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Abstract

With the societal demand for sustainability and the increasing age of infrastructure,
a crucial task for the civil engineering community is to improve the durability of
concrete structures. This thesis aims to contribute to such development through the-
oretical studies using mathematical modelling and numerical simulations. During
its service life, a concrete structure is subjected to many different actions, rang-
ing from mechanical loads to chemical and physical processes. Hence, a sound
modelling strategy requires multiphysics and the inclusion of coupled chemical
and physical fields (e.g. temperature, moisture and cement hydration) in addi-
tion to methods that describe mechanical integrity of the material. Conditions and
phenomena critical for concrete structures at hydropower facilities have been of
particular interest to study.

The thesis presents several mathematical models of various complexity to de-
scribe the multiphysical behaviour of concrete using a material point description.
A significant focus is on models that describe the mechanical behaviour of concrete
where aspects such as ageing, cracking, creep and shrinkage are investigated. For
the creep behaviour, a state-of-the-art model based on the Microprestress–Solid-
ification (MPS) theory is reviewed and further developed. The appended papers (III
to V) presents a mathematical framework for the modelling of durability aspects
of concrete based on multiphase porous media theory. The governing equations
are derived with the Thermodynamically Constrained Averaging Theory (TCAT)
as a starting point. It is demonstrated how this framework can be applied to a
broad variety of phenomena related to durability; from the casting and hardening
of concrete to the long-term absorption of water into air-entrained concrete. The
Finite Element Method (FEM) is used to solve the proposed mathematical models,
and their capabilities are verified using experimental data from the literature.

The main research contribution is the development and evaluation of theoretical
models that advance the understanding and improve knowledge of the ageing and
durability of concrete and concrete structures. More precisely, it is shown how
multiphysical models and the developed multiphase framework can be used to
gain insights on the material behaviour of concrete at smaller scales while they
are also applicable to structural-scale simulations. During all model development,
the efficient solution of structural problems has been fundamental. Through case
studies and several examples from the literature, it is exemplified how these models
can be used to enhance the performance and thereby increase the durability of
concrete structures.

Keywords: Ageing, Cracking, Creep, Concrete, Durability, Finite Element Method,
Multiphysics, Shrinkage
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Sammanfattning

I och med samhällets krav på hållbarhet och den ökande åldern på infrastruktur-
konstruktioner är en avgörande uppgift för byggindustrin att förbättra betongkon-
struktioners beständighet. Syftet med denna avhandling är att bidra till en sådan
utveckling genom teoretiska studier med hjälp av matematisk modellering och
numeriska simuleringar. En betongkonstruktion utsätts under sin livslängd för
många olika mekaniska laster samt fysikaliska och kemiska processer. Ett sunt
tillvägagångsätt gällande modellering kräver därför multifysik och att kopplade
fysikaliska och kemiska fält (t.ex. temperatur, fukt och cementhydratisering) beakt-
as utöver de metoder som beskriver materialets mekaniska hållfasthet. Sådana
förutsättningar och fenomen som är kritiska för betongkonstruktioner vid vatten-
kraftsanläggningar har varit av särskilt intresse att studera.

Avhandlingen presenterar ett flertal matematiska modeller av varierande kom-
plexitet baserade på en materialpunktsbeskrivning av betongens multifysikaliska
beteende. En tonvikt ligger på modeller som beskriver betongens mekaniska egen-
skaper där aspekter som åldrande, sprickbildning, krypning och krympning har
undersökts. Gällande krypning har en state-of-the-art modell baserad på “Micro-
prestress–Solidification (MPS)” teorin studerats och vidareutvecklats. I de bilagda
artiklarna (III till V) presenteras ett matematiskt ramverk för att beskriva fenomen
relaterade till betongens beständighet. Detta ramverk baseras på en multifas be-
skrivning av porösa material, där de styrande ekvationerna är härledda utifrån
“Thermodynamically Constrained Averaging Theory (TCAT)”. Det exemplifieras hur
detta ramverk kan tillämpas på en rad olika fenomen. Dessa sträcker sig från gjut-
ning och hårdnande av betong till absorption av vatten till lufttillsatt betong. För att
lösa de presenterade matematiska modellerna tillämpas den finita elementmetoden
(FEM) och de numeriska lösningarna verifieras med hjälp av experimentella resul-
tat från litteraturen.

Avhandlingens huvudsakliga forskningsbidrag är utveckling och utvärdering
av teoretiska modeller som ökar förståelsen och förbättrar kunskapen om betong
och betongkonstruktioners åldrande samt beständighet. Mer specifikt visas hur
multifysiska modeller och det utvecklade multifas modellerna kan användas till att
studera betongmaterialets beteende på en liten skala samtidigt som de också är
användbara för simuleringar på strukturskala. En effektiv lösning av strukturpro-
blem har varit viktig under all modellutveckling. I olika fallstudier och experiment
från litteraturen exemplifieras hur dessa modeller kan användas för att förbättra
betongkonstruktioners funktion och därigenom öka dess beständighet.

Nyckelord: Beständighet, Betong, Finita elementmetoden, Krypning, Krympning,
Multifysik, Sprickbildning, Åldring
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Chapter 1

Introduction

With the increasing age of buildings and infrastructure and the societal demand for
sustainability, improving the knowledge on how to design and build durable con-
crete structures is an essential task for the research community. This research must
include experimental and theoretical studies, both to maintain existing structures
and to increase the durability of new structures. A concrete structure is exposed
to many actions during its service life, ranging from different mechanical loads to
non-mechanical actions. The latter includes various environmental effects as well
as other physical and chemical phenomena. Hence, when it comes to theoretical
studies and simulation efforts related to durability, a sound strategy for devising
models that can predict and aid in understanding the behaviour of concrete must,
therefore, consider coupled physical and chemical properties in their formulation.
In fact, with the growing availability and performance of large-scale numerical
analysis tools, modelling concrete as a multiphysical material is becoming an in-
creasingly used and often necessary approach for which considerable research
efforts are being made.

Using multiphysics is especially important for the infrastructure, e.g. bridges,
dams and nuclear containments, where the mechanical integrity of the large cross-
sections are more sensitive to physical and chemical actions, and also exposed to
harsher environments. Both the ambient temperature and humidity conditions can
vary significantly during the service life of a structure. They do so following sea-
sonal variations but also due to other reasons, for example, activities that produce
excess heat such as electricity generation and other industrial processes. Many in-
ternal actions, such as different deterioration mechanisms, also affect the integrity
and thus the durability and safety of the structures. For all concrete structures in
general, but in particular, those made of mass concrete such as dams, the early-ages
directly after casting are often one of the most critical periods that also determine
the long-term durability. It is primarily due to the excess heat and consumption
of water during the hydration of cement, which can cause significant external and
internal restraints with possible cracks as a consequence. A poorly managed curing
procedure, furthermore, impairs the hardening and development of many material
properties. For example, strength and moisture transport properties may not fully
develop, jeopardising both the short-term safety of the structure and its resistance
to many deterioration processes.
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CHAPTER 1. INTRODUCTION

(a)

(b)

Figure 1.1: Photo of the Grand Coulee dam, a large gravity dam (a) and the Älvkar-
leby dam, a small buttress dam (b). Both dams include spillway sections,
whereas only dam (a) has an integrated power house. (Photo: Gregg M.
Erickson (a) and Leif Kuhlin (b))

1.1 Concrete structures at hydropower facilities
What first comes to mind when discussing concrete and hydropower is often the
water retaining dam structures. If made of concrete, these often massive structures
contain large amounts of material that represent the majority of concrete at the
site. Many different designs are used, mainly depending on the topography and hy-
draulic conditions. Some common types are gravity dams, arch dams and buttress
dams. Even in cases where the main dam body consists of an embankment dam,
concrete is used for large sections such as spillways and other auxiliary structures.
Figure 1.1 shows two examples of dams of different type and size, and a summary
of different concrete structures typically found at a hydropower facility is given by
Kleivan et al. [123].

The majority of the hydropower facilities in Sweden were built during the early
to mid-20th century, and today many of their concrete structures exhibit age-related
wear and degradation. To mitigate this and to ensure the continued safe operation
of dams and related facilities, an extensive maintenance and research program is

2



1.1. CONCRETE STRUCTURES AT HYDROPOWER FACILITIES

Water retaining dam

Power house

Penstock

Generator

Turbine

Transformer

Power transmission

Upstream
reservoir

Downstream
outlet

Figure 1.2: Typical cross-section of a hydropower facility, reproduced from Paper I.

ongoing in Sweden. The same situation with an increasing focus on maintenance
also applies to many other countries where hydropower was developed during the
20th century. Often in dam engineering, much emphasis is on the integrity of the
water retaining parts of the hydropower facility, as these play an essential role in
the overall safety of the system. However, with time also the original power units
need replacing or upgrading, and often during such works, damage and wear are
also found in the concrete structures of the power plant. Although not as crucial
for the dam safety as the water retaining structures, the integrity of these partly
non-hydraulic concrete structures of the facility is essential to maintain safe and
uninterrupted operation of the power plant. Figure 1.2 shows a typical cross-section
of a hydropower facility including both the dam and the power plant.

Within the Swedish maintenance and research program, efforts were made to
asses the integrity of the concrete structures that support the power generating
equipment of the hydropower plant, depicted with dark grey in Fig. 1.2. The aim
was to investigate the effect that cracks and degradation may have on the operation
of the power units, and also to understand the cause of observed cracks. The latter
in order to facilitate better repair methods. Figure 1.3 show examples of such cracks
found in-situ at two Swedish hydropower plants inside the generator chamber.

As a pilot study to my doctoral project, a thorough review was done on the
type of loads expected on these structures; caused by, for example, mechanical
vibrations, excess heat during electricity generation and seasonal variations. Fur-
thermore, the likely cause of cracks such as those in Fig. 1.3 was investigated. The
most likely one was found to be related to the degradation of the concrete; specif-
ically, associated with restrained deformations due to temperature and moisture
variations. Such actions both appear during the casting and later during the service
life of the structure. Therefore, the scope of my doctoral project was widened to
study durability aspects of concrete through simulation in general, but with a focus
on applications to concrete at hydropower facilities in particular. Additional results
and conclusions from the pilot study are presented in two technical reports [80;
140], and partly summarised in Paper I appended to this thesis.

3
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(a) (b)

Figure 1.3: In-situ observed cracks in the generator chamber, photos from Paper I.
(Photo: R. Malm)

Since the access to water plays an essential role for the deterioration of concrete
and thus for the durability of concrete structures, there is a notable difference in
looking at hydraulic structures (e.g. dams and spillways) and non-hydraulic struc-
tures (e.g. parts of the power house). Hence, the location of the concrete within
the hydropower facility affects the damage one observes and consequently also
the common deterioration mechanisms. For hydraulic structures, the common de-
terioration mechanisms are connected to the transport and saturation of concrete
with water and are primarily slow processes. These, for example, include frost ac-
tion; erosion; leaching and alkali-aggregate reactions (AAR), often in combination
[144]. Concerning non-hydraulic structures, crack development due to restrained
deformations caused by temperature variations and loss of moisture are often the
principal culprit for degrading functionality. Other mechanisms include carbona-
tion and corrosion of rebars [144]. Most of these also play a significant role in
hydraulic structures.

For the durability of all types of outdoor concrete structures, minimising cracks
throughout all stages of their service life is vital. The presence of cracks not only
reduce structural safety and performance but also accelerate most deterioration
processes. As mentioned already, the perhaps most crucial period for achieving
this is the early stage after casting, where one needs to assure proper curing of
the concrete. Both to ensure good mechanical and physical properties of the final
product and also to avoid cracks already at this stage caused by internal actions
such as self-heating and self-desiccation during cement hydration. Concerning most
durability aspects, it is therefore essential to understand the early-age behaviour
of concrete.

4



1.2. AIMS OF THE THESIS

1.2 Aims of the thesis
The overall aim of this thesis is to improve the knowledge of ageing and durabil-
ity aspects of concrete and concrete structures through theoretical studies, both
for the short-term and long-term timescales. Inevitably, the focus is on the me-
chanical integrity of structures and how it is influenced by phenomena as, for
example, cracking, creep and shrinkage. However, to accurately predict and better
understand these, it is also necessary to study other physical and chemical phe-
nomena; for example, temperature, moisture and cement hydration. A goal is to
review, develop, implement and validate mathematical models and numerical tools,
ideally founded on findings from material science and state-of-the-art modelling
techniques. It is essential that these models are applicable and efficient also for
structural-scale simulations since the overall aim of the thesis is steered towards
concrete structures. Some relevant research questions are:

– What is a suitable mathematical framework for studying coupled physical
and chemical phenomena in connection to the durability of concrete?

– Can such a framework be applied to study a broad variety of phenomena
related to the durability of concrete?

– Can observations of concrete and cement paste on a material-scale be utilised
in the development of models intended for structural-scale simulations?

– Can coupled multiphysical models be efficiently used for structural-scale sim-
ulations of durability problems?

– Which new insights and knowledge can be gained from using such numerical
tools?

Ageing and durability of concrete is the central theme of the thesis. More specif-
ically, a significant part is devoted to the early-age behaviour of concrete. However,
long-term behaviour is also studied, and phenomena such as cracking, creep and
moisture transport are essential for all periods and timescales. Conditions and phe-
nomena critical for concrete structures at hydropower facilities are of particular
interest, although most are relevant for civil engineering in general.

1.3 Outline of the thesis
The thesis consists of an introductory part accompanied by five journal papers (I to
V). The former discusses and puts the research presented in the appended papers
into a broader context. It also presents some additional background to the methods
used in the papers.

The introductory part includes three main chapters. First, Chapter 2 presents
a review of important aspects of the chemical and physical behaviour of cement
and concrete. Next, Chapter 3, compares and discusses the mathematical models
used in the appended papers to model these phenomena. The chapter uses the
multiphase modelling approach from Papers III to V as a starting point, also giving
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some additional background to this approach not presented in the papers. The
numerical solution of the mathematical models is then examined in Chapter 4.
These main chapters are followed by Chapter 5 that presents a summary of the
appended papers:

– Paper I gives an introduction to concrete structures at hydropower facilities. It
also presents numerical simulations aiming to explain in-situ observed cracks.
Based on findings from these simulations, it was decided that the doctoral
project should pursue the development of refined models to study ageing and
durability. The paper is published in a peer-reviewed journal.

– Paper II presents a mathematical model for mature concrete subjected to
varying environmental conditions. In a multi-field framework, the model
accounts for phenomena such as cracking, creep and shrinkage under variable
temperature and moisture conditions. It is verified using experimental data
from the literature. The paper is published in a peer-reviewed journal.

– In Paper III a new mathematical framework based on a multiphase version
of porous media theory is adopted and applied to the problem of early-age
concrete. The paper suggests several novel features compared to previous
works, and the implementation is verified using experimental data from the
literature. It is published in a peer-reviewed journal.

– Paper IV presents a simplified version of the model developed in Paper III
that is more efficient for structural-scale simulations. This version of the
model is in the paper applied to the large-scale experiment on restrained
deformation during the casting of a concrete beam performed as part of the
French research project CEOS.fr. The paper is submitted to a scientific journal
and currently under review.

– Using the same mathematical framework and implementation as in Paper
III, Paper V presents a model for the long-term absorption of water in air-
entrained concrete and, thereby, showcases the general applicability of the
chosen framework. The model is in the paper verified using experimental
data from the literature. The paper is published in a peer-reviewed journal.

In Chapter 6, the main findings of the appended papers are discussed, both
with regards to the theoretical basis of the developed models and their practical
applications. Lastly, the general conclusions of the doctoral project together with
suggestions for future research are presented in Chapter 7.

As is customary at the School of Architecture and the Built Environment at
KTH Royal Institute of Technology, parts of this doctoral thesis were previously
published as a licentiate thesis [77], including Papers I and II.

1.4 Limitations
The field of mathematical and numerical modelling of concrete and concrete struc-
tures is immense, and consequently the amount of published works and proposed
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models is vast. Although the aim is to review this field, it is not feasible to cover
the entire research area, and undoubtedly many other models than those discussed
and used herein have been proposed over the years. Moreover, the focus of the
review is on models that give a material point description of concrete. Such models
that focus mainly on the cross-sectional behaviour of concrete in structural mem-
bers (e.g. for concrete creep and shrinkage), often used in the design process, are
not covered. Finally, it must be recognised that to completely describe the ageing
and durability of concrete and concrete structures, more physical and chemical
properties than accounted for in this thesis are necessary to consider but is outside
the scope for my doctoral project.
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Chapter 2

Material characteristics of ageing
and mature concrete

Concrete in general and reinforced concrete, in particular, is the most commonly
used construction material worldwide. Its extensive use is mostly thanks to the
wide availability of both rebars and the constituents of the concrete itself, the rel-
atively simple construction process and its low cost as well as the flexibility and
properties of the finished product. It is used in for example buildings, bridges, off-
shore facilities, dam engineering and for other structures related to hydropower
production. This chapter describes and discusses some of the most important ma-
terial properties of concrete with a focus on those later accounted for in the math-
ematical models presented in Chapters 3 and 4.

Concrete is a composite material that consists of aggregates of various sizes,
enclosed in a matrix of hydrated cement paste. The main constituents of modern
concrete are hence aggregates, cement, water, and often some mineral additives
such as pozzolans and fillers. Also, using different chemical admixtures can en-
hance many properties of both the fresh concrete mix or the hydrated cement
paste. The most important constituent of concrete is the cement that reacts with
water to form the matrix of the composite that to a significant degree controls
many properties of concrete. The most commonly used cement type is the Portland
cement, which is a category of cementitious materials obtained from burning and
grinding a mixture of mainly calcareous and argillaceous minerals to a fine ground
clinker. The mineral composition of different Portland cement varies significantly
and depends on the raw materials used and their proportioning. To give a general
idea, Tab. 2.1 gives limits for the amounts of mineral oxides of the raw materials
used, as given in the textbook by Neville [144]. The table also shows the abbre-
viated notation for each oxide using so-called Cement Chemist Notation (CCN).
During the manufacturing process, the minerals of the raw materials eventually
combine into the four main compounds of Portland cement: alite, belite, aluminate
and ferrite. Although these four compounds usually contain impurities, the com-
position of Portland cement can be estimated based on the mineral content of the
raw materials following, for example, the method of Bogue [30] assuming no such
impurities. Table 2.2 shows limits for these four compounds in a typical Portland
cement together with their respective abbreviation according to CCN.

The choice of aggregates is also crucial for many properties of hardened con-
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Table 2.1: Mineral composition limits of Portland cements (oxides) [144].

Oxide Content, per cent CCN

Calcium oxide CaO 60–67 C
Silicon dioxide SiO2 17–25 S
Aluminum oxide Al2O3 3–8 A
Ferric oxide Fe2O3 0.5–6.0 F
Magnesium oxide MgO 0.5–4.0 M
Sulfur trioxide SO3 2.0–3.5 S̄
Alkalis K2O, Na2O 0.3–1.2 K, N

Table 2.2: Compound limits for the Swedish Std-cement [134].

Oxide CCN Content, per cent

Alite C3S 60–70
Belite C2S 10–20
Aluminate C3A 0–15
Ferrite C4AF 0–15

crete since they make up the largest part of the volume of concrete. For example,
the final strength of concrete is to a significant degree determined by how it is
compacted. Hence, to obtain a well-compacted concrete, the mix has to contain
particles of all sizes to minimise the voids that have to be filled by the cement paste.
Furthermore, the strength of the aggregates is essential, especially for high strength
concretes where the cement paste often has a higher strength than the aggregates.
Moreover, one should avoid certain minerals and impurities in aggregates since
they may react with the cement paste and have a negative impact on the durability
of the concrete, e.g. reactions involving the alkalis of the cement, so-called AARs.

Durability and degradation of concrete are important topics when discussing
the properties of concrete. Although not explicitly treated within the scope of this
thesis, the proposed modelling framework is well suited and can be extended to
such applications as well. Such an application is exemplified in Paper V where the
long-term absorption of water is incorporated into the multiphase framework for
future use in durability related applications, see also Eriksson [64].

2.1 Cement hydration and ageing of concrete
The ageing behaviour of concrete is governed mainly by the chemical reactions by
which Portland cement transforms into a hardened paste that gradually becomes
denser as the reactions continue. This process is referred to as hydration of cement
wherein the presence of water (H according to CCN) and the four compounds listed
in Tab. 2.2 react and form the hardened cement paste. The exact stoichiometry of
the complex set of reactions of cement hydration is not fully understood. However,
the primary reactions associated with hydration can, according to for example
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Figure 2.1: Schematic description of heat evolution during hydration of Portland ce-
ment and water. Reproduced from the version given by Esping [68].

Neville [144], in a simplified manner be summarised as

2C3S + 6H→ C3S2H3 + 3Ca(OH)2, (2.1a)

2C2S + 4H→ C3S2H3 + Ca(OH)2, (2.1b)

C3A + 6H→ C3AH6. (2.1c)

Of these reactions, Eqs. (2.1a) and (2.1b) associated with the two calcium silicates
are of most importance and the overall behaviour of the cement during hydra-
tion is sufficiently described by these two alone. One can, furthermore, notice that
Eq. (2.1) only includes three of the four compounds in Tab. 2.2. According to
Neville [144], this is because C4AF is first believed to transform into C3A (and
some by-products) before it eventually follows the reaction in Eq. (2.1c). As men-
tioned, the reactions described by Eq. (2.1) only give an approximative picture of
the complex chemical process that is cement hydration. A complete description can
be found in, for example, the book by Taylor [179].

The complex set of reactions involved in the hydration of Portland cement can
schematically be divided into five stages by studying the heat evolution related
to the set of reactions [68; 109; 144; 179]. These stages are shown in Fig. 2.1.
The first stage (I) corresponds to an initial reaction that occurs when the cement
comes in contact with water. This reaction takes place on the surface of the cement
grains and largely involves C3A forming ettringite. Then follows a dormant period
(stage II) that lasts for one to two hours during which ions dissolve from the
cement grains into the pore water. After some time the surface layers around the
cement grains formed during stage I breaks, which is followed by an increase
in the rate of hydration (stage III). During this stage the reaction described by
Eq. (2.1a) is dominant, producing calcium silicate hydrates C3S2H3 (C-S-H) and
calcium hydroxide 3Ca(OH)2. As the products of each grain start to come in contact,
setting occurs. Although, setting describes the overall period during which the
rigidity of the paste is built up, the two distinct stages of the initial and final set are
usually characterised approximately as the onset and peak of heat development,
see Fig. 2.1. After this second peak, the rate of the reactions slows down and is
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Figure 2.2: Development of chemical compounds during hydration. Reproduction from
Locher et al. [135].

eventually mainly governed by the diffusion of water through the pores of the paste
(stage IV and V). For most types of cement, a third peak in the heat development
occurs after approximately one day. This peak is related to the reactions involving
C3A. For example the type described by Eq. (2.1c) producing calcium aluminate
hydrates, C3AHx. How these stages and peaks in heat development relate to the
different reaction products of the hydration is visualised in Fig. 2.2.

As seen in Fig. 2.1, the reactions involved in cement hydration are exothermic,
meaning that energy is released as heat during the reactions (≈ 500 J/g of cement
[144]). Furthermore, the reactions are thermally activated, meaning that the rate
increases with temperature and thus also the rate of heat evolution. These two
properties are essential since the temperature increase associated with hydration
causes the volume of the paste to change. Looking back at Eq. (2.1), it is evident
that a substantial amount of water is chemically bound during hydration. Further-
more, according to Neville [144], the surface area of the solid phase increases
dramatically during hydration. This increase has the consequence that a consid-
erable amount of water is adsorbed to these new surfaces, further increasing the
amount of bound water. The consumption of water will eventually cause the hu-
midity in the pore system of the paste to decrease (self-desiccation), which once
the rigidity of the solid phase is sufficiently high is accompanied by volume changes
(autogenous shrinkage). Volume changes due to both temperature increase and
self-desiccation are of vital importance for the mechanical behaviour of concrete
since they are accompanied by a severe risk of cracking, either due to internal
or external restraints. One should in this context also mention that there is an
additional volume reduction associated with the hydration of cement. It follows
from that the volume occupied by the hydration products is smaller than the vol-
ume of the original constituents (cement and water), often referred to as chemical
shrinkage. Given the rigid solid skeleton produced, this corresponds to an internal
volume reduction of the paste manifesting itself mainly as capillary pores. It is not
until the humidity in these pores decreases that any external volume change can
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be observed (i.e. autogenous shrinkage). The differences between autogenous and
chemical shrinkage are discussed in more detail by for example Esping [68].

As mentioned, cement hydration is thermally activated and thus sensitive to the
ambient temperature. The reactions of the hydration of cement are also sensitive
to the amount of free water in the system. For example, for all cement to be able
to hydrate, it is necessary that the paste has a water-to-cement ratio above 0.38
[144]. Furthermore, it was found by Powers [157] that the hydration becomes very
slow and in principle ceases completely when the humidity drops below approxi-
mately 80 % in the capillary pores. When casting concrete, it is therefore critical
to control the ambient conditions (both temperature and moisture) by choosing
an appropriate curing method. In the end, it is to a large extent the quality of the
hydrated cement paste that governs the properties of the concrete.

In the context of cement hydration, ageing is referred to as the development
of concrete properties with time and is not related to durability and degradation
issues. Common to most material properties of concrete is that although they are
ultimately given by the combined behaviour of all components of the concrete, the
development of most can be said to be related to changes in the cement paste.
Evolution of the microstructure (or more correctly nanostructure) of the paste and
the development of the pore system during cement hydration is closely related to
the ageing phenomena and is consequently of great importance [109; 179]. These
aspects are described further in the next section.

2.2 Microstructure of concrete and cement paste
As mentioned, concrete is a multi-component material with properties bridging
several length scales, starting from the coarse aggregates (approximatively 10–100
mm) and fine aggregates (approximatively 0.01–2 mm) that are both suspended
in a cement paste (approximatively 0.1–100 µm) [109]. Figure 2.3 presents a
schematic multiscale description of concrete and cement paste at these different
scales and below, following the ideas laid forth in [108; 109; 185]. Starting at
the level of concrete and mortar (Level III), coarse and fine aggregates are em-
bedded in a porous cement paste. This cement paste (Level II) is, in turn, made
up of macropores, unhydrated cement plus portlandite (CH) and other hydration
products embedded in a C-S-H gel. On the length scale of the C-S-H gel (Level I),
the state-of-the-art description of the colloidal model (CM-II) by Jennings [108]
is used in Fig. 2.3. However, it must be emphasised that the true structure of the
C-S-H gel is still an active research topic and many other conceptual models than
the CM-II model have been proposed in the literature. A frequently cited one is, for
example, the model suggested Feldman and Sereda [72].

Nevertheless, in the CM-II model, the C-S-H gel is thought to be made up of
solid particles with an internal structure and pore space, which are referred to
as globules by Jennings [108] and shown in Level “0”. These consist of sheets of
reacted cement and water in different forms as seen in Fig. 2.3. The structure of the
gel is formed by the packing of such globules in fractal arrangements, leading to two
distinct inter-particle pore spaces; small gel pores (SGP) and large gel pores (LGP).
Furthermore, two different packing orders of such globules were distinguished by
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Figure 2.3: Schematic multiscale description of concrete based on the conceptual model
by Jennings et al. [109]. From Paper III.

Jennings [108], forming at different stages of the hydration: low density during
the early stages and high density during the later stages. Although novel to the
colloidal models by Jennings, this is similar to the perhaps more traditional concept
of inner and outer reaction products of the cement gel [179].

An important property at all length scales presented Fig. 2.3 is the presence of
a pore space, which is often strongly coupled with the properties of the concrete.
For example the compressive strength can be directly related to its porosity [109;
144; 179]. However, as pointed out by Jennings [108], categorisation of the pore
space in concrete is difficult, and several definitions can be found in the literature.
Historically, following the pioneering research by Powers [157; 158], the pore
space of concrete is divided into capillary and gel components. Although, as is
evident from Fig. 2.3, the actual case is much more complicated, and no such
sharp distinction exists. However, for the modelling purposes of this thesis, the
definition by Powers and Brownyard [158] is deemed sufficient, while a more
refined description as above lends additional insight about the complex nature of
concrete and cement paste.

Gel pores are in the Powers and Brownyard model identified as pores smaller
than approximately 3 nm and intrinsic the cement gel, which is assumed to have a
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Figure 2.4: Volume fractions of cement paste for a water-to-cement ratio of (a) 0.30
and (b) 0.50 calculated using the model by Powers and Brownyard [158].
The dashed line indicates the empirically determined maximum degree of
hydration by Eq. (2.2).

constant porosity of 28 %. Compared to the CM-II model, the gel pores thus include
both the inter-particle pore space and the SGP of the C-S-H gel. Pores larger than 3
nm are identified as capillary pores and thought to be a result of the excess space
created as water is consumed during the hydrations that are not filled by hydrates.
In contrast to the CM-II model, this includes both the LGP of the C-S-H gel and
macro pores not part of the gel. As pointed out by for example Ulm et al. [185],
the true capillary porosity should only be made up of the macropores on level II in
Fig. 2.3 and is for hardened concrete only present for high water-to-cement ratios.
A category of pores referred to as air pores can also be included in the description
and defined as pores larger than 10 µm [64]. These pores are typically created from
unwanted air entrapped during mixing and compaction. However, they can also be
created intentionally with air entrainment agents to improve the frost resistance.

The model by Powers and Brownyard [158] provides a means to calculate
the volumes of different components of the cement paste, including the gel and
capillary pores, during hydration based on its initial water-to-cement ratio. In this
model, two key assumptions are that the volume fractions are linear functions of the
degree of hydration ξC and that reactions occur in a closed system, i.e., no external
loss of water. Figure 2.4 shows the resulting volume fractions for two different
cement pastes. A more detailed description of the relationships can be found in, for
example, [94; 134; 171; 179]. In the figures, one can notice that the total volume
of the closed system decreases during hydration due to the chemical shrinkage.
In other words, this can be interpreted as the capillary pore space only being
partially saturated by liquid water and thus a decrease in pore relative humidity,
i.e. self-desiccation. Especially in Fig. 3.4a one can also observe that the hydration
is assumed to cease once there is no more capillary water available, which follows
from an underlying assumption that the gel pores remain fully saturated. This
behaviour leaves a rather large amount of unhydrated cement also in a mature
paste with a low water-to-cement ratio (w/c). For pastes with higher water content
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this is not the case, see Fig. 3.4b. However, in both figures, an empirically observed
limit for the maximum amount of cement available to hydration is also included
for comparison as dashed lines. This upper limit is calculated using the formula
suggested by Pantazopoulou and Mills [148]

ξC∞ =
1.031w/c

0.194 + w/c
, (2.2)

with ξC∞ being the upper limit to the degree of hydration.
The principles outlined by Powers and Brownyard [158] to calculate volume

fractions as a function of the degree of hydration is used in the models for study-
ing early-age concrete in Papers III and IV. However, there only concerning the
evolution of the solids and the gel pore space. Hence, the equations presented
in the papers take an altered form compared to for example those presented by
Hansen [94]. It must also be pointed out that more refined models have been
proposed for calculating the evolution of the composition of concrete and cement
paste during hydration since the work of Powers. Including developments of new
analytical models on the same line, for example, the extension to include silica
fume by Jensen and Hansen [110] and the model by Königsberger et al. [125]. In
the latter, the assumption of a linear relationship between the volume fractions and
the degree of hydration is abandoned. Models that rely on numerical routines to
spatially resolve each component of the microstructure and their evolution provide
even more refined prediction. Examples of such models include the CEMHYD3D
[26] and HYMOSTRUC [186] numerical libraries.

An interesting quantity related to the evolution of volume fractions discussed
above is the gel/space ratio g/s, first introduced by Powers and Brownyard [158].
It is defined as the ratio if the volume of cement gel (including gel water) over the
sum of the cement gel and capillary pores. Using the notations for volume fractions
used in Paper III (see also Section 3.2.2), it is given as

g/s =

(
εHs + εGs

)
εs(

εHs + εGs
)
εs + ε

, (2.3)

where εHs is the volume fraction of hydration products and εGs of gel pores; both
with respect to the current volume of the solid phase volume fraction εs. As in
the definition by Powers and Brownyard [158], the total capillary porosity ε is
considered in Eq. (2.3), i.e. pores saturated with either water or air; compare to
Fig. 2.4. All of these quantities can be obtained as a function of the degree of
hydration and the water-to-cement ratio. As noted by many researchers over the
years, the gel/space ratio is advantageous and shows a strong correlation with for
example the compressive strength of cement paste and concrete [144; 152].

2.3 Moisture fixation and transport
As indicated in the previous section moisture exists in several forms and at different
locations in the pores space of concrete or cement paste. An often used classification
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Figure 2.5: Schematic depiction of absorption and desorption isotherms, also showing
different moisture regions as typically identified in concrete [146].

for water or moisture in concrete is to base it on how it is bound. According to
Nilsson [146], the following four categories can be identified:

– Chemically bound water,

– Physically bound water,

– Adsorbed water,

– Capillary condensed water.

Referring to the schematic description of the microstructure in Fig. 2.3, the chemi-
cally bound water is a part of the hydrates and also other reaction products of the
cement paste. It is generally considered as non-evaporable water. The latter three
are then collectively considered as evaporable water. The physically bound water is
also fixed to reaction products, but not as strongly as the chemically bound water.
For example, the intra C-S-H and inter-layer water of the C-S-H solid in Fig. 2.3
as visualised by the CM-II model [108]. At low pore humidities, water molecules
are bound as adsorbed layers through van der Waals forces. This water is also visu-
alised in Fig. 2.3 as a part of the C-S-H solid. The thickness of these layers increases
with the humidity, and eventually, a meniscus can form. At this point, a continuous
phase of water is established, and additional water vapour can condense on these
curved surfaces, increasing the amount of water stored in the pore space. As more
vapour condenses, pores of increasing size successively saturate with liquid water.
Considering the different physical and chemical states of water at different length
scales, it is evident that the properties of the microstructure are essential for the
moisture fixation. This topic is discussed in more detail by for example Jennings
[108], from a theoretical perspective, and experimentally in several recent studies
with a focus on cement paste [74; 76; 143].

From a macroscopic viewpoint, the moisture fixation is often quantified by a
sorption isotherm that relates the evaporable water content to relative humidity.
Figure 2.5 schematically illustrates such a sorption isotherm. The difference in
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absorption and desorption, i.e. the hysteresis effect, is for completeness included in
the figure but is not discussed nor treated any further in the thesis. For modelling
purposes, later on, no difference is made between the two processes. Consider-
ing how different mechanisms bind the evaporable water for pores at different
length scales, it is evident that the sorption isotherm must also reflect the pore
size distribution of the material. Many models have been devised for converting
an experimentally measured sorption isotherm into a pore size distribution [6].
Moreover, for example, the already mentioned CM-II model by Jennings [108] is
widely based on conclusions from studying sorption isotherms for cement paste
and gel using both water vapour and other gases.

Also in Fig. 2.5, three distinct moisture storage regions are identified. The
hygroscopic region includes water bound through both adsorption and capillary
condensation as introduced earlier, such that the pore space is in equilibrium with
the moist air of the surrounding environment. Above this region, water is instead
mainly absorbed through capillary suction from an external source of liquid water.
The suction potential of the material is given by the capillary pressure pc as defined
by the Young-Laplace equation

pc =
2γwg

r
, (2.4)

here written for cylindrical pores, i.e. a capillary tube. The suction can from
Eq. (2.4) thus be identified as a function of the interfacial tension between liq-
uid water and the moist air given by γwg and the pore radius r. Using the Kelvin
equation given as

pc = −ρW RT

MW

ln (ϕ) , (2.5)

a relationship is then obtained between capillary pressure and relative humidity
ϕ, which is especially useful when studying moisture in the capillary region. In
Eq. (2.5), R is the universal gas constant, T is the temperature, ρW is the density
of liquid water and MW its molar mass.

From the Young-Laplace equation, it follows that for sufficiently large pores, the
suction potential essentially vanishes and the air becomes trapped in these coarse
pores. Hence, even at 100 % relative humidity, some pores are still not saturated
with liquid water, as reflected in the vertical component of the absorption isotherm
in Fig. 2.5 denoted the over-capillary region. These pores are instead filled with
water by dissolution of the trapped air in the pore water, which is a comparably
very slow process [70]. This process is the topic of Paper V of this thesis and is also
discussed in more detail by Eriksson [64].

The state of water and its location within the pore system is also important
when considering the flow of moisture due to for example pressure gradients. For
example, using a colloidal microstructure as in the CM-II model [108], Ulm et al.
[185] pointed out that it is only water in pores outside the C-S-H solids that should
be considered to behave as a fluid. The remaining water held in smaller pores and
spaces should be considered as a structural water that do not contribute to the fluid
flow. In porous materials moisture is transported from regions with high concentra-
tions to regions with low concentration. For concrete under saturated conditions,
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the dominating driving force for moisture transport is the water pressure gradient
in the pore system. Under partially saturated conditions, moisture exists as both
liquid and vapour and it thus becomes more difficult to determine the dominating
mechanism. The transport of liquid water is still mainly governed by pressure gra-
dients but capillary forces are also involved. For the water vapour, diffusion and
advection are the two main transport mechanisms. Hence both vapour concentra-
tion gradients as well as pressure gradients plays important roles. What complicates
the broad picture of moisture transport, especially in partially saturated concrete,
is that all the involved mechanisms typically act simultaneously. Furthermore, evap-
oration of the liquid phase and condensation of the vapour phase within the pores
become important, especially under non-isothermal conditions [115].

2.4 Thermal properties
Transport of heat in concrete mainly occurs through conduction, although radiative
and convective transport also plays a role. The thermal conductivity λ quantifies the
amount of amount of conductive heat transfer in the material. It is a proportionality
constant that describes the heat flux due to thermal gradients according to Fourier’s
law. Two of the most critical factors that influence the conductivity are the type
of aggregates and the degree of saturation, where a decrease in moisture content
lowers the conductivity [144]. Another important thermal property is the specific
heat Cp (also referred to as the heat capacity), which describes the amount of heat
needed to increase the temperature of the material by one degree. It increases
with the temperature and the moisture content, whereas it is only slightly affected
by the type of aggregates used [144]. Lastly, as already discussed in Section 2.1,
the heat generated during cement hydration strongly influence the temperature
conditions during the early ages of the concrete.

Temperature is a measure of the average molecular kinetic energy of the ma-
terial or substance. When temperature increases so do the kinetic energy, causing
increased movement and separation of molecules. In a macroscopic view of a ma-
terial, a change in temperature thus also leads to a volume change. This volume
change is quantified by the coefficient of thermal expansion (CTE), which is a
measure of the fractional change in volume per degree of temperature change.
Most often the cement paste and the aggregates in the concrete mix have differ-
ent CTEs. Hence, the CTE for the concrete is a function of the two constituents,
both regarding their values and the mix proportions. The thermal expansion of
concrete is also influenced by the moisture condition in the concrete, which has
a significant impact on the CTEs of the cement paste but a smaller influence on
the concrete composite since the aggregates are mostly unaffected. According to
Neville [144], the CTE for neat cement can increase with up to a factor two for
a relative humidity of 0.5–0.7, when compared to humidity states below 0.4 or
close to 1. It should also be pointed out that the CTE only varies slightly with
the temperature for temperatures above freezing and below approximately 65 ◦C.
Furthermore, the temperature state also affects other properties such as stiffness,
strength, permeability and moisture capacity; although to a negligible degree at
moderate temperatures.
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2.5 Moisture shrinkage
Before the fresh concrete sets, the cement paste is in a plastic state. During this
period so-called plastic shrinkage occurs due to moisture loss, either through the
evaporation from surfaces or suction from adjacent materials. During the same
period, water is also consumed by hydration, as discussed in Section 2.1, although
this amount is small during the phase when the cement paste is plastic [144]. After
setting, volume changes continue to occur and depending on the water supply the
concrete can either contract or swell. If cured in water, with a continuous supply of
water to the reactions, the concrete will exhibit an increase in volume and mass. In
a situation where no external exchange of water is allowed, it will contract due to
autogenous shrinkage. The amount of autogenous shrinkage tends to increase with
the cement content and for low water/cement ratios, i.e. for high strength concrete.
For many concrete structures, the effects of autogenous shrinkage are small, but
when considering for example mass concrete or structures cast with high strength
concrete, it becomes crucial. The former is, for example, the case when working
with concrete structures at hydropower facilities.

The moisture related shrinkage mechanism of most importance is perhaps that
which occurs with the loss of water from concrete stored in moist air; a mechanism
referred to as drying shrinkage. As the name infers, drying shrinkage is closely
related to the drying of concrete through internal moisture movement and loss
of water through evaporation at its surfaces. It should, however, be pointed out
that the physical mechanism of both autogenous shrinkage and drying shrinkage
is the same, where capillary effects cause volume changes. Hence, the two can
collectively be referred to as moisture shrinkage.

Looking at the volumetric change of concrete due to the loss of moisture, it is
on the microscopic scale explained by several mechanisms causing internal stresses
in the solid matrix, all interacting with one another. However, before going into
these, it should be mentioned that it is the cement paste that exhibits moisture
shrinkage, while the aggregates on the other hand act as restraints; thus reducing
the quantifiable amount of shrinkage when comparing pure cement paste to con-
crete. For high degrees of saturation (> 50 %), the dominating mechanism is often
thought as being capillary tension [54]. It can briefly be explained as a build-up
of tensile stresses in the capillary water in the pores caused by the formation of
a meniscus as the humidity drops, see the Young-Laplace and Kelvin equations.
These tensile stresses must be balanced by compressive stresses in the solid matrix,
causing it to contract. Wittman [192], however, argues that capillary action can
only have a significant role for very early-ages of the cement. He instead claims
that shrinkage of hardened cement is mainly caused by changes of surface energy
and disjoining pressure. Both of these mechanisms are related to adsorbed water
layers on the surface of the pores. However, the effect of changes to the surface
energy can only be significant at low humidity [192]. Therefore, of these two, the
disjoining pressure can be said to be of most importance. For a given tempera-
ture and humidity state, the thickness of the adsorbed water layer is constant and
given by physical and chemical considerations. According to Bažant et al. [20],
this layer is five water molecules thick at full saturation (ϕ = 1) and decreases as
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Figure 2.6: Adsorption of water molecules in a gel pore and development of disjoining
pressure. The figure also includes a schematic description of the long-term
creep mechanism proposed by Bažant et al. [20].

the humidity drops. Many pores in the cement paste have a width of less than ten
water molecules. In these, a full layer of adsorbed water molecules cannot develop.
The pressure developed due to this hindered adsorption is the disjoining pressure,
which causes swelling of the solid. As the material dries, the disjoining pressure
decreases and the material shrinks. Figure 2.6 schematically shows the principles
of hindered adsorption and disjoining pressure.

While the above-discussed mechanisms act locally on the scale of the cement
gel, some comments regarding macroscopic shrinkage should be made for com-
pleteness. First, it must be stressed that it is the local shrinkage of the cement paste
that should be considered a material property, and not the shrinkage measured on
large specimens [193]. Such specimens are not only affected by their boundary
conditions, but also by many other properties such as internal moisture gradients,
creep and microcracking. With this in mind, it can lastly be mentioned that the
amount of observed macroscopic shrinkage is affected by factors such as concen-
tration, distribution and stiffness of aggregates as well as the cement and water
content. Many regularly used admixtures also influence the shrinkage behaviour.

2.6 Deformation and creep
The demarcation of elastic and creep deformations in their true sense is often dif-
ficult to identify for concrete since the instantaneous strain is dependent on the
rate of loading. As pointed out by Bažant and Jirásek [13], even for extremely
short load durations, the measured deformation exhibit some age-dependent be-
haviour and creep effects. They instead identified the true elastic behaviour by
extrapolating the time-dependent response to zero load duration. Such short load
durations are not possible to measure in reality but are essential for theoretical
and modelling purposes, as will be further explored in Section 3.3.6. In practical
work, a distinction between the two is, however, often made such that the strain
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Figure 2.7: Schematic description of time-dependent deformations for a loaded speci-
men subjected to drying (a) and basic creep with creep recovery (b). Repro-
duction from Neville [144].

which occurs during loading is considered as elastic while subsequent strains are
defined as creep; although this definition has no real physical origin [144].

Nonetheless, the creep deformations of concrete can be at least three to four
times the initial strain at loading which emphasises their importance [2]. Tradi-
tionally, creep deformations are divided into basic creep and drying creep, see
Fig. 2.7a. Basic creep refers to the deformation of a concrete member with no
moisture exchange with the environment and at room temperature. Drying creep
is then defined as the additional deformation caused by drying or elevated temper-
atures, after subtraction of the pure drying shrinkage and thermal deformations.
The drying creep is, however, sometimes further subdivided such that the addi-
tional creep due to thermal effects is considered separately, often referred to as
the transitional thermal creep [13]. The deformation due to creep is partially re-
versible, but permanent deformations always remain after unloading, see Fig. 2.7b.
For a restrained concrete member, creep still plays an important role, where instead
of a continuous deformation, stresses in the concrete continuously reduce. This
phenomenon is referred to as relaxation. Creep can, in general, be considered as
a linear function of the stress state if the compressive stress is below 40–60 % of
the compressive strength of concrete. At higher stress levels, it becomes non-linear,
and the specimen eventually fails by tertiary creep. This non-linearity is believed
to be caused by microcracking, primarily at the interface between cement paste
and aggregates [142]. It should also be mentioned that, according to Neville [144],
creep in tension has been measured to be 20–30 % higher than in compression
at equal stress states. However, no conclusive findings are reported and creep in
tension is broadly considered to behave similarly to creep in compression.

The physical mechanisms behind creep have proved difficult to explain and
are still under debate in the research community. At a macroscopic level, Ulm et
al. [184] suggested that the basic creep can be divided into two distinct stages:
short-term and long-term. The apparent mechanisms of the short-term basic creep
are believed to be situated in the capillary pores and governed by for example
microdiffusion of water molecules. Several other mechanisms have also been sug-
gested in the literature [2; 10; 13; 178; 184], where common to most of them is
that water within the pore space plays an important role. For the short-term basic

22



2.7. STRENGTH AND FRACTURE

creep, hydration and the solidification of hydrates in the capillary pores are also
of importance, which results in a decrease of the creep rate with the age of the
concrete [22]. The perhaps most widely accepted mechanism behind the long-term
basic creep was proposed by Bažant et al. [20] who describe it as a relative slip
of C-S-H sheets. This mechanism is related to hindered adsorbed water layers and
disjoining pressure, as illustrated in Fig. 2.6, that balances the attraction between
the solid surfaces of the gel pores caused by unstable and disordered bonds. These
bonds thus become overstressed, leading to a dislocation-type mechanism where
bonds locally break and reform. Figure 2.6 schematically shows this mechanism.
Also, the long-term basic creep decreases with the age of loading, which at the mi-
croscale can be explained by relaxation of stresses in these bonds, thus decreasing
the rate of breakages and consequently the rate of macroscopic creep. This is a
condensed description of the theoretical foundation of the MPS theory [16; 17; 20;
21] for modelling concrete creep as used in Papers II to IV and further described
in Section 3.3.6.

The moisture condition in the pore space of the concrete plays an essential
role for both short-term and long-term creep. For concrete that has no exchange
of moisture with the environment and is in hygral equilibrium, the less evaporable
water the concrete contains, the less it creeps. In fact, according to Acker and Ulm
[2], no creep deformations at all are observed for concrete dried to a state where
no evaporable water remains. However, if exposed to drying during the creep test,
the observed creep is higher than if it had remained at its initial humidity, and
the greater the drying, the greater the creep rate. This effect was first recognised
by Pickett [154] and is referred to as the Pickett effect, or drying creep. This
effect has been extensively studied [18; 19; 145; 175; 194] and several different
mechanisms have been proposed to explain it. As an example, the mechanism
proposed by Bažant et al. [20] for long-term creep accounts for it through the
changes in the disjoining pressure. Temperature also plays an important role for
creep deformations, where a change in temperature causes an increase in the
creep rate. This effect is similarly accounted for in the long-term creep mechanism
proposed by Bažant et al. [20], through changes in the disjoining pressure.

Apart from the factors such as loading, age and environmental conditions, creep
is influenced by the constituents of the concrete mix. It is primarily the cement
paste that creeps and creep is thus affected by the cement and water content as well
as the type of cement and admixtures. However, the relationship between these
factors and the amount of creep is non-linear and the effect of changing different
factors is thus difficult to estimate [144]. Aggregates, at least in comparison to
cement paste, in general exhibit negligible creep deformations and primarily has a
restraining effect, similarly as for shrinkage. Hence, the higher the aggregate con-
tent is and the stiffer the aggregates are the higher the restraining effect becomes,
and consequently the less the concrete creeps.

2.7 Strength and fracture
The mechanical strength of concrete is one of its most valuable properties and
the parameter most frequently used to characterise concrete in structural design.
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The strength of concrete is thus ultimately determined by the individual strength
of its components and their interaction. As for many other previously discussed
properties, the strength of the cement paste is affected by the cement and water
content as well as the type of cement and admixtures, since these control the
structure of the hardened paste. Important to point out is that the strength of the
constituents of the paste (e.g. C-S-H) can be considered age-invariant. The strength
of the paste is nevertheless highly dependent on its age, following from the volume
growth and solidification of C-S-H during hydration. If the aggregates have a higher
strength than the cement paste, they have a secondary effect. However, for concrete
mixes with a low water/cement ratio the strength of the paste can exceed that of
the aggregates. For such high strength concretes, the strength of the aggregate is
more crucial, where the aggregate is sometimes the weakest link of the composite.
Regardless, an essential factor for the strength of concrete is the interface between
concrete and the surrounding cement paste, the so-called interfacial transition zone
(ITZ). Cracks often initiate in the ITZ and then propagate from there. In fact, very
fine cracks exist in the ITZ already before any application of loads, probably due
to the different properties of the aggregates and the paste [144].

An essential aspect for concrete is the difference observed in compression versus
tension, where its tensile strength is typically only 10 % of its compressive strength.
According to Neville [144], an explanation is that the failure of concrete in both
tension and compression ultimately occurs due to cracking. Although the exact
micromechanical process of cracking in concrete is complicated, a fact is that the
theoretical strength of cement paste is orders of magnitude higher than observed
and measured tensile strengths. This discrepancy can be explained by the effect of
flaws in a solid, as postulated by Griffith [93], which locally cause high-stress con-
centration leading to microscopic fractures. Hydrated cement contains many such
flaws, e.g. pores, microcracks and voids. The application of this concept to tensile
fracture is relatively straightforward. It can, however, also be extended to states
of uni- and biaxial compression. Even if two principal stresses are negative, the
third must be positive due to the Poisson effect. Thus, the flaws are still exposed to
tensile stress in some directions so that fracture may occur. Failure in compression
thus occurs due to the development of cracks parallel to the direction of loading,
which has been frequently observed in experiments. The difference in strength in
compression versus tension is thus possibly related to the Poisson effect, and a
limiting tensile strain always determines that strength, see Neville [144]. Under
multiaxial compressive stress states the situation is, however, more complicated,
and especially triaxial compressive failure is due to a different mechanism that
results in a peak load several times that of uniaxial compression.

An extensive summary of the process of concrete fracture is given by Mang
et al. [141], for both compression and tension. Figure 2.8 describes the mate-
rial response under uniaxial compression. At the start of the stress-strain diagram
(point 1), cracks are already present in the ITZ. As the load increases up to ap-
proximately 30–40 % of the compressive strength (point 2) these cracks are stable,
and the material behaves linearly. After that, new cracks form in the direction of
the load, and the material response begins to become non-linear due to a decrease
in the macroscopic stiffness. Eventually, these cracks start to propagate into the
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Figure 2.8: Failure mechanism of concrete under uniaxial compression. Reproduction
from Mang et al. [141].
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Figure 2.9: Failure mechanism of concrete under uniaxial tension. Reproduction from
Mang et al. [141].

matrix to finally coalesce as point 3 is reached, and the non-linear response then
becomes more pronounced. Finally, material failure occurs (point 4) as continuous
macroscopic cracks form.

Fig. 2.9 similarly describes the material response in tension. For loads up to
approximately 75 % of the tensile strength, the initial microcracks are stable (point
2). For increasing load levels, new microcracks form, propagate and coalesce with
a rapid reduction of the macroscopic stiffness as a consequence and a peak load
is reached (point 3). Shortly after that, during the strain softening branch of the
stress-strain diagram, some microcracks form a localised band to which further
cracking and deformation concentrate (point 4). This macrocrack eventually splits
the specimen into two parts, whereas adjacent microcracks unload.

An important topic for the fracture of concrete and concrete structures is the
size effect [9; 38; 191]. Different size effects exist in all materials, and the sub-
ject has thus been extensively studied, see for example [11]. Concrete and other
quasi-brittle materials exhibit a strong and complex size effect, especially evident
in structural applications. It manifests itself as an increasing brittleness of con-
crete members as their size increases, as exemplified in Fig. 2.10a for an unrein-
forced concrete beam. Although not to be confused with the intrinsic brittleness
of concrete, this observed size effect is related to the strain softening behaviour
of quasi-brittle materials [119]. Bažant [8] explains it by considering the energy
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Figure 2.10: Size effect of a notched three-point concrete beam (a) [119]. Idealised
description of crack propagation and the fracture process zone (b).

released during fracture, which for quasi-brittle materials is related to the devel-
opment of microcracks (Fig. 2.9) in a finite band ahead of the macrocrack. This
is often called the fracture process zone (FPZ), see Fig. 2.10b. A similar idea was
suggested by Hillerborg et al. [101], who also showed that such a size effect is
deterministic. This concept can be compared to the statistical size effect outlined
by Weibull [191], which for concrete is related to the theory of flaws in materials
by Griffith [93]. It has then been shown and accepted that the width of the FPZ is
a material property that is one of the major reasons behind the observed size effect
for concrete structures. The stored elastic energy increases with the size of the
concrete member; thus the failure becomes more brittle since the energy released
during the fracture is size-invariant due to the approximately constant width of the
FPZ.

The concept put forward to explain the size effect inevitably introduces some
additional material properties that are vital to understanding and characterising the
fracture behaviour of concrete apart from its strength. One such parameter is the
fracture energy G+

f , which describes the energy required to produce a stress-free
crack of unit area. As for the strength, the fracture energy depends on the structure
of the cement paste and thus on the water and cement content as well as the age of
the concrete. Furthermore, the maximum aggregate size plays a critical role for the
fracture energy. To fully characterise the fracture process, information is needed
on the shape of the strain softening branch of the stress-strain response, as given in
Fig. 2.9. However, it must be emphasised that G+

f is related to a crack displacement
and that the crack opening should be described by a traction-separation law, e.g.
the one proposed by Cornelissen et al. [52]. A stress-strain response can then be
obtained by considering the width of the FPZ. Based on experimental data, Bažant
and Oh [15] suggest this width to be in the order of three times the maximum
aggregate size.
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Chapter 3

Multiphase description of concrete
as a porous media

Mechanics of porous media is today a major branch of continuum mechanics of
interest for many engineering applications, within for example geomechanics and
biomechanics. Regardless of the application, the typical description of a porous
medium system involves a continuous solid skeleton with a pore space saturated
by one or several fluids. In the case of cementitious materials, such as concrete,
two fluid phases are typically considered: a wetting phase of bulk liquid water and
non-wetting gaseous phase. The latter is consisting of a mixture of for example
air and water vapour, assuming partially saturated conditions. The properties and
interaction of these phases determine the observed physical behaviour of the porous
material [23; 46; 53; 131].

When formulating mathematical models to describe the observed behaviour of
porous medium systems, either a phenomenological or a mechanistic approach can
be adopted [151]. In the former, the behaviour of the porous medium system is de-
rived directly on the macroscopic scale through the observation of experiments and
by fitting non-linear differential equations to these observations; not necessarily
considering all processes involved. In contrast, the mechanistic approach aims at a
true physical description of what is causing the observed behaviour of the material.
For most porous medium systems, this means working with multiple scales since
normally the pore space is several orders of magnitude below the length scale of
the typical application. A common approach is using so-called averaging theories,
where one express macroscale quantities of the system as integral expressions of
microscale quantities. One such theory is the Thermodynamically Constrained Av-
eraging Theory (TCAT) developed by Gray and Miller [89–91], which presents a
rigorous theoretical framework for systematically formulating mechanistic models
of porous medium systems. This chapter briefly reviews the basic idea of the TCAT
and how it can be applied to formulate models of concrete in different situations
in reference to Papers III to V. Additionally, several mathematical models are intro-
duced to fit within the outlined framework to describe the chemical and physical
behaviour of concrete in connection to the appended papers. Lastly, it is also shown
how such mechanistic multiphase models relate to the phenomenological single
field moisture transport models often encountered in the literature and also used
in Papers I and II appended to this thesis.
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3.1 The Thermodynamically ConstrainedAveraging
Theory (TCAT)

The TCAT provides a rigorous framework for systematically developing multiphase
and multiphysical continuum models for porous materials at any scale of interest.
A formal and complete TCAT analysis entails formulating balance equations of
thermodynamic quantities including the conservation of mass, momentum, energy
and entropy at the microscale. These are then upscaled by averaging theorems
to obtain the corresponding balance equations at the macroscopic scale. Here the
TCAT differs from its predecessor, the Hybrid Mixture Theory (HMT) [96–98], in
that also the entropy balance is formulated on the microscale. This update ensures
that the constraints of the second law of thermodynamics are satisfied on both
scales for the TCAT, while only on the microscale for the HMT.

In setting up the multiscale porous medium system, the microscale is identified
as the smallest scale for which the continuum hypothesis holds, with properties
such as density, temperature and pressure being well-defined. At this scale, a sin-
gle point in the continuum is always located in a single phase so that classical
point-wise conservation equations can be formulated. However, for most materials
this scale is much smaller than that of the typical applications, making the use
of models and simulations formulated at this scale limited for engineering pur-
poses. Hence, the macroscale is introduced at which the overall behaviour of the
porous medium system is described in an average sense following the separation
of scales. It, for example, means that the geometric features of the pore space are
not resolved at this scale, and the material can, therefore, be treated as a contin-
uum. Each point of this macroscale continuum thus contains contributions from all
phases as described by the representative elementary volume (REV) over which the
microscale quantities are averaged. The REV is an essential concept for formulating
the balance equations at the macroscale and must fulfil certain properties. Firstly,
it must be large enough to include all phases and secondly its size is assumed to
be sufficient so that average values of thermodynamic quantities of a phase are
independent of that size. As an upper limit, the characteristic length scale of the
REV must be significantly smaller than the length scale of the application at hand
in order to ensure that gradients of macroscale quantities are meaningful (Fig. 3.1).
However, for an analytical averaging theory such as the TCAT, the actual size and
spatial configuration of the REV is not crucial for obtaining the macroscale balance
equations. A fundamental aspect of any model is the formulation of relevant con-
stitutive relations to approximate unknowns of the governing equations, e.g. stress
tensors and fluid velocities. The TCAT framework can provide guidance in formu-
lating these through an entropy inequality and the formalism of thermodynamics,
for example, classical irreversible thermodynamics. A more extensive background
to the concepts of the TCAT is given in the series of nine articles outlining the
theory summarised in the textbook by Gray and Miller [91], with the motivation
and foundations of the theory given by Gray and Miller [89; 90].

For a three-phase porous material such as concrete, the formulation of mi-
croscale balance equations and application of the TCAT averaging theorems can be
done for a generic porous material. In fact, these steps are performed by Gray and
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Figure 3.1: Separation of scales and the property of a correctly chosen REV for a inho-
mogeneous material such as concrete. Reproduction from Lewis and Schre-
fler [131].

Miller [91] in which generic macroscale balance equations for an arbitrary species
i in a phase α are derived and presented using the TCAT formalism. To formulate
the macroscale governing equations for concrete one can directly apply these, see
for example [84; 131; 151; 171]. Hence, the lengthy derivation is not shown in the
following, and instead only the final generic macroscale conservation equations for
mass, linear momentum and energy are presented. In a full TCAT analysis, addi-
tional entities of lower dimensions are also considered, e.g. an interface between
two phases, and conservation equations are formulated for these as well. Such en-
tities are, however, not accounted for nor presented in this thesis. Also, the entropy
inequality is not presented in the following since it has not been explicitly utilised
in any part of the thesis, although many of the constitutive models presented in
the forthcoming Section 3.3 are derived from it.

3.1.1 Macroscopic conservation of mass
The macroscopic conservation of mass for an arbitrary species i dispersed within a
phase α can, following Gray and Miller [91], be written as

∂

∂t

(
εαραωiα

)
+∇ ·

(
εαραωiαvα

)
+∇ ·

(
εαραωiαuiα

)
− εαriα −

∑
κ

iκ→iα
M = 0, (3.1)

on a partial derivative form. The equation can alternatively be expressed on a
material derivative form, although for simplicity only the form in Eq. (3.1) is pre-
sented and used in this thesis. Given that small displacements and strains of the
solid phase are expected in all applications, this is a reasonable simplification. In
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Eq. (3.1), εα is the volume fraction of the phase, ρα its intrinsic density and ωiα the
mass fraction of species i in phase α. Furthermore, vα is the velocity vector of the
entire phase and uiα the diffusive velocity of species i. The latter is defined by

uiα = vα − viα, (3.2)

where viα is the velocity of species i. Two additional terms are left in Eq. (3.1), the
first describes the exchange of mass between different species in phase α through

the variable riα, while the term
iκ→iα
M describes the exchange of mass with other

phases, or more exactly the exchange of mass with the interface κ between two
phases. The mass balance of α as a whole is obtained by taking the sum of Eq. (3.1)
over all dispersed species,

∂

∂t

(
εαρα

)
+∇ ·

(
εαραvα

)
−
∑
κ

κ→α
M = 0, (3.3)

with ∑
i

ωiα = 1,
∑
i

riα = 0, and
∑
i

ωiαuiα = 0. (3.4)

3.1.2 Macroscopic conservation of linear momentum
The macroscopic conservation of linear momentum for an arbitrary species i dis-
persed in phase α can, following Gray and Miller [91], be written as

∂

∂t

(
εαραωiαviα

)
+∇ ·

(
εαραωiαviαviα

)
− εαραωiαgiα

−∇ ·
(
εαtiαT

)
− εαpiα − εαriαviα −

∑
κ

iκ→iα
M vα,κi −

∑
κ

∑
j

jκ→iα
T = 0, (3.5)

again given on a partial derivative form. Several new variables are introduced
in Eq. (3.5), where giα is the body force, tiαT is the stress tensor and piα is the

momentum production rate density of species i. Lastly, the term
jκ→iα
T describes

the exchange of momentum with other phases. As for the conservation of mass,
a corresponding momentum balance equation for the phase as a whole may be
obtained through the summation of Eq. (3.5) over all species to obtain

∂

∂t

(
εαραvα

)
+∇ ·

(
εαραvαvα

)
− εαραgα

−∇ ·
(
εαtα

)
−
∑
κ

κ→α
M vα,κ −

∑
κ

κ→α
T = 0, (3.6)

with

gα =
∑
i

ωiαgiα,
∑
i

piα = 0, (3.7)

and the stress tensor of the phase

tα =
∑
i

(
tiαT − ραωiαuiαuiα

)
. (3.8)
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3.1.3 Macroscopic conservation of energy
The macroscopic conservation of energy for an arbitrary species i dispersed in
phase α can, following Gray and Miller [91], be written as

∂

∂t

[
Eiα + εαραωiα

(
viα · viα

2
+Kiα

E

)]

+∇ ·

{[
Eiα + εαραωiα

(
viα · viα

2
+Kiα

E

)]
viα

}
− εαραωiαgiα · viα

− εαhiα − εαeiα − εαpiα · viα − εαriα
(
viα · viα

2
+Kiα

E

)

−∇ ·
(
εαtiαT · viα − εαqiα

)
−
∑
κ

iκ→iα
ME −

∑
κ

∑
j

(
jκ→iα
TE +

jκ→iα
Q

)
= 0, (3.9)

again given on a partial derivative form. For brevity, some terms related to lower
dimensional entities are neglected in Eq. (3.9) compared to [91]. In Eq. (3.9),
Eiα is the internal energy, Kiα

E is the kinetic energy due to microscale velocity
fluctuations, hiα is an energy source density (e.g.radiation) and eiα accounts for
the internal energy production rate. The non-advective flux of energy accounted

for by qiα and terms
iκ→iα
ME ,

jκ→iα
TE and

jκ→iα
Q account for different forms of energy

transfer to other phases connected with interface κ. As for the conservation of mass
and linear momentum, a corresponding energy balance equation for the phase as
a whole may be obtained by taking the sum of Eq. (3.9) over all species to obtain

∂

∂t

[
Eα + εαρα

(
vα · vα

2
+Kα

E

)]
+∇ ·

{[
Eα + εαρα

(
vα · vα

2
+Kα

E

)]
vα
}

− εαραgα · vα − εαhα −∇ ·
(
εαtα · vα − εαqα

)
−
∑
κ

(
κ→α
ME +

κ→α
TE +

κ→α
Q

)
= 0,

(3.10)

with

hα =
∑
i

(
hiα + ραωiαgiαuiα

)
,

∑
i

eiα = 0 (3.11)

and the total non-advective energy flux of the phase

qα =
∑
i

[
qiα + tiαT · uiα − ραωiαuiα

(
Eiα +

uiα · uiα

2
+Kiα

E

)]
. (3.12)

3.2 General framework for multiphase modelling of
concrete

The application of an averaging theory such as TCAT using the macroscale equa-
tions outlined in Section 3.1 starts by examining the constituents of the REV. Par-
tially saturated concrete is at the microscale commonly considered a three-phase
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material consisting of a solid phase s, a wetting phase w and a non-wetting gaseous
phase g. Phase g is often treated as a mixture of two species: dry airD and waterW .
For some applications, however, additional phases and species might be included,
for example, an ice phase when modelling freezing of concrete [67; 126; 201].
Ultimately, the phenomena and processes that a model intends to cover affects the
underlying assumptions and thus also the form of the final governing equations of
the system.

In this thesis, three different multiphase models for concrete are developed:
one hygro-thermo-mechanical model for describing the long-term moisture con-
ditions in mature concrete, and two different versions of a hygro-thermo-chemo-
mechanical model for studying concrete at an early-age. The governing equations
of all three models are formulated and solved (see Chapter 4) in the same format
and derived using similar steps. However, due to the different applications in mind,
the developed governing equations exhibit some fundamental differences that the
subsequent sections will highlight. Before introducing the steps for setting up the
governing equations, it is suitable to present a few basic definitions that are useful
regardless of the application.

With regards to the volume fraction εα of phase α, it follows from the definition
of a REV that ∑

α

εα = 1, α ∈ (s, w, g) , (3.13)

since all of its space must be occupied. The space occupied by the two fluid phases
f is often referred to as the capillary porosity ε, its definition follows as

ε = 1− εs. (3.14)

The volume fraction of the respective fluid phase in the capillary pore space is
described by their respective degree of saturation sf , which is defined as

sf =
εf

ε
, f ∈ (w, g) , (3.15)

and by definition it follows that sw + sg = 1. Furthermore, for the mass fractions
of a species i dispersed in a phase, the following relationship is often useful

ωiα =
ρiα

ρα
, α ∈ (s, w, g) , (3.16)

where ρiα is the phase averaged density of species i.
For most applications relating to concrete, it is recognised that the velocity

of all fluid phases f are significantly higher than that of the solid phase s [84].
Consequently, all fluid velocities are often expressed relative to the motion of s, so
that

vf = vf,s + vs, f ∈ (w, g) , (3.17)

where vf,s is the relative velocity of fluid phase f .
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3.2.1 A fully-coupled model of mature concrete
The development of the governing equations for a coupled hygro-thermo-mechanical
model of mature concrete consists of manipulating the general macroscale conser-
vation equations introduced in Section 3.1. As is reasonable for concrete in general,
an assumption of small displacements of the solid is made throughout meaning that
no distinction is made between the spatial and material reference frames [131].
Hence, the partial derivative form of the general conservation equations presented
in Section 3.1 can be used in the development, although their material derivative
form is sometimes used in the literature [150].

The first step is to set up a mass conservation equation for each species i in
each phase α using Eq. (3.1), or Eq. (3.3) if the phase consists of a single species.
For a standard REV of concrete, this yields four mass balance equations:

∂

∂t

(
εsρs

)
+∇ ·

(
εsρsvs

)
= 0, (3.18a)

∂

∂t

(
εwρw

)
+∇ ·

(
εwρwvw

)
−

wg→w
M = 0, (3.18b)

∂

∂t

(
εgρgωWg

)
+∇ ·

(
εgρgωWgvg

)
+∇ ·

(
εgρgωWguWg

)
−

wg→Wg

M = 0, (3.18c)

∂

∂t

(
εgρgωDg

)
+∇ ·

(
εgρgωDgvg

)
+∇ ·

(
εgρgωDguDg

)
= 0 (3.18d)

In this application, the mass balance of the solid phase is of minor importance,
but it is still useful when manipulating the conservation equations of the remain-
ing phases. To this end, it is convenient to rearrange Eq. (3.18a) to express the
evolution of the solid phase volume fraction

∂

∂t
εs +

1

ρs

[
εs
∂

∂t
ρs +∇ ·

(
εsρsvs

)]
= 0, (3.19)

where it from Eq. (3.14) also follows that ∂εs/∂t = −∂ε/∂t. Next, as is done for
many multiphase models of concrete, see for example [131], a mass balance is
formulated for the total water content by adding Eqs. (3.18b) and (3.18c). By also

considering Eqs. (3.15) and (3.17) and that
wg→w
M +

wg→Wg

M = 0, one obtains

∂

∂t

(
εswρW

)
+
∂

∂t

(
εsgρWg

)
+∇ ·

(
εswρwvw,s

)
+∇ ·

(
εsgρWgvg,s

)
+∇ ·

(
εsgρWguWg

)
+∇ ·

(
εswρwvs

)
+∇ ·

(
εsgρWgvs

)
= 0. (3.20)

Then for the mass conservation of dry air, Eqs. (3.15) and (3.17) are again
utilised so that Eq. (3.18d) can be written as

∂

∂t

(
εsgρDg

)
+∇ ·

(
εsgρDgvg,s

)
+∇ ·

(
εsgρDguDg

)
+∇ ·

(
εsgρDgvs

)
= 0.

(3.21)

Once the conservation of mass for all species and phases have been formulated
on a suitable form as in Eqs. (3.19) to (3.21), the next step is to proceed similarly
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for the conservation of linear momentum. Assuming that the model is intended
to study for example durability applications of concrete, one can conclude that
the time scale of interest is large (hours and days) and that velocities, in general,
are small. This conclusion implies that one can neglect inertial forces and forces
due to mass exchanges [131; 151; 170]. Furthermore, assuming that no internal
production of momentum occurs, the general Eqs. (3.5) and (3.6) can be used to
formulate the following four momentum balance equations:

−∇ ·
(
εsts
)
− εsρsg −

∑
κ

κ→s
T = 0, (3.22a)

−∇ ·
(
εwtw

)
− εwρwg −

∑
κ

κ→w
T = 0, (3.22b)

−∇ ·
(
εgtWgT

)
− εgρgωWgg −

∑
κ

∑
j

jκ→Wg

T = 0, (3.22c)

−∇ ·
(
εgtDgT

)
− εgρgωDgg −

∑
κ

∑
j

jκ→Dg
T = 0. (3.22d)

The individual momentum equations in Eq. (3.22) can be useful for the deriva-
tion of many constitutive relations for model closure, as shown by for example
Schrefler [170] and Sciumé [171]. However, to obtain the governing momentum
equation of the hygro-thermo-mechanical model, it suffices to look at the total
conservation of momentum for the multiphase system as a whole [131]. Hence,
after summation of each part of Eq. (3.22), one arrives at the familiar and straight-
forward equation

−∇ · t− ρg = 0, (3.23)

where t is the total stress tensor. Notice that from the summation, all terms related
to momentum exchange between phases cancel out. The total density ρ is, after
introduction of Eqs. (3.14) and (3.15), calculated as a weighted average

ρ = ρsεs + εswρW + εsgρg. (3.24)

The last part in developing the governing model equations is to proceed with the
conservation of energy. By invoking the same assumption as for the conservation
of momentum, any terms related to kinetic energy as well as viscous dissipation
and mechanical work can, according to for example Pesavento et al. [151], be
considered as negligible and omitted from the equations. Also assuming no internal
production of energy in any phase, the general Eqs. (3.9) and (3.10) can be used
to formulate the following four energy balance equations:

∂

∂t
Es +∇ · Ewvs +∇ · εsqs −

∑
κ

κ→s
Q = 0,

(3.25a)
∂

∂t
Ew +∇ · Ewvw +∇ · εwqw−

wg→w
ME −

∑
κ

κ→w
Q = 0,

(3.25b)
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∂

∂t
EWg +∇ · EWg

(
vg + uWg

)
+∇ · εgqWg−

wg→Wg

ME −
∑
κ

∑
j

jκ→Wg

Q = 0,

(3.25c)

∂

∂t
EDg +∇ · EDg

(
vg + uDg

)
+∇ · εgqDg −

∑
κ

∑
j

jκ→Dg
Q = 0.

(3.25d)

As stated by for example Bear and Bachmat [23] and done in many multiphase
models for concrete [84; 151; 172], it is often convenient and favourable to express
the conservation of energy in terms of enthalpy. Ultimately, doing so leads to a
formulation on a similar form as the classical heat equation. A variable change is
introduced by using the definition of enthalpy as a function of phase pressure pα

and temperature Tα

H̄α
(
Tα, pα

)
=

Eα

εαρα
+

pα

εαρα
, (3.26)

or similarly for a species. Then as done for the conservation of momentum, an
equation is formulated for the conservation of enthalpy for the porous media as
a whole. The derivation of the final governing equation thus starts with the sum-
mation of each part in Eq. (3.25), but, then requires several steps of algebraic
manipulation that for brevity are left out of this text, see for example [131] for
more details. Important to point out, however, is that all phases are assumed to lo-
cally be in thermodynamic equilibrium, meaning that their temperatures are equal,
i.e. Tα = T . This assumption means that no transfer of energy between neither

species nor phases occur, i.e.
jκ→iα
Q =

κ→α
Q = 0. Then making use of the conservation

of mass (e.g. Eq. (3.1)), the conservation of linear momentum (e.g. Eq. (3.5)),
the material time derivative and the previously introduced definitions, the total
balance of enthalpy for the multiphase system can be written as:

(ρCp)eff

∂

∂t
T−

wg→Wg

ME −
wg→w
ME +∇ · q

+ ε
(
swρwCWw

p vw,s + sgρgCg
pv

g,s
)
· ∇T = 0, (3.27)

where q is the total non-advective heat flux and

(ρCp)eff = εsρsCs
p + εswρwCw

p + εsgρgCg
p . (3.28)

Here Cα
p is the isobaric specific heat capacity of phase α, which for the gas mixture

has defined for the phase as a whole. It can also be pointed out that in Eq. (3.27)
any advective heat flux in the solid phase is omitted since it is usually negligible for
concrete [131; 171]. The terms describing the energy source related to the phase
change of liquid water to vapour can be identified as

wg→Wg

ME +
wg→w
ME = −Hvap

wg→Wg

M (3.29)

35



CHAPTER 3. MULTIPHASE DESCRIPTION OF CONCRETE AS A POROUS MEDIA

where Hvap is the latent heat of vaporisation and the mass source
wg→Wg

M can be
obtained using either of Eqs. (3.18b) or (3.18c).

The multiphase hygro-thermo-mechanical model of mature and partially satu-
rated concrete thus consists of five governing partial differential equations (PDEs)
presented in Eqs. (3.19) to (3.21), (3.23) and (3.27); although, for many appli-
cations of mature concrete, Eq. (3.19) can be omitted. Finalising the model then
involves expressing all unknowns of these equations in terms of a number of cho-
sen state variables using constitutive relationships, some of which are discussed in
Section 3.3. Lastly, relevant initial and boundary are also required to complete the
Initial Boundary Value Problem (IBVP), see Section 3.2.5.

The governing equations of the multiphase model for long-term absorption
of water presented in Paper V are given on the form outlined above, with the
addition that it is recognizing that air pores and capillary pores are fundamentally
different from a moisture storage perspective. Hence, the pore space quantified by
ε is additively split in to two distinct pore types: air pores and capillary pores, with
their respective degrees of saturation also introduced.

3.2.2 A fully-coupled model of hydrating concrete
The model presented in Paper III of this thesis, for hydrating concrete builds on the
framework suggested by Gawin et al. [84; 85], who were some of the first adopters
of porous media theory for modelling the coupled behaviour of early-age concrete.
Since then, other researchers have continued to develop these ideas incorporating
new phenomena, modifying the governing equations and trying new solution tech-
niques, see for example [47; 107; 163; 172]. The fully-coupled model of hydrating
concrete presented as part of this thesis suggest several novel modifications to
these previous developments.

Development of the governing equations for early-age concrete in principle fol-
low the same steps as in Section 3.2.1, but compared to these, a scalar chemical
field is introduced to account for the hydration of cement, see the forthcoming
Section 3.3.1. More pronounced, however, with regards to the governing equations
of the multiphase system, is that the paper suggests modifications and enhance-
ments to the considered REV. These are made in order to deal with the complex
and evolving microstructure of hydrating concrete. Most notably, and also a novel
feature compared to previous works, the solid phase is divided into several parts
and treated as separated species in the multiphase framework:

– Coarse and fine aggregates as species A,

– Unhydrated cement as species C,

– All hydration products as species H,

– A gel pore space G, partially saturated with liquid water W .

The last item, of course, also redefines the definition of the pore space ε of the
fluid phases, which now excludes the gel porosity. In adding these new species,
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volume fractions εis that describe the relative volumetric content of each species
with respect to the solid phase are introduced.

In Paper III, these are defined using the classical model by Powers and Brown-
yard [158] as functions of the hydration degree ξC; although one could also use
other models, for example, those by Jensen and Hansen [110] and Königsberger
et al. [125]. Another possibility is to decompose A further into several fractions,
or H into individual hydration products. Such an extension would improve the
description of the microstructure as well as the description many chemical and
physical phenomena, such as the phase change and chemical binding of water
during hydration.

When setting up the conservation equations of the solid phase, εis enters the
conservation equations through the definition of mass fractions as

ωis =
εisρi

ρs
, i ∈ (A,C,H,W ), (3.30)

where ρi is the intrinsic density of species i. Similarly, as for the fluid phases, a
degree of saturation sWs is also introduced for the liquid water held in the gel
pores so that εWs = sWsεGs. For simplicity, any gas mixture in the gel pores is
considered to have negligible influence, and its mass is not considered in the solid
phase. Furthermore, throughout the model development, it is assumed that the
velocity of all species of the solid phase is equal to the phase velocity, i.e. vs.

With these new definitions, equations for the conservation of mass, linear mo-
mentum and energy are set up for each species in each phase as done in Sec-
tion 3.2.1. However, the modified REV leads to a total of seven equations for each
thermodynamic quantity compared to the previous four. Moreover, considering the
hydration process and the inclusion of water in the solid phase adds new exchange
terms, both between phases and internally in the solid phase. All chemical reactions
of the hydration are assumed to occur within the solid phase, where water in the
gel pore space reacts with the unhydrated cement forming the hydration products.
The transfer of mass between species during hydration is thus described as

rCs + rWs = rHs, (3.31)

with each component included in its respective mass balance. As the chemical
reactions of hydration are exothermic, energy is produced and here added as an
intra-phase body source hHs to the conservation of energy of hydration products.
Since water is also present in the solid phase, a phase change occurs between liquid
water in phase s and liquid water in the wetting phase w. It follows that

ws→w
M = −

ws→Ws

M , (3.32)

with
ws→w
M included in the mass balance of the wetting phase, e.g. Eq. (3.18b),

and the new mass balance for water in the solid phase includes
ws→Ws

M . This phase
change is assumed to occur without any cost of energy.
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Figure 3.2: Coupled effects considered between chemical and physical fields in the model
for early-age concrete presented in Paper III.

Once the 21 conservation equations have been formulated, the final governing
equations of the hygro-thermo-chemo-mechanical model are obtained by perform-
ing the same steps as in Section 3.2.1. For brevity, this is left out, but, in the end,
results in the following coupled equations:

– The total mass conservation of solid species A, C and H in the solid phase,
see Eq. (8) in Paper III.

– The mass balance of the water in all three phases, see Eq. (10) in Paper III.

– The mass balance of dry air, see Eq. (11) in Paper III.

– The total balance of linear momentum, see Eq. (12) in Paper III.

– The total balance of enthalpy, see Eq. (14) in Paper III.

Compared to the equations presented in Section 3.2.1, these include several new
terms necessary for modelling the complex behaviour of early-age concrete includ-
ing hydration. Figure 3.2 summarises the main couplings between chemical and
physical fields of the hygro-thermo-chemo-mechanical model, although the cho-
sen constitutive relationships ultimately determine these. In the figure, different
colours represent different chemical or physical fields and how they affect the other
fields.

3.2.3 A partially-coupled model for early-age concrete struc-
tures

When studying concrete on a structural scale, several terms of the coupled conser-
vation equations developed so far are comparatively small, e.g. all mass transport
related to the movement of the solid phase. Hence, for such applications, some
simplifications to the underlying conservation equations of early-age concrete are
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Figure 3.3: Coupled effects considered between chemical and physical fields in the model
for early-age concrete structures presented in Paper IV .

often done. For example, Sciumé et al. [172] presented a model based on simplified
versions of the governing equations developed by Gawin et al. [84; 85] intended
for the simulation of repairs to concrete structures. Other structural applications
of their modified model were also presented in [171]. Similar ideas are explored
in Paper IV of this thesis by introducing the following hypotheses:

1. The effects of gravity on fluid flow is negligible.

2. The velocity of the solid phase is negligible compared to those of the two
fluid phases.

3. The hygro-thermo-chemical phenomena do not depend on the mechanical
part of the problem.

4. All species are considered incompressible.

These allow for several simplifications of the underlying conservation equations for
hydrating concrete presented in Paper III. Using these hypotheses eliminates many
terms of small influence on the overall behaviour of the system. Notably, points 2-4
permit the decoupling of the hygro-thermo-chemical fields from the mechanical
fields. This decoupling is a significant advantage for structural scale applications
as it allows for an efficient solution algorithm reducing the computational cost of
solving the multifield IBVP, at an acceptable loss in accuracy and generality of the
model.

Apart from introducing the above hypotheses, no other new steps nor definitions
are necessary to develop the simplified governing equations. Hence, in summary,
the partially-coupled hygro-thermo-chemo-mechanical model for early-age struc-
tures is defined as follows. First, a set of fully-coupled balance equations are set-up
to define the hygro-thermo-chemical behaviour of the concrete, including:

– The total mass balance of solid species A, C and H in the solid phase, see Eq.
(3) in Paper IV.
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– The mass balance of the water in all three phases, see Eq. (5) in Paper IV.

– The mass balance of dry air, see Eq. (6) in Paper IV.

– The total balance of enthalpy, see Eq. (7) in Paper IV.

Secondly, and as done for the two previous models, the balance of momentum for
all species and phases are used to define the mechanical behaviour of the concrete,
which is consequently governed by:

– The total balance of momentum, see Eq. (14) in Paper IV.

Important to notice is that while the physical and chemical quantities obtained
from the hygro-thermo-chemical part affect the mechanical behaviour of the con-
crete, no coupling in the opposite direction is considered. This fact follows directly
from the hypotheses introduced above. Figure 3.3 gives an overview of the consid-
ered couplings between all chemical and physical fields for the partially-coupled
model for early-age concrete structures. As before, the chosen constitutive relation-
ships not yet discussed determines many of the coupled effects, see the forthcoming
Section 3.3 and Paper IV.

3.2.4 Choice of state variables
Regardless of the intended application and scale, typical to the system of govern-
ing equations presented in any of the Sections 3.2.1 to 3.2.3 is that there are a
large number of unknown variables. As discussed in more detail by Schrefler [170],
these must be expressed in terms of a number of independent state variables by
introducing constitutive relationships, or defined as physical constants. In principle,
each governing equation must be related to a state variable, but the choice is not
always obvious. According to Schrefler [170], it should be based on the expected
behaviour of the medium, and the chosen variables must uniquely define the ther-
modynamic state of the material. Moreover, as pointed out by Gawin et al. [84],
the performance of a numerical model based on the mathematical formulation
following a particular choice of state variables is also important to consider.

For all multiphase models developed as part of this thesis, the governing equa-
tions involve three mass balance equations, the three components of the momen-
tum balance equation and the enthalpy balance equation. Hence, a total of seven
independent state variables are required. It can be pointed out that in develop-
ing the equations in Sections 3.2.1 to 3.2.3, some assumptions that were made
reduced the number of states required, compared to a general three-phase porous
medium system. For example, Schrefler [170] concluded that a total of 30 inde-
pendent states are necessary for such a system if one were to also considers the
thermodynamic fields of interfaces between each respective phase.

Concerning the theory of solid mechanics, selecting the displacement vector d
as the state for the momentum balance is obvious and warrants no further motiva-
tion. The same applies to the temperature T as the state for the enthalpy balance
if recalling the theory of heat transfer. Furthermore, given that the mass balance of
solid species is already formulated as an evolution equation for the solid phase vol-
ume fraction εs, choosing it as a state is also straightforward although not obvious.
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For example, the solid phase pressure could be a valid alternative choice. Find-
ing good state variables for the two remaining mass balance equations describing
fluid flow is, however, often more ambiguous. Common choices in the literature
on flow in porous media include phase pressures, volume fractions and saturation
degrees [23; 45]. Throughout this thesis, the recommendations by Schrefler and
co-workers [82; 84; 131; 150; 170] based on the extensive investigations on con-
crete subjected to various conditions is followed. Hence the gas pressure pg is used
for the mass balance of dry air and the capillary pressure pc for the mass balance
of total water content. Of these two, particularly the choice of pc as a state variable
to describe the moisture condition in concrete requires some further comments.

In the literature on moisture transport in concrete, models are commonly de-
fined with for example the relative humidity ϕ, partial vapour pressure pWg or a
measure of the evaporable moisture content we as a state variable and the driving
potential, see for example [14; 128; 146; 147; 168]. Such models are also used
in Papers I and II of this thesis and discussed further in Section 3.4. Although of-
ten practical and thermodynamically equivalent with the capillary pressure, Gawin
et al. [84] point out several drawbacks with the above variables. For example, nei-
ther the relative humidity nor the partial vapour pressure has a physical meaning
when the concrete is fully saturated, as is the case for the initial stages of early-age
concrete and at least for parts of most hydraulic structures. An issue with using
a measure of moisture content as a state variable is that they are generally not
continuous across interfaces between materials. It was, furthermore, concluded by
Gawin et al. [82] that all above choices often are numerically unstable for both
extremes of the moisture range (i.e. close to complete saturation or low degrees of
saturation). Such behaviour, of course, is undesirable for a general model. These
drawbacks were not observed for the capillary pressure.

For use in mass balance of total water content, the capillary pressure can at
equilibrium be defined as the difference in pressure between the wetting and the
non-wetting phases, such that

pc = pg − pw. (3.33)

where pw is the pressure of the wetting phase, i.e. of liquid water. This relationship
can be obtained by exploiting the entropy inequality of a TCAT analysis as shown
by for example Gray [88] and Pesavento et al. [150].

An often cited issue with using the capillary pressure as a state variable for
moisture transport is that its classical definition fails for low degrees of saturation
where a meniscus can no longer be formed since water is only present as adsorbed
layers on the walls of the pores. Thus Eq. (3.33) would also fail under such con-
ditions. However, this theoretical drawback can, as shown by Lewis and Schrefler
[131] and Schrefler [170], be overcome by reinterpreting the capillary pressure as
a multiple of the thermodynamic potential Ψ of the adsorbed water. By identifying
Ψ as the difference in chemical potential between liquid water and vapour, it can
be written as

Ψ =
RT

MW

ln (ϕ) . (3.34)
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Recalling Kelvins equation (Eq. (2.5)) and its similarity to Eq. (3.34), the definition
of Ψ can be used to formally extend the validity of the capillary pressure below the
capillary moisture range by concluding that

pc = −ρWΨ = −ρW RT

MW

ln (ϕ) . (3.35)

Using this generalised definition of the capillary pressure, both Eq. (3.33) and
Kelvins equation are justified over the entire moisture range. One can, furthermore,
argue that this generalised capillary pressure also accounts for effects such as
disjoining pressure in small pores in an averaged sense when calculating the stress
in the solid phase [151]. The definition of capillary pressure can also be extended
above the hygroscopic range, where it would take negative values and thus describe
a water overpressure, see Eq. (3.33). However, it would also require modifications
to some constitutive equations [82].

3.2.5 Initial and boundary conditions
While the so far developed governing equations for the multiphase behaviour of
concrete describe the spatial and temporal variation of each point in the model
domain Ω, relevant initial conditions (ICs) and boundary conditions (BCs) are also
required to complete the Initial Boundary Value Problem (IBVP). Initial conditions
are specified for each chosen state variable such that

εs = εs0, pg = pg0, pc = pc0, d = d0, T = T0, in Ω. (3.36)

The initial value of the solid phase volume fraction εs0 can be inferred either
from a measured porosity or from the concrete mixture using the model by Powers
and Brownyard [158]. For example, for the early-age concrete models in this thesis,
it is simply calculated as

εs0 = 1− w/c

ρW
(
a/c
ρA

+ w/c
ρW

+ 1
ρC

) , (3.37)

where w/c is the water-to-cement ration and a/c is the aggregate-to-cement ratio.
The initial value of the gas pressure can most often set to the atmospheric pressure,
i.e. pg0 = 1 atm. If the concrete is initially assumed to be fully saturated, it follows
from pw = 0 and Eq. (3.33) that also pc0 = 1 atm. For an initially unsaturated
case, pc0 can, for example, be calculated from an initial relative humidity using
Kelvins equation. The initial displacements are most often set to zero, i.e. d0 = 0.
Setting the initial temperature depends on the application. For early-age concrete,
T0 should be set equal to the measured temperature in the mixture before the
hydration starts, while for mature concrete it can often be set equal to the ambient
temperature if no other measurements are available.

No BC is needed for the mass balance of solid species as it does not contain
any spatial derivatives of its state variable. For the other governing equations,
BCs can either be specified by prescribing the value of each state variable or its
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corresponding flux at the boundary. The first type is usually referred to as a Dirichlet
BC and can for an arbitrary boundary Γ1 be written as

pg = p̂g(t) on Γg1, (3.38a)
pc = p̂c(t) on Γc1, (3.38b)

d = d̂(t) on Γd1, (3.38c)

T = T̂ (t) on ΓT1 , (3.38d)

where p̂g, p̂c, d̂ and T̂ are the prescribed and time-dependent values of each state
variable at the boundary.

Although several variants are possible for defining the boundary flux, all can
be retrieved from the mixed type or Cauchy BC. The type of flux definitions used
throughout this thesis can for the multiphase system of governing equations and
an arbitrary boundary Γ2 be summarised by(

εsgρgvg,s + εsgρDguDg
)
· n = qD on Γg2, (3.39a)(

εswρwvw,s + εsgρWgvg,s + εsgρWguWg
)
· n

= qW + fW

(
ρWg − ρWg

amb

)
on Γc2, (3.39b)

t · n = t̂− fdd on Γd2, (3.39c)(
q + εswρwvw,sHvap

)
· n

= qT + fT (T − Tamb) + ε
(
σT 4 −Grad

)
on ΓT2 , (3.39d)

where n is the outward pointing normal of the boundary. For the boundary flux in
Eq. (3.39a) only the flux of dry air is included through qD, and it thus reduces to
a Neumann BC. The boundary flux of water in Eq. (3.39b) can both be imposed
directly using qW , and through a convective flux controlled by the ambient concen-
tration of water vapour ρWg

amb and the surface transfer coefficient fW . The latter is
particularly useful when considering realistic environmental conditions. The sur-
face traction vector t̂ in Eq. (3.39c) can be used to impose a boundary load. It can
also be combined with a spring foundation type traction using the second term
on the RHS, where fd is a vector containing the three components of the spring
stiffness. Lastly, for the boundary heat flux in Eq. (3.39d), it is either imposed
directly as a heat flux through qT or as a convective heat flux controlled by the
ambient temperature Tamb and the surface coefficient fT. Additionally, a radiative
flux can be considered using the last term on the RHS, where ε is the emissivity of
the surface, and σ is the Stefan-Boltzmann constant. The total irradiation Grad can
include for example ambient irradiation, mutual irradiation and solar radiation. It
is used in Paper IV to calculate the effect the solar radiation during the casting of
a large concrete beam. More details on how to calculate fW , fT and Grad can be
found in for example the textbooks by Bergman et al. [27] and Howell et al. [105].
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3.3 Models for the constitutive behaviour of concrete
While the governing equations are vital for the mathematical description of con-
crete, a framework of equations on the format presented in the previous section
still include many unknowns and by themselves do not account for all observed
behaviour of concrete. To this end, constitutive relationships are necessary that
depending on the phenomena one wants to describe, express these unknowns us-
ing appropriate mathematical models and the chosen state variables of the system.
Such models are discussed in the following, with the porous media type models
outlined in the previous section as a point of entry. However, this section does
not intend to be a literature review on how to model the material behaviour of
concrete; it instead compares and discusses the constitutive models used in the ap-
pended papers. A more extensive literature survey of different constitutive models
for concrete was presented in the Licentiate thesis of the author [77].

3.3.1 Chemical behaviour and ageing
As discussed in Chapter 2, hydration of Portland cement consists a set of complex
chemical and physical phenomena at the microscopic level. The chemical reactions
involved have significantly different reaction rates and are generally considered to
be non-stoichiometric. A complete characterisation of all reactions involved in the
hydration using mathematical models is, consequently, a difficult task. Commonly
for macroscale applications, the set of reactions are lumped into a single reaction
A → B. The reactant phase A can be seen as the free water that combines with
the unhydrated cement to form the product phase B, which is the sum of all
hydrates [141]. It is for example shown by Ulm and Coussy [182], using the
theory of reactive porous media and an assumption of a closed system, that such
a reaction can be described by the hydrate mass mhyd, which denotes the mass of
chemically bound water per unit volume. For modelling purposes it is, however,
more convenient to normalise mhyd with the hydrate mass at complete hydration
m∞hyd, i.e. ξC = mhyd/m

∞
hyd. The obtained variable is the hydration degree ξC , which

can equivalently be defined using, for example, the non-evaporable water content
or the generated heat during hydration [35; 158; 179]. One of the first models
developed for cement hydration using this concept of reactive porous media was
proposed by Ulm and Coussy [182; 183], and variants of it has since been used
by many different researchers [43; 60; 75; 84; 172; 173]. An example of another
possible framework is the model recently proposed by Rahimi-Aghdam et al. [161]
aimed at improving the description of the long-term hydration (years).

The early-age concrete models presented in Papers III and IV accounts for the
effect of cement hydration by adding a scalar chemical field with ξC as a new and
additional state variable of the IBVP. The evolution of ξC is described by a model
based on the framework suggested by Ulm and Coussy [182; 183] and includes the
later developments by Cervera et al. [43] and Di Luzio and Cusatis [60]. The basic
idea is that the diffusion of free water governs the kinetics of hydration through
the hydrates that form in layers around the anhydrous cement grains on the micro-
scopic level. At a macroscopic level, this imbalance is expressed by the chemical
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affinity Am, which is the thermodynamic driving force of the reaction. During hy-
dration, the layer of hydrates increase which affects the rate of this microdiffusion
through the viscosity ηm. Acknowledging the well-known fact that hydration is
thermally activated, an Arrhenius type evolution equation is formulated following
Ulm and Coussy [183], such that

d

dt
ξC = βwA

C
(
ξC
)

exp

(
−Q

C

RT

)
, (3.40)

where the hydration activation energy QC controls the thermal activation of the re-
action, and AC ∼ Am/ηm it the normalised affinity. The latter accounts for both the
chemical non-equilibrium process and the non-linear diffusion process described
above. Ideally AC should be identified from experimental data by for example
measuring the released heat [57] and several different functions can be used to
fit such data. In Paper III the analytical expression proposed by Cervera et al. [43]
is used, while the expression suggested by Sciumé et al. [172] is used in Paper IV.
Although the two are equally valid, the expression by Sciumé et al. [172] is more
flexible and thus easier to fit to experimental data with.

The influence of moisture saturation on the cement reaction is well-known,
where the reactions effectively cease at relative humidities below approximately
0.75 [144; 158; 179; 195]. In order to account for this in a simple manner, an
empirical factor βw was introduced by Di Luzio and Cusatis [60]. Different forms
have been proposed for βw, most often depending on the pore relative humidity
[20; 60; 84; 195]. A frequently used expression for βw using the pore relative
humidity is

βw(ϕ) = [1 + ah(1− ϕ)ah ]−1, (3.41)

where ah and ah are parameters used for fitting experimental data. However, in
Paper III another definition is used by recognising that hydrates mainly precipitate
in the water-filled parts of the capillary pore space [158; 179]. Thus a reasonable
assumption is that βw is a function of the degree of capillary saturation sw, for
example, using a power function as proposed by Norling Mjörnell [147]:

βw(sw) =
(
sw
)aw

. (3.42)

The chemical model needs to be extended with a framework that describes
ageing yo quantify the evolution of the concrete properties. Traditionally, the most
common approach is the maturity concept [169] in which an equivalent age of the
concrete is calculated based on some reference conditions. This concept was used
in Paper II to account for solidification and growth of other material properties
for hardened concrete but is frequently used also for early-age concrete [63; 116].
Once the equivalent age is known, material properties can be determined as func-
tions of equivalent time using, for example, the empirical equations found in many
design codes [31; 39; 73]. As shown by Ulm and Coussy [183], the equivalent age
is uniquely related to the hydration degree, and either of the two can be used to
quantify the evolution of concrete properties.

However, both of the above approaches have shortcomings and neglect many
essential aspects of the hardening process, at least one should account for the
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phenomenon of setting needs to be accounted. One way to accomplish this is to
use the model by De Schutter and Taerwe [58], which introduces an ageing degree
κf as an analytical function of ξC and the hydration degree at setting ξC0 , so that

κf =

〈
ξC − ξC0
ξC∞ − ξC0

〉
. (3.43)

Parameter ξC∞ describes the fraction of the cement available for hydration, typi-
cally a function of w/c [148], see Eq. (2.2). The compressive strength f− can be
considered to be linearly related to κf , i.e.

f− = κff
−
∞, (3.44)

where f−∞ is the compressive strength complete hydration. Other material proper-
ties are similarly related to the evolution κf . The model in Eq. (3.43) is frequently
used in models for early-age concrete to identify the evolution of material proper-
ties, see for example [84; 100; 172].

However, an important aspect not covered by the model of De Schutter and
Taerwe [58] is how the kinetics of the reaction affects the development of the pore
structure and in extension the material properties [35; 122; 153; 189]. To this
end, a more refined model was suggested by Cervera et al. [43] to account for
the effect of temperature on the development of material properties. Supported by
experimental evidence, they concluded that a low curing temperature leads to a
more uniform pore structure than a higher temperature, which in turn leads to a
higher strength at complete hydration. Thus Cervera et al. suggest treating κf as
an internal variable dependent on both the hydration degree and the temperature.
This enhanced ageing model is used in Papers III and IV, with an evolution equation
for κf on the form suggested Di Luzio and Cusatis [61]

d

dt
κf =

(
TT − T
TT − Tref

)nT (
Bf − 2Afξ

C
) d

dt
ξC , (3.45)

where the first term controls the influence of the curing temperature through the
model parameter nT. The temperature value TT represents the maximum temper-
ature at which hardening of concrete occurs (≈100 °C) and Tref is a reference
temperature. The second term in Eq. (3.45) controls the ageing with respect to the
chemical reactions through model parameters Af and Bf . In order to reduce the
number of model parameters, Di Luzio and Cusatis [61] furthermore concluded
that

Bf =
1 + Af

[(
ξC∞
)2 −

(
ξC0
)2
]

ξC∞ − ξC0
(3.46)

by imposing that κf = 0 for ξC ≤ ξC0 and that κf = 1 for ξC = ξC∞ at reference
temperature conditions. The effect of the curing temperature on the evolution of
material properties is shown in Fig. 3 in Paper III and Fig. 1 in Paper IV.
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3.3.2 Equations of state
For the type of models used in Papers I and II, the material is typically considered
to be incompressible from a conservation of mass point of view. However, for a
model derived from the theory of porous media, all species should, in general,
be considered to follow a temperature and pressure dependent Equation of State
(EOS). Given an assumption of moderate temperatures and pressure, these can
for liquids and solids be defined on a linearised form as proposed by for example
Lewis and Schrefler [131]. Starting with liquid water, such a linearised EOS can be
written as

ρW = ρWref

[
1− αW (T − Tref) +

1

KW
(pw − pwref)

]
, (3.47)

where ρWref = 1000 kg/m3 is a reference value for the water density at the reference
temperature Tref = 4 °C and the reference pressure pwref = 1 atm. The volumetric
thermal expansion coefficient of water αW and the bulk modulus of water KW

consequently controls the volumetric behaviour of the water.
The EOS for solids can be defined on a similar form, but should also account

for the volumetric deformation due to external loads. This is done using the first
invariant Is1 of the effective stress tensor εsτ s of the solid phase, see the forthcoming
Section 3.3.5. The linearised EOS for a generic solid species i then becomes

ρi = ρiref

[
1− αi (T − Tref) +

1

Ki
ps +

1

3εsKi
Is1

]
, (3.48)

where the definitions of ρiref , α
i and Ki control the volumetric behaviour of the

species. In Papers III and IV, Eq. (3.48) is used for each solid species of the solid
phase, while in Paper V the solid phase in considered to consist of a single species.

Typically, and in all models in this thesis, each species and their mixture defining
the gas phase g are considered to behave as ideal gases. The EOS thus follows the
ideal gas law. Considering the gas phase as a mixture of water vapour and dry air,
the EOS can be written as

ρig =
Mi

RT
pig, i ∈ (D,W ) , (3.49)

where Mi is the molar mass and pig the partial pressure of the respective species.
The EOS for the mixture follows on an identical form. Given no reactions between
the species, Dalton’s law can be used to describe the density and pressure of the
mixture as a whole

ρg = ρWg + ρDg, and pg = pWg + pDg, (3.50)

from which for example the molar mass of the mixture in terms of partial pressures
can be obtained.

3.3.3 Mass transport and storage
The transport of mass in a three-phase porous media such as that outlined for
concrete in this thesis involves both the advective mass flux of each fluid phase, as
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well as the diffusive mass flux of the gas species in the non-wetting phase. Also, the
movement of the solid phase involves mass transport, however, for a material such
as concrete at a much lower rate than the fluids. Notably, the solid phase velocity
vs that appear in the general conservation equations is straightforwardly obtained
as the derivative of the displacement vector d with time.

Advective transport of fluids

To quantify the volume-averaged advective mass flux through a porous media, the
relative velocities vf,s of the two fluid phases w and g appearing in, for example, the
mass balance of total water content in Eq. (3.20) and of dry air in Eq. (3.21) have to
be determined. Considering that the phase interaction terms

κ→α
T in Eq. (3.22) are

related to the resistance of flow between phases, the momentum balance equations
can be utilised to find expressions for vf,s. The necessary steps are shown by Gray
and Miller [91] and Sciumé [171] using the TCAT method for model closure, which
involves making use of the entropy inequality and linearisation theory; see also
[91; 99; 131; 170]. Assuming that flows are slow and that isothermal conditions
apply, the momentum balance of a fluid phase after some manipulation takes the
form of the generalised Darcy’s law [91; 171], written as

εsfvf,s = −k
f
r k

µf
(
∇pf − ρfg

)
, f ∈ (w, g) . (3.51)

The term outside the brackets on the RHS accounts for the resistance to flow,
where the intrinsic permeability tensor k stems from the interaction of a fluid
phase with the solid phase. The relative permeability kfr is a macroscopic variable
introduced to account for the interaction of the fluid phases and varies between
zero and one. Lastly, the macroscale dynamic viscosity µf accounts for viscous
effects in the fluid in an averaged sense. It can for both fluid phases be considered
as temperature dependent physical properties and determined using, for example,
the Vogel equation for liquid water and the Sutherland equation for the mixture in
the gas phase.

The morphology of the pore space of concrete suggests that it can be considered
an isotropic medium with regards to mass flux, i.e. k = kisoI. For mature concrete, it
is often sufficient to consider kiso as a constant. However, for early-age concrete, this
is usually not a valid assumption. As pointed out by Gawin et al. [84], kiso should
for such applications at least be a function of the degree of hydration ξC . Such a
dependence is further discussed in Paper III, where kiso is determined as a power
function of the ageing degree κf . Many expressions have been suggested in the
literature to determine the relative permeability kfr . Two of the most common ones
are the classical expressions by Brooks and Corey [33] and van Genuchten [187],
both of which are governed by the total degree of saturation of the pore space. The
latter is used in Paper V. While both have been validated for both mature and early-
age concrete, it was determined in Paper III that they are insufficient for some cases
of mass transport in hydrating concrete. There it proved essential to consider the
effect of a changing microstructure also on the interaction between the two fluid
phases. Hence, expressions for kfr in both fluid phases that depend on both capillary
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porosity and degree of saturation were used, which were initially suggested by
Chung and Consolazio [48] for flow in concrete under elevated temperatures. Using
these expressions provided excellent results for moisture flow also in hydrating
concrete.

Diffusive transport

The diffusive mass flux of water W and dry air D in the gas phase is quantified
by the diffusive velocity uig appearing in, for example, the mass balance of total
water content in Eq. (3.20) and of dry air in Eq. (3.21). From a TCAT analysis
one can show, using a similar approach as for the advective flux analysis, that the
diffusive flux can be determined using the generalised Fick’s law, see for example
[91; 99; 131; 170]. Given slow flows and isothermal conditions, the diffusion of
water vapour can thus be approximated as

εsgρWguWg = JWg = −ρgDWg
d ∇

ρWg

ρg
, (3.52)

where DWg
d is the effective diffusivity tensor. Based on an expression for wood

developed by Perre [149], Gawin et al. [83] proposed that for concrete this tensor
can be taken as

DWg
d = εAd

(
sg
)Bd

fsDv0

(
T

T0

)Cd pref

pg
I, (3.53)

where Dv0 = 25.8 mm2/s is the diffusivity of vapor in air at the reference tempera-
ture T0 = 0 °C and pressure pref = 1 atm. The factor fs was introduced by Gawin
et al. [83] and is referred to as a structure coefficient. It that accounts for effects
related to the fine pores in concrete such as tortuosity and Knudsen diffusion, i.e.
molecules colliding with the solid phase in fine pores. For mature concrete, it can
typically be set as a constant with values normally between 0.0001 and 0.01. How-
ever, as for the advective flux, it should reflect the evolution of the microstructure
when considering early-age concrete. As done by Sciumé et al. [172], fs is there-
fore calculated as a power function of the degree of hydration in Papers III and
IV. Lastly, it follows from the definition of the gas phase as an ideal mixture and
Dalton’s law that JWg + JDg = 0, which is used to define the diffusive flux of dry
air.

Fluid sorption isotherms

As discussed in Section 2.3, the moisture storage capacity of concrete is generally
described by a sorption isotherm. While only indirectly considered in the single-
field moisture transport models of Papers I and II, this is accounted for in the porous
media formulation through the degree of saturation introduced in Eq. (3.15). Sev-
eral constitutive models have been proposed for relating the evaporable water
content to the thermodynamic equilibrium in the pore space quantified by for
example the relative humidity or the capillary pressure. These are generally de-
rived from experimental observations and by considering the properties of the pore
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space, see for example [33; 147; 196]. An often used relationship in applications
of porous media theory to concrete is the classical expression by van Genuchten
[187], which relates capillary saturation sw to capillary pressure pc. This expression
is used in Papers V and can be written as

sw =

[
1 +

(
pc

l

) m
1−m

]− 1
m

, (3.54)

where l and m are model parameters. Again, concerning the evolving microstruc-
ture of hydrating concrete, an age-independent sorption isotherm as in Eq. (3.54)
is not suitable when studying early-age concrete. To this end, the expression by
van Genuchten can be modified, for example as done by Sciumé et al. [172] and
Chitez and Jefferson [47], who both introduce a dependency on the hydration de-
gree. Chitez and Jefferson also included the effect of temperature in their modified
version of Eq. (3.54).

Another approach is taken for the early-age concrete models presented in Pa-
pers III and IV, where the total pore space is split so that gel pores and capillary
pores treated separately. This split and the evolution of these two distinct pore
spaces are utilised when formulating the total moisture storage capacity of the
concrete. Additionally, two separate saturation functions are introduced: one sw,
now interpreted as the capillary saturation, and one for the gel pores sWs. The func-
tions proposed for both sw and sWs in Paper III are inspired by the age-dependent
sorption isotherm by Norling Mjörnell [147], which have been successfully applied
to moisture transport in early-age concrete by many researchers using single-phase
moisture transport models, see [60; 75; 81] among others. Paper III provides fur-
ther discussion on this model and also presents examples of the proposed functions.

Long-term water absorption

The moisture storage at equilibrium described through the sorption isotherm in for
example Eq. (3.54) is only physically valid for pores up to a size where a substantial
capillary pressure can form. According to the Young-Laplace equation (Eq. (2.4)),
this pressure is inversely proportional to the pore radius. Although no sharp limit
exists in reality, the upper limit of capillary pores is in the literature often identified
as 10 µm. For coarser pores, as typically encountered in air-entrained concrete, the
water saturation is driven by a non-equilibrium process under constant macroscopic
capillary pressure, where air trapped inside the air pores is dissolved in the pore
water due to overpressure. This process is much slower than then saturation of
capillary pores [64].

A constitutive model to describe this process is suggested in Paper V based on
the work by Fagerlund [70], but modified to a form that fits within the multiphase
porous media framework outlined in the paper and this thesis. As done for the
gel pores in the early-age application, the air pores are considered as separate
from the capillary pores, and two separate saturation functions are introduced to
describe the total moisture storage capacity. The constitutive model is then used
to determine the degree of saturation in the air pores through Fick’s second law
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of diffusion, which describes how the trapped air is dissolved and transported to
the external reservoir in a volume-averaged sense. A more detailed discussion and
further details are given in Paper V and by Eriksson [64].

3.3.4 Heat flux
The conductive heat flux in a material can be determined by Fourier’s law, which
states that it is proportional to the gradient of the temperature. In a multiphase
framework this relationship can, as for the mass fluxes, be obtained from a TCAT
analysis by using the entropy inequality and linearisation theory [91; 170]. Fourier’s
law can for a single phase be formulated as

qα = −λαI∇T , α ∈ (s, w, g) , (3.55)

where λα is the thermal conductivity of the respective phase. Recalling that all
phases have the same temperature due to the assumption of local thermodynamic
equilibrium, the total conductive heat flux q is obtained through summation over
all phases, i.e.

q = −εsλsI∇T − εwλwI∇T − εgλgI∇T = −λeffI∇T , (3.56)

where λeff is the effective conductivity of the porous medium. For the pure macroscale
models used in Papers I and II, λeff is set as a constant. However, in the multiphase
models presented as part of the thesis, it is determined using the volume frac-
tions of phases and species. For simplicity, it is determined using a parallel model
according to the rule of mixture, such that for a three-phase material

λeff = εswλW + εsgλg + εsλs. (3.57)

This equation yields an upper bound estimate of λeff which does not consider the
internal structure of the material. However, as discussed by for example Baghban et
al. [4; 5], better estimates of λeff can be obtained through more refined approaches,
e.g. using the Hashin-Shtrikman bounds [95]. An even better and more physically
motivated approach for concrete would be to use a multiscale micromechanical
model together with homogenisation theories, as done by for example Honorio
et al. [104] and Qomi et al. [160]. Such refined models can be particularly useful
for the early-age concrete models in Papers III and IV, where volume fractions for
individual solid species and their evolution during hydration are available.

3.3.5 Stress tensors and the effective stress principle
In traditional models derived solely from solid mechanics, the mechanical be-
haviour of the material is directly defined by the total stress t entering the mo-
mentum balance, see for example Eq. (3.23). However, in a multiphase approach,
each considered phase (or species) has in principle a unique definition of its stress
tensor, which has to be accounted for when determining the behaviour of the ma-
terial as a whole. If only phase-averaged stresses are considered, this means that
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for the type of three-phase porous media outlined in Section 3.2, the total stress t
becomes the sum of three stress tensors, i.e

t = εsts + εwtw + εgtg. (3.58)

For the two fluids it can be shown from a TCAT analysis that the stress tensor
of each phase can be described by

tf = −pfI, f ∈ (w, g) , (3.59)

where pf is phase averaged pressure, see for example [91; 171] for the full deriva-
tion. In Eq. (3.59) it is assumed that the fluid stress is independent of the rate of
deformation, i.e. they are inviscid. However, as pointed out by Sciumé [171], this
does not imply that also the fluid flow is inviscid since the effects of viscosity on
the macroscale are accounted for by the momentum exchange terms

κ→α
T and thus

enter Darcy’s law as defined by Eq. (3.51).
Also using TCAT as a starting point, Gray et al. [92] showed that the solid phase

stress tensor can be defined as

ts = τ s − psI, (3.60)

where τ s is the effective stress of the solid phase. It accounts for the change in
stress due to for example changes in the internal structure and deformation of the
solid phase. The macroscale solid pressure ps is related to microscale properties of
the solid, and if a compressible solid phase is considered, for example, enters the
EOS defined in Eq. (3.48). Gray et al. [92] in their derivation of Eq. (3.60) consider
stresses in both the phases and interfaces, but if it is assumed that interface and
phase pressure are equal, the macroscale solid pressure is given as

ps =

[
sw +

1

εs

(
bχwss − sw

)]
pw +

[
sg +

1

εs

(
b (1− χwss )− sg

)]
pg, (3.61)

where b is Biot’s coefficient that relates the compressibility of the solid phase to
the porous media as a whole [28; 131]. The variable χwss is the fraction of the
pore surface in contact with liquid water, sometimes referred to as the Bishop
parameter [29]. In many applications it is assumed equal to sw [82; 131; 172],
which if one also consider b = 1 greatly simplifies Eq. (3.61). However, as discussed
by Gawin et al. [85], this is likely not the case for a material with a considerable
amount of fine pores such as concrete, where water is also present as a thin film.
Hence, for concrete, such an assumption can lead to an underestimation of the
solid pressure. Gawin et al. in their work obtained values for the quantity χwss as
function of capillary saturation from the experiments by Baroghel-Bouny et al. [7].
Alternatively, Paper III suggests to express χwss as a power function of the degree of
saturation in the gel pores, which is there assumed to be a part of the solid phase.

In the same work as above, Gray et al. [92] also showed that the total stress
tensor, after introducing the phase stress tensors, may be expressed as

t = εsτ s − bP sI, (3.62)
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where εsτ s is the effective stress of the porous medium, similar to that used in
soil mechanics [170]. Also in Eq. (3.62), P s is some measure of pressure acting in
the system, which in the general case is different from the previously defined ps.
Following Gray et al. [92], it is given as

P s = χwss p
w + (1− χwss ) pg. (3.63)

In the multiphase model formulation, the effective stress principle as defined by
Eq. (3.62) means that P s acts as an internal load that causes volumetric changes,
i.e. shrinkage or swelling, due to changes in for example moisture conditions. For
concrete, using the effective stress principle thus results in a mechanistic explana-
tion of the underlying cause of drying shrinkage not transparent in most traditional
models, this will be discussed further in Section 3.3.6.

As indicated, the effective stress εsτ s accounts for the resistance of the solid
matrix to deformations d. Using the standard engineering strain definition, the
symmetric total strain tensor e for the solid matrix becomes a linear function of
the displacements given by

e =
1

2
[∇d + (∇d)ᵀ] . (3.64)

Since it is only the solid phase that can resist deformations and assuming that
Hooke’s law applies, the stress-strain relationship takes the form

εsτ s = De : (e− ein) , (3.65)

where De is the fourth-order elasticity tensor defined by two material constants,
e.g. Young’s modulus Ê and Poisson’s ratio ν. In Eq. (3.65), an additive split is
assumed for the total strain, i.e.

e = eel + ein, (3.66)

where eel is the elastic strain and ein is a collection of inelastic strain contributions,
for example, thermal expansion, creep and shrinkage. Lastly, it should be pointed
out that in relation to the type of models used in Papers I and II, Eq. (3.65) directly
defines the total stress t instead of the effective stress.

3.3.6 Inelastic deformations of the solid phase
A large part of this thesis has been devoted to modelling the inelastic deformations
observed in concrete, especially in Papers I to IV. Such deformations may include
plastic deformations due to fracture, thermal dilation, creep and moisture shrink-
age. Plastic deformations are only considered in Paper I, where a built-in model of
the FE software Abaqus [1] based on plasticity theory is used to describe concrete
fracture, but this will not be discussed further. More details about the model can
instead be found in the documentation of Abaqus [1] and [129; 136; 138; 139].
However, the models used to describe thermal dilation, creep and shrinkage are
either specifically developed as part of this work, mostly as modifications to exist-
ing work in the literature, or require some extra discussion with regards to their
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Figure 3.4: Normalised values of (a) the temperate and the coefficient of thermal expan-
sion, and (b) the thermal strain during the casting of a concrete specimen.

applicability to concrete. For a general and more widely encompassing discussion
on inelastic deformations related to hygral and thermal phenomena, an extensive
survey of historical and state-of-the-art models was recently published by Bažant
and Jirásek [13].

Thermal expansion

The thermal strains eth that quantify the volumetric changes of the material due to
a change in temperature are traditionally given on a finite form as

eth =
αs

3
I (T − Tref) . (3.67)

Here αs is the volumetric coefficient of thermal expansion (CTE) and Tref is a
reference temperature at which the material is considered strain free. Although
experimental evidence suggests that αs depends weakly on the temperature, it
is often assumed constant for mature concrete and moderate temperatures [13].
However, this usually is not the case for early-age concrete where the material is so-
lidifying. For such situations, a rate-form definition of eth is often more appropriate
such that

d

dt
eth =

αst
3
I

d

dt
T . (3.68)

Going from the finite form of eth in Eq. (3.67) to the rate-form has several impli-
cations on the evolution of thermal strains. First of all, for early-age concrete, αst
is typically a function of at least the chemical reactions and possibly other state
variables. For a solidifying material with a non-constant αst , Eq. (3.68) then implies
that new reaction products of the solid phase are deposited in a strain-free state.
This assumption is in line with, for example, the Solidification theory [16; 17]
for modelling the creep behaviour of concrete. On the contrary, using Eq. (3.67)
means that new reaction products are deposited with an initial strain and stress
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depending on the temperature when they solidify. Figure 3.4 exemplifies the dif-
ference between using the two definitions eth for the first five days after casting
of a concrete specimen. In the example, the CTE is linearly increasing with the
hydration degree. Moreover, Eq. (3.68) implies that the increment of eth due to a
change in temperature is always calculated for the current state of the material,
while in Eq. (3.67) it is given for the reference state defined by Tref . Hence, if a
CTE is temperature dependent, αs and αst are not necessarily equivalent.

Lastly, in a porous media formulation, a change in temperature also affects the
effective stress, causing additional volumetric changes, as will be evident when
discussing moisture shrinkage. Notice also that in such a case αs only represents
the CTE of the solid phase, as is the case in Fig. 3.4. Hence, what is measured as
a pure thermal dilation can in part be explained by a change in pore pressure for
such models. Of course, then the strain also depends on the boundary conditions
and so on.

Creep

While many different models for describing the creep behaviour of concrete on a
material point level have been proposed in the literature, most have in common
that they treat it as a combination of viscoelastic and viscous deformation [13]. In
this context, one of the most widely used frameworks is the Microprestress–Solid-
ification (MPS) theory developed by Bažant and co-workers over the last decades
[16; 17; 20–22; 114]. It used by several researchers since first introduced, either
in its original format [44; 61; 86; 190] or by adopting its underlying ideas in a
reformulated model [25; 172]. In this work, the MPS theory on the form presented
by Jirásek and Havlásek [114] is implemented as part of Paper II looking at mature
concrete subjected to varying ambient conditions. A slightly reformulated version
is then presented as part of Paper III, where modifications are made to adjust
the equations for early-age concrete and the multiphase porous media framework
used for setting up the governing equations. Here only the main ideas of the MPS
theory are briefly reviewed and discussed, while more details can be found in the
respective papers and a general background in for example [13].

First, it must be pointed out that the elastic strains eel are considered as an
instantaneous contribution to the total deformation when also considering creep.
This definition means that when using the MPS theory, Young’s modulus Ê entering
Eq. (3.65) is not comparable to the typical values measured for concrete. Moreover,
based on statistical justification, Bažant and Baweja [12] showed that Ê could be
considered as age-independent. Although questionable for the very early ages of
the concrete [13], such an assumption is used throughout this thesis in lack of other
data. Noticeable is that the observed increase with age of the measured Young’s
modulus instead appears as part of the creep deformation. A reasonable estimation
is to set Ê = E28/0.7, where E28 is the Young’s modulus measured at 28 days from
casting [13; 164; 165].

The total creep strain tensor ecr is in the MPS theory split into two parts, one
viscoelastic part ecr,v that mainly describes short-term creep, and one viscous part
ecr,v describing long-term creep. Fig. 3.5 schematically shows this idea through
the one-dimensional rheological model, which for generality also includes the con-
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Figure 3.5: Rheological model of the MPS theory as described by Jirásek and Havlásek
[114].

tribution from elastic deformation, thermal expansion and moisture shrinkage. In
rate-form, this strain split is described as

d

dt
ecr =

d

dt
ecr,v +

d

dt
ecr,f =

ψr

vs

d

dt
γ +

ψr

ηf

G : t, (3.69)

where the definitions of ecr,v and ecr,f are also introduced. In Eq. (3.69), G = ÊCe

with Ce being the fourth-order compliance tensor, and the variable ψr introduced
by Bažant et al. [22] to account for general temperature and moisture conditions.

The viscoelastic part of the creep follows from the Solidification theory [16]
in which it is hypothesised that the ageing property of creep is caused by volume
growth of the gel during cement hydration, referred to as solidification. Two key
concepts are then that all reaction products are deposited in a stress-free state
during cement hydration and have non-ageing properties. The solidification is in
Eq. (3.69) described by the variable vs, which is usually either taken as a function
of time or equivalent time if general environmental conditions are considered [22].
For early-age concrete, vs is, however, often identified as a function of the degree of
hydration ξC [61; 85], or the ageing degree κf as proposed by Cervera et al. [44]
and used in Papers III and IV.

The tensor γ in Eq. (3.69) quantifies the strain in the cement gel and can, owing
to its non-ageing properties, be described using linear viscoelasticity. A Volterra
integral equation [13] thus gives its evolution with time

γ (t) =

t∫
0

Φ (t− t′)G :
∂t (t′)

∂t′
dt′, (3.70)

where Φ (t− t′) is the non-ageing creep function of the cement gel. Many different
definitions for Φ (t− t′) relevant for concrete can be found in the literature and
in design codes. However, throughout this thesis, it is taken as the log-power law
proposed in the original paper by Bažant and Prasannan [16]. As is well-known in
computational mechanics, using a history integral formulation of viscoelasticity is
not suitable for numerical calculations. Instead, Φ (t− t′) is usually approximated
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by a Dirichlet (or a Prony series). If a finite number of M terms are kept, such a
series corresponds to a generalised Kelvin-Voigt model with M units as shown by
for example Bažant and Jirásek [13] and illustrated in Fig. 3.5. Alternatively, a
generalised Maxwell model could also be used, although this is traditionally not
the case for solidification type models of concrete creep [17].

The set of differential equations that define a multi-axial, non-ageing gener-
alised Kelvin-Voigt model is given as

γ =
M∑
µ=1

γµ, with Êµ

(
γµ + τµ

d

dt
γµ

)
= G : t (3.71)

where γµ are the strains in the µth unit of the chain. The concept of a continuous
retardation spectrum can be used to find a set of elastic moduli Êµ and retardation
times τµ so that Eq. (3.71) approximates the creep function Φ (t− t′) [13]. Using
such an approach, Jirásek and Havlásek [113] developed formulas to approximate
the log-power creep law, which are used in Papers II to IV. Alternatively, a least-
square method can be used to fit experimental data, although this comes with the
drawback of having to fit 2×M parameters.

The long-term irrecoverable part of creep is described by the Microprestress
theory suggested by Bažant et al. [20] as an amendment to the Solidification the-
ory to better explain phenomena such as the Pickett effect [154]. It explains the
long-term creep as the shear slip in localised and overstressed atomic bonds across
gel pores (creep sites) that break and reform in a process similar to the movement
of dislocations in crystals. The high tensile stress in these bonds, referred to as
the microprestress, is first built up during the early stages of hydration but is then
assumed to relax over time which explains the multidecade ageing observed for
concrete creep. However, at later stages, it is also affected by for example the dis-
joining pressure due to hindered adsorbed water in these nanopores. Hence, any
changes in for example temperature and pore humidity leads to an increased micro-
prestress, which explains the observed Pickett effect and the transitional thermal
creep [13].

On the macroscopic scale, this process can be modelled as a viscous flow as
already introduced in Eq. (3.69), where the viscosity ηf governs the rate of defor-
mation due to the stress t. The interpretation of ηf as a slip viscosity dependent
on the macroscale microprestress S and the material structure of the cement gel is
illustrated in Fig. 3.5, where the two coupled flow elements describe the evolution
of ecr,f . As argued by Bažant et al. [20], ηf is most suitably described as a power
function of S on the form

1

ηf(S)
= cpSp−1, (3.72)

where c and p are model parameters with p > 1. As mentioned, S in Eq. (3.72)
should be interpreted as a macroscopic average of the actual microprestress Ŝ at
the individual creep sites that are on the scale of nanometers. The evolution of S
with time is then given as a relaxation governed by ηf and the stiffness Cs of the
spring that connects to two flow elements in Fig. 3.5. However, S is also increased
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by changes in Ŝ due to changes in for example disjoining pressure. These processes
can be described by an ordinary differential equation on the form [13; 20; 22]

1

Cs

d

dt
S + ψs

S

ηf(S)
=

1

Cs

∣∣∣∣ d

dt
Ŝ

∣∣∣∣ , (3.73)

where ψs is a variable introduced by Bažant et al. [22] to consider the effect of
general temperature and pore humidity conditions.

Considering the small scale of interest at which Ŝ appears, water in all phases
can be assumed to be in local thermodynamic equilibrium [13; 20]. This assump-
tion means that Ŝ responds instantly to changes in chemical potentials in the cap-
illary pore system, e.g. due to variations in temperature or pore humidity. Given
this, Bažant et al. [22] proposed that, for a constant S, the rate of the actual micro-
prestress can be obtained on a form similar to Kelvins equation such that

d

dt
Ŝ = −C1R

MW

d

dt
(T lnϕ) = −C1R

MW

(
lnϕ

d

dt
T +

T

ϕ

d

dt
ϕ

)
, (3.74)

with C1 being a constant. The final component necessary to complete the model
for evaluating the microprestress viscosity to identify a suitable initial value for S.
According to Bažant and Jirásek [13], it can be identified as

S0 =

(
q4

cpt0

) 1
p−1

, (3.75)

where t0 is some initial time, often identified as the start of drying. Parameter q4 is
taken from the B3/B4 creep models published by RILEM [164; 165], and can be
predicted from the concrete mixture using empirical formulas. However, setting a
value for S0 becomes more difficult when studying early-age concrete. Ideally, the
build-up of microprestress during hydration should be accounted for, but, this is
hard to model accurately [13]. A simple but somewhat questionable approximation
is to use Eq. (3.75) with t0 being set to a small value also for early-age creep.

Although the concept of microprestress is important for the theoretical and
physical justification of the MPS theory, its actual value cannot be measured making
a direct calibration of Eq. (3.73) difficult [13]. To this end, Jirásek and Havlásek
[114] suggested an alternative formulation where the governing equation is instead
formulated directly in terms of the viscosity ηf . This is in summary achieved by
combining Eqs. (3.72) to (3.74), which both eliminate S from the model and also
reduce the number of model parameters required, see [13; 114] for more details.
This alternative formulation of the MPS theory is implemented in Paper II, also
incorporating two other improvements suggested by Jirásek and Havlásek [114]
to enhance the prediction of drying creep and translational thermal creep. In the
paper, it is furthermore suggested that the fluidity µs introduced by Jirásek and
Havlásek [114] should be a function of the pore humidity to improve the prediction
of translational thermal creep further.

The reformulated MPS theory by Jirásek and Havlásek [114] is in Paper III
slightly modified to fit the adopted multiphase porous media framework better.
While the same ideas and steps are taken for eliminating the microprestress from
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the governing equation, it is recognised that Eq. (3.74) can just as well be expressed
in terms of the capillary pressure pc, which is a state variable of the multiphase
model. Although essentially equivalent to the model by Jirásek and Havlásek [114],
the modification further simplifies the structure of the model equations.

Recently, a new version of the MPS theory called the Extended Microprestress–
Solidification (XMPS) theory was suggested by Rahimi-Aghdam et al. [162]. It
aims to improve certain deficiencies of the original formulation, which was found
to incorrectly predict an observed diffusion size effect on drying creep and a de-
lay of drying creep compared to drying shrinkage. The main improvements of the
XMPS theory stems from separating the microprestress viscosity ηf into two distin-
guishable viscosities, one accounting for phenomena originating at the macroscale
and one for those originating at the nanoscale.

Moisture shrinkage

In engineering practice and also in many continuum descriptions, moisture related
shrinkage is treated similarly as the thermal expansion. In such an approach the
shrinkage strain esh can be assumed to be proportional to the loss of water from
the pore space. The loss of water can either be to the external environment or
internally due to the chemical reaction of for example cement hydration. Hence,
it should be clarified that no difference is made between drying and autogenous
shrinkage. By using the relative humidity ϕ as a measure of the moisture condition
one can, for example, write

esh = kshI (ϕ− ϕref) , (3.76)

where ksh is an empirical shrinkage coefficient and ϕref is a reference value of the
humidity. As for the thermal expansion, a rate-form definition of esh is sometimes
preferred, especially when studying early-age concrete. Such a definition is written
as

d

dt
esh = kshI

d

dt
ϕ. (3.77)

Often ksh is taken as a constant, which is a good approximation for pore humidity
conditions ranging from 0.5 to 1.0 since shrinkage in this range is dominated by
capillary tension. Such an assumption was used in Paper II. However, for lower
humidities, measurements point to a non-linear dependence of ksh on the moisture
condition [13]. Many non-linear definitions of ksh can be found in the literature,
see [106; 127; 188] among others.

As already pointed out in Section 3.3.5, when concrete is treated as a porome-
chanical material, the effective stress principle in Eq. (3.62) directly accounts for
the volumetric changes due to changes in the moisture condition. Hence it follows
that esh = 0. This approach is adopted in Papers III to V.

Even though the two approaches to model shrinkage as either an inelastic strain
or an internal pressure may seem fundamentally different, they can be compared
by investigating the underlying mechanisms. Assuming no external loads and re-
straints on the specimen, and for simplicity also that pg = 1 atm, the total strain
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of the concrete corresponds to the shrinkage strain caused by the internal load P s.
Looking only at the volumetric components in rate form, one can write

K
d

dt
eVsh − b

d

dt
P s = 0, (3.78)

where it is also assumed that the instantaneous elastic behaviour is time-independent,
i.e. bulk modulus K and Biot coefficient b are treated as constants. Using the defi-
nition of P s in Eq. (3.63) and Kelvins equation then yields

K
d

dt
eVsh = b

ρWR

MW

d

dt
(χwss T lnϕ) , (3.79)

Finally, expanding the time derivative on the RHS, we arrive at an expression for
the rate of moisture shrinkage as described by the effective stress principle:

d

dt
eVsh =

b

K

ρWR

MW

[
χwss T

ϕ

d

dt
ϕ+ χwss lnϕ

d

dt
T + T lnϕ

d

dt
χwss

]
. (3.80)

Looking at the first term inside the brackets on the RHS of the equation, it can be
concluded that ksh at least must be a function of the temperature T and the pore
humidity ϕ. Moreover, the last two terms in the bracket indicate that the rate of
shrinkage in Eq. (3.80) also depends on changes in the temperature T and the
Bishop parameter χwss . The temperature dependence directly follows from Kelvins
equation, where pc is a function of both ϕ and T . Assuming for simplicity that χwss =
sw, one can furthermore conclude that the moisture shrinkage is also dependent
on the sorption isotherm. Although many of the non-linear and coupled effects
introduced by Eq. (3.80) often are small, they highlight the simplified nature of the
empirical definitions of moisture shrinkage presented in Eqs. (3.76) and (3.77).

An important observation made by Gawin et al. [84; 86], is that when mod-
elling moisture shrinkage using the effective stress principle, the measured free
shrinkage of a specimen cannot be completely accounted for by the instantaneous
deformation caused by P s. Recalling that P s acts as an internal load in the sys-
tem and that the solid phase has viscoelastic and viscous properties, P s must also
cause time-dependent deformations. This creep and shrinkage coupling was also
discussed by Ulm et al. [184] concerning especially the autogenous shrinkage and
basic creep. To include this effect, Gawin et al. [84; 86] suggested to modify the
model for concrete creep; in their case also based on the MPS theory. This was
achieved by concluding that it must be the effective stress εsτ s and not the total
stress t that causes creep of the solid phase. Hence, what is measured as a free
shrinkage is, in what Gawin et al. [84; 86] refer to as a mechanistic description, in
part described as an instantaneous deformation and in part as a creep deformation.
This modelling approach thus also means that the shrinkage is partly irreversible. In
the MPS theory outlined above, this means that t is replaced by εsτ s in Eqs. (3.69)
to (3.71), which is also the form presented in Papers III and IV studying early-age
concrete. Eriksson and Gasch [65] presented a comparison between modelling
the free shrinkage of an unloaded concrete specimen using this mechanistic ap-
proach and the empirical approach given by Eq. (3.76). It was concluded that both
methods were able to describe the observed behaviour adequately. However, it is
expected that the predictions of the mechanistic model are valid also outside the
range for which the model is calibrated.
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3.3.7 Damage modelling
Cracking is a crucial feature that needs to be accounted for when studying, for
example, durability related issues in cement and concrete. Many different methods
for doing so are available in the literature, see for example [103], where it in
the main part of this work is chosen to adopt the theory of Continuum Damage
Mechanics (CDM). As already mentioned in Section 3.3.6, a plasticity-based model
is used in Paper I, however, also this model incorporates some concepts of CDM.
The concepts of CDM were first formulated by Kachanov [118], and describes the
progressive loss of material integrity due to the propagation of material defects such
as microcracks or microvoids. On the macroscale, these defects manifest themselves
as the degradation of material stiffness through damage. In a sense, damage can
thus be viewed as a measure of fracture density. Tough in many cases, it is a
phenomenological concept introduced based on macroscale observations.

Nevertheless, the framework of CDM has many applications and has been used
to model phenomena such as creep rupture, fatigue and fracture for a wide range
of materials, e.g. metals, composites and concrete. In my work, only its application
to fracture, and in particular to quasi-brittle fracture, as observed in concrete is
considered. Although not as widespread in the literature as plasticity, many con-
temporary textbooks on computational mechanics include a description of CDM
[56; 103; 111; 130], where a more comprehensive review can be found.

Two formulations of CDM have been used in different parts of this thesis. Firstly,
Paper II includes a scalar damage model that only considers tensile fracture. A
more detailed description and validation of this model and its implementation
in the FE software COMSOL Multiphysics [49] is given in the licentiate thesis of
the author [77] and by Gasch and Ansell [78]. Secondly, in Papers III and IV, a
damage model more suitable for studying early-age concrete is introduced based
on the d+/d- framework proposed by Cervera et al. [42; 44], which also considers
both tensile and compressive fracture. Even though the two formulations and their
implementation have many similarities, they have some key differences, which are
highlighted in the following.

An essential concept of any CDM model is the introduction of two material
states; here called the damaged and undamaged material configurations. In the
literature, one often refers to the undamaged state as an effective material state,
but this nomenclature is not used here to avoid confusion with the effective stress
of poromechanics. Assuming that damage affects the stress in the material, i.e.
strain-equivalence [174], one can write

t̃ = (1− ω) t, (3.81)

where ω is a scalar description of damage going from zero for an undamaged state
to one when the material is completely damaged. The previously introduced stress
t is in the context of Eq. (3.81) interpreted as the undamaged stress or the stress in
the intact material. The newly introduced stress t̃ is the damaged stress, and when
using a damage model replaces t in the momentum balance, e.g. Eq. (3.23). As
indicated, Eq. (3.81) describes damage through a scalar variable, although in the
general anisotropic case it should be represented by a fourth order tensor. However,
scalar damage models, although not as accurate, have their merits, especially with
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regards to computational efficiency. This property, of course, becomes important
for large multiphysics simulations.

The d+/d– framework [41; 42; 44] offers a somewhat more refined descrip-
tion of damage, while still maintaining many of the advantages of a scalar dam-
age model. In this framework, damage is described by two scalar variable, and
Eq. (3.81) is rewritten as

t̃ =
(
1− ω+

)
t+ +

(
1− ω−

)
t−. (3.82)

The two damage variables ω± account for tensile and compressive damage, respec-
tively. This feature is attractive for concrete, where the tensile and compressive
behaviour is fundamentally different on the macroscopic scale. A key component
also introduced in Eq. (3.82) is the spectral decomposition of undamaged stress
into a positive and a negative part. This decomposition is following Cervera et al.
[44], formulated as

t+ =
3∑
I=1

〈tI〉pI ⊗ pI; t− = t− t+, (3.83)

where tI is the Ith principal stress and pI its corresponding eigenvector.
The remaining components of the damage model involve determining the evo-

lution of the damage variable during loading. For the scalar damage model, one
can introduce a loading function f on the form

fω ≡ ε̃− κω ≤ 0, (3.84)

where κω is a strain-like internal variable of the model and ε̃ is the equivalent
strain; e.g. a scalar measure of the elastic strain tensor eel. Evolution of the loading
function follows the Kuhn-Tucker and the damage consistency conditions, i.e. κω
can is the largest value of ε̃ reached by the material. The evolution of the damage
variable ω is then defined as a function of κω. Many definitions of both the damage
function and the equivalent strain can be found in the literature, see for example
[56; 77; 111], wherein Paper II a Rankine failure criterion with an exponential
strain softening is used.

While similar, the d+/d– model involves two loading functions and, thus, also
two internal variables; one for tension and one for compression. Another significant
difference is that in Papers III and IV, the loading functions are written in a nor-
malised stress space as suggested by Cervera et al. [44]. This idea was introduced
to ensure that the model is thermodynamically consistent (i.e. ω̇ ≥ 0) also for
early-age concrete, where the strength of the material increases with the cement
hydration. Both appended papers use the same damage functions as proposed by
Cervera et al. [44]. However, the loading surface variables are defined similarly to
the yield surface proposed by Lubliner et al. [136] for a plasticity-based model of
concrete fracture. These have also been used in the d+/d– damage framework by
for example Saloustros et al. [167], and are also used in the coupled plastic-damage
model used in Paper I.

So far damage has only been discussed concerning the total stress but not in
relation to the effective stress principle of poromechanics. In such a case, some
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Figure 3.6: Effect of the crack direction on the simulated crack band width hb (a).
Schematic description of the projection method [40] to estimate the crack
band width hb (b).

extra care is necessary, and the amalgamation of the two theories is not always
straightforward. It should be noted that CDM and poromechanics are here only
discussed in terms of the effective stress principle. While as pointed out by for
example Arson and Gatmiri [3] and Pignatelli et al. [156], a full combination of the
two theories would necessitate the inclusion of additional coupled effects, e.g. the
effect of damage on fluid flow and porosity, although the former is accounted for in
a simplified manner in Paper II. Recalling the effective stress principle in Eq. (3.62)
and that damage, in essence, is a phenomenological description of fracture, the
strain equivalence used throughout this thesis implies that

t̃ = (1− ω) t = (1− ω) εsτ s − (1− ω) bP sI, (3.85)

such that damage affects both the effective stress and pressure exerted by the fluid
phases on the solid phase. Intuitively, this can be interpreted as a relaxation of the
internal pressure P s during damage growth. Using Eq. (3.85), actually corresponds
to modelling damage in relationship to the empirical moisture shrinkage models
in Eqs. (3.76) and (3.77), as done in for example Paper II. The same approach
was also used by Sciumé et al. [172], who in a poromechanical model with dam-
age treated the moisture shrinkage caused by bP s as an inelastic strain similar
to Eq. (3.78). However, it must be pointed out that this assumption is somewhat
ambiguous in the literature; for example Pesavento et al. [150] only considered
the effect of damage on the effective stress part of Eq. (3.85).

In the context of Finite Element Analysis (FEA), CDM or any other stress–strain
based constitutive models used to describe the strain localisation phenomena, e.g.
fracture, require some additional features. The reason is that the amount of energy
dissipated during fracture does not converge upon mesh refinement since strains
will localise in rows of elements, i.e. the solution is not mesh objective. Hence, some
method is necessary to regularise the solution in order to recover mesh objectivity.
In this work, the so-called Crack Band method [15; 155] is used, as is often done
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in both engineering and research applications. This method means that the size of
the mesh element enters the constitutive equations; more particularly in the case
of the damage models used, the damage functions are modified. A difficulty with
using the Crack Band method is to define the crack band width hb accurately. It
can, for example, depend on the discretisation order, the inclination of the crack
to the mesh grid (see Fig. 3.6a) and the stress state. A frequently used and simple
method is to infer hb from the mesh element volume. Cervenka et al. [40] proposed
a more refined approach where hb is calculated by projecting the nodal point of
the mesh element onto a plane perpendicular to the crack direction as illustrated
in Fig. 3.6b. This projection based method is used in Paper II, but not in the later
papers as it is more computationally expensive. Different numerical aspects of the
Crack Band method, including how to calculate hb, is extensively discussed by for
example Jirásek and Bauer [112] and also treated in more detail by Gasch [77].

3.4 Relationship between single field andmultiphase
flow models

So far this chapter has mainly treated modelling of concrete as a multiphase porous
medium, especially with respects to fluid flow. However, in both Papers I and II fluid
flow through the concrete is described by a single field model on a form similar to
that suggested by Bažant and Najjar [14] and also recommended in the fib Model
Code 2010 [73]. In this class of models, the pore relative humidity ϕ is taken as
the state variable and describes both fluid flow and the mass storage. For mature
concrete it is often assumed the relationship between evaporable water content
we and ϕ is linear, while many models also have been suggested with non-linear
sorption isotherms [60; 81; 128; 196; 197].

Compared to the more refined multiphase models, the single field flow models,
of course, have their limitations and neglect many physical processes, or lump these
together into empirical constants. Hence, it can be difficult to obtain valid predic-
tions for general conditions. However, their chief merits are the comparably simple
structure of the governing equation and the reduced number of model parame-
ters, which sometimes makes the calibration process more streamlined. Following
a similar procedure as done by for example Idiart [106], one can show how the
governing equation of a single-field model can be obtained from the multiphase
model. Following this procedure also gives some insight into the simplifications
made when using such models.

Starting from the conservation of total water content and dry air in Eqs. (3.20)
and (3.21), a few fundamental hypotheses are:

– Isothermal conditions apply for the fluid flow,

– All fluids and solids are incompressible,

– The effects of gravity on fluid flow are negligible,

– Any deformations of the solid skeleton are negligible for the fluid flow.
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These hypotheses are similar to those presented in Section 3.2.3 and used when
formulating the model in Paper IV. By using Darcy’s law in Eq. (3.51) and Fick’s
law in Eq. (3.52), one can write the two mass balance equations as

∂

∂t

(
εswρW

)
+
∂

∂t

(
εsgρWg

)
−∇ · ρw k

w
r k

µw
∇pw −∇ · ρWg k

g
rk

µg
∇pg

−∇ · ρgDWg
d ∇

ρWg

ρg
= 0, (3.86)

and

∂

∂t

(
εsgρDg

)
−∇ · ρDg k

g
rk

µg
∇pg −∇ · ρgDDg

d ∇
ρDg

ρg
= 0. (3.87)

The next step is then to assume that the gas pressure pg remains constant (i.e.
∇pg = 0) and equal to the atmospheric pressure patm. This is a key assumption in
formulating a single-field moisture transport model [106; 137; 168]. For weakly
permeable materials such as concrete, it is concluded by Mainguy et al. [137]
that this assumption may overestimate the moisture losses although it should
still be considered a valid approximation. This assumption essentially means that
Eq. (3.87) provides no additional information and can be neglected. Moreover, in
unsaturated concrete pw >> patm, and Eq. (3.33) defining the capillary pressure
thus reduces to pc = −pw. Also, making use of the generalised definition of pc in
Eq. (3.35), Eq. (3.86) now becomes

∂

∂t

(
εswρW

)
+
∂

∂t

(
εsgρWg

)
−∇ · (ρw)2 kwr kRT

µwMWϕ
∇ϕ

−∇ · ρgDWg
d ∇

ρWg

ρg
= 0. (3.88)

In order to express the diffusion of vapour in terms of ϕ, the EOS for an ideal
gas in Eq. (3.49) and Dalton’s law in Eq. (3.50) lead to an expression for the density
of the gas phase in terms of the partial pressures on the form

ρg = ρWg + ρDg =
MWp

Wg +MDp
Dg

RT
=

(MW −MD) pWg +MDp
g

RT
. (3.89)

Using this relationship and recalling that ϕ = pWg/pWg
sat , the mass balance after

some straightforward derivation and manipulation becomes

∂

∂t

(
εswρW

)
+
∂

∂t

(
εsgρWg

)
−∇ · (ρw)2 kwr kRT

µwMWϕ
∇ϕ

−∇ · DWg
d MWMDpatmp

Wg
sat

RT
[
MDpatm + (MW −MD) pWg

sat ϕ
]∇ϕ = 0. (3.90)

Now both transport processes are expressed in terms of ∇ϕ and can thus be
written as a single term. Furthermore, by identifying the first two terms of the
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equation as the change in total evaporable water content we, which is related to ϕ
through the sorption isotherm, Eq. (3.90) becomes

∂we

∂ϕ

d

dt
ϕ−∇ ·DwI∇ϕ = 0, (3.91)

if one also assume isotropic properties. Frequently for this class of humidity based
moisture transport models, as already mentioned, a linear sorption isotherm is
assumed, i.e. ∂we/∂ϕ is constant and therefore often lumped together with Dw so
that

DhI =
∂ϕ

∂we

DwI =
∂ϕ

∂we

 DWg
d MWMDpatmp

Wg
sat

RT
[
MDpatm + (MW −MD) pWg

sat ϕ
] +

(ρw)2 kwr kRT

µwMWϕ

 .

(3.92)

By also considering the relative permeability kwr a function of ϕ, the transport
coefficient Dh is only a function of ϕ and T and accounts for both the advective
flux of liquid water and the diffusion of water vapour. The physically motivated ex-
pression for Dh in Eq. (3.92) can, for example, be compared to that recommended
in the fib Model Code 2010 [73]

Dh (ϕ) = D1

ah +
1− ah

1 +
(

1−ϕ
1−ϕc

)nh

 , (3.93)

where D1, ah, nh and ϕc are model parameters. This expression was initially pro-
posed by Bažant and Najjar [14] and is here used in Paper II. Although such em-
pirical expressions for Dh have proven useful for many applications they, however,
clearly neglects many phenomena if compared to Eq. (3.92). Together with the
simplifications already made in deriving the governing equation for single field
moisture transport models in Eq. (3.91), this is indeed something one must be
aware of when using single-field models.

Lastly, a consequence of using a single-field model is that phase changes be-
tween fluids can be hard to treat consistently. For example when using Eq. (3.91),
the vaporisation of liquid water or the condensation of vapour are not explicitly con-
sidered, since the two states of water are seen as a single quantity. It thus follows
that also the heat of evaporation is often neglected in such a modelling approach.
The above is, in fact, one of the main advantages of using the multiphase mod-
elling approach, since phase changes are there embedded in the thermodynamic
framework used for setting up the governing equations.
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Chapter 4

Numerical analysis of multiphysical
systems

The system of governing differential equations used in the mathematical models
for concrete discussed in Chapter 3 are for most cases impossible to solve analyti-
cally. Hence, when studying real-world problems, numerical methods are typically
used to find approximate solutions to the derived model. The most commonly used
method today is the Finite Element Method (FEM). The techniques used in Paper I
are mainly a combination of models from the built-in library in the commercial FE
package Abaqus [1] and will not be discussed further. However, when accounting
for moisture shrinkage some modifications were necessary, see Paper I and Malm
et al. [140] for more details. This chapter will instead focus on how to solve the
type of multiphysics and multiphase mathematical models presented in the remain-
ing appended papers with the FEM. Although these have been implemented and
solved using the commercial FE package COMSOL Multiphysics [49], the methods
presented and discussed in the following are mostly independent of the chosen
computer code.

4.1 The Finite Element Method for ageing concrete
The mathematical description of space and time-dependent physical phenomena
of concrete such as heat transfer, moisture transport and deformation usually takes
the form of partial differential equations (PDEs). If several phenomena are to be
considered simultaneously, this means that one ends up with a system of coupled
PDEs, for example the multiphase models outlined in Sections 3.2.1 to 3.2.3. The
today most commonly used and well-established method for solving such system
of PDEs is the Finite Element Method (FEM). The model domain Ω is in the FEM
subdivided into many small and interconnected mesh elements, and the state vari-
ables are only explicitly defined at local points referred to as nodes. Each nodal
point is associated with a basis function that is supported only in its surrounding
elements, usually in the form of polynomial functions. Hence, the FEM yields a
piecewise approximation of the solution to the governing system of PDEs. Given
how widespread the FEM is, the amount of literature is immense; both on its math-
ematical formulation and its application to various engineering problems, see for
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example [24; 51; 131; 132; 200]. Details about the fundamentals of the FEM are
thus omitted herein. However, for completeness it is schematically shown how to
derive the FE discretisation of a multiphase model for ageing concrete and how
to solve the obtained system of equations, since this is left out of the appended
papers. The derivation is here done for the fully-coupled model for hydrating con-
crete presented in Section 3.2.2 and Paper III, while the FE discretisation of the
other multiphase and multiphysical models can be obtained using similar steps.

4.1.1 Spatial discretisation
So far all presented governing equations have been given on a point-wise form
which implies that the conditions of the equation need to be satisfied locally in
every point of the model domain. This form is usually referred to as the strong
form of the PDE. However, such conditions conflict with the approximative nature
of the FEM and are consequently not suitable for constructing the FE equations.
To overcome this, the first step in applying the FEM is to convert the strong-form
PDE to an integral equation where the conditions of the equation only have to be
satisfied in an averaged sense with respect to the entire model domain. A step-
by-step derivation for doing this for each of the seven coupled PDEs of the fully-
coupled model for hydrating concrete would be very long. Hence, the required
steps are thus only summarised in the following for the mass balance of the total
water content. Its strong-form PDE, as presented in Paper III, is

∂

∂t

(
εswρW

)
+
∂

∂t

(
εsεGssWsρW

)
+
∂

∂t

(
εsgρWg

)
− knwm

C
0

d

dt
ξC +∇ ·

(
εswρwvw,s

)
+∇ ·

(
εsgρWgvg,s

)
+∇ ·

(
εswρWvs

)
+∇ ·

(
εsεGssWsρWvs

)
+∇ ·

(
εsgρWgvs

)
+∇ ·

(
εsgρWguWg

)
= 0 in Ω. (4.1)

The first step is then to insert the relevant constitutive equations from Sec-
tion 3.3 in order to reduce the number of unknowns to the chosen state variables
(εs, pg, pc, T and d) as well as local variables (e.g. the degree of hydration ξC)
and input parameters. Next, through algebraic manipulations, the equation can be
rearranged to collect all coefficients related to the different state variables or their
time derivative in separate terms. This step includes expanding the partial time
derivatives with respect to each state variable of the coupled system. The equation
is then integrated over the model domain Ω and weighted by test functions ṽc.
The test functions are assumed to be smooth with well-defined derivatives that
vanish on boundaries with fixed boundary conditions. Integration by parts and the
divergence theorem are then applied to all flux terms, i.e. ∇ · (...), which naturally
introduces the flux boundary condition to the integral equation, see Eq. (3.39b).
This step furthermore reduces the order of differentiation of these terms with re-
spect to the state variables, which is beneficial for the numerical implementation.
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After performing these steps, one obtains the integral equation∫
Ω

ṽcCcs
d

dt
εsdΩ +

∫
Ω

ṽcCcg
d

dt
pgdΩ +

∫
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∫
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)
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∫
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∇ṽc · bcρdΩ

+

∫
Γc
2

ṽc
[
qW + fW

(
ρWg − ρWg

amb

)]
dΓ = 0, (4.2)

where coefficients Cij, Kij and bij have been introduced for brevity. Their full
definitions are presented in appendix A. By requiring that Eq. (4.2) holds for all
well-defined choices of ṽc, the so-called weak formulation of Eq. (4.1) is obtained.
Since the conditions of Eq. (4.1) only holds in an integral sense, this form is better
suited for numerical implementation and serves as the starting point for the FEM.
Throughout this thesis, the weak-form PDE of each governing equation is directly
implemented in COMSOL Multiphysics [49], which then internally constructs the
final FE equations. However, to manually obtain the discretised form of Eq. (4.2),
one could proceed as follows using similar steps as done by Lewis and Schrefler
[131]. Although not used directly in any part of this thesis, presenting these steps
and the final discretised system of equation lends some additional insight into the
properties of the numerical model.

As mentioned, the FE discretisation means looking for an approximate solution
of the coupled system of PDEs. Typically this solution is expressed as a linear
combination of a set of basis function Nu,i for each state variable ui such that

εs(x, t) =
n∑
i=1

Ns,i(x)ε̂si(t) = Nsε̂s (4.3a)

pg(x, t) =
n∑
i=1

Ng,i(x)p̂g
i (t) = Ngp̂g (4.3b)

pc(x, t) =
n∑
i=1

Nc,i(x)p̂c
i (t) = Ncp̂c (4.3c)

T (x, t) =
n∑
i=1

Nt,i(x)T̂i(t) = NtT̂ (4.3d)

d(x, t) =
n∑
i=1

m∑
j=1

Nd,ji(x)d̂ji (t) = Ndd̂, (4.3e)

where index j in Eq. (4.3e) indicates the jth spatial component of the displacement
vector. The solution is now approximated by the space invariant nodal quantities
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of each state variable collected in vectors ε̂s, p̂g, p̂c, T̂ and d̂. The matrices Ns, Ng,
Nc, Nt, Nd contain the basis functions for all n nodal points and thus describes the
spatial variation of the solution in the model domain.

Using the Galerkin method to derive the FE formulation, one assumes that the
test functions belong to the same functional space as the state variables. Hence, for
test functions ṽc related to the mass balance of water in Eq. (4.2), one can write

ṽc(x) =
n∑
i=1

Nc,i(x)v̂c
i = Ncv̂c. (4.4)

Inserting the FE approximation of Eqs. (4.3) and (4.4) into Eq. (4.2) yields the
following system of discretised equations:
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Once the model domain is discretised, and a mesh created, it follows from the
local support of the basis functions that the domain integrals in Eq. (4.5) for each
nodal point only needs to be evaluated in its surrounding mesh elements. This
evaluation is usually done using some form of numerical integration, for example,
the Gaussian quadrature rule.

Proceeding similarly for all other governing equations of the fully-coupled
model for hydrating concrete, the system of PDEs, after imposing the relevant
boundary and initial conditions, eventually takes the form
C̄ss 0 0 0 0
C̄gs C̄gg C̄gc C̄gt C̄gd

C̄cs C̄cg C̄cc C̄ct C̄cd

C̄ts C̄tg C̄tc C̄tt C̄td

0 0 0 0 0

 d

dt
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p̂g
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d̂

+


K̄ss 0 0 0 0
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0 K̄dg K̄dc K̄dt K̄dd
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(4.6)
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with the definition of all matrix coefficients given in appendix A. One can also
write Eq. (4.6) on a more compact and familiar form as

C
d

dt
u + Ku = b, (4.7)

where C and K are the system matrices, b is the load vector of the system and
u contains the unknown nodal quantities of all state variables, i.e. the degrees-of-
freedom (DOFs) of the model. It should here be mentioned that many of the off-
diagonal terms of the system matrices in Eq. (4.6) could in principle be considered
as source terms and thus also collected on the right hand side in b. They are,
however, kept on the left hand side to emphasise the coupled nature of model
equations. It can also be noticed that the system matrices are in general both
non-linear and non-symmetric when working with multiphysical problems.

A final point that has to be addressed related to the spatial discretisation of
the governing equations is the definition of the basis functions, both in general
but especially for coupled physical fields. When setting up the weak formulation,
one assumes that the basis must be well-defined and differentiable functions. A
conventional and traditional choice in the FEM is to use Lagrange polynomials of
different orders, although this is not the only possibility. Often these are described
in local element coordinates and then referred to as shape functions. Choosing the
appropriate order of interpolation depends on for example the properties of the
equations and the desired accuracy, but often linear or quadratic functions are used.
However, when dealing with multiphysics one also has to consider the interaction
of the different fields for making a good choice. With regards to the multiphase
system of equations above, the basis function for the momentum balance given by
Nd should, in general, be of one order above the remaining physical fields in order
to maintain a good solution. This fact follows from the definition of the stress and
strain tensor as the first order derivative of the displacement vector. Compare this
with the definition of for example the thermal strains, which consequently have the
same interpolation order as the temperature. Using the same order of interpolation
for all fields would thus result in incompatibilities between the different strain
contributions.

However, as pointed out by Jirásek and Bauer [112], it is often recommended to
use linear shape functions for the displacements when including strain localisation
effects, e.g. cracking due to damage, regularised using the Crack Band method [15].
In order to overcome any issues with the incompatibility between displacements
and the other state variables, the latter is always evaluated as constant in each mesh
element when entering the momentum balance throughout this thesis. Of course,
this is only the case when using a linear interpolation order for the displacements.

4.1.2 Solution methods
Solving the time-dependent and non-linear system of discretised equations in
Eq. (4.7) is a two-step procedure. The first step is to discretise the time deriva-
tives in the time domain. One possible and often used approach is to apply the
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finite difference method to accomplish this. For example, one can use a simple
linear approximation for the time derivatives such that

d

dt
u ≈ un+1 − un

tn+1 − tn
=
∆u

∆t
, (4.8)

where index n + 1 corresponds to the solution at time tn+1 and ∆t is the size
of the time increment. Using this approximation and expressing the unknowns of
Eq. (4.7) in terms of their value at time tn+1, the system of equations can be written
as

f (un+1, tn+1) =
1

∆t
C(un+1)∆u + K(un+1)un+1 − b(un+1), (4.9)

where f (un+1, tn+1) is the residual. This approach corresponds to an implicit time
integration scheme known as the backward Euler method. Another family of meth-
ods are the explicit time integration algorithms, where the unknowns instead are
expressed at time tn. The above corresponds to the simplest possible implicit time-
stepping scheme, and refined approaches are typically used in modern computer
codes. For example, the Backward Differentiation Formula (BDF) [102] is used for
the models of this thesis implemented in COMSOL Multiphysics [49]. The BDF is
an implicit method that introduces higher order approximation of the time deriva-
tive. It adaptively chooses the order during the time-stepping; however, it reduces
to the above backward Euler method when using a first order approximation.

Regardless of the specific method, assuming an implicit time-stepping scheme,
Eq. (4.9) now represents a system of non-linear algebraic equations to be solved at
each time increment. The most widely used and robust method for doing so is the
well-known Newton’s method. At each time increment n+1, a number of local New-
ton iterations are performed with the goal to minimise the residual f ; a superscript
index indicates the iteration number. As a starting point for the iterative procedure,
one usually choses the previously converged solution, i.e. u0

n+1 ≡ un. The solution
is then advanced by doing a first order Taylor expansion of f

(
ui+1
n+1, tn+1

)
at the

current solution uin+1 and setting f equal to zero, resulting in

f
(
ui+1
n+1, tn+1

)
= f

(
uin+1, tn+1

)
+
∂f
(
uin+1, tn+1

)
∂u

δui+1
n+1 = 0, (4.10)

where δui+1
n+1 = ui+1

n+1−uin+1. Rearranging Eq. (4.10) results in a linear equation for
finding the iterative update to the solution:

δui+1
n+1 = −

[
∂f
(
uin+1, tn+1

)
∂u

]−1

f
(
uin+1, tn+1

)
= −

(
Ki

tan

)−1
f
(
uin+1, tn+1

)
,

(4.11)

where Ki
tan is the Jacobian matrix, also frequently referred to as the tangent stiff-

ness matrix. Figure 4.1 schematically illustrates this iterative procedure for a single
degree-of-freedom system. The Newton iterations continue until the residual is
small enough compared to some predefined convergence criterion. Finally, the
updated solution in the incremental and iterative procedure can be written as

ui+1
n+1 = uin+1 + δui+1

n+1 = un +∆ui + δui+1. (4.12)
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u

f

u0 u1 u2

K0

K1

f(u0)

f(u1)

f(u2) solution

Figure 4.1: Iterative solution of the non-linear equation f(u) = 0 using Newton’s
method.

These steps summarise the solution procedure for non-linear and time-dependent
FE models, and although conceptually reasonably straightforward, one of the main
difficulties lies in determining and inverting the Jacobian matrix. For the particu-
lar case given by Eq. (4.6), the system matrices C, K and b include many terms
that are non-linear with respect to one or several state variables. The Jacobian
matrix will thus include several off-diagonal terms and is in the general case non-
symmetric. Concerning the computational efficiency this is an undesirable property,
but one that is in general inevitable when dealing with multiphysics.

By examining the system of governing equations for the hydrating concrete
model, it can be realised that it is only the hygro-thermo-chemical (HTC) fields
that are strongly coupled with each other. The effect of the deformations on the
HTC fields is currently small, while the HTC fields have a large impact on the
deformations. This fact allows for a more efficient solution strategy compared to
the fully-coupled one outlined above, which might be useful when studying large
models. One alternative is to use a segregated approach as illustrated in Fig. 4.2a
in which the two parts of the model are treated sequentially within each time step.
First, the state variables related to the HTC problem are collected in the vector
q =

[
ε̂s, p̂g, p̂c, T̂

]ᵀ
and a residual fq discretised in time is defined. Similarly a

residual fd is defined for the solid mechanics problem. The iterative procedure then
proceeds as schematically shown in Fig. 4.2a. The segregated approach is generally
more efficient than the fully-coupled approach and, if the couplings are weak, the
two converge to the same solution. It is, however, less appropriate when the model
includes stronger coupled effects between the two parts. One such example is the
influence of cracks on the fluid flow included in Paper II.

If the two parts of the model are completely uncoupled, i.e. the HTC problem
does not depend on the deformations, the solution strategy can be made even more
efficient. Such is, for example, the case in the decoupled model presented in Paper
IV. As illustrated in Fig. 4.2b the two parts of the model can now, for each time
step, be solved in series. In Paper I, the physical fields are even less coupled, and
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Figure 4.2: Segregated solver algorithm for weakly coupled fields (a) and serial solver
algorithm for uncoupled fields (b) for time increment n+ 1.

the thermal and moisture fields are solved in advance and treated as input fields
to the solid mechanics problem. For such an approach, it should be pointed out
that the incremental solutions of the three fields do not coincide, i.e. the solutions
are not necessarily stored at the same time instances, and one may have to rely on
interpolation to find the sought input values.

4.2 Time discretisation of local quantities
The constitutive relationships necessary for describing the complex behaviour of
concrete require several additional time-dependent and often non-linear equations
to be solved. Hence, also these need to be discretised in the time domain before
being used in the solution of the overall system. They thus act as extra variables of
the model. One way to categorise these variables is to treat the states related to the
inelastic strain contributions separately since these typically require some special
procedures. All other variables are here collectively called the auxiliary variables
of the model.

74
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4.2.1 Auxiliary variables
Many of the constitutive relationships presented in Section 3.3 include history
dependent quantities that need to be treated as auxiliary dependent variables of the
model. Such include, for example, the degree of hydration ξC , the ageing degree κf

and the microprestress viscosity ηf , but also the history variables related to damage
models. Common to all of them is that they in the numerical integration either
have to be assembled into the overall system of discretised equations in Eq. (4.7)
or treated as internal DOFs and stored locally at each point used in the numerical
integration of system matrices, e.g. Gauss points. Also, the solid volume fraction εs

could be treated as this type of variable but is presented as part of the discretised
equations since it stems directly from the governing equations obtained through
the Thermodynamically Constrained Averaging Theory (TCAT).

Taking as an example the evolution of the degree of hydration ξC given by
Eq. (3.40), its value at time tn+1 can be updated locally at each Gauss point using
a finite difference scheme, such that

ξCn+1 = ∆t

[
βwA

C
(
ξC
)

exp

(
−Q

C

RT

)]
+ ξCn . (4.13)

The unknowns on the right hand side can either be expressed in terms of their
value at time tn+1 or tn, resulting in an implicit or explicit method, respectively.
Alternatively, some higher-order Runge-Kutta method could be used, for example,
the midpoint or trapezoidal method. However, in all appended papers, such time-
dependent auxiliary variables are seen as primary DOFs and instead assembled into
the overall system of the overall system of discretised equations in Eq. (4.7). They
are thus, in COMSOL Multiphysics, updated using an adaptive BDF method. The
advantage of such an approach is that they are more strongly coupled to the other
physical fields and thus contribute to the system Jacobian Ktan during the iterative
update of all state variables. A drawback is that the additional DOFs lead to a more
computational and memory intensive solution procedure due to increased the size
of the system matrices. When dealing with large systems, this can potentially be a
significant issue.

A special case is the history variables related to damage models, e.g. κω. Follow-
ing from the Kuhn-Tucker and the damage consistency conditions, the discretised
form of Eq. (3.84) is simply

κn+1
ω = max

(
κnω, ε̃

n+1
)

, (4.14)

where κω is treated as an internal DOF at each Gauss point and κnω is the value of
κω from the previously converged time step.

4.2.2 Load independent strains
For cases where load-independent deformations are defined on a rate-form, the
resulting ODEs need to be discretised in the time domain. Taking the thermal
strains eth in Eq. (3.68) used for early-age concrete as an example this can be
done as follows. While it is indeed an option to use, for example, a backward
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Euler scheme, it is often more accurate to use either the midpoint or trapezoidal
integration methods. Using the former, one obtains

en+1
th =

(αs)n+1/2

3

(
T n+1 − T n

)
+ enth (4.15)

with

(αst)
n+1/2 =

[
(αst)

n+1 − (αst)
n

2
+ (αst)

n

]

+


(
∂αs

t

∂T

)n+1

−
(
∂αs

t

∂T

)n
2

+

(
∂αst
∂T

)n(T n+1/2 − Tref

)
, (4.16)

where it is supposed that αs and T are known at time step n+ 1. The second term
on the right hand side in Eq. (4.16) is added to account for the pure temperature
dependent effect on αs, assuming a secant definition with respect to some refer-
ence material state at Tref . It can be argued that such dependence should affect
the history of the material, as opposed to the changes in αs due to solidification
during hydration. However, this effect is usually small for concrete and can often
be neglected, which would be the case if Eq. (3.68) is integrated directly.

4.2.3 Creep strains
The creep strains could also be discretised in time using a midpoint method or
the similar generalised trapezoidal rule. However, as pointed out by for example
Bažant and Jirásek [13], neither of these are suitable for creep problems including
viscoelasticity. Especially not for large time steps where spurious oscillations and
slow convergence rates are observed. Concerning the Microprestress–Solidification
(MPS) theory for concrete creep as described in Section 3.3.6, an alternative time
discretisation was proposed already in the original paper by Bažant and Prasannan
[17]. This method was there entitled the exponential algorithm, but is similar to
the algorithm for pure viscoelasticity proposed by Zienkiewicz et al. [199] and its
later improvements by Taylor et al. [180]. See also, for example, the comparative
study of different time integration methods for linear viscoelasticity by Sorvari and
Hämäläinen [177]. Such an algorithm is unconditionally stable and does not suffer
from spurious oscillations for large time steps [13]. For the creep model according
to the MPS theory, however, linear viscoelasticity only applies on the microscopic
scale and one has to deal with the solidifying behaviour when integrating the
macroscopic creep strains ecr,v. In addition one also has to account for the viscous
contribution ecr,f related to long-term creep. Here, an algorithm based on the ideas
of the exponential algorithm as presented in several papers on the MPS theory
[17; 21; 22; 114] is used, but in a different format to comply with the numerical
library and routines available in COMSOL Multiphysics [49]. While the original
papers suggest an incremental stress-strain relationship, the creep strain ecr is here
computed directly and supplied to the constitutive relationship (i.e. Hooke’s law)
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together with its contribution to the Jacobian matrix for the iterative update of the
displacements.

The basic idea of the exponential algorithm is to utilise the analytical solution
to the ODEs given by Eq. (3.71). If one assumes that the strain rate is constant
within each time step, the µth unit of the Kelvin-Voigt chain given by Eq. (3.71)
has a general solution at time tn+1 on the form [17]:

γn+1
µ = βµγ

n
µ +

1− βµ
Êµ

G : tn +
1− λµ
Êµ

G : ∆t (4.17)

with

βµ = exp

(
−∆t
τµ

)
and λµ = (1− βµ)

∆t

τµ
. (4.18)

Hence, by summation, the total gel strain is given by the non-ageing Kelvin-Voigt
chain at time tn+1

γn+1 =
M∑
µ=0

βµγ
n
µ +

(
M∑
µ=0

1− βµ
Êµ

)
G : tn +

(
M∑
µ=0

1− λµ
Êµ

)
G : ∆t

= V1 + V2G : tn + V3G : ∆t, (4.19)

where the three coefficients V1, V2 and V3 are introduced to simplify the notation.
Notice also that a zeroth unit is included in Eq. (4.19), which is a remnant from
the discretisation of the continuous retardation spectrum where one chooses a
smallest retardation time τ1 of interest [13; 113]. This term represents a spring
with zero viscosity. Next, using a midpoint evaluation of the viscoelastic component
of Eq. (3.69) results in a formula to update ecr,v:

en+1
cr,v =

ψ
n+1/2
r

v
n+1/2
s

(
γn+1 − γn

)
+ encr,v. (4.20)

To update the viscous creep strain ecr,f , Jirásek and Havlásek [114] suggest the
following formula derived using a modified trapezoidal rule

en+1
cr,f =

∆t

∆η̃f

ln

(
1 +

∆η̃f

η̃f
k

)
G : tn +

∆t

∆η̃f

[
1− η̃f

k

∆η̃f

ln

(
1 +

∆η̃f

η̃f
k

)]
G : ∆t + encr,f

= F1G : tn + F2G : ∆t + encr,f . (4.21)

Here the two coefficients F1 and F2 are introduced to simplify the notation and
η̃f = ηf/ψr. Hence, taking the sum of Eqs. (4.20) and (4.21) and inserting Eq. (4.19),
the total creep strain at time tn+1 is calculated as

en+1
cr =

(
ψ
n+1/2
r

v
n+1/2
s

V3 + F2

)
G : tn+1 +

[
ψ
n+1/2
r

v
n+1/2
s

(V2 − V3) + (F1 − F2)

]
G : tn

+
ψ
n+1/2
r

v
n+1/2
s

(V1 − γn) + encr. (4.22)
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The stress tn+1 in the first term of Eq. (4.22) can be expressed using Hooke’s law
from Eq. (3.65) and one can thus write(

ψ
n+1/2
r

v
n+1/2
s

V3 + F2

)
G : tn+1 =

(
ψ
n+1/2
r

v
n+1/2
s

V3 + F2

)
Ê
(
en+1 − en+1

cr − en+1
in

)
, (4.23)

where en+1
in is interpreted as any inelastic strain contribution in addition to ecr.

Inserting Eq. (4.23) into Eq. (4.22), after some algebraic manipulation, yields a
closed-form update for the total creep strain on the form

en+1
cr =

{
(C1V3 + F2) Ê

(
en+1 − en+1

in

)
+ [C1 (V2 − V3) + (F1 − F2)]G : tn

+C1 (V1 − γn) + encr}
[
1 + (C1V3 + F2) Ê

]−1

, (4.24)

where the coefficient C1 = ψ
n+1/2
r /vn+1/2

s is also introduced for convenience. Lastly,
the algorithmic contribution to the Jacobian matrix of the system needed in for
example Eq. (4.11), on the form required by the routines in COMSOL Multiphysics,
becomes

∂en+1
cr

∂en+1
=

(C1V3 + F2) Ê

1 + (C1V3 + F2) Ê
I, (4.25)

where I is a fourth-order unit tensor. One can notice that Eq. (4.25) only pro-
vides the Jacobian contribution with respect to the displacement vector d̂ and thus
neglects the contribution from other state variables. Also, as pointed out in Sec-
tion 3.3.6, t is replaced by εsτ s when using the effective stress principle to model
moisture shrinkage as done in Papers III and IV.

In a numerical implementation of Eq. (4.24) several internal DOFs and states
have to be stored at each point used in the numerical integration of system matri-
ces presented in Eq. (4.6), e.g. Gauss points. These include the strain in the µth
component of the Kelvin chain γµ, the macroscopic stress t and the total creep
strain ecr as well as several auxiliary variables.
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Chapter 5

Summary of appended papers

In this chapter, the work and conclusions from the five appended papers are sum-
marised.

5.1 Paper I
Non-linear analyses of cracks in aging concrete hydro power structures

Tobias Gasch, Richard Malm, Erik Nordström and Manouchehr Hassan-
zadeh

Dam Engineering, 2016, volume 26, issue 3, pages 1–28.

The paper presents and discusses some general considerations and loads that
are of importance for the concrete structures that house the power generating ma-
chinery at a hydropower facility. Furthermore, a few typical types of cracks that
have been observed at Swedish hydropower facilities are exemplified (e.g. Fig. 1.3),
which may affect the operation of such machinery. A case study on such a facility is
performed, where the most probable causes of these cracks are investigated using
non-linear finite element analyses. These consider a combination of mechanical
loads and environmental actions, including long-term drying shrinkage and tem-
perature variations. Figure 5.1 shows examples of the result from the performed
simulations. The study concludes that it is possible to qualitatively reproduce the
observed type of cracks with the used analysis method. It was, therefore, possible
to identify the long-term environmental actions with restrained deformations as a
probable cause for many of the observed cracks.

However, only time-independent mechanical analyses were considered. For
cracks caused by mainly environmental effects with restrained deformations, it
is inevitably vital to also consider long-term and time-dependent mechanical prop-
erties. These include some essential properties of concrete such as ageing and creep,
which are not straightforward to incorporate in the applied analysis framework.
For example, from a practical point-of-view, it would be cumbersome to generalise
the used constitutive model to include creep. Given the significant variations in
environmental conditions observed for the studied type of structure, it is essential
that the analysis method is accurate for arbitrary thermal and moisture conditions.
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(a) (b)

Figure 5.1: Examples of a thermal analysis (a) and an obtained crack pattern (b) from
the case study in Paper I.

Such a model property is especially critical considering both the long-term seasonal
variations, and the short-term variations due to the operation of the power unit.
Consequently, it was found necessary to investigate and develop more refined meth-
ods in order to make quantifiable predictions and obtain a better understanding
of concrete structures with large cross-sections, which are sensitive to restrained
deformations. This conclusion has been fundamental for my doctoral project and
determined the focus for subsequent studies and papers.

5.2 Paper II
A coupled hygro-thermo-mechanical model for concrete subjected to vari-
able environmental conditions

Tobias Gasch, Richard Malm and Anders Ansell

International Journal of Solids and Structures, 2016, volume 91, pages 143–
156.

Following the conclusions from Paper I, this paper presents a more refined
mathematical model to predict the long-term and time-dependent deformations of
concrete structures. The developed and implemented model accounts for essential
properties of concrete such as ageing, creep, moisture shrinkage, thermal expansion
and cracking; all of these under variable temperatures and moisture conditions.
Given the focus on long-term deformations, a significant emphasis during the de-
velopment was on the creep behaviour for which a state-of-the-art model using the
Microprestress–Solidification (MPS) theory [16; 20; 22; 114] was implemented.
The capabilities of the model are demonstrated and verified through the analysis of
three experimental data sets from the literature [32; 36; 71], with a focus on creep
and shrinkage deformations of mature concrete. Overall, good agreement between
the model and the experimental data was obtained, see for example Fig. 5.2a. The
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Figure 5.2: Simulated creep deformations during drying and cyclic temperatures (a)
compared with the experiment (markers) by Fahmi et al. [71]. Distribution
of relative humidity after 7 years of load cycling (b) in the concrete gravity
dam analysed in Paper II.

figure shows the long-term deformations under sustained loading and variable
temperature. Through these analyses, it was also found that and suggested how
the model formulation for drying creep could be improved.

Lastly, a numerical example of a concrete gravity dam with dimensions and
seasonal loads typical to northern Sweden is analysed to show the capabilities of
the model on a structural scale (Fig. 5.2b). The simulations exemplify how cracks
develop in such mass concrete structures due to long-term restrained deformations
caused by drying shrinkage. However, as discussed in the paper, for this type of mass
concrete structures and also for the types of structure considered in Paper I, the
early-age behaviour of the concrete is crucial but is disregarded in the current study.
The early period after casting affects many material properties of the concrete,
such as strength and moisture capacity, and how these develop during later stages.
Furthermore, most structures are especially sensitive to cracking during this early-
age, both due to elevated temperatures and self-desiccation. Hence, refining this
part is a natural improvement of the model.

5.3 Paper III
On the behaviour of concrete at early-ages: A multiphase description of
hygro-thermo-chemo-mechanical properties

Tobias Gasch, Daniel Eriksson and Anders Ansell

Cement and Concrete Research, 2019, volume 116, pages 202–216.

This journal paper presents a mathematical framework based on a multiphase
version of porous media theory for modelling the behaviour of early-age con-
crete. The governing equations for the hygro-thermo-chemo-mechanical (HTCM)
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Figure 5.3: Example of simulation results from Paper III showing the development of
the microstructure during casting (a) and the total predicted total defor-
mation compared to the measurements (markers) by Theiner et al. [181].
In (a), solid lines show adiabatic conditions and dashed lines isothermal
conditions.

behaviour are obtained from the macroscopic conservation equation derived us-
ing the Thermodynamically Constrained Averaging Theory (TCAT) for a general
porous media system [89–91], as is also described in Section 3.2.2.

Regarding the constitutive behaviour of early-age concrete, several incremental
improvements to previous models are suggested. Of the most notable improve-
ments is the incorporation of the age-dependent sorption isotherm by Norling
Mjörnell [147] in a porous media application. Interestingly, a distinction is made
between the gel and capillary water in this sorption isotherm. This feature is utilised
where separate functions are used to define the fixation of water to the wetting
phase and immobile water to the solid phase. In the mechanical part of the problem,
phenomena such as ageing, creep, shrinkage, fracture and thermal expansion are
considered. Compared to Paper II, shrinkage is here modelled using the effective
stress principle, and thus partly seen as a creep deformation caused by an internal
load. Furthermore, the damage model is updated to a formulation better suited for
ageing concrete. Lastly, a new and more efficient algorithm is used for the creep
model compared to its implementation in Paper II.

The model is verified using three experimental data sets from the literature.
First, hydration and ageing components are compared to the experiments by Khan
et al. [120]. An example from the simulation of these experiments is presented in
Fig. 5.3a that shows the evolution of the volume fractions of different components
of the concrete. In a second example, the moisture transport during hydration for
two types of concrete is simulated and compared to the experiments by Kim and
Lee [121]. Lastly, the creep and shrinkage model is compared to the experiments
by Theiner et al. [181]. The results for the specimen subjected to simultaneous
drying and compressive loading is shown in Fig. 5.3b. Overall, a good agreement
is obtained between the experimental and simulated response of all specimens.
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(a) (b)

Figure 5.4: Simulated tensile damage at 60.5 days after casting for the concrete beam in
Paper IV (a) and at one year from casting for the restrained ring shrinkage
test of COST Action TU1404 benchmark [176] (b).

5.4 Paper IV
Three-dimensional simulations of ageing concrete structures using a multi-
phase model formulation

Tobias Gasch, Richard Malm and Anders Ansell

Submitted to Materials and Structures, January 2019.

This paper suggests several simplifications to the governing equations of the
fully-coupled model for hydrating concrete presented in Paper III. It is done to
improve the computational efficiency of the model and make it more suitable for
structural scale applications. These simplifications lead to a decoupling of hygro-
thermo-chemical (HTC) fields from the mechanical problem with the necessary
steps further discussed in Section 3.2.3. The primary efficiency gain is that the
decoupling allows for a serial solver algorithm (see Fig. 4.2b) to be readily used,
without any significant loss in accuracy. Apart from this improvement, the paper
also suggests some new features and alternative constitutive models compared to
Paper III, for example, the influence of solar radiation on the boundary fluxes.

The model is in the paper applied to the large-scale experiment on restrained
deformation during the casting of a concrete beam performed as part of the French
research project CEOS.fr [34]. Measurements from the casting include tempera-
ture, strain and displacement of the concrete as well as ambient conditions such
as temperature, relative humidity, wind speed and solar radiation. First, all rele-
vant material and model parameters are calibrated using the available laboratory
measurements, including both calorimetry, strength development and delayed de-
formations [117; 124]. The calibrated model is then used to simulate the concrete
beam. It yields excellent agreement when comparing the simulated temperature
distribution and evolution with the measurements, where the influence of solar
radiation proved vital for recreating the magnitude of the measured temperature
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at all positions of the cross-section. It, however, proved more difficult to reproduce
the measured deformations, which are highly influenced by the formation and loca-
tion of cracks. If the crack localisation in the simulation is forced to coincide with
the observed one, the overall trend and magnitudes are captured. Otherwise, the
simulations predicted a delayed crack formation compared to the measurements.
Figure 5.4a shows the simulated extent of tensile damage for this case.

The same model and solution method as presented in the journal paper has also
been used to contribute to the benchmark problem formulated as part of COST
Action TU1404 to simulate the response of a restrained ring shrinkage test. The
results of this benchmark are presented in Šmilauer et al. [176] and Fig. 5.4b
shows the extent of damage after one year from my simulation.

5.5 Paper V
A hygro-thermo-mechanical multiphase model for long-term water absorp-
tion into air-entrained concrete

Daniel Eriksson, Tobias Gasch and Anders Ansell

Transport in Porous Media, 2019, volume 127, pages 113–141.

This journal paper presents a model for assessment of the long-term moisture
condition in hydraulic structures. It is built on the same multiphase framework as
for the early-age concrete models in Papers III and IV, which shows the flexibility of
the adopted framework. For such cases, it is crucial to not only account for capillary
effects but also consider the influence of air-pores, especially for structures in cold
regions such as Sweden. Compared to many earlier studies, the proposed model
includes the water absorption into air pores as part of the governing equations
and thus as part of the porous media system. The rate by which air pores are
filled with water is described by a diffusion process, where the driving potential
is the concentration of dissolved air. Through establishing a volume-averaged gas
overpressure in the air pores weighted by the pore-size distribution, a constitutive
model is obtained to relate the concentration gradient of dissolved air to the degree
of gas saturation in the material. Implementing this novel constitutive model in the
multiphase porous media framework, allows the full absorption process of water
in air-entrained concretes to be studied, both on a material and structural scale.

In the paper, the proposed model is first verified using an absorption test of
air-entrained concrete performed by Liu and Hansen [133]. For this verification
example, the influence of different air-pore-size distributions was also investigated.
In a second example, the model was, furthermore, applied to a structural scale ex-
ample by studying the long-term water absorption in the front-plate of a concrete
buttress dam. The simulated results were qualitatively compared to in-situ mea-
surements on a 60-year old Swedish dam performed by Rosenqvist [166]. It is con-
cluded that the model can capture the long-term water absorption into hydraulic
structures cast with air-entrained concrete, although there are some discrepancies
between the simulations and the measurements by Rosenqvist [166]. For example,
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Figure 5.5: Simulated degree of water saturation in the front-plate form Paper V (a)
and results from the study by Eriksson and Gasch [66] (b) on a concrete
wall. The latter shows the distribution of temperature in degrees Celsius in
the leftmost plot, and the degree of water saturation in air pores.

the air-pore-size distribution is an uncertain property for in-situ concrete that has
a significant influence on the simulated results, as shown in Fig. 5.5a.

In a follow-up conference paper by Eriksson and Gasch [66], the model was
also applied to study the water absorption into a concrete wall in a waterway,
see Fig. 5.5b. While the example is purely numerical and no measurements were
available for comparison, it clearly shows how the model can be used to identify
areas in a hydraulic structure that are sensitive and at risk for frost damage also
under more complicated flow conditions.
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Chapter 6

Discussion

In this chapter, a general discussion is made on the work and results of the ap-
pended papers. Details about the papers and the models developed, implemented
and used are discussed both in the respective paper and previous chapters of this
introductory part. The following discussion instead concentrates on the applicabil-
ity of the developed models to concrete structures in civil engineering in general,
and more specifically to aspects of concern for hydropower applications.

6.1 Mathematical framework
In my doctoral project, two different approaches are distinguishable and used
when setting up the model equations that describe the multiphysical properties
of concrete. All model equations are in Papers I and II formulated directly on the
macroscopic level, essentially by fitting differential equations to observations for
multiple physical fields, often independently; from here on referred to as multi-
field models. In the later model developments in Papers III to V, the multiphase and
multiscale approach outlined by the Thermodynamically Constrained Averaging
Theory (TCAT) is instead used as a starting point. This more sophisticated way of
setting up the coupled model equations makes them more transparent concerning
which and how different physical phenomena are accounted for and coupled with
each other; even though throughout this thesis I have only worked with the macro-
scopic quantities of the governing equations. However, both approaches, of course,
have their pros and cons.

Following the phenomenological nature of most multi-field methods, the struc-
ture of their governing equations is often comparably simple. One can, for example,
compare the format of a single-field moisture transport model (e.g. Eq. (3.91))
with the two mass conservations equations of the multiphase model in Eqs. (3.20)
and (3.21), which include multiple terms for different moisture transport mech-
anisms. This fact was already explored in Section 3.4. Interestingly, from that
comparison, it is revealed how the coefficients of the phenomenological model
equation, in fact, relate to those of the multiphase model, while often empirical
definitions are used in practice. Consequently, several physical mechanisms are in
such models lumped together and described by a single equation. Compare for
example Eqs. (3.92) and (3.93) to define the moisture transport coefficient Dh.
One must also recognise that for this particular example, many of the variables
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in Eq. (3.92) are also based on empirical equations, e.g. the relative permeability
kwr . However, the main point is that those variables are related to either a single
transport mechanism (or flow regime) or some well-defined physical property such
as the dynamic viscosity µw. On the contrary, the format of Eq. (3.93) implies that
the equation accounts for both the flow of liquid water and water vapour.

The simplified format of the multi-field model equations is not necessarily a
drawback. For example, the reduced number of constitutive equations and param-
eters often makes the calibration process more straightforward. It is even more so
the case if the model equations are uncoupled as in Paper I since it then becomes
easier to isolate different phenomena. However, one must then be aware of the
limitations imposed by the simplified governing equations when interpreting the
results. A more straightforward calibration process can be a welcome feature when
working with concrete structures, where often the amount of data on material prop-
erties is limited. For the design of new structures, this should in principle not be
an issue as it merely is a matter of the amount of material testing necessary to find
the calibrated set of parameters. In reality, economical and practical constraints
are, of course, limiting factors, with some properties both expensive and difficult to
measure. When dealing with existing and old structures, such as most hydropower
facilities in Sweden, the lack of information on the material properties is even more
pronounced. Some properties can be obtained from in-situ testing, but one still
does not know the history of the material. In such conditions, the predominantly
physical justification of the governing equations and many constitutive equations of
a multiphase model is attractive. As argued by for example Pesavento et al. [151],
a calibrated multiphase model, or at least the majority of the model parameters,
should be valid over a broader range of applications and conditions. Moreover,
comparing, for example, Papers II and III, the necessary number of model parame-
ters does not differ that much; keeping in mind that Paper III consider many more
phenomena.

Also mainly for structural applications, a point in favour of the multi-field mod-
els is that often fewer state variables are considered, i.e. at the end fewer degrees-
of-freedom and thus less computational cost. Although, comparing the governing
equations of the multi-field model from Paper II and a multiphase model for mature
concrete (see Section 3.2.1) only means two additional DOFs per nodal point: the
gas pressure pg and the solid phase volume fraction εs. These two often have a mi-
nor influence on the overall material behaviour and can usually be omitted. Hence,
the number of DOFs would be identical for the two types of models. Moreover, with
the continuous improvement of both computer power and numerical techniques,
this is in practice, not a big issue. Efficient solution procedures can also be utilised
when dealing with large models where certain coupled effects are less critical, as
done in Paper IV.

For the analysis of moisture flow in concrete, an advantage of using a multiphase
approach is how it deals with material interfaces, both between different concretes
and between concrete and other materials. The porous media flow equations of a
multiphase model can be readily applied to different materials, in principle without
any extra care to the interface or changing the structure of the equations with re-
spect to the properties of each material. Of course, different constitutive equations
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and model parameters would have to be assumed for the respective material. In
dam engineering and other hydraulic structures, where the flow conditions in and
around structure are essential, this feature is particularly attractive, although not
examined explicitly in my work. On a similar topic, the multiphase models can
straightforwardly handle both saturated and unsaturated flow and the interface
region between these two regimes. Such conditions were considered in Paper V,
looking at the moisture uptake in the front-plate of a buttress dam. In the exam-
ple, large parts on the upstream side are above capillary saturation with saturated
flow conditions, while towards the downstream side unsaturated conditions apply
(Fig. 5.5a). Both flow regimes were, in fact, also considered in Paper II using a
single-field moisture transport model. However, for such models, based on a rela-
tive humidity potential, somewhat questionable and non-physical modifications to
the constitutive equations are necessary, see Section 3.2.4.

Lastly, for the application of models to study the material behaviour of con-
crete, it should be evident that the multiphase models can cover a broader range
of properties and phenomena. An example is here how the structure of the con-
crete skeleton is included in the governing equations in Paper III and IV. Even
though many of the complex and interacting properties of concrete are ultimately
determined by the constitutive equations; the multiphase approach as used in my
work predominantly give the general structure of the governing equations. One
can, of course, do a more thorough multiscale analysis of the system by using, for
example, the complete framework of the TCAT or continuum micromechanics (see
for example [62; 69; 152; 160; 198]) to increase the justification of the model
further. However, if one intends to focus the study on a single material aspect, the
multi-field models can perform well also for this purpose. A good example is the
extensive studies on drying creep performed by Bažant and co-workers [16; 20;
22; 114] in the development of the MPS theory.

6.2 Numerical solution of coupled models
The choice between using fully-coupled or partially coupled models to describe the
hygro-thermo-mechanical behaviour of concrete is an important topic; for many
situations, also how to treat additional chemical and physical fields. It is relevant
both from an accuracy point-of-view and concerning the computational cost of
the simulation. As is apparent in the appended papers and in Chapters 3 and 4,
I have explored several different alternatives throughout my doctoral project. To
start with, in Paper I only one-way coupled equations were considered, which is
also the case for the temperature field in Paper II. However, the moisture and
mechanical fields were there two-way coupled, where an empirical dependence
of the diffusivity Dh on the crack width was considered. Changes in moisture
state, on the other hand, cause direct shrinkage strains and also affects the creep
deformation. In the multiphase models of Papers III to V, the governing equations
are more formally coupled, although several simplifying assumptions are made in
the derivation of the final equations, see Section 3.2. Also, in Paper IV, additional
simplifications are introduced to decouple the total momentum balance equation
from the remaining physical and chemical fields.
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I have not explicitly presented a comparison of the effect of different coupling
terms by, for example, more thoroughly comparing results from the models of
Papers III and IV. It should, however, be evident that for a material with a relatively
rigid skeleton such as concrete, the effect of solid deformations on fluid flow is
negligible on the structural scale, especially for durability applications. In fact,
neglecting the impact of solid deformations in the case study of Paper V only affects
the long-term water absorption by less than 0.2 %. For that particular example, the
momentum balance could be omitted completely without any significant loss in
the accuracy of the model. It is, of course, not the case if one is interested in any
quantity related to the mechanical part of the problem.

For most models, there is a trade-off between accuracy and computational cost
which, for multiphysical simulations, in no small extent is related to the degree by
which the governing equations are coupled. As for all numerical simulations the
number of DOFs, the non-linearity of equations and so on also play significant roles.
Concerning multiphysics simulation of concrete, a relevant question is, therefore:
When is a fully-coupled model and solution procedure motivated? In principle,
I think the degree of coupling appropriate for the model equations is problem
dependent. A general conclusion from examining the typical governing equations
of a multiphase HTCM model for concrete is, however, that the momentum balance
has less influence on the remaining fields than vice versa. Hence it is reasonable for
structural applications to proceed as in Paper IV, unless other and stronger coupled
effects are added. As an example, the solution time increased by approximately a
factor of five when solving the case study in Paper IV with the fully-coupled model
of Paper III. For smaller scales and geometries, the coupled effects are likely more
crucial, and also more affordable from a computational perspective, since this scale
usually entails less DOFs.

Regarding the choice of solution procedure, the strength of the coupled terms
is ultimately the deciding factor. For most cases studied in my work, setting up
a segregated algorithm as in Fig. 4.2a is usually the best approach if working
with large systems, as displacements, in general, have a weak influence on the
HTC fields. The crack width dependent diffusivity considered in Paper II being
one exception. Although there is no formal obstacle in using a segregated solution
method also for this case, the convergence rate of the fully-coupled solution is
superior when considering this highly non-linear effect. If the governing equations
are decoupled as in Paper IV, a serial solver (Fig. 4.2b) is the most efficient choice.

From a modelling perspective, the sheer size of some structures poses a difficulty
in itself when solving coupled models using the FEM. For example, to accurately
model drying requires a fine resolution of the computational grid close to the ex-
posed surfaces to capture the initial gradient, often with an element size on the
scale of centimetres or below. In contrast, a concrete dam can be several hundred
meters high. The same type of issue appears when modelling localised deforma-
tions such as cracking. As shown already by Hillerborg et al. [101], there is an
upper limit to element size above which the stress-strain curve becomes unstable
during strain softening; typically referred to as the characteristic length of the ma-
terial. This property sets an upper limit to the size of the computational grid from
a mathematical point of view, usually in the order of meters. However, it can also
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be argued that this upper limit should be closer to the width of the fracture process
zone to be accurate from a physical perspective, see Section 2.7. In principle, there
is no theoretical problem in using fine grids to resolve all physical fields even for
large structures properly, but inevitably the issue is practical and connected to the
computational effort deemed reasonable. This issue becomes more pronounced for
multiphysics models than when dealing with single and isolated physical fields due
to the additional DOFs of the model.

6.3 How to use simulation results
Concerning the ageing and durability of concrete structures, a fundamental ques-
tion for all simulations and especially when it comes to non-linear and time-
dependent FEA with multiphysics is the validity of the results. In the most general
scenario, one could ask: Is it feasible to predict the expected service life of concrete
structures through numerical simulation? A strict answer I would say is no — the
problem would be too complicated and results too uncertain for prognosticating
when specific damage will occur. Apart from the complex material behaviour in
itself, one also has to account for variations and the randomness of both ambient
conditions and material properties, which would come at a great practical and
computational expense. In addition, the effects of climate change may affect the ac-
curacy of long-term predictions. That being said, of course, simulations of durability
aspects using multiphysics is a powerful aid in understanding problems related to
the ageing and degradation of both new and existing structures. The scope of the
analysis must, however, be restricted either to some specific phenomena or time-
period. Successful use of different simulations techniques for durability related
aspects of structures or structural components frequently appear in the literature,
and also in the papers appended to my thesis.

For example, the case study in Paper I investigates the probable cause of cracks
observed in-situ at a hydropower facility using a comparably simple numerical
model. Even so, from the results, we could see that a combination of internal re-
straint during drying and external restraint from adjoining machine components
during temperature variations is the likely cause of the observed cracks. Such re-
sults are very valuable for limiting further damage and for making decisions on
possible repairs. However, the simulations cannot quantify precisely when in-time
the observed damages occurred nor their exact extent, which for such a case is of
lesser value. Another structural case, albeit fictive, of a concrete gravity dam was
included in Paper II. There the focus was on the long-term effect of variable envi-
ronmental conditions on the mechanical response of the dam, e.g. crack formation
and propagation.

Both Papers III and IV study the early-age behaviour of concrete, which is of con-
siderable interest for structures with large cross-sections. While the former looks
purely at the material behaviour up to the laboratory scale, the latter studies a
structural scale application. Choosing the restrained concrete beam of the CEOS.fr
project [34] made it possible to validate the developed model using laboratory and
in-situ measurements, both for the material response and the ambient conditions.
Using simulation to assess concrete structures during and in connection to casting
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is an excellent example of how the insights from advanced modelling techniques
can improve long-term performance by minimising the risk for cracks to develop.
In fact, simulations are widely used in the industry in Sweden to avoid unneces-
sary cracks induced by self-heating during casting. Extensive research and material
testing have led to various computer tools frequently used by practising engineers,
see for example [50; 55; 159]. The type of multiphysical models I have examined
during my doctoral work could be a natural development also for such tools. Es-
pecially, with the increasing use of high-performance concrete (i.e. low w/c ratio),
where effects such as self-desiccation are more pronounced. To my knowledge, the
currently available design aids often neglect moisture transport and mechanical
effects such as creep and cracking, which I have shown how to include efficiently
also in structural scale simulations. However, there is, of course, a trade-off be-
tween complexity and usability that has to be considered when constructing such
design aids. For practical design work in general, design aids and simpler models
developed from the insight and knowledge gained by using advanced models is an
attractive golden mean to strive towards. One such example is the B3/B4 models
[164; 165] for the cross-sectional analysis of creep and shrinkage, which are based
on and justified by the more advanced MPS theory.

Advanced models of the early-age behaviour can also provide valuable input for
repairs and the strengthening of old structures. Self-heating, self-desiccation and
strength development are, for example, critical when analysing a repair concrete
and how it interacts with the existing concrete. One such example is the study by
Sciumé et al. [172] on the application of a multiphase model to the repair of a
concrete beam. Looking back at the case study in Paper I, a potential replacement
of the cracked concrete at the interconnections to the machinery would constitute a
useful application of the early-age concrete model I have presented in later papers.

The last example from my thesis on how simulations can be used to study dura-
bility aspects is the long-term absorption of moisture to the front-plate of a buttress
dam in Paper V. This example differs from the other case studies, but still uses the
same methods and, in fact, mostly shares the same numerical implementation of
the governing equations as the models for early-age concrete. It is a good demon-
stration of the adaptability and flexibility of the multiphase framework outlined in
Section 3.2, and how it can be applied to a wide range of phenomena related to
the durability of concrete. More specifically, the example shows how simulations
can be used to estimate when and which parts of a structure that is at risk for frost
damage based on the water saturation of air pores.
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Conclusions and suggestions for
future work

In this chapter, the general conclusions of the thesis and the work performed during
my doctoral project are given. Lastly, suggestions for future work with respect to
the overall aim of this research project, and further development of models to asses
the ageing and durability of concrete are given.

7.1 General conclusions
The thesis shows and discusses several different methods to study the ageing and
durability of concrete, all aimed at improving the knowledge and understanding
of this complex aspect of the design of concrete structures. Various mathematical
models have been developed that consider a wide range of features relevant to both
the short-term and the long-term behaviour of concrete. It is, furthermore, shown
how to obtain efficient numerical solutions of the presented models using the
Finite Element Method (FEM). A central concept throughout the thesis has been
how concrete is treated as a multiphysical material, done with varying degrees
of complexity in the appended papers. It is also exemplified how the developed
models can be used to enhance performance and avoid unnecessary damage to
concrete structures. More specifically, addressing the research questions formulated
in Section 1.2, the thesis has shown that

– Multiphase porous media theory is a suitable mathematical framework for
studying coupled physical and chemical phenomena in connection to the
ageing and durability of concrete. Papers III to V present such a framework
where the governing equations are derived from the Thermodynamically Con-
strained Averaging Theory (TCAT), as described in more detail in Section 3.1.

– Such a mathematical framework can be applied to different phenomena re-
lated to ageing and durability of concrete. First, in Papers III and IV it is
applied to study the early-age behaviour of concrete, while in Paper V it is
used to study the long-term water absorption into air-entrained concrete; two
significantly different phenomena. In both examples, the same basic format
and numerical implementation of the governing equations is shared.
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– It is feasible to utilise material-scale observations in the definition of the
continuum models on a macroscopic scale. In Paper III, the structure of the
cement paste is incorporated in the format of the governing equations and
also in several constitutive relationships. One example of the latter is the
novel definition of moisture fixation, where the gel water is explicitly con-
sidered a part of the solid phase. In Paper V, the process of water-filling of
air pores in the continuum setting is based on material-scale considerations
using volume averaging. Also, the creep model used in Papers II to IV heavily
rely on justification on the material-scale.

– Multiphysics models in general, and in particular multiphase porous me-
dia models can be efficiently used for structural-scale simulations. Paper
IV demonstrates how a simplified version of the early-age concrete model
proposed in Paper III can be applied to the three-dimensional simulation of
the casting of an end-restrained concrete beam. By only making minor modi-
fications to the governing equations, the computational cost was reduced by
a factor of five. Several other structural-scale examples are also included in
the appended papers and in other publications by the author, see for example
[66; 176].

– The simulations performed in the appended papers provide several new in-
sights and knowledge on both the material and structural behaviour of con-
crete; a few examples are summarised in the following. A large number of
laboratory-scale examples on creep and shrinkage under various conditions
are presented in Papers II to IV. Mainly in Paper II the performance of the
creep model is evaluated. It is there found and suggested how the prediction
of the long-term deformation under variable temperatures can be improved
by introducing a non-linearity in the evolution equation of microprestress
viscosity ηf . Paper III examines many of the constitutive relationships used
for early-age concrete. For example, it is suggested that an age-dependent
relative permeability kfr improves the prediction of drying during early-ages;
these are often assumed age-invariant for many porous media models of
early-age concrete in the literature [47; 84; 172]. On the structural-scale,
the case study in Paper I highlights the power of using advanced simulation
techniques to understand the integrity of massive concrete structures better.
The simulation of the end-restrained beam in Paper IV points to the impor-
tance of accurate boundary conditions when considering coupled physical
fields. Lastly, Paper V shows the importance of considering the moisture up-
take in the air pore system when studying hydraulic structures cast with
air-entrained concrete.

Other contributions of the thesis include:

– Implementation and development of a state-of-the-art model for concrete
creep based on the Microprestress–Solidification (MPS) in Paper II. The
model is verified using several experimental data series from the literature,
representing the long-term deformation of concrete under various environ-
mental conditions. In Paper III, the creep model is slightly reformulated and
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its implementation updated, see also Section 4.2.3. The updated implemen-
tation substantially improves the computational efficiency of the model, a
crucial contribution to the thesis given the intention of structural-scale simu-
lations.

– Implementation of two different damage models to describe fracture. The
damage models are included in the multiphysics simulations to efficiently
account for cracking due to a combination of mechanical and non-mechanical
actions. Their implementation and verification are only briefly reviewed in
this thesis but are thoroughly discussed by the author in [77; 78].

7.2 Suggestions for future work
Based on the findings presented in this doctoral thesis, I have identified several
topics of interest for future work. These can be divided into two categories, one
focused on practical applications of advanced models for ageing and durability of
concrete, and one focused on further model developments. Regarding practical
applications, I propose working with the following points:

– Identification and analysis of relevant case studies to further validate and
verify the developed multiphase models. Given the scope of this project, such
cases should include applications to hydropower facilities, but other cases are
also of interest. One example, as already touched upon in the discussion, is to
revisit the case study from Paper I and apply the models for early-age concrete
presented in Papers III and IV, to study, for example, repairs of damaged
concrete. Many relevant case studies can be found by participating further in
the benchmarking work performed in the national and international research
community. Examples of such include the CEOS.fr project [34], from which
data was used in Paper IV, the COST Action TU1404 benchmarks [176], the
VeRCoRs benchmark [202], and the series of benchmark workshops organised
by the International Committee on Large Dams (ICOLD) [79].

– Establish guidelines for including measurements in the planning and imple-
mentation of new concrete structures, at least for large and sensitive infras-
tructure. It is imperative that measurements are available for calibration of
the model to fully utilise the strength of advanced modelling tools. Such data
include both the material properties and the ambient conditions on-site.

– Make advanced modelling tools more easily accessible. Although likely not
suitable as a design tool, advanced modelling tools can be valuable for prac-
tising engineers to validate a structural design or evaluate difficult design
choices. Moreover, modelling is an indispensable tool when doing a forensic
analysis of existing structures.

– Develop design aids based on knowledge and insights learned from advanced
modelling. Such design aids could either be simplified computational tools
or written guidelines.

95



CHAPTER 7. CONCLUSIONS AND SUGGESTIONS FOR FUTURE WORK

Many additional developments of the mathematical models concerning both the
overall multiphase methodology and for specific phenomena are possible, but all
cannot be listed here since many are research fields on their own. I have identified
the following points to be of particular interest to investigate further:

– Use the multiphase methodology to study deterioration mechanisms. The
study of such phenomena is one of the real strengths of using the multiphase
methodology as applied to the ageing and durability of concrete. Many dete-
rioration mechanisms such as alkali-aggregate reactions (AAR), leaching and
reinforcement corrosion are chemical processes that can be systematically
described by the TCAT methodology, not that different from how the cement
hydration is treated. The resulting models would thus apply to structural-
scale simulations.

– Utilise results from micromechanics and homogenisation theory to further
improve the constitutive modelling of concrete, see for example [62; 69;
152; 160; 198]. Such results are an additional step towards making models
truly predictive, where many material properties would rely on theoretical
justification instead of calibration using laboratory-scale measurements.

– Monitor the ongoing research of concrete creep, for example, the recent exten-
sion of the Microprestress–Solidification (MPS) theory [162], and the studies
on the nanoscale origin of creep [175]. Creep of concrete is a critical and
complex phenomenon, and all its intricacies are not yet fully understood in
the research community. It is a phenomenon I have paid particular attention
to in this thesis, and is, to my experience, often treated poorly in the industry.
More specifically for the creep model presented herein and its structural-scale
applications, it would be interesting to extend the model to account for non-
linear (tertiary) creep and also include the sometimes observed difference
in tensile and compressive creep. The former is perhaps of more interest for
structures sensitive to large deformations (e.g. bridges) and not as much for
massive structures.

– Develop the models for early-age concrete to consider additional categories
of concrete, for example, high-performance concrete and shotcrete. For such
extensions, it would likely be necessary to consider more than one reaction
degree to characterise the evolution of the cement gel, for example, the re-
action of the silica fume in high-performance-concrete [60; 81] or other
reaction products such as ettringite, vital for the initial stiffness development
of shotcrete.

– Implement more refined material models for concrete fracture in the context
of multiphase modelling. Many material models are available in the literature,
models which give a more accurate description of fracture than the scalar
damage models used in Papers II to IV, for example, coupled plastic-damage
models [87; 136], anisotropic damage models [59] and microplane models
[37]. Such models are, of course, interesting to pursue but must be compared
to the computational efficiency of the scalar damage models, especially when
considering structural-scale simulations.
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Appendix A

Coefficients for equations in
Chapter 4

The coefficients appearing in the weak-form PDE given by Eq. (4.2) are:
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g
r k

µg
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(pg)
2
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∂ξC
+ εGs

∂sWs

∂ξC

)
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bcρ = −Kcg,1ρ
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Wg

The coefficients of the FE system matrices in Eq. (4.6) are given below. Notice that
tensor variables have to be converted to matrix notation.

C̄ss =

∫
Ω

Nᵀ
s ρ
SsNsdΩ

K̄ss =

∫
Ω

Nᵀ
s

[(
∂ρSs

∂t
+ ρSs∇ · d

dt
d +∇ρSs · d

dt
d

)
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d

dt
d

]
dΩ
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