement with phenomena of strain localization that is occurring 

in highly irradiated materials. 

In Paper II, the scalar stress measure for cleavage fracture is developed and 

generalized, here called the effective normal stress measure. This is used in a non-

local weakest link model which is applied to two datasets from the literature in 

order to study the effects of the effective normal stress measure, as well as new 

experiments considering four-point bending of specimens containing a semi-

elliptical surface crack. The model is shown to reproduce the failure probability of 

all considered datasets, i.e. well capable of transferring toughness information 

between different geometries. 

 

 

 

  



 

 

Sammanfattning 

Åldring av låglegerade stål i kärntekniska användningsområden framträder typiskt 

som ett hårdnande och en försprödning av materialet. Detta på grund av 

utvecklingen av mikrostrukturen under bestrålning och under rent termiska 

förhållanden. Bestrålning introducerar jämt fördelade kluster av legeringsämnen. 

Termisk åldring har däremot visats ge upphov till en mer ojämn fördelning. 

Klustren hämmar dislokationsrörelsen i materialet och ger därigenom upphov till 

en ökning av materialets sträckgräns, vid en mer påtaglig åldring det även leda till 

ett sänkt arbetshårdnande på grund av lokalisering av plastisk töjning i s.k. 

kanaler/band. Försprödning är en sänkning av materialets brottseghet som en följd 

av de mikrostrukturella förändringar som sker vid åldring. Arbetet som 

presenteras i den här avhandlingen har gjorts i syfte till att ta fram ett möjligt 

ramverk för modellering av låglegerade stål. 

I Artikel I, används en töjningsgradientbaserad plasticitetsteori för att kunna fånga 

längdskalebeteenden. Längdskalan i teorin antas vara relaterad till 

dislokationernas medelfria väg och den förändring den genomgår vid plastisk 

deformation. Flera utvecklingslagar för längdskalan har analyserats och 

implementerats i en finita element kod för 2D plan deformation. Denna 

implementering har använts för att lösa ett testproblem bestående av ren böjning 

med syfte att undersöka effekterna av utvecklingen hos längdskalan. Alla de 

utvecklingslagar som presenteras i artikeln ger en minskande längdskala, vilket 

leder till vad som valt att kallas förlust av icke-lokalitet. Fenomenet leder till ett 

övergripande mjuknande vid fall där den plastiska töjningsgradienten har stor 

inverkan på lösningen. Resultaten är i preliminär överenstämmelse med de typer 

av lokalisering av plastisk töjning som observerats i starkt bestrålade material. 

I Artikel II utvecklas ett generaliserat spänningsmått i syfte att beskriva klyvbrott, 

här benämnt effektivt normalspänningsmått. Detta har använts i samband med en 

icke-lokal svagaste länk modell, som har applicerats på två experimentella studier 

från den öppna litteraturen i syfte att studera effekterna av det effektiva 

normalspänningsmåttet. Utöver detta presenteras även nya experiment på 

ytspruckna provstavar under fyrpunktsböj. I artikeln visas att modellen återskapar 

sannolikheten för brott för alla undersökta experimentuppställningar, d.v.s. 

modellen visas vara väl duglig för att överföra brottseghet mellan geometrier.  
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1. Introduction 

The importance of electrical power to the development of society cannot be 

overstated. Production of electricity comes in many forms and is to a large extent 

dependent on natural resources such as oil, coal, rivers and fissile material. The 

dependence on fossil fuels (oil, coal) for production of electricity produces large 

quantities of CO2. CO2 being a greenhouse gas that contributes to climate change 

through the greenhouse effect as well as other types of changed environmental  

conditions such as those brought forth by e.g. ocean acidification. Nuclear power 

can be used as a stable source of electricity production (as opposed to intermittent 

sources such as wind and solar) with very little CO2 production per kWh of 

produced electricity compared to other sources. The Intergovernmental Panel on 

Climate Change (IPCC) deems nuclear power to be so important in combating 

climate change that it, in their 2018 annual report on global warming, 

recommends nuclear power to be part of possible future scenarios for how global 

warming could be limited to 1.5 ˚C [1]. 

Sweden obtains a large share (40 % [2]) of its electricity production from nuclear 

power. Some of the Swedish reactors are coming close to the end of their 

originally designed life time and will face decommissioning, and some of the 

reactors are undergoing life extension programs. It is therefore especially 

important to understand the effects of long term operation on the materials used in 

the reactors. For instance, the reactor pressure vessel is made from welded plates 

and/or forgings of low alloy steel. Low alloy steels are alloys containing primarily 

iron (Fe) and low amounts of alloying elements (1.5-5 %), typically Mn, Si, Ni, 

Mo, Cr and V. The reactor pressure vessel is subjected to neutron irradiation 

originating from the core, and an operating temperature of ~290 ˚C. This 

environment causes the low alloy steel and its weldments to become embrittled 

due to ageing, which reduces the size of the operating window in terms of 

pressure and temperature, as well as the operating limits and design transients. 

Therefore regular safety assessments at timed intervals are conducted in order to 



Magnus Boåsen 

2 

 

ensure maintained operability of the reactor. It is also important to realize that 

replacement of a reactor pressure vessel is nearly impossible and very costly.  

1.1. Aims of this study 

This thesis is part of a PhD-project with the aim of studying the effects of ageing 

on the mechanical properties of low alloy steels in nuclear reactors. This involves 

ageing and embrittlement due to irradiation of the reactor pressure vessel, and 

thermal ageing of the pressurizer used in pressurized water reactors. The thesis 

contains two papers describing two possible modeling pathways for studying 

ageing induced effects on the relevant mechanical properties of alloy steels. 

1.2. Structure 

The thesis is outlined as follows Section 2 presents a general review of the most 

pertinent effects of ageing with respect to micro- and nanostructure as well as key 

effects related to mechanical properties and embrittlement, in order to put the 

appended papers in the correct context. Section 3 contains a short review of the 

key aspects related to the appended papers as well as an excerpt of key results. 

Section 4 presents some possible considerations for future work. 
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2. On the ageing effects on the mechanical 

properties of low alloy steels 

2.1. Low alloy steel and associated weld metal 

Reactor pressure vessels are commonly made from low alloy steels which have a 

ferritic or ferritic/bainitic microstructure and are chosen due to their good 

mechanical properties, i.e. fracture toughness. However, the fracture toughness of 

these steels exhibits strong temperature dependence. At low temperatures, ferritic 

steels are brittle and have a failure mode denoted as cleavage fracture.  This type 

of fracture is initiated due to slip induced cracking of a second phase particle 

which nucleates a micro crack that starts propagating dynamically [3], [4]. In 

order for such a micro crack to develop into a critical cleavage crack it must to 

propagate across microstructural obstacles such as high angle grain boundaries 

[5], [6], [7]. For this to happen, the micro crack needs to have been nucleated in a 

region where the stress is high enough over a sufficiently large distance [8], [9]. If 

all obstacles in the vicinity of the initial crack nucleus can be overcome, the crack 

develops into a macroscopic cleavage crack which results in a drastic failure. At 

increasing temperature, the material becomes more ductile until eventually, the 

cleavage failure mode is suppressed. This suppression is accompanied by a shift 

to a ductile failure mode which becomes dominant. This transition is called the 

ductile-to-brittle transition and is commonly defined by a temperature at which 

the transition is occurring. This temperature is typically determined from one of 

two methods, the older method being impact testing where the temperature at 41 J 

of absorbed energy, T41J, is used to define the transition. The more modern method 

is by use of fracture toughness testing according to the master curve methodology 

to determine the reference temperature T0, which is the temperature at which the 

median fracture toughness is 100 MPa√m [10]. The typical result of both methods 

is used to illustrate the ductile-to-brittle transition in Figure 1. 
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Figure 1 Illustration of the ductile-to-brittle transition for a typical low alloy steel as measured by 

(a) Charpy impact testing, and by (b) fracture mechanical testing through the master curve 

methodology.  

The multi-layer weld metal of reactor pressure vessels made from low alloy steel 

will obtain the same ferritic or ferritic/bainitic microstructure as the plates and 

forgings and therefore also exhibits the same type of temperature dependent 

fracture modes. Typically, the weld in a reactor pressure vessel consists of 

roughly 280 layers; each layer is commonly called a weld bead, which gives rise 

to a complex microstructure. This complexity lies in the grain structure, which is 

different compared to that of the plates or forgings due to the nature of welding. 

As a weld bead solidifies, a dendritic grain structure emerges transverse to the 

welding direction. As the multi-layer weld is built up, subsequent weld beads will 

be laid on top of the already existing beads, thus effectively heat treating the 

upper part of the weld bead below. This gives rise to a region with smaller 

equiaxed grains in the bead below due to recrystallization from the locally 

increased temperature. As this process continues, the weld will achieve a 

microstructure that has regions of dendritic grains, regions with finer grains that 

have been reheated once and regions that have been reheated several times. This 

can clearly be seen in the macrograph in Figure 2. The micrograph in  

Figure 3 shows a detailed image of region 2 in Figure 2, illustrating the reheated 

region between two weld beads containing an equiaxed grain structure. This 

shifting microstructure of welds gives rise to mechanical properties that varies 

dependent on position.  
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Figure 2 Weld macrograph displaying the grain microstructure characteristic to multi-layer welds. 

Image courtesy of Ulla Ehrnstén. 

 

 

Figure 3 Micrograph displaying the region containing equiaxed grains between regions of 

dendritic grains. Image courtesy of Ulla Ehrnstén. 
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2.2. Ageing of low alloy steels 

The ageing of low alloys steels due to neutron irradiation and thermal ageing is 

seen in changes of the mechanical properties due to alterations in the micro- and 

nanostructure of the metal. Ageing is also commonly called embrittlement due to 

the decreasing toughness of the material, but as other mechanical properties apart 

from the fracture toughness also changes, the word ageing will be used alongside, 

and encompasses embrittlement throughout this thesis. 

In general terms it can be said that ageing affects the plastic properties and causes 

an embrittlement of the material. This emerges as an increase in yield strength and 

a decreased work hardening slope, and a shift in the transition temperature from 

lower to higher. Changes in the plastic properties of the material are due to the 

formation of microstructural features such as solute clusters (which may become 

precipitates) and in the case of irradiation, also matrix damage. In the case of 

irradiation ageing of the Swedish reactors Ringhals unit 3 and 4 (R3 and R4), the 

shift in mechanical properties was larger than expected. There was also no 

evidence of any embrittlement saturation which has been observed in other cases 

of irradiated steels where Cu was the main embrittling solute.  The alloying 

content of the weld metal in R3 and R4 is high (~1.5 %) in Mn and Ni and rather 

low in Cu (0.05 %) and P (0.015 %). Under irradiation, this gives rise to the 

formation of evenly distributed solute clusters containing primarily Mn, Ni and 

low amounts of Cu [11], [12], [13]. Matrix damage can emerge under irradiation 

in the form of vacancy or interstitial clusters, i.e. nano sized voids and dislocation 

loop-like structures [14], [15]. These types of features all act to increase the 

resistance of dislocation motion, thus changing the plastic properties of the 

material.  

Investigations of the weld metal (submerged arc weld) of the replaced pressurizer 

in Ringhals unit 4 reactor system indicated a large degree of embrittlement and 

hardening relative to what was expected. The weld metal in this component has 

similar alloying content as the welds of the reactor pressure vessel, but the 

operating temperature is at 345 ˚C (cf. ~290 ˚C) and is not being subjected to 

irradiation. Solute clusters were found using atom probe tomography situated 
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primarily on dislocations and on grain boundaries [16]. This difference can be 

explained by how solutes segregate and form clusters during irradiation and at 

purely thermal conditions. Solute atoms such as the ones found in the clusters are 

being dragged by interstitials and vacancies towards sinks where solute clusters 

will form, i.e. dislocations, grain boundaries and radiation induced defects such as 

nano sized voids or dislocation loops [17], [18]. During irradiation there exists a 

flux of both interstitials and vacancies due to the interaction between neutrons and 

the lattice.  At thermal conditions, the number of interstitials compared to the 

number of vacancies makes the interstitials negligible. Thus, at thermal 

conditions, the alloying elements will be dragged by vacancies to existing sinks 

such as dislocations and grain boundaries, which offer an explanation to why 

solute clusters have been observed there in the thermally aged welds from the 

Ringhals pressurizer. This is in contrast to the evenly distributed clusters found in 

the irradiated R3 and R4 welds where evenly distributed sinks appear due to the 

interaction between the neutrons and the lattice. The difference in the 

nanostructure between irradiated weld metal from Ringhals 4 reactor pressure 

vessel and the thermally aged pressurizer is illustrated in Figure 4, i.e. more 

clusters in the irradiated due to the radiation induced defects. 

 

Figure 4 Atom Probe Tomography reconstruction of the nanostructure of (a) irradiated weld metal, 

and (b) thermally aged weld metal. Image courtesy of Dr. Kristina Lindgren. 

(a)

(b)
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As briefly mentioned above, the plastic properties are altered due to the formation 

of the solute clusters. The effects of irradiation on the plastic properties of 

structural nuclear materials have been observed to cause an increase in yield 

strength along with a decreased work hardening and in cases of very high 

irradiation dose, a yield point drop (drop in stress level post initial yielding). For 

instance in a study by Farell et al. [19] tensile testing of highly irradiated BCC 

(low alloy steel), FCC and HCP materials revealed a significantly increased yield 

stress coupled with a drop in stress right after the yield point and a reduced 

ductility in the studied materials. This phenomenon has been observed in several 

material systems and states. For example, in a study by Cotrell and Stokes [20], 

aluminum (FCC) was studied where a sharp yield point drop was observed after 

pre-straining at a low temperature with resumed straining at a higher temperature. 

Luft [21] observed similar phenomena of yield point drop along with work 

softening when studying precipitation hardened molybdenum and quenched or 

neutron irradiated metals (both BCC and FCC). The mechanism behind the yield 

point drop in aged reactor structural alloys is linked to dislocation channel 

deformation where plastic deformation concentrates in distinct bands in the 

microstructure [19], [21]. Inside these bands, also called clear bands, the 

irradiation induced obstacles to dislocation motion have been cleared away by 

previous dislocation motion. Thus, the resistance to dislocation motion is 

significantly lower compared to the surrounding material, and therefore plastic 

deformation tends to localize there. 

Embrittlement of low alloy steels appears as a lowered toughness and an increased 

ductile-to-brittle transition temperature due to ageing. Embrittlement is commonly 

divided into two categories, hardening and non-hardening embrittlement. The 

former is due to an increase in yield strength that gives higher stresses ahead of a 

crack front, ceteris paribus, and thus higher probability of a micro crack reaching 

a critical state for brittle cleavage fracture. This example of how hardening affects 

embrittlement is somewhat simplified since other factors affecting the cleavage 

properties could change at the same time due to ageing. In a study by Sokolov et 

al. [22] irradiation embrittlement of a reactor pressure vessel weld metal was 

studied through the use of fracture, impact and tensile testing. The study showed a 
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shift of ΔT0 = 165 ˚C accompanied with an increase in room temperature yield 

strength of Δσy = 226 MPa. In the study it was also shown how the ductile J-R 

curve is lowered due to irradiation. The latter, non-hardening embrittlement works 

by increasing the probability of failure by cleavage without the formation of 

features which themselves impede on the dislocation motion (not causing 

hardening). This is caused by the introduction of a second source of micro crack 

nucleation sites; grain boundaries weakened due to segregation of impurity 

elements such as P [23], [24], [25]. In weld metals, this weakening of grain 

boundaries is most likely heterogeneous due to the complex microstructure with 

regions of different grain sizes and thus also different critical diffusion lengths 

and available quantities of impurity elements per unit grain boundary. In a study 

by Shtrombakh et al. [26] thermal ageing after exposure times up to ~200 000 h of 

Russian reactor pressure vessel steels are investigated. It was found that ageing 

only affected the weld metal which has a rather high Ni content, and that the 

embrittlement is mainly due to grain boundary segregation, i.e. non-hardening 

embrittlement. In many cases of embrittlement due to ageing, it is most likely a 

combination of both hardening and non-hardening embrittlement. 
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3. Modeling of ageing effects 

This section presents the framework for modeling ageing induced changes to the 

mechanical properties of low alloy steels.  

3.1. Hardening and changes of plastic properties 

As outlined in Section 2.2, significant changes to the plastic properties emerge as 

a consequence of the ageing of structural nuclear alloys such as low alloy steels. 

Since these changes emerge due to the formation of microstructural features that 

affects the dislocation motion and overall dislocation behavior, strain gradient 

plasticity (SGP) theory was chosen for building a modeling framework capable of 

retracing the main characteristics of ageing induced changes of the plastic 

properties. SGP offers a way of introducing a size dependent plastic constitutive 

behavior by allowing the plastic strain gradient to carry constitutive information. 

The SGP formulation considered here was developed by Gudmundson [27] which 

is a higher order continuum theory where the plastic strain gradient contributes to 

the work per unit volume along with the plastic and elastic strains. The internal 

virtual work in a volume can be expressed as 

 e p p ,i ij ij ij ij ijk ijk

V

w q m dV           (1) 

where ijq  and ijkm  are higher order stress tensors which are work conjugated to 

the plastic strain 
p

ij  and the plastic strain gradient  p p

ijk ij kx      

respectively. The corresponding strong form of (1) is two sets of equilibrium 

equations 

 

0,

0,

ij

j

ijk

ij ij

k

x

m
s q

x







  



  (2) 

where ijs  denotes the deviatoric part of ij .  
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The Cauchy stress tensor ij  and the elastic strain 
e

ij are related through the 

standard isotropic Hooke’s law. Effective scalar measures of stress and plastic 

strain are defined analogously to J2-plasticity, which is a formulation for plastic 

deformation assuming that all plastic deformation is deviatoric in nature, i.e. only 

undergoes shape change, no volume change. The effective stress   and strain pE  

are expressed as 

  p p p 2 p p

2

3 2
, ,

2 3

ijk ijk

ij ij ij ij ijk ijk

m m
q q E l

l
   

 
     

 
  (3) 

where l is the intrinsic constitutive length scale, which will be further addressed 

below. Following from this formalism, effective scalar measures of the plastic 

strain increment and strain gradient increment can be expressed as 

 p p p p p p2 2
, .

3 3
ij ij ijk ijk         (4) 

The current framework would lead to an indeterminacy of the higher order 

stresses if a rate-independent plastic constitutive model would be used. Instead, a 

viscoplastic model is used and the plastic flow rules are expressed as 

    p p

0 f 0 f2

3 3
, , , ,

2 2

ij ijk

ij ijk

q m

l
          

 
  (5) 

where the 0  is a reference strain rate and f  is the material flow stress. The 

viscoplastic potential   was chosen to be a Ramberg-Osgood type function as 

  
f f

, ,

n

f 
 

  
     

 
  (6) 

where the parameter 0  , but 1, is necessary from a numerical point of view 

and can be interpreted as the inverse of the initial resistance to plastic flow. The 

parameter was set to 
910  , and only influences the solution (to a small extent) 

before initial yielding. It should be noted that a rate-independent behavior can be 

achieved from (6) if the exponent n is chosen to be a sufficiently large number. 
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The length scale introduced in (3) controls the influence of the plastic strain 

gradient to the constitutive response. This type of modeling is also called non-

local continuum modeling since the constitutive behavior in a point (local) is 

informed about its surrounding state (non-local) through the length scale and 

plastic strain gradient. For instance, if the plastic strain is allowed to vary over a 

region the size of the length scale or smaller, the response will be significantly 

affected. If the opposite occurs, the solution starts approaching the classical 

continuum J2-plasticity response. As the length scale in this theory is only related 

to the plastic constitutive behavior, attempts can be made to relate this to the 

dislocation microstructure of materials of interest. In the study presented in Paper 

I of this thesis, it is assumed that the length scale l should be related to the 

dislocation mean free path and the changes this undergoes during plastic 

deformation. This is done by allowing the length scale to evolve with plastic 

deformation.  

Patterning of the dislocation microstructure is of interest for the modeling of 

ageing effects on the plastic properties of structural alloys used in nuclear 

applications. As a starting point for this, Holt’s [28] relation for dislocation cell 

size as function of dislocation density was used 

 ,
A


    (7) 

where   is the wavelength representing the average dislocation cell diameter,   

is the dislocation density, and A is a non-dimensional material parameter. By 

differentiation of (7), and assuming equivalence between the changes in this 

microstructural length scale and the constitutive length scale d dl  , a general 

evolution law for l can be expressed as  

 
3

2
d d .

2

l
l

A
    (8) 

As the above outlined theory is an isotropic small strain plasticity framework, it is 

not possible to reliably compute a dislocation density based on the available 

fields. However, the effective measures of strain and strain gradient defined in (3) 
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and (4) may serve as isotropic proxies for the dislocation densities given the 

addition of a few assumptions.  

One example of how an evolution law for the length scale was developed is given 

here; others were also derived and are detailed in Paper I of this thesis. A common 

assumption about the dislocation density is that the total density is the sum of 

geometrically necessary dislocations (GND) and statistically stored dislocations 

(SSD) as 
G S    . However, as noted by Ashby [29], this is an 

oversimplification that should mainly be valid at small dislocation densities as the 

presence of 
G  will accelerate the accumulation of 

S . However, incrementally 

such an addition of densities should be a valid assumption, i.e. 
G Sd d d    . 

Following arguments by Devincre et al. [30] and Ashby [29], reasonable relations 

for the GND and SSD densities could be written as  

 G p S p1 1
d d , d d ,

b bl
       (9) 

where dynamic recovery effects on 
Sd  are neglected, and b is the Burger’s 

vector. By using this in (8) the following evolution law for the constitutive length 

scale is found 

 
3 p p

p 3 p

2

d d
d d d ,

2

l
l Cl

A b l l

 
 

   
        

   
  (10) 

where C  is a parameter the physical dimension of 1/length that sets the strength 

of the length scale evolution. 

A consequence of (10) is that the length scale will decrease and asymptotically 

approach l = 0. This indicates that the dislocation density would tend towards 

infinity which is physically unreasonable. It could also be noted that if the 

dislocation density is allowed to increase indefinitely, then the crystalline base 

structure of the material would become increasingly more amorphous, where one 

could start to argue about the definition of a dislocation. Due to these reasons, a 

saturation length scale was introduced which is related to the maximum 
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dislocation density that can be achieved under plastic deformation. This comes 

into the evolution law as 

  
p

3 p

sat

sat

d
d d ,l C l l

l l




 
    

 
  (11) 

where lsat is the saturation length scale. The main effect of this is that the length 

scale would asymptotically reach lsat instead of 0, putting a bound on the length 

scale evolution. 

As a test problem to study the effects of the length scale evolution, a pure bending 

problem was solved using a 2D-plane strain finite element code. This problem 

was chosen because it gives a well-defined strain gradient through the geometry 

using only displacement boundary conditions and that it has a thorough analytical 

foundation. All boundaries except at the applied displacement are traction free, 

considering both higher and lower order tractions. The problem was solved using 

one column of elements and by enforcing pure bending such that the deformation 

follows standard small strain Euler-Bernoulli beam theory, i.e. plane cross 

sections remain plane. For the flow stress of the material, a power law hardening 

model was used. An illustration of the bending problem and the finite element 

model can be seen in Figure 5. 

The problem was solved using displacement control using the boundary 

conditions illustrated in Figure 5. This gives rise to the bending curvature b , 

which can be expressed in the normal strain in the outermost fiber, 11 , is 

(a) (b) 

Figure 5 (a) Illustration of the pure bending problem, (b) illustration of finite element discretization and 

displacement boundary conditions 
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b 112 W  . The curvature is presented in a normalized manner as 

b b 112W    . The resulting bending moment per unit thickness was 

calculated as  

 
2

1
0

11 2 2
1

d ,
4

W
M x x





    (12) 

where 11 11 0    and 2 22x x W . The bending moment will be presented 

normalized as  2

06M M W , i.e. normalized using the standard beam theory 

bending moment at initial yield. 

In Figure 6 the resulting normalized bending moment is shown as a function of 

the normalized curvature for two different beam thicknesses and different values 

of the evolution parameter C for the evolution law in (11). The main 

characteristics of the SGP model is unaffected by the evolving length scale, i.e. a 

smaller geometrical size produces a stronger response, which presents as a higher 

yield point. The upper family of curves in Figure 6 represents a beam with 

0 3W l   where the length scale evolution has distinct effects and the lower family 

of curves corresponds to a thicker beam with 0 12W l   where the effects are less 

dramatic. Also included is the local theory solution where 0W l   as a dotted 

line. It can be seen in Figure 6 that the length scale evolution combined with the 

size effects from the SGP theory results in an increase in the yield strength and a 

decreased hardening, and in the more extreme cases also a yield point drop and a 

significant reduction in the rate of work hardening. This can be explained by the 

fact that as the length scale reduces, a loss of non-locality occurs which, locally, 

pushes the SGP solution towards the local theory solution. This effect will 

naturally vary throughout the thickness of the beam due to the variation of the 

plastic strain and strain gradient. With the formulation in (11) the length scale 

changes drastically towards the free edge, thus effectively reducing the normal 

stress at large values of 2x , resulting in a significant reduction of the bending 

moment due to a reduced length scale. 
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Figure 6 Normalized bending moment versus normalized bending curvature. The two families of 

curves represent different beam thicknesses. Referent gradient plasticity solutions are presented as 

dashed lines and the standard J2-plasticity solution is presented as the dotted line.  

The parameter C is normalized by l0
-1, i.e. initial length scale. 

These effects on the overall moment-curvature response are in tentative agreement 

with the general ageing effects that can be seen in low alloy steels and other 

structural alloys in nuclear applications. However, it is judged that this type of 

modeling needs far more attention before predictive modeling of effects of actual 

material ageing on the plastic properties can be carried out for practical purposes. 

3.2. Brittle cleavage fracture and embrittlement 

Transferability in fracture mechanics connects the toughness information from 

laboratory tested specimens to that of an actual defect in a component such as the 

reactor pressure vessel. One of the main concerns of this transferability problem is 

the crack tip constraint, which in part is a geometrical phenomenon, but also an 

effect of the plastic properties of the material. Crack tip constraint can, in 

somewhat simplified terms, be explained as the ability to preserve the self-similar 

stress field ahead of the crack tip. A state of high constraint preserves the high 
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stress state a head of the crack front, resulting in a conservative estimate of the 

fracture toughness. A state of low constraint will cause a breakdown of the self-

similar stress fields through large scale yielding and thus result in higher fracture 

toughness. Usually, fracture tests are conducted using deeply cracked bend 

specimens that produces a state of high constraint, while actual defects are 

typically loaded in tension that generally produces a state of lower constraint. The 

transferability between the two is not trivial. The cleavage fracture process is 

strongly dependent on the susceptibility of micro crack nucleation and 

propagation. As this process is inherently probabilistic in its nature, a probabilistic 

model was chosen as a viable modeling pathway for embrittlement. In Paper II of 

this thesis a study is presented where it is shown that the model of choice is 

capable of transferring the fracture toughness from high and low constraint 

laboratory tests to that of several geometries where loss of constraint occurs. 

Especially, it is shown that the model is able to reproduce the failure probability 

of surface cracked specimens with defects that geometrically lie closer to that of 

an actual reactor pressure vessel. In addition to this, we also develop a generalized 

scalar normal stress measure to be applied in conjunction with the non-local stress 

tensor. 

The model chosen for modeling failure by brittle cleavage fracture is the model 

developed by Kroon and Faleskog [9]. The model assumes a weakest link 

mechanism for cleavage fracture. The basic assumptions of a weakest link 

modeling of cleavage fracture is: (i) the total volume, V, of the considered 

structure can be divided into smaller elements of infinitesimal size where total 

failure will occur if one of these elements fail; (ii) the probability of failure of an 

element dPf, depends on the stress and strain state in the element, and linearly on 

the volume of the element, thus dPf = h(σ, ε)dV/V0, where h(σ, ε) is a function 

describing the random behavior associated to the micro mechanisms of the 

cleavage event, and V0 is a reference volume that needs to be chosen together with 

h(σ, ε); (iii) statistical independence of the critical state of the random function is 

assumed between the elements comprising the structure. The model in [9] is based 

on the assumption that cleavage fracture only occurs due to the simultaneous 

fulfilment of the statistically independent plastic strain based micro crack 
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nucleation relation and a stress based propagation criterion. The model is outlined 

as follows, the cumulative probability of failure by cleavage fracture can be 

expressed as 

 
f max

0

d
1 exp ,

V

V
P h

V

 
   

 
   (13) 

where maxh is the maximum value of the random function experienced throughout 

the loading history, V is the volume of the structure, and 0V  is the reference 

volume. The microstructural process of cleavage fracture comes in as the random 

function  p

e ,h h   , which is chosen as 
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  (14) 

 In (14), 
p

e is the effective plastic strain,   is a non-local measure of stress, 

th,c   and   are material parameters, where the influence of   has in practical 

applications been observed to be weak. In Paper II of this thesis, a great deal of 

time has been devoted to the development of a generalized form of  .  

The scalar non-local stress    is attributed significance as it represents that the 

stress field must be high enough over a sufficiently large volume. The non-local 

stress is a scalar measure which is constructed from the non-local stress tensor 

defined according to the integral 

  
L

L

1 ˆ ˆd ,ij ij k k
V

X X V
V

     (15) 

where X  are the coordinates at the center of LV , the volume over which the stress 

tensor is averaged. From ij the non-local principal stresses  I II III, ,    are 

calculated. A generalized effective normal stress measure can be constructed from 
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the normal stress acting on a plane. The normal stress on a plane defined by the 

polar angle   and the azimuthal angle   from the principal stress system can be 

expressed as 

   2 2 2 2 2

n I II III, cos sin cos sin sin .               (16) 

Integration of (16) combined with a stress distribution function  ,    over the 

unit sphere results in an averaged weighted normal stress as 

    
2

n
0 0

1
, , sin d d .

4

 

         


     (17) 

By choosing  ,    to unity, the integral in (17) evaluates to the mean stress

 m I II III 3      . However, the stress distribution function  ,    can be 

chosen more carefully and should for physical reasons satisfy  

  
2

0 0

1
, sin d d 1.

4

 

     


    (18) 

Choosing  ,    to only depend on the polar angle   as 

    1 cos where 0,nn n       (19) 

the integral presented in (17) evaluates to 

 
  I II III1

.
3

n

n

  


  



  (20) 

This is a non-local stress measure that is able to express a state of normal stress 

over the volume LV , ranging from the mean stress m when 0n   to the 

maximum principal stress I  when n .  

In ferritic steels, the cleavage planes are the {100}-planes [31]. These planes can 

be illustrated as three orthogonal planes along the sides of the commonly depicted 

BCC-cube. Consider three orthogonal planes equally susceptible to cleavage 

fracture. Assume that these planes are randomly distributed throughout the 

microstructure. Onset of crack propagation is then likely to occur on the cleavage 
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plane subjected to the largest normal stress. The most critical plane with respect to 

the polar angle φ and the azimuthal angle θ is found to be represented by the solid 

angular section 0 ≤ φ ≤ π/4, 0 ≤ θ ≤ π/2. The average normal stress on the most 

critical cleavage plane can then be calculated as 

  
/2 /4

n* 0 0

1
, sin d d ,

A

 

           (21) 

where A
*
 is the unit sphere area over which the integration occurs. Evaluation of 

(21) and equating the result to the effective normal stress measure in (20) gives a 

relation to the effective normal stress parameter n as  

 
12 2 15

4.57.
7

n


    (22) 

Micro cracks will not always nucleate on a cleavage plane aligned with the axis of 

the maximum principal stress. Therefore, the measure of effective normal stress in 

(20) can be interpreted as a phenomenological way of treating the potential 

triggering of cleavage initiation from a distribution of variously micro cracks and 

associated cleavage planes. A visualization of the effective normal stress measure 

can be seen in Figure 7. 

 

Figure 7 Visualization of how the effective normal stress changes with the parameter n. Note that 

the mean stress is obtained when n = 0 and the maximum principal stress when n → ∞. 
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In Paper II of this thesis, the model outlined above was applied to two data sets 

pertaining to loss of constraint and is shown to reproduce the effects of constraint 

on the cleavage fracture toughness of low alloy steels. In Figure 8 an example of 

calibration and validation of model parameters as well as the influence of the 

effective normal stress parameter n  on the failure probability of SEN(B)-

specimens (three-point bend) can be seen.  

 

Figure 8 Predicted failure probability of SEN(B) specimens as solid lines tested at room 

temperature. (a) Subsets where a/W = {0.5, 0.1} used for calibration of model parameters, (b) 

Subset where a/W = 0.25 used for validation of the probabilistic model. Rank probabilities from 

experiments as circles. 

By applying the model to four-point bending experiments of surface cracked 

specimens containing a semi-elliptical crack as illustrated in Figure 9, the failure 

predictions in Figure 10 results. The predictions presented in Figure 10 are all 

judged to be satisfactory, however, the results for 0n   are slightly better than for 

.n  

 

Figure 9 Illustration of surface cracked specimens. (a) Overview, (b) crack plane. 
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Figure 10 Predicted failure probability of the surface cracked four-point bending experiments as 

solid lines for different values of the effective normal stress parameter n. (a) n = 0, (b) n = 3, and 

(c) n → ∞. Rank probabilities from experiments as circles. 
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4. Future work 

The future work in this PhD-project will focus on the issue of ageing effects 

pertinent to embrittlement rather than modeling of plastic properties. However, if 

one were to further pursue the effects of ageing on the plastic properties it would 

be relevant to investigate a physical connection to the ageing induced changes of 

the microstructure and how this influences the length scale evolution. Also, a 

more realistic model relevant to the grain microstructure should be investigated, 

i.e. including grain boundaries such as in the study by Dahlberg and Faleskog 

[32]. Such models have been briefly tested, and appear to yield results towards 

what could be interpreted as plastic localization into bands similar to the 

dislocation channels mentioned in Section 2.2, some results from this are shown 

in Figure 11.  

 

Figure 11 Plastic shear strain field in polycrystalline model using strain gradient plasticity, effects 

of length scale evolution. (a) No length scale evolution, (b) strong length scale evolution. Both 

models are deformed to the same global deformation. Note the tendency for plastic strain 

localization in (b).  

Concerning future work on embrittlement, experiments on the effects of constraint 

and ageing have been identified as unexplored and will be investigated. This has 

in-part been done for a thermally aged steel through fracture testing, however 

more tests are needed. Also, an expansion of the non-local weakest link model to 

be able to handle bimodal toughness distributions is also of interest. Furthermore, 

micro mechanical investigations of the effects of ageing on micro crack initiation 

relevant to cleavage fracture is also a question where future efforts will be carried 

into effect. 

No length scale evolution Strong length scale evolution
(a) (b) 
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Summary of appended papers 

Paper I:  Evolution of the length scale in strain gradient plasticity 

In this paper we assume a microstructural interpretation of the length scale in 

strain gradient plasticity theory. The length scale is assumed to relate to the 

dislocation spacing and the changes this undergoes during plastic deformation. 

From a relation between the dislocation cell size and the dislocation density an 

evolution law for the constitutive length scale as function of dislocation density 

has been derived. From this, several different evolution laws based on the 

available plastic strain field variables were derived and implemented in a 2D 

plane strain finite element code. This has been used to solve a test problem of pure 

bending where the effects of the length scale evolution has been explored. Key 

results is that the strengthening effect of strain gradient plasticity is unaffected but 

that a decreased hardening is obtained and that in cases of strong evolution, a 

yield point drop phenomena results. 

Paper II:  A generalized probabilistic model for cleavage fracture with a length 

scale - Influence of stress state and application to surface cracked 

experiments 

In this paper we use a non-local weakest link model to study the effects of the 

stress measure used to model failure by cleavage fracture. We develop an 

effective normal stress measure capable of describing a state of generalized 

normal stress between the mean stress and the maximum principal stress with a 

continuous transition in between. The model is applied to two experimental 

datasets from the literature as well as new experiments on surface cracked 

specimens containing a semi-elliptical crack. The model is shown to be well 

capable of handling different kinds of crack tip constraint when predicting the 

cumulative probability of failure by cleavage fracture.  
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