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Abstract

This work is a study of nonlinear phenomena in vertically stacked pairs of magnetic
vortices. New dynamic regimes are uncovered with a decrease in the inter-vortex sepa-
ration to below the lateral vortex-core size. These include linear, non-linear, and chaos
dynamics of the coupled vortex cores, as well as core-core coupling/decoupling driven
by resonant microwave fields. In addition to the direct advantages gained from the fa-
vorable symmetry of the system, which includes the fringing flux closure, new ways of
exciting and controlling the motion of the vortex cores are shown. The dynamics of the
vortex stack show promising improvements over those of a single vortex, in particular
the characteristic speed of operation can be increased by an order of magnitude. The
system therefore is viewed to have the potential for applications in data storage and
oscillators.

A combination of experimental, analytical, and numerical methods is used. A the-
oretical framework based on the quasiparticle Thiele-equation approach, extended to
thermally driven dynamics by using the Monte Carlo method, is constructed and exten-
sively tested experimentally and numerically. In-depth micromagnetic simulations are
performed and show consistency with the results obtained analytically, both success-
fully validated against the measured data collected in a series of experiments on spin
vortex pairs. Among these are microwave spectroscopy, transient dynamics, thermal
decay, and pinning spectroscopy measurements.

In particular, it is shown that the nonlinear frequency response of a two-vortex
system exhibits a fold-over and an isolated rotational core-core resonance. A parametric
inter-modal interaction is shown to induce hybrid dynamic regimes of the vortex-core
oscillation when the system is subject to high excitation amplitudes.

An intrinsic bi-stability of the core positions in the structure is found and investi-
gated as a candidate for a memory element. The bi-stability is pronounced at lower
temperatures. The rates of thermal switching were investigated in order to find the
optimum operating DC-bias conditions.

It is found that parametric interactions play a big role in the otherwise frustrated
dynamics of essentially a 1D system. The parameters of the short excitation pulses for
switching between the core-core states are optimized to achieve switching probabilities
of over 90% in the experiment, with the pulses only a few nanoseconds long.

Vortex pairs are demonstrated to be sensitive to the presence of defects in the ferro-
magnetic layers of the nanostructure. It is shown that the key factor in this sensitivity
lies in the vortex’ flux closure. Binding of a core-core pair to a defect is observed experi-
mentally. A model is developed to describe the changes in the dynamical characteristics
of the defect-pinned vortex pair. The capabilities of the model for characterizing mag-
netic and morphological defects in nanostructures are demonstrated.

Keywords: Magnetic vortex, nonlinear mechanics, isolated resonance, nonlinear fre-
quency tuning, chaotic dynamics, parametric interaction, Thiele equation, Monte Carlo
simulations, Ito processes, bistability, tunneling magneto-resistance.
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Sammanfattning

Detta arbete är en studie av icke-linjära fenomen i vertikalt staplade par av mag-
netiska spin-virvlar. Nya dynamiska regimer upptäcks när inter-virvelseparationen min-
skar till under den laterala storleken av virvelkärnan. Dessa regimer inkluderar linjär,
icke-linjär och kaos-artad dynamik hos de kopplade virvelkärnorna, och dessutom som
kärn-kärn koppling/frikoppling exciterat av resonanta mikrovågsfält. Förutom de di-
rekta fördelar som uppstår ur systemets gynnsamma symmetri, som innefattar strö-
fälts-slutningen, visas nya sätt att excitera och styra virvelkärnans rörelse. Dynamiken
hos virvel-paret uppvisar lovande förbättringar jämfört med en enkel virvel, i synnerhet
kan den karakteristiska manipuleringshastigheten ökas med en storleksordning. Sys-
temet anses därför ha potential för applikationer inom datorminne och oscillatorer.

En kombination av experimentella, analytiska och numeriska metoder används.
Ett teoretiskt ramverk baserat på kvasipartikel Thiele-ekvationen, utökad till termiskt
driven dynamik med hjälp av Monte Carlo-metoder, konstrueras och testas grundligt
både experimentellt och numeriskt. Noggranna mikromagnetiska simuleringar utförs
och är konsekventa med de erhållna analytiska resultaten, som båda framgångsrikt
validerats mot den uppmätta data som samlats in i en serie experiment på spin-virvelpar.
Bland dessa är mikrovågspektroskopi, snabb-dynamik, termiskt sönderfall och pinningspek-
troskopi mätningar.

I synnerhet visas att den icke-linjära frekvensresponsen hos ett två-virvelsystem har
en över-vikning och en isolerad roterande kärn-kärnresonans. En parametrisk inter-
modal interaktion visas inducera hybrid-dynamiska regimer hos kärnoscillationen när
systemet utsätts för höga excitationsamplituder.

En intrinsisk bi-stabilitet hos kärnpositionerna i strukturen hittas och undersöks som
en kandidat för minneselement. Bi-stabiliteten är mer uttalad vid lägre temperaturer.
Frekvensen för termisk frikoppling av kärnorna undersöks för att hitta de optimala
statiska fältförhållandena.

Det konstateras att parametriska interaktioner spelar en stor roll i den annars frus-
trerade dynamiken hos det i huvudsak en-dimensionella systemet. Parametrarna för
de korta exciteringspulserna för växling mellan kärn-kärn tillstånden optimeras för att
uppnå sannolikheter på mer än 90% i experimenten, då pulserna endast är några få
nanosekunder långa.

Virvelpar visas vara känsliga för förekomsten av defekter i nanostrukturens ferro-
magnetiska lager. Det visas att nyckeln till denna känslighet ligger i virvelns strö-fälts-
slutning. Bindning av ett kärn-kärn par till en defekt observeras experimentellt. En
modell är utvecklad för att beskriva förändringarna i de dynamiska egenskaperna hos
det defekt-låsta virvelparet. Modellens förmåga att karakterisera magnetiska och mor-
fologiska defekter i nanostrukturer demonstreras.

Nyckelord: Magnetisk-virvel, icke-linjär dynamik, isolerad resonans, icke-linjär frekvens-
optimering, kaotisk dynamik, parametrisk interaktion, Thiele-ekvation, Monte Carlo-
simuleringar, Ito-processer, bistabilitet, tunnelmagneto-resistans.
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Chapter 1

Magnetic vortices and multi-vortex struc-
tures

Vortices appear practically in any two-dimensional condensed matter problem. In the
mechanics of liquids and plasma, for example, characteristic Relay–Bénard convective
cells appear in the presence of temperature gradients [1] and on a bigger, atmospheric
scale cyclones form. In the physics of superconductors, we talk about both Abrikosov
vortices [2] and Josephson vortices [3]. The physics of magnetic materials is no ex-
ception. Magnetic vortices are a popular research subject because of the ease of vor-
tex excitation and stabilization in nanoparticles with certain, simple geometric shapes,
combined with the relative ease of observing the vortex dynamics in significant detail
using such direct observation methods as Magnetic Force Microscopy [4, 5], Lorenz
electron microscopy [6] and Circular Dichroism X-Ray microscopy [7], among others.
These methods allow for a high spatial and temporal resolution in studying magnetic
vortices subject to external stimuli.

From the practical point of view, magnetic vortices are promising for a variety of
applications, reviewed in the second half of this chapter, due to their ease of fabrication
and overall stability.

1.1 Ferromagnetic materials

Materials able to maintain the so-called spontaneous magnetization (magnetization ex-
isting without external fields) have been known for a long time, first being used by
ancient civilizations [8]. In nature, very few materials demonstrate this phenomenon.
For example, magnetites Fe3O4 were likely the first to be known for their magnetic
properties, and were used for making primitive compasses (in the English language,
the magnetite bearing mineral name, lodestone, had the meaning of a way-stone in
Middle English, and is commonly used even today).

Long-range and other peculiarities of magnetite interaction with other magnetic
materials puzzled ancient thinkers, but it took a long time before either these inter-

1



2 CHAPTER 1. MAGNETIC VORTICES AND MULTI-VORTEX STRUCTURES

actions or the nature of magnetization would be explained. While the latter required
the modern understanding of physics, the former was answered when studying mag-
netic compass needle interaction with electric currents by Oersted, Ampere, and their
contemporaries [9] in 1819 – 1821. Their conclusions would be fully generalized and
expanded in the classical electromagnetism theory of Maxwell [10] only in 1865.

Ampere was the first who assumed that Earth and magnetic materials carry inter-
nal currents, which are responsible for the creation of external magnetic fields. This is
indirectly included in the model of Maxwell, whose equations describe such induced
currents and fields. However, unlike macroscopic charge currents, the currents respon-
sible for spontaneous magnetization and related external fields are conducted without
resistance, since magnets can remain magnetized virtually indefinitely.

True understanding of the nature of ferromagnetism and other magnetic phenom-
ena was achieved only after the development of quantum mechanics. It turned out that
a microscopic spin of electrons was the primary source of the macroscopic magnetiza-
tion and external fields it induces. Furthermore, in ferromagnetic materials the indi-
vidual electron spins tend to be ordered over long distance scales, with this magnetic
order stable until the material is heated to some characteristic temperature, commonly
referred to as the Curie point [11], which is very high for most commonly used ferro-
magnetic materials (e.g., TC = 1043 K for pure iron). Simple calculations show that
such temperature stability can only be achieved with the inter-spin interaction energy
equivalent to extremely intense intrinsic microscopic magnetic fields of magnitude 107

G, comparable to those found on the surface of a neutron star.
The interspin interaction in a magnetic material, as was demonstrated both theoret-

ically and experimentally [12, 13], is a purely quantum effect as well. The mechanism
of this interaction is universally referred to as exchange, based on the general argument
about the symmetry of a two-electron wave function ψ(r1, r2|σ1,σ2) to a vis-a-vis ex-
change of the two indistinguishable particles, resulting in a dependence of the energy
eigenvalues on the total spin of the system, which for a two-particle system is equiv-
alent to a dependence on the relative orientation of the spins [14]. In this approach,
the exchange interaction is effectively an electrostatic interaction correction. Its energy
is a fraction of the Coulomb interaction energy (commonly only 1–10 % [15]) and in
the order of magnitude is about the thermal energy kB T at room temperature. The
Hamiltonian of the system with exchange interaction has the following typical form:

H =H0 −
∑

α,β

J (αβ)i j S(α)i S(β)j − 2µBH
∑

α

S(α)i , (1.1)

where H0 is the unperturbed Hamiltonian, J (αβ)i j – the exchange interaction energy

tensor, S(α)i – the i-th component of the α-particle’s spin operator, µB =
eħh

2mec – the Bohr
magneton, and H – the external magnetic field.

Depending on the properties of J (αβ)i j , different types of spin ordering are possible,
as demonstrated in Fig. 1.1. Notably, in the case when Ji j = Jδi j and only adjacent
spins interact, two main types of magnetic ordering result. For J > 0, it is energetically
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(a) Ferromagnetic material (b) Antiferromagnetic material

(c) Ferrimagnetic with non-equivalent sublatices

Figure 1.1: Characteristic types of magnetic ordering. Arrows show direction of spins
situated on square Bravais lattice. Cell colour indicates spins’ z projection sign.

beneficial for all spins to align in parallel forming the so-called ferromagnetic order, il-
lustrated in Fig. 1.1a. As a result of the parallel spin alignment, the material as a whole
develops a non-zero total magnetic moment or spontaneous magnetization. In the other
case, when the negative exchange constant favors antiparallel arrangement of adjacent
spins, another type of ordering is realized, in which the material has two sublattices
magnetized in opposition. When the two sublattices are equivalent, the equilibrium
magnetic moment of the system is zero and the material is referred to as antiferro-
magnetic (Fig. 1.1b). When the sublattices are not equivalent, their difference results
in a permanent magnetization and the material is known as ferrimagnetic (Fig. 1.1c).
This classification is not exhaustive, and there are many other types of magnetically or-
dered materials, with for example additional next-nearest-neighbor exchange and/or
non-diagonal Ji j .

For simulating practical magnetic systems, the above model (1.1) can become dif-
ficult and cumbersome, even after making a number of simplifying approximations,
such as the nearest-neighbor approximation (ignoring all J (αβ) for non-adjacent α and
β , also known as the Heisenberg model), or decreasing the total number of variables in
the system (by decreasing the number of either spatial or spin dimensions). Some of
the main issues with simulating large spin systems are the quantum nature of the model
and its poor scaling for practical applications. However, it is worth to note that a num-
ber of phenomena were successfully predicted using this relatively simple model, for
example spin waves and their quanta (magnons) [16] as well as magnetic solitons [17].
Despite its shortcomings, the above microscopic approach still remains quite popular
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in today’s research and development.

1.2 Phenomenological model of ferromagnetic materials

The phenomenological model of magnetization dynamics in the form of Landau-Lifshitz
Gilbert (LLG) equations, first derived in [18], without a doubt has become the leading
approach to study all kinds of magnetic systems today. To this day, the model is con-
stantly expanded to cover novel magnetic phenomena. For example, new types of the
friction term have been proposed [19, 20, 21, 22] to explain exotic types of high-speed
dynamics observed with the ever-increasing experimental precision. Additionally, new
terms due to spin-polarized currents in magnetic materials [23] have been introduced
and found wide use.

1.2.1 Time evolution of magnetic moment in LLG model

The LLG equations, as well as all other continuous media approaches are based on av-
eraging the individual atomic moments S(α)(t) in the vicinity of a point r, resulting in
some effective continuous field S(r, t), or equivalently M(r, t), evolution of which is of
interest. The magnetization dynamics can be derived either from classical considera-
tions [24, 25] or from averaging the equations of the Heisenberg model (1.1). In the
latter case, the evolution of S subject to an external field He f f . can be written in the
form of an operator equation for Ṡ with the HamiltonianH = −gµBSHe f f .. Using the
result from [14], one can state:

Ṡi = −
i
ħh
�

Si ,H
�

=
gµB

ħh
εi jkSkHe f f . j , (1.2)

after which one can proceed to the respective individual magnetic moments, µ= gµBS,
and finally to the mean magnetization field M,

Ṁ= −γe

�

M×He f f .

�

, (1.3)

where γe = ge/2mc ≈ e/mc = 1.76× 107 G−1s−1 or 2.8 MHz/Oe.
The classical derivation involves the Euler equations for a solid body rotation with

one non-zero moment of inertia, from which one can obtain the Lagrange function:

L = −
Ms

γe

∫

cosθ
∂ φ

∂ t
dV −WM , (1.4)

where Ms = |M| is the saturation magnetization, φ and θ are the angular coordinates
of the magnetization vector M = Ms{cosφ sinθ , sinφ sinθ , cosθ} = Msm, WM – the
Gibbs thermodynamic potential. Similar to other variables in a continuous medium
approach, it is practical to operate with the density of the Gibbs energy:

WM =

∫

w dV. (1.5)
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Furthermore, the system experiences energy losses through dissipation, described
empirically through the dissipative function [24]:

Qdis =
1
2

∫

ηṀ2 dV, (1.6)

which reduces (1.3) to

ṁ= −γe

�

m×He f f .

�

+ γ0ηMs[m× ṁ], (1.7)

where it is convenient to use a dimensionless parameter, α= γ0ηMs – the phenomeno-
logical Gilbert damping constant. For our specific material system studied in the follow-
ing chapters, the damping constant is very small, α= 0.01. As was shown in [26], the
magnetization dissipation is caused by the spin-orbit interaction, and the lost energy is
radiated as waves.

Effective magnetic field He f f . acting on magnetization M in equations (1.3) incor-
porates external field Hex t. as well as all the quantum and relativistic interactions in the
medium. The value of He f f . can be shown to follow from the variation of Lagrangian
(1.4):

He f f . = −
δWM

δM
. (1.8)

1.2.2 Exchange interaction of ferromagnet

As we mentioned earlier, when discussing Hamiltonian (1.1), for a ferromagnetic mate-
rial a disorientation of the atomic magnetic moments from their parallel configuration
increases the potential energy of the system. The exchange energy density, wex ., should
in turn increase, accompanied by non-zero gradients dMi/d x j (neglecting the higher
order derivative terms since typically M changes slowly with distance). Since the ex-
change energy is only dependent on the mutual orientation of the interacting spins and
remains the same for a simultaneous rotation of both spins (as it depends on dot prod-
ucts of type (1.1)), one can say that, for arbitrary direction x i and the magnetization
changing only along x i , then

wex(x i) =
Ai

2

�

∂m
∂ x i

�2

, (1.9)

where Ai is the exchange stiffness along the x i axis. Performing a similar calculation
for the orthogonal axes and adding the energies we obtain:

wex =
A
2

∑

i=1,2,3

�

∂mi

∂ x i

�2

. (1.10)

The phenomenological exchange constant can be derived from the exchange inte-
gral J introduced earlier, if one knows the cell geometry

A=
2JS2

a0
c, (1.11)
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where S is the atomic spin, a0 – elementary cell size, c – lattice-type parameter (e.g.,
c = 1 for a cubic lattice). The value of the exchange stiffness A can only be calculated
in select cases, and it is especially hard to do for metallic ferromagnets [27], because of
delocalization of the conduction electrons, which can transfer the exchange interaction.
As a result, A is commonly determined experimentally, and we use A = 13 pJ/m to
describe permalloy.

1.2.3 Magnetic anisotropy energy

Magnetic anisotropy is a relativistic effect so it has only a comparatively small contri-
bution, unable to produce or affect long-range magnetic ordering. However, it is very
important to consider since it affects the ability of a material to have remnant mag-
netization, and because of that its control is a still growing field of material science.
Anisotropy can be caused by dipole interactions of magnetic moments in a system:

Ud =
1
2

∑

α,β

1
R3
αβ



mαmβ −
3(mαRαβ )(mβRαβ )

R2
αβ



 , (1.12)

where α and β are the lattice cell indices, Rαβ = rα − rβ – the radius vector between
the cells, mα – the dipole moment of cell α.

The exact calculation of the sum over all cells in expression (1.12) is practically
impossible because of the non-locality of the dipolar interaction, in contrast, for ex-
ample, to the exchange interaction which is of a short-range nature. Apart from the
energy given by (1.12), anisotropy caused by the spin-orbit interaction reflecting the
anisotropy of the high-l orbitals in a crystal [28], is often stronger than the direct dipole-
dipole interaction. In practice, a good approximation is obtained using a first-order
expansion, which for uniaxial anisotropy is quadratic in the respective magnetization
component:

wan = K1
u m2

z , (1.13)

where, e.g., for Permalloy in our devices K1
u ≤ 500 J/m3.

1.2.4 Stray field energy

Magnetic materials always contain intrinsic magnetic fields (demagnetization fields,
Hd) as well as produce extrinsic magnetic fields (stray fields). The magnetization inter-
action with these fields can result in a domain structure in the material, and is described
by the following energy density:

wd = −
1
2

Hd ·M, (1.14)

where field Hd is determined from the magnetization distribution via the solution of
the Maxwell equations:

¨

∇×Hd = 0,

∇(Hd + 4πM) = 0.
(1.15)
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Figure 1.2: The planar structure of the magnetization field lines (which at all points
are parallel to the direction of the magnetic moments at those points) for a vortex
with the core shifted from the center of the elliptical particle, constructed using the
conformal mapping method (the image-vortex anzats [31], known as the zero surface-
charge model). The dashed lines show the potential of these field lines, satisfying the
Cauchy–Riemann theorem for the complex field equations [32].

These equations are often analytically too complex and solved using numerical meth-
ods, such as constructing the Green’s function for a given geometry combined with
GPU-accelerated Fourier transforms. Such approach is realized in Mumax3[29], used
extensively throughout this study, and done with CPU only in OOMMF [30]. The most
common analytical approach is the so-called thin-film approximation, where energy
density (1.14) can be introduced as an additional effective anisotropy, which is often
referred to as shape anisotropy as it is determined by the sample shape. For a thin film
perpendicular to z:

wd = 2πM2
z . (1.16)

1.3 Magnetic vortices

Vortex states are characteristic for two-dimensional or quasi two-dimensional systems,
where the planar structure is often translated along the third axis, with some excep-
tions of 3D vortex structures such as the Rayleigh rolls [1] or toroidal vortices [33, 34]
(also known as vortex rings), where the vortex is translated along some closed contour.
For any vortex system, the main parameter is the winding number [35] describing the
fundamental topological nature of the vortex. In the case of magnetic vortices, this
winding number can take on values of {−1,1} and is referred to as chirality C of the
vortex, reflecting the fact that the rotation of the in-plane magnetic moments compris-
ing the vortex makes it appear chiral. In Fig. 1.2 magnetic flux lines are shown with
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chirality, which we will consider to be −1 (magnetic moments m align clockwise). The
other key characteristic of a magnetic vortex is the polarization, by which we under-
stand the direction (out-of-plane) of the special point in the vortex center referred to
as the vortex core.

Magnetic vortices differ from the other vortex types by exhibiting significant non-
locality in their behavior due to long-range dipolar interactions. As a comparison, su-
percurrents in Abrikosov vortices decay faster than exponentially, making such a vorex
type predominantly local in character. This difference can cause great computational
complexities as the relevant magnetic energy densities diverge for magnetic vortices.

In the case when the magnetic particle is circular, one can write the expression for
the periphery magnetization (outside the vortex core) in terms of angular coordinates
φ, and θ :

φ = qϕ + Cπ/2, cosθ =P cosθ0(r), (1.17)

where cosθ0(r = 0) = +1, ϕ is the azimuthal angle at point r, r – the distance to the
particle center, P – the vortex core polarity (sign of mz in the center of the core), q
– the vorticity, with generally q = ±1,±2, . . ., though experimentally only q = +1 is
observed in circular disks while vorticity of −1 is much harder to produce and stabilize
[36, 37, 38] (these are commonly called antivortices). The exchange energy in the
angular coordinates is then

wex =
A
2

�

(∇θ )2 + sin2 θ (∇φ)2
�

=
A
2

�

(θ ′)2 +
1
r2

sin2 θ

�

, (1.18)

where over large distances r � r0, with r0 is the characteristic core size, θ (r) ≈ π/2.
If the integration radius R is increased, the total exchange energy diverges as

Wex ≈ πAL

∫ R

r0

dr/r = πAL ln R/r0. (1.19)

For two-dimensional magnetic systems this diverging term can be compensated, which
results in the Berezinskii-Kosterlitz–Thouless transition [39, 40]. The entropy of such
a two-dimensional system, can be shown to increase as S ∼ 2kB ln R/r0, which in total
gives the free energy in the form

F = E − TS =
�

A− 2kB T/L
�

ln R/r0, (1.20)

where L is some characteristic thickness of the structure. From this follows that at some
specific temperature, TBKT = AL/2kB, vortex creation becomes energetically favoured,
even though the respective exchange energy is diverging. Thus, suppressing the long-
range order is one of the fundamental roles vortices play in 2D geometries.

1.3.1 Vortex out-of-plane structure. Vortex stabilization.

Deriving the core structure, θ (r), is a rather complicated task. The non-collinear spin
alignment in the vortex periphery is energetically unfavorable from the standpoint of
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the exchange energy, as was shown earlier in (1.19). If the exchange contribution was
the only one, then the vortex core would increase in size until all spins were oriented
vertically, which would decrease the role of the periphery. In practice, this is counter-
acted by the stray field energy 1.2.4: if the core size is increased, the amount of mag-
netic poles increases as well, increasing the energy of the stray field, which becomes
stronger and occupies more space. Quantitatively, this can be evaluated for cylindrical
nanoparticles as [41]:

WM = V M2
s

∫ 1

0

ρ dρ

∫ 1

0

ρ′dρ′mz(ρ)mz(ρ
′)K (ρ,ρ′), (1.21)

K (ρ,ρ′) = 4π

∫ ∞

0

g(2Lx/R)J0(ρx)J0(ρ
′x)x dx , g(t)≡

1− ex p(−t)
t

, (1.22)

where ρ = r/R is the dimensionless distance from the vortex core to the particle cen-
ter, V – the nanoparticle volume, K – Green’s function of the field generated by the
magnetic poles on both ends of the cylinder, L – the cylinder thickness, J0 – the Bessel
function of 0-th order.

Variating the potentials W =WM +Wex (1.21) and (1.18), and taking into account
that δW/δθ = 0 for the equilibrium state, we obtain the equation for the spin structure
in the vortex core:

1
ρ

d
dρ

�

ρ dθ
dρ

�

−
sinθ cosθ
ρ2

+
L2

4πl2
ex

sinθ

∫ 1

0

ρ′ dρ′mz(ρ)mz(ρ
′)K (ρ,ρ′) = 0, (1.23)

where the new quantity introduced lex =
Ç

A
4πM2

s
is the exchange length.

Equation (1.23) is hard to solve even numerically. Because of this, in many cases a
gaussian core model is used, in which

mz = cosθ = e−r2/2∆2
, (1.24)

where ∆ ≈ lex is a fitting parameter. Later in the thesis we will refer to ∆ as the core
size. Such approximation helps to solve many types of problems because it provides
an excellent fit for the outer portions of the core. However, there are cases in which
other models need to be used, e.g., when a so-called halo is formed around the core
with mz < 0 [42].

1.3.2 Topological characteristics of magnetic vortex

To introduce the topological charges, it is convenient to introduce a few additional
quantities. We note that the spin angular coordinate φ in the Lagrangian (1.4) has a
trivial form

Π≡ Pφ = −
Ms

γ0
cosθ . (1.25)
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Figure 1.3: Equilibrium structure of the vortex core mz(r): blue curve is model (1.24);
points were obtained from a micromagnetic simulation of a Permalloy particle using
Mumax3. The fitted vortex core size is ∆= 6.5 nm.

Further, we point out that, after performing the Legandre transform from the Lagrangian
to the Hamiltonian, in the chosen coordinates H (φ,Π) = WM . For a study of the
fundamental properties and invariants of the magnetic vortex we must introduce the
gyrovector field [43]:

g=
�

∇Π×∇φ
�

≡ −
Ms

γe

�

∇ cosθ ×∇φ
�

, (1.26)

which also plays a key role in forming the equations of motion of the vortex core.
The main topological invariant of the vortex system is the Pontryagin index [44, 45]

(it is introduced via the flux of the normalized order parameter through an arbitrary
closed surface around a special point, the vortex core in our case):

Q=
1

4π
γe

Ms

∫

gz dx dy, (1.27)

where the z-axis is chosen to be perpendicular to the film plane. The Pontryagin index
assumes only integer values Q ∈ Z for localized topological excitations. It is connected
with the other parameters of the vortex as

Q= −
1
2
P q. (1.28)

One of the main consequences of this is that the vortex parameters are additionally
stabilized, since they are topologically protected from changes due to only localized
excitations.
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1.3.3 Thiele dynamics equations

Thiele [46] showed for the first time how to introduce equations of motion for an
arbitrary soliton in the LLG model (1.7), using the traveling wave anzats, m(r, t) =
m(r′ − r(t)). We will redo his derivation by first rearranging the terms in equation
(1.7). Taking into account that multiplication of (1.7) by M makes the mixed products
on the right hand side zero, we can conclude that

M
∂M
∂ t
= 0, (1.29)

from which we conclude that vectors M and ∂M/∂ t are orthogonal in the LLG model.
We construct the third vector of a new basis by taking a vector product of the first two.
It is notable that equations (1.7) can be written in this new basis: a linear combination
of the new basis vectors can be transformed into the original equations via a vector
multiplication by M:

Hm
i +H g

i +Hαi +He f f . i = 0, (1.30)

Hm
i = βMi , (1.31)

Ha
i = −

α

γe Ms

∂Mi

∂ t
, (1.32)

H g
i = −

1
γe M2

s

εi jk M j
∂Mk

∂ t
, (1.33)

where Ha
i is the equivalent dissipative field and H g

i – the equivalent gyrational field, β
can be chosen arbitrary, as long as M2

s is spatially uniform.
Taking the average of these fields as f a

i = −Ha
j ∂M j/∂ x i for our traveling wave

anzats M(r ′ − r(t)), we immediately arrive at the Thiele equations:

G× ṙ= −Dṙ+ F, (1.34)

G=

∫

gdV, (1.35)

Di j = −
αMs

γe

�

∂ θ

∂ x i

∂ θ

∂ x j
+ sin2 θ

∂ φ

∂ x i

∂ φ

∂ x j

�

, (1.36)

where a new dissipation parameter λ is introduced. For a planar vortex, vector G is
always perpendicular to the plane, because both parts of the product contain exclusively
angular or radial components, respectively. As a result, it is very easy to connect the
gyrovector to the Pontryagin index mentioned earlier

G= 4πL
Ms

γe
Qez , (1.37)

where the newly introduced L is the layer’s thickness. The dissipation diadic D, how-
ever, doesn’t have a similar connection, and needs to be calculated taking the real shape
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of the vortex into account. For example, using model (1.24), one can calculate [47]:

D = λI, λ= −απGq2 ln
R
∆

, (1.38)

where I is the identity matrix.
Sometimes it is also useful to know the Lagrangian and the dissipative function of

the Thiele system. The necessary transition to dynamic equations can be done from
Lagrangian L and dissipative function Q, which depend on generalized coordinates qi
and velocities q̇i (see, e.g., [48]),

δS[qi]
δqi

= −
d
dt

�

∂L
∂ q̇i

�

+
∂L
∂ qi

=
∂Q
∂ q̇i

, (1.39)

where the action is S[qi] =
∫

Ld t. The speed of the energy loss in the system E =
∑

i q̇i

�

∂ L/∂ q̇i

�

−L , is determined by the dissipative function

dE
dt
= −

∑

i

q̇i
∂Q
∂ q̇i

. (1.40)

The Thiele equations can be derived by selecting

L = Gx ẏ − U , Q =
λ

2

�

ẋ2 + ẏ2
�

. (1.41)

In this case, the system’s energy is identical to the potential U(x , y). As for any other
dissipative function homogeneous with respect to the velocities and containing squares
of all velocity components, the energy loss rate is double the dissipative function value
because of the Euler’s theorem,

dE
dt
=

dU
dt
= −2Q = −λ

�

ẋ2 + ẏ2
�

. (1.42)

We can construct the Hamilton function of a vortex using the Lagrangian. With
x being the generalized coordinate in equations (1.41), the generalized momentum
becomes px = G y . The Thiele Hamiltonian then becomes H ≡ U(x , y)

�

�

y→p/G . The
Thiele vortex model is therefore essentially one-dimensional, since all of the system
parameters are explicitly derived from x and px . The symmetry of the equations with
respect to coordinates x and y is the same as for a charged particle in a magnetic field
[14] and is connected to the gauge invariance, which in this case is given by invariance
to adding a term of form C d(x y)/dt, where C is an arbitrary constant. Specifically,
the form of Eq. (1.41) is equivalent to the Landau gauge and, if C = −G/2, we deal
with the standard gauge.

1.4 Applications of vortices

Magnetic vortices have been studied for two decades and are yet to find specific ap-
plication. Nevertheless, the active research continues, which is connected to the fun-
damental advantages vortices possess, even though there is still a lot of technological
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issues to be resolved before they become viable technologically. While magnetic vortex
devices don’t hold any record breaking characteristics to compete with such advanced
technologies as conventional semiconductor devices, there are still applications where
vortices can be attractive.

1.4.1 Single vortex devices

Memory elements built on magnetic vortex chirality C and/or polarity P have been
proposed and investigated [49] for applications in Magnetic Random Access Memory
(MRAM). Such devices can become a “universal” memory; universal in this case refers
to devices having a set of characteristics suitable for replacing existing technologies in
three important fields of CACHE, DRAM, as well as long-term storage. Magnetic vortex
based memory has the potential to be fast, have good bit density, and store information
without a refresh needed, in contrast to the conventional DRAM. Magnetic devices
with single-domain storage elements take the most attention from MRAM developers,
however nontrivial storage devices, such as vortex- and skyrmion-based, possess unique
advantages justifying their further development.

In modern applied magnetism the main method of integrating an electrical readout
into a magnetic device is the tunneling magneto-resistance [50, 51]. Specially designed
magnetic nanostructures incorporating a tunneling barrier have the resistance change
depending on the magnetization of one of the magnetic layers (the switching layer) in
the structure. This sensitivity is achieved using spin-dependent tunneling between the
switching layer and a layer with a fixed magnetization (the reference layer). Fixation
of the reference magnetization is usually achieved by pinning it to an antiferromagnetic
layer. The resistance of the structure depends on a number of factors, but in the most
simple model it is described by

ρM T J (m0,m1) =
ρ0

1+ P2
�

m0m1

� , (1.43)

where m0,1 are the magnetizations of the layers enclosing the tunnel barrier, and P is
the spin-polarization of the current through the barrier.

It is expected that the use of magnetic particles in a vortex state and arrays of
such particles will allow to create a new generation of ultra-high-frequency oscillators.
Recently, a way to induce a vortex precession using a spin-current was discovered for
spin-valve nanopillars [52]. It turned out that among the various similar system subject
to spin-current excitation, vortices have the lowest threshold [53, 54]. An even bigger
advantage of the vortex-based oscillators is their high quality factor: vortices having the
narrowest resonance peak among the systems excited with spin-current. Single vortex
devices are therefore very interesting for developing nanoscale generators working at
frequencies 0.3–0.7 GHz [55, 56, 57]. This frequency band is important for applications
in communication systems. This has been driving the growing interest in studying
magnetic vortices in nanoparticles. Expanding the application range of vortex-based
nano-oscillators is limited by their relatively narrow operating frequency band and it
would be useful to expand it to at least the 1-10 GHz range.
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Figure 1.4: Schematic representation of the nanostructure studied in this thesis 1.4a
and the possible spin states of the vortex pair 1.4b [59].

One of the ways to solve this problem was recently proposed [58] and is based on
using magnetic structures with vortices confined to very small dot-like particles, which
significantly increases their eigenfrequency. Additionally, the use of tightly spaced pairs
of vortices presented in this work proves to be just as promising. Excitation of the high-
frequency mode of a vortex pair can lead to a significant increase of the operating
frequency, without sacrificing the high quality factor of the single-vortex oscillator.

1.4.2 Vortex stacks

The material object studied in details in this thesis is a vertical magnetic nanopillar
shown on Fig. 1.4a, designed for implementing vortex-pair states. The system is studied
experimentally, theoretically, as well as micromagnetically, and was fabricated using the
approach described in [60]. The structure consists of pillars of elliptical nanoparticles
with the long axis of 350 to 420 nm, and a fixed aspect ratio of 1.2. Two layers of
CoFeB and two layers of Permalloy (with all thicknesses of L=5 nm) form two so-called
Synthetic Antiferromagnets (SAF), arranging the individual magnetic layers such as to
minimize the stray fields and thereby stabilize the flux closure in the system and reduce
the inter-device cross-talk. The thickness of the TaN spacer layer D=1 nm, between the
ferromagnetic layers of the Permalloy SAF, was chosen such as to suppress the indirect
Rudeman–Kittel–Kasuya–Yosida [61, 62, 63] exchange coupling between the Permalloy
layers, making dipolar interaction the only one to couple the dynamics between the
two vortices formed in Py. The typical readout magnetoresistance in our structure was
∼ 20% (which is the ratio of the resistance change with field over the resistance in the
magnetically saturated low-resistance state).
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The ground state in all magnetic layers is that of uniform magnetization. However,
for the geometry chosen, we can reliably set the system into any of the four possible
non-degenerate vortex-pair states illustrated in Fig. 1.4b. These states are differen-
tiated and classified by the relative chiralities and polarizations of the vortices they
contain, forming 4 distinct classes of vortex-pair structures, each having 4 out of the
total 24 = 16 states. The individual states within the 4 classes experimentally have
indistinguishable properties (in the case of identical magnetic particles forming the
SAF).

In what follows, the P-AP state is studied in great detail as it is the most interesting
one with its unique dynamics. It has fascinating non-linear properties, which are easily
invoked using external dc and microwave fields, resulting in new resonance modes,
frequency doubling, chaos behavior, core-core switching, and other novel effects.

In considering the potential energy of a two vortex system, the reasonable first
approximation is to ignore the small volumetric and side surface charges, since the
micro-scale surface magnetic poles created by the cores are strongly interacting due to
the cores’ intimate proximity, producing an order of magnitude higher external field.
With these assumptions one can calculate the interaction energy Ucc by summing up
the pairwise magnetic pole interactions. This calculation was done in [59] and the
following analytical expression was received:

U(r) =
p

2π2e−r2/(2∆2)M3
s ∆

3

�

−Φ
�

r
∆

,
D
∆

�

+

+2Φ
�

r
∆

,
L + D
∆

�

−Φ
�

r
∆

,
2L + D
∆

�

�

, (1.44)

Φ(u,δ) =

∫ ∞

0

r dr
p

r2 +δ2/2
e−r2

I0(u
p

2r), (1.45)

where D is the spacer thickness and I0 is the modified Bessel function of order 0.

Potential (1.44) has a non-trivial structure as can be seen in Fig. 1.5. While the
two vortex cores are in close proximity they are strongly attracted (on-axis). At larger
separations, however, the attraction quickly decays and in fact overgoes into repulsion
(off-axis). This can be understood by considering the shape of the stray magnetic field
lines between the two cores: for larger core-core separations the stray field emanating
from one core is anti-parallel to the magnetization in the other core, making the related
Zeeman energy term−MH positive. Such interaction can be replicated with two perma-
nent magnets shaped in the form of small short cylinders (mimicking the vortex cores)
and vertically spaced by a gap smaller than their vertical size: the two magnetized disks
would strongly attract on-axis, essentially forming a coupled pair if unhindered, and,
ignoring the torque trying to flip the magnets at large distances, weakly repel off-axis
at in-plane separations greater than about their lateral size.
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Figure 1.5: Core-core interaction potential calculated analytically for closely stacked
magnetic vortices using expression (1.44), where a is the intercore separation.

1.5 Conclusions

The fundamental mechanisms behind the formation of magnetic vortices are discussed.
A brief overview is presented of the phenomenological magnetization dynamics equa-
tions, which are later used to derive the thermodynamic and topological properties of
a vortex system. In particular, the stability of the topological characteristics of a vor-
tex system is emphasized and that the vortex structure itself is stabilized by the dipole
interactions for the given particle geometry. We review the relevant literature on the
subject, including the work on vortex applications.

We review the quasiparticle approaches to modeling magnetic vortices, noticing
the key features frequently used in our work. The derivation of the Thiele equation is
presented (1.34) and the main assumptions included in the approach are discussed.

Applications of multi-vortex systems are discussed, noting that the interactions be-
tween the vortices of different memory cells (inter-cell cross-talk) might be one of the
limiting factors for dimensional scaling and system integration in practical devices. We
briefly review our specific experimental vortex-pair system and discuss the relevant
core-core potential.

We conclude that using a vortex pair can resolve many of the unwanted issues ex-
perienced with common magnetic-vortex devices. For example, introducing an inter-
acting core-core pair makes it possible to increase the characteristic frequency of the
vortex-based device, at the same time decreasing the inter-cell cross-talk in the array.



Chapter 2

Nonlinear regimes of a magnetic vortex
pair

This chapter is dedicated to non-linear phenomena in vortex-pair systems. An earlier
work [59] has given a glimpse into the underlying dynamic processes. A vortex pair was
shown to possess several different types of oscillation regimes, later directly observed
using X-ray diffraction microscopy [64]. The initial theoretical work was mainly to
explain the new resonant modes observed on the experiment in the GHz-range, and it
succeeded in doing so by linearizing the interactions within the system. However, such
an approach did not explain a number of experimentally observed features, such as the
presence and details of the low-frequency resonance (sub-GHz), excitation of which is
forbidden by the symmetry of the system.

Already in the original work [59] it was suggested that some of the discrepancies be-
tween the experiment and theory can be ascribed to the effects of a non-linear Zeeman-
interaction term. We show here that the profoundly non-linear behavior, which we
came to understand better also through the improvements in the experimental setup
over the years, is rooted much more deeply within the structure of the inter-vortex
interaction potential. Another important conclusion is that the Zeeman-potential non-
linearity caused by the non-linear total vorex-magnetization behavior is secondary, yet
it has some unique effects on the system’s dynamics, which we detail in the later part
of this chapter.

The models and approaches formulated in this chapter are used throughout the
thesis because of their general character. The system under study is very peculiar in
the way that the dynamics of a magnetic vortex-core (1.41), when treated as a point-
like particle, differ quite significantly from the familiar massive-particle dynamics. As
such, only few general conclusions from mechanics are still helpful, for example using
the concept of the total energy to describe the boundaries of motion accessible to a
spin-vortex core, but even here one has to take into account that the core possesses
only negligible kinetic energy. The dynamics of magnetic vortices are more akin to a
precession of a spinning top, with a twist (pun not intended) that the forces play the role

17
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of torques. Generalizations and conclusions made here provide a versatile framework
for understanding the dynamical processes in magnetic vortex pairs.

2.1 Analytical modeling of magnetic vortex pairs

The Thiele equation model we introduced earlier (1.41) is quite versatile and is one
of the most commonly used tools for describing the motion of vortices as well as other
solitons in magnetic materials. Solving the equations for the vortex-core trajectory is
rather trivial for an individual magnetic vortex, since, although the motion occurs in
two dimensions, the underlying equations are essentially one-dimensional (two first-
order equations, making the motion similar to that of a massive particle in 1D) and the
knowledge of the total energy is sufficient to solve the problem in quadratures for an
arbitrary potential [48]. There exists a variety of analytical methods developed for 1D
systems. However, when a strong interaction between the vortices in a pair is present,
it is no longer possible to separately analyze the individual vortices, and the system
becomes two-dimensional. For a 2D system one needs to find the new integrals of
motion and use them to construct a solution in the way similar that used in 1D.

The potential of the system of two interacting vortices can be written as

U(X1,X2) = Ucc(|X1 −X2|) +
∑

i

Up(Xi) + C ′H
�

ez × (X1 −X2)
�

, (2.1)

where Up(X) is the potential of the vortex core interaction with the particle boundary,
and C ′ is connected to the phenomenological constant of the magnetic permeability of
a vortex, corresponding to magnetization, M′ = C ′

�

ez ×X
�

, induced when the core is
displaced off the particle center by X. The potential Ucc of the core-core interaction
is given by formula (1.44). The shape of the potential Up has been established for
individual vortices [65], and is most commonly given by a series:

U0p(X) =
k
2

X 2 +
k′

4R2
X 4, (2.2)

where k is approximated as k = 20π
9 M2

s L/R2 [66], and k′ ≈ k/2 describes the non-
linearity of the interaction studied in [67, 42, 68].

The dynamical equations of the model (2.2) need to be somewhat modified for a
description of a vortex pair with antiparallel chiralities in the case when the magnetic
layers are non-identical. In the case where the layers are nearly identical, such as
the case of antiparallel in-plane magnetizations in the two vortices at any given point
in the plane (with X1 = X2), both the volumetric and the side-surface charges of the
two particles have different signs. These charges are separated by a very thin spacer,
as thin as 1 nm in our samples, which is two orders of magnitude smaller than the
particle size. As a result, the additional stray fields (those arising from the vortex-core
displacement) are greatly reduced by the screening effect. This phenomenon can be
described by introducing a screening function in the form:

Up(Xi) = ε(|X1 −X2|)U0p(Xi). (2.3)



2.1. ANALYTICAL MODELING OF MAGNETIC VORTEX PAIRS 19

Strictly speaking, this function should also depend on the individual vortex positions
Xi because of the non-linearities arising when the individual core displacements are
large. For our system, however, these effects can be ignored since the system’s sym-
metry dictates that the small amplitude dynamics are confined to the close vicinity of
the particle center. Furthermore, for large-amplitude excitations sufficiently strong to
decouple the cores (ε(|X1 − X2| � L) ≈ 1), the role of screening decreases dramati-
cally as the induced magnetic charges are disproportionately created near the vortex
cores and are highly localized. At the same time, our micromagnetic simulation yield
ε(|X1 − X2| � L) ® 0.1 for the given sample geometry. A somewhat weaker screening
was observer in the experiment conducted in Ref. [64], most likely due to the larger
spacer thicknesses used.

2.1.1 Free motion of a strongly bound magnetic vortex pair

Before studying the system in its full complexity it is beneficial to consider the friction-
less dynamics in axial coordinates, which allows to utilize the invariants and symmetries
of the system to the maximum. Before transforming the coordinates it is useful to also
transform the Lagrangian using the gauge invariance to

L =
G
2

∑

k

εi j x
(k)
i ẋ (k)j − U(x(1),x(2), . . . ,x(n)), (2.4)

where x(k) is the planar position of the k-th vortex core and ε is the Levi-Civita symbol
(the Einstein notation is used assuming summation over all repeating indices).

X1

X2

R

r

r
χ

φ

Figure 2.1: The old
�

X1,X2

�

and the new
�

R, r,ϕ,χ
�

coordinates. The bold line is
denoting the particle boundary, the dots are the particle center, the positions of the
vortex cores, and the center of mass.
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In order to utilize the axial symmetry of the system and its equations we switch
to a new angular coordinate frame. The Lagrangian is simplified significantly if the
coordinates are chosen to be such as shown in Fig. 2.1:

Xi = R

�

cosχ
sinχ

�

± r

�

cos[χ +ϕ]
sin[χ +ϕ]

�

. (2.5)

In this coordinate system,the Lagrangian is

L = 2G
�

χ̇(R2 + r2) + ϕ̇r2
�

− U(R, r,ϕ,χ). (2.6)

For this Lagrangian, if the potential U has no explicit dependence on the angular
coordinates, one can directly write down two integrals of motion since ∂ L/∂ qi = 0:

�

pχ = R2 + r2 = const,
pϕ = r2 = const. (2.7)

Paradoxically, in the case of conserved angular momenta, the trajectories of the vortex
cores are rather simple and represent a rotation of a point with radius r about the
center, which itself rotates with R, while both radii can be arbitrary in magnitude. This
is true for an arbitrary potential satisfying the above criteria and is counter-intuitive
since the energy conservation is in force. However, because of the conditions on the
potential U stated above, these trajectories conserve the potential energy, which is the
only term in the total energy of the system. The rates of these gyrations are constant
because of the axial symmetry and given below by equations (2.9). In the presence of
anisotropy with respect to only one angle, the conservation of energy and momenta
still explicitly define the shape of the trajectories.

For the samples studied in this work the anisotropy in ϕ becomes unavoidable due
to the finite sample size, while χ only depends on the geometrical axial symmetry of the
sample. For example, in the particle-boundary interaction model we discussed earlier
(2.2), a cubic non-linearity would produce a new potential energy term depending on
ϕ:

Uϕ =
k′

R′2
r2R2ε(2r) cos2ϕ, (2.8)

where temporarily we mark the particle radius as R′. For a vortex pair in this model,
the particle-boundary interaction forces become uncompensated and the energy of the
vortex core located farther from the particle center grows faster as it nears the particle
boundary, compared to the decrease in energy of the core located closer to the particle
center (since the potential is non-linear). This affects the precession of both the center
of “mass” point (R,χ) as well as the core-separation (r,ϕ) vector.

By variating the Lagrangian (2.6) for particles shaped as circular cylinders, and
introducing for the χ-angular momentum pχ = R2 + r2 = D2, we obtain the following
system of equations:















χ̇ = 1
4G
p

D2−r2

∂ U
∂ R = Ω(r, R,ϕ),

ϕ̇ = 1
4Gr

∂ U
∂ r −

1
4G
p

D2−r2

∂ U
∂ R =ω(r, R,ϕ),

ṙ = 1
4Gr

∂ U
∂ ϕ ,

(2.9)
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where, due to r changing only slightly in a typical stationary regime, ω and Ω can be
understood as the gyration frequencies of the aforementioned vectors. Since during
an established stationary oscillation the radii do not change significantly (since the ∂ U

∂ ϕ

term adding an extra interaction between the modes is small), mathematically, equation
(2.9) does not preclude two independent rotations, without a coupled oscillation of the
other coordinate. This is because the interaction potential depends on rR and goes to
zero as soon as one of the variables is zero, which suppresses the oscillations described
by the third equation in (2.9) (one has to keep in mind that as soon as one coordinate is
fixed the other becomes fixed too in order to conserve the momentum). For determining
the stability of these solutions, one has to introduce friction and external microwave
field pumping into the above model.

The frequencies of the ϕ- and χ-oscillations in the new coordinate system depend
predominantly on r and R, respectively, for the interaction potential used (1.44) (2.3),
as shown in Fig. 2.2. From this we conclude that, for small deviations from the particle
center, ω(r � ∆, 0) = ω0 is an order of magnitude higher than Ω0 = Ω(0, R � R′).
Such a large frequency separation is caused by the higher strength of the intercore
interaction, as was already noted in [59].

20 40 60 80 100
a

0.2

0.4

0.6

0.8

1.0

ω/γMs ,Ω/γMs

Figure 2.2: The frequencies of the normal modes versus the oscillation amplitude in
the free-oscillation regime (no loss or gain of energy). The orange curve corresponds
to Ω(0, R) and the blue one to ω(r, 0), a = r/∆ for ω or a = R/∆ for Ω.

As expected, the free-oscillation frequency of the core-separation vector, related
to the angular coordinate ϕ, decreases considerably as the separation distance r is
increased, which is caused directly by the form of the potential discussed in the sec-
tion 1.4.2. The steep and strong decrease in the attraction force between the vortex
cores (in their parallel state) with the inter-core separation, and the attraction transi-
tioning into a repulsion, has a direct effect on the resonance frequency of the system.
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At the same time the frequency of the center of mass gyrations, Ω, increases as the core-
core center of mass moves toward the particle boundaries, due to the same reasons as
for a single vortex. [68].

2.1.2 Forced oscillation regimes of a vortex pair

Application of a planar external magnetic field violates the axial symmetry of the sys-
tem, thereby destroying the rotational symmetry of the vortex pair. In this case, the
stationary polar coordinates we used above turn out to be less fruitful. In what fol-
lows, we use the coordinate system, which naturally incorporates the layer-exchange
symmetry of the system:

�

x= X1 −X2,
X=

�

X1 +X2

�

/2.
(2.10)

These variables are the normal coordinates for the system when the two magnetic
layers are identical, however they do not seem to lose their relevance in the case of
small differences in properties between the layers, be it macroscopic differences such
as a thicknesses imbalance or local variations in e.g. defects, roughness, etc. With the
old coordinates expressed through the new ones as x and X as X1,2 = X ± x/2, the
Lagrangian in the new coordinate system is written as

L = G
�

2X dY
dt +

1
2

x d y
dt

�

− U(x,X), (2.11)

for a pair of vortices with parallel polarities and antiparallel chiralities (P-AP). If, how-
ever, the polarities are different, the gyro terms in (2.11) become mixed in the sense
that they contain products of form x Ẏ .

The Lagrangian (2.11) of the system in the P-AP state then transitions from describ-
ing the dynamics of two real vortex cores to describing the gyration of two new virtual
ones, having the gyrational term structured analogously to the case of the real-core
dynamics. This can be compared to a transition from the dynamics of two interacting
massive particles to the motion of the effective center-of-mass of a massive solid body.

The above transformation does not reduce the complexity of the system, leaving the
same number of degrees of freedom. However, as will be shown below, it significantly
simplifies the functional form of the interaction forces by directly incorporating the
system’s symmetries into the dynamic equations. For example, the most interesting
collective dynamics of the system are connected to the interaction in the core-core
coupling potential Ucc(x) (1.44), which can be successfully approximated by studying
only one of the coordinate equations in (2.11). The Zeeman energy of the interaction
with external field becomes

UZ . = −MH = −C ′
�

ez × x
�

H, (2.12)

where C ′ is the aforementioned phenomenological permeability of the magnetic vortex
M = C ′

�

ez × x
�

. The magnetic moment induced in a vortex by displacing its core off
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the particle center by x is in general perpendicular to the direction of the displacement
ex = x/x . This is a consequence of the vortex conserving the symmetry on reflection
with simultaneous rotation of the magnetic moment with respect to the line connecting
the circular-particle center and the core position. This symmetry strictly forbids the
system to have an induced total magnetic moment component parallel to the line of
symmetry, because this symmetry operation transforms it into a negative of itself.

The structure of the screened particle-boundary interaction potential (2.3) is also
an interesting problem to solve in the new coordinate system (2.10) because of the
mutual vortex deformation at short distances. As the first approximation, however,
one can ignore the potential at short core-coupling distances and focus on the long-
range x � ∆ terms of the series, which influence the high-amplitude uncoupled-core
dynamics:

Udm =
k
2

�

2X 2 +
x2

2

�

+
k′

4R2

�

2X 4 +
x4

16
+ x2X 2 + 2(xX)2

�

, (2.13)

where ε(x �∆)→ 1. Here, the highest practical importance is with the two last terms:
the former acts to resonantly excite nutations via slow variations of r or R and is pro-
viding a small overall contribution; the later can be significant for the synchronization
of the modes for large core deviations, since the rotational frequency decreases and
ω(r �∆, 0).

A small thickness imbalance between the layers has a two-fold effect on the dynam-
ics. One is the appearance of a new Zeeman-interaction term, affecting the X dynamics:

U ′Z . = −εl C
′ �ez ×X

�

H, (2.14)

where εl = 2(L2 − L1)/(L2 + L1) is the thickness imbalance parameter, which in par-
ticular sets the upper limit of the screening constant ε(x) > εl . This takes place since
the full magnetic moment of a thin layer is proportional to its thickness, assuming
the typical case of the magnetization homogeneous across the film thickness. Addi-
tional new terms appear proportional to εl , which directly couple the dynamic modes,
Udp ∼ kεlxX. Since this coupling is linear, it can be amended by changing the coordi-
nate system to a new linear combination of x′,X′.

The approach of changing the coordinates according to (2.10) is reasonable only
for the structure with parallel vortex-core polarities. For antiparallel core polarities,
the mutual repulsion of the vortex cores breaks the system’s symmetry, since the new
equilibrium positions of the vortex cores are shifted from the particle center and with
respect to each other. In this case of AP-AP, it is still possible to analyze the normal
modes of the system, but the only way to make the new equations isomorphic to the
case of the individual vortices is when the new coordinate system is moved to the
emerging center of core-core equilibrium. This, unlike for the P-AP case, does not yield
any advantages in the analysis of the system’s dynamics, since the form of the resulting
potentials acquires a number of additional terms, with only the gyro terms becoming
simpler. We do not study the AP-AP case in detail in this work, since it appears to have
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(a) High-frequency rotational mode. (b) Lowfrequency gyrational mode.

Figure 2.3: Linear modes of vortex core gyration.

no practical advantages. It, however, should be quite interesting for a later in-depth
study from the fundamental point of view of general multi-vortex dynamics.

The linear oscillation modes, given by the normal coordinates (2.10) are shown in
Fig. 2.3. The high-frequency mode, related to the precession ofϕ in equation (2.9) with
frequency ω, is termed the rotational mode, in analogy with the rotation of a confined
diatomic molecule shown in Fig. 2.3a. Such coupled-core rotations are characterized by
a much higher frequency compared to that of the individual core gyration. The cores in
the individual layers are rotating in the same direction, in anti-phase about the center
of mass of the core-core pair R, the same way as binary stars do in celestial mechanics.
The low-frequency precessional mode of χ shown in the Fig. 2.3b is the gyrational
mode and corresponds to the precession of the system’s center of mass R, which in the
diatomic-molecule analogy can be compared to the motion of the molecule’s center-of-
mass within a confining potential.

The equations above indicate that the excitation of the gyrational mode is only
possible indirectly, through possible particles’ asymmetry or a parametric excitation via
the rotational mode. However, apart from the limiting cases, the frequencies of the
system are so spread that the solution X= 0 is exceptionally stable.

The equations of motion can then be derived by varying (2.11). Using everything
stated above,

¨

ez × Ẋ= −Ω(x , X )X−λẊ+ k′

2G (xX)x Ω= k
G +

k′

G

�

X 2 + x2/4
�

ez × ẋ= −ω(x , X )x−λẋ+ 2k′

G (xX)X+ Fex t(t) ω= Ω+ 1
2Gx

dUcc
dx

(2.15)

where we use a new quantity Fex t = 2C ′/G
�

ez × x
�

acting as the external force.



2.2. RESPONSE OF THE SYSTEM TO CIRCULARLY POLARIZED EXTERNAL
ALTERNATING MAGNETIC FIELD 25

2.2 Response of the system to circularly polarized external alternating
magnetic field

In what follows, we study only the fundamental frequency γ harmonic in the response of
the system, synchronized with the external microwave excitation. Including terms for
higher harmonics would likely give rise to oscillations at multiples of the fundamental
frequency, apart from small quantitative changes. The main dynamic effects, however,
are found in the presented analysis.

The work discussed in this section is based off of the complex anzats in the form















x= a(t)

�

1
−i

�

exp[iγt] + c.c.,

X= A(t)

�

1
−i

�

exp[iγt] + c.c.,
(2.16)

which can be derived by constructing a general solution for equations (2.15), where
a and A are the complex amplitudes of the normal modes. Here and later we use c.c.
to denote the complex conjugate of the remaining terms in equation a+ a∗ ≡ a+ c.c..
Since most of the terms in the potential depend only on the absolute values of the
amplitudes, a and A, this approach becomes particularly simple. Most of the potentials
can be expressed through the new amplitudes, without constructing series expansions,
since one can write the amplitude functions in the form f (|x|) = f (‖a‖) ≡ f (

p
aa∗).

From here on, we disregard the polarity of the vortex cores, since the two polarities
yield exactly the same solutions mirrored with respect to some line going through the
particle center. As expected, the difference would only affect the direction of the core
gyration, as seen from equation (1.37), without quantitatively changing the resonance
characteristics.

When using anzats (2.16) in equations (2.15), the resulting equations, being real-
valued, can in turn be written as a sum of some complex quantity and its complex
conjugate:

aeiγt + a∗e−iγt = beiγt + b∗e−iγt . (2.17)

Solving such a real-valued equation, as it is easy to show, boils down to solving complex
equation a = b. For our system, we can further simplify the equations by excluding the
first-order time-derivative terms caused by friction. The amplitude derivatives become

�

(1− iλ)Ȧ=
�

i(ω− γ)−λγ+ k′a2/2cos(arg a− arg A)
�

A
(1− iλ)ȧ =

�

i(ω− γ)−λγ+ 2k′A2 cos(arg a− arg A)
�

a

Writing the complex amplitudes as combinations of real amplitudes and complex argu-
ments we obtain

a = aeiϕ, A= AeiΦ
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the equation system (2.15) is equivalent to






























(1+λ2)ȧ = −λω′a− κ
p

1+λ2aA2 sin[2(ϕ −Φ) +χ0]+
+h
p

1+λ2 cos(ϕ −χ0)
(1+λ2)Ȧ= −λΩ′A−κ

p
1+λ2Aa2/4 sin[2(ϕ −Φ)−χ0]

(1+λ2)aϕ̇ =ω′ − (1+λ2)γ+ k′aA2 cos[2(ϕ −Φ) +χ0]−
−h
p

1+λ2 sin(ϕ −χ0)
(1+λ2)Φ̇= Ω′ − (1+λ2)γ+ k′a2/4 cos[2(ϕ −Φ)−χ0]

(2.18)

where sinχ0 = λ.
Since the size of our system is negligible on the scale of the microwave wavelengths

used, the consideration can be limited to studying the interaction with a quasi-static
magnetic field. Any polarization of the field can be written as a linear combination of
either two circular or two linear polarizations. The system of equations presented above
(2.18) is directly coupled to only one of the circular polarizations, coinciding with the
preferred core-precession direction in the system. For this specific field-polarization,
one can write the external force in equation (2.15) as

Fex t = h

�

1
−i

�

eiγt , (2.19)

where h is the normalized magnetic field strength, which can be chosen real-valued by
adjusting its phase (the starting time of a simulation). The interaction with the other
circular polarization in this model occurs only through non-linearities. For example, a
non-linear magnetic permeability would give rise to small corrections of type χ ′h∗a2.

Taking the external force into account and considering the purely rotational re-
sponse (A = 0 in equation (2.15)), we derive an equation for the evolution of the
respective amplitude and phase:

(1− iλ)ȧ =
�

i(ω− γ)−λγ
�

a+ ih. (2.20)

The stationary point of this equation can be found by setting the time derivatives to
zero, and taking the absolute values of both sides of the equation:

�

(ω(a, 0)− γ)2 +λ2γ2
�

a2 = h2. (2.21)

This equation is impossible to solve analytically to find a(γ, h). However, it can be easily
solved for γ(a, h):

γ(a, h) =
ω(a)
1+λ2



1±

√

√

√

1− (1+λ2)

�

1−
h2

ω(a)2a2

�



≈ (2.22)

≈ω(a)



1±
√

√ h2

ω(a)2a2
−λ2



 , (2.23)
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Figure 2.4: Qualitative comparison of the analytical model (a) and the measurement
results (b). The parameters of the curves in (a) were chosen to strongly emphasize
the unusual properties of the curves and, in particular, the dissipation was increased to
make the resonance peaks wider.

For which the solutions exist only when

ωa <
h
p

1+λ2

λ
. (2.24)

This result indicates the existence of different stationary oscillation regimes in the
vortex-pair system, with different amplitudes a for the same external field h.

2.2.1 High-frequency branch of non-linear response

Fig. 2.4a shows the characteristic resonance curves, given by equation (2.22). As can
be seen, even the smallest-amplitude resonance response already shows the asymmetry
common to non-linear systems such as the Duffing oscillator [69]. After the field am-
plitude reaches some critical threshold, hc1, a foldover of the resonance curve occurs
– a bifurcation, in which the system attains a stationary, purely non-linear dynamic
regime, with the eigenfrequency of the system tuned to the external-field frequency.
The foldover is toward the low-frequency range because of the fast decrease in the
core-core interaction force (1.44) with increasing the inter-core separation.

We measure an asymmetric widening of the rotational-resonance peak on the ex-
periment, Fig. 2.4b, however, without observable hysteresis in the response. This can
be explained as due the activation barrier, preventing the system from starting large
non-linear oscillations, being small so thermal agitation is enough to excite the system
over the barrier (the data were collected at room temperature). The shape of the ob-
served resistance change is then due to a rectification of the alternating component of
the junction resistance (1.43) on the always present non-linearities in the I-V curve of
the nanostructure. The expected hysteresis in the foldover can fail to appear even at
rather low temperatures.
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x
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Figure 2.5: Non-linear high-frequency response x( f ; h) obtained using micromagnetic
simulations based on the LLG equations (1.7).

A direct, micromagnetic modelling of equations (1.7) was conducted as well, using
a popular simulation package Mumax3[29]. In the simulations, the frequency of the
external field was varied as slowly as it was viable, at about 10 MHz/ns. The results
demonstrate the expected hysteresis and directly show the resonance excitation of the
magnetic vortex pair. However, when the frequency of the excitation decreases (with a
constant sweep rate), the frequency change becomes too quick for a stationary regime
to remain stable, which makes modeling in the low-frequency range unreliable.

2.2.2 Isolated low frequency resonance

As can be seen from the theoretical predictions shown in Fig. 2.4a, at some field mag-
nitudes a resonance region emerges, which is completely separated from the rest of the
spectrum. This phenomenon is commonly called the isolated resonance [70, 71, 72, 73].

In our system this phenomenon can be explained in simple terms. To support the
core gyrations, one needs to pump the energy to replenish the losses described by equa-
tion (1.42):

dE
dt
∼ −λx2ω′2(x), (2.25)

where ω′(x) is the real precession frequency for a gyration with a given amplitude x .
At the same time, if fex t � fcc , we can assume that the real frequency is very close to
the free oscillation frequency ω′ ≈ ω. The dissipation curve for such a case is shown
in the Fig. 2.6. It has a highly complex shape because of a big difference between the
frequencies of the coupled and decoupled core-core oscillations.

The curve shown in Fig. 2.6 primarily serves the purpose of demonstrating the pos-
sible types of oscillations in the system becoming available with increasing the pumping
energy by the external microwave field. While the field is weak, the system receives a
minimal amount of energy from the outside and can only support small-amplitude res-
onant oscillations (resonance requires an in-flow of energy due to a finite dissipation).
At larger field amplitudes, however, larger and larger oscillation orbits become avail-
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Figure 2.6: The energy loss curve for the free oscillations
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(ω). The dashed line
shows Ω(0)≈minω(x), which is the frequency of the low-amplitude linear gyrational-
mode oscillations.

able, until another oscillation regime, with large decoupled-core oscillations, becomes
a possible alternative to the smooth branch of oscillations discussed previously.

Apart from the above properties, the existence of the energy dissipation maximum
for certain small core-core separations can also be interesting. This could be an addi-
tional way of optimizing the nano-heaters investigated for use in medicine [74, 75].
Such emergent non-linear dissipation can improve the localization of the magnetic
heating action. Since the high-dissipation oscillation regime requires a high ampli-
tude of the excitation field, one can selectively activate particles in some area by en-
hancing the field strength locally, with the relevant electrical enginering and magneto-
caloric computational methods already developed for predicting the resulting action.
The high-loss frequency is located in the high-amplitude area, where the isolated reso-
nance merges with the main resonance seen in Fig. 2.4a.

The developed analytical model (2.22) offers a rather complete description of the
experimentally measured properties shown in Fig. 2.7. The 200 MHz mode appears
rather suddenly after a certain threshold field amplitude is reached (roughly 10 G).
As was explained above, the excitation of this peak is assisted by thermal agitation.
The 600 MHz peak, discussed earlier is connected with the nonlinearities caused by
the uncontrollable fabricational inhomogeneities (inducing magnetic asymmetry; see
also chapter 4 below), as well as the slow roll-off at low frequencies correspond to the
overdamped oscillator response due to the the screening effect resulting in a decrease
of the oscillation frequency (2.2). With a further increase of the field amplitude, ad-
ditional peaks appear at the multiples of the fundamental frequency. Although we did
not conduct detailed calculations, such an effect is to be expected for our system. All
the experimental observations point to the screening and core-core decoupling effects
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Figure 2.7: The measured low-frequency response of a vortex pair at T = 77 K.
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(b) The transient of the onset of the isolated-resonance
regime.

Figure 2.8: The results of the micromagnetic modeling of exciting the isolated reso-
nance at 210 MHz.

actually occurring in our vortex-pair samples.
In a micromagnetic simulation, it is necessary to satisfy some conditions in order

to observe the isolated resonance, the existence of which we predict from our theoret-
ical understanding of the system. The low-amplitude low frequency response is meta-
stable and, combined with the vortex-pair screening, makes a direct excitation of the
resonance impossible. However, we can still arrive at the desired state, if we start in a
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state with uncoupled cores. This can be equivalent to a decoupling of the core-pair seen
experimentally at lower frequencies, but it is impractical computational-resource-wise
to simulate it in full. We show the onset of the isolated resonance in Fig. 2.8, simulated
by releasing the cores from some decoupled state with subsequent free relaxation tak-
ing place over a quite significant time period. The long relaxation times are due to the
low magnetic friction in the system, with λ in permalloy 10−2. The small short-period
oscillations remaining after the core-core capture and stabilization are connected with
the non-circularity of the magnetic particles in our geometry.

2.3 Hybrid parametric modes. Transient dynamics.

The dynamical regimes of the system are not limited to the ones we described by solving
(2.22). For sufficiently large amplitudes, metastable regimes with a non-zero X are
possible, which is the topic of this section. Such solutions are possible because of the
ability of the high-frequency rotational resonance mode to excite the low frequency
resonance through parametric pumping.

In order to analyze this parametric intermode pumping effect we return to the dy-
namic equations in complex amplitudes (2.18) and find the additional special points of
the system as follows. Finding the expressions for cos2χ and sin 2χ from the second
and third equations, applying the trigonometric identity, and substituting the results
into the first equation, we obtain

(

ωa2/4+ΩA2 = h
4λa cosϕ,

(Ωλ)2 + (Ω− γ)2 =
�

k′a2

4

�2
.

(2.26)

The first equation in this system is equivalent to the energy conservation law. It de-
scribes a contour (a, A) on which the externally supplied energy is balanced by the
intrinsic dissipative losses. The second equation is the phase resonance equation. This
system can be solved graphically, as shown in Fig. 2.9.

The additional hybrid parametric regime affects the stability of the system, as can
be seen in the typical a and A relaxation trajectories, shown in Fig. 2.10. Because of the
existence of different oscillation regimes at the same excitation amplitude (for exam-
ple, a combination of coupled and decoupled core oscillations, possibly combined with
hybrid-mode oscillations), the phase space is complex, patterned into basins of attrac-
tion for all three regimes. Furthermore, the effective activations barriers are decreased
due to the presence of the metastable state with hybrid non-linear high-amplitude os-
cillations.

2.4 Conclusions

We conclude that the highly distinctive dynamics of the studied vortex-pair system re-
sult from the non-trivial and strongly non-linear core-core interaction potential (which
is highly localized and dominates over any and all other inter-vortex forces, owing to
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Figure 2.9: An example of a graphical solution of the equation system (2.26); the red
curve shows the pumping frequency, γ= 1.05Ω(0); the family of blue curves show the
different amplitudes of the excitation field, h.

the extremely thin inter-vortex spacing used) combined with the gyrational nature of
the system’s mechanics. We further find that an addition of a weak parametric term
increases the complexity of the system dynamics significantly, which in turn is able to
explain the rich variety of the experimental observations.

The measured microwave spectra are significantly non-linear at essentially all pumping-
field amplitudes used, with the pristine, linear regimes barely observable above the
noise floor. The effects of the high-frequency rotational mode widening and the para-
metric excitation of the low-frequency gyrational center-of-mass resonance are shown
to be characteristic of a strongly localized core-core attraction. We find that thermal
agitation plays a big role in the dynamics of the system and must be taken into account
when interpreting the experimental results.

We find the conditions for exciting the metastable hybrid resonance mode as well as
those for tuning both the low- and high-frequency resonance modes of the system. We
investigate in detail the stability of the system by sweeping through its wide parameter
space as well as the effect of the initial conditions.
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Figure 2.10: The typical relaxation transients of the core-core system subject to an
external alternating field, modeled by equations (2.15) for different initial conditions
and the excitation field frequency γ= 1.05Ω(0).





Chapter 3

Bi-stability of P-AP vortex pairs

Strongly bound vortex pairs, as has been shown earlier [59, 76] and discussed in sec-
tion 1.4.2, can exist in a number of states belonging to only four non-degenerate classes.
These classes group the various states by the mutual orientation of the polarities and
chiralities of the individual magnetic vortices constituting a pair. Of these, only the
two states with parallel core polarizations demonstrate attraction between the cores.
Further, only in the P-AP state the two cores coupled by mutual attraction can be control-
lably separated using an externally applied magnetic field. This is due to the opposite
chiralities of the vortices, responding to the Zeeman action of the field and forcing the
cores in opposite directions. The specifics of the gyroscopic motion discussed earlier in
section 2.1 limit the motion of the system to one rotation direction for the full range of
the external fields of sub-annihilation amplitudes (preserving the vortex state as such).
Coincidentally, the same orientation of the core-polarizations in the two layers in the
P-AP state also means that they rotate in the same direction, with their spatial positions
mirrored, which is equivalent to the entire magnetization field M(r, t) being rotated
about the vertical axis of the nanopillar stack as m(r, t) = m

�

R̂(P γt)r
�

. Here R̂(φ)
is the rotation matrix for rotation angle φ about the stack axis, P is the vortex-core
polarities (parallel for P-AP state), and γ is the externally excited oscillation frequency.
This configuration results in a relatively easy analysis of the mechanics of the system,
since the state of core-core interaction (switching between repulsion and attraction)
has a very distinct time evolution, with the inter-core separation r varying slowly on
the timescale of the system’s oscillation frequencies.

It was observed experimentally via tunneling magneto-resistance measurements
and confirmed by micro-magnetic simulations that the vortices in the P-AP state ex-
hibit hysteresis, as shown in Fig. 3.1. The branches of the hysteresis are connected
to different core-core states of the vortex-pair, which we will be referring to below as
coupled and decoupled.

35



36 CHAPTER 3. BI-STABILITY OF P-AP VORTEX PAIRS

0 10 20 30 40 50 60
H[Oe]

1420

1440

1460

1480

1500

1520

1540

R[Ohm]

Figure 3.1: Tunneling magneto-resistance of a P-AP vortex pair for our typical nanopil-
lar sample. The blue curve was measured at T=77 K and the yellow curve at T=300 K.
The clearly seen disappearance of the hysteresis at room temperature is due to relatively
strong thermal agitation overcoming the core-core binding potential in the system.

3.1 The mechanism of the bi-stability

We next study the vortex-pair mechanics using the quasi-particle approach of the Thiele
equation model [46], which was introduced earlier (1.41). It is worth to note that
even though this approach is non-ideal for describing the ultra-high-frequency dynam-
ics observed experimentally [59], these dynamics are largely irrelevant for the quasi-
statics and the switching processes (coupling/decoupling) involving the core-core pair.
While former statement (on quasi-statics) is intuitive, the latter (on core-core switch-
ing) needs a more in-depth discussion. The high-frequency dynamics of the system are
not understood to a degree, which would allow an accurate simulation of transients,
and the empirical Thiele terms proposed result in vanishing effects on the observed
separations of the mode frequencies in the P-AP vortex-pair spectrum.

The key to understanding the intrinsic bi-stability lies in studying of the core-core
interaction forces, or (what is the same) interaction potentials. One can either con-
struct the total potential energy by modeling the interactions both between the cores
(1.44) and with the particle boundaries (2.3), or by extracting them from micromag-
netic dynamics simulations. While both options give the same qualitative estimates,
the quantitative results differ, and both have different practical significance. In gen-
eral, the analytical approximation of the interaction potentials is more inaccurate and
can in many cases be much easier to obtain. Calculating the micro-magnetic potentials
is only viable if the layer thicknesses can be well approximated as multiples of some
common length, taken then to be the mesh size. Additionally, one would like these mul-
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tiples to be small, divisible by the smallest of primes, due to the software limitations. If,
otherwise, the layer thicknesses in the multilayer stack are dissimilar and require very
fine z meshing of the simulation grid, the problem can become numerically very hard
even within the typical approximations used.

We utilize the interaction potentials obtained using both analytic and micro-magnetic
approaches extensively throughout this work. It is then worthwhile to describe the de-
tails of the methods we use for, in particular, obtaining the micromagnetic potential
energy. For the reasons we discuss later, certain core separations cannot be stabilized
at all by a dc magnetic field. We, therefore, use the relaxation trajectories to extract the
interaction potential. Luckily, the kinetic terms of the model don’t contribute to the to-
tal energy E, as seen from the form of the Hamiltonian we derived earlier in subsection
1.3.3. This way, we can eliminate most of the contributions from irrelevant interaction
potentials (we exclude non-dipole contributions to start with) and equate the changes
in the total energy to the changes in the unknown potential. We then change to a
circular particle geometry, neglecting any anisotropy in the permalloy layers (typically
small), thereby avoiding the in-plane-angle variation of the quantities modelled. The
Zeeman term, on other hand, is naturally absent, since we seek to study the relaxation
dynamics. To study the effect of the external field, we reintroduce the Zeeman energy
at a later point and analyze the induced magnetization M(r) in the system manifest via
the same relaxation trajectories.

A second energy minimum always appears at some external dc biasing field, when
the Zeeman term is included into the system’s potential. It depends on the localization
of the core-core interaction which we discussed in 1.4.2, and can be arbitrarily small if
one increases the vertical separation between the magnetic layers. One can understand
the phenomenon of the bi-stability (presence of two stable energy minima) by consid-
ering the balance of the three main forces acting on the core. The Zeeman force for
vortex pairs with anti-parallel chiralities acts to spatially separate them. The magnitude
of the Zeeman force can be considered to be practically constant, since mx ,y changes
almost linearly with the core displacement. The core-boundary interaction force always
produces an effective attraction between the cores, by pushing each of them individu-
ally towards the particle center, and increases linearly with the core displacement. The
bi-stability arises since one can compensate the particle boundary interaction force at
the distance, at which the attraction between the cores changes into a repulsion on
application of the external field of an appropriate magnitude. Once “switched” (from
attraction to repulsion), the now dominant repulsion pushes the cores further apart,
until the core-core repulsion force is balanced by the increased core-boundary return-
ing force (the repulsion decays extremely fast, as 1/r7). It is thus possible to balance
out the external Zeeman-force by either the strong attraction force, while the cores are
strongly coupled and tightly spaced, or by the weaker core-boundary force at larger sep-
arations of decoupled cores. However, the former regime is impossible after a certain
threshold field overpowers the core-core attraction force, making the coupled regime
energetically forbidden.
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3.2 One-dimensional approach to the bi-stable state mechanics

The equations of model (2.11) describe the planar motion of two effective vortices, each
carrying the complexity equivalent to a one-dimensional massive particle. However,
one can initially ignore one of the vortices, focusing instead on the dynamics of the
separation between the cores, as we have successfully done above when studying the
forced-oscillation regimes. As regards the dynamics of the center-of-mass, it plays a role
only when thermal agitation is considered, since it is unlikely to be excited dynamically,
as we have already demonstrated (see section 2.3).

In a one-dimensional model, it is difficult to make any definitive conclusions by
simply following the equations, since the system becomes non-integrable when friction
or external forces are introduced. Much more fruitful in this situation is the phase-
space analysis. The combination of smoothness and uniqueness (no trajectory points
are shared with any other trajectory) of the system’s trajectories in phase space puts
enough constraints on the possible trajectory geometries that one can make valid con-
clusions, even when limited to the very general characteristics of the interaction po-
tential, such as the number, positions, and widths of the energy minima and maxima.
Since we only deal with two dimensions in the phase space, evaluating the geometri-
cal constructions involved in the dynamic processes is easy and very intuitive to do by,
essentially, applying the proper topological constraints in a visual manner.

As is the case with any phase-space analysis, we begin by obtaining the stationary
points of the system, x = const, by means of solving the equations for a simultaneous
absence of all forces. These points are not just points, they are unique trajectories,
obeying the uniqueness theorem for ODE solutions (the Picard–Lindelöf theorem also
known as the Cauchy–Lipschitz theorem), staying indefinitely in the same point of the
phase space. Because of this uniqueness, any trajectory approaching the stationary
point would be doing so only asymptomatically, requiring infinite amount of time. In
our case of a P-AP vortex pair, there are three stationary points: two stable foci and
a saddle, as they are commonly classified. The foci represent the stable states of the
system, while the saddle is an unstable point at the peak of the potential separating the
two stable states.

Of all the trajectories found in the saddle proximity, four are special since they ac-
tually asymptotically reach the saddle point. Two of them correspond to trajectories of
particles rolling onto a hill and the other two – to particles rolling off a hill. Of these,
the incoming trajectories are of utmost importance. Since they reach the potential top,
they represent both the minimal momenta and the right coordinates for doing so, so
they separate all the other trajectories in to two classes, aimed at reaching either either
of the two minima of the system. Due to this distinction, these curves are commonly
referred to as the separatrix lines. In a system without friction, the incoming and out-
going trajectories would be in fact the same trajectory, because of the same total energy
they would possess. In a system with friction, however, this is no longer the case and
one can obtain the separatrix lines qualitatively, by following the energy loss, or quan-
titatively by integrating the time reversed equations, which we performed for obtaining
the data shown in figure 3.2.
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Figure 3.2: The cross-section of the potential energy calculated using models (1.44) and
(1.14) along the OX axis at different values of the external field, and the corresponding
phase-space diagrams. The field is directed along the Y axis, the foci are symbolized by
crosses and are connected to the corresponding potential minima by the dashed lines.
The red colored region shows the geometric place of the initial condition points leading
to the uncoupled state, and the blue region shows the initial conditions for the coupled
state excitation. The transition from one mono-focal state to the other occurs smoothly.

Looking at the bottom panels of the Fig. 3.2, one can deduct the changes in the
mechanics occurring in the system while the external field is varied gradually. The
separatrix lines are not shown explicitly, but they are used to separate the phase space
into regions, which we refer to as the basins of attraction. Any point within each of
these basins (excluding the boundary points) relaxes into the corresponding minimum
of the potential energy. Since the system doesn’t posses any kinetic terms, the action of
switching between the two minima can be understood as placing the system into the
desired attraction basin, before turning the excitation field off. The basins of both stable
states are available to the core-pair following any field-excitation strong enough to take
the cores out of the two potential-minima regions, anywhere into the external region
with the striped structure. As the system moves further from the minima, the stripes’
thickness remains unchanged. However, attention must be paid to the fact that exciting
the system into one of the narrow outer stripes requires more precision in controlling
the external field, since the inaccuracies in both the field-pulse parameters and the core
positions do accumulate. Additionally, relaxation from the outer striped regions of the
phase space is more susceptible to uncontrollable factors, such as thermal agitation.

The ratio of the phase-space areas occupied by the points within the two striped
regions changes as the external field is varied. The area occupied by the stripe region
corresponding to the energy minimum, which is disfavored by the applied field, shrinks
significantly, making it hard to excite a transition into such a disfavored state. The op-
timal bi-directional switching performance is achieved when the external field is tuned
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to make the energy minima nearly equivalent. Other factors exist, which can shift the
optimum switching point from the location where the two minima have exactly the
same energy.

As is the case with many other systems, such as Josephson junctions, the best accu-
racy is achieved when the switching is tuned to occur close to the saddle point, where
the stripes are the largest in area and the core motion is significantly slowed down.
This is because the forces acting on the system are nearly compensated in the vicin-
ity of the saddle point (for a massive particle one would construct this argument from
the energy conservation perspective). Once in a phase-space region of a given type
(in a given ‘stripe’), the switching is pre-determined in to the corresponding energy
minimum. It can be avoided (after the excitation is switched off) only by means of
crossing the relevant separatrix line again. This, however, is strictly forbidden for ideal
2D phase-space dynamics, but can be circumvented in practical systems by trajectories
escaping through a third dimension, usually time, due e.g. to thermal field effects.
The alternating striped structure of the outside-the-minima phase-space has a signif-
icant advantage in that much shorter field-pulse durations are sufficient for reliable
core-core switching, with the intrinsic friction forces capable to effectively complete
the switching cycle.

3.3 Stochastic modelling of thermal core-core switching

We further expand the above model by including thermal agitation forces, significant
for the small energy barriers we encounter in our vortex-pair system. The barrier is
formed, and limited by energetics of magnetic vortex core magnetic dipole repulsion at
large distances, making the decrease in spacer thickness one of the few viable strategies
to increasing the barrier height. We construct an Itô-process model in order to utilize
the recently-added simulation capabilities of the Mathematica simulation package. The
sought stochastic mechanics is then be given by the Itô Stochastic Differential Equations
(SDEs) in the form,

dx i = fi(x1, . . . , xn)dt + gi j(x1, . . . , xn)ξ j dt, (3.1)

where x i are the degrees of freedom of an n-dimensional systems, fi are the components
of the deterministic forces in the system, gi is the response matrix to thermal noise given
by the random time-varied ξi . The alternative model of the Stratanovich SDEs can be
shown to be equivalent to the Itô form, however, we do prefer the latter because of the
convenience of having an existing solver.

The random variable ξi is usually assumed to be a white noise, such that
¬

ξi(t)ξ j(t ′)
¶

=
δ(t − t ′)δi j , however, within a reasonably limited simulation time-step, only brown
noise spectra can be achieved in practice.

Forces fi are trivial and essentially identical to those seen in deterministic ODEs.
The random-force coupling, gi , is a much more interesting question, since one needs
to either consider the specifics of thermal agitation or the thermodynamical properties
of the system to achieve an accurate representation of the experiment. The coupling
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function can be assumed to be diagonal because of the rotational symmetry in the
studied system and, as such, is taken to be that for a circular particle, gi j = δi jΓ , where
Γ has the sense of the random-force autocorrelation amplitude.

The model equations can then be rewritten as
�

ez × ẋ=ω(x , X )x+ κ
2 (xX)X+λẋ+ Cez × eh(t) + f(t),

ez × Ẋ= Ω(x , X )X+ 2κ (xX)x+λẊ+ g(t),
(3.2)

where we have redefined the random forces to be f and g.
Next, we linearize the system around the equilibrium and obtain the following equa-

tions:
�

ẋ =ω0 y +λ ẏ + fx(t)
ẏ = −ω0 x −λ ẋ − f y(t)

(3.3)

Here, a new quantity was introduced, ω0 =ω(0). For this linearized system it is trivial
to derive the Green’s matrix, describing the response to an arbitrary external force:

Ĝ =

�

cosω0 t sinω0 t
− sinω0 t cosω0 t

�

e−λω0 t . (3.4)

Using this result, one can first construct the solutions in quadratures for any given
random process, and then calculate the autocorrelation of the thermally agitated tra-
jectory:




x i(t)x i(t +τ)
�

=
Γ

2λω0
cosω0τe−λω0|τ|, (3.5)




x(t)y(t +τ)
�

=
Γ

2λω0
sinω0τe−λω0|τ|. (3.6)

The results of the above calculation should necessarily be identical to that obtained
from calculating the coordinate dispersions for the Boltzmann distribution in potential
U = k(x2 + y2)/2, which gives




x2
�

=
kB T

k
, (3.7)

where kB is the Boltzmann constant, T is the Temperature. Comparing the two we
conclude that

Γ =
2λkB T

G
(3.8)

must be the intensity of the random force, and find that it is independent of the potential
stiffness.

For an arbitrary core position, which doesn’t coincide with the particle center, one
can perform the same calculations for thermal fluctuations around some x in equation
(2.22). For a linearized system, it is always possible to make coordinate transformations
(rotation and independent rescaling) such that the new equations have the same form.
The rescaling of the coordinates does not affect the intensities of the random forces
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since these are independent of the linearized stiffnesses, making the resulting intensity
values applicable to small thermal fluctuations of the vortex cores around any position
in the ferromagnetic particles.

If the dimension of random force f was changed to that of the equivalent random
magnetic field, the expression fully equivalent to Brown’s results [77] would follow:

σB = η

√

√ 2kB Tα
MsatγeV ′∆t

, (3.9)

where Bsat is the saturation magnetization in Tesla, γe is the gyromagnetic ratio of the
electron, V ′ is the effective volume of the vortex core, and ∆t is the simulation time
step. Constant η incorporates the details of the particular integration scheme used.

In the present thesis, the stochastic modeling was conducted using the Euler-Maruyama
and Kloeden-Platen-Schurz numerical integration schemes [78]. These methods give
a satisfactory accuracy at a good computation speed, even though they are of the low
order (the uncertainty scales as




‖∆x‖
�

∼ (∆t)n, where n is 1/2 and 3/2). Use of the
fast integration schemes allows to efficiently acquire the sufficient statistics for making
conclusions about the probabilities and variations of the various processes in the vortex
system.

3.3.1 Thermal core-core switching: random telegraph noise

We next proceed to directly simulate the time evolution of the system. Room temper-
ature T = 300 K is sufficiently high to excite thermal transitions over the ® 100 meV
core-core potential barrier. It is not optimal for the study of the noise phenomena in
the system, however, since the thermal transitions take place on a timescale far ex-
ceeding the characteristic oscillation times of the vortex pair. This makes an accurate
dynamic simulation used to extract the long-term thermally-induced statistics rather
computer-resource intensive. Instead, we opt to increase the temperature by one hun-
dred degrees, which does not affect the general conclusions but makes the simulations
much easier. We have verified the validity of our assumptions made in the previous
section by running such a high-temperature simulation, aiming to map out the core-
position distribution and compare it to the analytical one, obtained from the Boltzmann
distribution for the same potential, shown in Fig. 3.3.

We experimentally (Fig. 3.4b, dashed) and theoretically (Fig 3.4a) study the ther-
mal switching in the system. Because of the specifics of our resistance measurement
setup having the RC-time of about a microsecond, it is rather hard to design a measure-
ment sequence that would directly trace the typically nanosecond-fast thermal transi-
tions, even though their characteristic switching timescale observed is 10—100 µs.
Instead, we focus on the characteristics of the resulting thermal telegraph noise accom-
panying the thermal core-core coupling/decoupling.

The telegraph noise rate is limited by the slowest process in the system, so one can
expect to observe a maximum in the switching-noise pulse-rate at some given applied
field, which balances the speeds of the core-core coupling and decoupling processes.
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Figure 3.3: The distribution of the vortex-core positions at room temperature and the
external field of H = 25 Oe; ∆ = 6 nm is the characteristic vortex-core size. The
solid black lines show the analytical Boltzmann distribution contours; the dashed lines
show the probability contours of the numerically simulated distribution (shown with
colour scale). The red and green lines show the evolution of the minima positions with
temperature.

What was not originally expected is that, thanks to the time resolution of the numerical
experiment, we are able to tell that the system experiences rapid back-and-forth transi-
tions near the separatrix line for a given parameter set, before settling in the final stable
state. Such round-trip transitions were filtered appropriately in order to closely repli-
cate the experiment when comparing the theoretical and measured rates. We observe
that the core-switching rate increases significantly with an addition of a non-linearly
coupled degree of freedom, which acts to unbind the given core trajectory from its
attractor-stripe on the phase diagram, and provide an additional relaxation channel.

3.3.2 AC field induced switching

When the measurement temperature was lowered to the liquid nitrogen temperature,
T = 77 K, it was found that the thermal switching has strongly subsided, with both
the coupling and decoupling times exceeding 10 hours. This new experimental cir-
cumstance made it much easier to study the response of the vortex-pair system to an
external ac field excitation.

Analyzing the measured response of DC-field biased samples subject to an external
periodic excitation, illustrated in Fig. 3.5, we notice that the decoupling probability is
maximized at frequencies close to the rotational core-core resonance modes discussed
in the previous chapters. The frequency range is somewhat downshifted because of the
decoupling action of the biasing dc field, decreasing the core-core interaction force and
thereby the associated rotational frequency. Additionally, a sub-rotational-frequency
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Figure 3.4: (a) The calculated core-core switching rates at T = 400 K; the dashed line
shows the 1D-approximation results;the solid lines represent the results obtained with
the parametric intermode interaction taken into account, which increases the effective
dimensionality of the system. (b) The switching rates for T = 300 K; the dashed line
shows the simulation results for the system, including the intermode parametrics; the
solid line shows the switching rate measured on the experiment.

band is seen in the spectrum, suggesting a presence of two-photon excitation pro-
cesses, likely due to the strong nonlinearities present in the system, especially at higher-
amplitude excitations.

The long-pulse excitation regions cover unusually broad bands of frequency for our
system made of a high Q-factor magnetic material (permalloy). The nature of such a
spectral spread is defined by the interaction of the intrinsic nonlinearities with thermal
excitation. The non-linear character of the system’s field-response results in oscillations
of significant amplitude excited at a variety of frequencies, which in turn makes the
thermally agitated transitions more probable. This is due to the fact that the strongly
excited cores precess at a high potential energy, near the top of the potential barrier,
and therefore require less thermal agitation to switch the state. In particular, lower-
amplitude higher-frequency oscillations can now lead to decoupling events, which they
are not able to do otherwise, since they do not reach the dynamic excitation threshold
on their own.

The short-pulse dynamics measurements, performed using pulse sequences from a
microwave arbitrary waveform generator, allow to significantly reduce the role of the
thermal excitations discussed above by having the vortex-field interaction time too short
for any significant fluctuations to take place and affect the dynamic processes occuring
in the system. On the experiment, the excited spectral bands shrink significantly in
both amplitude and frequency as the excitation-pulse duration is decreased.

The simulation of the field-biased core-pair dynamics reveals a plethora of new in-
formation about the peculiarities of the motion in the biased bi-stable state of the vortex
pair. We observe that a strong enough excitation can induce a dynamic, deterministic
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Figure 3.5: The measured probability of the core-core decoupling for long (300 ms)
and short (100 periods of sinusoidal oscillations) pulses of the external excitation field.
The short-pulse response is shown in the inset, while the main heat map shows the
long-pulse response.

decoupling of the pair. This useful regime is preceded by a period-doubling cascade,
which transitions in to chaotic pre-threshold mechanics of the core-core pair in the
system.

3.3.2.1 Ultrashort pulse mechanics

The above discussed long-pulse dynamics undergoes significant changes when the pulse
width is decreased. The resulting decoupling region in the parameter-space shrinks,
but the process of switching becomes more reliable, since it is based on determinis-
tic processes within the pair dynamics, as was already discussed in connection with
Fig. 3.5. The internal dynamics strongly resemble the combination of the forced os-
cillation regimes illustrated in Fig. 3.6 and the relaxation of type we discussed using
the phase diagrams in Fig. 3.2. In principle, the short-pulse activation could be di-
vided into resonant field excitation and strong-field mechanics, possessing their own
characteristics and advantages. With the resonantly-activated mechanics, the ac field
energy is transferred to the system within the duration of a few periods of the intrin-
sic oscillation, making the amplitude requirements significantly more relaxed. High ac
field amplitudes, on the other hand, could be used with shorter pulses, though the am-
plitude would need to be strong enough to significantly overpower the core-attraction
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Figure 3.6: (a) The bifurcation diagram of the dynamical regimes of the P-AP state in the
frequency-amplitude parameter space. The bottom panels illustrate the typical core-
oscillation regimes, the excitation regions for which are denoted on the diagram. (b)
An example of the chaotic core motion modelled within the Thiele-equation framework.
(c) A micromagnetic simulation of the chaotic dynamics with the system parameters
corresponding to (b).

potential, since the core speed is directly proportional to the forces acting on the core
and a proper outer attractor-stripe must be reached before the field can be turned off.

Unlike in the case of the long-pulse excitation, using short pulses makes it possible to
measure the temporal characteristics of the switching processes in the system. Though
the full detail of the transient vortex-pair real-time response could only be measured if
the samples were integrated with a sensitive ultra-fast readout, it is highly informative
to probe the fast core mechanics by shaping the excitation on the time scale compa-
rable to the intrinsic dynamics of the vortex pair. Using a Tektronix AWG5000 series
5 GS/s arbitrary waveform generator, we are able to produce variable shape periodic
signals with frequencies up to the low GHz range and pulse envelope lengths covering
a range from half a period to hundreds of thousands of periods. The typical measure-
ment consisted of pulsing the field of a pre-designed shape at the SAF-MTJ, giving the
vortex system time to relax to the new magnetic (and resistance) state, and reading
out this state via the MTJ’s magneto-resistance. Unlike the rectified signal in the mi-
crowave spectroscopy technique used extensively in the non-linear dynamics studies
discussed above, the noise floor in the switching probability measurements is a small



3.3. STOCHASTIC MODELLING OF THERMAL CORE-CORE SWITCHING 47
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Figure 3.7: The variation of the measured core-core switching probability with the
duration of the field-pulse envelope. The three amplitudes shown present the main
types of measured responses. The pulse forming frequency is kept at 2.2 GHz.

fraction of an Ohm, while the differential resistance signal between the coupled and
decoupled core-core states is∼ 10 Ω, which yields an excellent signal-to-noise ratio and
make the recording of the inter-state switching events clear-cut. Since thermal switch-
ing processes at the liquid nitrogen temperature used in these experiments are very
improbable, one can be sure that the changes measured are essentially uniquely due to
the core mechanics during the excitation and a short time directly post-excitation.

The measured properties differs dramatically for the pre and post-threshold excita-
tion, which makes it possible to easily tell the threshold from the measured probability
curves. The pre-threshold switching data, such as the 30 G response shown in Fig. 3.7,
indicate that the cores are never excited strongly enough to cross the corresponding
separatrix and, therefore, thermal agitation becomes the key in enabling the inter-state
transitions in this limit. Characteristically, the measured pre-threshold switching prob-
ability saturates in a fast and monotonous fashion, significantly below the maximum
level, as the excitation pulse length is increased.

When the applied ac field amplitude exceeds the dynamic excitation threshold, dis-
tinct switching characteristics are observed. The probability of the core-decoupling
changes dramatically and almost immediately reaches unity. We also observe that
the probability in this regime oscillates with the parameters of the field-pulse, such as
the amplitude and duration, as the vortex cores ‘explore’ the outer different-attractor
striped regions of the phase space. Additionally, the probability decreases at longer
pulse-lengths or stronger fields, mainly because the core position becomes more uncer-
tain the longer it evolves free under the influence of the thermal fluctuation force in
one of the sensitive attractor-stripe regions of the phase diagram.

The secondary characteristics of the field pulses are found to be significant for op-
timizing core-switching as well. We find that the direction of the field in a pulse as
well as its shape can be used to great effect. As discussed above, it is more benefi-
cial to apply the excitation in such a way that the separatrix is crossed closer to the
saddle point. This point becomes clear after comparing the threshold amplitudes and
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probabilities in Fig. 3.7. We find numerically, in micromagnetics, that the pulses with
the harmonic filling frequency decreasing over time (replicating the limitations of the
particular waveform generator we use) have a lower threshold-field amplitude com-
pared to those with simpler, unmodulated sinusoidal filling. This is due to an increased
coupling of the cores’ oscillations to the lowered-frequency external field at high core-
gyration amplitudes, which enable a more efficient energy transfer. The ideal pulse
would be tailored such that its action would account for the decrease of the internal
forces near the potential barrier, which can be achieved by tuning its amplitude and/or
shape.

3.3.2.2 Chaotic dynamics

We would also like to discuss the interesting three-way interplay of the chaotic, ther-
mal, and external-field factors, interacting during the switching process. The chaotic
dynamics in the system are found to be excited just below the threshold fields (those
for dynamic, deterministic switching) at super-optimal frequencies (those higher than
the frequency of the lowest amplitude threshold field).

We next discuss how the reliability of switching changes with the external field
amplitude, the magnitude of which is swept at a fixed frequency satisfying the condi-
tions for the chaotic dynamics. Intuitively, the appearance of chaos should increase the
switching time spread because of the chaos-accompanying uncertainty in the point of
crossing the separatrix line of the system for a given parameters set. This effect is due
to a decrease in the precision of landing of the core within the desired attractor-stripe
and an increase in the related relaxation time, both associated with the chaos-induced
uncertainty.

However upon further study we find that the chaotic attractor crosses the (free
motion) separatrix only at a specific spot near the saddle point. We find both by the
numerical Monte-Carlo simulations and by doing the measurements on the samples,
Fig 3.8, that the appearance of chaos in the system, paradoxically, increases the relia-
bility with which the state is controlled. We propose the explanation that in addition to
having the effect we already discussed, the topological structure of the chaotic attractor
itself lends to improvements. Chaotic attractors are known to be filling the phase-space
of a given system in a peculiar, fractal fashion, forming a lot of phase space points and
patches where the chaotic trajectory can approach arbitrarily close, but never cross it.
In a common chaotic system the chaotic attractor would be the only object of interest in
its phase space, but in our case the points of chaotic attractor are closely intermeshed
in such a way with the points of regular attractor (of a decoupled state limiting cycle
oscillations) shown on the Fig. 3.9. The attractors have different types of stability lead-
ing to easy thermal escape from chaotic attractor and stabilization in the un-coupled
attractor.
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Figure 3.8: (a) Simulated decoupling time, T, and decoupling time spread, ∆T, as a
function of the ac field amplitude of fixed frequency 2.1 GHz; the drastic reduction in T
and∆T at about h=0.46 are the chaos-induced reduction in the core-switching time and
the width of the switching transition. (b) Simulated Lyapunov characteristic exponents;
the inset shows the ‘pinching’ section of LCE into the positive range, reflecting the
chaotic character of the core motion. (c) Measured core-switching probability as a
function of the length of the ac field pulse envelope, expressed in units of one period.
(d) Measured width of the core-switching transition (in Fig. 3.8c) versus the applied
field amplitude for 2.2 and 2.5 GHz; to be directly compared with the results of the
analytical model in Fig. 3.8b. All measurements performed at 77 K, and mid-hysteresis
biasing dc field of 17 Oe.

3.4 Conclusions

The bi-stable state of a magnetic vortex pair is a promising addition to the family of
magnetic memory concepts. The bound core-core state can serve as a suitable storage
element, since it is moderately and controllably stable, but not excessively stable to
require extreme levels of switching power such as the case with the vortex-core polarity
and vortex chirality. We demonstrate a fine control of the inter-core coupling by using
relatively weak fields applied for short durations. However, a number of improvements
would be desirable before vortex pairs can make it into industrial application. We have
analyzed such desirable properties in this work, focusing in particular on the available
phase space of the vortex-pair bi-stable state and the excitation parameters needed for
efficiently operating the related core-core switching.
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Figure 3.9: The cross-section of the vortex-pair phase space at time t mod T = 0.
Colour denotes the time it would take (at zero temperature) to leave the region of the
coupled-minimum potential. The region colored deepest blue represents the chaotic
attractor, from which escape will never occur. The chaotic attractor forms a fractal
shape with the uncoupled-oscillations limit-cycle basin, which has the minimal escape
time of 3 periods of the oscillation.

On other hand, a vortex pair serves as an interesting example of a malleable chaotic
system that can be used to study similar phenomena in different physical systems, such
as chaos in Josephson junction arrays. We find interesting new details about the switch-
ing processes in semi-chaotic (with coexisting deterministic and chaotic regimes) sys-
tems. It is hoped that the vortex-pair models developed in this work can be extended
to a variety of other chaotic systems.



Chapter 4

Vortex-pair pinning

The numerous defects and flaws elude the sight, however they exist immutably in any
and all of the devices surrounding us nowadays, they serve as a perpetual reminder
to humanity’s limitations. The inevitability of having defects shouldn’t discourage one,
however, since in many cases unwanted defects turn out playing their own unique,
irreplaceable roles. For example, such is the case with defects in semiconductors, where
additional deep levels created on purpose, by, for example, beta irradiation or doping
with gold and platinum[79, 80], decrease the carrier lifetimes in fast-recovery devices,
pushing the operating speeds higher. Defects are the lifeblood of type-II superconductor
applications, since they pin the Abrikosov vortices, which would otherwise dissipate
energy and potentially lead to quenching and a catastrophic thermal run-away failure.

Defects in magnetic materials are lesser known and do not have as dramatic of
an effect, but they still manage to produce a variety of interesting phenomena [81,
82]. Although there already exists a good amount of related research done on vortex
pairs, the effects of material and fabricational defects on SAF-type vortex pairs have
remained largely unexplored. In an analogy with the semiconductor physics methods,
we propose and demonstrate a combination of measurement techniques allowing for a
non-destructive defect characterization, which could be integrated into a fast turnout
device fabrication sequence. We also discuss the general physics aspects of the studied
vortex-pair–defect interaction as well as its application potential.

The important outcome of some types of defects is a binding of the system’s quasi-
particles (vortex cores in our case) to the defect, typically referred to as pinning. This
has been studied for individual magnetic vortices, both with intrinsic materials defects
and pre-fabricated high-pinning potential defects [83], including the resulting magne-
tization dynamics.[84, 85, 86, 87]Here we extend the field by considering a vortex-pair
pinning.

51
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4.1 Quasi-statics of asymmetric vortex pair

The observable characteristics of a vortex pair are to a large extent determined by
the symmetries in the system, of which there are several. For example, the individual
particles of the SAF-stack can be circular or elliptic, and the vortex pair inherits the
geometrical in-plane symmetry, which is manifest in its static and dynamic properties.
Perhaps the key symmetry aspect, affecting the vortex-pair behavior both qualitatively
and quantitatively, is whether the two layers are fully identical, since the other symme-
tries are necessarily broken by external fields used for controlling and experimenting
with the system.

The internal dynamics of the vortex pair depend on the polarity and the chirality of
both vortices in the stack. However, one can use the symmetry of the system to show
that there are four classes of the vortex-pair states we mentioned earlier. The dynamics
of the four degenerate states within each class can all be mapped onto each other
by applying the symmetry operations characteristic to the SAF-particle. For example,
two of the four P-AP states, differentiated by the chirality of the bottom layer, have the
dynamic response involving motion of the two cores, with the trajectories geometrically
reflected with respect to the particle center. Therefore, breaking of the layers’ symmetry
also breaks the degeneracy in terms of the system’s response. When arguing about
what types of symmetry breaking are observable, one has to take into account that
we effectively measure the bottom layer’s net x-component of magnetization, together
with the rectified amplitude of the fast oscillations in the system, as we explained in
section 2.2.1 and 2.2.2.

4.1.1 Types of the layer asymmetries

We study three principal types of asymmetry in a SAF bi-layer: thickness asymmetry,
bias field asymmetry, and asymmetry caused by local imperfections. We aim to provide
a description of the effects of all these types. The first two reflect possible particle-scale
differences between the two individual layers in the SAF. All the other asymmetry types
are therefore grouped together into local asymmetry.

The first type we mention, thickness asymmetry, refers to an often unavoidable dif-
ference in the magnetic layer thickness. Usually, the thickness can be controlled during
fabrication to a very high degree, but even a relatively small thickness imbalance be-
tween the layers in the SAF can lead to a significant differences in the vortex motion in
the two particles. The stiffness constant k is proportional to the layer’s overall thickness
L, since the magnetic charge generated in the particle by the core motion is delocal-
ized (2.2).In the P-AP statics, therefore, the thicker layer’s core, experiencing a larger
returning force, tends to drag the thinner layer’s core along its motion via the direct
core-core coupling. As the thickness imbalance is increased the thin-layer core dynam-
ics subordinated to that of the thick layer.

Bias-field asymmetry is caused by a typically small and constant difference in the
bias fields the vortices in the two free SAF layers experience. In our samples it is due
to the non-fully compensated the fringing fields from the underlying pinned reference



4.1. QUASI-STATICS OF ASYMMETRIC VORTEX PAIR 53

SAF layers (the readout layer of the junction), and possibly even to a non-zero Nèel
surface-roughness interaction [88, 89] between the top CoFeB SAF-reference layer and
the bottom free Permalloy layer. This type of magnetic asymmetry causes the individ-
ual vortices to have a constant, chirality-dependent shift of the core position from the
particle center, again, the strong core-core interaction dominating in the coupled state
and forcing the vortex pair to relocate as a whole.

The third and final class we discuss, local asymmetry, broadly refers to localized de-
fects in the materials of the nanostructure, capable of producing measurable differences
in vortex mechanics. We later commonly refer to one particular type of these, namely
pinning defects, which, characteristically, can magnetically bind (or pin) the vortex pair
(typically by pinning of one of the cores) at the location of the defect. The localized
asymmetries can arise in a number of ways, but we can conveniently categorize them
by the nature of the changes they induce in the system. We thus separate defects into
those primarily affecting the magnetic characteristics of the layers from those due to the
films’ morphology imperfections. Although there are mechanisms related to both these
types, such as the formation of localized magnetically-dead regions [90] within the
nominally ferromagnetic films, we focus on the more likely defects, primarily having a
singular type of action.

The first two asymmetry types have been studied in both vortex [91] and uniform-
magnetization [92] states of the system. Briefly, the observed effects they produce are
summarized as follows.

The P-AP vortex pair with a thickness imbalance , in the case of no applied external
magnetic field, has the same ground state resistance as an ideally symmetric pair would
have, since the particle center remains the equilibrium position for the two cores. When
the external field is finite, both vortices react relatively weaker, owing to the higher
inertia of the thicker vortex, impacting the thinner-layer vortex through the core-core
coupling. However, once the thinner core decouples at the threshold field-magnitude,
it recoils more strongly than it would in the symmetric-pair case, since it was forced to
follow the thick core opposite to the direction favored by its Zeeman interaction.

In the bias-field asymmetry case, the vortex core in the particle subject to a stronger
biasing field (the one closer to the tunnel barrier/reference layer) drags the core-pair
to a new chirality-dependent position, effectively removing the chirality degeneracy of
the P-AP state. However, the degeneracy is still observed in the TMR, since this new
position results in the same total mx for either chirality. Because of the field-bias, the
core decoupling fields differ for different applied field polarities, |Hdcp,+| 6= |Hdcp,−|,
and, subsequently, the decoupled-core to particle-center distances are asymmetric, as
well as the resulting changes in the measured resistance, ∆Rc,+ 6=∆Rc,−.

4.1.2 Effect of pinning on vortex core hysteresis

We begin our study of the most interesting asymmetry type, that of localized-pinning,
with quasi-statics. The kinetics of of the vortex core are not contributing to shaping
the quasi-static response, which means that a number of interactions can be simplified
by balancing the forces involved. This gives one a rare possibility to understand nano-
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scale mechanics intuitively, using the familiar methods of macroscopic physics. The
main effect to be considered in the P-AP vortex-pair stack is the characteristic screening
of the antiparallel chiralities,

Ums(X1,X2) = εU
(single)
ms (X). (4.1)

Parameter ε ≥ ∆Lz/
∑

Lz was discussed in chapter 2.1, when introducing a similar
potential, (2.3). The limit on the minimal value of this potential is imposed by the fact
that the external-field screening is limited by the thickness imbalance of the bi-layer,
which also imbalances the magnetic charges located across the thin spacer, on the inner
surfaces of the ferromagnetic layers (each layer has a net zero magnetic charge). This
is due to the fact that closeby opposite magnetic charges form much a smaller total
dipole moment than that of the individual layers with much larger charge separations
would be. The total magnetic moment due to the above imbalances can practically be
made so small that it can compete with the energy terms of the higher-order multipole
fields created in the SAF by vortices.

The interaction of a vortex core with the pinning center occurs mainly when the
core passes the vicinity of the respective defect, since by far the biggest role is played
by the strong, nearly saturated magnetic poles of the vortex core located on the two
surfaces of the ferromagnetic particle. One can then expect the modulated forces and
potentials decay as

Fpin ∼ exp
�

−(Xbot −X0)
2/(2∆2)

�

, (4.2)

where X0 is the position of the pinning center, which can be located in either of the
layers. This necessarily localized core-defect interaction leads to different types of pin-
ning behavior in the system. For defects located far outside the center of the particle,
|X| � ∆, we expect pinning to be stabilized at some finite value of the external field,
similar to what we have seen with the core-core coupling (see section 3.1). Otherwise,
if |X|®∆, the equilibrium position of the core is expected to shift off the particle center.
We treat this by expanding the new potentials into their power series

U = Ucc(0) + ε

�

kX2 +
k′

2
X4

�

+ β(X−X0)
2, (4.3)

where β is the pinning stiffness constant. One can easily obtain the equilibrium core
position by finding the minimum of the new potential, which to the terms of ε1 it is
given by

X′ = X0

�

1−
εk
β

�

. (4.4)

The analytical results for core-pinning on local defects were confirmed by running
micromagnetic simulations on individual vortices,and P-AP and P-P vortex pairs having
a single defect of locally reduced saturation magnetization placed in one of the layers.
As expected, both P-P pairs and single-particle vortices demonstrate very similar prop-
erties, with a vanishing shift of the equilibrium core position from the particle center.
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Figure 4.1: Micromagnetic simulation of two P-AP states with reversed chiralities. A
defect is simulated by a nano-column of material in one of the particles having reduced
magnetization, it is placed 8 nm off the center of the particle along the hard axis of the
elliptical particle shape used.

Vortex pairs with antiparallel chiralities, on the other hand, relocate almost fully to the
position of the pinning defect.

Unlike the bias-field asymmetry, the core-offsets caused by localized defects are
independent of the individual-vortex chirality, which makes it possible to clearly ob-
serve the difference between these two asymmetry types on the experiment: a shifted
equilibrium position of the core produces different signs of the induced total in-plane
magnetization for the opposite chirality pairs of the P-AP class. This configuration is
illustrated by the micromagnetic simulation in Fig. 4.1.

Core interactions with distant defects cause new transitions seen on the magneto-
resistance curve, which otherwise show only the core-core coupling hysteresis, studied
in Chapter 3. The pinning center can affect the core-core interaction potential, however
it does so only while the pair is being bound to it, due to the aforementioned localiza-
tion. With the variety of shapes and strengths, distant defects can create many distinct
quasi-static responses. The main differentiating parameter is the ratio of the core-core
decoupling force and the depining force, which, in principle, can overpower the core-
core attraction in cases where the pining energy can be made as high as a few eV for
select engineered defects [85, 93, 83]). On the experiment, as the temperature is low-
ered, more and more hysteretic features appear in the magneto-resistance on sweeping
the applied field in different directions, revealing the fingerprints of pinning defects in
the sample.
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4.2 Pinned vortex pair dynamics

Fundamentally, the quasi-statics of vortex pinning, being independent of the kinetics,
are susceptible only to local defect forces, which limits the breadth and scope of a
possible investigation with what few static parameters one can probe. Additionally,
quasi-static experiments are harder to draw quantitative conclusion from, because of
the need for a large number of fitting parameters, irrelevant to the defect itself, but re-
quired to connect the defect characteristics with the measured resistance changes and
magnetic field offsets. For example, it is impossible to quantify the magneto-resistance
changes without a full consideration of the TMR effect specifics, with all of its mor-
phological, material, and spin-distribution profiles uncertain. We show that it is highly
advantageous to instead focus on measuring the temporal and spectral response, which
often are the most direct and precise tools available. This opens up a range of new ef-
fects governed by the kinetic properties of the systems studied, To this end, one needs
to expand the number of observed quantities for obtaining direct estimates. The variety
of different non-linear dynamic regimes discussed in Chapter 2 provide precisely this
capability.

The number of useful observations one can perform (out of the variety of phe-
nomena we have discussed above) is limited by the stability of the pinning on a given
defect, which can be improved by, for example, cooling the system. We report a series
of such observation in Fig. 4.2 for a vortex pair with pinning stable at the liquid ni-
trogen temperature, exhibiting a bowtie-shaped combined pinning and core-coupling
hysteresis. We assume the defect is located sufficiently far from the particle center, so
that the intrinsic oscillations of the vortex pair around the particle’s center are not af-
fected. This assumption is confirmed experimentally, where the ‘unpinned resonances’
were observed to agree with those for the other defect-free samples in the same series,
within the normal experimental variation.

The capture of the vortex core by a distant defect occurs resonantly, since one needs
to excite sufficiently large core-oscillations to reach the pinning site. Unlike the ac re-
sponse discussed in Chapter 2, where large-amplitude oscillations develop long after
they become significantly non-linear, the pinning hysteresis provides an additional bit
of discriminating precision needed to observe the small-signal linear response. In what
follows, we limit our scope to the linear response, which provides surprisingly useful
estimates of the pining-defect nature. We will also mention the non-linear effects, when
necessary, with one such effect being a significant variation occurring in the high-field
magneto-resistance during the excitation of a core pinned to a very distant defect. In
this case, to determine the true resonance frequency one would need to measure the
low-field frequency response, or try to adjust it accordingly with a non-linear response
model (2.22), because of the extremely high amplitude needed to reach capture thresh-
old distances.

The linear analysis of the system begins with considering the variations of the lin-
earized parameters caused by a defect proximity. For many key parameters, such as the
gyro-kinetic constant, G, defects have a direct effect, which can be accounted for by ap-
propriately adjusting the relevant quantity. In other cases, defects produce their own
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Figure 4.2: Effects of pinning on dynamics of a P-AP vortex pair.(a) Theoretically-
predicted spectrum of forced oscillations (2.22). Measured pinning probability (b) and
depinning probability (c) versus frequency.

force-fields and require more significant adjustments. For example, the magnetic-pole
strength and the shape of the vortex-core can significantly change upon reaching the
vicinity a defect, which then requires a new potential, the structure of which resembles
the core-core interaction.

With the significant asymmetry of the SAF layers caused by the defect, it is no longer
viable to perform the analysis in the normal mode coordinates of equation (2.10). We
rewrite the Thiele equations in terms of the real coordinates of the two vortex cores:









Gpinez × ẋ1 = −κpin(x1 − x2)− k1,pinx1,
Gez × ẋ2 = −κpin(x2 − x1)− k2x2. (4.5)
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Here, we assume that the pinning sites do not occur at the same location in both of
the layers, due to pinning defects being relatively rare. Constants k and G reflect the
local quantities (local to the given vortex core), and, as such, are sensitive only to the
properties in the core proximity, within the respective layer. On the other hand, the
inter-core stiffness, κ, experiences the effects of the defect proximity in both layers,
due to the Newton’s third law equating the action force in one layer with the reaction
force in the other layer.

The scaling of the gyrovector is given by expression (1.35), which for a radially
symmetric defect would give

G= ez
2π
γ

∫

d(Ms,pin cosθ )Lz,pin, (4.6)

leading to a simple scaling law:

GMs,pin
= G0

Ms,pin

Ms

Lz,pin

L
. (4.7)

We assume that the defect is large enough to host the vortex core within itself, other-
wise, a form factor should be introduced into the previous expression:

NMs ,∆L =

∫

Ms,pin(r)

Ms

Lz,pin

L
e−

r2

2∆2 dr. (4.8)

Continuing the analysis, we also need to look into the effect of the pinning site on
the particle-boundary stiffness, which depends mostly on the conditions experienced
by the vortex periphery. The induced magnetic charges are distributed throughout the
particles (macro-scale) and are insensitive to the local variations in properties caused
by the localized defect. However, we can incorporate the pinning force parameters
referred to in (4.3) and arrive at a combined core-particle stiffness constant:

kr gh = k0

�

1+α
γ+δ

Lz

�

, (4.9)

where the α coefficient is the ratio of β/k. For a typical defect, we estimate it to be
α≈ 1.4 using the barrier height measurements described below.

The inter-core coupling stiffness, κ, can be found analytically for the potential of
(1.44), by using the radial evolution equation of the system (2.9), swapping the order
of integration and differentiation around, and setting r = 0, to find

κ=
µ0M2

s ∆
2

2

�

1
D
+

1
Lz,1 + Lz,2 + D

−
1

Lz,1 + D
−

1
Lz,2 + D

�

, (4.10)

after calculating the integral. Here, we use the same approximation for the defect size
(comparable or larger than the core size; practically ∼ 10 nm). A corresponding shape
factor would have a more complex form, involving modified Bessel functions J1 and J0.
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Calculating the eigenfrequencies for the equation system (4.5) yields

ω2 =
1
2

�

Ω2
1 + 2ω1ω2 +Ω

2
2 ± (Ω1 +Ω2)

Æ

(Ω1 −Ω2)2 + 4ω1ω2

�

, (4.11)

where it is convenient to introduce new parametersωi = κ/Gi andΩi =ωi+ki/Gi with
the dimension of frequency. As a comparison, in the linear approximation one obtains
the following expressions for the gyrational resonance, Ωg = k/G, and the rotational
resonance, ωr = (2κ+ k)/G, frequencies.

For ‘magnetic’ defects, where the saturation magnetization deviates from that in
the surrounding region, it is convenient to introduce a new parameter reflecting the
change in the saturation magnetization, εMs

= 1− Ms,pin/Ms. After a straightforward
calculation, one arrives at the conclusion that the resonance-mode frequencies for a
weak defect (with a small εMs

) change as follows:

ωg,pin =ωg

Æ

1+ εMs
(4.12)

ωr,pin =ωr

√

√

√

1− εMs

ωr − 2ωg

ωr
. (4.13)

In practice, defects with locally reduced saturation magnetization due to imper-
fections in the ferromagnetic film structure and composition (e.g., grain boundaries,
nonmagnetic inclusions, etc.) are rather common, in contrast to those with enhanced
magnetization. A small region of reduced magnetization has already been shown to
produce pinning (see Fig. 4.1). Its effect on the system’s dynamics is to shift the res-
onance frequencies in the opposite directions: the rotational mode is shifted lower
because of the decrease in the core-core coupling strength by the magnetic pull from
the pinning site, and the gyrational frequency is increased as the gyrovector is lowered
in the vicinity of the low-magnetization defect.

Surface roughness defects, on the other hand, are much more intricate in their be-
havior, requiring separate careful considerations of both ferromagnetic layers’, since
roughness is easily carried through the extremely thin spacer in our nanostructure. As
a result, both resonance frequencies can shift in any direction if the defect shape is cho-
sen appropriately, as seen from our calculations presented in Fig. 4.3. Notwithstanding
the complicated shapes of the frequency variations versus the pinning strength, some
general trends still hold, even if they are limited to small roughness-type defects. The
gyrational mode frequency is still characterized by its strong dependence on the gy-
rovector value. At the same time, the rotational mode frequency depends most heavily
on the spacer thickness.

We next apply the model developed to analyze a P-AP vortex pair, the data for
which are shown in Fig. 4.2. The gyrational frequency of this sample decreases by
125 MHz as a result of pinning, showing a relative frequency shift of fg,pin/ fg ≈ 0.6.
The rotational frequency decreases by 350 MHz, with fr,pin/ fr ≈ 0.9. As detailed above,
this behavior cannot be explained by a defect with reduced magnetization. Estimating
the parameters of a roughness defect needed to account for the observed data, yields
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Figure 4.3: Contour plots of resonance frequencies, fi,pin/ fi , of a vortex pair pinned on
a surface roughness defect. Red curves represent the gyrational frequencies and blue
ones – rotational frequency. Relative changes of frequencies compared to the original
frequency (without pinning) are given by the ratios placed on top of the curves. The
bottom permalloy free layer is taken to extend by −γ into the TaN spacer and by −δ
into the MTJ insulator, as shown in the inset.

the estimates for the free magnetic layer extending by 0.4 nm into the tunnel barrier
(δ = −0.4) and indented by 0.1 nm from the side of the TaN spacer (γ = 0.1). Such
a defect is quite likely for the fabrication process used, since, typically, the Al-O tunnel
barrier roughness is smoothed out by the Permalloy overlayer (which does not wet the
oxide, and has a small grain size[60]). With the Permalloy layer smoothing the Al-O
surface out, it is reasonable to expect its roughness to not propagate up the stack with
full magnitude.

We have also investigated the energetics of defect-pinning by varying the excitation-
field amplitude to find the relevant amplitude thresholds. We use a model for fitting
the de-pinning probability curve, incorporating an effective pinning-barrier reduction
caused by the field excitation, developed for systems such as Josephson junctions [94].
The reduction in the potential scales quadratically with the excitation amplitude, yield-
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ing the probability

P = 1− exp

�

−
τ

τA
exp

�

−
1

kB T

�

Ea − kh2
�

�

�

, (4.14)

which is a Poissonian distribution, indicating that the probability of pinning or de-
pinning stays the same for some small interval of time as the excitation is applied. The
attempt frequency, 1/τA, can be approximated as that of the gyrational core oscilla-
tions (matching the excitation frequency), which gives us estimates for both the barrier
height Ea and the barrier reduction rate k.

By fitting the measured probability curves we obtain the pinning-energy barrier
height to be ∼ 170 meV, which is in good agreement with literature data.[85, 83, 87]
The barrier reduction rate k on the other hand can only be approximated to an order
of magnitude, being proportional to the square of the rather uncertain parameter C we
discussed earlier (2.1), which describes the induced magnetization.

4.3 Conclusions

The importance of materials imperfections, unavoidable during nanodevice fabrication,
for the device performance is often overlooked. We show that magnetic vortex pairs in
nanostructures can serve as a sensitive diagnostic tool for microscopic defects of various
types, due to the unique static and dynamic properties vortex pairs possess.

We have developed a toolkit for a rather comprehensive characterization of defects
in magnetic nanostructures. Thus, for a P-AP vortex pair state, we have shown that
one can obtain the key parameters of various types of core-pinning defects located
throughout the vortex-carrying ferromagnetic particles. For example, close-range de-
fects (located near the particle center), which offset the potential minimum of the vor-
tex pair, can be analyzed and differentiated by their effect on the degeneracy of the
state, since they break the geometrical symmetry of the SAF stack. Distant defects
(located far from the particle center) can be easily probed by dc magneto-resistance.
The developed methods of quantitative defect characterization rely on the ability to
perform rather precise but straightforward experiments, with thermal agitation being
the only limitation on the variety and scope of observable defects. Potentially, novel
repulsive-type defects could be found if new ways of excitation were developed for the
P-P vortex-pair state, such as the spin-transfer torque.

We believe that the vortex-pinning models developed in this work can be used for
engineering specific types of defects, if, for example, a vortex pair is to be used for data
storage, which is believed to be one of the promising applications of magnetic vortices.





Conclusions

This thesis analyzes the important magnetic properties of a strongly core-core coupled
vortex pair and, specifically: a number of nonlinear dynamic processes taking place
in the system in response to high-amplitude field excitations; the bi-stability of the
core-core pairing; the effects of thermal agitation on the quasi-statics and dynamics
of the vortex pair; the interaction with and pinning of vortex-core pairs on defects
in the ferromagnetic films and the related core-pinning spectroscopy. The following
conclusions can be made based on the results of the work.

1. An external ac field is shown to excite a rotational oscillation of a strongly core-
coupled vortex pair, in which the individual cores rotate in antiphase. A simple
analytical expression is obtained for the exact amplitude of such an oscillation.
The measured spectra are successfully explained based on the model developed.
In particular, a strong dependence of the rotational resonance frequency on the
excitation field amplitude is observed and explained as due to the specific local
profile of the inter-vortex interaction potential. An isolated resonance is predicted
and observed as a low-frequency peak in the measured microwave spectrum.

2. An external dc field of a certain, predictable magnitude applied to a vortex pair
is shown to produce a bi-stability, stabilizing either coupled or decoupled state
of the pair. It is suggested that this bi-stability can be useful for the development
of a fast and energy-efficient memory based on magnetic vortices. A significant
reduction in the lifetime of metastable states is predicted theoretically, when a
weak nonlinearity causing the inter-mode coupling in the system is introduced,
which makes the modeled lifetimes approach those observed experimentally.

3. A method of controlling the bi-stable state of the P-AP vortex pair is demonstrated.
Reliable selective state switching is achieved by the application of ac field exci-
tations at frequencies close to the resonance modes of the system. A model is
developed, which successfully explains the experimentally observed switching
spectrum as a function of the excitation amplitude. It is shown how even weak
thermal fluctuations shift the optimal switching frequency, based on thermal ag-
itation of near-threshold vortex oscillations. A chaotic vortex dynamics regime is
predicted analytically and verified micro-magnetically to occur at pre-threshold
excitation fields.
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4. The effect of the excitation field duration on the core-core switching speed is
optimized. A nonmonotonic dependence of the switching time distribution on
the field-pulse amplitude, duration, and shape is observed experimentally and
explained analytically and numerically as due, in part, to the presence of the
chaotic dynamic regimes in the system. Phase diagrams of the inertial dynamics
in the system are used to interpret the measured sensitivity to the parameters of
the short field excitations.

5. A fraction of the studied samples was found to have nanoscale defects, which
result in asymmetric configurations, with magnetic vortices shifted off the ferro-
magnetic particle center in the ground state, because of the magnetic pinning of
at least one of the vortex cores. A vortex pair is found to be significantly more
sensitive to pinning than an individual vortex due to the built-in SAF-like screen-
ing. A classification of defects is given according to their effect (changes in the
ground-state configuration, appearance of new metastable states, or defects lead-
ing to no pinning of the cores) and their inferred microscopic nature (material or
morphological defects). An analytical model is developed for a quantitative de-
scription of the changes in the high-frequency response of the system caused by
pinning on these various defects, which is novel in taking into account possible
significant changes in the effective gyro-constant. A method of a non-destructive
defect characterization in practical nanodevices is proposed and demonstrated
experimentally.



Appendix A

Measurement details

The samples studied in this work were fabricated at IBM within a long-standing KTH-
IBM collaboration on spin dynamics in synthetic antiferromagnets. We won’t be con-
centrating on their structure or fabrication details as those were already mentioned in
section 1.4.2, with more details found in [59, 60, 95, 96]. The Si-wafer-based chips
have multiple magnetic nanopillar stacks capable of carrying vortex pairs, arranged in
a memory-style 2D array with integrated high-speed excitation and readout lines. The
nanopillar array is constructed in a quasi-cross-point architecture, with two high-speed
field-pulse lines (the so-called bit and word lines) arranged perpendicular to each other,
and the in-plane elliptical pillars are situated at the cross-points with their long axis at
45° to both lines (the so-called toggle-MRAM configuration).

The electronics integrated on-chip are designed to use the magnetic SAFs for tog-
gle MRAM (with two stable antiparallel uniform-magnetization states) by using 2D
in-plane field switching. We subvert the on-chip electronics by bonding directly to the
word-, bit-, and readout-lines, in order to decrease the measurement overhead and
have a much greater flexibility in the field-excitation shaping and readout sensitivity.
This makes the setup simple but versatile in terms of microwave excitation, with as few
as possible noise sources so that finer magneto-resistive details can be detected.

We bond the samples on to multi-terminal high-speed chip carriers (with dimensions
of 10-by-20 mm) using multiple Al bonding wires. A chip carrier has a pair of compact
MMCX tack-on coax sockets, connected to the bonding pads using a common-ground
configuration. This setup allows a variety of environments we can do the measurements
in, for example, within a custom made vector magnet (data discussed in section 3.3.1),
in a liquid-nitrogen cryostat equipped with a uniaxial biasing field used to collect most
of the data presented in this work, as well as in a variable-temperature gas-flow cryostat
and a closed-cycle dilution refrigerator (both equipped with suitable magnets).

The typical connection diagram for the measurement setup is presented in Fig. A.1.
The main sources of excitation are the magnetic fields created by external-to-sample
electromagnets and the 50 Ohm write-line (word-line) on-chip. The word-line is ge-
ometrically small, designed for a limited amount of current, and is used primarily as
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a broad-band ac-field excitation source. It is, however, not limited to this role: com-
bined with an external magnet in any of our cryostats, we can use the word-line for
applying a vector-field bias to the sample. Due to the 45° arrangement of the word-
and bit-line fields with respect to the easy axis of the SAF bi-layer, a conversion to the
non-orthogonal basis projections of external field H is implemented:

Hcm = Hx −H y , (A.1)

Hwl =
p

2H y , (A.2)

where Hcm is the magnet field component produced by the cryostat magnet, and Hwl
is the word-line field component of H. The use of the word-line as a local heater was
also tested, but not used in the experiments presented specifically in this work.

Improvements have been made to enhance the sensitivity to the relatively weak
TMR signals (sub-Ohm to a few Ohm range) in junctions with the resistance of∼ 1 kOhm,
which was particularly important for microwave spectroscopy measurements where
the tiny vortex core under a small-signal excitation can be precessing by a fraction of
a nanometer. Initially, the setup used a single current-biasing resistor (∼ 300 kOhm)
connected in series with the junction, with the voltage measured across the junction
then representing the sought resistance. This was optimized by decreasing the bias
resistance and adding a reference voltage for a differential measurement of the signal
using the Wheatstone-bridge layout, as shown in Fig. A.1, Furthermore, a DC resis-
tance measurement was replaced a lock-in measurement at a suitably low frequency
(typically ∼ 10 kHz).

While the dc measurements and their interpretation were rather straightforward,
because of the direct correlation of the magnetoresistance and the vortex-core posi-
tion in the bottom ferromagnetic particle discussed in the main text, the high-speed
measurements of the junction resistance faced some difficulties with regard to reading
out the transient characteristics of the measured vortex pair. The impedance of a TMR
junction (R ∼ 1 kOhm) is poorly matched to 50 Ohm. Additionally, the large bias re-
sistor forms an RC low-pass filter with a low cut-off frequency (with C contributed to
by the junction capacitance and the distributed capacitance of the circuit). While the
former (impedance mismatch) can only be solved schemotechnically, the later has a
commonly-used built-in workaround based on the self-rectification by the junction.

Rectification of a signal is commonly expected to occur, in particular in applica-
tions using TMR structures as ac detectors. There are multiple mechanisms of self-
rectification based on the system’s nonlinearities. Two most common mechanism are
the R(m) nonlinearity, which reflects the real resistance changes, and an inductive
pickup current vrect. =




I(t)R(t)
�

caused by the microwave excitation in the resis-
tive readout circuit, which produces only apparent changes of the resistance [97]. The
nonlinearity of a TMR-junction’s I-V curve, displaying a double-breakdown metal-oxide-
varistor shape described by the Fowler-Nordheim formula [98, 99], produces a rectifi-
cation as well, but it has a negligible effect on the total response of the system.

Of the above mentioned inductive pickup, the effect of the current is the strongest
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Figure A.1: The measurement setup.

and can be estimated to give a rectified dc voltage of order

δv = v0
r0

2Rbias
cosφ ≡ rapp. = r0

v0

2Vbias
cosφ, (A.3)

where v0 is the amplitude of the inductive voltage pickup, r0 is the depth of the periodic
resistance modulation, φ is the phase shift of the resistance response, and ε is the bias
potential. Both the pickup voltage amplitude and the resistance modulation depth
are very small, resulting in weak signals to be measured. We sometimes observe our
measured magneto-resistance response as dips in the effective resistance (δR < 0),
which suggests the action could be be due to this mechanism.

The impedance missmatch due to the bonding wires causes reflections at certain fre-
quencies, which we have partially calibrated out by measuring the reflection losses in
the system with the help of a VNA. This was important for the microwave spectroscopy
measurements, presented in Fig. 2.7. The reflection losses depend on the electromag-
netic layout of the setup and result in additional unwanted periodic variations in the
magnetoresistance-frequency spectra, especially strong near the rotational frequency,
due to of the threshold nature of the excitation.





Appendix B

Active lock-in resistance measurement probe

The Wheatstone bridge, illustrated in The Fig. A.1, is a reliable, widely used method
of a precision resistance measurement. Here we show that several improvements can
be made to optimize the method with active compensation and lock-in amplification
techniques.

The performance of a resistive current driver depends strongly on the nature of the
load, and the bias resistor must be chosen appropriately for the specific type of the
load used. A too small bias resistor will not keep the current stable, and a too large
bias resistor increases the unwanted Johnson–Nyquist voltage noise vn as

v2
n = 4kB TR, (B.1)

where kB is the Boltzman constant, T is the temperature, and R is the resistance gen-
erating the thermal noise. Naturally, high-voltage sources are required for driving re-
sistively biased circuits.

For measurements using a lock-in readout, large bias resistance values introduce
more problems than they solve, since they negatively affect the ac dynamics of the
system, making the effects of parasitic capacitances (often unavoidable, distributed
throughout the circuit) much more pronounced. These unwanted effects are exagger-
ated further for partially-reactive and reactive loads. Additionally to the noise consid-
erations, the thermal drift is determined by the larger of the two resistors, with the bias
resistor always at least one order of magnitude larger and therefore fully dominating
the circuit drift.

An interesting alternative to the standard passive Wheatstone-bridge technique dis-
cussed above is the use of an active driving circuit, which can enable greatly enhanced
dynamic resistance levels (in response to a small-signal excitation), while keeping the
noise and the supply voltages low. These can be made either using discrete semiconduc-
tor components, such as the Wilson current mirror, or operational amplifier integrated
circuits. The performance of an active biasing scheme still depends on the precision
and stability of the reference resistor used. However, the respective requirements can
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GND

V+
U1

R1

R2
R3

R4

Vss

(a) The simplest current driver.

R1

R2

R3

R4

R5

Vss

Opamp

(b) Wheatstone bridge equivalent of B.1a.

Figure B.1: A single op-amp current driver.

be greatly reduced, at the same time improving the noise floor and the drift aspects of
the measurement.

We opt to use op-amps to achieve the desired performance enhancement. The sim-
plest circuit in this respect is shown in Fig. B.1. The deep negative feedback loop makes
the operational amplifier equalize the voltages on its inputs by balancing the voltage
on the sense resistor (R4) with that set by the divider (R1/R2). Resistor R3 represents
the useful load. In a sense, the operational amplifier acts as an automated Wheatstone
bridge by schemotechnically matching the two resistive branches of the schematic. This
design based on a single OP-amp is able to also provide the necessary current driving
of the load, however, apart from a few other deeper electronic design issues, it cannot
be configured to run the sample grounded at one end, which results in some additional
complexity of the measurement apparatus.

After a period of trial and error, we have implemented a significantly more advanced
design, which combines such useful measurement functionality as robust and flexible
biasing, buffering (power amplification and isolation of the sample from the measure-
ment setup), and overcurrent protection activated when the sample is handled while
connected to the measurement circuit.

The full schematic of the device is given in Fig. B.2. It is divided into three main
sections, which could be operated separately if needed. The first section is a pro-
grammable current driver, which allows one to control the output current using volt-
age Vc as I = R2

R1+R2
Vc
Rs

, yielding 100µA/V scaling for the specific elements shown in
the diagram. Capacitor C1 and feedback resistor R10 compensate the feedback loop
to achieve a high-frequency stability. The principle of operation of this driver relies
on op-amp U1a stabilizing the voltage over Rs, which is measured by the differential
amplifier constructed with op-amp U2a, driving the feedback loop.

For the electronic topology presented above, the noise-voltage-density overhead
(across resistor Rs) can be easily calculated. It is the total of the Johnson’s noise and
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the input voltage noise of the op-amps, to be added as independent random variances,
v2

tot =
∑

v2
i . This creates fluctuating current in through both Rs and Rx resistors, re-

sulting in the relative increase of the voltage noise of

δvn

vnx
=

√

√

√
2v2

0 Rx

4kB TR2
s

+
Rx(R f + Rs)

R2
s

, (B.2)

where vnx =
p

4kB TRx and v0 is the op-amp input noise voltage density and R f is the
total resistance in the feedback loop, combining the divider (RN1) and the feedback
(R10) resistors. This can be compared with the voltage noise given by a simple resistor
divider network of δvn/vnx =

p

Rs/Rx . It can be seen that the op-amp circuit has a
better scaling with rising Rs in the typical parameter range. The current noise present
in any op-amp and not included in this formula, will play a dominant role as Rs is
increased much above the typical range and ultimately limit the achievable noise levels.
Another difficulty in aiming for high Rs values is the high operating voltages required
of the op-amps.

Such scaling can be understood by considering the driving principles put into the
schematic. The current noise of the entire sample branch is determined by the voltage
noise levels on the sense resistor, which remain more or less constant. However by
increasing the absolute value of the resistor one decreases the influence of the feedback
loop noise (the operating voltage increases for a larger resistance at a fixed current).

Perhaps a more important issue with this circuit is it’s voltage drift produced mostly
by the temperature variation of both the resistances and the op-amp offset voltages.
This quantity is usually given as a maximum expected value in the component datasheets,
so the following estimates will actually relate to the worst-case-scenario drift. Resis-
tors Rs and the voltage divider resistors in RN1 have perhaps the principal effect in this
case, since the best off-the-shelf components are specified to only provide 0.2 ppm/C°of
thermal stability (per component), while the offset-voltage variations can be extremely
small for popular instrumental op-amps, 1 nV/C°. In the worst case scenario, all four
thermal drifts act together, yielding I(ηRs

Rs+ηRn
Rn)+2ηop, the first term of which for

our typical parameters would give ∼ 0.22 µV/C°. It should be mentioned that a special
care must be taken when constructing and wiring the circuit to avoid additional un-
wanted thermocouple effects from having different metal-metal junctions at the input
of the differential amplifier of U1b.

The choice of the op-amp model of the current driver strongly dominates the op-
erational characteristics. We present here a run-down list of off-the-shelf components
producing the desirable driver characteristics. All of the ICs in the list have compatible
pin-outs, making them an easy plug-in replacements. The noise levels of the system can
be further reduced by changing the circuit topology described below (connecting the
buffer op-amp into the feedback loop, enabling one to decrease the feedback resistor
values) at the cost of a decreased drift stability. All of the ICs shown have high enough
bandwidths and slew rates to operate the load up to the 100 kHz range, while being
powered by a double+15 V/-15 V supply. This provides the frequency range covered by
the common lock-in amplifiers. All of the IC models presented possess extremely small
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Figure B.3: First revision of the active driver.

temperature drifts, since they have the so called chopper-stabilized internal topology,
which regularly compensates the input offset voltage to be close to zero. Some compo-
nent costs were spared by not considering low initial-offset amplifiers, since the offsets
can be easily calibrated out for the driver stage, only becoming important in the mea-
surement block of the device.

Model Vendor Vdr. typ., Vdr. max, vn, δvn/vnx Vsch.dr., price
nV/C° nV/C° nV/

p
Hz µV/C° usd/pcs.

OPA2189 TI 7 30 5.2 3.94 0.28 4.31
OPA2187 TI 1 15 20 5.69 0.25 3.24
OPA2188 TI 30 85 8.8 4.22 0.39 3.36
LTC2058 AD — 25 9 4.24 0.27 3.43
ADA4075 AD — 3000 2.8 3.83 6.22 2.34
LT1128 AD 250 1000 0.85 3.79 2.22 9.74

The sample protection circuit shown on the bottom left provides a redundant pro-
tection for handling the setup while inactive, with the sample shorted to the ground.
Even in the power-off state, the input from the sample is grounded by the relay. When
the power is turned on, the timing circuit based on C3-R5 keeps the relay in the sample-
protecting state for roughly 50 ms, letting all the transients subside. During this tran-
sient time, transistor M1 opens and keeps the sample connected to the ground, combin-
ing with the action of the relay. Transistor M1 is prevented from being closed until the
relay is closed, since the switch SWOn requires the ground potential to operate the gate
of M1. Activating the driver is achieved by depressing the switch SWon, after which
warning LED D2 lights up and M1 closes after a 25 ms delay (determined by C2, R4
and R3), letting the driving current to flow through the sample.

The output stages are optional and consist of an output buffer for the sample volt-
age (which now is proportional to the sample resistance) and a balancing amplifier.
The balancing amplifier can rescale the voltage on the sense resistor to compensate the
constant component of an unknown resistance, which can be used to increase the ex-
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Figure B.4: High-frequency characteristics of rev. 1 current driver. For the ac response
(Fig. B.4a), the driver was proggrammed to output a 200 µA RMS ac current; the
solid line shows a LTSpice simulation and the dots are the measured data. Fig. B.4b
shows the transient characteristics of the output current (blue curve) in response to a
programming voltage step (orange curve).

periment’s dynamic range. This increase in dynamic range comes with the price of an
increased thermal drift, but this can be overcome by compensating the drift of poten-
tiometer R14 by, for example, thermally anchoring R15 to R14, which can be achieved
by using a dual-gang potentiometer.

The schematic presented above has the component values optimized for measuring
relatively low resistances (∼ 1 kOhm in our experiments), since the input of differential
amplifier U1b has a low resistance and would significantly drain the driving current
unless

Rs + Rx � 2RN1. (B.3)

This can be avoided by having the output buffer drive an appropriate input of the dif-
ferential amplifier. In practice, one preferably would implement a switch to select the
different voltage ranges, since bringing another circuit in one of the branches of the
differential amplifier increases the respective thermal drifts. Additionally, guard rings
need to be implemented to prevent the current from leaking via the PCB.

The first revision of the active resistance-bridge design was constructed (board
shown in Fig. B.3) and compared to a passive-resistor biasing scheme. A moderate
decrease of the noise level was observed, however, poor drift-stability was achieved,
the issue being addressed in the second revision of the design, with the schematic pre-
sented in this Appendix. The prototype has demonstrated great high-frequency capa-
bilities, shown in Fig. B.4, driving resistive loads at frequencies up to 1 MHz, connected
through meters of normal coax cabling (suitable for operating in cryostats). Transients
occuring during the operation (shown in Fig. B.4b) are demonstrated to be safe, even
for extreme rise times of the controlling voltage. No significant overshooting was ob-
served and the ringing was minimal. The constant-current drive was tested using a
semiconducting diode, and accurately reproduced the classical non-linear IV curve of
the device.
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