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Abstract

For a successful design of an engineering system it is essential to pay careful
attention to its dynamic response. This is particularly true, in the case of nonlin-
ear systems, since they can exhibit very complex dynamic behaviour, including
multiple co-existing stable solutions and chaotic motions, characterized by large
sensitivity to initial conditions. In some systems nonlinear characteristics are
desired and designed for, but in other cases they are unwanted and can cause
fatigue and failure. A type of dynamical system which is highly nonlinear is
discontinuous or non-smooth systems. In this work, systems with impacts are
primarily investigated, and this is a typical example of a discontinuous system.
To enhance or optimize the performance of dynamical systems, some kind

of control can be implemented. This thesis concerns implementation of low-cost
control strategies for discontinuous systems.
Low-cost control means that a minimum amount of energy is used when

performing the control actions, which is a desirable situation regardless of the
application. The disadvantage of such a method is that the performance might
be limited as compared with a control strategy with no restrictions on energy
consumption. In this work, the control objective is to enforce a continuous or
discontinuous grazing bifurcation of the system, whichever is desirable.
In Paper A, the dynamic response and bifurcation behaviour of an impact

oscillator with dry friction is investigated. For a one-degree-of-freedom model
of the system, analytical solutions are found in separate regions of state space.
These are then used to perform a perturbation analysis around a grazing tra-
jectory. Through the analysis, a condition on the parameters of the system is
derived, which assures a continuous grazing bifurcation. It is also shown that the
result has bearing on the dynamic response of a two-degree-of-freedom model of
the system. A low-cost active control strategy for a class of impact oscillators
is proposed in Paper B. The idea of the control method is to introduce small
adjustments in the position of the impact surface, at discrete moments in time,
to assure a continuous bifurcation. A proof is given for what control parameters
assures the stabilization. In Paper C, the proposed low-cost control method is
implemented in a quarter-car model of a vehicle suspension, in order to mini-
mize impact velocities with the bumpstop in case of high amplitude excitation.
It is shown that the control method is e¤ective for harmonic road excitation.
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Chapter 1

Introduction

1.1 Background

For a successful design of an engineering system it is essential to pay careful
attention to its dynamic response. Particularly in the case of nonlinear systems
as they can exhibit very complex dynamics, including multiple co-existing sta-
ble solutions and chaotic motions, characterized by large sensitivity to initial
conditions. In some systems nonlinear characteristics are desired and designed
for, e.g. sti¤ening springs in vehicle suspensions, but in other cases they are
unwanted and can cause fatigue and failure, such as in gear boxes or bearings.
One type of dynamical systems which are highly nonlinear are discontinu-

ous or non-smooth systems. In this thesis systems with impacts are primarily
investigated, which is a typical example of a discontinuous system. The tran-
sition from a non-impacting to an impacting motion is known to be highly
destabilizing to a dynamical system [1]. Physical systems where impacts can
occur are numerous; train current collector suspensions [2], impact microactu-
ators [3�5], gears [6], clearance in ball bearings [7], Braille printers [8, 9], car
suspensions [10], granular �ow [11], among others. See also [12] for a survey of
nonlinearities, including impacts, in engineering systems. In this thesis example
impact oscillators will be considered along with a model of a car suspension in
its extreme working range where impacts with a bumpstop (a type of sti¤ening
spring) can occur.
Another type of non-smooth e¤ect is friction which acts on all bodies in

contact with each other, and is thus a very common phenomenon in physical
systems. The force counteracts the motion and is therefore a source of energy
dissipation. The simplest way of modelling dry friction, also employed in Paper
A of this thesis, is the Coulomb-Amonton model which implies a piecewisely
de�ned dynamical system, see also [13�15].
As mentioned above, the appearance of impacts in a dynamical system is

highly destabilizing to the dynamics and are usually unwanted as they can cause
stress and possible breakdown of an exposed mechanical system. In such cases

1



2 Chapter 1 Introduction

some kind of control needs to be applied to suppress the unwanted dynamics.
One way of confronting this problem is to address stability issues already on
the design stage of an engineering system, to assure a favourable response. In
this thesis such an approach is referred to as a passive control strategy, and is
pursued in Paper A.
If design limitations hinders the use of passive control of the dynamics,

an active control needs to be implemented which a¤ects the system by some
kind of input to enforce a favourable response. Active control of dynamical
systems in general are common in many engineering systems such as industrial
robots, heat regulators, computer hard drives, engine fuel injection systems,
among others. However, as discontinuities such as impacts and friction are
nonlinear phenomena the basic control methods of linear control can not be
applied; the discontinuities has to be accounted for. There are several di¤erent
control strategies for discontinuous or hybrid systems, see e.g. [16�18]. The
proposed control method presented in this thesis, introduced in Paper B, is a
low cost, discrete, control where the natural dynamics is taken into account in
the derivation of the control algorithm. Only small adjustments are made in
the position of a discontinuity surface to time the impacts, such that a desirable
response is enforced on the system.
In Paper C the proposed control method is implemented in a model of a

car suspension. Car suspensions have traditionally been passive components
but this has changed in recent years and fully active control of both the spring-
and damping forces are already commercially implemented, e.g. in the premium
Mercedes and BMW models. The downside to active suspensions are the large
actuators and high energy consumption. Semi-active suspensions is another
option where merely the damping is controlled, simplifying the construction
and reducing energy consumption. The downside is that control objectives in
terms of handling and comfort can not be met to the same extent as with a fully
active control. By the same reason, the low-cost control suggested in this thesis
is restricted to minimize impact velocities of the bumpstop in the suspension,
in case of high amplitude excitation.

1.2 Objective

The question addressed in this thesis is to what extent the choices of parameters
of a system, or a low-cost control based on discrete-in-time inputs, can stabilize
the dynamics of a discontinuous system. Also, if such a method can be imple-
mented in a vehicle suspension to increase comfort and reduce damage to the
vehicle for large amplitude road surface excitation.
The objectives of the overall research project is to develop low-cost active

and passive control strategies for dynamical systems with discontinuities.
The idea is to implement energy e¢ cient control algorithms, which utilizes

the inherent discontinuities and the natural dynamics of the system to accom-
plish the control objective.
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1.3 Outline of thesis
The scienti�c contributions of this work are collected in Papers A-C, appended
at the end of the thesis. In addition, there is a main body which includes an
introduction to the research performed and explanations of methodologies and
theoretical tools used in the appended papers.
Chapter 2 gives an introduction to nonlinear dynamical systems and what

sets them apart from linear systems, along with analysis tools for nonlinear
systems. Chapter 3 gives an overview of control of discontinuous systems and
a description of the control methods proposed in this thesis. Chapter 4 gives
a brief description of vehicle suspension dynamics in the context of low-cost
control. Chapter 5 contains a summary of the appended papers including the
results. Finally, Chapters 6 and 7 contains a general discussion of the present
subject along with some conclusions and ideas for future work.
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Chapter 2

Nonlinear dynamics

The theory of dynamical system concerns changes of some entity, and changes
can be described mathematically by di¤erential equations. There are two main
types of di¤erential equations; ordinary- and partial di¤erential equations. Or-
dinary di¤erential equations only includes derivatives with respect time, whereas
partial di¤erential equations also includes derivatives with respect to some other
quantity. In this thesis only ordinary di¤erential equations are considered. All
ordinary di¤erential equations can be written as a system of �rst order deriva-
tives, the state space form:

_x = f (x;t) ;x 2 Rn; (2.1)

where x is a vector of all the states of the system, f is some function, � denotes
di¤erentiation with time and n is called the dimension of the system. The right
hand side of this equality is referred to as the vector �eld, since to each point x,
is associated a vector, f (x) ; pointing in the direction of the solution. Equation
(2.1) together with an initial state

x (t0) = x0 (2.2)

de�nes a solution to the system.
If f (x;t) is a linear function in x and t, and there are no discontinuities in

the system, as de�ned in Section 1.1, then the system in Equation (2.1) is said
to be a linear system. In all other cases it is a nonlinear system. The vector
�eld is in this case dependent on time, i.e. a non-autonomous system. However,
the system can be made autonomous by augmenting the system by a new state
� = !t, where ! is some constant. Denote the new state vector ~x = (x �)T and
the dynamical system can be rewritten as

:

~x= ~f (~x) ; ~x 2 Rn+1; (2.3)

where ~f (~x) = (f (x) !) ; i.e. an autonomous system. Such a system has the
advantage that the dynamics is not dependent on the absolute time t, but only

5



6 Chapter 2 Nonlinear dynamics

on the elapsed time t�t0. Note that this transformation is mainly advantageous
if time appears in a periodic function since the symmetry f (x;t) = f (x;t+ T ),
where T is the period, can be utilized. The additional state � is in this case
called the phase of the system. In this thesis only autonomous systems are
considered.
Since the explicit solution of a nonlinear initial value problem of the form

presented in the Equations (2.1)-(2.2) is normally impossible to �nd, it is for
analytical purposes convenient to introduce the �ow, �, of the system such that
� (x0; t) represents the state of the system after a time t of �owing along the
trajectory which starts at the point x0. Now, make the notation �;t for @

@t�
and change the notation of x0 to x. The initial value problem can then be
expressed in terms of the �ow as

�;t (x; t) = f (� (x; t))
� (x; 0) = x

; (2.4)

for all x and t.

2.1 Discontinuous systems

Discontinuous dynamical systems are de�ned as dynamical systems with both
continuous-in-time dynamics governed by di¤erential equations, as well as discrete-
in-time changes in state and/or vector �eld. Essentially, if the description of the
system requires an additional condition apart from Equation (2.1) or if the rep-
resentation of the vector �eld requires an if statement, then it is a discontinuous
system. All discontinuities renders a dynamical system nonlinear.
A typical example of a jump in state is an approximative non-compliant

impact, corresponding to a jump in velocity, which is found in many engineering
systems. Examples of systems with piecewisely de�ned governing equations are
dynamical systems with dry friction. Furthermore, many nonlinear electrical
circuit elements can be approximately described as discontinuous, e.g. diodes
and transistors. Discontinuities can also be enforced on systems through control.
Especially in implementation of optimal control the input is often switched
between extreme values (also known as bang-bang control). Essentially, any
systems where some feature of the system occurs on a time scale much faster
than the regular dynamics can be approximated by a discontinuous system.
Discontinuous systems are often referred to as hybrid systems in the �eld of
systems and control [19].
There are di¤erent classes of discontinuous systems and one way to categorize

them is:

1. Non-smooth continuous systems, meaning the vector �eld is continuous
but is non-di¤erentiable at some �nite set of points. One example is the
car suspension in Paper C in this thesis with piecewise linear damping.
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2. Systems with discrete jumps in the vector �eld. One example is systems
with dry friction as in Papers A and B. These systems are also known
as Filippov-systems.

3. Systems with discrete jumps in state. Examples are systems with impacts
where the velocity switches direction instantaneously. See Papers A-C.

Inspiration to this categorization has come from [13]. In this thesis systems
of the third type, where impacts occur at some discontinuity surface in state
space, are primarily investigated.

2.2 Transient and steady-state dynamics
There are two phases in the time evolution of a dynamical system. The initial
dynamics is called the transient response. It is a product of the initial state of
the system and eventually saturates. What remains is the steady-state response
of the system which in the linear case is independent of the initial value. For
nonlinear systems, where multiple coexisting steady-state solutions are possible,
the initial state determines what solution, or attractor, is approached, but once
on the steady-state attractor the initial value has no more in�uence on the
dynamics. Transients can thus be avoided if the initial state is on a steady-state
solution. Furthermore, there is no sharp division between transient and steady-
state dynamics as the saturation time for the transient dynamics is individual
to all systems.
All stability issues of dynamical systems regards the steady-state motion,

and is in that sense the most important part of the dynamics. However, in
engineering systems transients might be of equal importance and as the type of
dynamics in transients is rich, including irregular chaos like motions, it often has
to be investigated as well. One example is the operation of a Braille printer [9].
For some systems the operating time might even be shorter than the transient
response in which case steady-state is never reached, e.g. an evasive maneuver
of a road vehicle.

2.3 Stability
Stability issues is fundamental to dynamical system analysis. In this thesis,
asymptotic stability of periodic orbits and �xed points of maps are of particular
importance.

2.3.1 Fixed points
For a non-forced system, stability is associated with equilibrium points, or �xed
points, which are found when the vector �eld is equal to zero:

f (x) = 0: (2.5)
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Linear systems can only have a single isolated �xed point whereas a nonlinear
system can have multiple isolated �xed points. If two stable �xed points exist,
then the initial value determines which one the trajectory is attracted to.
By a change of coordinates all �xed points can be shifted to the origin, so

without loss of generality, �xed points can be assumed to lie at the origin [20].
The formal de�nition of local stability of a �xed point is then [20]:

De�nition 1 A �xed point, x = 0, of an autonomous system, Equation (2.3),
is stable if, for each � > 0; there exists a � = � (�) > 0 such that

kx (0)k < � ) kx (t)k < �; 8 t � 0: (2.6)

The system is unstable if it is not stable.
The system is asymptotically stable if it is stable and � can be chosen such

that
kx (0)k < � ) lim

t!1
x (t) = 0:

This means that for any �-size ball around the origin it must be possible
to �nd a �-size ball around the origin such that any trajectory starting therein
remains in the �-ball for all future time.

2.3.2 Periodic solutions

The focus of this thesis is local stability of periodically forced systems. Such
systems usually exhibit periodic solutions, and stability of such solutions can be
analyzed in a similar manner as �xed points. Let xp (t) be a periodic solution,
i.e. xp (t) = xp (t+ T ) for some constant T , of the system (2.3), and de�ne an
�-neighborhood of xp (t) as

U� = fx j inf kx� xp (t)k < �g ; (2.7)

where inf kx� xp (t)k is the minimum distance from the point x to the periodic
orbit xp (t). The de�nition of local stability of xp (t) is then [20]:

De�nition 2 The periodic solution xp (t) of the system in Equation (2.3) is
stable if, for each � > 0, there is a � > 0 such that

x (0) 2 U� ) x (t) 2 U�; 8 t � 0; (2.8)

and asymptotically stable if it is stable and � can be chosen such that

x (0) 2 U� ) lim
t!1

inf kx (t)� xp (t)k = 0: (2.9)

xp (t) is unstable if it is not stable.
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Isolated periodic solutions, i.e. either asymptotically stable or unstable pe-
riodic solutions, are often denoted limit cycles. If the period time, T , of the
solution is compared to the period of the excitation, a classi�cation of the re-
sponse can be made. Let Tf = 2�

! be the period of the forcing, where ! is
its angular frequency. If T=Tf = 1, i.e. if the response has the same period
as the forcing the response is called harmonic. If T=Tf = n; n = 2; 3; 4; : : :
the response is called subharmonic motion of order n, also called an n-periodic
motion.
Additionally, there is a more complicated type of motion called quasiperiodic

motion, which is actually not a periodic motion. Quasiperiodic solutions can
be represented as motions on a torus in phase space (a doughnut-shaped set)
on which the trajectories revolves endlessly without ever intersecting, [21,22].

2.3.3 Local stability

Local stability, i.e. how sensitive a periodic solution is to small perturbations,
is the focus of this thesis since it is the basis for the derivation of the stability
criterion in Paper A and the control method derived in Paper B and used in
Paper C. To examine the stability of a periodic solution of a smooth system,
consider the �ow �. For a periodic orbit it is true that � (x�; T ) = x� for some
constant T . The local stability of a periodic trajectory based at the point x�

can be investigated to �rst order by the linearization of the �ow around that
trajectory:

� (x; t) = � (x�; t) +�;x (x
�; t) � (x� x�) +O

�
(x� x�)2

�
: (2.10)

It follows that to investigate stability, it is necessary to �nd the Jacobian
�;x (x

�; t). To do this, di¤erentiate Equation (2.4) with respect to x and eval-
uate at x�:

�;tx (x
�; t) = f ;x (� (x

�; t)) ��;x (x�; t)
� (x�; 0) = Id

: (2.11)

Equation (2.11) is called the �rst variational equation. The initial value prob-
lems in Equation (2.4) (for x0 = x�) and Equation (2.11) can now be solved
simultaneously to �nd the �ow � and its Jacobian �;x. The �ow function and
its Jacobian can rarely be found explicitly, but they can be found by numerical
simulations.
It is most convenient to study stability of periodic orbits on some hypersur-

face, P, in state space, which the periodic trajectory penetrates transversally.
Such a surface is usually called a Poincaré section. Associate with P a �rst-
return map, P(x), called a Poincaré map, which takes points on P and maps
them back to P after one cycle. By the use of Poincaré maps the problem of
stability of a periodic orbit is converted to a problem of �xed points on the
Poincaré section. Speci�cally, let x� be a point on P, then x� is a �xed point
of P if P(x�) = x�. In order to calculate the linearization of P around x� let
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P be de�ned by the zero level of the smooth scalar event function hP (x), i.e.

hP (x
�) = 0: (2.12)

Furthermore, the Poincaré map can be de�ned in terms of the �ow function as

P(x) = � (x; � (x)) (2.13)

where � (x) is the time-of-�ight from the point x on P until the next crossing of
P, i.e. hP (x) = hP (� (x; � (x))) = 0. Since P is crossed transversally by the
periodic orbit the implicit function theorem guarantees that � (x) exists and is
unique. It follows that

P;x(x
�
) =

d

dx
� (x; � (x))

����
x=x�

(2.14)

= �;x (x
�; T ) +�;� (x

�; T ) � � ;x (x�) (2.15)

= �;x (x
�; T ) + f (x�) � � ;x (x�) : (2.16)

Since hP (� (x; � (x))) � 0 in a neighborhood of x� we can di¤erentiate hP (� (x; � (x)))
with respect to x to get

hP;x (x
�) � [�;x (x�; T ) +�;� (x�; T ) � � ;x (x�)] = 0 (2.17)

) � ;x (x
�) = �hP;x (x

�) ��;x (x�; T )
hP;x (x�) � f (x�)

: (2.18)

Substituting Equation (2.18) into Equation (2.16) yields

P;x(x
�
) =

�
Id� f (x

�) � hP;x (x�)
hP;x (x�) � f (x�)

�
��;x (x�; T ) : (2.19)

P;x(x
�
) can thus be calculated from known functions after �;x (x�; T ) has been

found from the variational equation. Finally, the linearization of P around the
point x� is

P(x) � P(x�) +P;x (x
�) � (x� x�) : (2.20)

The stability problem of the periodic orbit has now been transformed into a
stability problem of a �xed point and the notions of stability and asymptotic
stability presented in De�nition 1 is valid. From Equation (2.20) it can be
seen that P;x (x�) governs how small disturbances away from the periodic point
x� evolves. There is a stability criterion in terms of the eigenvalues of P;x(x

�
)

which says that the closed orbit is linearly asymptotically stable if all nontrivial
eigenvalues lies within the unit circle [21]. Conversely, if the largest eigenvalue
is outside the unit circle the closed orbit is unstable. A borderline case is if
the largest eigenvalue lies on the unit circle in which case a nonlinear stability
analysis is required. The eigenvalues of P;x(x

�
) are called the characteristic- or

Floquet multipliers of the periodic orbit. There is always a trivial eigenvalue of
zero of P;x(x

�
) which corresponds to perturbations along the closed orbit, i.e.
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in the direction of f (x) ; and f (x) is therefore the associated eigenvector. This is
true since P(x) maps points to the surface P implying that such perturbations
will have vanished after one cycle. Similarly, there is a trivial eigenvalue of one
of �;x (x�; T ), with the associated eigenvector f (x), since a perturbation along
the trajectory will remain unchanged after a time-of-�ight of one period.
Another technique for investigating local stability is making a perturbation

analysis starting from analytical solutions. By making Taylor expansions the
evolvement of small perturbations can be followed throughout the system. An-
alytical solutions are usually impossible to �nd for nonlinear systems, however,
for some systems it is possible to make piecewise linear approximations of the
dynamics. Analytical solutions can then be found in each linearized set of state
space. These pieces can then be joined into one solution. This approach is
adopted in Paper A and similar types of analysis can be found in [14,23,24].

2.4 Chaos

Chaos is an intriguing phenomenon, not the least because of the beauty of
chaotic attractors and fractals, see e.g. [25, 26]. Chaos is something which is
indigenous to nonlinear dynamics, it can not occur in linear systems. The
necessary condition for existence of chaos is that the dimension of the system
is equal to or greater than three, and that it contains at least one nonlinearity.
Possibly the simplest dynamical system exhibiting chaos is the Lorenz equation:

_x = � (y � x) (2.21)

_y = rx� y � xz (2.22)

_z = xy � bz (2.23)

where �, r and b are parameters. Ed Lorenz derived this system in 1963 from a
simpli�ed model of convection rolls in the atmosphere [21]. He discovered that
this simple deterministic system could show an extremely erratic behaviour for
certain parameter values. However, he also found that the solution settled onto
a complicated but bounded set, later named a strange attractor. This attractor
is not a point, a curve nor a surface, it is a fractal with a dimension between 2
and 3.
A universally accepted de�nition of chaos does not exist but it is generally

agreed that three criterion must be met for a response to be chaotic [21]:

1. Its steady-state response is aperiodic and erratic, i.e. it does not settle
down to a �xed point or any kind of periodic or quasiperiodic orbit as
t!1.

2. The governing dynamical system is deterministic, i.e. the erratic response
is not a product of noisy or random excitation but a product of the non-
linearities in the system.
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3. The system has a sensitive dependence on initial conditions. That means
nearby trajectories separate exponentially fast, which makes long term
predictions of a future state impossible.

The last criterion can be checked by calculating what is called the Lyapunov
exponent of the system [21].
Chaotic responses are usually designed against in engineering systems, be-

cause of their unpredictability. However, chaotic responses might not always
be disadvantageous. For example, it could very well be that the chaotic attrac-
tor has a maximum amplitude which is less than the maximum amplitude of a
periodic response.

2.5 Bifurcations
Stability properties of �xed points or periodic orbits are of major importance in
dynamical systems, may it be in a biological, chemical, economical or mechanical
context. Nonlinear systems can exhibit very complex dynamics including co-
existing stable and unstable steady-state solutions. The number of co-existing
solutions as well as their individual stability property is normally dependent
on parameter values of the system, e.g. amplitude or frequency of a possible
forcing or spring and damper constants in spring-mass systems. Such a change
in dynamical response as a parameter value is varied is called a bifurcation. The
value of the parameter when the change occurs is called the bifurcation point.
There are di¤erent formal de�nitions of what a bifurcation is, see e.g. [13].
The curve of solutions in parameter-state-space along which the bifurcation
parameter is varied is called a branch.
Bifurcations of smooth systems have been extensively studied. For �xed

points they include [21]:

� Saddle-node bifurcation, where two �xed points, one stable and one unsta-
ble, coalesce and annihilate each other. After the bifurcation, no stability
point exists locally (for a nonlinear system there might be other attrac-
tors).

� Transcritical bifurcation, where one or more �xed points changes stability.

� Pitchfork bifurcation, where three �xed points turns into one �xed point
or the reverse. There are two kinds: supercritical- and subcritical pitchfork
bifurcation. In the supercritical case two stable �xed points are born out
of one stable �xed point at the origin at the bifurcation point. The origin
is unstable after the bifurcation. In a subcritical pitchfork bifurcation the
stable origin before the bifurcation is surrounded by two unstable �xed
points. At the bifurcation points the three �xed points merge and an
unstable �xed point is born at the origin. This case is the dangerous one
from an engineering point of view as there is no stable �xed point locally
after the bifurcation.
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� Hopf bifurcation. There are two cases here as well; for a supercritical Hopf
bifurcation a stable limit cycle is born out of a stable �xed point. The
size of the limit cycle grows continuously with the bifurcation parameter.
For a subcritical Hopf bifurcation, before the bifurcation, a stable �xed
point at the origin is surrounded by a stable limit cycle with an unstable
limit cycle in between them. At the bifurcation the unstable limit cycle
has shrunk and engulfed the stable �xed point. Solutions at the origin
must therefore jump out to the stable limit cycle, a situation which could
be dangerous to engineering systems if the solution suddenly jumps to a
large amplitude oscillating motion.

For periodic solutions of smooth systems there are also several possible bi-
furcations scenarios including [21]:

� Cyclic-fold or saddle-node bifurcation of cycles in which two limit cycles,
one stable and the other unstable collide and annihilate each other.

� Period-doubling bifurcation. In this case an n-periodic orbits turns into a
2n-periodic orbit at the bifurcation point. This is often caused by a so
called �ip bifurcation. Several period-doubling bifurcation points usually
follow each other, and such sequences can eventually lead to chaotic solu-
tions. Period-doubling bifurcations come in supercritical and subcritical
versions in a similar manner as pitchfork bifurcations.

All these bifurcations are characterized by conditions on the eigenvalues of
the system in case of �xed points, and conditions on the Floquet multipliers in
the periodic case [13, 21]. Typically for �xed points the eigenvalues cross the
imaginary axis, and for periodic orbits the Floquet multipliers cross the unit
circle.
For discontinuous systems the bifurcations previously mentioned can also

occur. However, there are possibilities of new bifurcations that does not appear
in smooth systems, as the trajectory crosses a discontinuity surface, so called
C-bifurcations. They include corner- and border collision bifurcations, sliding
bifurcations and grazing bifurcations, [13, 27]. In this work the focus is on
grazing bifurcations in which trajectories tangentially intersect a discontinuity
surface where the state jumps, which is the case for a non-compliant impact.
Such bifurcations can cause period-doubling and chaos. The di¤erence from
smooth systems is that there is no advance warning that a bifurcation is about
to occur. For smooth systems, eigenvalues continuously approach the imaginary
axis before a bifurcation, but for discontinuous systems the eigenvalues make
discrete jumps across the imaginary axis at a bifurcation. If a discontinuous
system is �smoothened�then this would correspond to the eigenvalues moving
quickly past the imaginary axis. In [28] Foale and Bishop shows that the grazing
bifurcations correspond to saddle-node and �ip bifurcations in the smooth case.
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2.5.1 Continuous and discontinuous bifurcations

An important concept in this work is continuous- and discontinuous bifurca-
tions [29]. Here, a discontinuous bifurcation is de�ned as one where the so-
lution jumps to a di¤erent branch of solutions at the bifurcation, a branch
not emanating at the bifurcation point. For smooth systems, such is the case
for saddle-node bifurcations as well as subcritical pitchfork, Hopf and period-
doubling bifurcations where locally no stable solutions remain after the bifur-
cation. For a continuous bifurcation on the other hand the branch which the
solution follows is continuous across the bifurcation, such as is the case with
the transcritical bifurcation and supercritical versions of the pitchfork, Hopf
and period-doubling. Another feature in this case is that the solution shrinks
down to the bifurcation point again if the bifurcation parameter is decreased
back down. In the discontinuous case this is seldom true and the system thus
exhibits hysteresis, i.e. the new branch is followed below the bifurcation point.
At some point however the solution jumps back to its original branch if the
bifurcation parameter keeps being lowered.
Grazing bifurcations can exhibit both behaviours depending on parameter

values of the system. A di¤erence from smooth systems is that the trajectory
is quickly repelled from the original branch because of a square root singularity
at the bifurcation point, see e.g. Paper B. For smooth systems the transition
is usually slow, as a "ghost" of the originally stable solution remains after the
bifurcation [21].

2.6 Graphical representations

As nonlinear systems rarely can be solved analytically, other means of analysis
needs to be employed to extract information about the dynamics of the system.
Besides the methods in Section 2.3 graphical representations is a great help in
understanding nonlinear systems. One problem when presenting any kind of
diagram is that we live in a three dimensional world. A fourth dimension of
time can be added in moving images but in printed media we are restricted to
the three space dimensions. Even so, three-dimensional plots are of limited use
as it is usually hard to discern quantitative information from them, although
they might make qualitative behaviour clear. The consequence is that two-
dimensional plots are usually the only option left for precise representations.
One dimensional systems can be represented without loss of information in a
two-dimensional plot, but already a two-dimensional system is impossible to
describe in one two-dimensional plot without a loss of information (we can not
plot position and velocity as a function of time). Thus, all two-dimensional
plots of systems with two dimensions or more implies some sort of projection
of the trajectory. This must be kept in mind when analyzing the results.
All simulations results in Sections 2.6.1-2.6.4 are for the impact oscillator

with friction from Paper A.
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Figure 2.1: Time history plot of the position of an impact oscillator with friction.

2.6.1 Time history plots
The simplest of all graphical representations is the time history plot. One state,
e.g. position or velocity, is plotted as a function of time, see Figure 2.1. A time
history plot can give a rough picture of the dynamical behaviour, but the limited
time interval makes it di¢ cult to identify periodic motions with long periods.
They can, however, give a good picture of the length of a transient.

2.6.2 Phase plane plots
Two states, usually position and velocity, is plotted against each other in a
phase plane plot. I.e. it is a two-dimensional projection of the trajectory on
a surface spanned by two of the states. See Figure 2.2 for examples of phase
plane plots of periodic, subharmonic and chaotic motions. Periodic solutions
here appears as closed curves. The disadvantage of a phase plane plot is that
information of the direction of time is lost.
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Figure 2.2: Phase plane plots for a one-degree-of-freedom impact oscillator with fric-
tion. a) shows periodic motion, b) subharmonic motion and c) chaotic motion. The
vertical lines indicate a jump in velocity due to impacts.

2.6.3 Poincaré plots
A Poincaré plot is a useful tool for repetitive responses, particularly for har-
monically forced systems. The idea is to sample the state of the system at
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discrete instances. For a forced system a sample is typically taken once every
period of the forcing, e.g. at the phase equal to zero. Another possibility is
sampling the state whenever the trajectory passes through a prede�ned hyper-
surface in state space, for example when the velocity of the system goes through
zero in a particular direction (either increasing or decreasing). The Poincaré
plot thus presents information about three states in a two-dimensional plot,
although the information about one of the states is limited (the value is �xed).
In both cases a periodic response appears as a single point in the plot and an
n-periodic response would appear as n points. For quasiperiodic and chaotic
motions in�nitely many points would comprise the Poincaré plot. However, for
a quasiperiodic trajectory with two fundamental frequencies the points would
form on a closed curve and for chaotic motion the points would form on a strange
attractor. See Figure 2.3 for examples of Poincaré plots.
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Figure 2.3: Poincaré plots of a) periodic motion, b) 2-periodic (subharmonic) motion
and c) chaotic motion. Simulations are for a one-degree-of-freedom impact oscillator
with friction and the Poincaré surface is the phase equal to �.

2.6.4 Bifurcation diagrams

Bifurcation diagrams is a plot of the steady-state behaviour of one state variable
at discrete instances as a function of some parameter of the system. The idea is
to get a picture of the possible dynamical responses of the system for di¤erent
values of the parameter, along with bifurcation points and types of bifurcation.
The state variable is sampled in the same way as for Poincaré plots, either at
some value of the forcing or at the crossing of some Poincaré surface. See Figure
2.4 for an example of a bifurcation diagram only including stable solutions. The
jump in solution at around the value 0.9 of the bifurcation parameter indicates
a discontinuous grazing bifurcation.
The choice of state measurement is of importance for an informative bifurca-

tion diagram. For example, for an impacting system the impact velocity might
not be a good choice if periodicity is to be examined, as for some cycles there
will be no impacts and consequently no sample is recorded. A better choice is
then sampling once per period of the forcing. In Paper B and Paper C in this
thesis, a zero velocity surface is chosen, representing the penetration distance
of the impact surface. A negative value of the associated impact event func-
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Figure 2.4: Bifurcation diagram for a one-degree-of-freedom impact oscillator with
friction, where the nondimensional amplitude, b=a, is the bifurcation parameter (see
Paper A). Poincaré surface is phase equal to �.

tion implies that an impact has occurred. When performing the simulation the
impact surface is initially disregarded and the simulation is continued until the
zero velocity surface is reached, where a sample is taken of the position. The
trajectory is then followed backwards in time to the impact surface, from where
the simulation is continued. Naturally, the bifurcation parameter chosen, and
its interval, is also of importance to get a clear picture of the bifurcation points
and types of bifurcations.
As has been discussed, dynamical systems exhibit both stable and unstable

solutions. In experiments and direct simulations only stable solutions can be
observed. To �nd unstable solutions some kind of root-�nding scheme needs
to be employed. The technique of �nding multiple solutions as a parameter is
varied is called continuation or path-following and one such method is presented
in the next section.
Sometimes a distinction is made between diagrams that show only stable so-

lutions and diagrams that show both stable and unstable solutions. The former
is then called orbit diagrams and the latter bifurcation diagrams. Here and in
the appended papers both are however referred to as bifurcation diagrams.

2.6.5 Root-�nding and continuation

Stable periodic solutions can be found by direct simulation of a dynamical
system. However, to �nd unstable equilibrium solutions as well, a numerical
root-�nding scheme needs to be employed. One choice is the multi-variable
version of the Newton-Raphson method [5].
Assume we want to �nd the periodic solution of the dynamical system de-

scribed in Equation (2.4) on the Poincaré surface P, de�ned by the zero level
of the event function hP (x), with the associated Poincaré map P(x). A �xed
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point, x�, on P has the property

P(x
�
) = x

� ) P(x�)� x� = 0: (2.24)

The task is thus to �nd the solution to the equation

g(x) = 0; (2.25)

where
g(x) = P(x)� x: (2.26)

If the matrix g;x(xn) = P;x(xn)� I is invertible the Newton-Raphson step can
be computed as:

xn+1 = xn � (g;x(xn))
�1
g(xn) (2.27)

= xn � (P;x(xn)� I)
�1
(P(xn)� xn) : (2.28)

An initial guess, x0, is required to start the scheme. The Poincaré map
P(xn) is found by simulating the system from xn to the surface P and the
Jacobian P;x(xn) is found by the methodology described in Section 2.3.
If a bifurcation diagram is to be constructed, solutions should be found for

multiple values of a bifurcation parameter, �. This is known as continuation.
To this end, consider the augmented Poincaré map

~P(~x) =

�
P (~x)
�

�
; (2.29)

where

~x =

�
x
�

�
: (2.30)

To follow the solution curve in state space (with � as a variable) one choice
is simply to update the bifurcation parameter with some small step length.
However, if � is increased and the solution turns back in state space and follows
a curve for decreasing � this solution will not be found. A better choice is
therefore to take a step tangential to the solution curve. In that case the
solution can be followed even in the case of a decreasing �.
Denote a solution point ~x0. A tangential vector, ~z, to the function g (~x) at

the point ~x0 is found by solving the system of equations

g;x (~x0)~z = 0; (2.31)

i.e. ~z is in the null space of g;x (~x). Typically ~z is normalized to length one.
Pick the new initial point

~xp = ~x0 + s~z (2.32)

where s is a chosen step length. To �nd the solution closest to ~xp (perpendicular
to ~z) use the Newton-Raphson method to �nd the solution to the equation

G (~x) =

�
~g(~x)

~zT � (~x� ~xp)

�
= 0; (2.33)
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where ~g(~x) is g(~x) augmented with the last column (minus the last state) of
~P(~x). The Jacobian of G (~x) is

G;~x (~x) =

�
~g;~x(~x)
~zT

�
: (2.34)

Other versions of continuation which can account for discontinuities in the sys-
tems are presented in [27,30].

2.7 Numerics

All numerical simulations, i.e. numerical integration of initial value problems,
in this thesis was performed with an adaptive 4:th and 5:th order Runge-Kutta-
Dormand-Prince method [31], implemented in the built-in Matlab [32] func-
tion ode45. Root-�nding and continuation was also implemented in Matlab via
scripts based on the method described in Section 2.6.5.
Initial conditions are of considerable importance when studying nonlinear

systems since they not only a¤ect the transient dynamics but also determine
which steady-state solution is approached in case of multiple co-existing stable
solutions. If the initial value is close to the boundary between two basins of
attractions of di¤erent solutions, small perturbations can give a large di¤erence
in system response. When computing bifurcation diagrams the terminal state
of the system for one parameter value is used as the initial condition for the
next parameter value to suppress transient dynamics and to remain on the same
branch of the solution.
When simulating system with discontinuities it is essential to record the

transitions through the discontinuity surfaces, i.e. at impacts or switches be-
tween di¤erent vector �elds of the system. Such transitions are called events
and are triggered by zero crossings of scalar valued event functions, in this the-
sis denoted h. Matlab solvers (such as ode45) contains built in routines for
detecting zero crossings of event functions with high accuracy.

2.8 Grazing impacts

All papers in this thesis are based on the theory of low velocity, or grazing
impacts. Imagine a mass on a spring and damper which is harmonically forced
exhibiting free periodic motion. A distance away is a rigid stop, in the appended
papers usually referred to as a discontinuity surface. Choose the amplitude of
the forcing as the bifurcation parameter, and as it is slowly increased the mass
gets closer and closer to the stop. At some critical value of the forcing amplitude,
the mass hits the stop with zero velocity at its most extreme position; a grazing
impact. This is the bifurcation point of the grazing bifurcation. If the amplitude
is further increased the mass will start impacting the stop with non-zero velocity.
The result is either a continuous bifurcation, in which case impact velocities
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remains low, or a discontinuous bifurcation, in which the motion transitions
to (relatively) high velocity impacts. The e¤ect of the grazing impacts can be
captured locally around the bifurcation point by a map, the discontinuity map,
which accounts for the correction to the originally periodic motion induced by
the impacts, see Paper B for the derivation.
There are two main ways of modelling impacts, either as a compliant impact

with a yielding discontinuity surface or as an instantaneous jump in velocity
according to the impact law

vreljafter = �e vreljbefore ; (2.35)

where e is called the coe¢ cient of restitution, vrel is the relative velocity of the
colliding bodies and the motion of the bodies are assumed to be on a straight
line. e 2 [0; 1] is a measure of the amount of kinetic energy dissipated in the
collision, where a value of 0 implies that a maximum amount of energy is lost,
and a value of 1 means that no energy is lost in the collision. The coe¢ cient
of restitution is primarily dependent on the materials of the colliding bodies.
However, if the angle of approach is not normal to the impact surface and if there
is friction between the two bodies this will a¤ect the coe¢ cient of restitution.
See [33] for di¤erent possible de�nitions of the coe¢ cient of restitution. In this
thesis the non-compliant impact law, Equation (2.35), is used.
Impacting systems, and particularly grazing impacts, have been extensively

studied through the years. Shaw and co-workers made considerable contribu-
tions to this area in the 1980:s. They noted that a zero velocity impact gives
a singularity in the derivative of the Poincaré section [34]. See also [35, 36] for
further studies of impacting dynamics. Following their work, Nordmark de-
rived a map, later dubbed the discontinuity map, describing the correction to
the non-impacting Poincaré map induced by the grazing bifurcation in [1]. He
concluded that the discontinuity map contains a square root of the penetration
distance con�rming that the derivative of the map is singular at the grazing
point. Conditions for when the grazing trajectory is stable was also derived.
Attractors with near grazing dynamics of di¤erent kinds of impact oscillators
were explored in [37]. Chin, Ott et. al. further analyzed the map regarding the
di¤erent kinds of bifurcations which are possible in a one-degree-of-freedom im-
pact oscillator [38]. It is shown that for an underdamped system the bifurcation
is discontinuous in the sense that the initially stable periodic orbit turns un-
stable and the solution jumps to another attractor at the bifurcation point. In
the overdamped case the bifurcation can be either continuous or discontinuous.
Nordmark and Fredriksson derived a criterion for when the grazing trajectory
at the bifurcation point is stable [39]. It is also shown that this implies a con-
tinuous bifurcation. This fact is fundamental for the analysis in Papers A-C.
In [40,41] the theory of the discontinuity mapping is further developed for more
complex systems and [42] contains an experimental veri�cation of the disconti-
nuity map. See also [27,43,44] for experiments on grazing impacts. See [45] for
a nice derivation of the discontinuity map and Paper B includes a thorough
discussion of the stability criterion of grazing impacts.
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Extensions have been made to the discontinuity map to show that for grazing
of a surface across which the vector �eld is discontinuous (system category 2 in
Section 2.1) the square root singularity is maintained whereas if the vector �eld
is continuous but its derivatives are not (system category 3 in Section 2.1) then
a 3/2-singularity appears [46�48].

2.9 Friction
Any two bodies in contact with each other will develop attracting forces called
friction, [13,49]. In the case of dry friction these forces can counteract a certain
amount of applied force such that if the two bodies are initially at rest they
remain at rest even though a force is applied. This force is called static friction
and the two bodies are said to be in a stick phase. However, if the applied force
is su¢ ciently large the friction forces can no longer counteract the applied force
and the two bodies starts to move with a relative velocity to each other. The
two bodies are said to be in a sliding phase. The friction force is however still
counteracting the motion, dissipating energy. For a su¢ ciently large relative
velocity the friction force settles on an almost constant magnitude, the dynamic
friction. Usually, the maximum value of the static friction is larger than the
dynamic friction.
There are many ways of modelling friction mathematically as it is a complex

phenomenon. Figure 2.5 shows three of the most common ones. Panel a) shows
the friction modeled by a continuous function. The �aw of this model is that it
has no static friction; as soon as a force is applied, the two bodies will start to
slide. Also, the steep slope around zero relative velocity compared to the slope
for large relative velocities makes the problem di¢ cult to solve from a numerical
perspective (known as a sti¤ problem). Panel b) shows a discontinuous model
of the friction which accurately captures the stick properties of the friction as
well as the lower dynamic friction compared to the maximum static friction.
This model can account for stick-slip instabilities for a mass in contact with
a moving belt, see [13, 18]. Panel c) shows the simplest friction model which
captures the stick phenomenon. However, it disregards the di¤erence in dynamic
and maximum static friction. It is known as the Coulomb-Amonton model and
is used in Paper A.
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Figure 2.5: Di¤erent friction models. v is the relative velocity of the two bodies and F
is the friction force. a) shows a continuous model of friction, b) discontinuous model
with a higher static than dynamic friction and c) shows a discontinuous model where
the maximum static friction is equal to the dynamic friction.
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Control

If a dynamical system shows unwanted dynamic behaviour some kind of control
action can be applied to the system to improve the performance. The desired
dynamics is formulated as a control objective which is fundamental in the de-
sign of the controller. The trade-o¤ is between performance on one side, and
cost in the sense of construction complexity (monetary cost, space and weight
limitations) and energy consumption on the other.
A control system consists of three parts; sensors, actuators and the con-

troller, all three vital for the overall performance of the control system. The
system on which the control is implemented is often referred to as the plant, see
Figure 3.1. Sensors, or observers, are used to gain information about the state
of the system; information which is fed back into the controller and used for con-
structing the actual control signal. Generally, the more information available
about the states of the system, the better the control objectives can be met.
This type of control is called feedback control or closed-loop control. Another
possibility is open-loop control, where no information about the states of the
system is fed back to the controller and utilized. The use of open-loop control
is limited, but two examples of open-loop controlled machines are traditional
dishwashers and laundry machines [50], where the control actions (e.g. a switch
from washing to tumbling) are enforced at some pre-speci�ed time and not de-
pendent on the actual state of the system (e.g. how clean the dishes/clothes
actually are). However, it is also of importance not to gather super�uous in-
formation which just increases the cost without increasing the performance.
Similarly, in general, the more actuation available, the better the control ob-
jective can be met. At least up to a certain point where more actuators are
super�uous. However, one reason for constructing an over-actuated system is
for backup in case of failure of an actuator.
In between the observers and actuators is the actual control algorithm, spec-

ifying a control signal for the actuators which should meet the control objectives
as good as possible. There are in�nitely many ways of formulating the control
algorithm, so great care must be taken in this process. The formulation is the

23
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Figure 3.1: Structure of a control system.

most important step in the construction of the control system since this is when
the potential of the given observers and actuators are actually realized. Given
the delimitations of the construction and the available technology for observers
and actuators a desired control objective might be impossible to meet, but one
should strive towards formulating a strategy which is optimal under the given
conditions. Numerous control strategies have been proposed throughout the
years, initially based on linearization of system dynamics, but more and more
theories of nonlinear control are being developed. The literature on control the-
ory is vast, see for example [51] for linear control methods and [20] for nonlinear
control methods.

3.1 Low-cost control
One guiding principle when designing a control system should be to use the
natural dynamics of the system as much as possible since this dynamics is "for
free"; control energy should only be injected into the system if the natural
dynamics is disadvantageous. A control method which is designed in such a
way is here referred to as a low-cost control. In case of constructing a discrete
time control, as in this work, one is forced to consider and utilize the natural
dynamics of the system, a circumstance not naturally present in the case of
designing a continuous time control.
However, as per the arguments in the previous section, it is clear that im-

plementing a low cost control will imply limitations in the possible performance
of the controller. One should carefully consider the balance between required
performance and cost, when deciding on a control strategy for an actual imple-
mentation.

3.2 Control of discontinuous systems
Control of systems with discontinuities is a vast subject and has been treated
extensively with di¤erent approaches suitable for di¤erent types of systems.
One method is to approximate the dynamics of a nonlinear system as piecewise
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linear in which case there are optimal control algorithms to handle such systems
[17,52,53]. Friction induced self-excited vibrations is a subject which has gained
considerable attention since it is a common nuisance in systems such as brakes
and controlled positioning systems of industrial production systems. In [18]
Chatterjee suggests a non-smooth control derived from a Lyapunov function.
See also references therein.
There have also been attempts at bringing order to chaotic dynamics by

means of control. As in�nitely many unstable periodic orbits are embedded in
a strange attractor, many di¤erent time evolutions are simultaneously possible
and could serve as candidates for stabilization. Also, as chaotic systems have
a sensitive dependence on initial conditions, small (control) perturbations can
have a substantial impact on the dynamics. This fact opens up the opportunity
for low-cost control of such systems. See [54,55] for interesting thoughts on this
subject.
Another suggestion for low-cost control have been made by Angulo et. al.

in [16] which essentially uses the same analysis tools as in this thesis. Control of
the amplitude of a limit cycle is achieved by implementing a switching control
by introducing discontinuities in the vector �eld in a small set of state space. An
induced corner-collision bifurcation is utilized to achieve the control objective.
A suggestion for control of impacting systems is given in [56] where the

control problem is recast as a problem of adaptive regulation for a plant with
parametric uncertainty where the uncertainty parameter � 2 f0; 1g switches
between the contact- and non-contact phases. A backstepping technique (see
[20]) is used to �nd the control law.

3.3 Proposed control methods

In this thesis the theory of grazing bifurcations is used to derive a control law
to in�uence the dynamic behaviour of impact oscillators. The control objective
is to be able to choose a continuous or discontinuous bifurcation scenario, de-
pending on what is desirable. In most applications, a continuous bifurcation is
desirable since discontinuous bifurcations implies a drastic change of the dynam-
ics, normally ending in violent high velocity impacts which could be damaging
to the system. However, for some application such a scenario might be desir-
able. For example, a grazing bifurcation in an impact oscillator could be used to
detect small displacements of some surface and in that case a rapid and distinct
response is desirable. Also, a discontinuous grazing bifurcation could be used
to transfer energy from one degree of freedom to another to dissipate energy.
One means of achieving control of the bifurcation scenario is to design the

system to passively manifest the desired bifurcation behaviour. This is the most
energy e¢ cient method as there is no need for actuators, sensors or energy
supplies. This method is used in Paper A where an impact oscillator with
friction is analyzed by means of a perturbation method.
If the possible parameter values in the design lies outside the region of a
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continuous (or discontinuous if desirable) bifurcation then an active control
needs to be employed. The control strategy used in Papers B and C makes
small adjustments in position of the discontinuity surface, i.e. changing the
geometry of the system, to enforce a continuous bifurcation. The position is
shifted at a control surface in state space where the colliding bodies are at their
maximum distance from each other. The position is calculated via feedback of
the states of the system. The actuator needs to be fast enough, such that the
shift in position is �nished by the time the two bodies collide. The control action
is thus not enforced continuously on the system but discretely and indirectly
at the impact. The control is therefore very energy e¢ cient and utilizes the
natural dynamics of the system to the greatest possible extent.
The proposed control method, where the geometry is changed to indirectly

control the system, was �rst introduced in [57,58] where it was implemented in
a hopping robot, Braille printer and a bipedal walker. They all include a similar
type of analysis presented in Paper B, including discontinuity mappings, but
dealt with hard impacts instead of grazing impacts. It was shown that the
stability analysis of the controlled system can be done entirely via quantities
from the uncontrolled system. The analysis was based on investigations of
the Floquet multipliers of the composite map accounting for the discontinuities
of the system. Optimization of the performance of a Braille printer with the
proposed control was performed in [8], and in [9] a global control strategy was
added by the use of cell mappings. The control methods used in those papers,
as well as the control method presented in this work, were derived from linear
approximations of the �ow around some reference trajectory. In [45] Dankowicz
and Jerrelind implemented the control scheme to control the persistence of a
local attractor at grazing, i.e. enforcing a continuous bifurcation. See also [59]
for an implementation of the control in an impact microactuator.
In Paper B a proof of the stabilizability of grazing impacts is derived along

with a methodology to �nd stabilizing control parameters. Essentially, the
paper supersedes the work presented in [45]. The control is exempli�ed in one-
and two-degree-of-freedom impact oscillators with viscous damping. Paper C
shows an application to one- and two-degree-of-freedom models of a vehicle
suspension with bilinear damping.



Chapter 4

Vehicle suspension dynamics

Vehicle suspensions have two main tasks; one is to isolate the chassis and pas-
sengers from disturbances, and the other is to maintain good handling charac-
teristics, essentially keep the wheel on the ground to maximize traction. These
design objectives are in many respects con�icting. In this thesis the emphasis
is on the former, i.e. on comfort of passengers and the chassis itself. Figure 4.1
shows a picture of a car chassis including wheel suspensions.

Figure 4.1: Car chassis with visible wheel suspensions.

To model a car with all its degrees of freedom is very complex and such a
model is basically unusable in analysis and would be very demanding to use in
simulations. Depending on what dynamical property (e.g. acceleration, han-
dling or comfort) is to be analyzed, a suitably simpli�ed, but still su¢ ciently
complex, model of the vehicle should be considered. Figure 4.2 shows the prin-
cipal motions of a car chassis modeled as a rigid body. Comfort investigation
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Figure 4.2: Principal motions of a vehicle chassis [49].

mainly deals with pitch, �, and bounce, z, motion. However, if the pitch motion
is neglected, a so called quarter-car model can be employed which models the
wheel and suspension for one corner of the car, see Figure 4.3. The quarter-car
model is a lumped rigid body model where the upper mass is called the sprung
mass, and consists of parts of the chassis that rests on the suspension, and the
lower mass is called the unsprung mass and consists of the wheel and parts of
the linkage and driveline which is unsupported by the suspension. Use of the
quarter-car model is common in suspension design, see e.g. [60�63].

The sti¤ness of the tire is an order of magnitude higher than the suspen-
sion sti¤ness which makes the natural frequency of the sprung mass an order
of magnitude lower than the natural frequency of the unsprung mass. For a
passenger car it is about 1 Hz for the sprung mass and about 10 Hz for the
unsprung mass [64]. Thus, for low frequencies, around the natural frequency
of the sprung mass, a one-degree-of-freedom quarter-car model can be adopted
where the sti¤ness of the tire is neglected. However, for higher frequencies
a two-degree-of-freedom model (as in Figure 4.3) where the tire dynamics is
included should be used. See [10] for a comparison of the two models.

The quarter-car model is usually modelled as a linear system, however, a
real vehicle suspension is very much a nonlinear system. The damping is usu-
ally larger in the expansion phase than in the compression phase to increase
comfort. This can typically be modelled as a bilinear damping with di¤erent
damping constants in expansion and compression. Another source of strong
nonlinearity is the wheel-hop phenomenon where the wheel looses contact with
the ground and the system assumes a free falling state [64]; a situation often
overlooked when modelling and simulating suspensions with wheel to ground
contact. Finally, to cope with large excitations a suspension is always �tted
with a bumpstop, see Figure 4.4, which is engaged at extreme compressions of
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Figure 4.3: A two-degree-of-freedom quarter car model. m1 is mass of the sprung
mass, m2 is mass of the unsprung mass, k1 is sti¤ness of suspension, k2 is sti¤ness of
tire, c1 is damping of suspension, c2 is damping of tire, z1 is displacement of chassis,
z2 is displacement of tire and w is displacement of the ground excitation.

the suspension. These are large rubber or polyurethane bushings which acts as
extremely sti¤ening springs. Their purpose is to protect the suspension, chassis
and passengers from hard impacts which could be damaging to the construction
and extremely uncomfortable for humans [65]. It is impacts with the bumpstop
which is of main concern in Paper C.

Here, the impacts with the bumpstop are approximated by discontinuous
jumps in velocity as in Equation (2.35). Figure 4.5 shows state space trajec-
tories for steady-state impacting motions for both a compliant model and the
discontinuous approximation. The picture shows that the approximation is a
reasonable one. In Figure 4.6 measurements of the sti¤ness of a typical bump-
stop for a passenger car is shown, along with the �fth-degree-polynomial ap-
proximation used in the simulation. A one-degree-of-freedom quarter-car model
with the same parameter values as in Paper C was used. To keep similarity
between the two models the coe¢ cient of restitution of the discontinuous model
was set to one as there is no dissipation modelled in the compliant bumpstop.

Suspensions are also �tted with similar rebound stops (also called jounce
stops) which acts in the opposite direction from bumpstops, when the suspen-
sion is at its most expanded state. This feature is however not included in the
quarter-car models used in Paper C, since they are not activated for the para-
meter values studied. Many research papers have been produced on nonlinear
models of suspensions, for example [24, 61, 66]. However, inclusions of bump-
stops and the wheel hop phenomenon are not as common, but some examples
are [10,63,67].
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Figure 4.4: Suspension strut of a VW Golf. The bumpstop sits above the damper,
inside the coil spring [65].

4.1 Control of vehicle suspensions

Vehicle suspensions today are predominantly passive, but a lot of research has
been done on active and semi-active suspensions to improve comfort and road-
holding properties. Today, there are cars �tted with fully active suspension
systems available on the market, for example from Daimler and BMW. These
solutions will become more widely available in the future as hybrid propulsion
systems become more common. Hybrid (not to confuse with hybrid dynamical
systems) vehicles are �tted with at least one electrical motor alongside the
combustion engine which makes electricity more easily available throughout the
chassis. One possibility is to �t each wheel with an electrical motor making all
four corners of the car independent of each other, [68,69]. The problem is then
that as the unsprung mass increases, the transmission of disturbances from road
to chassis also increases for certain frequencies, [64]. Such a construction will
then bene�t from an active suspension.
Usually a di¤erentiation is made between semi-active and active suspen-

sions, [68,71]. In semi-active suspensions only the damping is controlled actively.
That means it is only possible to dissipate energy (like in a passive suspension),
however, the rate of energy dissipation can be chosen in an optimal way via
feedback of the states of the system [67, 70]. Active suspensions on the other
hand can also inject energy into the system, which considerably increases the
control possibilities [72, 73]. For example, the suspension could pull the wheel
over a bump, nearly isolating the chassis completely from small disturbances.
The drawback of active suspensions is that they require a lot of energy. How-
ever, the construction is also suitable for regeneration of dissipated energy [74].
Comparisons of the two di¤erent approaches can be found in [75,76]. Compar-
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Figure 4.5: Phase plane plot of steady state trajectories of a suspension impacting
a bumpstop. Black curve is the result from the compliant model and grey is the
motion of the model that includes a discontinuous approximation of the bumpstop.
Parameter values are equal in the two cases and the coe¢ cient of restitution is one in
the discontinuous case.

ison of damper characteristics in a passive, semi-active and active suspension is
shown in Figure 4.7.
In Paper C the low cost control method presented in Paper B is imple-

mented in a one- and two-degree-of-freedom quarter-car model. This kind of
control falls outside the categories of semi-active and active suspensions as nei-
ther the damping nor spring force is controlled. Instead the position of the
bumpstop is controlled in order to change the geometry of the suspension to
prohibit a discontinuous bifurcation, which could lead to high velocity impacts
of the suspension. The control is thus applicable to situations where near graz-
ing impacts of the bumpstop occur. As the space in a vehicle suspension is
limited for positional adjustments of the bumpstop, and the control law derived
is a local control around the grazing trajectory, it cannot be expected to pre-
vent sudden high velocity impacts due to an impulsive type excitation. It can,
however, suppress the transition from low-velocity impacts of the bumpstop to
high-velocity impacts in the case of harmonic excitation.
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Figure 4.6: Measured sti¤ness of a bumpstop (black dots) and an approximation used
for simulation (solid curve). The horizontal axis shows the compression distance of
the bumpstop and the vertical axis shows the resistive force.

Figure 4.7: Damper characteristics where v denotes expansion velocity of the damper
and F the damper force. Panel a) displays a passive damper characteristics. b)
displays the theoretical working range of a semi active damper. The force is in the
opposite direction of the compression velocity and energy is only dissipated. c) displays
the theoretical working range of an active damper. The suspension can here produce
forces in the same direction as the compression velocity, i.e. inject energy into the
system.
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Summary of appended papers

The aim of Paper A is to implement a passive control strategy by �nding a cri-
terion on the parameters of an impact-friction oscillator for a continuous grazing
bifurcation . A one-degree-of-freedom oscillator with dry friction is considered,
governed by the non-smooth di¤erential equationm�q+kq+F = 0 where F = Ff
if _q > 0 and F = �Ff if _q < 0. Forcing is transmitted through impacts with a
wall with harmonic oscillations. Impacts are modelled as instantaneous jumps
in velocity and the wall is assumed to be una¤ected by the impacts. The dry
friction makes so called sliding solutions possible in the set jqj � Ff=k, where
the mass is at rest (solutions slide in state space along the phase coordinate).
The linear nature of the oscillator makes it possible to �nd analytical expres-
sions of the trajectories in the two di¤erent sets _q > 0 and _q < 0. These are
used to perform a perturbation analysis around reference trajectories, through
which conditions on the parameters of the system are derived which assures
an asymptotically stable or unstable grazing trajectory. As the theory predicts,
the simulations show that in the case of an asymptotically stable grazing trajec-
tory the associated bifurcation, when the amplitude of the forcing is increased
through grazing, is continuous, and discontinuous otherwise. Simulations are
also performed for a two-degree-of-freedom model of the same system where the
wall has a �nite mass and is thus a¤ected by the impacts. It is shown that in the
limit of in�nite mass of the wall, the predictions of the one-degree-of-freedom
model are still valid. However, as the ratio of the two masses are lowered the
stable region in parameter space diminishes and appears to vanish altogether
for a ratio of about 100. It is argued that the bifurcation behaviour controls
the transmission of energy between di¤erent degrees of freedom of the impact
oscillator, i.e. for a discontinuous bifurcation more kinetic energy is transferred
to the secondary mass than for a continuous bifurcation.
In Paper B the question of stabilization by means of an active low-cost

control is addressed. A discrete control algorithm is proposed to assure local
persistence of an attractor around grazing impacts, i.e. a continuous bifurcation,
for n-dimensional impact oscillators with a smooth vector �eld (see Paper C for
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a situation where the control is applicable to a system with a non-smooth vector
�eld). A proof is given for stabilization utilizing the theory of discontinuity
mappings, going back to the works of Nordmark and Fredriksson, [1, 39]. The
proof is constructive in the sense that it provides tools for selecting stabilizing
control parameters. Implementation of the control strategy is exempli�ed on
one- and two-degree-of-freedom oscillators.
In Paper C some dynamical properties of a vehicle suspension is inves-

tigated, and a low-cost control method is proposed. The aim of the control
implementation is to reduce impact velocities with the bumpstop to increase
comfort of passengers and reduce damage of the vehicle in case of high ampli-
tude excitation. One- and two-degree-of-freedom quarter-car models are used
for the task. First it is investigated whether an impact with the bumpstop
can lead to a secondary harder impact, even if the excitation is unchanged.
Secondly, the control algorithm presented in Paper B is implemented in the
quarter-car model to investigate to what extent it can reduce impact velocities
with the bumpstop in case of harmonic excitation. The strategy is to make
small adjustments of the position of the bumpstop, and thereby change the
passively discontinuous grazing bifurcation into a continuous bifurcation. Sim-
ulation results for the �rst investigation shows that after an initial impact, a
harder secondary impact occur for harmonic excitation for many di¤erent sets
of parameter values, even if the amplitude is below the grazing amplitude. For
a step excitation it is also found that the phenomenon can occur, but only for
some parameter values. This indicates that a vehicle suspension can bene�t
from a low-cost control to minimize impact velocities with the bumpstop. Sim-
ulations with the control method implemented shows that impact velocities can
be reduced to some extent in case of harmonic excitation. However, the con-
trol algorithm does not work well for random road excitation, so for an actual
implementation in a vehicle the proposed low-cost control method has to be
developed further.
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Discussion and conclusions

The appended papers of this thesis show how passive and active low-cost con-
trol strategies for impact oscillators can be derived for the control objective
of minimizing impact velocities in case of a grazing bifurcation. This is done
in two ways: through the use of perturbation analysis of analytical solutions
and the use of a local discontinuity map which describes the correction to an
impacting orbit as compared to a non-impacting orbit. It is also shown that
low-cost control strategies (with minimal use of control actuation energy) can
signi�cantly change the dynamical behaviour of harmonically forced impacting
systems.
Discontinuous bifurcations are usually dangerous to engineering systems as

the solution changes signi�cantly, possibly violently, at the bifurcation. Because
of that a continuous bifurcation is usually preferable. The design or control ob-
jectives of the appended papers are for the most part a continuous bifurcation.
However, there could be applications where a discontinuous bifurcation is ad-
vantageous, for example for position sensoring purposes where a violent response
would be preferable, or as a means of energy transfer between di¤erent degrees
of freedom of the system, see Paper A for a discussion of this topic.
The most energy e¢ cient way to achieve a desirable dynamic response of

a system is implementing a control strategy already on the design stage, i.e.
choose parameter values of the mechanical system such that its dynamics is
desirable without implementation of active control. However, if possible design
parameters are outside the desired region, then some active control needs to
be added to the system. The control ideas presented here utilizes the natural
dynamics of the system as far as possible, which should be a rule in all control
applications, and the control only makes small changes to the system discretely
in time, minimizing energy use. The proposed control strategies are based on
taking advantage of the discontinuities of the system to achieve the desired
dynamics.
The downside of the proposed control strategies is that with the minimal

amount of actuation, high demand control objectives are di¢ cult or impossible
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to meet. The control objective is thus limited to controlling the bifurcation
behaviour from a discontinuous- to a continuous bifurcation or the reverse. As
the post grazing attractor of a continuous bifurcation emanates from the bifur-
cation point, impact velocities of a continuous bifurcation is always less than for
a discontinuous bifurcation su¢ ciently close to the bifurcation point. The range
of the bifurcation parameter for which this is true, is however dependent on the
system- and control parameters. A simple optimization procedure for choos-
ing control parameters which minimizes the growth of the attractor is found in
Paper C.
Actuators for an actual implementation of the proposed low-cost control

would be technically simple as they only require a displacement to be made,
although the actuator has to be su¢ ciently fast and accurate. For the suspen-
sion implementation this is a considerably more simple construction than the
components needed for a semi-active or active suspension. Sensoring devices on
the other hand would be of equal complexity and precision for all three control
types (active, semi-active and low-cost control).
A problem with the proposed control strategy is that it is derived using

theories of harmonically forced systems. The harmonic forcing creates certain
symmetries in the dynamics which is the basis for the control derivations. For
the control methods to work, the forcing or excitation thus needs to be harmonic
or at least near harmonic. This causes problems for systems having basically
random excitation, as in the case of a car traversing a real road surface.
Another issue is that bifurcation behaviours, which is the basis for the deriva-

tion of the control algorithms, only concerns the steady-state dynamics, whereas
for many engineering systems the transient response is of primary importance.
In those cases other control strategies probably needs to be implemented. How-
ever, for a continuous bifurcation and an initial value close to the bifurcation
point, where the perturbation analysis or the discontinuity mapping respec-
tively is valid, it is certain that the transient will stay close to the steady state
attractor since any disturbance away from it will contract each cycle.
Nevertheless, the proposed control strategies are shown to be promising and

might be useful in many applications. Especially the passive control technique,
where the parameter values of the system are chosen wisely, can easily be im-
plemented whenever designing engineering systems.



Chapter 7

Recommendations for future
work

In Paper A a strategy of �nding stabilizing control parameters for an impact
oscillator with friction is shown. The key to that methodology is however that
analytical solutions are known in subsets of state space. The same type of
analysis could probably be done successfully on any system if such is the case.
However, the methodology would be much more useful if it could be applied to
systems where no analytical solution is available. The way to do it is probably
by means of a similar technique as in Paper B where the Jacobian of the �ow
is analyzed. Having that said, as is shown in Paper A, the predictions of the
simple one-degree-of-freedom model of the system still holds in some cases for
the corresponding two-degree-of-freedom system.
Another continuation of Paper A is to derive an active control law for the

friction oscillator which enforces a continuous bifurcation for parameter values
which passively gives a discontinuous bifurcation. To derive a low-cost control
law where the position of the discontinuity surface is shifted, as in Paper B,
would probably be quite straight forward.
A further analysis of the case !

p
m=k > 2 in Paper A would also be

interesting, as it would complete the analysis for all possible parameter values.
Experimental veri�cation of the predictions presented in Paper A, and the

active control law presented in Paper B, is also of primary importance. As the
active control method is based on minute corrections to a discontinuity surface,
a successful implementation would require the actuators and sensors to be very
precise.
Paper C showed that the proposed control algorithm works well for har-

monic excitation, but it is not directly applicable on random excitation surfaces.
Therefore, for a successful implementation of this type of control strategy in a
real vehicle, predictive control algorithms probably need to be developed. For
example, a sensor could scan ahead of the vehicle and measure the height pro�le
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of the road. A prediction of the future motion of the suspension can then be
made, and out of that information the new position of the bumpstop estimated.
Sensor technology for such measurements already exists in the form of precise
radars and infrared cameras, so the implementation of such a system would be
possible with the current technology.
On a general note, the research �eld of low-cost control of nonlinear and

discontinuous systems, where the natural dynamics is taken advantage of, has
great potential and deserves continued attention.
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Nomenclature

Typeface

� Italics are used when new terms are introduced.

� Mathematical properties are written slanted.

� Scalar valued quantities are denoted lower cased and normal faced, such
as h:

� Vector valued quantities are denoted lower cased and bold faced, such as
x.

� Matrices are denoted UPPER cased and bold faced, such as P.

� CALLIGRAPHIC style is used to denote hypersurfaces in state space,
such as P.

47



48 Nomenclature

Notation1

b Parameter in the Lorenz equation
e Coe¢ cient of restitution [1]
F Friction force [N]
f Vector �eld
h Event function
k Spring sti¤ness [N/m]
m Mass [kg]
n An integer number
P Poincaré map, also known as a �rst-return map
P Poincaré surface
q Position [m]
Rn The set of all n-dimensional column vectors x.
r Parameter in the Lorenz equation
s Step length [1]
t Time [s,1]
T Period: amount of time to complete one oscillatory cycle [s,1]
vrel Relative velocity of two bodies [m/s]
x Column vector containing the states of a system
x A state in the Lorenz equation
y A state in the Lorenz equation
z A state in the Lorenz equation
� Small positive number
� Small positive number
� Phase angle [rad]
� Bifurcation parameter
� Parameter in the Lorenz equation
� Time [s,1]
� The �ow, or the collection of all solutions, of a dynamic system
! Angular velocity [rad/s]

� Sub- and superscripts in conjunction with scalar or vector valued quanti-
ties, such as hP or x�, are used to distinguish di¤erent scalars or vectors.

� A subscript "," denotes di¤erentiation with respect to the variable follow-
ing it, i.e. �;t denotes the column vector containing the time derivatives
of each component of the �ow.

� Vector valued quantities, such as x and P, are column vectors.

� Di¤erentiation of a scalar quantity with respect to a vector, such as
hP;x (x

�), yields a row vector.

� Matrix products are denoted with a centered dot as in f (x�) � hP;x (x�).

1Units shown where applicable. [s,1] means that the quantity can have the unit of seconds,
or have no unit (be non-dimensionalized).




