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Abstract
The notion of configuration space is a tool that allows to reason about
an object’s mobility in a unified manner. The problem of verifying path nonexistence can be considered as dual to path planning. The question here is
whether a body (a robot, a vehicle, or an object) can move between start and
goal configurations without colliding with obstacles. Caging is a notion from
robotic manipulation that can be seen as a special case of this problem: an
object is caged when it cannot escape arbitrarily far from its initial position.
In this thesis, we address the problems of caging and path non-existence in
different settings. Firstly, we design a theoretical framework and verification
algorithms for caging of three-dimensional partially-deformable objects with
specific global geometric features that can be described as narrow parts. Secondly, we formulate and address the problem of herding by caging: given a
group of moving agents and a team of mobile robots, the task is to guide the
agents to a predefined goal region without letting them escape at any moment of time. Thirdly, we propose an algorithm for efficient approximation
of three- and six-dimensional configuration spaces of arbitrary rigid objects.
This approximation can be later used to identify caging configurations as well
as to verify path existence between given configurations. Finally, we report
our preliminary results on molecular caging screening. This project builds
upon our previous work on configuration space approximation.

iv
Sammanfattning
Begreppet konfigurationsrum är ett verktyg som gör det möjligt att motivera rörlighet av ett objekt på ett enhetligt sätt. Problemet med att verifiera
icke-existens av möjliga vägar kan betraktas som dualt till vägplanering. Frågan vi studerar är om en kropp (en robot, ett fordon eller ett objekt) kan flytta
mellan start- och målkonfigurationer utan att kollidera med hinder. Caging är
ett begrepp från robotmanipulation som kan ses som ett speciellt fall av detta
problem: ett objekt är “caged” när det inte kan komma bort godtyckligt långt
från sin ursprungliga position. I den här avhandlingen behandlar vi problemen
med caging och icke-existens av vägar i olika aspekter. För det första utformar
vi en teoretisk ram och verifieringsalgoritmer för caging av tredimensionella
partiellt deformerbara objekt med specifika globala geometriska egenskaper
som kan beskrivas som smala delar. För det andra formulerar och studerar
vi herdingproblemet med hjälp av caging: givet en grupp rörliga agenter och
ett team mobila robotar är uppgiften att styra agenterna till en fördefinierad
målregion utan att låta dem fly vid någon tidpunkt. För det tredje föreslår
vi en algoritm för effektiv approximering av tre- och sexdimensionella konfigurationsrum av godtyckliga stela objekt. Denna approximation kan senare
användas för att identifiera caging-konfigurationer såväl som att verifiera existens av vägar mellan givna konfigurationer. Slutligen rapporterar vi våra
preliminära resultat på screening av molekylär caging. Detta projekt bygger
på vårt tidigare arbete med approximering av konfigurationsrum.
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Overview
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Chapter 1

Introduction and Background
1.1

The Scope of the Thesis

To assist humans both at home and in industrial environments, robots need to
manipulate objects: to pick them up, to place them in a particular position, to move,
and even to perform more complex tasks such as cutting, sewing, pouring liquids,
etc. For this, they need to plan collision-free paths in cluttered environments while
satisfying task-specific constraints (for example, keeping an object in a particular
position). Moreover, robots also need to restrict the mobility of objects to be able
to manipulate them. This leads to a fundamental question whether certain motions
are possible in a given environment.
The problem of verifying path existence can be considered as dual to path planning. The question here is whether a body (a robot, a vehicle, or an object) can
move between start and goal configurations without colliding with obstacles. Path
existence verification is essential in two different scenarios: (i) when one wants to
move from one point to another, and (ii) when one wants to bound the mobility
of an object under consideration. The first scenario can be seen as the first step
in a path planning problem: before attempting to construct a path, it might be
computationally more efficient to first understand whether the start and the goal
points can be connected. The second scenario describes situations where one has
no direct control over an object under consideration but wants to prevent it from
moving far from its initial position.
In robotic manipulation, the mobility of an object may be constrained by manipulators and obstacles. When the object cannot escape arbitrarily far from an
initial configuration, we say that the object is caged. Caging can be seen as a special
case of the path existence verification problem: an object is caged when there is no
collision-free path that would lead it arbitrarily far from its initial position.
One of the biggest challenges in analyzing path existence and caging is verification – i.e., designing efficient algorithms that are able to provide theoretical
guarantees that an object in a given position is caged, or that two given configu3
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rations cannot be connected by a collision-free path. For this, it is necessary to
analyze path-connectivity of the configuration space, which is often computationally challenging due to high dimensionality of these spaces.
In this thesis, we adress the following questions:
• How to verify whether two given positions can be connected by a collision-free
path in a given environment?
• How to restrict the mobility of the object to enable robust and safe manipulation?
In other words, we aim to provide theoretical frameworks and algorithms to undesrtand the path connectivity of objects in robotic applications.

1.2

Configuration Spaces of Objects and Their
Path-Connectivity

A configuration of an arbitrary object is a specification of the position of every
point in this object relative to a fixed reference frame [1]. The configuration space
of the object is the space of all its possible configurations.
The notion of configuration space was first introduced in robotics by T. LozanoPerez [2] to represent the set of all possible transformations of a robot. This concept
is central in path planning, as it treats the robot as a point in an appropriate space
and therefore allows to reason about its possible motions in a unified manner.
The collision space Ccol ⊂ C is the set of all configurations of the object in
which it collides with obstacles. The free space Cf ree ⊂ C is then defined as the
complement of Ccol . Depending on whether contact between an object and obstacles
is allowed or not, collision and free space can be defined in slightly different ways,
see [3] for an exhaustive discussion.
Depending on the problem, certain collision-free configurations can be forbidden
due to specific assumptions about the system’s behavior. For example, in [4] we
address the problem of guiding a set of mobile agents using a team of mobile
robots. To model the behavior of the agents, we define a potential function over
the environment and assume that the agents do not move to configurations of higher
potential.
A path from the configuration cstart ∈ Cf ree to the configuration cgoal ∈ Cf ree
is a continuous map p : [0, 1] → Cf ree with p(O) = cstart and p(O) = cgoal , where
cstart and cgoal are the start and the goal configurations, respectively. A space for
which there exists a path connecting any two points is said to be path-connected.
The problem of path planning is usually formalized as the problem of finding
a continuous path in the free space; the problem of proving path existence is dual
to it and consists in providing a proof that there is no continuous path connecting
start and end configuration in the free space. Caging can be seen as a special case
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of this problem: an object is caged when it cannot escape arbitrarily far from its
initial configuration.
In this thesis, we propose a set of approaches to analyze path-connectivity of
configuration spaces and verify caging and path existence. Firstly, in [5, 6] we
consider two- and three-dimensional rigid objects of arbitrary shapes. Secondly, in
[7], we work with partially deformable three-dimensional objects with specific shape
features; Finally, in [4], we consider a configuration space of a group of moving
agents represented as points in a two-dimensional environment. As we consider
three different scenarios, we propose different strategies to address them.
Let us start with rigid objects. In the two-dimensional setting, a rigid body
has three degrees of freedom: two translational and one rotational. This results a
three-dimensional configuration space C ⊆ SE(2), where C can be equal to SE(2)
in case the object can freely translate and rotate and the workspace is not bounded
by anything, and SE(2) denotes the special Euclidean group. These spaces are relatively easy to approximate computationally and thus are not very hard to analyze,
provided the shape of the object and the obstacles is known.
In the case of a three-dimensional environment, a rigid body has six degrees of
freedom. Three of them correspond to translations, and the other three describe
rotations. Therefore, the configuration space has six dimensions, C ⊆ SE(3). Our
work [5, 6] presents a method for three- and six-dimensional configuration space
approximation of rigid objects in two- and three-dimensional scenarios, respectively.
This allows us to analyze path-connectivity of the space directly by working with its
explicit approximate representation.
When we consider deformable objects, their configuration spaces become significantly more complex. For instance, in [7] we consider objects that can be arbitrarily
deformed while having a rigid core – a subset of an object that preserves it shape. In
this case, since the object can be arbitrarily stretched and bended, its configuration
space has infinitely many dimensions, which makes its explicit representation impossible. In [7], we avoid doing this by analyzing the global geometry of objects and
considering objects with specific shape features, that can be intuitively described
as narrow parts, which enables us to infer the information about path-connectivity
of the space indirectly.
Finally, in the case of a group of N moving agents that navigate in a twodimensional environment are controlled by a team of robots, their configuration
space is a Cartesian product of the individual configuration spaces of each agent
C = C1 × ... × CN , where C1 ⊂ R2 , as the agents are represented by points and
therefore are rotationally symmetric. In this case, instead of reconstructing the full
high-dimensional configuration space, we analyze the topological properties of the
forbidden space, and infer the information about path-connectivity of the free space
from it.
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A List of Papers

This thesis is based on four papers (Chapters A, B, C, D) and one manuscript
(Chapter 2) that contains preliminary results of our current research project. Here
is the list of papers that have been published in different robotics venues:
Paper A: Caging Grasps of Rigid and Partially Deformable 3-D Objects
With Double Fork and Neck Features
Anastasiia Varava, Danica Kragic, and Florian T. Pokorny.
In IEEE Transactions on Robotics 32 (6), 1479-1497, 2016
Contributions by the author: formulated and proposed the problem, designed and
implemented the algorithms, performed the experimental evaluation, wrote the majority of the paper.

Paper B: Herding by Caging: a Topological Approach towards Guiding
Moving Agents via Mobile Robots
Anastasiia Varava, Kaiyu Hang, Danica Kragic, and Florian T. Pokorny
In Proceedings of Robotics: Science and Systems, 2017
Contributions by the author: formulated and proposed the problem, designed and
implemented the algorithm, performed the experimental evaluation, wrote the majority of the paper.
Paper C: Caging and Path Non-Existence: a Deterministic SamplingBased Verification Algorithm
Anastasiia Varava, J. Frederico Carvalho, Florian T. Pokorny,
and Danica Kragic
In Proceedings of International Symposium on Robotics Research, 2017
Contributions by the author: formulated and proposed the problem, designed the
algorithm, wrote the majority of the paper.
Paper D: Free Space of Rigid Objects: Caging, Path Non-Existence,
and Narrow Passage Detection
Anastasiia Varava*, J. Frederico Carvalho*, Florian T. Pokorny,
and Danica Kragic
In Proceedings of Workshop on Algorithmic Foundations of Robotics, 2018
*The first two authors contributed equally to this work.
Contributions by the author: formulated and proposed the problem, designed and
partially implemented the algorithm, performed experimental evaluation, wrote the
majority of the paper.

Chapter 2

Caging and Path Existence
This chapter provides a detailed overview of the problems addressed in this work
together with a survey of the existing approaches.

2.1

Caging in Robotic Manipulation

The caging problem was originally formulated as a purely geometric problem, without any connection to robotics. To the best of our knowledge, the first remotely
similar question was formulated by Besicovitch [8] in 1957:
A net is made of string round a unit sphere, so that the sphere cannot
slip out of it. How long need the string be?
In 1990, the notion of a planar cage was introduced in 1990 by Kuperberg [9],
again in a purely geometric context:
Let P be a polygon in the plane, and let C be a set of n points in the
complement of the interior of P . The points capture P if P cannot
be moved arbitrarily far from its original position without at least one
point of C penetrating the interior of P . Design an algorithm for finding
a set of capturing points for P .
Despite the fact that the term “caging” does not appear in this formulation,
it essentially describes the same problem. If we imagine that the points represent
robotic fingers, and the polygon represents an object that the robot needs to manipulate, then this describes a robotic maniulator with n fingers caging a polygonal
object on a plane.
Note that nowadays the notion of caging is not limited to the partial immobilization of an object by a set of points (or discs). To bound the mobility of an
object, one can also use more complex manipulators, obstacles, and even physical
forces such as gravity. We therefore refer to these tools as caging tools.
7
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Figure 2.1: An illustration of the concept of caging. On the left, an object is caged
by two robotic hands: the object is not completely immobilized, but cannot escape
from the manipulator. On the right, a simplified illustration of its configuration
space structure is presented.

Following Rodriguez [10], we use the following general definition of caging (see
Fig. 2.5):
An object is caged if it is located in a compact connected component of
its free space.
The problem of grasp synthesis consists of finding a grasp configuration that
satisfies a set of criteria relevant for the grasping task. Grasping methodologies can
be divided into analytic and empirical [11]. The caging problem has been considered
as a complement to the analytic force-closure grasping approach [12, 13] which is
based on the calculation of the forces exerted by the robot and the friction between
the contacting surfaces, and hence relies on the determination of contact points
and normals to the object surface at these points. Therefore, a detailed knowledge
of the manipulated object’s local geometry and the robot’s pose is crucial in this
context.
Caging can also be seen as a waypoint to a form-closure grasp. In [10], Rodriguez, Mason and Ferry introduced a notion of a pregrasping cage: a caging
configuration from which the object can be grasped without breaking the cage.
The fingers are again approximated as points, and pregrasping cages are studied
via grasping functions: scalar functions defined on the finger formation that control
the process of going from a cage to a grasp.
An important advantage of caging is that it relies on global geometric information about the object’s shape and the manipulator configuration which may be
estimated more robustly than local friction coefficients and contact normals. Furthermore, while in force and form closure grasping, the manipulator is required to
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tightly establish contact with the object, thereby introducing an additional hard
constraint, this is often not necessary when a caging grasp is considered instead.

2D caging
Caging was introduced to robotics by Rimon and Blake [14], who proposed an algorithm to compute a set of configurations of a two-fingered hand to cage planar nonconvex objects. Using stratified Morse theory, they were able to demonstrate that
the cage breaks only in a specific set of manipulator’s configurations – equilibrium
grasps. They proposed a technique for computing the caging set of a two-fingered
manipulator whose opening is controlled by a single parameter.
Deriving necessary and sufficient caging conditions is a challenging problem, as
it requires reasoning about global geometric features of objects and obstacles as well
as global topological properties of their configuration spaces. For this reason, one
often has to make a considerable number of simplifying assumptions to make the
problem tractable. During several decades, different research groups were working
on designing caging algorithms where only robotic fingertips (typically 2 or 3) were
used to cage objects.
A significant number of works on caging deals with caging with two fingers
of polygonal objects. Pipattanasomporn and Sudsang [15] addressed the problem
of computing all two-fingered caging configurations while maximizing the distance
between them. In their work, the authors assumed that the object has a shape
of a concave polygon. Later, Pipattanasomporn and Sudsang [16], Vahedi and
van der Stappen [17] addressed closely related problems and proposed different
algorithms that report all two-finger caging grasps for a given polygonal object
using two points or discs. In [17], an algorithm that returns all caging placements
of a third finger is also described when a polygonal object and a placement of
two other fingers is provided. Allen, Burdick, and Rimon [18] later presented a
new algorithm to find two-fingered caging grasps of planar polygonal objects work
by analyzing the underlying low-dimensional “contact space” and identifying the
topological properties that define caging configurations. The authors analyzed the
inter-finger distance function in the contact space and showed that its critical points
correspond to the critical points of the cage representation in the manipulator’s
configuration space. In [19], the authors extended their contact space analysis for
three-dimensional objects.

3D caging
The problem becomes even more challenging in the three-dimensional scenario. One
common approach here is to consider objects with specific shape features or global
geometric properties. In their work [20], Pipattanasomporn and Sudsang proposed
an algorithm that computes all two-finger caging configurations for non-convex
polytopes, where the fingertips are approximated by points or spheres.

10
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Manipulators of more complex shapes were taken into account later. In [21], [22],
Makita, Okita and Maeda proposed intuitively determined conditions for caging a
small collection of parametrically defined simple objects in 3D, such as discs, tori
and objects with “waists”. In [22], this approach is generalised to objects for which
geometric sub-structure is pre-determined and stored in a database.
Stork, Pokorny, and Kragic [23, 24, 25] introduced an approach to caging 3D
objects that exhibit holes (the so-called non-trivial first homology) with complex
multifingered robotic hands. They considered both control strategies to guide the
robot arm/hand towards a caging configuration and an augmented task-space RRT
planner for planning hand and arm motions to achieve caging configurations.
In our work [7], we proposed sufficient conditions for caging objects in 3D with
particular shape properties – narrow parts. We define two shape features – necks
and double forks – and provide algorithms to identify them and generate caging
configurations for objects that exhibit them. Our approach is flexible with respect
to the choice of the manipulator type: it is applicable for a set of fingertips, an
entire hand, an arm, or a system of cooperating mobile robots as long as these
manipulators can form an approximate closed caging loop. Furthermore, in [7]
we extended the notion of caging to the case of partially-deformable objects: we
assumed that an object is guaranteed to have a “rigid core” and can be arbitrarily
bended, squeezed or streched while preserving this core. This work is presented in
Chapter A of this thesis.
There are several works where the authors propose different heuristic methods
to compute caging grasps. These methods cannot provide provable guarantees,
but can be quite efficient in practice. Diankov et al. [26] proposed a manipulation
planning algorithm that relies on caging. The focus of their work is on planning,
rather than on deriving and proving caging conditions. The authors assume that
the initial caging grasp is given. They generate a grasp set by randomly sampling
the space around this initial caging grasp, and produce a collection of candidate
grasps. They use these grasps to manipulate the object. Using caging grasps rather
than grasps that immobilize the object through contact force allows to provide the
manipulator with significantly more flexibility in accomplishing the task.
Finally, physical forces such as gravity can be used as caging tools. Mahler et
al. [27, 28] defined the concept of energy-bounded caging, where obstacles and external forces (such as gravity, or forces directly applied to the object) complement
each other in restricting the object’s mobility. They proposed a sampling-based
approach towards generating caging configurations in two-dimensional workspaces.
The authors construct a conservative approximation of the free space, use so-called
alpha shapes [29] to discretize it, and apply a topological technique called persistent homology [30] to compute energy-bounded cages. This algorithm is provablycorrect and does not require any specific predefined shape features of objects and
obstacles, but is computationally demanding, as it requires multiple samples of the
configuration space to construct its approximation.
It is important to note that energy-bounded caging can be seen as a special
case of partial caging – a situation where the mobility of an object is restricted to
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a certain extent, but the object is not fully caged. Partial caging was introduced
in the work by Makapunyo et al. [31], where the authors define a partial caging
configuration as a non-caging formation of fingers that only allows rare escape
motions. They introduced a quality measure for such configurations based on the
complexity and length of paths constructed by a sampling-based motion planner.

2.2

The Question of Path Existence as a Generalization of
Caging

In this section, we introduce the problem of path planning and the closely related
to it problem of path existence, which can be seen as a generalization of caging.

Path planning
The problem of path planning in its simplest form consists in constructing a collisionfree feasible trajectory through the environment that connects the start and the goal
configurations. Path planning has been extensively studied in robotics over the past
decades and remains one of the fundamental research directions. An introduction
to robotic path planning can be found in [32].
Early works on path planning are mostly devoted to designing complete planners: given a configuration space, a set of obstacles, and the start and the goal
configurations, these algorithms determine if there exist a path between them, and
if there is one, construct such a path. For polygonal obstacles, this has been proven
to be an NP-hard problem [33]. Some of the examples of these classical works are
the piano mover’s problem [34, 35], cylindrical algebraic decomposition [36, 37, 38],
and the Canny roadmap algorithm [33].
As the complete path planning is computationally expensive and thus is not
efficient in high-dimensional configuration spaces, most of the modern approaches
to path planning are based on random sampling of the configuration space. These
methods, often referred to as probabilistic sampling-based search algorithms, randomly sample the configuration space and incrementally build a roadmap – a graph
that maintains a discrete set of reachable configurations and feasible transitions between them. Once the roadmap is large enough to connect start and goal regions,
a path is obtained by tracing the edges that lead to that node from the start
configuration. This way, sampling-based approaches avoid explicit construction of
configuration spaces and thus overcome the dimensionality problem. This approach
has been successful for solving problems from robotics, manufacturing, and biological applications that involve thousands and even millions of geometric primitives.
The first well-known and successfull algorithms from this family are Probablistic
Roadmap [39] and Rapidly-Expanding Random Tree [40]. More recent works on
path planning often build upon these results.
One of the drawbacks of this approach is that most probabilistic sampling-based
algorithms are guaranteed to be only probabilistically complete – i.e., if a path con-
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Figure 2.2: This figure illustrates the problem that a typical sampling-based planner
faces in the presence of narrow passages. The collision space is depicted in purple,
the free space is depicted in white, and a random tree approximating the free space
is depicted in black. Narrow passages make the task significantly more challenging,
as the probability of sampling configurations in them is low. Moreover, sometimes
these passages are so narrow, that it is hard to distinguish between the situation
and the case where there is no path.

necting two configuration exists, it is guaranteed to be found with probability 1 as
the number of samples made by the algorithm goes to infinity. If no path is found,
the algorithm attempts to expand the roadmap further. Thus, if the start and the
goal configurations cannot be connected by a path, the algorithm will keep trying
to connect them and never terminate. In practice, different stopping criteria are
usually used to terminate search after a certain number of iterations has been performed. Moreover, sampling-based path planning algorithms perform significantly
worse in the presence of narrow passages connecting start and goal regions, see
Fig. 2.2. This is due to the fact that the probability of randomly sampling a path
through the passage is lower. Several sophisticated sampling strategies have been
proposed, but the problem still remains a scientific challenge.

Path existence
In this context, the question of existence of a collision-free path connecting two configurations of an object in a cluttered environment becomes crucial. This problem
was first addressed by Basch et al.
citeintro-basch, who proposed an algorithm to prove that two configurations are
disconnected when the object is ‘too big’ or ‘too long’ to pass through a ‘gate’
between them.
Caging can be seen as a special case of this problem, as an object is caged if
there is no collision-free path leading it arbitrarily far from the initial position. In
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Figure 2.3: The collision space is depicted in grey, the free space is depicted in
white. Understanding the connectivity of the free space allows to address both
caging and path existence questions.

terms of the configuration space of the object, the start and the goal positions can
be connected if and only if they lie in the same path-connected component of the
object’s free space. On the other hand, an oject is caged if it is located in a compact
connected component of its free space [10]. This formalism allows us to solve both
caging and path existense problems by approximating the configuration space of
the object and analyzing the connectivity of its free space, see Fig. 2.3.
The problem of exact or approximate explicit reconstruction of configuration
spaces has been studied for several decades, and a summary of early results can
be found in [41]. Reconstruction can be achieved by discretizing the space and
representing it as a collection of small geometric primitives (such as rectangles or
triangles, and their higher-dimensional analogies). However, the number of geometric primitives grows exponentially with the number of dimensions in the space,
resulting in high and practically infeasible memory and time complexity of straightforward reconstruction algorithms.
This problem has been addressed in a number of early works on motion planning.
In [2], the authors rely on slicing the configuration space along the orientation axis.
To move between different slices, they used the area swept by the robot rotating
between two consecutive orientations. In [42], this approach was further extended
to using both outer and inner swept areas to construct a subset and a superset of
the collision space of polygonal robots.
Later, several approaches to representing configuration spaces of 2D objects,
both exact and approximate, have been proposed and successfully implemented
[43, 44].
There are also some related results on approximating configuration spaces of 2D
objects. In [45], Zhang et al. use approximate cell decomposition and prove path
non-existence for 2D rigid objects. They decompose a configuration space into a
set of cells and for each cell decide if it lies in the collision space. In [46] McCarthy
et al. propose a related approach. There, they randomly sample the configuration
space of a planar rigid object and reconstruct its approximation as a so-called alpha
shape. They later use it to check the connectivity between pairs of configurations.
This approach has been later extended to planar energy-bounded caging [28, 27].
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The problem however is more difficult if we consider a 3D object, as its configuration space is 6-dimensional. In the recent survey on caging [47], the authors
hypothesise that recovering a 6D configuration space and understanding caged subspaces is computationally infeasible. Later, we proposed a provably-correct algorithm for approximating 3D and 6D configuration spaces of rigid bodies [5, 6]. To
the best of our knowledge, this is the first algorithm that can solve this problem in
real time and has been proven to be mathematically correct.



Figure 2.4: We decompose the configuration space of a rigid body into a product
of orientational and translational subspaces. The orientation space is subdivided
into a finite number of neighbourhoods (on the left), and each of them is projected
into translational space (on the right).

We achieved this by decomposing the configuration space into a finite set of
lower dimensional slices, see Fig. 2.4. Intuitively, we construct a set of slices of the
configuration space to subspaces corresponding to fixed orientations of the rigid
body. By construction, our approximation is a proper subset of the collision space,
which implies that when our algorithm reports that the two configurations are
disconnected, then there is no path between them in the real free space. This idea
together with recent results in computational geometry and topology [29, 48] result
in overcoming the dimensionality problem without losing necessary information
about the topology of the configuration space. This is, to the best of our knowledge,
the first method for 6-dimensional configuration space approximation that provides
both practical feasibility and theoretical guarantees at the same time. These works
are presented in Chapter C and Chapter D.

2.3

Caging in Multi-Robot Manipulation

Apart from grasping, caging can be used as a tool in collaborative mobile robot
manipulation. This approach integrates formation control with caging formalism.
Namely, a team of mobile agents encloses an object and moves without allowing it
to escape at any moment of time. In this process, the team needs to avoid obstacles,
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which implies changing the shape of the formation. Caging can be beneficial in this
scenario, as it (i) allows to provide theoretical guarantees for object immobilization,
and (ii) does not require explicit force control.
In this context, mobile robots are typically represented as points, and objects
are represented as polygons. The motion is usually performed in a two-dimensional
environment. Pereira et. al.[49, 50] performed decentralized control of polygonal
mobile robots using visual feedback to transport a polygonal object in an obstaclefree environment. Sudsang et al. [51, 52] used disc-shaped robots to capture a
polygonal object in a planar environment and transport it by pushing in the presence of obstacles.
Caging has also been used in micromanipulation and microassembly by Cappelleri et al. [53, 54, 55, 56]. Different types of caging tools can be used to transport
objects as well. For instance, Bhattacharya et al. in [57] proposed a topologicallybased approach to use cables to separate and manipulate sets of objects, including
highly deformable shapes such as oil spills.

Figure 2.5: Different shades of green correspond to different values of the potential
function; the point inside is caged as it is surrounded by a region of higher potential.

The above mentioned works focus solely on transporting objects. In our work
[4], presented in Chapter B of this thesis, we adressed the problem of guiding a
group of mobile agents (referred to as “sheep”) to a specified goal region with a
team of mobile robots. We have no direct control over the sheep, but we make
an assumption that they are trying to keep as far as possible from the closest
robot. We model this behavior by introducing a potential function that is based
on the distance to the closest robot and models “repulsive forces”. Since the sheep
are “repulsed” from the robots, they do not move to points with higher potential
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value. This way, they are caged when surrounded by regions of higher potential.
We derive sufficient conditions for potential-based caging based on the topological
properties of the potential field. We then plan the motion of the formation such
that the sheep are guaranteed to not be able to escape the cage. To navigate in
a cluttered environment, the robot team can quickly change the formation while
moving towards the goal reagion. To the best of our knowledge, this is the first
application of caging to guiding moving agents.
Sunsequently, Özkahraman and Ögren [58] proposed an algorithm for range
limited sensing in 3D environments to captures an evader. They leveraged the
notion of caging to formalize this problem.

2.4

An Application of Caging in Chemistry: Molecular
Cages

Figure 2.6: In this example, we consider one big and two small molecules to see
whether our algorithm can predict their ability to form a cage. Atomic coordinates and (van der Waals) radii were retrieved from the Cambridge Crystallographic Data Centre (CCDC) database. The depicted molecules are mesitylene
(left, CCDC 907758), CC1 (middle, CCDC 707056), and 4-ethyltoluene (right,
1449823)[59]. Our algorithm reported that CC1 cages mesitylene, but does not
cage 4-ethyltoluene. These results coincide with the experimental results reported
in [59].
Algorithmic approaches, such as sampling-based motion planning algorithms,
can sometimes be successfully applied to problems in molecular science [60, 61]. In
this work, we establish a connection between the notion of cagin in robotics and
molecular cages from organic chemistry.
In organic chemistry, the notion of caging was introduced independently of
robotics [59]. Big molecules or their ensembles can form hollow structures (called
hosts) with a cavity large enough to envelope a smaller molecule (called a guest).
Simple organic hosts are relatively small in size and therefore can be used for
selective encapsulation of tiny molecules based on their shape [59].
Performing experiments in a chemical laboratory can be a resource- and timeconsuming process. Therefore, computational screening of caging candidate molecules
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would provide significant benefits. To the best of our knowledge, currently there is
no computational framework that is able to predict which molecules are likely to
form caging pairs.
We adopt our configuration space approximation algorithm [5, 6] to perform
screening of organic molecules and identify caging pairs. In Chapter 2, we report
our preliminary results.

Chapter 3

An Overview of the Included
Publications
The following manuscripts are included in this thesis.

Paper A: Caging Grasps of Rigid and Partially Deformable 3-D Objects
With Double Fork and Neck Features.
Anastasiia Varava, Danica Kragic, and Florian T. Pokorny.
In IEEE Transactions on Robotics 32 (6), 1479-1497, 2016
Abstract: Caging provides an alternative to point-contact based rigid grasping,
relying on reasoning about the global free configuration space of an object under
consideration. While substantial progress has been made towards the analysis, verification and synthesis of cages of polygonal objects in the plane, the use of caging
as a tool for manipulating general complex objects in 3D remains challenging. In
this work, we introduce the problem of caging rigid and partially deformable 3D
objects which exhibit geometric features we call double forks and necks. Our approach is based on the linking number - a classical topological invariant, allowing
us to determine sufficient conditions for caging objects with these features even in
the case when the object under consideration is partially deformable under a set of
neck or double fork preserving deformations. We present synthesis and verification
algorithms and demonstrations of applying these algorithms to cage 3D meshes.

Paper B: Herding by Caging: a Topological Approach towards Guiding Moving Agents via Mobile Robots.
Anastasiia Varava, Kaiyu Hang, Danica Kragic, and Florian T. Pokorny
In Proceedings of Robotics: Science and Systems, 2017
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Abstract: In this paper, we propose a solution to the problem of herding by caging:
given a set of mobile robots (called herders) and a group of moving agents (called
sheep), we move the latter to some predefined location in such a way that they
cannot escape from the robots while moving. We model the interaction between
the herders and the sheep by assuming that the former exert virtual “repulsive
forces" pushing the sheep away from them. These forces induce a potential field, in
which the sheep move in a way that does not increase their potential. This enables
the robots to partially control the motion of the sheep. We formalize this behavior
geometrically by applying the notion of caging, widely used in robotic grasping.
We show that our approach is provably correct in the sense that the sheep cannot
escape from the robots. We propose an RRT-based motion planning algorithm,
demonstrate its probabilistic completeness, and evaluate it in simulations.

Paper C: Caging and Path Non-Existence: a Deterministic SamplingBased Verification Algorithm
Anastasiia Varava, J. Frederico Carvalho, Florian T. Pokorny,
and Danica Kragic
In Proceedings of International Symposium on Robotics Research, 2017
Abstract: Caging restricts the mobility of an object without necessarily immobilizing it completely. The object is caged if it cannot move arbitrarily far from
its initial position. Apart from its common applications to grasping and manipulation, caging can also be considered as a problem dual to motion planning: an
object is caged when it is isolated within a bounded connected component of its
configuration space and is disconnected from the rest of the latter. In this paper,
we address the problem of caging and path non-existence verification in 2D and 3D
workspaces by representing a subset of the collision space as a simplicial complex
and analyzing the connectivity of its complement. Since configuration spaces of 2D
and 3D rigid objects are three-dimensional and six-dimensional respectively, it is
computationally expensive to reconstruct them explicitly. Thus, we represent the
object’s collision space as a union of a finite set of ‘slices’, corresponding to small
intervals of the object’s orientation coordinates.

Paper D: Free Space of Rigid Objects: Caging, Path Non-Existence,
and Narrow Passage Detection
Anastasiia Varava*, J. Frederico Carvalho*, Florian T. Pokorny,
and Danica Kragic
In Proceedings of Workshop on Algorithmic Foundations of Robotics, 2018
*The first two authors contributed equally to this work.
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Abstract: In this paper, we present an approach towards approximating configuration spaces of 2D and 3D rigid objects. The approximation can be used to
identify caging configurations and establish path non-existence between given pairs
of configurations. We prove correctness and analyse completeness of our approach.
Using dual diagrams of unions of balls and uniform grids on SO(3), we provide a
way to approximate a 6D configuration space of a rigid object. Depending on the
desired level of guaranteed approximation accuracy, the experiments with our single
core implementation show runtime between 5 − 21 s. and 463 − 1558 s. Finally,
we establish a connection between robotic caging and molecular caging from organic chemistry, and demonstrate that our approach is applicable to 3D molecular
models.

Chapter 4

Conclusion and Future Directions
of Research
In this thesis, we presented a number of algorithms and theoretical frameworks to
analyze the path-connectivity of the free space for robotic manipulation and path
planning applications. As this is one of the fundamental problems in robotics, in
the future we plan to build upon this work and consider different applications of
the proposed theoretical results.

Path non-existence and motion planning – an integrated
framework for mobility-on-demand
One possible future direction of research is integration of our configuration approximation algorithm [5, 6] with path planning, and its application for mobility-ondemand. In particular, in [62, 63], Vasile, Karlsson et al. consider a problem in
which an autonomous vehicle must plan trajectories such that customer demands
are satisfied within a specified time period, while obeying the road rules. They
rely on LTL formulas to specify desired behavior of the vehicle, and utilize an
RRT-based motion planner to construct trajectories. Our goal is to extend this
framework by enriching local planning with provably-correct path non-existence
verification. Instead of stopping a path planning algorithm after a predefined number of samples, we will run two algorithms at the same time: a sampling-based
path planner is attempting to find a path, while our connectivity checker is constructing an approximation of the free space. This will allow us to identify missions
that are not possible to complete under certain constraints and provide theoretical
guarantees of trajectory non-existence. These constraints can be defined by, for
example, road rules or customer preferences. Moreover, we plan to leverage our
configuration space approximation to find feasible trajectories faster by identifying
narrow passages in the free space and sampling configurations from them.
23
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Molecular caging: flexibility analysis
Another direction of future research that we are planning to pursue is to improve
our current molecular screening algorithm. In particular, as can be seen in Chapter 2, our framework does not currently take into account possible deformations
of molecules. In regular conditions, molecules can accommodate various conformations – i.e., they can change their shape due to intramolecular vibrations and
intermolecular interactions. As a consequence, realistic representation of a molecule
as a three-dimesional object should take into account possible flexibility – for instance, by considering an ensemble of different conformations. For our framework,
this implies running our caging verification algorithm for all possible pairs of conformations of a host and a guest, and estimating the probability of forming a stable
cage. To represent molecules as conformational ensembles, we plan to leverage
molecular dynamics simulations and analysis of obtained trajectories.

Partial caging – a deep learning-based approach
Despite their obvious agvantage of providing theoretical guarantees, complete cages
may be computationally expensive and therefore not ideal for real-time robotic
manipulation. Furthermore, complete caging guarantees may furthermore not be
necessary in many practical applications. In one of our on-going projects, we address
the problem of partial caging – generating non-caging configurations that only
allows rare escape motions. For this, we define a quality measure to evaluate
partial caging grasps. To speed-up the computations, we are considering using a
deep learning-based approach to approximate the quality evaluation function.
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