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Abstract
Given a temporal behavior specification and a team of agents available for execution in a stochastic environment, it
is still an open problem how to efficiently decompose and allocate the specification to the agents while coordinating
their actions accordingly and while considering long-term performance under uncertain external events. Our proposed
framework works towards this goal by constructing a so-called hierachical LTL-Task MDP automatically by formally
decomposing a given temporal logic goal specification into a set of smaller MDP planning problems. In order to efficiently
find a multi-agent policy in this generated LTL-Task MDP, we combine methods from planning under uncertainty
and auction-based task allocation with techniques from reinforcement learning. A particular challenge is to consider
uncertainty in the environment, which might require significant additional effort to satisfy the given specification. This is
addressed here by a formalism that allows the agents to consider preparation of such possible future reactions instead
of updating the set of tasks only after observing an event.
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1 Introduction
Coordinating multiple autonomous agents to achieve a
common goal is a problem that is encountered in many
applications Gerkey and Matarić (2004); Kober et al. (2013).
Especially in robotics, these agents often operate in dynamic
environments to achieve complex and extended tasks Baier
and Katoen (2008). Consider as a motivating example the
following goal specification for a fleet of mobile robots
operating in a factory environment. In order to ensure an
interruption-free operation, the robots should be used to
repeatedly inspect the status of some machines before a
failure is reported. Depending on the result of the check,
the robots might be required to perform additional tasks
to prevent a failure, for example provide supplies to the
respective machines.

A particularly challenging aspect of this scenario is the
fact that a significant portion of the tasks depends on
observations of the robots during execution. While statistics
regarding the expected outcome can be useful to estimate the
likelihood of an observation, only the data collected during
execution determines the required tasks.

Considering that multiple agents can operate in parallel
and need to be coordinated significantly contributes to the
complexity of the problem. First, the provided specification
needs to be decomposed to generate tasks for the individual
robots. Second, the tasks need to be allocated to the
agents. And third, execution of the tasks needs to be
coordinated robustly according to the overall specification
despite uncertainty in the state of the environment, e.g.,
which machine needs supplies, as well as uncertainty in
execution, e.g., how long it takes to perform the required
actions and whether the execution is successful.

In addition, the problem complexity makes it computa-
tionally hard to solve such planning tasks explicitly for an
increasing number of agents or for a high degree of uncer-
tainty Durfee and Zilberstein (2013). This complexity issue
is often addressed by approximating sub-optimal solutions
Koenig et al. (2006). On the other hand, many practical
tasks, e.g., in industry settings or service robotics, often have
a repetitive nature. Consequently, sacrificing solution effi-
ciency in order to obtain a solution quicker incurs additional
costs in every single iteration of the tasks.

Contribution. We propose a multi-agent coordination
framework that combines planning and reinforcement
learning to (1) identify and assign subtasks from a temporal
mission specification in a way that respects uncertainties,
(2) coordinate concurrent actions of the agents based on the
given specification and in a way that improves over time,
as well as (3) introduce a layer of abstraction to incorporate
heterogeneous agents by separating individual agent models
from mission-specific interaction.

Approach. We coordinate a team of heterogeneous
autonomous agents to repeatedly fulfill a common system
specification under execution uncertainty. To achieve this,
we integrate and extend established techniques from
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formal methods, planning under uncertainty, multi-agent
coordination, and reinforcement learning.

The overall goal and constraints are given to the system
as a Linear Temporal Logic (LTL) specification. LTL is
an established formalism to specify tasks in the form of
temporally extended, logical statements Baier and Katoen
(2008). Examples for such specifications include a set of
locations to be visited under various ordering constraints,
rules to avoid certain areas under some conditions, or the
desired reaction to possible observations. A planner can
then generate action sequences or conditional policies to
guarantee that the stated specification is satisfied Belta et al.
(2017). In our approach, the agents follow a distributed
approach to decompose the specification into abstract tasks.

We model each agent as a Markov Decision Process
(MDP) to encode their actions and the uncertainty in
execution Puterman (1994). To associate the decomposition
of the specification into tasks with the MDPs of the agents,
we use the formalism of options Sutton et al. (1999). This
introduces a layer of abstraction between the temporal logic
tasks and the agent-specific option policy to achieve each
respective task. In particular, this abstraction is the basis for a
unified formalism to, on the one hand, represent the physical
models of heterogeneous agents in a general way and on the
other hand, model the interaction between multiple agents
independent of this on a purely logical level.

Based on this hierarchical model, we propose to employ
an auction-based algorithm to determine an assignment of
identified tasks to the agents. Auction-based allocation is
a widely-used framework for distributed coordination of
multiple agents Gerkey and Mataric (2002). In our approach,
each agent evaluates the candidate task options for its
specific model and on this basis, the agents auction about
which option to select and to which agent it is allocated.

The use of auctions is particularly useful here in multiple
regards. First, it provides a computationally tractable task
assignment which integrates well with the above derived
LTL options. Second, it allows to incorporate dynamic
reactions on observations during runtime by receding
horizon auctions. In fact, we use the MDP formalism
not only to specify the model of each agent, but also
on an option-level to model the probabilistic evolution of
the mission. In this context, the auction algorithm can be
understood as finding a high-level policy over tasks and
agents. And third, it enables to continuously adapt the
cost estimate of task assignments during execution and
consequently, to improve the task-level behavior over time.

The third aspect concerns the trade-off that arises from
evaluating single tasks instead of planning in a centralized
model. This approximation usually leads to a significantly
lower computational complexity, however, performance
often suffers due to the simplifications. To overcome this
trade-off, we propose a more general bid for the auctioning,
which not solely considers the estimated cost of a single task.
Instead, the agents bid an estimate of the complete remaining
mission time resulting from assigning the respective task to
the bidding agent. In order to find such a cost estimate, we
propose a learning-based approach to avoid the intractable,
explicit calculation of all future task durations. In this regard,
reinforcement learning is an established method to adapt the
behavior of a system based on collected experience Sutton

and Barto (1998). Specifically, we show the connection
between the receding horizon auctions and a temporal
difference learning approach based on our hierachical MDP.

The presented approach extends our previous work as
follows. In Schillinger et al. (2018a) we first proposed the
idea to use an LTL specification to derive tasks for multiple
agents and to allocate them based on auctions. However, this
approach did not allow a strict separation of the phyiscal
agent models and the symbolic tasks. Also, we made the
limiting assumption of deterministic tasks, i.e., the high-
level model was not considered as an MDP. In Schillinger
et al. (2018c) we additionally proposed the online learning
of a cost-to-go value in order to improve the performance
of the multi-agent system. Still, we kept the assumption
that options can only have a single outcome. Here, we
extend this approach to the signficantly more complex
case of probabilistic option outcomes to address a wider
set of applications, as for example the initially motivated
scenario. The paper also includes a more detailed and
thorough consideration of the low-level policies and more
realistic scenarios for the evaluation, inspired by industrial
applications.

2 Related Work
The proposed approach combines methods from temporal
logics and planning under uncertainty with auction-based
methods for multi-agent task allocation and with methods
from reinforcement learning for a performance improvement
over time. As a basis for the discussions throughout the
paper, we thus start by briefly reviewing the most relevant
literature for the particular methods we use and extend here.

2.1 Temporal Logic Planning
Linear Temporal Logic (LTL) extends classical Boolean
logic by a set of temporal operators and is an established
formalism in fields such as model checking Baier and
Katoen (2008) and control synthesis Belta et al. (2017);
Kress-Gazit et al. (2018). Recently, it became increasingly
popular in behavior specification for robot systems due to its
expressiveness of formally defining sequences and desired
reactions instead of solely a goal state, see for example Belta
et al. (2007); Kress-Gazit et al. (2009); He et al. (2015).

Different fragments of LTL are often used to address
certain aspects of a system. For example, Lacerda et al.
(2014) plan finite tasks for a service robot based on the
syntactically co-safe fragment of LTL Kupferman and Vardi
(2001). In contrast, the GR(1) fragment of LTL Piterman
et al. (2006) specifies an assume-guarantee structure which
is well-suited to design reactive behavior such as in
Raman and Kress-Gazit (2014); Maniatopoulos et al. (2016).
Without limitations, however, an LTL specification may
require an infinitely long sequence to be satisfied Pnueli
and Rosner (1989). This property can be used to require a
repetitive behavior such as surveillance tasks Smith et al.
(2011). We focus here on a fragment of LTL consisting
of a finite specification to be satisfied along with another
finite specification to always hold true, enabling to include
repetitive behavior as well as reactions in a specification.

In order to plan for multiple agents, construction of
a centralized product model Kloetzer and Belta (2010);
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Ulusoy et al. (2013) allows to coordinate the actions of
the agents according to the specification. In our previous
work Schillinger et al. (2016a, 2017), we avoid the need
to construct the computationally expensive product by
identifying independent parts of a given finite specification.
When a certain task allocation is already given, the agents
can coordinate efficiently based on synchronization events
Tumova and Dimarogonas (2016) or requests to other agents
Guo and Dimarogonas (2017). Similarly, Lacerda and Lima
(2011) construct Petri-Net communication models to closely
coordinate a team of robots with shared specifications.

Although many different approaches exist, it remains
an open problem to efficiently decompose and allocate
a given temporal specification to multiple agents while
coordinating their interaction in a way that considers long-
term performance, especially in stochastic environments.

2.2 Planning under Uncertainty
We use the formalism of Markov Decision Processes
(MDPs) Bellman (1957); Puterman (1994) to model the
robotic agents and represent uncertainty in the duration
and outcome of their actions. This enables, for example, to
maximize probabilistic satisfaction guarantees of a temporal
specification Ding et al. (2011); Lahijanian et al. (2012);
Wolff et al. (2013). A hierarchical approach based on
the Options formalism Sutton et al. (1999); Barto and
Mahadevan (2003) to construct a high-level Semi-MDP Ross
(1970) allows us to efficiently coordinate multiple agents. In
contrast to most existing work, we do not require to manually
define the respective options, but automatically derive them
in a formal way from a given temporal logic specification.

More specifically, we consider each option as a
Constrained MDP Altman (1999) where the constraints
come from the overall LTL specification. For example, Ding
et al. (2013) construct a constrained MDP from a given LTL
specification to bound satisfaction probability. Lacerda et al.
(2017) solve a multi-objective MDP planning problem to
maximize a secondary goal reward while constraining the
expected duration of satisfying an LTL formula. Instead, we
represent only Boolean constraints in the MDPs and handle
temporal logic constraints on a higher level of abstraction.

To find a policy, Achiam et al. (2017) propose a general
constrained policy optimization approach for continuous
state and action spaces. Trevizan et al. (2016) propose a
heuristic to solve a Stochastic Shortest Path (SSP) problem in
the presence of constraints and dead-ends, that is, a goal state
cannot be assumed to be always reached. In a multi-agent
setting, Ponda et al. (2012) account for model uncertainty
in task allocation. We follow here the formalism of Altman
(1999) to construct a Linear Program (LP) for finding a
policy, but generally, our proposed method does not require
a specific policy planning method.

To model that the exact state of the environment is not
always known, Partially Observable MDPs (POMDPs) are
often used to express observation uncertainty. Chatterjee
et al. (2015) investigate properties of POMDPs in the
context of temporal logics and Norman et al. (2017) propose
algorithms for model checking in POMDPs. Amato et al.
(2016) use the DecPOMDP formalism Bernstein et al. (2002)
to reason about the actions of other agents and plan a policy
based on options.

2.3 Multi-Agent Coordination
Besides formalizing the notion of tasks as MDP options
derived from an LTL specification, these tasks need to be
assigned to the available agents Gerkey and Matarić (2004);
Pentico (2007); Korsah et al. (2013). While centralized
planning models generally scale exponentially in the num-
ber of agents Durfee and Zilberstein (2013), distributed
approaches like auctions reduce the computational com-
plexity by approximating good solutions in a decentralized
fashion Smith (1980); Gerkey and Mataric (2002).

For example, Choi et al. (2009) propose a consensus
protocol to synchronize task cost estimates between the
agents in order to allocate a set of given tasks. Zlot
and Stentz (2005) instead propose a hierarchical task
structure for efficient allocation of tasks that involve multiple
agents. Sequential single-item auctions Koenig et al. (2006);
Lagoudakis et al. (2005) are particularly efficient as they
greedly assign single tasks in consecutive auction rounds and
in our previous work Schillinger et al. (2018a), we proposed
an adaptation to the sequential dependencies of LTL-based
tasks. However, the greedy assignment can have a significant
impact on the quality of a solution.

Particularly relevant for allocating LTL tasks is the
coordination of concurrent actions to guarantee that
the emerging multi-agent behavior does not violate
the constraints Stefanescu (2006). While, for example,
Rohanimanesh and Mahadevan (2005) directly generate
concurrent actions in a centralized way, we address this
aspect in a decentralized way primarily based on the
task specification. Nevertheless, we employ the formalism
proposed by Rohanimanesh and Mahadevan (2003) to
consider interruption of concurrent actions for subsequent
assignment, as for example done by Omidshafiei et al. (2017)
to coordinate a robot team in a decentralized POMDP setting
and by Toussaint et al. (2016); Munzer et al. (2017) for
concurrent activities of a two-arm manipulator.

2.4 Reinforcement Learning
To mitigate the performance impact of auction-based task
allocation, we propose to use techniques from Reinforcement
Learning (RL) Sutton and Barto (1998); Busoniu et al.
(2010) to improve the quality of an initial multi-agent policy
over time. While RL is quite general, it has proven to be
particularly useful in robotics Kober et al. (2013). Still, in the
context of multi-agent RL, it remains a challenge to account
for the varying policies of other agents during learning as
well as formally stating a learning goal Busoniu et al. (2008).

To facilitate learning of multi-agent policies, Lowe
et al. (2017) assume full knowledge of the other agents’
policies during training and estimate their policy afterwards.
Similarly, Best et al. (2016) propose a distributed Monte
Carlo Tree Search algorithm where the agents repeatedly
synchronize parts of their search tree. In contrast,
Ghavamzadeh et al. (2006) present a hierarchical approach
by decomposing rewards into sub-tasks of a Semi MDP. Our
proposed approach instead estimates the team performance
based on local observations of task completions.

To state a learning goal, temporal logics can be used to
guarantee constraints Sadigh et al. (2014); Littman et al.
(2017) or specify a reward function Li et al. (2017). For
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example, Jones et al. (2015); Aksaray et al. (2016) propose
a Q-learning approach to learn a policy which satisfies a
given temporal logic goal. By introducing MDP options for
each atomic proposition of the specification, Li and Belta
(2016) reduce the complexity of learning a specification-
conform policy. However, these approaches do not consider
multiple agents and often require a learning phase before it
can be guaranteed that the specification is fulfilled. Here,
we follow our previous work Schillinger et al. (2018c) to
guarantee the specification from the beginning and improve
the performance online during execution.

2.5 Discussion
We conclude this section by a more detailed discussion
of particularly relevant work for the considered scenario
of monitoring the status of some machines. While all
of the discussed approaches contribute notably to better
solving similar problems, we argue that the specific problem
characteristics of the scenarios we are interested in need
additional work as mentioned in the following paragraphs
and cannot be solved satisfiably by existing methods.

Omidshafiei et al. (2017) model the problem of
multi-robot delivery tasks as a decentralized partially-
observable MDP (Dec-POMDP) over temporally extended
macro-actions (Dec-POSMDP) and propose a framework
for asynchronous decision-making. In addition to the
performance improvement compared to classical Dec-
POMDP planners, achieved by introducing the macro-
actions, the work by Omidshafiei et al. (2017) enables
consideration of uncertainty about the state of other
robots and consequently, is well-suited for jointly executed
or closely coupled multi-agent actions. However, the
transportation scenario discussed by the authors includes
only a small degree of uncertainty and it remains
questionable how the approach would perform in the
scenario we consider here. In particular, scenarios like the
one of interest require reactions to specific observations
instead of estimating the expected observations made by the
other agents. Furthermore, we argue that the specification
of a joint Dec-POSMDP reward function is less intuitive in
scenarios like the considered one than stating the goal as a
temporal logic specification, for example because a reward
function requires careful tuning of the reward values in order
to guarantee that the desired behavior is obtained.

The framework proposed by Faruq et al. (2018), which is
an extension of our previous work Schillinger et al. (2018b)
towards considering uncertainty, is also closely related to
the scenario of interest. In particular, the approach is well-
suited in the case that the failure of some robots needs
to be accounted for and is demonstrated in the context of
patrolling tasks. The re-allocation of tasks appears promising
in the context of the scenarios considered here, however,
preparation of possible future tasks is not covered due to the
independence assumption of concurrent robot policies.

Tumova and Dimarogonas (2016) use an event-based
approach to flexibly adjust the plans of the agents with
respect to dynamic requests. It is assumed that the
agents have pre-assigned tasks, but cannot solve them
completely on their own. Instead, requests are sent as
certain synchronization actions to enable collaboration
between the agents. In our case, synchronization is done

automatically as derived from the LTL goal specification
and no explicit decomposition into tasks or their initial
assignment is required. The replanning at synchronization
points as proposed by Tumova and Dimarogonas (2016) also
allows to cope with a small degree of uncertainty, especially
uncertainty in the duration of actions. However, different
outcomes of actions or the probability of successfully serving
a request is not considered.

3 Preliminaries
This section introduces the notation and basic theoretical
concepts used throughout this paper.

3.1 Linear Temporal Logic
Linear Temporal Logic (LTL) is a logical formalism which
extends classical Boolean logic by temporal operators, see
for example Baier and Katoen (2008) or Belta et al. (2017).
We use LTL here to specify the mission for the agents,
including particularly goals and constraints.

An LTL formula φ is defined over a set of atomic
propositions π ∈ AP , where each proposition can either be
true > or false ⊥. The syntax of φ is defined over the
operators

φ := > | π | ¬φ1 | φ1 ∧ φ2 | ©φ1 | φ1 U φ2

where ¬ (not) and ∧ (and) are Boolean operators and ©
(next) and U (until) are temporal operators. In the case that a
formula does not contain temporal operators, it is a classical
Boolean formula which we indicate by ϕ in the following.

A Boolean formula ϕ classifies whether a given set
of propositions P ⊆ AP satisfies the formula, denoted by
P � ϕ. Accordingly, an LTL formula φ classifies whether
a sequence σ : N→ 2AP of sets of propositions satisfies
the formula, similarly denoted by σ � φ. Specifically, the
satisfaction relation � is defined over the above operators by
the following semantics and trivially, σ(t) � >.

• σ(t) � π iff π ∈ σ(t)

• σ(t) � ¬φ1 iff σ(t) � φ1

• σ(t) � φ1 ∧ φ2 iff σ(t) � φ1 and σ(t) � φ2

• σ(t) �©φ1 iff σ(t+ 1) � φ1

• σ(t) � φ1 U φ2 iff ∃t2 ≥ t such that σ(t2) � φ2 and
∀t1 ∈ [t, t2) it holds that σ(t1) � φ1.

In addition to the operators defined above, we use the
following derived operators.

• or: φ1 ∨ φ2 := ¬(¬φ1 ∧ ¬φ2)

• implies: φ1 ⇒ φ2 := ¬φ1 ∨ φ2

• eventually: ♦φ1 := > U φ1

• always: �φ1 := ¬♦¬φ1

Although a sequence σ can in general be infinite, there
exist specifications φ of which satisfaction can be determined
by finite sequences. For example, the formula �π1 requires
that π1 ∈ σ(t) for all t ∈ N or the formula �♦π2 requires
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that π2 ∈ σ(t) infinitely often, i.e., that for all t′ ∈ N there
exists such a t ≥ t′. In contrast, the formula ♦π3 can be
verified for a finite sequence since it only requires that there
exists any t such that π3 ∈ σ(t).

There exist fragments of LTL to ensure that any formula of
the respective fragment can be verified for finite sequences.
Syntactically co-safe LTL (scLTL) for example allows
negation only for propositions, i.e., φ := > | π | ¬π | . . . in
comparison to the above LTL syntax, and consequently, the
always operator is not defined.

Independently of whether a formula can be verified by a
finite sequence, it can be the case that a given finite sequence
σ̄ violates a formula φ, i.e., there exists no continuation σ̃
of σ̄ such that σ̃ � φ. In this case, σ̄ is called a violating
or unsafe prefix. Otherwise, if there exists a continutation
to satisfy the formula, a finite sequence is called safe prefix.
Referring to the example�π1 above, the sequence {π1}{π1}
would be a safe prefix while {π1}{} would be violating.

3.2 Automaton Construction
Automaton representations of LTL formulas can be used to
systematically check whether a given sequence satisfies or
violates the formula. Again, we refer to Belta et al. (2017) for
details and briefly summarize here how such an automaton is
represented.

Given an LTL formula φ, a Büchi Automaton (BA) B can
be constructed as

B = (Q,Q0, α, δ, F )

where Q is a set of states, Q0 ⊆ Q is a set of initial states,
α is an alphabet of input symbols, δ : Q× α→ 2Q is a
non-deterministic transition relation, and F ⊆ Q is a set of
accepting states. In particular, α = 2AP where AP are the
propositions over which φ is defined.

A sequence σ over propositions describes a run ρ : N→
Q over states in the automaton if ρ(1) ∈ Q0 and for all
i ∈ N there exists a transition in B such that ρ(i+ 1) ∈
δ(ρ(i), σ(i)). In the case that there exist infinitely many
i such that ρ(i) ∈ F , the run ρ is called accepting. By
construction of B from the formula φ, the existence of an
accepting run is equivalent to σ � φ. Consequently, finding
an accepting run in B implies that the respective sequence is
guaranteed to satisfy φ.

In special cases, in particular when φ is an scLTL formula,
a simpler automaton can be constructed. A deterministic
finite automaton (DFA) D is denoted by the tuple

D = (Q, q0, α, δ, F )

given by a set of states Q, a single initial state q0 ∈ Q, an
alphabet α, a deterministic transition relation δ ⊆ Q× α×
Q, and a set of accepting states F ⊆ Q. The automaton is
called finite because it is sufficient for a run ρ to reach F
once in order to be accepting.

Throughout this paper, LTL formulas of the following
specific form will be considered

φ = φi ∧�φr, (1)

where φi and φr are scLTL formula. This structure allows
us to construct DFAs for both φi and φr independently and
interpret the automaton for φr in a cyclic fashion, the Cyclic
Finite Automaton.

Definition 1. Cyclic Finite Automaton. The Cyclic Finite
Automaton C is a tuple

C = (Q, q0, α, δ, F )

given by (1) a finite set of states Q, (2) an initial state
q0, (3) an input alphabet α, (4) a deterministic transition
relation δ ⊆ Q× α×Q, (5) a set of accepting states F .

In the CFA, acceptance is defined similar to the DFA, that
is, a sequence σ is accepted by the CFA if there exists a run
ρ which reaches an accepting state. However, a run cannot
remain at an accepting state. In the next time step, the run
is instead reset to the initial state q0 and continues from
there. We say that a sequence σ is accepted multiple times
(or infinitely often) in the case that ρ reaches an accepting
state after multiple resets (or infinitely often).

As investigated in Schillinger et al. (2018c), the CFA Cφr

for φr formally relates to the BA Bφ for φ, as defined in (2),
as follows.

Proposition 1. Equivalent Acceptance. Let σ = σpσs be
a sequence with a finite prefix σp and an infinite suffix σs.
Furthermore, let σp be a safe prefix for φ and σp � φi. Then,
σ is accepted by Bφ if and only if σs is accepted by Cφ
infinitely often.

We refer to (Schillinger et al. 2018c, Prop. 1) for the proof
and concentrate in the following on how to ensure that the
assumptions required by Proposition 1 hold for a sequence
σ. Then, it follows that σ � φ.

In particular, a suitable σp needs to be found. This can
be done by constructing the DFA Dφi

of φi, which exists
due to the finiteness of φi, and forming a product of Dφi

and Bφ, denoted by Dφi ⊗ Bφ. This product is defined as
follows where the subscripts D and B denote components of
the respective automataDφi

and Bφ. The set of states is given
as the product Q⊗ := QD ×QB with initial states Q0,⊗ :=
{q0,D} ×Q0,B and accepting states F⊗ := FD × FB. The
alphabet α⊗ := αB is given by Bφ since αD ⊆ αB. Finally,
the non-deterministic transition relation δ⊗ ⊆ Q⊗ × α⊗ ×
Q⊗ has an element (q, ϕ, q′) ∈ δ⊗ if and only if there exists a
projected transition in both of the automata (qD, ϕ, q

′
D) ∈ δD

and (qB, ϕ, q
′
B) ∈ δB for q := (qD, qB).

Consider that there exists a run ρi in this product such that
ρi reaches an accepting state. It follows from the construction
of the product that the run ρi of a sequence σp satisfies φi and
is a safe prefix for φ. Consequently, according to Proposition
1, we can guarantee satisfaction of φ by first constructing a
sequence σp to reach an accepting state inDφi

⊗ Bφ and then
continue the sequence by following the CFA Cφ for infinitely
many resets.

4 Problem Definition
The main objective of this paper is the design of a decision
policy for a team of agents to complete a mission given as
one single linear temporal logic formula. We assume a LTL
mission specification is given in the fairly general form

φ = φi ∧�φr (2)

where φi is an scLTL formula to capture initial, finite
tasks and φr is an scLTL formula to describe persistant
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specifications such as repetitive tasks or global safety
constraints. Although both φi and φr are finite, the combined
φ is infinite.

Example 1 (Monitoring Mission). For the previously
introduced example of repeatedly monitoring a set of
machines, an LTL mission specification can be stated
as follows. First, a single machine m must be checked
repeatedly, that is

φm = �♦(m ∧ ¬unknown)

where the proposition unknown denotes that the status is
unknown to the robots. To check the status, the robots can
perform an observation action which will lead to a state
where the status is known. However, it is not clear in advance
which status the machine has and consequently, to which
particular state this action will lead. Nevertheless, we require
the robots here to visit a supply location whenever the status
of any machine shows that it requires supplies, i.e.,

φsuppl = �(need_supplies⇒ ♦supply_location).

The overall goal specification for a set of machinesM is then
given by

φ =
∧
m∈M

φm ∧ φsuppl.

In this case, there are no initial tasks φi and the repetitive
tasks φr are satisfied once whenever all machines have been
checked and, in case any machines need supplies, the supply
location has been visited after the respective machines. •

4.1 Agent Model
A robotic agent is modeled as a discrete Markov Decision
Process (MDP)

M = (S,A,R, p)

with discrete state space S, a finite set of actions A, a
reward function R : S ×A→ R, and a transition probability
function p : S ×A× S → [0, 1] where p(t|s, a) denotes the
probability that action a in state s will result in the next state
being t. Furthermore, we assume an initial state distribution
ŝ0 : S → [0, 1].

To connect the agent model with symbolic mission
specifications, we introduce labels for the MDP. Considering
a set of atomic propositionsAP , a labeling function λ : S →
2AP assigns a subset of propositions to each state s and
exactly the propositions in λ(s) are true at s. Consequently,
a sequence of states si ∈ S, i ∈ 1, 2, . . . produces a symbolic
sequence σ = λ(s1)λ(s2) . . . over which logical formulas
can be evaluated.

Given the MDP model of an agent, the agent’s behavior
is controlled by a policy. A stochastic policy π : S ×A→
[0, 1] is a function which associates each state-action-pair
(s, a) with a probability π(a|s) that action a is performed
in state s. In the special case that π(a|s) ∈ {0, 1} for all s, a,
the policy π is called a deterministic policy.

In order to quantify how preferable a given policy π ∈ Π
is, we introduce a performance measure JM : Π→ R which
can be defined accordingly with respect to the MDP M. A

{π1}

{π1}

{π2}

{π1, π2}

{π2, π3}

{π1, π2, π3}

{}

{π2, π3}

{π4}

{π2, π4}

{π1, π4}

{π1, π2, π4}

Figure 1. Example for the composition of a team trajectory
(bottom) from the individual symbolic trajectories of three
agents.

common choice for JM, and considered here as well for
the agent policies, is the infinite horizon discounted return,
expressed by

JM(π) = E
τ∼π

[ ∞∑
t=0

γtR(st, at)

]

for a discount factor γ ∈ (0, 1) and trajectories τ retrieved by
following the policy π.

Of particular relevance for robotic systems are the special
class of MDPs called stochastic shortest path (SSP). A SSP
is obtained by additionally defining a set of goal states
Sg ⊆ S. Upon reaching a state in Sg , the policy terminates.
Typically, an SSP setting considers costs rather than rewards,
that is R(s, a) < 0 for all s, a.

Notation Remark. In order to distinguish logical states
q ∈ Q of the BA Bφ from physical states s ∈ S of the MDP
M, we refer in the following to q as progress. This is
motivated by the fact that the run to a certain q can be seen as
making some progress towards reaching an accepting state,
i.e., towards satisfaction of the respective specification φ.

4.2 Team Policy
The overall problem we consider in this paper is to find
for a given mission specification φ policies for a team of
agents which guarantee that the resulting sequences in a
stochastic environment satisfy φ. Furthermore, we consider
the performance of the team in terms of time required to
repeatedly satisfy the repetitive part φr of the specification.

We define these problems more formally as follows. The
label sequence of one agent r executing a policy is the
symbolic trajectory

(tr, σr) = (t1, λ
r(st1))(t2, λ

r(st2)) . . .

where ti denotes the time where the state of r changes, sti is
the new state at time ti, and λr(sti) denotes the label of sti .
During the time interval [ti, ti+1), the state sti is considered
as the current state of the respective agent r. The stochasticity
in the environment concerns two aspects. First, the successor
state of a current state sti is selected with some probability
from a set of possible successor states. Second, the particular
time ti when the state changes is uncertain and unknown.

The trajectories of individual agents can then be combined
into one common team trajectory (tR, σR) for the team of
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agents R.

(tR, σR) = (t1,
⋃
r∈R

λr(srt1))(t2,
⋃
r∈R

λr(srt2)) . . .

and we call σR alone the observed team sequence. At each
time instance of the team trajectory which does not occur
in the trajectory of an individual agent, the respective agent
remains in its previous state. See Figure 1 for an example.

Problem 1. Correct-by-Construction. Given a team of
agents R and a mission φ, design a policy for the team of
agents such that the observed team sequence σR satisfies
σR � φ.

In order to evaluate the performance of a trajectory
(tR, σR), we denote by Ti a time instance in tR where
σR satisfies the repetitive part φr for the i-th time. More
precisely, the sequence T = Ti, i ∈ 1, 2, . . . denotes the time
instances where a run in the CFA Cφ described by σR visits
the set of accepting states, i.e., the reset times of Cφ.

Problem 2. Performance. Find a team trajectory (tR, σR)
such that the expected duration ∆i = E[Ti+1 − Ti] in
iteration i for satisfaction of the repetitive tasks φr is
minimized.

5 Hierachical LTL-Task MDPs
Designing the desired team policies directly on the full model
is prohibitively complex, in particular for larger teams or
complex missions. Each agent has an own MPD model,
representing the heterogeneity of the agents, and the LTL
mission involves possibly complex temporal dependencies.
Alternative model abstractions, that avoid the construction
of full product MDPs, are therefore required.

Introducing sub-tasks appears a natural idea in the
given multi-agent setting. Properly defined sub-tasks can
be distributed among the agents, such that the team policy
design problem is broken into multiple simpler policy design
problems.

A major challenge is the temporal nature of the mission
specification and the safety constraints. We propose here
an approach to automatically generate sub-tasks that respect
the temporal constraints in the mission specification and to
allocate work among the available agents.

Further, a major advantage of the proposed decomposition
approach is that each sub-task is associated to purely
Boolean constraints or goals. This significantly simplifies the
planning problem.

Finally, based on the identified sub-tasks, a Task MDP is
derived as a proper abstraction of the team model.

5.1 Sub-Task Definition
To represent sub-tasks, we follow the idea of temporally
extended options for MDPs, proposed by Sutton et al. (1999).
In general, an option o defines a policy π : Sπ ×A→ [0, 1]
over a subset of the state space Sπ ⊆ S of the MDP. The
policy π is followed until o terminates in a set of terminating
states ST .

We propose here to automatically generate such options
from the CFA Cφ in order to decompose the given LTL
specification φ. Specifically, we associate each transition

q q′t

Q̄

ϕg

∨
i
ϕi

ϕc

Figure 2. Part of the CFA Cφ which defines a single option
o = (q, q′t, r) for each agent r ∈ R. A run in Bφ is formed by
sequencing multiple options.

Sc

Si

Sg

Figure 3. Relevant sets of states of an MDP for an option.
States in light gray are terminating states ST = S \ Sc and all
states outside the sets Sc, Sg , and Si violate φ.

(q, ·, q′) ∈ δ in Cφ with one option o ∈ O. Generally
speaking, an option is a tuple

o = (q, q′t, r)

given by (1) an initial progress state q ∈ Q in which the
option can be selected, (2) a target progress state q′t ∈ Q
as the goal of this option, (3) an agent r ∈ R for which the
option is defined over the local MDPMr.

The option is associated with three types of Boolean
conditions, which can be mapped back to the MDP states.

First, the self-transition condition ϕc at q defines the
constraints which need to hold true. The set of safe states
Sc is therefore given by

Sc = {s ∈ S : λ(s) � ϕc}.

Staying within the set Sc ensures that the initial progress q
may remain the current one until the transition is executed.

Second, the transition condition ϕg from q defines the set
of goal states Sg in which the option terminates as desired,
i.e.,

Sg = {s ∈ S : λ(s) � ϕg}.

When ϕg becomes true, the transition can be triggered and
the option terminates.

Third, further transitions to another progress than q′t
may exist. The set of those possible further progress
states is denoted Q̄ ⊂ Q. The associated Boolean transition
conditions ϕi, i ∈ {1, . . . , |Q̄|} define the transition sets

Si = {s ∈ S : λ(s) � ϕi}

in which a transition to qit ∈ Q̄ is triggered and consequently,
the option terminates as well. Note that there are generally
multiple sets Si, i ∈ 1, 2, . . . as there can be multiple
successor states q′ ∈ Q̄.

In summary, a policy for the option needs to stay within
the set Sq =

⋃
i Si ∪ Sg ∪ Sc in order to not violate φ

at progress q. The option terminates in the set ST =⋃
i Si ∪ Sg . Figure 2 illustrates the part of a CFA and

the respective transition conditions, relevant for an option.
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q0 q1

q2

m ∧ ¬n ∧ ¬u

m ∧
n s¬m ∨ u

¬s

Figure 4. Simplified CFA of the example mission φcheck.

Figure 3 illustrates the associated MDP state sets of an
option.

Example 2 (Mission Decomposition). Figure 4 shows
a simplified CFA for the previously discussed example
scenario of checking the status of a machine, here given as
the mission

φcheck = �♦(m ∧ ¬unknown)

∧�(need_supplies⇒ ♦supply_location)

to check a single machine m. We use the abbreviations
u for unknown, n for need_supplies, and s for
supply_location. The simplification assumes that the status
cannot be unknown and known at the same time (¬u ∨ ¬n).
Further it is assumed that the machine is not at the supply
location (¬m ∨ ¬s), and that the status is initially unknown.

To illustrate the idea of LTL decomposition by MDP
options, we take a closer look at the option o = (q0, q1, r)
for an agent r. In order to follow o, the agent r needs to
find a policy which reaches a state s ∈ Sg where λ(s) � m ∧
¬n ∧ ¬u, i.e., where it is at the machine and observed that no
supplies are needed. However, it can be the case that supplies
are needed and thus, r reaches a state s′ where λ(s′) �
m ∧ n. In both cases, o terminates and the CFA transitions to
another progress state. In the first case, the target progress q1

is reached, but in the second case, the progress q2 is reached
instead. Then, another option (q2, q1, ·) needs to be followed
in order to reach q1.

Note that the agent can select between two options in the
initial state. One option has the target that the machine needs
supplies and the other option has the target that no supplies
are needed. Intuitively, an agent cannot influence the status of
the machine in the considered scenario. However, in general,
some policies might be suited better than others in order to
achieve a certain target progress. •

5.2 Sub-Task Policy Planning
The policy planning problem associated to an option is now
a constrained stochastic shortest path problem. We therefore
choose the reward function R(s, ·) < 0 for all s /∈ Sg and
R(s, ·) = 0 for all s ∈ Sg and design the policy to maximize
the performance measure

JM(π) = E
τ∼π

[ ∞∑
t=0

γtR(st, at)

]
(3)

with a discount factor γ ∈ (0, 1).
To express the safety constraints, an additional penalty

function D : S ×A→ R is introduced as

D : (s, a) 7→

{
0 if s ∈ Sc
1 otherwise.

One can now measure the performance of the policy with
respect to the penalty function D by

JD(π) = E
τ∼π

[ ∞∑
t=0

γtD(st, at)

]
. (4)

Strictly enforcing the safety constraints, i.e., st ∈ Sc for all
t with probability 1, would require JD(π) = 0. However, it
can be computationally advantageous to tolerate some small
degree of constraint violation by relaxing the penalization
condition to JD(π) ≤ ε for some small ε > 0.

Note that we do not explicitly penalize reaching the sets
Si. An extension to include this would be straight forward.
However, we do not discuss this aspect further in this paper
because it is not required to guarantee satisfaction of the
overall specification φ.

Summarizing, the policy planning problem for one option
is to reach the goal set Sg , in order to transition from q to q′t
in the BA, with minimal cost while staying in the safe set Sc.
This optimal policy planning problem can thus be formulated
as

π∗ = argmax
π

JM(π)

s.t. JD(π) ≤ ε
(5)

where JM and JD are defined as in (3) and (4).
We propose here to solve the constrained policy planning

problem in (5) as a Linear Program (LP). The proposed
approach follows the formalism of Altman (1999) and
efficiently computes for a given ε a stochastic policy such
that the resulting steady state distribution (also called the
occupation measure) violates the safety constraint by not
more than ε. The details of this LP policy planning approach
are presented in in Appendix A.

Remark. In general, also other planning techniques could
be used to find option policies. However, there is particular
motivation for this choice of policy planning. First, the LP
formulation can explicitly consider hard constraints, without
the need to manually choose a (somewhat arbitrary) penalty
factor for constraint violation. And second, in contrast to,
e.g., sampling-based methods, the LP solution provides a
policy for all states within Sc. This simplifies the re-use of
previously planned policies.

5.3 Sub-Task Policy Analysis
Given the MDPM and a policy π of an option, as calculated
above, several properties of the closed-loop system can be
evaluated as shown in the following. We are particularly
interested in predicting the expected duration, the expected
final state distribution as well as the probabilities to transition
to a new progress states.

To compute these quantities, we first construct an
absorbing Markov Chain (MC) for the closed-loop system
over the same state space S as the MDP M and transition
probabilities pMC : S × S → [0, 1] given by

pMC(t|s) =
∑
a∈A

π(a|s)p(t|s, a). (6)

By the definition of an option, there exists a set of
absorbing states Sa = S \ Sc at which the option terminates.

Prepared using sagej.cls



Schillinger et al. 9

States which are not absorbing are called transient. Based on
Sa, the transition matrix TMC with entries pMC(t|s) can be
arranged in its canonical form as

TMC =

[
Q R
0 I

]
(7)

where Q denotes transition probabilities within the set of
transient states and R denotes transition probabilities from a
transient state to an absorbing state, both as given by pMC . I
is the identity matrix to indicate that absorbing states cannot
be left and 0 denotes that the probability to transition from
an absorbing state to a transient state is zero.

The so-called fundamental matrix N of the MC is then
given by

N =

∞∑
k=0

Qk = (I −Q)−1. (8)

Illustratively, an entry Nij gives the expected number of
visits of the transient state sj when starting at the transient
state si.
N can be used to evaluate several properties of the MC

based on a given state distribution ŝ and consequently, of the
closed-loop system behavior when selecting the respective
option in states sampled from ŝ.

The expected duration of an option o is given by the
expected number of steps in the MC before being absorbed
and can be calculated by

do = (N1)T ŝ[t] (9)

where ŝ[t] denotes a vector over transient states s with
ŝ

[t]
s = ŝ(s). By definition, the duration when starting at

an absorbing state is zero since the option terminates
immediately.

The final state distribution after the option o terminated,
i.e., the distribution over absorbing states, is given by

ŝo = (NR)T ŝ[t] + ŝ[a] (10)

where ŝ[a], similar as ŝ[t] above, denotes a vector over
absorbing states s with ŝ[a]

s = ŝ(s) and the transition matrix
R is given by (7).

Finally, the progress transition probability, that is the
probability that an option o leads to some progress state q′i
can be calculated as follows. Let ϕi denote the transition
condition in order to transition to q′i and Si the set of states
where ϕi holds as defined in Section 5.1. Note that Si ⊆
Sa due to the determinism of the CFA C. The probability
p(q′i|q, o) is then given by

p(q′i|q, o) =
∑
s∈Si

ŝo(s) (11)

with ŝo(s) from Eq. (10). Note that π is planned to reach the
goal set Sg and thus, transition to the target progress q′t of
o. However, there exists in general a non-zero probability of
transitioning to a different progress q′i.

Note that an option policy might need to be evaluated
for different initial state distribution ŝ. Thus, the properties
stated above need to be evaluated for a new ŝ again.
However, such a re-evaluation is computationally cheap, as
the expensive calculation of N has to be done only once in
the initial planning phase as it only depends on M and the
policy π.

each robot

Decompose
into sub-

tasks
(options)

communicate

Sequential
auctions for

task allocation

each robot

Execute
next

allocated
option

Approximate cost-to-go

Figure 5. Illustration of the multi-agent coordination approach
followed by the described system.

5.4 Hierarchical Task MDP
After introducing one option for each CFA transition as
presented in Section 5.1 and evaluating the policy properties
as described in Section 5.3, we implicitly construct a Task
MDP.

The Task MDP has a similar structure as the CFA. In
particular, the Task MDP has the same state space Q as the
CFA and N actions for each transition in the CFA, given by
the respective options andN available agents to execute each
of them. However, the transition matrix of the Task MDP is
stochastic due to the unknown progress state outcome of an
option.

Definition 2. Task MDP. The Task MDP T corresponding
to the CFA C of a specification φ for a team of N agents is
the tuple

T = (Q,O, T,R)

given by (1) a state space Q identical to the states
of C, (2) a set of options O ⊆ Q×Q×N where
(q, q′, r) ∈ O,∀r if and only if ∃ϕ ∈ αC : (q, ϕ, q′) ∈ δC ,
(3) a stochastic transition function T : Q×O ×Q→ [0, 1]
where T (q, o, q′) := p(q′|q, o) denotes the probability of
transitioning from q to q′ by following option o, (4) negative
rewards R : Q×O → R<0 corresponding to the expected
duration of the respective option o given by do.

Although T appears to be a standard MDP with given
transition probabilities and action rewards, it is not practical
to apply standard MDP methods to plan a team policy in T .
First, in order to coordinate an increasing number of agents,
a decentralized allocation procedure is desirable, i.e., one
procedure that each agent can follow in order to agree on
a common task-level strategy. Second, although transition
probabilities and rewards are given, they are expensive to
evaluate. Consequently, we aim to reduce the number of
required evaluations.

6 Multi-Agent Coordination

In order to coordinate the team of agents, we propose an
auction-based allocation algorithm. The proposed approach
extends our previous work in Schillinger et al. (2018a,c). In
particular, the auctions are based here on the hierarchical
LTL-task MDP, relaxing the previously used determinism
assumption that each option terminates in the expected target
progress with probability 1. A schematic overview of the
approach is given in Figure 5.
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6.1 Receding-Horizon Task Auctions
We propose that the multi-agent team synchronously follows
a sequential auctioning procedure to allocate the options
previously defined.

On a high level, the idea of the sequential auction
algorithm is as follows. In every auction round, each agent
r ∈ R holds a predicted progress distribution q̂ : Q→ [0, 1]
for the team progress and a predicted state distribution
ŝr : Sr → [0, 1] for its own physical (or MDP) state. In the
first round, q̂ and ŝr are initialized by the (measured) current
states.

The following five steps are then repeatedly executed
synchronously by all agents.

Step 1: Option Evaluation. The set of admissible options
Orq̂ for an agent r is given by all options starting in a progress
state with non-zero probability in the predicted progress
distribution q̂, that is

Orq̂ = {(q, q′, ρ) ∈ O : q̂(q) > 0, r = ρ}. (12)

Each admissible option o ∈ Orq̂ is evaluated by planning an
option policy and calculating its expected duration do, see
Eq. (9), and the transition probabilities to other progress
states p(q′|q, o), see Eq. (11).

Step 2: Bid Selection. Each agent r selects one option
for which it submits a bid to the other agents. To select the
bid, the agent evaluates a function bro : Orq̂ → R defining the
value of a bid. The design of the function bro is critical for the
correctness and the efficiency of the approach. Illustratively
speaking, the function should reflect the expected mission
completion time resulting from agent r following the
option o. However, calculating a suitable bid value is non-
trivial in the considered multi-agent Task MDP setting. We
specifically discuss an appropriate choice of bro later on in
Section 6.3.

Without loss of generality, we assume that the option with
minimal value is considered as bid, i.e.,

o = argmin
o∈Or

q̂

bro (13)

Step 3: Winner Selection. Once the bids of all agents r
are available, the winning agent r∗ of the current auction
round and its respective option o∗ are determined as

r∗, o∗ = argmin bro. (14)

If all bids are shared between all agents, this computation can
be performed decentralized by each agent.

Step 4: Progress Update. After selection of the winning
option o∗, the team progress distribution q̂ is updated for
the next auction round k + 1. For q denoting the progress
at which o∗ becomes active and q′ denoting progress states
possibly resulting from execution of o∗, the update is based
on the transition probabilities of T and computes as

q̂k+1(q′) = q̂k(q′) + p(q′|q, o)q̂k(q) (15)

for all q′. After this update, we set q̂k+1(q) = 0 since
following option o∗ ensures that the team will not end at q.

Step 5: State Update. The winning agent r∗ updates its
predicted state distribution ŝr

∗
for the next auction round by

Algorithm 1 Probabilistic Single-Option Auctions (PSO)
Input: Current team progress qc and physical agent state sρc
Output: Next option oρnext for the executing agent ρ
Notation Remarks:
ρ ∈ R – the agent which executes this algorithm
Run – set of agents which have not been assigned an option

I Initialize distributions for predicted states
1: q̂(qc)← 1; q̂(q)← 0, ∀q 6= qc
2: ŝρ(sc)← 1; ŝρ(s)← 0, ∀s 6= sρc
3: Run ← R

I Repeat until each agent is assigned an option
4: while Run 6= ∅ do
5: for all o ∈ Oρq̂ do . Eq. (12)
6: Plan option policy πo . Eq. (5)
7: Estimate option duration do . Eq. (9)
8: Estimate probabilities p(q′|q, o) . Eq. (11)
9: Calculate option bid bo . Sec. 6.3

10: Select bid bρo to share . Eq. (13)
11: Exchange bids between all agents
12: Select winning bid o∗ and agent r∗ . Eq. (14)
13: Update predicted progress q̂ . Eq. (15)
14: if r∗ = ρ then
15: if oρnext not set then oρnext ← o∗

16: Update predicted state ŝρ . Eq. (10)
17: Run ← Run \ {r∗}
18: return oρnext

obtaining the final state distribution of option o∗ as given in
Eq. (10).

These steps are repeated in auction rounds until each of
the agents has won at least one round and is thus assigned
at least one option ornext to be executed next. We summarize
the above described procedure in Algorithm 1 and refer to it
as Probabilistic Single-Option Auctions (PSO).

Note that, while the size of Orq̂ (line 5) grows during
subsequent auction rounds, only one new option is selected
in each round (line 11). Consequently, only the newly
reachable progress states of the last assigned option need
to be evaluated while the policies πo for all previously
considered options can be re-used. This requires constant
computational effort with respect to the size of Orq̂ .

We conclude the description of the PSO auction algorithm
by two examples, highlighting important aspects of the
proposed method. First, one agent can be assigned multiple
tasks because all agents participate in all auction rounds. This
can often be beneficial, as we illustrate in Example 3 below.
Irrespectively of assigning multiple options to an agent, it can
be shown that no agent wins infinitely many auction rounds
and consequently, Algorithm 1 always terminates under mild
assumptions as will be shown in Lemma 1. However, as
this termination guarantee depends on how the bids are
calculated, we defer the discussion to Section 6.3.

Example 3 (Multiple Options Assignment). Assume that
three locations, denoted by l1, l2, and l3, need to be visited
in this order and that the distance as depicted in Figure 6 is
proportional to the associated cost. In the first auction round,
r1 is assigned to visit l1 since it is closest. For the second
auction round, r1 is predicted to be at l1 while r2 is still at

Prepared using sagej.cls



Schillinger et al. 11

l1

l2
l3r1

r2

Figure 6. Example for a two-agent scenario where the
locations l1, l2, and l3 have to be visited in this order. The fact
that one agent can win multiple auction rounds leads to a much
more efficient assignment here.

its initial location. Consequently, the cost for r1 is the sum of
its already assigned cost of going to l1 and the cost of going
from l1 to l2 while the cost for r2 is only the cost of directly
going to l2. However, the cost for r1 is still lower and thus,
r1 is assigned to visit l2. Finally, r2 is assigned to visit l3. •

The second important aspect is that an option can
terminate in another progress state as planned. Consequently,
agents must consider in their bids that the respective option
might not be required with some probability.

Example 4 (Auction Assignment). Figure 7 illustrates a
possible assignment after performing a sequence of auction
rounds by four agents. The current progress, shown left, is
q0 and agent r1 is assigned the first option, leading to q1.
However, for the next option, multiple progress states can
be the result. For example, q2 might be the target progress
and have the highest probabilits, but there is also some
probability that the option will lead to q3 or q8. Consequently,
options starting at those progress states are also considered
for assignment.

In the subsequent auction rounds, r1 wins a second option,
leading from q2 to q4, and r4 a subsequent option to q7.
Nevertheless, these two options might not be required for
future execution and another option is assigned to r3 which
becomes relevant in the case that the option by r2 leads to
q3. Since all four agents are assigned an option, the auction
terminates. •

6.2 Safe Concurrent Execution Scheme and
Task Preparation

Essential for the correctness and safety of the multi-agent
coordination is the concurrent scheme, in which options are
executed after the auctioning phase has ended. In particular,
it is essential that the LTL mission specification is fully
ensured during the execution, despite the stochastic nature
of the problem.

To ensure this, we propose the following concept. Only
the single agent which won the first auction round is allowed
to terminate its option and update the team progress q to the
next progress state q′. Until this happens, all other agents can

q0 q1

q2

q3

q4

q5

q6

q7

q8

r1
r2

(r1)

r3

r4

Figure 7. Example for an assignment after the auction rounds
given that the progress resulting from option execution is
non-deterministic.

only prepare their respective options. Note that, due to the
structure of the auctioning process, these agents will follow
options expected to become relevant after reaching q′,

More specifically, preparing an option is understood as
follows. Given the self-loop condition ϕc of the first option
o from q to q′ as introduced in Section 5.1, the policy π
of each other agent which is not assigned the first option is
updated in order to additionally respect the condition ϕc, in
the following denoted by π̃. The motivation behind this is to
make sure that, no matter what the other robots are doing by
following their policy, ϕc remains fulfilled and q can remain
the current progress for the duration of the first option o.

This update of a policy is done by not selecting actions
which could violate ϕc in the following, given by

π̃(a|s) =

{
0 if

∑
s′∈Sc

p(s′|s, a) < 1

π(a|s) otherwise
(16)

where Sc is the set of states in which ϕc holds and the values
of π̃(a|s) are normalized again afterwards. In the case that∑
a π̃(a|s) = 0 for a state s, i.e., no action can be selected at

s, the agent waits in its current state.
Since the policy of the first agent is already guaranteed to

fulfill ϕc, as this has been considered as constraint during
the planning process, this agent does not need to modify its
policy and will terminate eventually.

When the option of the first agent terminates and a
new progress state q′ is reached, the agents again follow
Algorithm 1 to update the option allocation.

Given the uncertainty of the environment, this repeated
and event-triggered re-allocation allows the agents to
incorporate new observations.

Example 5 (Auction Assignment, continued). After the
sequential auctions terminate with the assignment shown in
Figure 7, each agent follows its respective options. That is,
agent r1, as the winner of the first auction round, will follow
the option from q0 to q1 until termination. At the same time,
the options (q1, q2, r2), (q3, q6, r3), (q4, q7, r4) are being
prepared with policies updated according to Eq. (16) for the
safe set Sc given by q0. •

6.3 Bid Calculation
To complete the presentation of the auctioning algorithm it
remains to define the function bro representing the value of a
bid.

For the algorithm to be efficient, it is desirable that the
value of a bid bro reflects the expected remaining mission time
when agent r would follow option o. As the computation
of this mission time is extremely complex, we introduce a
cost-to-go value V : Q→ R≥0 to reflect the time needed to
finish the mission from some progress state q ∈ Q. While we
assume V to be known here, we will present in Section 7 how
its values can be approximated during execution.

As a simplified special case, bro can be calculated in the
first auction round by

bro = do(ŝ) +
∑
q′

p(q′|q, o)V(q′) (17)

where q is the initial progress in round 1 and q′ denotes
progress states possibly resulting from execution of o.
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Figure 8. Examples for the ASMPs constructed during a
sequence of auction rounds with dashed progress states
denoting absorbing states of the ASMP. In each auction round,
a new assignment is made, meaning that one of the previously
absorbing states joins the set Q̃ for which the assignment policy
µ is known explicitly.

However, the calculation for subsequent auction rounds is
more general for the following reasons. First, q is not known,
but instead, the distribution q̂ can be non-zero for multiple
progress states. This also implies that a selected option might
not be required in case that its initial q is not encountered
during execution. Second, only the option selected at the
initial q can be completed. Subsequently assigned options
can only be prepared as given by Eq. (16). Nevertheless,
preparation can be done in parallel to the execution of
previously assigned options.

For the remainder of this discussion, consider an absorbing
Semi-Markov Process (SMP) over options constructed from
T and a partially known policy µ : Q̃→ O with Q̃ ⊂ Q
reflecting the assignment of previous auction rounds as will
be defined formally below. In this context, the idea is that
a bid bro reflects the expected time of the SMP until being
absorbed in an accepting state FC of the CFA C.

Due to the fact that the policy µ is only partially known,
we cannot directly construct the SMP. Instead, we assume in
each auction round an auxilliary SMP (ASMP) as substitute
for the original SMP, defined as follows. All progress states
q ∈ Q̃ are considered as transient states and the transition
probabilities pSMP : Q̃×Q→ [0, 1] are given by

pSMP (q′|q) = TT (q′|q, µ(q))

where TT denotes the stochastic transition function of T . All
progress states q /∈ Q̃, for which no option has been assigned
so far, are considered as absorbing and we add a duration of
V(q) for each of those q. Figure 8 illustrates the respectively
constructed ASMPs for three subsequent auctions rounds.

Based on the ASMP, bids for auction rounds after the first
one can be calculated as follows. Cumulative probabilities
p̄ : Q→ [0, 1] denote the probability that a progress state q
is encountered in the ASMP at least once. Furthermore, let
D : Q→ R≥0 denote the expected time to reach a state from
the initial state of the ASMP conditioned on p̄, called the

hitting time, and let dr ∈ R≥0 denote the execution time of
all options already assigned to an agent r.

In general, a bid bro is then given by

bro = q̂(q)
[

max{D(q), dr}+ do(ŝ
r) + Eq′V(q′)

]
+
∑
q̃ 6=q

q̂(q̃)
(
D(q̃) + V(q̃)

) (18)

Within the square brackets, the expected mission time
when choosing option o is calculated based on the
evaluated duration do and the transition probabilities
p(q′|q, o) in Eq′V(q′) =

∑
q′ p(q

′|q, o)V(q′). This includes
the maximum of the duration D(q) to reach the initial
progress state q of o and the duration dr where the respective
agent r already follows other options. This expected mission
time is then weighted by the probability that the ASMP will
be absorbed in q, i.e., that the probability that o needs to be
actually taken in the future. In the second line, we consider
the weighted mission time when state q is not encountered
and o would not be taken.

In order to avoid an increasing computational complexity
over subsequent auction rounds, the goal is to establish an
incremental calculation of the respective bids. Since the
agents share the team progress estimate q̂, each agent can
perform the following updates locally based on the agreed
option assignments, i.e., the determined µ, and use the result
to calculate their bids.

Considering that we add option o at state q, the following
incremental updates are performed for all possibly resulting
progress states q′. First, the cumulative probabilities
p̄(k+1)(q′) for iteration k + 1 are updated from iteration k
by

p̄(k+1)(q′) = p̄(k)(q′) + p̄(k)(q)p(q′|q, o)

to accumulate the probability of entering state q′. For the first
iteration, we initialize p̄(1)(q) = 1 for the initial progress q
and p̄(1)(q′) = 0 for all other progress states q′.

Next, the hitting time D(k+1)(q′) is updated based on the
new cumulative probabilities p̄(k+1)(q′), given by

D(k+1)(q′) =
p̄(k)(q′)

p̄(k+1)(q′)
D(k)(q′)

+
p̄(k+1)(q′)− p̄(k)(q′)

p̄(k+1)(q′)

(
D(k)(q) + do

)
.

The first line weights the hitting time of q′ in iteration k
by the probability of not visiting q′ in iteration k + 1 while
the second line adds the hitting time via q, weighted by the
probability of visiting q′ in iteration k + 1.

It remains to consider the preparation of options. While
this is not explicitly addressed in Eq. (18), we consider
the preparation by updating the physical state distribution
ŝ for which the option duration do(ŝ) is calculated. More
specifically, ŝ is updated to reflect the physical state
distribution after following the policy π̃ obtained from
Eq. (16) as described in Section 6.2, for the available
preparation time and thus, do(ŝ) denotes the remaining time
o needs to be followed after having it prepared for the given
amount of time.

The preparation time is determined as follows. We assume
that each agent can prepare its first assigned option for some
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time, as described in Section 6.2. The preparation time is then
given by d̃ = do1(ŝr), which denotes the expected execution
time of the first assigned option o1, i.e., the option which is
executed completely instead of being prepared. If an agent
already has its first option assigned, it does not consider any
further preparation for subsequent bids.

Finally, we can show that the PSO auctions in Algorithm
1 always terminate for the bids determined by Eq. (18) under
mild assumptions.

Lemma 1. PSO Termination. Algorithm 1 terminates for
a team of agents R under the technical assumptions that (1)
the minimal time required for satisfying a mission is strictly
positive, (2) the cost-to-go value V(q) is finite for all q ∈ Q,
and (3) for every agent r ∈ R, a feasible option is reachable
with non-zero probability.

Proof. Algorithm 1 terminates in the case that each agent
ρ ∈ R is assigned at least one option (c.f. lines 4 and 17).
Consequently, there needs to exist an auction round kρ for
each agent ρ in which ρ calculates the lowest bid as given in
Eq. (18).

Due to Assumption (1), the duration dr of each r increases
strictly monotonically for each auction round which r wins.
Thus, for finite V(q′) and non-zero q̂(q) in Eq. (18), as given
by the further assumptions, there exists an auction round kρ

in which the durations dr of all r 6= ρ are sufficiently large
such that ρ calculates the lowest bid. �

7 Cost-to-Go Approximation
In the proposed definition of the bid value, the value function
V : Q→ R≥0 denotes the cost of reaching an accepting
state given one particular progress state in the CFA. While
knowledge of V is useful for coordination between the
agents, it is computationally intractable to calculate exactly.
In this section, we present the process of approximating V
by following a reinforcement learning approach and discuss
its properties in detail. The idea behind approximating V
follows the one in Schillinger et al. (2018c), however, we
discuss it in more detail and consider extensions regarding
exploration and the underlying physical state of the system.

7.1 Temporal Difference Learning
As discussed in Section 6.2, each agent r ∈ R follows
one option or in parallel after the auctions terminated and
the agent ρ ∈ R which won the first auction round will
eventually terminate its option o. We denote by dk the
observed duration until termination of o where the index
k ∈ 1, 2, . . . denotes the k-th option termination. The options
or followed by all other agents r 6= ρ will only become
relevant after o terminates and can be seen as determining
a probability distribution ŝr from which the initial state of
r for subsequent options is sampled. However, these future
options or do not affect the observed duration dk of the
currently first option o by agent ρ.

Consequently, the problem of determing the value function
V can be approximated, on the level of abstraction of the
Task MDP T , as a classical reinforcement learning problem
as follows. For each iteration k, the teamR is at one progress
state qk ∈ Q of T and selects one next option o according

Algorithm 2 Value Function Updates
Input: CFA C, physical state sr

Notation Remarks:
obs – ordered sequence of observed option durations

1: q1 ← q0; t1 ← getCurrentT ime(); obs← ∅
2: for k ∈ 1, 2, . . . do
3: o← PSO(qk, s

r) . Alg. 1
4: π̃ ← addWait(π) . Eq. (16)
I Execute policy until option termination
5: while not interrupted do
6: sr ∼ p() . Follow policy ...
7: if sr /∈ Sc then . until termination
8: sendInterrupt()

9: qk+1 ← q′ . Team progress update
I All robots update their cost-to-go estimate

10: tk+1 ← getCurrentT ime()
11: obs← obs ∪ (qk, qk+1, tk+1 − tk)
12: for (qi, q

′
i, di) ∈ obs, ∀i ∈ |obs|, ..., 1 do

13: δi ← di + Vk(q′i)−Vk(qi) . Eq. (20)
14: Vk+1(qi)← Vk(qi) + αkδi . Eq. (19)
15: if qk+1 ∈ F then obs← ∅ . Reset if accepting

to Algorithm 1, leading to an observed duration dk and a
subsequent progress state qk+1 ∈ Q.

In order to approximate V online from these observations,
we then follow a temporal difference (TD) learning
approach. We update the value of progress q by the TD
update

Vk+1(qk) = Vk(qk) + αkδk (19)

with a nonnegative step-size parameter αk and the TD error
δk given by

δk = dk + Vk(qk+1)−Vk(qk). (20)

As will be discussed in more detail in Section 7.2, we
initialize V0(q) = 0 for all q. Note that the subsequent
progress qk+1 might not necessarily be the same as the target
progress qo of the selected option o since we do not assume
here that a policy exists which leads to qo with probability 1.

To accelerate the learning process, in particular, to suf-
ficiently propagate rare observations, the agents remember
previous observations of the current mission iteration in an
order list denoted by obs and perform the update for all pre-
viously taken options as well. Specifically, after updating the
value from an option execution, the respective one followed
before is updated repeatedly back to the initial progress state
given by

δi = di + Vk(q′i)−Vk(qi)

Vk+1(qi) = Vk(qi) + αkδi

for iteration k and (qi, q
′
i, di) ∈ obs, ∀i ∈ |obs|, . . . , 1

traversing the ordered list obs in reversed order. Note that this
procedure is closely related to n-step TD learning (Sutton
and Barto 1998, Ch. 7) with the exception that we select n
depending on how many options have been taken since the
last initial progress state.

Algorithm 2 summarizes the resulting execution proce-
dure. In particular, the discussed temporal difference updates
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are performed every time an option terminates and are then
followed by the next iteration of allocating options to agents
and executing them as described in Section 6.

We do not assume that the agents explicitily synchronize
their approximation of V. When starting from the
same initialization, the agents implicitly synchronize by
making the same updates. However, considering a different
initialization, it is possible that the agents have different
approximations.

7.2 Exploration & Physical States
An important aspect to consider in the context of learning
a cost-to-go value is the so-called exploration-exploitation
trade-off: On the one hand, we expect the agents to follow
efficient strategies and show a good performance. But on the
other hand, we also expect the agents to try out different
strategies in order to improve their performance further.
To address this trade-off, there exist various exploration
strategies in the literature and we briefly discuss the approach
we follow here.

A commonly used exploration strategy is the ε-greedy
policy, see e.g. (Sutton and Barto 1998, Ch. 2.2). Instead of
always choosing the action which supposedly performs best
given the current value estimate, exploration is ensured by
choosing sub-optimal actions with some small probability
ε. However, this strategy does not work as expected in
conjunction with the considered multi-agent coordination.
This is due to the significant performance influence of
the preparation of options (c.f. Section 6.2). Consequently,
randomly selecting an option for exploration, which has not
been prepared before, leads to a significant performance
impact and does therefore not provide a realistic observation.

Instead, we follow an optimistic exploration strategy by
underestimating the value function, see e.g. (Sutton and
Barto 1998, Ch. 2.6). In particular, we initialize with zero
values by setting V0(q) = 0 for all q. This strategy motivates
an early exploration by initially underestimating the cost-
to-go and avoids the issue described above of randomly
changing an option assignment since updated values only
become relevant again in the next iteration. While optimistic
exploration often has a comparably slow convergence, it
shows a stable performance in practice for the scenarios we
evaluated so far.

Another aspect to consider for cost-to-go learning over
progress states is the influence of the underlying physical
state. This is reflected in the following discussion by an
unknown value function Ṽ : Q× SR → R≥0 including the
physical states SR in the product state space of all agents R.
When defining V only over progress states Q, the temporal
difference update (19) marginalizes over the physical state
distribution obtained while following the team policy µ. This
relationship is given by

V(q) = E
s̄q∼µ

[
Ṽ(q, s̄q)

]
=
∑
s̄q∈SR

p(s̄q|µ)Ṽ(q, s̄q)
(21)

where s̄q ∈ SR denotes the physical team state of the agents
R when reaching progress q. Note here that we identify by
the notation s̄ an underlying product state in SR while the

notation s without bar is the state of a single agent in S.
Futhermore, p(s̄q|µ) above denotes the distribution of these
states given a policy over options µ.

Considering the preparation of future options, the state
distribution p(s̄q|µ) can be expressed more precisely. In
particular, consider that every agent r is preparing one
of the options following after q and let TMC denote the
transition matrix of the absorbing Markov chain modeling
this preparation, i.e., combining the agent’s MDP M and
the followed agent policy π as discussed in Sec. 5.3. Note
in particular that TMC forms a contraction towards the
respective set of absorbing states.

The r-th component of the team state s̄q , denoted by
srq ∈ S, is then given by the state distribution of following
TMC for some duration d starting at an initial state srk, which
we denote by T dMCs

r
k. More specifically, the duration d for

which r follows TMC is given by the duration do of the
next option o. We get the following result for the expected
physical state distribution when option o terminates given
the physical state s̄k of the previous option termination with
agent components srk.

p(s̄q|µ) = p(sρq |ŝo)
∏
r 6=ρ

p(srq|T
do
MCs

r
k) (22)

with the final state distribution ŝo of option o, see (10),
followed by agent ρ.

7.3 Satisfaction & Performance

We conclude this section by providing results in terms of
the initial problem formulation stated in Section 4. First,
consider the satisfaction of a mission specification.

Theorem 1. Algorithm 2 solves Problem 1 under the
assumption that dk > 0 and dk is finite for all k.

Proof. We traverse infinitely many progress states q while
updating V (c.f. Alg. 2, line 2). Consequently, for a finite set
of progress states Q, either (i) an accepting state is visited
infinitely often and thus, Problem 1 is solved, or (ii) after
a finite number of iterations, a set Q̃ ⊆ Q \ F of only non-
accepting states is never left. However, in case (ii), V(q) of
each state q ∈ Q̃ would grow to infinity due to the updates
(19) for positive dk. Thus, there has to exist a k for which a
transition out of Q̃ is chosen by the PSO auction in Alg. 1,
making case (ii) a contradiction. �

Illustratively, fixing V(q) = 0 for all q ∈ F is required
for a finite V and ensures that F is repeatedly visited for
arbitrarily large finite durations dk. Note that the assumption
regarding dk is naturally given in a physical system where dk
denotes observed durations of sub-tasks.

To evaluate the performance Ji(µ) of a team policy µ in
mission iteration i, we consider the expected time between
two consecutive visits of an accepting state, denoted by ∆i

for iteration i as introduced in Problem 2. Furthermore, let
τi denote the team trajectory (tR, σR) from mission iteration
i onwards, that is, the trajectory for all t ∈ tR where t > Ti
and Ti denoting the time when iteration i begins. We can then
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state the performance measure Ji as

Ji(µ) =
1

M− i

M∑
m=i

E
τm∼µ

[
Km∑
k=0

dk

]

=
1

M− i

M∑
m=i

∆m

(23)

where M →∞ denotes the number of mission iterations
and Km denotes the number of options for each iteration m
following the current iteration i. In particular, (23) denotes
the expected future duration observations of option execution
when following the team policy µ, which is closely related
to the finite horizon total return that is commonly used to
evaluate the performance of an episodic policy.

Moreover, there is a close connection between the
value function V and the performance measure Ji. In
the following, let Ji,q(µ) denote more specifically the
performance measure in iteration i at progress state q. The
performance measure Ji,q(µ) combines the cost-to-go of
the current mission iteration with the performance of all
subsequent iterations as

Ji,q(µ) = E
τi∼µ

[
Ki∑
k=0

dk

]
︸ ︷︷ ︸+

1

M−(i+1)

M∑
m=i+1

E
τm∼µ

[
Km∑
k=0

dk

]
︸ ︷︷ ︸

= V(q) + Ji+1(µ)

where the sequence of dk with k = 0, . . . ,Ki in the first
sum denotes the observed durations when continuing from
progress q to the end of the current mission iteration i, i.e.,
the expected cost-to-go at progress q. The second part of the
formula then captures the continuation of the performance
measure over subsequent mission iterations.

Despite V, Ji, and Ji,q being defined on the virtual
Task MDP T constructed from the CFA C, note the close
connection to standard dynamic programming (Sutton and
Barto 1998, Ch. 4) as in regular MDPs. In particular, Ji as
defined previously only over complete iterations i can be
written as the special case of Ji,q

Ji(µ) = Ji,q0(µ) = V(q0) + Ji+1(µ)

for the initial progress q0. In other words, the value function
estimates the performance measure until the next accepting
state. Consequently, showing that V approximates a low
value indicates that also Ji is low, meaning an improved
performance.

First, note that the observation-based estimate E [dk]
depends on the physical state s, which is not captured
by the approximated V. However, since we estimate the
duration do = E [dk] (up to some model error) of an option
o based on the planned policy over physical states, starting
from the particular state s, the calculated bids account for
this dependency. In the following, we discuss how the bid
calculation and thus, the auction-based option assignment,
enables to improve the performance of the system based on
the approximation of V.

When selecting the bid in the first auction round to choose
the next executed option, the agents select the bid which
minimizes the expected remaining mission time based on

the current approximation of V. The TD update in (19), on
the other hand, acts as a stochastic gradient to adjust V over
multiple iterations.

Lemma 2. Approximating the cost-to-go values V and
selecting the next option o based on the bid (17) reduces the
expected mission iteration time ∆i.

Proof. The bid (17) selects the option

o = argmin
o∈O(q)

do +
∑
q′

p(q′|q, o)V(q′)

which minimizes the expected remaining mission time, given
the estimate do = E [dk] and the cost-to-go values V(q′).
Consequently, the resulting TD error δk in (19) is minimal
in expectation for all o ∈ O(q) as given by

E [δk] = E [dk] + Eq′V(q′)−V(qk)

=

E [dk] +
∑
q′

p(q′|q, o)V(q′)

−V(q).

This means that the stochastic gradient δk reduces V as
given by the option choice o and thus, improves the mission
time ∆i in subsequent iterations i. In contrast, if no learned
cost-to-go values would be considered, a bid would select
the option o = argmin do to solely minimize the estimated
duration of o. It would then not be guaranteed that δk
minimizes V. �

Note that the local updates by the TD learning algorithm
generally do not find the global optimum. However, they
still lead to a local minimum for the observed physical
distribution of the robots by always selecting the option
which decreases the value function most until convergence
to some option selection policy µ.

Still, there exists another degree of freedom to further
improve the performance: the quality of next option choices,
meaning how low the duration estimates do of the respective
options o are when selecting the next option. Indeed,
when looking at the subsequent auction rounds, the options
selected for preparation aim to reduce future duration
estimates and thus, further improve the performance. These
auction rounds determine a relevant set of options, i.e., future
duration estimates E [dk], to improve in parallel to following
the next option. For the subsequent auction rounds, the bid

bro = q̂(q)
[

max{D(q), dr}+ do(ŝ
r) + Eq′V(q′)

]
+
∑
q̃ 6=q

q̂(q̃)
(
D(q̃) + V(q̃)

)
in (18) selects to improve the distribution, including the
respective agent, which is most relevant in terms of the
probability that the respective progress q is reached and
the amount by which it can be prepared. More specifically,
the part max{D(q), dr}+ do(ŝ

r) calculates the duration of
completing a future option o when agent r prepares it for
the given amount of time. Consequently, each bid reflects
the estimated time of finishing the mission when agent r
prepares option o and the options selected for preparation
further reduce this estimated time.
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Figure 9. The considered MDP grid map. Annotated are the
symbolic labels over which the mission specifications are
defined. Labels in gray refer to the extended version of the
scenario, see Sec. 8.2.

8 Evaluation
In the following, we evaluate the presented approach in a set
of experimental studies. Each of the individual case studies
focuses on some of the aspects for a detailed discussion,
while the same implementation of our approach is used in
all of them. For additional illustration of the case studies, we
provide video recordings in Appendix B.

We implemented the proposed methods as a multi-robot
coordination framework in ROS, based on Spot Duret-
Lutz et al. (2016) for LTL translation, cvxopt Andersen
et al. (2011) as LP solver for policy planning, and FlexBE
Schillinger et al. (2016b) for action implementation and
execution. As input to the system, each agent is defined by
a description of its respective MDP and a mapping to the
executable implementation of the symbolic actions. Then, a
mission specification is given to the team as LTL formula.

Each robot runs one instance of the software framework
with its respective model. In order to communicate during
the auction algorithm, the robots exchange bids on a shared,
global ROS topic. There is no central instance to coordinate
the robots. Instead, each robot dynamically participates in the
decentralized auctions by exchanging its respective bids.

As a basis for the case studies, we model a robotic
transportation system consisting of multiple mobile agents.
Each MDP consists of the following components.

Map: We consider a two dimensional grid world as
illustrated in Fig. 9 and four navigation actions, one to each
neighbor of a grid cell in horizontal or vertical direction.
When there is a wall, navigation has no effect.

Status: A robot can have one of the status values normal
or carry. When in normal state, an object can be picked up at
designated locations. These pick-up locations are labeled by
p in Fig. 9. When in carry state, the object can be delivered
to one of the designated locations. The delivery locations
are labeled by di in Fig. 9 and we label the delivery actions
correspondingly by deli.

Machines: There are some machines located on the map
as denoted by mi in Fig. 9. Each of these machines can have
a status value of unknown, default, or need_supplies.
The value unknown means that the robots do not know
the status. When at a machine, the robots can perform an
action to check the status and observe one of the other two

Learning the cost-to-go:

No learning:

Figure 10. Location recordings of the agents when doing the
auctions. Shown left are the first 15 iterations, right are
iterations 85 to 100. Locations with higher saturation have been
visited more often.

values, each with some probability. A mission specification
can request different reactions based on the stochastic
observation.

8.1 Case Study: Conditional Transportation
In the first case study, we illustrate the motivating example
introduced in Sec. 1 of checking the status of machines
and carrying out a delivery task conditioned on the
resulting observation. We choose a relatively simple mission
specification and provide three robots for execution. This
allows us to take a closer look at the different concepts
discussed throughout the paper.

The following mission specification is used in this
scenario.

φ1 = �♦
(
m1 ∧ ¬unknown ∧ (need_supplies⇒ ♦del2)

)
∧�♦

(
m2 ∧ ¬unknown ∧ (need_supplies⇒

♦(del3 ∧ ♦(del5 ∧ ♦(del7 ∧ ♦del8) ∨ del1)) )
)

∧�(need_supplies⇒ ♦supplies)

In the first line, we specify that a machine m1 needs to be
checked and, in case supplies are needed, a delivery del2 to
location d2 is required. Then, similarly, machine m2 needs
to be checked and as well, a delivery task might be required.
Here, however, we provide two alternatives and both require
first a delivery to location d3. In the first alternative, we
require then del5, del7, and del8 in this order. In the second
alternative, only del1 is required. Finally, in the last line, we
specify that whenever supplies are needed, regardless of the
machine, a specific supply location should be visited.

There are several important aspects to note in this scenario.
First, the two alternatives to serve the demand of machine
m2 require a significantly different time to fulfill them.
While a greedy allocation of options would select the longer
alternative, we observe that the cost-to-go approximation
compensates for this and effectively considers the long-
term cost for the sequential auctions. Fig. 10 illustrates
this by showing the locations of the agents when doing an
auction. In early mission iterations, the agents still follow the
more expensive alternative in many cases. In late iterations,

Prepared using sagej.cls



Schillinger et al. 17

0 20 40 60 80
0

10

20

30

Mission Iteration

t φ
1

Figure 11. Required execution time for repeated mission
completion of φ1 by three robots. Black is the proposed learning
approach, red is without the cost-to-go approximation and the
consideration of the probabilistic option outcomes. The plots are
based on multiple independent runs where each run lasts for
100 iterations.

however, the agents learned to follow the more efficient
alternative.

Another effect can also be observed in Fig. 10. Due
to the option preparation, the agents are not uniformly
distributed. Instead, the agents are usually located between
the option goals and with a higher probability of being close
to the goal. In addition to the theoretical considerations
discussed in Sec. 7.2 and Sec. 7.3, this provides an empirical
argument why approximation of the cost-to-go works well
even without explicitly accounting for the physical states of
the agents.

It is also important to consider that we assume a significant
probability (90%) for m2 to need supplies. On the one hand,
this is intended to observe the learning behavior more clearly.
But on the other hand, the motivation is also to investigate
whether the PSO auctions allow the agents to account for
different probabilities of observations. Indeed, calculating
the bids as presented in Sec. 6.3 lets the agents anticipate
the need for supplies and consequently, it can be observed
that at least one agent usually starts to prepare the required
delivery task even before the need has been observed. This as
well contributes to an increased performance of the system.

Fig. 11 shows the mission time over consecutive iterations.
For reference, also the required time without following the
proposed learning approach is shown as given by the SSO
auction algrithm presented in our earlier work Schillinger
et al. (2018a). Although the auction formalism allows the
robots to fulfill the mission in both cases and to react to
observations during execution, the SSO algoritm does not
allow the robots to improve over time by identifying the more
efficient alternative. In addition, the robots cannot account
for probabilistic option outcomes and thus, fail to prepare
the required delivery tasks. Instead, the robots only react to
the observations after the need has been determined.

8.2 Case Study: Scaling
We now study an extended version of the previous scenario
to investigate the scalability of our approach in terms of
team size, complexity of the mission specification, size of the
agent model, and stochasticity of the environment dynamics.
To do so, the agent model is extended by the following
components.

Status: A robot can have the additional status value
broken. On each delivery, there is a small probability that the

Figure 12. Location recordings of each agent when doing the
auctions in iterations 50 to 60 of one run of the mission φ2.

robot will become broken instead of returning to normal.
When broken, the robot can be repaired at the location
labeled with station in Fig. 9 to return back to normal.
While broken, no object can be picked up.

Obstacle: There is an uncontrolled, moving obstacle
patrolling in some part of the map as denoted by the obstacle
label in Fig. 9. The motion of the obstacle is stochastic
with some probability to proceed and some to remain at
the current state. The robots cannot influence this motion
and thus, need to react to the observed behavior. It can be
included in the specification to avoid any collision with the
obstacle.

For the scenario, six robots are available to solve the
mission specification

φ2 = �♦
(
m1 ∧ ¬unknown ∧ (need_supplies⇒ ♦del1)

)
∧�♦

(
m2 ∧ ¬unknown ∧ (need_supplies⇒

♦(del3 ∧ ♦del2 ∨ del5) )
)

∧�♦
(
m3 ∧ ¬unknown ∧ (need_supplies⇒ ♦del7)

)
∧�♦

(
m4 ∧ ¬unknown ∧ (need_supplies⇒ ♦del1)

)
∧�(need_supplies⇒ ♦supplies)
∧�(area⇒ ¬carry)

∧�¬obs

The CFA constructed from φ2 has 560 states and 13,994
edges. After a pre-processing to remove all edges of which
the condition can never become true in the given MDP, the
resulting CFA has 548 states and 2,896 edges. To understand
the problem complexity, consider that this number of edges
is already significantly less than the theoretically possible
number of options which would result from 215 different
sets (excluding intersection and complements of these sets)
in the state space as given by the 15 symbols used in φ2. This
leads in total to around one billion different MDP planning
problems for a single robot when considering a goal set and
a constraint set.
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Locations of the robots are shown in Fig. 12. It can be
seen that the agents generally specialize on some parts of the
mission each. Still, there is significant overlap between some
of the agents and most tasks are in fact covered by two agents
in different combinations. This overlap has multiple reasons.

First, the environment is rather compact in a way that the
overhead for switching between tasks is relatively low. We
expect the separation to increase for more spacially extended
environments. Furthermore, some of the tasks (the delivery
tasks), are more time consuming than others (the observation
tasks). A typical observation we can make in such cases
is that an cyclic pattern of tasks emerges to balance the
workload between the robots and that more extended tasks
are followed by more robots in parallel. Such an emergent
behavior has already been observed in our previous work
Schillinger et al. (2018c). Finally, as the robots have some
chance of being broken and thus, significantly increasing the
duration of their next delivery task, the robots naturally re-
assign the task distribution in such cases.

8.3 Case Study: Heterogenous Agents
In the final case study, we focus on another interesting
aspect resulting from the auction-based option allocation,
that is, handling heterogeneous agents. Indeed, note that
the model of each agent solely models the agent itself, but
does not consider collaboration between the agents. The goal
specification, on the other hand, implies a decomposition
into sub-tasks and by doing so, also models possible
collaboration in a symbolic way, i.e., independent of the
respective agent models.

To illustrate the combination of these two concepts,
we introduce a static manipulator as a second type of
robot. The model of the manipulator is in this case an
MDP over endeffector poses and objects, connected by
transitions in the form of continuous trajectories, discrete
grasping actions, and object perception conditions. Fig. 13
(right) provides an illustration of the workspace. The model
includes a workbench (WB) where objects can be placed and
assembled, as well as three hand-over locations. The state
space is thus given as a combination of objects being at
the different locations and actions are available to transfer
objects between the locations. In addition, an assembly
task can be performed when both required objects are

d1

d2

l

p p

station

area

f

obsta
cle

M

WB

IN 1

IN 2

OUT

Figure 13. The considered assembly scenario. Shown left is
the MDP map for the mobile robots and the location of the static
manipulator is denoted by M (but this information is not part of
the MDP). Shown right is a top-down illustration of the modeled
manipulator workspace.

located at WB to create the assembled product. From the
perspective of the manipulator, objects appear at the hand-
over locations randomly with some probability and planned
policies condition their actions on these events.

Furthermore, a different map component is considered for
the mobile agents to account for the manipulator location, see
Fig. 13 (left). Some of the labeled locations are implicitly
linked to the hand-over locations of the manipulator, i.e.,
whenever an agent delivers an object to a certain locations,
the manipulator will be able perceive it. Still, this connection
is not modeled in the MDPs and except for the arrangement
of labeled locations and walls, the MDP of the mobile agents
is the same as in the previous case studies.

Finally, the following mission specification is given to a
system of one manipulator and two mobile robots.

φ3 = �♦
(
♦finished

∧ (¬finished U produced)

∧ (¬produced U del1)

∧ (¬produced U del2)
)

∧�(area⇒ ¬carry) ∧�¬obs

The specification defines instructions for an assembly
process done by the manipulator in the sense that the symbol
produced can only be provided by this agent. On the other
hand, the delivery tasks del1 and del2, as well as delivery of
the final product denoted by finished can only be achieved
by the mobile robots.

Since this specification is rather simple, there is not much
that the robots can learn during execution. In fact, the only
high-level decision which impacts performance is whether
the second robot should prepare del1 or del2 while the first
one delivers the product to the final location for the previous
mission iteration. Indeed, it can be observed that the robots
prepare a few times del2 in early iterations, but then learn
that del1 is more efficient.

Furthermore, it can be observed that the robots react
dynamically to avoid the moving obstacle and to replace the
other robot in case it gets into the broken state. Finally, also
the periodic behavior can be observed here in the sense that
the robots alternate in performing the different tasks when
not interrupted by events like reaching the broken state.

9 Conclusion
We proposed a decentralized approach for multi-agent
coordination generated from a formal, temporal logic
specification. In particular, the framework allows to consider
uncertainty in the execution both on the agent level and
on the task level. For this purpose, we introduced the
so-called Hierarchical LTL-Task MDP to automatically
identify subtasks of a specification and to allow to abstract
the symbolic satisfaction of tasks from the physical,
heterogeneous agent models.

By combining approaches from planning under uncer-
tainty with reinforcement learning, the agents follow a self-
improving coordination policy by estimating the remaining
time of the current iteration of the repetitive tasks. This
estimate is then used in an auction-based assignment of
probabilistic tasks to identify the tasks which most likely
improve the total duration of the iteration. Furthermore, the
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proposed auction scheme allows the agents to prepare future
tasks by anticipating the relevance of these tasks.

As illustrated by the presented evaluation, the approach is
suitable to coordinate agents in relevant industrial scenarios.
Similarly, the framework can be used in many other scenarios
beyond the ones shown. In particular, the expressiveness of
the considered LTL fragment allows different types of tasks
such as surveillance, conditional reactions, and repetitive
behavior, each with temporal constraints.
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A Linear Program Formulation
In this appendix, we provide a detailed discussion on
the linear program formulation of (5) in Section 5. First,
we represent M by sparse matrices in the standard LP
formulation to which we will refer as the primal in the
following.

We denote by |S| the number of states and by |A| the
number of actions. Furthermore, let p(t|s, a) denote the
probability to reach state t given action a in state s, let γ ∈
(0, 1) denote a discount factor, and let the indicator function
δt(s) be 1 if s = t and 0 otherwise. We assume a negative
rewardR(s, a) < 0 for all states s /∈ Sg with goal set Sg ⊆ S
and a penalty D(s, a) > 0 for all violating states s /∈ Sc ∪
Sg . Consider the following standard LP formulation to which
we will refer as the primal in the following.

min
y
bT y

s.t.AT y + c ≥ 0
(P)

The vector b ∈ R|S| denotes the initial state distribution
where the entries for each s ∈ S are given by

bs = (1− γ)ŝ0(s)

for a discount factor γ ∈ (0, 1) and we choose ŝ0(s) = 1
|Sc|

for all s ∈ Sc to model that the option can be selected at
any feasible state s. The cost vector c ∈ R|S||A| denotes the
negative reward for state-action pairs (s, a) ∈ S ×A which
an agent receives before reaching the goal set Sg by

c(s,a) = −R(s, a).

Finally, A ∈ R|S|×|S||A| denotes transition probabilities to
reach a state t ∈ S by the state-action pair (s, a) ∈ S ×A,
given by

At,(s,a) = δt(s)− γp(t|s, a)

where δt(s) is the indicator function with δt(s) = 1 for s = t
and δt(s) = 0 otherwise.

The decision variable y ∈ R|S| is called the value of a
state, denoted by V (s) := ys for all s ∈ S. To motivate the
above formulation of (P), observe that the constraint

AT y + c ≥ 0

can be re-written as∑
t

(
δt(s)− γp(t|s, a)

)
V (t)−R(s, a) ≥ 0

V (s)− γ
∑
t

V (t)p(t|s, a)−R(s, a) ≥ 0

and thus, enforces an upper bound for all state-action pairs
(s, a) ∈ S ×A

V (s) ≥ R(s, a) + γ
∑
t

p(t|s, a)V (t)

on the Bellman equation

V ∗(s) = max
a

[
R(s, a) + γ

∑
t

p(t|s, a)V ∗(t)
]
.
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In order determine a policy, the dual of (P) can be be
formulated. The decision variable x ∈ R|S||A| of the dual

max
x
− cTx

s.t.Ax = b
(D)

denotes the occupation measure and can directly be
interpreted as a stochastic policy

π(a|s) =
x(s, a)∑
a′ x(s, a′)

. (24)

Again, this formulation has a natural interpretation when
considering its constraints for all t ∈ S as follows

Ax = b∑
(s,a)

(
δt(s)− γp(t|s, a)

)
x(s, a) = (1− γ)s0(t)

∑
a

x(t, a)− γ
∑
(s,a)

p(t|s, a)x(s, a) = (1− γ)s0(t)

which resembles the required flow conservation of occupan-
cies as∑

a

x(t, a) = (1− γ)s0(t) + γ
∑
(s,a)

p(t|s, a)x(s, a)

In order to also incorporate the constraint JD(π) ≤ ε of
(5), the dual formulation can be extended accordingly by an
additional constraint. Consequently, we obtain the following
complete problem formulation to which we refer as the
restricted dual

max
x
− cTx

s.t.Ax = b

Gx ≤ h

(RD)

and the resulting policy obtained by (24) solves (5).
In addition to the previously defined model, the first row

of G ∈ R1×|S||A| captures the penalty function

G1,(s,a) = D(s, a)

for a state-action pair (s, a) ∈ S ×A and the constraint
requires the penalty h ∈ R1 over all pairs (s, a) to remain
below the threshold

h1 = ε.

Finally, we can recover the primal of the restricted dual as

min
y,z

bT y + hT z

s.t.AT y +GT z + c ≥ 0
(PRD)

with the additional decision variable z ∈ R≥0 denoting a
weight on constraint penalization. This now bounds the value
function by

V (s) ≥
(
R(s, a)− zD(s, a)

)
+ γ

∑
t

p(t|s, a)V (t)

i.e., it induces additional costs at states s which receive a
penalty D(s, a). Note that the decision variable z can be

seen as finding a penalty scaling which is sufficiently high
to formally guarantee the violation bound.

In the context of an option, the planned policy π terminates
when reaching the goal set Sg instead of running for an
infinite number of steps. Consequently, the problem can be
seen as a stochastic shortest path (SSP) problem by setting
the transition probability p(t|s, a) = 0 for all states t and
actions a to zero if s ∈ Sg . This reflects the intuition that
no further action is selected in a goal state. Indeed, when
considering (P), this case leads to V ∗(s) = 0 for all s ∈ Sg ,
which is a usual assumption in episodic MDPs.

To incorporate dead ends, i.e., assuming that an episode
ends at s̄ if D(s̄, a) > 0, set p(t|s̄, a) = 0 for all t, a if
s̄ /∈ Sc. This fixes the value function to V (s̄) = −zD(s̄, a).
This case is similar to goal states, however, a nonzero penalty
is received whenever the episode stops in a dead end.
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