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a b s t r a c t

This paper proposes a novel approach for studying the stationary energy characteristics of vertical
geothermal systems (VGS) using stationary two-dimensional phenomenological mathematical theory.
The approach describes VGS as a single, strongly nonequilibrium thermodynamic system consisting of a
soil, a borehole with secondary fluid and a ground source heat pump (GSHP). The model uses continuity
conditions for temperature and local heat fluxes between VGS components.

The theory includes a special class of nonequilibrium spatial scale of VGS that is independent of its
geometrical parameters. It is determined by the energy characteristics of the heat pump and the ther-
modynamic properties of soil and secondary fluid. Spatial variables can be chosen so that the energy
characteristics of the VGS depend on only one dimensionless parameter (a similarity parameter), the
thermal conductivity ratio of soil to secondary fluid. This considerably simplifies interpretation of
theoretical and experimental results obtained using similarity methods. We show that, under real
conditions of VGS functioning, the value of this similarity parameter varies from 0.5 to 10.

The approach can be used to optimise GSHP systems to obtain energy of the required amount and
quality to capitalise on heat pumps as ‘flexible agents’ in Smart Energy Systems.
© 2019 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND

license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

One of the most challenging tasks in climate abatement is
decarbonisation of heating and cooling sector, which uses about
40% of primary energy in the European Union (EU) and is one of the
main sources of anthropogenic greenhouse gases (GHG) according
to the European Heat Pump Association (EHPA) [1]. Thus, increasing
renewable energy sources for heating and cooling is recognised as
an important strategy for reducing GHG emissions to the atmo-
sphere [2,3].

The potential for sustainability transformation in the heating
sector is substantial [4,5]. At the same time, realisation of this po-
tential requires long-term planning and system innovation [6],
including advancement of multi-energy systems such as fourth-
generation DH (district heating) [7] and Smart Energy System [4].

Heat pump (HP) technology can play an essential role in the
transition towards a ‘zero emissions society’, both as individual
solution for lower density housing areas and as part of multi-
Ltd. This is an open access article u
energy systems [8,9]. The significance of heat pumps for decar-
bonisation is now being discussed in light of the recent develop-
ment of the smart grid, which allows renewable energy to be
integrated into the system and heat pumps that consume ‘green’
electricity to produce heating and cooling [10]. Residential heat
pumps are seen as important elements in the smart grid, because of
their capacity to provide system balancing services [11]. Indeed,
recent studies show that integration of large heat pumps in district
heating systems [12] and installation of individual heat pumps [13]
can increase the resilience of the electrical grid and contribute to
integration of renewables, in particular wind power, by reducing
excess electricity production [12,13]. While heat pumps of different
sizes can become an essential component of Smart Energy System,
integrating the heating, electricity and transport sectors and
different storage solutions [14], their role as ‘flexible agents’ may
affect operation and system design (e.g. overcapacity might need to
be planned for) [15]. For capitalising on the new role of HP in Smart
Energy System, it is also necessary to ensure that a sufficient
number of heat pumps are installed [10,11].

Effective use of HP technology for heating and cooling of resi-
dential, commercial and industrial buildings, and for connecting
nder the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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Nomenclature

cp volumetric heat capacity at constant pressure, J/(K
m3)

E capacity of BHE, kWt
ksb dimensionless similarity parameter
k thermal conductivity, W/(K m)
L length of borehole, m
r radial coordinate, m
R radius of a pipe, m
t time, s
T temperature, KbT temperature averaged over the cross-section of the

pipe, K
V brine velocity, m/s
_V volumetric brine flow rate, m3/s
x vertical depth coordinate, m

Greek symbols
ε COP from Carnot
q dimensionless temperaturebq dimensionless temperature averaged over the cross-

section of the pipe
DT the temperature difference across the evaporator, K
r density, kg/m3

a thermal diffusivity, m2/s
U dimensionless pair of energy characteristics of an

energy well

Subscripts
b brine
s soil
inl inlet
cond condenser
x longitudinal direction
max maximum
min minimum
F freezing point
c Carnot

Superscripts
* dimensionless variable

Acronyms
BHE borehole heat exchanger
COP coefficient of performance
DH district heating
EHPA European Heat Pump Association
GSHP ground source heat pump
GSE ground source exchanger
HP heat pump
SHCC specific heat collection capacity
TRT thermal response test
VGS vertical geothermal system
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them as flexible electricity demands to smart grids, requires a
thorough approach in selection of the energy source, which in turn
defines the type of HP and the level of initial investment in a spe-
cific HP system. Among the different types of available HPs, ground
source heat pumps (GSHP) deliver the largest energy savings [16]
and are currently seen as one of the most efficient, comfortable and
quiet heating and cooling technologies [17,18]. A distinctive feature
of GSHP systems is their reliability, i.e. they generate the required
amount of thermal energy (heat/cold) irrespective of environ-
mental conditions. Besides, GSHP have low operating costs
[18e20]. However, HPs of this type generally require higher initial
investment than other HP types, which can be explained by the
high cost of ground source exchangers (GSE) [21]. Despite this, the
GSHPmarket is growing rapidly. The number of installed GSHPs has
increased by more than 8% annually since 2010 and the annual
growth rate in GSHP energy use is over 10% [22]. The geographical
coverage of GSHP is also expanding, from 26 countries in 2000 to 48
countries in 2015 [23]. Therefore, optimisation and other im-
provements in the energy efficiency of GSHP systems would in-
crease their market potential and contribute to reductions in GHG
emissions. Optimisation of GSHP relates to its separate components
and the system as a whole [24e26].

In this study we considered vertical GSE or borehole heat ex-
changers (BHE) which, unlike horizontal GSE, do not require large
installation areas. (For a comparison between vertical and hori-
zontal GHE according to their energy efficiency, see Ref. [27].)
Moreover, vertical GSE can be used for passive (direct cooling) or
active (process reversed) cooling in summer. It is a well-known fact
that the temperature of the ground at a depth of a few metres
becomes almost constant during the year [28,29], thus making BHE
an almost unlimited, reliable and energetically stable energy
source. However, BHE are expensive and therefore accurate
dimensioning is critical for reducing the investment costs, thereby
improving the economic attractiveness and competitiveness of
GSHP with BHE (i.e. vertical geothermal systems, VGS) compared
with other types of HPs [19].

There are currently two lines of research on VGS:

1. Development of simulation models of BHE (for reviews of
models for vertical boreholes, see Carotenuto et al. [30] and
Atam and Helsen [31])., and

2. Development of design/simulation software for VGS based on
typical simulation models (for reviews of typical design and
simulationmodels, see Atam and Helsen [31] and Thornton et al.
[32]).

The BHEs currently in use are of different types, e.g. consisting of
heat exchangers of various geometries placed in a vertical borehole
filled with brine. Various designs of such heat exchangers are
described in Refs. [33e35]. Mathematical modelling of BHEs of this
type for correct sizing is a complex theoretical problem that can be
divided into two components:

� Modelling the ground heat source (GHS): determination of the
energy characteristics of a borehole of a given length L0 and
radius R drilled in a soil (ground) with the given values of
thermal conductivities ks, thermal diffusivities as and undis-
turbed temperature T0, and

� Modelling the BHE: elaboration of energy exchange laws be-
tween GHS and a specific type of heat exchanger placed in the
borehole (U-pipe, single, double or triple; coaxial BHEs etc.).

A number of studies have devised different simplified models of
a U-tube BHE. One example proposes modelling a U-tube BHE by a
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single pipe surrounded by a concentric ring of grout within a
borehole [36,37]. Simplification is achieved by introduction of an
equivalent radius of the single pipe. In another U-tube borehole
heat exchanger model, proposed by Beier [38], the borehole is
divided into two parts by a vertical plane coming through its centre
line and an equivalent radius is introduced for each half-pipe. These
models are suitable for studying transient heat transfer in U-tube
BHE. This study uses the U-tube BHE model that was proposed by
the authors [39].

It is necessary to emphasise the essential difference between the
mathematical models of GHS and BHEs. Models of BHEs are engi-
neering empirical applications of the GHS models, which in turn
must be phenomenological and independent of the concrete design
of the BHE. The only phenomenological theory of vertical GHS
applied to date is Kelvin's line source theory [40e42], which pro-
vides an exact self-similar one-dimensional nonstationary solution
of the heat equation for an infinite heat source placed in an infinite
medium with constant temperature and constant thermal con-
ductivity and thermal diffusivity. The self-similarity of the solution
imposes strong limitations on the boundary conditions for tem-
perature and heat fluxes between the medium and the heat source.
In particular, this solution results in a constant temperature and
heat flux per unit length of the heat source. This GHSmodel formed
the basis of the first theory of BHE, suggested in 1948 by Ingersoll&
Plass [40]. Its results have since been widely applied in all modern
engineering models of BHE. The new phenomenological theory of
an unsteady cylindrical finite ground heat source for heat pumps
was first proposed by Ref. [43]. It describes a ground source as an
unsteady nonequilibrium thermodynamic system consisting of
ground (a source of low temperature energy) and a finite cylindrical
borehole filled with fluid (the energy carrier) flowing through it,
with continuity of temperature and energy flux boundary condi-
tions between ground and fluid.

According to reviews of research on VGS [30e32], heat transfer
analysis of BHE in conventional models is based on some common
assumptions, the most significant of which are that: (a) the heat
transfer process in secondary fluid is stationary; and (b) the heat
transfer process outside the borehole is non-stationary and repre-
sented by a ‘G’ function, the form of which is determined by the
model of BHE [44]. Another major assumption is needed in con-
ventional models to obtain analytical expressions for temperature
difference between secondary fluid and soil and to introduce the
effective thermal resistance of the borehole Rb (for definition of Rb
see Ref. [17]). This is the assumption of (c) constant heat transfer
rate of the BHE per unit length as a boundary condition for the wall
of a borehole. As mentioned above, the first model using assump-
tions (a)-(c) to produce analytical solutions for the heat transfer
around BHE in soil was Kelvin's line source theory, i.e. the infinite
line source [40,41]. This model formed the basis for development of
more complex models of heat transfer around BHE, such as a cy-
lindrical source model first developed by Carslaw and Jaeger [42]
and then refined by Ingersoll et al. [45] and Deerman and Kava-
naugh [46]. Eskilson [47] introduced a model that takes into ac-
count the finite length of the borehole, while Zeng et al. [48]
obtained the analytical solution to the finite line source based on
the Eskilson model. Rivera, J. A., et al. [49] extended existing finite
line source models by implementing a more general Cauchy-type
top boundary condition. Other approaches for theoretical descrip-
tion of Rb include two-dimensional and quasi-three-dimensional
models [31]. These models [31,40e50] provide the foundation for
VGS design/simulation software (used for dimensioning BHE under
different operating conditions of HPs) and the thermal response
test (TRT) [32,51,52]. TRT is used for experimental determination of
soil thermal conductivity ks, ground undisturbed temperature T0
and borehole thermal resistance Rb as basic parameters for VGS
simulation in situ using a mobile testing facility [52,53]. However,
TRT is based on the aforementioned assumption of constant local
heat fluxes along the length of BHE (these assumptions are required
to obtain the analytical solutions of the heat transfer equation for a
semi-infinite medium simulating the soil with a linear source/sink
of heat) and for real BHE this assumption is not obvious. Indeed, as
shown by recent experimental studies [33,35], local heat fluxes are
strongly dependent on borehole depth.

Accurate description of the laws of energy exchange between
the secondary fluid (as energy carrier and source of energy for HP)
and the surrounding ground (as infinite source of energy) is one of
the crucial questions for accurate dimensioning of BHE. From a
mathematical point of view, this requires consideration of the
coupled problem of energy transfer between these media with
different mechanisms of heat transfer, and continuity of tempera-
ture and heat fluxes as boundary conditions between them (as
opposed to the use of Neumann boundary conditions in heat
transfer analysis of BHE in conventional models). The use of
analytical solutions from Kelvin's line source theory as a theoretical
basis for TRT, which permits introduction of the concept of Rb (as
one of the basic parameters for modern design/simulation software
for VGS, for overview of different methods of calculation of Rb, see
Ref. [54]), means that all the mathematical complexity of solving
the coupled problem is reduced to the experimental determination
of Rb. This means in turn that one of themost important parameters
in existing models (i.e. Rb) is the averaged integral characteristic of
BHE under given operating conditions and depends on peculiarities
of energy exchange between the soil (as the source of energy) and
the secondary fluid (as the energy carrier). Consequently, Rb is an
empirical parameter of a particular BHE under specified operating
conditions. Thus, use of Rb values obtained from TRT for a particular
VGS can result in significant inaccuracies in BHE sizing due to
different energy exchange conditions in TRT and real BHE. In fact,
the BHE lengths recommended by different software programmes
can vary by 27%, whichmakes their practical use rather problematic
[32,55]. Furthermore, use of the empirical parameter Rb in simu-
lation models of vertical GHE does not allow laboratory modelling
of real VGS (which could significantly decrease the design costs),
since laboratory modelling is possible only on the basis of funda-
mental laws of heat transfer in VGS.

The objective of the present study was to elaborate a phenom-
enological mathematical theory of VGS as an integrated system
combining soil, BHE, and GSHP and apply the theory to study
fundamental laws of energy exchange in VGS.

The stationary energy characteristics of VGS (e.g. capacity and
COP) obtained from the stationary phenomenological model of VGS
developed here correspond to the values of these characteristics for
large times (asymptotically tending to infinity) under real VGS
operation. Thus, they represent an estimate of the well capacity for
a given value of the similarity parameter (type of soil and secondary
fluid), regardless of the type of GSHP and COP for a particular heat
pump. The approach makes it possible to estimate, from above, the
energy potential of the geothermal energy, and thus to develop
new ways for construction of energy-efficient schemes for VGS
using similarity methods and laboratory modelling. Unlike con-
ventional approaches for modelling of BHE heat transfer in which
the length of BHE is a given value, the proposed approach to the
study of VGS allows to determine the length of BHE. This is partic-
ularly important for development of Smart Energy Systems (see
Refs. [14,15]). Transient processes clearly play an important role in
describing the operation of real VGS. Therefore, the stationary
model is the first necessary step in developing a nonstationary
phenomenological mathematical model of VGS and studying
nonstationary effects on its energy characteristics.
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2. Methodology

2.1. System layout

An essential task in the design of VGS is calculating the depth of
BHE necessary for generating the required amount of thermal en-
ergy. To this end, it is essential to consider thermodynamic inter-
action of all elements of a soil, BHE and HP, which determine the
energy exchange between the ambient, energy well and HP evap-
orator. In the following, the authors consider a VGS consisting of
soil (energy source), borehole (energy well) and GSHP (energy
converter).

The reliability and stability of VGS is mainly determined by the
capability of the energy source (ground þ BHE) to generate energy
of the required amount and quality over a long period (heating in
winter and cooling in summer, with a given HP inlet temperature).
Therefore, modelling and dimensioning of BHE for VGS are crucial
stages in the design of GSHP systems, affecting both their reliability
and cost. Optimising a BHE to ensure its capacity at minimum
length would make VGS more competitive with other types of HP
systems. Such optimisation requires construction of phenomeno-
logical models (without empirical parameters) of energy exchange
between the components of the VGS with essentially different heat
transfer mechanisms and development of analytical tools for
studying heat transfer in VGS. This would permit development of
reliable design software for optimal dimensioning of BHE for a
given VGS.

Fig. 1 presents a schematic diagram of a VGS. Thermodynami-
cally, it can be divided into three components with essentially
different energy-transfer mechanisms:

1. The BHE, with secondary fluid as a heat exchanger and soil as a
source of geothermal energy. In combination, these represent a
source of low-temperature energy for a heat pump with mo-
lecular heat transfer in soil and molecular-convective heat
transfer in the BHE. Soil is assumed to be homogeneous and
isotropic. In this component of VGS, geothermal energy is
extracted from soil with undisturbed temperature T0 and
transferred by the secondary fluid. The inlet and outlet tem-
peratures of the HP evaporator are denoted Tinl and T1¼ TinleDT,
respectively, where DT is the temperature difference across the
evaporator.

2. The evaporator of the heat pump, in which low-temperature
energy generated by the BHE is transferred to the refrigerant
Fig. 1. Schematic diagram of a vertical geothermal system (VGS).
of the heat pump and causes a phase change of the refrigerant
from liquid to gas.

3. The compressor of the heat pump, for compression of refrig-
erant vapour and increase of its temperature to a suitable level
for use in heating systems.

The thermodynamic characteristics of each component of the
VGS are introduced below. First, the model of a low-temperature
heat source the authors propose in a previous paper [40] is
described in more detail.

The typical seasonal variation in the undisturbed temperature
T0ðx; tÞ in the upper soil layer for x � 0, where x is the depth and t is
time, is presented in the right-hand part of Fig. 1. An intrinsic
feature of the temperature profile in the ground is the presence of a
seasonal variability layer of length L1z10 m, which results from the
interaction between the geothermal heat flux from the earth, the
radiation heat flux from the sun and the molecular heat flux from
the atmosphere. In the mid-latitudes, temperature difference be-
tween summer and winter on the ground surface (x ¼ 0) can reach
40�С. The temperature at depth x � L1 remains constant, with a low
positive gradient in the order of 3 �C/100m [28]. During the cold
(heating demand) season, the temperature in the upper layer is
lower than the undisturbed temperature at depth x � L1. Hence,
the seasonal variability layer reduces the amount of energy
extracted by the BHE. The same is true for the summer period,
when the VGS is used as a passive thermal source for cooling.
Therefore, to increase the energy efficiency of the VGS, it is
necessary to exclude the upper layer from energy exchange. Tech-
nically, this means thermal insulation of the BHE within this layer.
Consequently, the BHE is assumed to be within the layer x � L1
with constant temperature T0.

As mentioned above, the VGS is a highly nonequilibrium ther-
modynamic systemwith different energy transfer mechanisms. For
such a system, it is important to establish the relationship between
the energy characteristics of the heat pump determined by phase
changes of the refrigerant and the characteristics of the BHE with
its molecular-convective energy transfer mechanism. It is obvious
that the thermal capacity E0 generated in the evaporator of the heat
pump is equal to the difference in enthalpy of the secondary fluid
(brine) at the inlet and outlet of the evaporator, multiplied by its
volume flow rate:

E0 ¼ cprDT _V (1a)

where cp and r is the volumetric heat capacity at constant pressure
and density, respectively, of the brine in the heat exchanger, DT is
the temperature difference between the inlet and outlet of the HP
evaporator and _V is the volume flow rate of the brine in the heat
exchanger (m3/s). The magnitude of DT is obviously determined by
the heat exchanger length and design features of the HP evaporator.
Hence, a given capacity of the HP can be provided by finding the
length L0 of the heat exchanger that provides a given value of DT at
a certain flow rate _V of brine. Note that equation (1a) does not
depend on whether the flow of the secondary fluid in the BHE is
laminar or turbulent and describes a general relationship between
the thermodynamic and hydrodynamic parameters of the VGS. It is
natural for the flow regime to influence the temperature at the inlet
of the HP evaporator.

Equation (1a) allows determination of Емах, the maximum
thermal capacity generated in the evaporator of a particular HP, i.e.
for given values of Т0, Т1 (or DT) and _V , as:

Emax ¼ cprðT0 � T1Þ _V (1b)

The physical meaning of equation (1b) is quite clear; the inlet
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temperature in the evaporator cannot exceed the value of the un-
perturbed temperature T0 of the heat source (soil). The value of the
inlet evaporator temperature may be determined by, among other
factors, the value of _V , decreasing with increasing _V and vice versa.

In the case of a U-pipe borehole heat exchanger, the problem
statement and solution to the problem of determining the length L0
depending on the capacity E0 of the heat pump involve certain
difficulties associated with the complicated geometry of the sys-
tem. Besides, the system is essentially three-dimensional.

This study applies the U-tube BHE model that was proposed by
the authors [39]. Since the heat exchanger is placed in a medium
over which the undisturbed temperature T0 is uniformly distrib-
uted, the authors assumed that the downward and upward sections
of the heat exchanger are thermodynamically decoupled (in fact,
this design of BHE represents a new model of ground heat source
for a heat pump). It is clear that the energy interaction between
these downward and upward sections reduces the efficiency of the
ВНЕ.

Under the decoupling assumption, this interaction is absent and
the results represent an upper-bound estimate of the thermal ca-
pacity of the U-tube ВНЕ. Mathematically, this means that D » R,
where D is distance between legs of the BHE and R is its radius.
Physically, this assumption means that this model of BHE defines
the maximum capacity of the energy well with length L0 and radius
R. For real length scaling, it is necessary to introduce a ratio factor
that depends on correlations of D and R, length L0 and thermody-
namic properties of soil, well and secondary fluid.

With this assumption, extraction of geothermal energy by a U-
tube heat exchanger of length L0 can be represented as heat ex-
change between the brine flow in a pipe of radius R and length 2L0
and the external semi-infinite medium of temperature T0. Such a
heat exchange process is schematically illustrated in Fig. 2.

Points x ¼ 0 and x ¼ 2L0 in Fig. 2 are the outlet and inlet of the
HP evaporator (i.e. the temperature at these points is equal to the
temperature of the brine at the inlet and outlet of the evaporator).

As already mentioned, VGS is a nonequilibrium thermodynamic
system consisting of components with essentially different physical
Fig. 2. Schematic diagram of an ‘unbent’ ground U-pipe heat exchanger.

Fig. 3. Thermodynamic scheme for a v
mechanisms of heat transfer. The VGS considered in this paper
combined soil, BHE and GSHP in an integrated nonequilibrium
thermodynamic system.

The thermodynamic scheme for the VGS, in which the low-
temperature energy of soil is converted into the high-
temperature energy of the compressed refrigerant vapour in the
VGS, is shown in Fig. 3.

The thermodynamic characteristics of components in the
scheme are as follows:

- The energy source (soil) is characterised by undisturbed tem-
perature T0 and molecular thermal conductivity ks and is
assumed to be semi-infinite in depth. In soil, heat is transferred
by conduction.

- The BHE is a pipe of radius R and length L in which a secondary
fluid with volume flow rate _V and thermal conductivity kb cir-
culates. Heat is transferred in the BHE by conduction and
convection.

In the scheme, the heat pump consists of:

- an evaporator with two thermodynamic characteristics: (i) the
temperature difference of brine between inlet and outlet of
evaporator, and (ii) temperature T1 of the refrigerant vapour at
the inlet of the compressor, and

- a condenser with temperature Tcond.

Heat transfer occurs due to phase change in the evaporator and
due to the compression of the refrigerant vapour in the condenser.
Thermal, mechanical and electrical losses are not considered here.

Conversion of the low-temperature energy of soil with tem-
perature T0 into the high-temperature energy of refrigerant vapour
with temperature Tcond in the scheme consists of two stages:

1 A low-temperature stage during which geothermal energy is
extracted from soil into the secondary fluid, which transfers this
energy to the refrigerant in the HP evaporator, causing its phase
change into vapour., and

2 A high-temperature stage duringwhich the refrigerant vapour is
compressed and its temperature is increased to the level Tcond
suitable for heating purposes.

This thermodynamic scheme for VGS does not include the heat
distribution circuit (water circuit) and the part of the heat pump
refrigeration cycle associated with the condenser and expansion
valve. The emphasis is on the laws governing generation of the
required amount of energy, which is determined by the interaction
between the secondary fluid in the BHE and the refrigerant in the
ertical geothermal system (VGS).
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evaporator (thermal capacity is defined by equation (1a) and by the
efficiency of its transformation in the HP, which is characterised by
COP). The thermodynamic scheme naturally establishes a quanti-
tative relationship between the amount of energy generated in the
evaporator and its quality, characterised by the temperature Tcond
or COP.
2.2. System model

2.2.1. Governing equations
For cylindrical coordinates ðr; xÞ with origin at the outlet of the

heat exchanger, the heat exchange between brine and soil is
described by the following system of equations:

v2Ts
vx2

þ 1
r

v

vr
r
vTs
vr

¼ 0; for r>R ; x>0 (2)

Vx
vTb
vx

¼ ab

 
v2Tb
vx2

þ 1
r

v

vr
r
vTb
vr

!
; for r<R ; x>0 (3)

where the subscripts s and b refer to soil and brine, respectively,
and ab is the thermal diffusivity of the brine. Equations (2) and (3)
describe the temperature distribution in soil (r >RÞ and brine
(r<R). In Eq. (3), it is assumed that convective heat transfer in brine
occurs in the longitudinal direction only and therefore, it can be
assumed to be Poiseuille flow:

Vx ¼ Vmax

�
1�

�r
R

�2�
; (4)

where Vmax is the maximum velocity of Poiseuille flow along the
pipe axis (r¼ 0). The assumption that the brine flow is laminar is
not essential, but considerably simplifies solution of the equation
and interpretation of the results.

It is also assumed that the effect of the pipe wall and grout on
the heat exchange between soil and brine can be neglected,
although this assumption is not essential because we considered
the stationary characteristics of VGS. However, it may be very
important to take into account the effect of pipe walls and grout
when analysing the transient characteristics of BHE.

The proposed model describes the energy interaction between
the energy source (soil) of infinite spatial scale and the energy
carrier (secondary fluid) of finite spatial scale.
2.2.2. Dimensionless variables
Next, the authors introduced characteristic length scales Lx in

the longitudinal direction (because the problem does not include
such a length scale, it should be determined by analysing Eq. (3))
and R in the transverse direction and defined dimensionless
variables:

r* ¼ r=R; x* ¼ x=Lx (5)

Since Vmax ¼ 2 _V=pR2, Eq. (3) can be rearranged as:

�
1� r*2

� vTb
vx*

¼ Lxabp

2 _V

 �
R
Lx

�2v2Tb
vx*2

þ 1
r*

v

vr*
r*
vTb
vr*

!
(6)

The left-hand side of equation (6) describes heat transfer by
convection in the pipe, while the right-hand side describes heat
transfer by conduction. It is obvious that physically, both convective
and conductive heat transfer should be taken into account. Hence,
equation (6) yields an expression for the characteristic length scale
Lx:
Lx ¼ 2 _V
pab

(7)

With inclusion of equation (1b), equation (7) becomes:

Lx ¼ 2Emax

pkbðT0 � T1Þ
(8)

where kb is the thermal conductivity of the brine. Thus, the char-
acteristic length Lx explicitly depends on the capacity Emax of the
BHE and the temperature differenceDT across the evaporator. From
similarity and dimension theory [56], it follows that the length L0 of
the BHE must be proportional to Lx, which provides its functional
dependence on the HP characteristics. This dependence is
described below.

From the expression
�

R
Lx

�2
in equation (6), using equation (8)

gives:�
R
LX

�
¼
�
RabpðT0 � T1Þ

2Emax

�
≪1

for the real parameters of the VGS. This means that the diffusion of
heat in the x direction in the brine and soil can be neglected. The
system of equations (2) and (3) then becomes:

v

vr
r
vqs
vr

¼ 0 for r >1; x>0 (9)

�
1� r2

� vqb
vx

¼ 1
r

v

vr
r
vqb
vr

for r<1 ; x>0 (10)

where ðr; xÞ are the dimensionless variables defined by equation
(5) (since only dimensionless variables are used below, asterisks are
omitted for convenience). Equations (9) and (10) describe the non-
dimensional temperature distribution in soil (r >1Þ and brine
(r<1:) The dimensionless temperature in the ground and the pipe
is defined as:

qs;bðr; xÞ ¼
Ts;b � T1
T0 � T1

(11)

where the subscripts s and b refer to soil and brine, respectively.
The term T1 in equation (11) is the brine temperature at the

outlet of the evaporator. The dependence in equation (11) is ana-
lysed in detail below.
2.2.3. Boundary conditions
The next step is to formulate the boundary conditions for

equations (9) and (10). Accepting the conditions of continuity for
temperature and heat fluxes on the wall of borehole, then:

qs ¼ qb; for r ¼ 1; and x >0 (12)

vqb
vr

¼ ks
kb

vqs
vr

for r ¼ 1; and x >0 (13)

Moreover,

qs/1 as r/∞ ; and for all x >0 (14)

and qb is finite at r ¼ 0.
As equation (10) is parabolic, only one boundary condition is

required for the longitudinal coordinate x. Equation (11) then
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yields:

qb ¼ 0 ; for x ¼ 0 and r<1 (15)

Thus, the system of equations (9) and (10) with the boundary
conditions (12)e(15) and the assumptions made above describes
the energy exchange between the soil, the vertical heat exchanger
and the heat pump. In such a problem statement, the geothermal
system is a single thermodynamic system in which the energy
exchange between the soil, the vertical heat exchanger and the heat
pump is a coupled process.

Note that the boundary-value problem (9), (10), (12)e(15) de-
pends only on one dimensionless parameter ksb ¼ ks=kb, which is
the thermal conductivity ratio of soil and brine that characterises
the heat exchange between these. This equation obviously has the
following two asymptotic solutions:

� If the heat conductivity of the soil is much higher than that of
the brine ðksb[1Þ, then the solution in the soil is qs ¼ 1. This
means that the temperature on the surface of the heat
exchanger is constant, which provides the best conditions for
extraction of geothermal heat.

� If the heat conductivity of the soil is much lower than that of the
brine ðksb≪1Þ, then the whole heat exchange process is deter-
mined by the thermodynamic properties of the soil. The solu-
tion in this case has the form qs/0. Physically, this means that
soil with low heat conductivity provides the worst conditions
for extraction of geothermal heat.

The fact that the equation includes only one parameter means
that all local and integral dimensionless characteristics of this
equation, or of the compound thermodynamic system consisting of
soil, heat exchanger and heat pump, are functions of parameter ksb
alone. For example, the length L0 of the vertical heat exchanger
needed to generate thermal capacity E0 is expressed as:

L0 ¼ 4ðksbÞ
2Emax

kbðT0 � T1Þ
(16)

where 4ðksbÞ is a function to be determined.
The length of a vertical heat exchanger is inversely proportional

to the temperature difference between the inlet and outlet of the
HP evaporator. Hence, the higher the temperature difference (or in
other words the extracted heat) provided by the HP evaporator, the
shorter the length of the GHE needed to generate the same
capacity.

The physical meaning of this phenomenon can be easily
explained. Indeed, to obtain the given capacity E0 by increasing DT

according to equation (1b), it is necessary to reduce _V (i.e. the ve-
locity of brine flow in the borehole). A decrease in the velocity of
the brine flow improves the heat exchange conditions between
ground and borehole. Note that the functional relationship (16) is
universal for all regimes of brine flow. Brine flow regime defines the
value Tinl.

2.2.4. Quantity of energy extracted in the VGS
To describe quantitatively the amount of the energy produced,

we used the concept of ‘debit’ (or capacity) [39] of an energy well:

E ¼ cpr
ð
S

½Tbðr; x0 ; ksb Þ � Tbðr; x0 ¼ 0; ksbÞ�VðrÞds (17)

where Tbðr; x0 ; ksb Þ is the temperature of the brine at the inlet of
the evaporator, Tbðr; x0 ¼ 0; ksbÞ is the temperature of the brine at
the outlet of the evaporator, obtained from the solution of the
boundary condition equations (9), (10), (12)e(15), VðrÞ is the brine
velocity in the longitudinal direction and S is the cross-sectional
area of the pipe in the heat exchanger. Equation (17) gives the
difference in enthalpy of the brine at the inlet and outlet of the HP
evaporator. It is obvious that if the temperatures at the inlet and
outlet of the evaporator are constant, equation (17) coincides with
equation (1a). Note that equation (17) is valid for any flow regime of
brine. The flow regime determines the temperature distribution
Tbðr; x0; ksbÞ As already indicated, Poiseuille flow was considered in
the present study.

Equation (17) indicates that the debit of the energy well can be
correctly determined if the dependence of the brine temperature
on both length and radius is taken into account. It should also be
noted that equation (17) is non-linear with respect to both x0 and
ksb for all ksb > 1. This allows the required capacity E to be achieved
in various ways, for example by changing the length of the BHE and
the volume flow rate _V . In addition, for a fixed capacity HP, changes
in the length of the collector and/or volume flow rate _V will lead to
changes in inlet temperature, which determines the value of COP
for the system. This is discussed further below.

The dimensionless debit of the energy well can be defined as:

E*ðx0; ksbÞ ¼
E

Emax
(18)

Physically, equation (18) is the ratio of the stationary debit of an
energy well of length x0 to the debit of a well with DT ¼ T0eT1. It is
obvious that Eðx0Þ <1. It is easy to show that:

E*ðx0; ksbÞ ¼ 4
ð1
0

qbðr; x0; ksbÞ
�
1� r2

�
rdr (19)
2.2.5. Quality of energy extracted in the VGS
The thermodynamic scheme the authors developed for VGS (see

Fig. 3) makes it possible to determine its COP, which depends on the
thermodynamic parameters of each component of the scheme and
naturally characterises the energy quality.

The COP from Carnot (Carnot efficiency of VGS) εc is defined as:

εc ¼ Tcond
Tcond � T1

(20)

The inlet temperature averaged over the cross-section of the
pipe is defined as:

bT inlðx0; ksbÞ ¼ 2p
ðR
0

Tinlðx0; r; ksbÞrdr
.
pR2 (21)

With (21) and (11), equation (20) becomes:

εc ¼ 1

1� T0
Tcond

þ DTbqðx0ksbÞTcond (22)

where bqðx0; ksbÞ ¼2
R 1
0 qbðx0; r; ksbÞrdr is the dimensionless tem-

perature qbðx0; r; ksbÞ averaged over the cross-section of the pipe.
Equation (22) expresses the COP of VGS in terms of the ther-

modynamic characteristics of the heat pump (DT), heat source ðT0;
ksbÞ, BHE ðqbrðx0; r; ksbÞÞ and operating conditions of the heat pump
(Tcond).
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2.3. Numerical method

In the general case, the boundary-value problem (9), (10),
(12)e(15) has no simple analytical solution and therefore has to be
solved numerically. Since the solution of the equation depends on
one parameter, its physical interpretation and possible applications
become quite clear. We solved the problem numerically on the
computational domainwith dimensions 100� 1 (dimensionless) at
a uniform grid with local discretisation dr¼ dx¼ 0.01 using the
combined method. For solving the parabolic-type differential
equation, we used the sweep method in the x direction and the
simple implicit scheme in the r direction, based on the second-
order central differences in space coordinates and first-order for-
ward differences in time [57].
3. Results

3.1. Values of the similarity parameter ksb for various types of soil
and brine

We solved the boundary-value problem (9), (10), (12)e(15)
numerically for different values of the similarity parameter ksb for
various types of soil and brine. Details of the thermophysical
properties and fields of application of various brines can be found in
Ref. [58]. There is a range of variation in ksb for real types of brine
and soil. Comparisons of various aqueous solutions as secondary
fluids for concentrations giving the freezing point temperature
tF¼�15 �C have shown that thermal conductivity values vary from
0.4 to 0.6W/mK over a wide temperature range [58]. However,
when using various secondary fluids, it is necessary to take into
account the strong temperature dependence on their viscosity co-
efficient, which is responsible for the hydraulic losses in BHE.

Different types of soil and brine, their thermal conductivity and
values of ksb are listed in Table 1, in order to illustrate the range of
Table 1
Simulated values of ksb ¼ ks

kbr
for different combinations of soil and brine.

B

3
p
g
7

Thermal 
conductivity[ ] 0

s =
Dry sand 0.33 0

Dry soil 0.4 0

Sand with 10% 
water content

0.97 2

Light soil 1.16 2

Sand with 20% 
water content

1.33 3

Soil with 10% 
water content

1.75 3

Soil with 20% 
water content

2.1 4

Clay 2.33 5

So
ur

ce
 o

f h
ea

t (
so

il)

Granite 3.5 7
variation in ksb in real conditions. The results are naturally valid for
any pairing of brine and soil characterised by some value of ksb. The
values of thermal conductivity ks are taken from Ref. [59]. The
values of thermal conductivity kbr correspond to a temperature of
10oС.

As can be seen from Table 1, under real conditions of VGS
functioning, the value of the similarity parameter ksb varies from
0.5 to 10.
3.2. Temperature distribution inside and outside the BHE

By solving the boundary condition equations (9), (10), (12)e(15),
the temperature distribution inside the BHE and in soil can be
defined for different values of ksb. The authors performed a
detailed analysis of the temperature fields in the soil-BHE system,
calculated using the proposed model for different soil-brine pairs.
This section presents the simulation results for three characteristic
cases: 30% propylene glycol and 70% water as the brine, and dry
sand, sandwith 20%water content and granite as three types of soil.
Similarity parameters for these cases have numerical values
ksb ¼ 0.75, ksb ¼ 3.02, and ksb ¼ 7.95 respectively.

Fig. 4aec shows the calculated distribution of the dimensionless
temperature q over the soil-heat exchanger system for ksb ¼ 0.75
(dry sand) (Fig. 4a), ksb ¼ 3.02 (wet sand with 20% water content)
(Fig. 4b) and ksb ¼ 7.95 (granite) (Fig. 4c). The abscissa axis indicates
the dimensionless length of the heat exchanger and the ordinate
axis indicates the radial variable. The region r � 1 represents the
brine in the pipe of the heat exchanger, while the region r>1
represents the soil.

The distribution of dimensionless temperature is represented by
isotherms with values indicated in the upper portion of Fig. 4. The
results indicate strong dependence of temperature on the length of
the heat exchanger and on the radial variable, with the temperature
distribution becoming more nonuniform with increasing ksb and
rine

0% 
ropylene 
lycol and 
0% water

Water

30% 
ethylene 
glycol and 
70% water

.44 0.6 0.48 0.6 0.4

.75 0.55 0.69 0.55 0.83

.91 0.67 0.83 0.67 1.00

.20 1.62 2.02 1.62 2.43

.64 1.93 2.42 1.93 2.90

.02 2.22 2.77 2.22 3.02

.98 2.92 3.65 2.92 4.38

.77 3.50 4.38 3.50 5.25

.30 3.88 4.85 3.88 5.83

.95 5.83 7.29 5.83 8.75



          a)                                                                           b)

                     c)

Fig. 4. Distribution of dimensionless temperature q over the soil-heat exchanger system: a) ksb ¼ 0:75 , b) ksb ¼ 3:02, c) ksb ¼ 7:95.
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less nonuniform with increasing x0.
These dependences are better seen in Fig. 5, which shows the

distribution of dimensionless temperature q over sections
x0 ¼ 0:2 ðFigure 5aÞ; x0 ¼ 0:4ðFigure 5bÞ and x0 ¼ 0:8 ðFigure 5cÞ,
for three values of ksb: (1) ksb ¼ 0.75, (2) ksb ¼ 3.02, (3) ksb ¼ 7.95.
It can be seen that with increasing length x0, the temperature
distribution becomes more uniform both inside the heat exchanger
and in the ground, but the temperature remains strongly depen-
dent on ksb.

In case 1 (dry sand), the temperature on the surface of the heat
exchanger increases from qs ¼ 0:1 at x0 ¼ 0:2 to qs ¼ 0:3 at x0 ¼
0:8. For granite ðksb ¼ 7:95Þ, the temperature on the wall of the
heat exchanger increases from qs ¼ 0:62 at x0 ¼ 0:2 to qs ¼ 0:92 at
x0 ¼ 0:8. The physical meaning of these results is obvious: an in-
crease in ksb for a certain brine leads to an increase in the thermal
conductivity of the soil, which improves the heat exchange be-
tween the soil and the brine. A noteworthy aspect is the strong
dependence of the dimensionless temperature of the brine on the
length x0 of the heat exchanger and the radial variable r. This
circumstance is rather important for calculation of the capacity of
the heat exchanger.
3.3. Comprehensive analysis of energy characteristics: quantity and
quality of energy extracted in the VGS

In this section we analyse the thermodynamic cycle of the VGS
and, in particular, its energy characteristics. The quantitative and
qualitative energy characteristics of the VGS introduced in section
2.2 are described below using the solution of boundary-value
problem (9), (10), (12)e(15) for different values of the similarity
parameter ksb for various types of soil and brine.
3.3.1. Quantitative energy characteristics of the VGS
Fig. 6 shows capacity of the BHE as a function of its length for

various types of soil. It is obvious that E*(x0 ¼ 0, ksb) ¼ 0, E*(x0, ksb)
/ 1 as x0 / and E*(x0, ksb) increases with ksb for fixed values of
x0. If ksb ¼ 0 (no energy exchange between soil and BHE), then
E*(x0, ksb ¼ 0)¼ 0. The other asymptotic case ksb/ (perfectly
conductive soil) bounds the capacity of a single well from above
and is represented in Fig. 6 by the upper curve corresponding to ksb
¼ 50. As mentioned above, the values of ksb fall into the range
0.5e10 for different soil-brine pairs and real operating conditions of
VGS.



               a)                                                                          b)

                                                     c)

Fig. 5. Distribution of dimensionless temperature q over energy well sections.aÞx0 ¼ 0:2; bÞ x0 ¼ 0:4; cÞ x0 ¼ 0:8:

Fig. 6. Capacity of the borehole heat exchanger (BHE) as a function of its length x0 and
similarity parameter ksb.
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Fig. 6 shows, as examples, the curve of E*(x0, ksb) for ksb ¼ 0.5
(dry sand with water as secondary fluid), ksb ¼1 (dry soil with 30%
propylene glycol as secondary fluid) and ksb ¼ 5 (argil with 30%
propylene glycol as secondary fluid). For ksb� 1, the dependence of
E* on the length x0 of the BHE is almost linear. Physically, this
means that in low heat conducting soils, the limiting stage in heat
exchange between the BHE and soil is heat transfer in the soil. As
the thermal conductivity of the soil increases, the dependence of
E	ðx0; ksbÞ on the BHE length x0 becomes nonlinear and the degree
of nonlinearity increases with ksb.

These results indicate that the capacity of a single well is
bounded from above by Emax¼ cpb⍴b _V (T0 e T1), which can only be
reached asymptotically as the BHE length tends to infinity. The
nonlinear dependence of the capacity of the BHE on its length does
not allow the concept of specific heat collection capacity (SHCC) of
BHE to be introduced for highly conductive soils, because this
characteristic appears dependent on the length of the BHE.

Fig. 7 shows values of SHCC¼ E*(x0, ksb)/x0 calculated for
different ksb. For ksb � 1, this quantity is almost constant and
determined by the value of ksb. However, for ksb > 1, SHCC is
strongly dependent not only on ksb, but also on х0, and increases
with decreasing BHE length. The physical meaning of this result is
clear: a short well extracts heat in strongly nonequilibrium condi-
tions with higher specific heat fluxes than in a long well, tending to
thermodynamic equilibrium with increasing length.



Fig. 7. Specific heat collection capacity (SHCC) as a function of borehole heat
exchanger (BHE) length x0 and similarity parameter ksb.
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3.3.2. Qualitative energy characteristics of the VGS

Fig. 8 shows the average dimensionless temperature bqðx0; ksbÞ
plotted against the dimensionless length x0 and similarity param-
eter ksb. Values of ksb are indicated above the corresponding curves.

These curves show the same behaviour as the well capacity
E*ðx0; ksbÞ in Fig. 7 and monotonically increase with x0 and ksb.

When ksb � 1; the temperature bqðx0; ksbÞ varies almost linearly
with x0. Note that the dimensionless characteristics E*ðx0; ksbÞ andbqðx0; ksbÞ are absolutely different in a physical sense; E*ðx0; ksbÞ is
the capacity or the amount of energy per unit time generated by the
Fig. 8. Calculated average dimensionless temperature.bqðx0;ksbÞ:
BHE, while bqðx0; ksbÞ is the temperature at the inlet to the evap-
orator of the heat pump, which ultimately determines the COP of
VGS. From equation (22), it follows that the COP of VGS is at a

maximumwhen bqðx0; ksbÞ ¼ 1 and decreases with decreasing bqðx0;
ksbÞ. Physically, bqðx0; ksbÞ characterises the quality of extracted heat

(COP increases/decreases with bqðx0; ksbÞ), and the pair

Uðx0; ksbÞ ¼ fE*ðx0; ksbÞ; bqðx0; ksbÞg defines the energy characteris-
tics of an energy well or BHE. It is clear that an increase in the
length of a singlewell increases the amount of energy and improves
its quality (COP).

3.3.3. Correlation between the quantity and quality of energy
generated by the VGS

The combined numerical/analytical relationship U(x0; ksb
) ¼ {E*ðx0; ksbÞ; bqðx0; ksbÞg completely defines the energy charac-
teristics of an energy well for a given VGS and has two parameters.
The parameter x0 is the dimensionless length of BHE (quantitative
characteristic), while the parameter ksb characterises the thermal
conductivity of the ground. Note that the function U(x0; ksb) for a
VGS is fundamental and independent of the characteristics of its
heat pump. Accordingly, a general qualitative conclusion on the
performance of an energy well for VGS can be formulated: The COP
of a VGS of given capacity is at its maximum when it has a single
well, but its capacity is bounded from above by Emax¼ cp⍴bQ(T0-T1).

4. Conclusions

This paper presents, for the first time, a steady-state phenome-
nological hydrothermodynamic theory of VGS, considered as an in-
tegrated system combining soil, BHE and GSHP into a
nonequilibrium thermodynamic system. The steady-state energy
characteristics of VGS obtained from the stationary phenomeno-
logical model of VGS developed here correspond to the values of
these characteristics for large times (asymptotically tending to in-
finity) under real VGS operation. The thermodynamic scheme for
VGS consists of two parts:

� a low-temperature stage during which geothermal energy is
extracted from soil into the secondary fluid, which transfers this
energy to the refrigerant in the HP evaporator, causing its phase
transformation into vapour, and

� a high-temperature stage during which the refrigerant vapour is
compressed and its temperature is increased to the level Tcond
suitable for heating purposes.

This model of VGS disregards mechanical, electrical and hy-
draulic losses. The scheme presented here for VGS naturally es-
tablishes a quantitative relationship between the amount of energy
generated in the evaporator and its quality, characterised by the
temperature Tcond or COP.

Thermodynamically, the components of VGS are characterised
by nine dimensional basic parameters, essentially different energy
transfer mechanisms and are related by continuity conditions for
temperature and heat flows. When the authors introduced a special
class of nonequilibrium spatial scale defined by the energy char-
acteristics of VGS, it was found that, with appropriately chosen
variables, all stationary energy characteristics of VGS were deter-
mined by one similarity parameter ksb ¼ ks=kb , i.e. the thermal
conductivity ratio of soil to brine. For different soil-brine pairs and
real operating conditions of VGS, this parameter was found to vary
from 0.5 to 10. For this range of ksb, a comprehensive numerical/
analytical energy analysis of VGS was carried out. The value
boundary problem describing the temperature distribution over
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the soil-heat exchanger system was solved numerically. It was
found that the dependence of energy well capacity on its length is
essentially nonlinear for well-conducting soils (ksb>1). This
nonlinearity is associated with the nonuniformity of heat fluxes
and the temperature along the BHE: the greater the length of the
BHE, the lower the heat fluxes and the higher the temperature. In
the case of a single well, the temperature of the secondary fluid
asymptotically tends to the undisturbed temperature T0 of soil, and
the local heat fluxes tend to zero as the BHE length tends to infinity.
Physically, this means that the capacity of a single well is bounded
from above by Emax ¼ cprb _V ðT0 � T1Þ, which is reached asymp-
totically as the well length tends to infinity. It is shown show that
for highly conductive soils (ksb>1), the specific heat collection ca-
pacity (SHCC) depends on well length, increasing with decreasing
BHE length. This effect has a simple physical meaning: short wells
extract energy in strongly nonequilibrium conditions with higher
heat fluxes than in long BHEs, tending to thermal equilibrium with
increasing length.

These results demonstrate strong dependence of temperature
on the length of the heat exchanger and on the radial variable, the
temperature distribution becoming more non-uniform with
increasing ksb and less non-uniform with increasing well length.
With increasing length x0, the temperature distribution becomes
more uniform both inside the heat exchanger and in the ground,
while the temperature remains strongly dependent on ksb. The
non-uniformity of the longitudinal and radial distribution of the
brine temperature has a strong effect on the capacity of the well.

The fundamental energy characteristic U(x0;

ksb) ¼ {E*ðx0; ksbÞ; bqðx0; ksbÞg of an energy well for a given VGS,
allowed to show that U(x0;ksb) completely defines the quantitative
and qualitative energy characteristics of given VGS and has two
parameters, x0 and ksb. Parameter x0 is the dimensionless length of
the BHE (quantitative characteristic), while parameter ksb charac-
terises the thermal conductivity of the ground.

For the VGS considered here, COP from Carnot (Carnot efficiency
of VGS) was introduced as a quality characteristic of the high-
temperature energy resulting from the compression of refrigerant
vapour.

The major result of this study is that unlike conventional ap-
proaches to modelling of the BHE heat transfer in which the length
of BHE is a given value, the proposed approach to the study of VGS
allows to determine the length of BHE. Thus, the phenomenological
approach to describing the energy characteristics of stationary VGS
makes it possible to design the optimal energy scheme for VGS with
the required capacity and COP and minimum BHE length, which is
particularly important for capitalising on the new role of heat
pumps as ‘flexible agents’ in Smart Energy Systems.

Transient processes play an important role in describing the
operation of real VGS. Therefore, in future work the authors aim to
construct a nonstationary phenomenological mathematical model
of VGS and study nonstationary effects on its energy characteristics.
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