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Abstract 

In regular design practice, when it comes to conventional loading, such as uniaxial 
compression and bending, the local buckling of thin plates is taken care of through 
cross section classification. The effect of warping torsion, which also gives rise to 
normal stresses in the section, however, is typically not considered in the process. 

Present work aimed to uncover the influence of warping torsion on the phenomena 
of local plate buckling and to investigate the limitations of the effective width 
method when it was applied against its intended use. In the case of varying results, 
a simple correction to the calculation method was to be developed to improve 
accuracy. 

The examined I-sections were tested to failure and results were obtained with two 
different approaches: with finite element method and a Eurocode-based hand-
calculation. The finite element models were refined to closely mimic physical 
experiments and their results were accepted as the true resistance of the sections, 
while the calculation method tried to capture the structural response in a practical, 
easily understandable way. 

The calculated results showed reasonably good accuracy with that of the finite 
element analysis. However, what really stood out was how similar the change in 
resistance was when the section parameters were manipulated. Through a properly 
chosen function, this allowed for the creation of an exponent that could modify the 
calculated results to achieve an even greater accuracy. 

The eccentricity of the applied load on the system was also manipulated to alter the 
proportion of normal stresses due to the two examined effects. It became clear that 
the stresses from warping in the applied calculation model were underestimated 
and the otherwise conservative method of effective width lost much of its safety 
margin when its application was extended to warping as well. Consequently, the 
consideration of stresses from warping in the regular design process and stability 
control of commonly used thin walled open sections seemed to be justified. The 
effective width method could not reliably cover the issue with retaining its original 
margin of safety. 

Keywords: Local plate buckling – Warping torsion – Finite element modelling - 
Eurocode 
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1 Introduction  

1.1 Background 
The phenomenon of buckling is a well-known one in the world of structural 
engineering. So much so, that it is one of the most comprehensively researched and 
described notions in the field that has been around since the 18th century. Despite 
of its apparent appeal to the scientific community it could not take the heart of the 
engineers. Stability loss, non-linear analysis, eigenvalues and initial imperfections 
are as good as swears for the ears of the practicing engineer. Consequently, 
countless methods of calculations have been developed to simplify and work 
around the problem rather than face it straight on. Not denying the immense 
benefits of the use of many such methods, some things still must be recognized. 
While the means modern codes operate with to avoid complications that are 
deemed unnecessary are able methods and, in most cases, satisfy every 
requirement of both the engineer and the authorities, they suffer from a weakness 
that all such calculation models have. As one tries to find balance between accuracy 
and practicality during the creation of a model, one must inherently take on 
restrictions and come to ignore certain aspects of reality. Therefore, the use of such 
models always requires caution and awareness of the limitations of applicability, to 
never step outside the boundaries of their intended use. 
A prime example of the thus rationalized design practice is the commonly known 
method of cross section classification. A more in-depth description of the method is 
provided later so it shall suffice to say here that the concept behind the process is 
that instead of determining whether the buckling of plates in the section occurs 
under the definite circumstances a rather universal examination is conducted and 
the general proneness to plate buckling is investigated. When the section is found 
to be sensitive to the issue it is considered to be “buckled” throughout the entire 
design process regardless if the given set of loads under specific conditions would 
actually trigger the phenomenon or not. Undeniably, this saves a lot of time and 
effort for the design engineer and helps to form a standardized way of thinking. But 
it is also constricting and promotes an overly safe and convenient approach where 
the world outside the limitations of the method is hardly comprehendible and lies 
far off from the comfort zone of the designer. In other cases, the overuse of the 
conventional practices might lead to the blurring of the limitations themselves and 
it becomes all too easy to draft away from the intended use of the applied method. 

1.2 Problem 
In the light of the former, the following task was set out. Looking at the 
aforementioned method of cross-sectional classification to see if it is indeed 
reliably cover some of the more special cases a designer might come across. In 
particular, the effects of the (usually) lesser known phenomenon of warping torsion 
are to be investigated. Constricted warping torsion through the development of 
longitudinal stresses may have a significant effect on plate buckling, especially in 
some commonly used open sections, that is typically not considered in the design 
process. What is to be answered by the end of this report is if the application of the 
regular design process yields satisfactory results when the effects of warping 
torsion are involved in the analysis. Also, an easy-to-use, “hand-calculation” type of 
method is to be suggested that can improve the results if necessary. 
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1.3 Applied methods 
To achieve this, two sets of analyses with fundamentally different approaches are 
conducted; one that is based on computations and one that is done with the finite 
element method. Both approaches use the same theoretic experimental setup as a 
basis of analysis: a doubly-symmetric I-section with fork supports on its ends 
loaded with an eccentric force (Figure 1). Some variables are changed during the 
analyses but the basic configuration is not. 

 
Figure 1 Theoretic experimental configuration. (Note, that the beam length may vary 
but the eccentric force is always in its midsection.) 
 
For the calculations presented in this report to be verified, a reliable and 
independent means of control has to be developed. In almost all cases full-scale 
laboratory testing is the best way of properly tracing the structural response. The 
magnitude of this work, however, does not allow for expensive and time- and 
resource consuming experimenting. Digitally, with the finite element method, 
though, it is possible not only to conduct inexpensive tests, but also a great variety 
of different setups can be investigated with much greater time efficiency and 
virtually without any kind of material or human resource needed. The method 
approximates the mathematical model of reality and its accuracy is greatly 
dependent on a number of factors. With a properly configured finite element 
model, however, the high precision required for engineering applications can be 
ensured. 
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The calculations are generally based on the recommendations of the Eurocode. 
While the accuracy of the computations could certainly have been improved by the 
application of more developed methods it was a deliberate choice to mimic the type 
of analysis that is likely to be part of the “everyday” design process. Throughout 
this entire work the aim was to test and extend a method that is in fact part of the 
designer’s toolset and not only comprehendible in academic circles. 

1.4 Outline 
After the first chapter of introduction, in Chapter 2 a theoretic overlook of the 
backgrounds of both warping torsion and plate buckling is provided. In the third 
chapter the selected methods of experimentation and calculation are described and 
the concept behind their application is explained. In Chapter 4, the obtained results 
are presented and the values of interest are highlighted. In the final chapter, the 
methods of result analysis are enlightened and conclusions are drawn. 
Consequently, a modification of the method for more consistent results is 
proposed. Finally, in the appendices one can find the necessary information to be 
able to reproduce all the analyses conducted throughout this work. 
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Figure 2 Typical 
transverse element of 
circular shaft under pure 
torsion 

2 Theoretic Background 

In this chapter, a detailed description about the two main fields that constitute the 
background of the work done is presented. The section on warping torsion (2.1) 
mainly relies on the book ‘Mechanics of Elastic Structures’ (J. T. Oden, 1981). 

2.1 Warping torsion 
To better understand the concept of warping it is easier to start defining a few 
terms related to general torsion. In the case of torsion, a bar is subjected to a 
twisting couple (𝑀 ), or torques, about its longitudinal axis. The most commonly 
used structural elements subjected primarily to this kind of loading are circular 
cross sections (or hollow shafts). The symmetric nature of both such bars and the 
loading significantly simplifies the problem at hand. It can be seen that during 

deformation cross sections normal to the axis remain 
plane and undistorted in their own plane. Radial lines of 
the cross section also remain straight during 
deformation. As a consequence, the shear strain varies 
linearly with radial distance (𝑟) from the unstrained axis 
to the boundary of the shaft (Eq. 2.1).  When examining 
a generic segment of length ∆𝑥  in a bar subjected to 
torsion (Figure 2) simple geometric considerations lead 
to the realization 
 

𝛾 ∆𝑥 𝑟∆𝜑 (Eq. 2.1) 
 

where 𝛾  is the shear strain, ∆𝜑 is an increment of the 
total angle of twist of any given radial line in the cross 
section. After the application of elementary structural 
mechanics and the introduction of the rate of change of 
twist 
 

𝜃  (Eq. 2.2) 

 
the equations of the elementary theory of torsion can be derived: 
 

𝜏  ; 𝜃  (Eq. 2.3) 

 
Where 𝐼  is the polar moment of inertia of the cross section and 𝐺 is the shear 
modulus. 
The behaviour of prismatic bars gets more complicated, however, when the cross 
section is no longer circular. Cross sections under deformation cannot be assumed 
plane and undistorted anymore. For the sake of illustration of this point let there be 
a cross section considered having corners with right angles. Any typical segment of 
this bar would have shearing stresses on the cut surfaces parallel to its boundary 
but only sufficiently far from the corners. In the corners, equilibrium would call for 
the development of equal stresses on the outside surface of the bar which, of 
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course, is impossible. Consequently, while other parts of the cross section suffer 
shear strain the corner areas can only undergo rigid body rotation. Because shear 
stresses normal to the boundary lead to impossible stresses on the outside surface 
the corners remain right angles after deformation and are displaced out of plane. 
This kind of deformation of the cross section is called warping.  
With the same reasoning it can be concluded that shearing stresses do not vary 
linearly with radial distance anymore. That would require the corners lying furthest 
from the bar axis to develop the largest stresses, whereas, as it was demonstrated, 
they are unstressed. The largest stresses in the exemplary section having right 
angles would actually develop in the centreline of each side, closest to the axis. 
Without the presence of external constraints, forces or bending moments no 
normal stress develops in the bar (Eq. 2.4). For any transverse segment to maintain 
equilibrium it is only necessary to have shearing stresses in the cross-sectional 
plane. Plane areas parallel to the bar axis are free of shearing stresses as those 
would not contribute to resist 𝑀  and cannot be in equilibrium. From these 
conditions follow 
 

𝜎 𝜎 𝜎 𝜏 0 (Eq. 2.4) 
 

Since the material is assumed to be homogeneous, isotropic and linearly elastic it is 
also found, that 
 

𝜀 𝜀 𝜀 𝛾 0 (Eq. 2.5) 
 

This has a very important result in describing the structural behaviour. Cross 
sections do not distort in their own planes. The angle between any two lines chosen 
on the cross-sectional plane will not change during deformation merely rotate 
around a centre of twist. This makes it possible to describe any in-plane 
displacement with the use of the angle of twist. Hence, the differential equation of 
equilibrium that otherwise is a statically indeterminate problem, can be solved. 
Using the considerations regarding strains, geometrical relations between 
displacements and the angle of twist, and finally, stress-strain relations the 
governing partial differential equation of warping displacement is reached 
 

0 (Eq. 2.6) 

 
Note, that shearing stresses do not vary with 𝑥, therefore, each cross section has the 
same distribution of stresses. 
With the idea of stress function 𝛷) the torsion problem can be reduced to the 
determination of a single unknown. The stress function is a twice differentiable 
continuous function that is defined in such a way that it automatically satisfies 
stress equilibrium of the cross section. From the infinite number of such functions 
the one that also satisfies the equation of compatibility can only provide the 
solution for the torsion problem of prismatic bars. 𝛷 can be visualized as a curved 
surface over the cross section of a bar. As a consequence of its definition, the slope 
of this surface in 𝑧-direction is the stress in 𝑦  and conversely, the slope in 𝑦-
direction is the negative of the stress in 𝑧. In fact, the slope of 𝛷 in any direction is 
minus the shearing stress in the perpendicular direction. To satisfy static boundary 
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conditions it must be ensured that moment about the 𝑥 -axis developed by the 
shearing stresses is equal to the external twisting moment. The final result of such 
static considerations leads to the observation that the twisting moment on any 
cross section equals twice the volume under the surface 𝛷. If this result is to be 
linked to simple independent quantities, the concept of the torsional constant 𝐾 
can be introduced, the product of which with 𝐺 is the torsional stiffness of the bar. 
Expressing the twisting moment in terms of these quantities lead to 
 

𝑀 𝐺𝐾𝜃 (Eq. 2.7) 
 

A special form of this equation has already appeared in the description of torsion of 
circular sections (Eq. 2.3). In that particular case the torsional constant was equal 
to the polar moment of inertia of the section. 
The method described above is particularly important as the specific problem of 
this work is approached and thin-walled open sections are involved in the 
discussion. Sections, the centreline of which is not a closed curve are called open. 
Open structural shapes commonly used such as channels, angles and I-beams are 
typically built up from thin rectangular elements. These elements have in common 
that their thickness is significantly smaller than their other two dimensions. 
Consequently, the stress function may be regarded as constant along the length of a 
narrow rectangular since only in close proximity of the end boundaries does 𝛷 
change. Solving the thus reduced differential equation (Eq. 2.6) it is found that in 
thin walled open sections the shearing stress varies linearly with the thickness, has 
its maximum at the edges and is zero along the centreline. Introducing the 
obtained solution for 𝛷 in the formula of the torsional constant gives 
 

𝐾  (Eq. 2.8) 

 
where 𝑏 and 𝑡 are the width and thickness of the narrow rectangular respectively. 
Further manipulation of the result of the differential equation with reference to the 
definition of the twisting moment above (Eq. 2.7) the maximum shearing stress 
occurring at the edges can be written as 
 

𝜏  (Eq. 2.9) 

 
Since the twisting moment and torsional constant are directly proportional to the 
volume under 𝛷 for any complex thin-walled open section these two values can be 
obtained. Neglecting a small error in the corners and intersections of the section 
the torsional constant can be computed by simply adding up the 𝐾’s of each narrow 
rectangular the section is composed of (Eq. 2.10). 
 

𝐾 ∑ 𝑏 𝑡  (Eq. 2.10) 

 
When one or more sections are constrained in such a way that the above described 
relative longitudinal (out of the cross-sectional plane) sliding movement of the bar 
cannot occur anymore a complex system of normal stresses must develop. These 
normal stresses generally vary along the 𝑥-axis and therefore lead to a non-uniform 
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Figure 3 Orthogonal 
curvilinear coordinate 
system of a generic cross 
section 

shearing stress distribution. The twisting moment therefore is no longer 
proportional to the rate of twist and superposition of stresses from bending and 
torsion leads to faulty results. 
The system of normal stresses that eliminates the warping displacement is not 
yielded by analysis performed according to the Bernoulli-Euler theory of bending 
as that relies on the assumption of plane cross sections. This system is equivalent to 
couples that are statically zero or self-equilibrating, called bi-moments. Their effect 
in thin-walled open sections can be much more significant than what Saint-
Venant’s principle suggest, so much so, that they can be 
the primary stress system developed in the structure.  
By the definition of thin-walled sections it is justified to 
make a few assumptions when investigating their stress 
state due to the combined effect of bending and 
twisting. Normal stresses (𝜎 ) are constant along the 
thickness of the section and stress components normal 
to the wall of the section are negligible. There is only 
one shearing stress component left to be evaluated, 
namely 𝜏 . 𝑠  denotes the tangential direction in the 
orthogonal curvilinear coordinate system of the generic 
cross section (Figure 3). 𝜏  is the result of two modes 
of deformation caused by pure torsion and transverse 
bending of the section. The first mode produces 
shearing stress that linearly varies along the thickness, 
while the second develops a shear flow acting along the 
contour of the section that is essentially uniform over 𝑡. 
They both produce a twisting moment on the section 
that can be added up as follows 
 

𝑀 𝐺𝐾 𝑀  (Eq. 2.11) 

 
where the first term is pure twisting calculated based on the considerations 
described earlier (Eq. 2.2 and Eq. 2.7) and the second term, the warping torque, is 
the resultant of the stresses caused by restrained warping. The derivation in the 
above formula (Eq. 2.11) is justified by the reasoning that in-plane strains of the 
section are zero, which, despite of the out-of-plane deformations, is continued to be 
accepted as a valid assumption. Consequently, 𝜑 , 𝑣  and 𝑤  (rotation and 
displacement components of points in the cross section) are only functions of 𝑥. 
The effect of individual longitudinal strains in the component narrow rectangulars 
can also be neglected in comparison with the final total strain of the typically rather 
flexible open sections. Owing to the thin walls of the section, out-of-plane 
displacement component, 𝑢, is function only of 𝑠 and 𝑥, but not 𝑛 (normal direction 
in the orthogonal curvilinear coordinate system of a generic cross section (Figure 
3). 
When examining the kinematics of deformations, the starting point is the previous 
assumption of unaltered geometry (projected to the cross-sectional plane) during 
deformation. This means that deformation of the cross section in its own plane 
must be possible to be described as the sum of translation and displacement of 
points due to rotation. The point of the plane around which the rotation occurs is 
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called the centre of twist of the cross section, the only point that remains still 
during the deformation (unless the resultant of the external loads is applied 
through the shear centre, in which case no point of the cross section rotates). The 
geometrical analysis of the displacement components of cross-sectional points 
during deformation leads to the formula of 𝑢, the longitudinal displacement. 
With the use of established stress-strain relations the normal stresses in the 
member can now be obtained in terms of displacements. 
 

𝜎 𝐸 𝑦 𝑧 2𝜔  (Eq. 2.12) 

 
The first three terms in the formula can be obtained by ordinary beam theory and, 
hence, are in accordance with the Navier’s hypothesis of plane cross-sections 
during deformation. These terms represent the effects of displacement components 
due to rotations of the cross section about axes 𝑧 and 𝑦 and a uniform longitudinal 
displacement of all points in the cross section. Their resulting linear stress 
distribution is statically equivalent to bi-axial bending moments and normal force. 
Only the last term, the effect of restrained warping, represents out-of-plane 
displacement. 𝜔 in the expression stands for the sectorial area, which is the plane 
area swept by the arm 𝑟 (connecting the pole and points of the centreline of the 
cross section) while moving along the contour. The integrals related to this term 
are called sectorial area properties and include such notions as the first sectorial 
moment, through which it becomes possible to define the previously mentioned bi-
moment (𝐵). For this the concept of warping constant (𝐾  is introduced, the 
product of which with the elastic modulus is called the member’s warping rigidity. 
Because the bi-moment is statically zero and typically a statically indeterminate 
quantity it cannot be evaluated by the means of simple statics. 
Further examinations, however, can finally lead to the governing differential 
equation for the elastic curve (Eq. 2.13). Considering transverse equilibrium 
equations in relation to the shear flow in segments of open sections, together with 
the utilization of the definitions for sectorial area properties and the introduction of 
the warping shear helps to solve the integrations and to arrive to the following 
result: 
 

𝐸𝐾 𝐺𝐾 𝑀  (Eq. 2.13) 

2.2 Local plate buckling 
An important part of the analysis of structural elements subjected to compressive 
stresses is related to stability control. The behaviour of such elements is generally 
explained by the analogy of column buckling. Column buckling is an extensively 
researched phenomenon the characteristics of which are almost completely 
understood and described. In the case of thin walled open sections that are 
composed of slender plates three fundamentally different ways of buckling are 
distinguished: local, distortional and global buckling. In the scope of present 
project local buckling is of most interest. 
Local buckling of thin walled open sections occurs in the form of small sinus wave-
like buckles. As the name suggests the composing plate elements’ displacements 
are involved rather than that of the section as a whole. In the following discussion 
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Figure 5 Relation of maximum
deflection and load in members
having four supported edges

Figure 4 Relation of maximum 
deflection and load in members 
having two supported edges

plate buckling due to axial compression is considered. When the plate is supported 
only along its longitudinal (loaded) edges the behaviour is very similar to that of a 
column (Figure 4). The deformed shape of the plate is a single-curved surface. All 
sections in the vertical direction are under the same axial compressive stress and 
the maximum permissible stress (in theory) equals the Euler critical stress, that is 
 

𝜎 𝑘
 

(Eq. 2.14) 

 
where 𝜈  is Poisson’s ratio and 𝑘  is the 
buckling coefficient accounting for the shape 
of the stress field, the geometry of the plate 
and the boundary conditions. 𝑡 and 𝑏 are the 
thickness and width of the plate respectively. 
Their ratio is commonly referred to as the 
slenderness of the plate. 
 

𝜆  (Eq. 2.15) 

 
In real structures though, the plates are 
typically also supported along at least one 
transverse edge that significantly alters their 
behaviour (Figure 5). The plate under load 
deforms into a double-curved surface. Resistance cannot anymore be accurately 
measured with the critical stress formula. With the rise of out-of-plane deflection 
the stretching of the mid-plane leads to significant membrane forces that makes 
stable equilibrium states possible beyond the critical plate buckling load. For the 
sake of demonstration, a system of orthogonal strips will substitute the original flat 
rectangular plate that is simply supported at its longitudinal edges and clamped at 
its transverse edges and is loaded with uniaxial compression. The longitudinal 
strips below the critical loading are flat, are in uniform stress state and maintain 
their initial stiffness. Once the critical buckling stress is reached the strips located 
further from the transverse edges of the plate are more prone to buckle and, 
therefore, to partially lose their stiffness. 
Those, that are closer to the edges, are 
constrained to remain flat and retain their 
stiffness. Meanwhile, the transverse strips 
must undergo the same deflection, but their 
crosswise shortening is restricted by the fixed 
longitudinal edges. This causes tensile 
stresses to appear in these strips. 
Consequently, the compression stress 
distribution in the transverse direction varies 
greatly, and because of the stabilizing effect of 
out-of-plane deflections on the system 
membrane forces arise. With plate 
slenderness the post-critical resistance further 
increases as the larger difference between 
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Figure 6 Relation between 
slenderness ratio and critical- and 
ultimate load

yield- and buckling stresses results in greater redistribution of stresses. In plates of 
lower slenderness buckling is preceded by significant yielding causing material 
plasticity that greatly affects the ultimate resistance. 
Plates supported along four edges behave much the same way only the larger is the 
restrain of the boundary against in-plane displacements the larger the stabilizing 
effect of the membrane forces are and therefore the post-buckling resistance 
reserve of the plate. 
Manufacturing and fabrication processes inherently lead to geometrical 
imperfections and residual stresses. Of them all, initial out-of-flatness has the 
greatest adverse effect. From the onset of loading, out-of-plane deflections start 
increasing gradually as opposed to the theoretical approach where displacements 
remain zero until the critical loading is reached. Nevertheless, until the structural 
response is elastic a plate with any level of imperfection will always approach the 
post-buckling behaviour of its ideally flat equivalent. Besides the magnitude of the 
imperfection its pattern may also influence the buckling of the plate. Generally 
speaking, the closer the initial imperfection is to the buckling mode of the plate the 
sooner buckling occurs and the smoother the buckling curve is (that is, applied 
stress plotted against lateral deflection). Out-of-flatness that is different from the 
buckling mode delays the onset of buckling, although, when it does happen it 
happens abruptly, often called “snap-through”. Because initial imperfections do not 
follow any pattern and are generally not possible to deduce from any known data, 
for design purposes, conservatively the first buckling mode is considered.  
The critical load (𝑁 ) is commonly represented in relation to the slenderness of the 
plate (𝜆) (Eq. 2.15). This curve that is calculated based on the previously presented 
formula (Eq. 2.14) for critical stress describes the structural response of an ideally 
flat plate. The ultimate resistance (𝑁 ), referring to the previous discussion, is 
higher at higher slenderness values and lower at the low-end of the range. The 
curve is closed from the top by the yield limit of the material (Figure 6). 
The critical load, therefore, is not sufficiently 
accurate for design purposes because it fails 
to capture the effect of imperfections. 
Typically, the ultimate resistance of a 
structural element with respect to all effects 
influencing structural stability is calculated 
with the aid of a reduction factor. Because 
the reduction factor accounts for every 
important aspect of stability loss the design 
engineer needs only to multiply it with the 
material yield resistance of the cross section. 
In the case of plate buckling this method of 
reduction is called the reduced cross-section 
method, or the method of ‘effective width’. 
The ‘effective width’ method is based on how 
the stress distribution changes in a plate 
during buckling (Figure 7).  The growing difference in stiffness between the mid-
part of the plate and parts close to the supported edges is closely followed by the 
normal stress distribution. In a simplified way in the post-buckling state the plate 
can be looked upon as having a buckled part with no stiffness and therefore no 
load-carrying ability and parts close to the supported edges that retained their full 
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Figure 7 Effective width of compressed plate supported on four sides 

stiffness and, therefore, are only limited in their ability to carry loads by their 
material yield resistance. The combined widths of the latter (or the width of one 
part if the plate has an unsupported edge) is the effective width of the entire section 
and is considered to be loaded with a constant stress block.  

 
 
 

The reduction factor, however, is a function of the normalized slenderness of the 
structure. To calculate the ultimate resistance, one still must determine the critical 
load to get the normalized slenderness and then the reduction factor. The 
normalized slenderness: 

𝜆′  (Eq. 2.16) 

 
The formulas of reduction factors found in codes (such like Eurocode) are 
essentially determined in an empirical way. While the formulas have been 
developed based on theoretical considerations, they are calibrated in such a way 
that their results mirror those of real-world experiments. 
In standard design practice plate buckling is taken care of early in the process. 
After the so-called cross section classification any given steel member can fall into 
four distinguished categories that determines what kind of analysis is needed in the 
following design process in order to avoid plate buckling (Figure 8). 
In both class I. and II. plastic resistance of the cross section is utilized. The 
difference between the two classes is in the rotation capacity of the sections after 
plasticisation. Class I. sections can develop plastic hinges and can accommodate 
significant plastic moment redistribution. Class II. sections, on the other hand, are 
assumed to reach their ultimate resistance at the onset of the first plastic hinge and 
the internal forces are computed based on elastic analysis. In class III. sections 
plastic resistance cannot be reached before plate buckling. Consequently, both the 
global analysis and the cross section verification have to be based on elastic theory. 
Only in the case of class IV. sections the aforementioned ‘effective width’ method 
has to be carried out. The elastic resistance of the reduced cross section is then 
compared with the internal forces from elastic analysis. 
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The criteria that determines which class a given section falls into captures all the 
influencing factors of buckling. These are steel quality, support conditions of the 
plate, normal stress distribution and geometry (that is the slenderness; aspect ratio 
is assumed to tend to infinity, i.e. the plates are always very long). With these 
values controlled it can be safely decided if a given plate is prone to buckle or not. 
The only remaining aspect of stability loss, imperfections, is then accounted for 
with the help of a reduction factor in case plate buckling is likely to happen. 
 

 
Figure 8 Moment-rotation relation of a section in different classes and the type of 
analyses to be conducted (italic for global; bold for cross section verification) 
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Figure 9 Theoretical fork support with 
roller 

3 Methodology 

3.1 The finite element model 
In the followings, a description of the finite element model used in present work 
can be found. The analyses were conducted with the Abaqus/CAE 6.14-1 software. 
The program to generate specific model configurations for each analysis efficiently 
was provided by the supervisor of this project, Prof. Bert Norlin. 

3.1.1 Geometry 
Every specimen modelled and analysed was doubly-symmetric custom welded I-
section. The height and width of the sections were uniformly 400 and 200 
millimetres respectively. For modelling and calculation purposes the web panel was 
connected to the midplanes of the flanges causing negligible overlaps. The 
corresponding web- and flange thicknesses were 5 and 4mm, 3 and 6mm, 5 and 
6mm, 5 and 8mm. Every kind of section had been run for analysis with four 
different lengths: 3.5m, 4.5m, 6.0m and 7.5m. 

3.1.2 Elements and meshing 
The tested specimens were modelled with a coarser mesh at each end that were 
refined twice closer to the midpoint of the beam. The first mesh refinement (from 
either end) was at the quartile point of the beam, the second was with an additional 
eighth beam-length further away towards the middle. 
The elements used were 4-noded shell elements (called S4R in Abaqus) with linear 
interpolation functions, adopted reduced integration and hourglass control. To 
force compatibility of the rectangular elements at the mesh refinements linear 
multipoint constraints were used that ensured that the unconnected points of any 
two small elements would always fall on the straight line between the nodes of the 
larger element. The multiple symmetry of the member was not utilized in any way 
to simplify the model. 

3.1.3 Boundary conditions 
The beam under testing had fork 
supports (Figure 9) on both ends. This 
posed a kind of boundary condition that 
is similar to that of a simply supported 
beam. Only, it had an extra constraint; it 
did not allow for rotations around the 
longitudinal axis of the beam. This way 
resisting torque could develop at the 
supports, but the warping of the flanges 
remained free.  
To ensure this kind of structural 
behaviour the boundary conditions in 
the model were set the following way. 
Both ends were constrained to translate 
in the y and z directions (U2 and U3 in 

Abaqus), that were the directions perpendicular to the mid-surface of the web 
panel and parallel to the shorter side of the web panel respectively (Figure 10). 
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Figure 10 Position of the 
co-ordinate system 

Both ends were also constrained to rotate around the 
x-axis (UR1 in Abaqus), that was the longitudinal axis 
of the beam (Figure 10). To provide sufficient support 
of the beam translation in the x-direction must also 
have been restricted. This constrain was placed on the 
control node for loading (see under 3.1.5) on the 
midsection of the beam.  
In the end- and midsections further constraints, the 
previously mentioned linear multipoint constraints, 
were placed. At the ends of the beam only the nodes of 
the web were connected to the rigid links to leave the 
warping of flanges free while the local failure of the 
web panel was prevented. In the midsection every node 
of both the web and flanges were connected to the 
control point of loading so that local displacements and 
failures did not dissipate the load effect on the member as a whole. 

3.1.4 Material model 
Each specimen under investigation was made of steel. The nominal yield limit of 
the material was 355MPa (S355). Young’s (elastic) modulus was set to be 210GPa 
and Poisson’s ratio for the material was 0.3. The structural response was 
unchanged regardless of the specimen being under tension or compression. The 
material was isotropic. The model specified in the program was linear elastic until 
yield at 355.6MPa. Plastic strain quickly accumulated after this point until the 
onset of isotropic hardening. The ultimate strength of the material was 564.4MPa 
after which the stress started dropping (softening) with further increase in strain. 
Rupture of the material occurred at the plastic strain value of 0.166. 

3.1.5 Load model 
The loading of the beam was displacement controlled so that the structural 
response could be traced even after reaching the ultimate strength of the material. 
The displacement was controlled through boundary conditions defined at the 
loading point in a form of “support movement” in z-direction. The loading point 
was to be found on one of the flanges in the midsection. Its eccentricity could have 
been manipulated, and for some sections during testing it was, but by default its 
value was equal to half the flange width (100mm). The displacements were applied 
to the section in steps. Three steps were used that corresponded to different phases 
of material behaviour: the elastic part, the hardening part and the softening part. 
The increment applied in each phase may have varied slightly from section to 
section to ensure a smooth load-displacement curve. 

3.1.6 Analysis 
Two analyses were performed on each specimen: a buckling- and a non-linear 
analysis. In the first, buckling analysis, the buckling modes with their 
corresponding eigenvalues were determined. Two distinguished buckling modes 
were of interest; a bow-type global buckling of the member and local plate buckling 
of the loaded flange (Figure 11). The modes with the lowest positive eigenvalue (i.e. 
the buckling that was caused by the lowest loading in the direction that coincided 
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with the actual direction of the applied load) were then fed back in the model for 
non-linear analysis as initial geometrical imperfections. The size of the 
imperfections was controlled by scaling factors. For the local plate buckling the 
imperfection was always set to be 𝑏/200, where 𝑏 was the flange width. The global 
imperfection was meant to be 𝐿/1000 (where 𝐿 is the beam length) but owing for a 
mistake in the analysis configuration it has been fixed to always be 4.5mm instead, 
which resulted in a varying ratio in the range of 𝐿/667 1667. As part of the non-
linear analysis an equilibrated system of stresses was applied to the model that 
represented residual stresses from manufacturing. 

3.2 Computation 
In the followings an outline of the calculations performed in relation to present 
work is provided. Rather than offering a step-by-step guide this section aims to 
enlighten the underlying theory, logic and design considerations of the 
computations. For the actual calculations, the mathematical solutions and 
programs scripted with description of the technical aspects of performing a 
working calculation method for the problem at hand, please consult the annexes. 
The calculations were performed with Mathcad v15.0 (M050). 

3.2.1 Input data 
The sectional dimensions and the lengths of the beams investigated here were the 
same as described earlier for the finite element model. However, all computations 
were scripted in the form of functions of the geometrical data of the sections 
(height, width, plate thicknesses) that were only specified before the cross section 
verification. This allowed for the use of range variables rather than the use of 
specific values which made it easier to recognize trends and draw conclusions. 
Material data had been unchanged in all the calculations and was defined from the 
beginning on. The material model was as defined for the finite element model. The 
applied load was set to a reasonable base value that, when the cross section 
verification was done, could have been manipulated through the use of a load 
factor. This was possible because the stresses in the member both from bending 
and warping were linear functions of the loading. The load could not have been 
increased to any value without a limit, though. Many of the calculation methods 
presented in this work were based on the small displacement theory and would 
have lost their validity if the deformations of the investigated specimen grew too 
large.  Beam length and load eccentricity were input data for every section and may 
have varied depending on the investigated problem. 

Figure 11 Bow-type global buckling (on the left) and local buckling of the flange 
(on the right) of the 400-200-4-5 section, L=4.5m
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Figure 12 Definition of the co-
ordinate system, co-ordinate points, 
the ordered section parts and their 
assigned thicknesses 

3.2.2 Geometry 
As before, every cross section investigated 
was doubly-symmetric welded I-section. The 
geometrical data was given as a set of 
coordinates that were provided in the form of 
vectors. The centre of the local coordinate 
system for each section was its lower left 
corner (Figure 12). y-direction aligned with 
the centreline of the lower flange and was 
positive to the right, z-direction was parallel 
with the centreline of the web panel and was 
positive upwards. All the coordinate points 
laid on the centrelines of the plates building 
up the sections.  The six distinctive points of 
the cross section were numbered and 
followed a specific order. Point number 1 was 
the left end of the lower flange (also the 
coordinate system’s origin). Point number 2 
was the right end of the same flange. Point 
number 3 was the midpoint of the lower 
flange (as well as the lower end of the web 
panel). Point number 4 was the midpoint of 
the upper flange (or upper end of the web 
panel). Point number 5 was the right end of 
the upper flange and point number 6 was the 
left end of the upper flange. Connecting the 
points in this order gave five centrelines for 
the three plates. Assigning thickness to them 
created the section. Two things should be 
obvious from the previous method of defining the cross section: the flanges and the 
web slightly overlapped at their junctions that lead to a marginal mistake ignored 
in the followings; and that the right half of both flanges were considered twice in 
the cross section definition. This latter issue was resolved by assigning zero 
thickness to the centrelines between points 2 and 3 and points 4 and 5. This way 
the section could have been described by one continuous line, but no more material 
was considered than what was actually there (other than the slight overlaps at the 
junctions, which again, were neglected). 

3.2.3 Cross-sectional properties 
The cross-sectional properties were calculated separately for each of the five parts 
defined by the coordinate points and then were summed up. Following the 
specified order of points the coordinate values could be subtracted from each other 
that allowed for determining the height, width, length and cross-sectional area of 
each part with ease. Since the thickness of each part was constant along its length 
the centre of gravity was simply given by the arithmetic mean of the corresponding 
endpoint coordinates. First moment of area and centre of gravity could easily be 
determined from these values. The second moment of area was calculated for each 
part in its own centroid coordinate system and then a further term was added as 
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Figure 13 The change of the 
principal centroid coordinate 
system and level arm of the 
force with the twist of the 
section 

per Steiner’s theorem.  Note, that as a result of the applied method of calculation 
the own centroid inertia of the web panel for the gross cross-sectional inertia 
around axis y and the own centroid inertia of the flanges for the gross cross-
sectional inertia around axis z could not have been taken account for. This was 
because in the formula it would have been overly complicated to consider that 
perpendicular parts in the section needed to have different dimensions in certain 
terms (i.e. for inertia about axis y the height of the web and the thickness of the 
flanges were needed to be cubed and vice versa for inertia about axis z). So, to avoid 
the inclusion of non-relevant parts in third degree multipliers the heights and 
widths of the centrelines were considered, although, they had extension only in one 
dimension. The inaccuracy was rather marginal and was especially so in 
comparison with the significance of Steiner’s term. 
The formula for torsional constant was slightly tweaked with an increase of 10% in 
value. This was a vague approximation to account for the effect welding seams may 
have on the torsional stiffness of a section. The sectorial coordinates and the 
warping constant were calculated with the use of rather complex mathematical and 
programming methods but based on conventional considerations. 

3.2.4 Stresses 
The developing stresses were due to the combined 
effects of bending and torsion form a rather 
complex system of internal forces. As the section 
twisted under torque it was not anymore bended 
about its principal axis but rather around a generic 
weaker axis that was changing until a state of 
equilibrium was reached (Figure 13). The 
magnitude of the torque was also changing with 
the rotation of the section because the influence 
line of the eccentric force was not to a constant 
distance from the centroid of the section (Figure 
13). To make the calculations as simple as possible 
and therefore, to create a calculation method that 
is applicable in everyday design the stresses 
developed in the section as a result of the different 
load effects were calculated separately and 
independent of each other. Because the process 
operated under the assumption of small 
displacements and because the design was based 
on the elastic theory and the limit of resistance 
was the first yield of the section the thus acquired 
stresses could have been considered valid and may 

have been superimposed. However, the stress values were corrected after the 
execution of the necessary cross section reductions due to plate buckling and 
therefore should have been interpreted in the context of their own reduced sections 
only. This was not taken into consideration and the ratio formed by the corrected 
stress values and the material yield limit was summed up in a verification formula 
(Eq. 3.1). Only through the manipulation of this formula the interaction of different 
effects was tried to be captured. 



28 | Methodology  

Figure 14 Represented are: the 
effective widths of the reduced 
cross-sectional parts and their 
correct positioning; the new 
coordinate points of the reduced 
section; the translated centroid due 
to reduction of the flange 

3.2.4.1 Pure bending 
First, from pure bending about the principal 
centroid y axis the normal stresses for the 
gross cross section were calculated with 
Navier’s formula. The stress values in the six 
coordinate points of the section were the basis 
for cross section reduction for plate buckling. 
Only compressed cross-sectional parts were 
needed to be checked. The upper flange was in 
compression and the normal stress 
distribution was constant (Figure 15). The 
buckling factor (𝑘 ) for outstand parts could 
have been accordingly chosen, and the 
slenderness parameter ( 𝜆 ) and reduction 
factor ( 𝜌 ) thus been determined. These 
parameters and the positioning of the 
remaining effective width are best 
summarized in EN 1993-1-5 Table 4.2. The 
product of the reduction factor and the 
original half-flange length was the new 
effective length of the outstand flange part. 
The removed part of the flange came off from 
the unsupported end of the outstand flange 
(Figure 14). The flange needed to be reduced 
on both sides of the web with the removal of 
equal parts. The steps described here were the 
ones detailed in EN 1993-1-5 with the only 
difference that the supporting effect of the 
welding seams was neglected in the 
calculation.  
Since the upper end of the web panel was also under compression (Figure 15) cross 
section reduction must have been executed there as well. The method was very 
similar to the one described for the compressed flange. A key difference, however, 
was that the changes made to the cross section (that is, the reduction of the upper 
flange) were taken account for. A new centre of gravity of the reduced cross section 
was calculated (Figure 14) and the stress distribution in the web was determined 
accordingly. Since the web panel was an internal part of the cross section (i.e. 
supported on both ends) and the stress distribution was not constant but linear 
(Figure 15) the formulas for 𝑘  and 𝜌 were different from the ones that were used 
during the reduction of the flange (not for 𝜆  though). These formulas were taken 
from EN1993-1-5 Table 4.1. The reduction factor in this case was multiplied with 
not the entire length of the web panel but only with the length of the compressed 
part of the web (𝑏  in Figure 14). The thus acquired effective length was divided 
between the two ends of the compressed web part (Figure 14), 40% of it went to the 
supported upper end, 60% to the lower end next to the neutral axis (the previously 
determined new centroid of the reduced section). 
The calculation of the effective cross-sectional properties was done much the same 
way as it was described for the gross cross section. For that to happen, though, new 



Methodology | 29 

 

coordinate points on the now reduced section must have been specified (Figure 14). 
Six of these points were still corresponding to the endpoints of cross-sectional 
parts, although, with possibly changed y-coordinates for the upper flange ends. 
Two more points were added for defining the web, as an internal part of it may 
have been missing after reduction. This removed part had zero thickness assigned 
to it based on the same logic as described before. New torsional and warping 
constants were not necessary to be calculated here since stresses only from bending 
were of interest. With Navier’s formula again the stress values for every coordinate 
point were computed. 
Note, that as it was implied in the text, the reduction of a cross-sectional part under 
compression may still not have been necessary. Whether reduction was necessary 
or not was function of a number of factors as specified in the previous overview of 
plate buckling. The calculation, however, was not needed to be changed when no 
reduction proved to be necessary, simply the reduction factor would have taken the 
value of 1.0. 

 
Figure 15 Normal stress distribution in the cross section due to bending (𝝈𝑴) and 
warping (𝝈𝑾) 

3.2.4.2 Warping torsion 
Instead of using numerical methods of high computational cost in the calculation of 
the stresses due to warping approximate formulas were used. These formulas are to 
be found in ‘Bygg, band 1A (1971)", table A24:44. The applied torque on the section 
was resisted by a combination of pure torsion and warping. The precise proportion 
of the resisting effects was a function of the section’s geometrical properties. First, 
the angle of twist at midspan was determined with the aid of calculating a series of 
auxiliary parameters. Since pure torsion caused no normal, only shearing stresses, 
from the complete torsional effect of the eccentric force a part was subtracted; that 
was the effect of the section’s (pure) torsional stiffness. The remaining part 
equalled to the bi-moment and it was resisted by the warping of the beam. The 
normal stresses due to warping could have been directly calculated from the bi-
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Figure 16 The reduced cross 
section and its coordinate points 

moment with the warping constant and the sectorial coordinates. The resulting 
stress distribution was linear over the flanges, with equal values but opposite signs 
at the two ends of the same flange, and zero over the web (Figure 15). 
This type of stress distribution made it simpler to calculate the reduction of the 
cross section as the web was not needed to be checked for buckling. The flanges 
were reduced following the same logic and steps described earlier, only they were 
now in a linear stress state. The compressed end of each flange was on opposite 
sides of the web and they were under the same stress, therefore they may have been 
reduced with the same length. This was important because this way the section 
remained radially symmetric and its centre of twist did not translate. The original 
formulas for calculating the cross-sectional properties and the final stress state, 
therefore, may have been used for the effective 
cross section. 
New sectional coordinate points were required 
to be specified (Figure 16). The original six 
points at the ends of each plate were sufficient 
this time as well, only the compressed flange 
parts’ endpoints may have moved closer to the 
web. After calculating the warping constant for 
the reduced section (and the parameters 
necessary before) the stresses could have been 
determined. After reduction of the compressed 
flange parts (if there indeed was a reduction) 
the web panel became slightly compressed as 
well. This was necessarily true in every case of 
reduction, as the stress-neutral point on the 
flanges moved from the intersection of the 
flange and web closer to the flange-end of 
maximum tension. Technically, in this scenario 
it would have been necessary to return to the 
beginning of the process and start over from 
the cross section classification, this time 
involving the web panel as well. Because, when 
classifying the cross section, one does not 
evaluate the actual stress values, but rather 
examines the type of load effecting the section 
and whether that section is prone to buckle or not, the web may very well have 
become reduced as well. However, even in the likely event of a reduction 
amounting to a reasonably small length over the web panel it would have remained 
nearly unloaded. Under no circumstances was there any chance for the web to 
reach failure before the flanges do. 

3.2.5 Verification 
For verification of the cross section the stresses calculated for the reduced cross 
sections from each effect, bending and warping, were identified in four main 
points: in the two ends of each flange. That was because from bending the normal 
stress was highest in the flange where it was constant, while from warping the 
normal stress linearly varied in the flange but had its maximums at the end points 
(and was negligible in the web) (Figure 15). Next, the corner with the highest 
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combined stress value had to be identified. From both effects the stress values in 
the flange end-points varied fairly little, only as a result of the reduction; the signs, 
however, were changing in a different pattern. In two of the corner points the 
stresses added up, while in the other two they diminished one another. Generally, 
in the case of bending the compressive stress was slightly higher than the tensile, 
because the neutral axis of the section displaced towards the tensioned edge after 
reduction. At the same time, in the case of warping the neutral points on the 
flanges translated in such a way that the web (if ever so slightly, but still) became 
compressed. For the section to remain in equilibrium the tensile stress had to take 
a higher maximum value than that of compression. In the end, which of the two 
points would become the most stressed on the section was simply a matter of 
loading conditions and the geometry of the specimen under examination. 
The corresponding stress values (𝜎 , 𝜎 ) were then linearly summed and divided 
with the yield limit of the material (𝑓 ). The unitless product of this proportion with 
a range of load factors (𝑛 ) plotted the response curve of the beam under the 
combined effect of bending and warping. Where the curve reached the value of 1.0 
material yield and therefore failure of the section occurred (Eq. 3.1). 
 

| | | |
∗ 𝑛 1 (Eq. 3.1) 
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4 Results 

Based on the earlier described methods of finite element analysis (FEA) and hand 
calculations the following model configurations were investigated (see Table 1): 
four different kinds of sections, each of them being doubly-symmetric welded I-
sections and having 400mm nominal height and 200mm width. The flange and 
web thicknesses were 8 and 5mm, 6 and 5mm, 6 and 3mm, 4 and 5mm, 
respectively. For every one of these sections four different beam lengths were also 
examined: 3.5m, 4.5m, 6.0m and 7.5m. Eccentricity by default was set to half the 
flange length (100mm), but for three of the sections (only with length 4.5m) it was 
also studied at 50 and 0mm. The described configurations are summed up in the 
following table. 
 
Table 1 Experimental configurations 

Section 
Height 
[mm] 

Width 
[mm] 

Flange 
thickness 
[mm] 

Web 
thickness 
[mm] 

Beam length [m]  Eccentricity [mm] 

40‐20‐8‐5  392  200  8  5  3.5, 4.5, 6.0, 7.5 
100; 50 and 0 for 

L=4.5m 

40‐20‐6‐5  394  200  6  5  3.5, 4.5, 6.0, 7.5 
100; 50 and 0 for 

L=4.5m 

40‐20‐6‐3  394  200  6  3  3.5, 4.5, 6.0, 7.5  100 

40‐20‐4‐5  396  200  4  5  3.5, 4.5, 6.0, 7.5 
100; 50 and 0 for 

L=4.5m 

 
The results of both the FEA and the hand calculations are presented in tabular 
form (Table 2) and for better comparison showed on graphs (Figure 17). On the 
horizontal x-axis the angle of twist of the midsection is plotted against the applied 
force on the vertical y-axis. The value that is of prime interest in this work is the 
maximum value of loading. (In fact, that is the maximum reaction force in the 
beam as the analysis is displacement controlled.) This value is the ultimate 
resistance of the section and can easily be compared with that from the calculation. 
Other values of interest could be, for example, the torsional stiffness of the 
specimen. This value can be read from the graph by measuring the slope of the 
curve (or the slope of its tangent line). However, the applied formula for the angle 
of twist linearly approximates the relation between force and displacement and 
therefore is not suitable to accurately trace the complex shape of the “real” curve. 
Still, it does yield valuable information regarding the validity of the approximations 
used. It can be observed, that in every case the initial stiffness of the specimen 
essentially coincides with the tangent of the curve from FEA and that the gap 
between the two plots open with the growth of the displacement values. This is 
because the theoretical considerations that are the source of the formulas used here 
are based on the small deformation theory. The different specimens (in terms of 
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section and/or length) are sensitive to the issue to a somewhat different extent. 
Those sections that reach their ultimate limit at a lower angle of twist (short, 
slender sections) have a similar mean gradient over a longer section of the curves 
from the two methods of analysis. 
The angle of twist at failure (that is at the application of the ultimate load), though, 
varies greatly coming from the two methods. It is because this value is connected to 
both of the terms mentioned here before and therefore every approximation that 
leads to inaccuracy in either of them will consequently affect this one as well. 
The main aspect of this study, therefore, is to accurately capture the ultimate 
resistance of the section. In the doing so, the exact mechanics of the structure are, 
to some extent, treated as features of secondary importance. The results of both the 
finite element analysis and the calculations are summarized in the table below 
(Table 2). 
 
Table 2 Results 

   Capacity [N] 
Angle of twist at failure 

[deg] 

Section ↓ 
Length 
[m]↓ 

FEA  Calculation 
FEA  Calc. 

Eccentricity [mm] →  100  50  0  100  50  0 

40‐20‐8‐5  3.5  85273  ‐  ‐  70000  ‐  ‐  8.50  3.76 

40‐20‐8‐5  4.5  57175  79243 273892 55400  88800 220800  12.39  6.17 

40‐20‐8‐5  6.0  37428  ‐  ‐  45200  ‐  ‐  18.34  10.31 

40‐20‐8‐5  7.5  27772  ‐  ‐  38800  ‐  ‐  22.94  15.25 

40‐20‐6‐5  3.5  63915  ‐  ‐  44800  ‐  ‐  8.14  3.27 

40‐20‐6‐5  4.5  42625  59393 216395 35800  60144 158236  12.47  5.31 

40‐20‐6‐5  6.0  27670  ‐  ‐  28200  ‐  ‐  18.28  9.13 

40‐20‐6‐5  7.5  19851  ‐  ‐  24000  ‐  ‐  25.49  13.78 

40‐20‐4‐5  3.5  37674  ‐  ‐  23800  ‐  ‐  6.34  2.61 

40‐20‐4‐5  4.5  25639  36002 151313 19000  33200 103200  9.93  4.27 

40‐20‐4‐5  6.0  16873  ‐  ‐  14800  ‐  ‐  14.81  7.35 

40‐20‐4‐5  7.5  12103  ‐  ‐  12600  ‐  ‐  20.11  11.25 

40‐20‐6‐3  3.5  59766  ‐  ‐  43400  ‐  ‐  8.17  3.23 

40‐20‐6‐3  4.5  39348  ‐  ‐  34400  ‐  ‐  12.29  5.27 

40‐20‐6‐3  6.0  25209  ‐  ‐  26600  ‐  ‐  18.60  9.08 

40‐20‐6‐3  7.5  17900  ‐  ‐  22200  ‐  ‐  25.85  13.75 

 
In the following pages the Load-Displacement curves of each of the standard 
(100mm load eccentricity) sections are presented (Figure 17 a-p): 
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a) b)

 
c) d)

 
e) f)
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g) h) 

i) j) 

k) l) 

0

5000

10000

15000

20000

25000

30000

0 10 20 30

R
e
si
st
an

ce
 [
N
]

Angle of Twist [deg]

40‐20‐6‐5 L=6.0m

FEA Calc

0

5000

10000

15000

20000

25000

30000

0 10 20 30

R
e
si
st
an

ce
 [
N
]

Angle of Twist [deg]

40‐20‐6‐5 L=7.5m

FEA Calc

0

5000

10000

15000

20000

25000

30000

35000

40000

0 10 20 30

R
e
si
st
an

ce
 [
N
]

Angle of Twist [deg]

40‐20‐4‐5 L=3.5m

FEA Calc

0

5000

10000

15000

20000

25000

30000

0 10 20 30

R
e
si
st
an

ce
 [
N
]

Angle of Twist [deg]

40‐20‐4‐5 L=4.5m

FEA Calc

0

2000

4000

6000

8000

10000

12000

14000

16000

18000

0 10 20 30

R
e
si
st
an

ce
 [
N
]

Angle of Twist [deg]

40‐200‐4‐5 L=6.0m

FEA Calc

0

2000

4000

6000

8000

10000

12000

14000

0 10 20 30

R
e
si
st
an

ce
 [
N
]

Angle of Twist [deg]

40‐20‐4‐5 L=7.5m

FEA Calc



36 | Results  

m) n)

 
o) p)

 
Figure 17 Results of the analyses 
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5 Result Analysis 

To make it easier to uncover relations between variables and recognize trends some 
of the resulting values are plotted relative to each other. Such charts are the 
resistance-beam length plot of each section (Figure 18 a-d) and the resistance-
eccentricity curves (Figure 19 a-c). The obtained graphs can be seen below. 
 

a) b) 

c) d) 

 
Figure 18 Resistance-Length charts
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a) b)

 
c)

 
 

Figure 19 Resistance-Eccentricity plots

5.1 Conclusions 
An important conclusion of the data extracted from the analyses is that the results 
are somewhat inconsistent. While the difference between the results from the two 
sources is typically not great, it is changing rapidly as the input is changed. One 
reason for this is that the calculation method does not take account for secondary 
effects. As the specimen’s length is extended internal forces grow because the lever 
arm of the force around the supports is greater, but also because the deformed 
geometry give rise to the development of additional stresses. As the length of the 
specimen is taken greater the deformations relative to the section size become 
larger and the significance of the secondary effects grows. This can be seen by 
observing how much faster the resistance drops for the same section with 
increasing lengths when the analysis is conducted with finite element method than 
when it is hand-calculated (Figure 18 a-d). 
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For all four sections looking at the shortest examined beam length (3.5m), where 
the secondary effects are the least significant it is apparent that the difference 
between the results also tends to open as the section becomes slenderer. There is a 
correlation between the cross-sectional area removed from the section (see in Table 
3) and the accuracy of the results that justifies the belief that the method of 
effective width is too conservative. However, even in the case of the 40-20-8-5 
section that is only slightly reduced the results do not match closely enough. 
Consequently, not only the effective width method but also the chosen method of 
stress analysis and cross section verification must be overly conservative.  
    

Table 3 Calculated reduction factors (M 
for bending; W for warping)

Reduction factor 

Section  M (flange)  M (web) W (flange) 

40‐20‐8‐5 0.93  1.00  1.00 

40‐20‐8‐5 0.93  1.00  1.00 

40‐20‐8‐5 0.93  1.00  1.00 

40‐20‐8‐5 0.93  1.00  1.00 

40‐20‐6‐5 0.75  1.00  0.84 

40‐20‐6‐5 0.75  1.00  0.84 

40‐20‐6‐5 0.75  1.00  0.84 

40‐20‐6‐5 0.75  1.00  0.84 

40‐20‐6‐3 0.75  0.71  0.84 

40‐20‐6‐3 0.75  0.71  0.84 

40‐20‐6‐3 0.75  0.71  0.84 

40‐20‐6‐3 0.75  0.71  0.84 

40‐20‐4‐5 0.53  1.00  0.61 

40‐20‐4‐5 0.53  1.00  0.61 

40‐20‐4‐5 0.53  1.00  0.61 

40‐20‐4‐5 0.53  1.00  0.61 

 
While the difference of the results from the two methods might not be constant 
when changing section size and beam length the plots clearly follow a pattern. This 
seems to allow for the adjustment of the calculations in such a way that it will 
provide matching results of the FEA with high accuracy. Only a function that 
describes the change in difference must be found. 
The other parameter the effect of which was investigated, although less extensively, 
is the eccentricity of the force applied. What is obvious from the graphs (Figure 19 
a-c) at first glance is that the least accurate results are provided by the calculation 
when the eccentricity is zero, that is no warping of the section is present. In all 
three of the analyses with zero eccentricity the calculated value of resistance is 
significantly lower than that of the FEA. When warping of the section is introduced 
the resistance from FEA drops virtually to the same value where the calculated one 
is, in two cases even slightly lower. This is in line with some of the previous 
statements. The method of effective width is a conservative way of taking plate 
buckling into account. It is primarily developed for compressed and bended 
sections (from which compression is not discussed here) and it consistently and 
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significantly overestimates the effect local plate buckling may have on the section. 
The constant normal stress distribution on the flanges from bending is less 
favourable compared to the linear stress distribution from warping. Therefore, 
relative to the total stress in the cross section, more of the cross-sectional area is 
removed when executing the calculation for bending only, than when the combined 
effect of the two is examined. So, when warping, that is generally not part of a 
typical analysis, is introduced the reserve in the calculated cross-sectional 
resistance is reduced to close to zero. 
At this point of the explanation a seeming controversary turns up. Earlier, from the 
result of the stockiest (40-20-8-5) section a deduction was made that the 
verification of the cross section is conservative. This is well expected for a number 
of reasons. Because of how the section is reduced certain parts of it are removed 
twice. Parts that in the final stress state might not even be under compression are 
still reduced due to one or the other effect. The final combined stress state in every 
part of the cross section should be linear which is more favourable than the 
constant stress distribution that is, in the case of pure bending, considered. And 
yet, it seems like that the introduction of warping, due to which a conservative 
cross section reduction is executed, and that is conservatively summed up with 
bending, somehow still reduces the reserve of calculated cross-sectional resistance. 
A possible resolution of the issue is that the normal stresses from warping are 
generally much higher than from bending. With the introduction of warping in the 
section the stresses reach the yield limit of the material at a much lower level of 
loading. This great drop in resistance is not reflected in the calculations where 
corresponding to warping the cross section is reduced with a consistently smaller 
area than the one due to bending (Table 3). So, it seems like that the magnitude of 
the stresses due to warping of the section is simply underestimated in the 
calculations. The conservative nature of some of the methods applied throughout 
the calculation give just enough reserve in resistance that overall the section in 
most cases has a small margin of safety even with warping considered. 
In conclusion, it can be said that taking account for warping in such an 
investigation as the one performed here is very much justified. Although, the added 
level of safety in many of the calculations that this work mainly consists of proved 
enough to still yield mostly comforting results when compared to the results of the 
finite element analysis, after a closer look at the root of things it almost seems to be 
only by chance rather than by the clever design of the engineer. A complex network 
of neglected details, under- and overestimations, simplifications eventually lead to 
the obtained results. As noted, outmost care is absolutely paramount when one 
tries to extend the limits of a method, and the motives in doing so must be clearly 
and reliably rationalized by theoretical considerations. 

5.2 Future of the study 
This work had to be restricted due to numerous limitations in time, expenses, 
scope, resources, etc. The results were obtained by using only a small sample and 
were analysed by only one person. Nevertheless, the conducted test delivered the 
results that was expected and, if nothing else, it has definitely justified further 
investigation in the topic. In a future research it would be beneficial to conduct 
physical experiments where at least the FEA can be verified. The sample of test 
specimens (be that physical or digital) should also be extended. Nothing in this 
report has been said about the effects of cross-sectional dimensions other than 
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plate thickness. Testing of commonly used sections and analysing the influence the 
cross-sectional size or shape may have on the investigated phenomena, especially 
the involvement of cold-formed thin walled profiles, could significantly extend the 
field of application of this study. 
From the computational side, other methods of calculations (effective thickness, 
non-linear calculation, etc.) could be considered as a basis of calculation. The 
‘effective width’ method is not the only way plate buckling can be calculated and 
other means may yield better results or prove to be easier to manipulate without 
complicating the calculations too much. 

5.3 Correction of the results 
In this last part a correction of the results is attempted. Here it was not a goal to 
create a method that gave an estimate of the resistance well on the safe side of the 
results of the finite element method. The goal was much rather to mimic as closely 
as possible those results that were accepted as the true resistance of the section. A 
safety margin could be added later by the use of any factor. The method that was 
chosen to achieve this was completely empirical, the correlation between the 
changes in the results and the input variables was used to create a correction 
exponent. With this exponent the verification formula was intended to be modified 
so to improve the accuracy of the results. As before, the specific steps and technical 
details are described in the calculation itself attached in the appendices. Here a 
more general outline of the thought process behind is provided. 
The results were intended to be improved with consideration to two variables of the 
experimental setup: the cross-sectional dimensions and the length of the beam. For 
all the results that were obtained from the analyses an exponent was acquired. 
Raising the calculated results on the power of their corresponding exponents the 
FEA results exactly were attained. When plotting these exponents against the 
length of the beam for every section they followed a nearly linear pattern. This 
linear relation was exploited, and a curve (Eq. 5.1) was fitted on the points that 
represented the exponents of the results (Figure 20). The curve made it possible to 
inter- and extrapolate and to find accurate results for configurations that were not 
tested in present work. 

Figure 20 Assumed 
linear relation of 
the exponents and 
beam length 
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𝑓 𝑥 𝛽 ∗ 𝑥 𝛼 (Eq. 5.1) 
 
Each thus obtained curve represented a specific cross section. The distance 
between these curves, where they intersected with the y-axis (𝛼), was a function of 
the cross-sectional properties that were directly linked to the cross-sectional 
dimensions. To be able to find any sort of correlation a cross sectional parameter 
(𝑋) must have been used; one that was a function of all relevant cross-sectional 
dimensions. Starting from the radius of gyration through trial and error a 
physically meaningless variable was defined (Eq. 5.2) that had the sole purpose of 
establishing a relation between the cross-sectional dimensions and the exponents 
described above. In a chart (Figure 21), the created parameters of the tested 
sections were plotted against their corresponding y intercept values from the 
previous graph (Figure 21). This relation was assumed to be logarithmic and based 
on the results the coefficients of the general logarithmic polynomial fitted on the 
points were determined. 
 

𝑋 .  (Eq. 5.2) 

 

 
Figure 21 Assumed logarithmic relation between y intercept values of the linear 

functions and the created cross-sectional parameters 
 

𝑔 𝑦 𝛾 ∗ ln 𝑦 𝛾 𝛾  (Eq. 5.3) 
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Figure 22 Corrected results

What was essentially achieved this way were two functions with general 
coefficients. The slope of the general linear function 𝛽  was the mean value of the 
grade of all four linear curves. This was a very good approximation since the grades 
were nearly equal. The constant term (𝛼) must have been attained for every cross 
section using the logarithmic function (Eq. 5.3). Three coefficients (𝛾 , 𝛾 , 𝛾 ) of that 
were constant; the created cross-sectional parameter was the only input variable 
(𝑦). Substituting the calculated intercept value as the constant term (𝛼) and the 
length of the beam as independent variable (𝑥) into the linear function (Eq. 5.1) the 
exponent for the specified parameters was found. 
The exponent was chosen to be represented by the Greek letter 𝛿. The modified 
verification formula (Eq. 5.4) therefore would look as follows: 

| | | |
∗ 𝑃 1 (Eq. 5.4)

Where 𝜎  and 𝜎  were the normal stresses due to bending and warping 
respectively. 𝑓  was the yield limit of the material, and 𝑃 was the applied load. 
A few control analyses were run to test the accuracy of the correction method. As it 
can be seen from the results below (Error! Reference source not found.) the 
accuracy of the ultimate load greatly improved even with a varied range of inputs. 

a) b)
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The followings are a sample of the calculation that was performed for each of the sections investigated. The textual descriptions try
to help understand the technical aspects of scripting such a computation. For in-depth theoretical background and explanations
please look into the corresponding chapters of present work.

Material data:

E 210 GPa Young's (elastic) modulus

ν 0.3 Poisson's ratio

G
E

2 1 ν( )
80.769 GPa Shear modulus

fy 355 MPa Material yield limit

ε
235 MPa

fy
0.814 Auxiliary factor for material quality

Cross-sectional properties:
For doubly-symmetric welded I-section

O 0 mm Origin of global coordinate system

w h t( ) h t Web panel theoretical height

f b( ) b Flanges theoretical width

Vectors are indicated with bold font and defined horizontally (then transposed) for space efficiency

y b( ) O f b( )
f b( )

2

f b( )

2
f b( ) O





T
 Vector of y-coordinates of points on the cross section

z h t( ) O O O w h t( ) w h t( ) w h t( )( )T Vector of z-coordinates of points on the cross section

v t tw  t 0 mm tw 0 mm t T Thickness assigned to each plate

np 6 Number of coordinate points on the cross section

i 1 np 1 Indexing of plates building up the cross section

j 1 np Indexing of coordinates points on the cross section

Physical parameters are calculated for each plate separetaly with "for loops" and stored in vectors. The number of executions
in the loops is the number of points on the section. "Global coordinates" correspond to the cross-sectional coordinate
system.

he h t( )

hem
z h t( )

m 1 z h t( )
m



m ifor

he

 Height of each plate

be b( )

bem
y b( )

m 1 y b( )
m



m ifor

be

 Width of each plate

Le h b t( ) he h t( ) 2 be b( ) 2 Length of each plate
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Ae h b t tw  Le h b t( ) v t tw  


 Cross sectional area of each plate

A h b t tw  Ae h b t tw  Cross sectional area of the entire section

yg.e b( )

yg.em

y b( )
m

y b( )
m 1

2


m ifor

yg.e

 Center of gravity of each plate, global y-coordinates

zg.e h t( )

zg.em

z h t( )
m

z h t( )
m 1

2


m ifor

zg.e

 Center of gravity of each plate, global z-coordinates

Sy h b t tw  Ae h b t tw  zg.e h t( ) First moment of area of the section about axis-y

Sz h b t tw  Ae h b t tw  yg.e b( ) First moment of area of the section about axis-z

yg h b t tw 
Sz h b t tw 
A h b t tw 

 Center of gravity of the section, global y-coordinates

zg h b t tw 
Sy h b t tw 
A h b t tw 

 Center of gravity of the section, global z-coordinates

Iy h b t tw 
v t tw  he h t( ) 3

12

Ae h b t tw  zg h b t tw  zg.e h t( ) 2

 Second moment of area of the section about y-axis. The
formula contains the own inertia of the web and the sum of the
Steiner-terms for every plate (the centroid distance of the web
is zero so it is not calculated twice).

Iz h b t tw 
v t tw  be b( ) 3

12

Ae h b t tw  yg h b t tw  yg.e b( ) 2

 Second moment of area of the section about z-axis. The
formula contains the own inertia of the flanges and the sum of
the Steiner-terms for every plate (the centroid distance of the
flanges is zero so it is not calculated twice).

Wy h b t tw 
Iy h b t tw 

max z h t( )( ) zg h b t tw 
 Section modulus for bending in y-direction

Wz h b t tw 
Iz h b t tw 

max y b( )( ) yg h b t tw 
 Section modulus for bending in z-direction

Kv h b t tw  1.1

3
Le h b t( ) v t tw 3 Torsional constant of the section



Kw h b t tw  ω ωs h b t tw 

fω1 m
ω

m


fω2 m
ω

m 1

fω

m ifor

ve1 n
0 mm

ve2 n
Le h b t( )

n


ve

n ifor

s 0 mm 1 mm Le h b t( )
o



ωw s( ) linterp ve
o  fω

o  s





ΔKw
0

Le h b t( )
o

sωw s( ) 2 v t tw o




d

Kw Kw ΔKw

o ifor

Kw



ωs h b t tw 
Δω

1
0

ω
1

0

Δω
m 1 y b( )

m
z h t( )

m 1 y b( )
m 1 z h t( )

m


ω
m 1 ω

m
Δω

m 1

Sω.incm

ω
m

ω
m 1 

2
Ae h b t tw 

m


Sω Sω Sω.incm


m ifor

ωmean

Sω

A h b t tw 


ωs ω ωmean zg h b t tw  y b( ) yg h b t tw  

yg h b t tw  z h t( ) zg h b t tw   



ωs



Sectorial coordinate is calculated with the sectorial
first moment (Sω) with respect to the shear center of

the section. Rather than using numerical methods of
high computational cost, geometric relations are
exploited

Warping constant is calculated with creating matrices with the
values of the sectorial coordinates ( fω) and the corresponding

plate start- and end points (ve). Then, a vector of linear

functions is created ( ωw s( )) that can be integrated along its

length. Every increment from the integration over a plate length
is added to the sum of the previous plates. The sectorial
coordinates from the beginning are stored in a vector that is
referenced in the program to save computational effort.

Loading:

P 28.2 kN Applied load at mid-span

e b( )
f b( )

2
 Load eccentricity

L 4.5 m Beam span



Axial stresses from pure bending:

σMy h b t tw  P L

4 Iy h b t tw 
zg h b t tw  z h t( )  Axial stresses from pure bending (centric load) in the section

beff.M h b t tw  cf
f b( )

2


beff 1
cf

beff 2
cf

ψf 1

kσ.f
1.7

3 ψf


λp.f
1

28.4 ε kσ.f

cf

t


ρos 1 λp.f 0.748if

min
λp.f 0.188

λp.f 2
1.0











otherwise



beff 3
cf ρos

beff 4
cf ρos

beff

 Reduced flange widths. The formulas in the program are the
ones from EN 1993-1-5 in table 4.2. The program scripted in
such a way that it yields correct results for a variety of input
data. The "if" operator is to ensure that. The minimum function
in the definition of the reduction factor ( ρos) is to make sure

that its value can never be greater than 1.0. The reduced and
gross plate widths are assigned to their corresponding flange
parts. This makes scripting significantly easier but the program
is specific to present loading conditions.

ψw.M h b t tw  cw w h t( )

A' A h b t tw  t 2 b beff.M h b t tw 







z'

tw

cw
2

2
 beff.M h b t tw 

3
beff.M h b t tw 

4






t cw

A'


ψw
z'

cw z'


ψw

 Stress ratio. The reduced
cross-sectional area (A') is computed
and then the new center of gravity from
the lower edge is determined (z'). The
stress at each end of the web panel is
proportional to their distance from the
neutral axis.

Reduction factor for the web panel.
The buckling factor (kσ.w) is defined

with "if" operators to take account
for possible stress ratios. The rest
is computed similar to the flanges
only the formula for the reduction
factor ( ρin) is taken from

EN1993-1-5 table 4.1.

ρin.M h b t tw  kσ.w 7.81 6.29 ψw.M h b t tw 

9.78 ψw.M h b t tw  2

 ψw.M h b t tw  1if

5.98 1 ψw.M h b t tw  2 ψw.M h b t tw  1if



λp.w
1

28.4 ε kσ.w

w h t( )

tw


ρin 1 λp.w 0.5 0.085 0.055 ψw.M h b t tw if

min
λp.w 0.055 3 ψw.M h b t tw  

λp.w
2

1.0










otherwise



ρin





Effective cross-sectional properties after reduction as a result of pure bending about axis y:

Y-coordinates of the points on the reduced cross section. The
length of the reduced outstand flange part is simply added to
or subtracted from the half of the original length of the flange.
The points on the web do not change their y-coordinates so to
reduce the length of the vector the correct value is assigned to
them with a "for loop" in the program.

yeff.M h b t tw  yeff 1

f b( )

2
beff.M h b t tw 

1


yeff 2

f b( )

2
beff.M h b t tw 

2


yeff m

f b( )

2


m 3 6for

yeff 7

f b( )

2
beff.M h b t tw 

3


yeff 8

f b( )

2
beff.M h b t tw 

4


yeff



zeff.M h b t tw 
zeff m

0 mm

m 1 3for

zeff 4
w h t( )

w h t( )

1 ψw.M h b t tw 
0.6 ρin.M h b t tw  1 

zeff 5
w h t( ) 0.4 ρin.M h b t tw 

w h t( )

1 ψw.M h b t tw 


zeff n
w h t( )

n 6 8for

zeff



veff.M t tw  t 0 mm tw 0 mm tw 0 mm t T Thickness of plate elements of the effective cross-section.
New values must be assigned so that the removed parts have
zero thickness. 

np.eff.M 8 Number of coordinate points on the effective cross section

k 1 np.eff.M 1 Indexing of plates building up the effective cross section

l 1 np.eff.M Indexing of coordinates points on the effective cross section

From this point the calculation of the effective cross-sectional properties is done the same as it was for the gross cross
section, only the new coordinate points are used and the range for the "for loop"-s changed to the number of points on the
reduced section.

he.eff.M h b t tw 
he.eff m

zeff.M h b t tw 
m 1

zeff.M h b t tw 
m



m kfor

he.eff

 Height of each plate

be.eff.M h b t tw 
be.eff m

yeff.M h b t tw 
m 1

yeff.M h b t tw 
m



m kfor

be.eff

 Width of each plate

Le.eff.M h b t tw  he.eff.M h b t tw 2 be.eff.M h b t tw 2 Length of each plate

Ae.eff.M h b t tw  Le.eff.M h b t tw  veff.M t tw  


 Cross sectional area of each plate

Aeff.M h b t tw  Ae.eff.M h b t tw  Cross sectional area of the entire section

Z-coordinates of the points on the
reduced cross section. The points on
the flanges don't change their
z-coordinates. The intermidiate points
on the web are the points next to the
part "cut out" from the web. The
formulas ensure that the removed part
is located at the correct position on
the web according to Table 4.1
( ψw 0 ).



yg.e.eff.M h b t tw 

yg.e.eff m

yeff.M h b t tw 
m

yeff.M h b t tw 
m 1



2


m kfor

yg.e.eff



zg.e.eff.M h b t tw 

zg.e.eff m

zeff.M h b t tw 
m

zeff.M h b t tw 
m 1



2


m kfor

zg.e.eff



Sy.eff.M h b t tw  Ae.eff.M h b t tw  zg.e.eff.M h b t tw  First moment of area of the section about axis-y

Sz.eff.M h b t tw  Ae.eff.M h b t tw  yg.e.eff.M h b t tw  First moment of area of the section about axis-z

yg.eff.M h b t tw 
Sz.eff.M h b t tw 
Aeff.M h b t tw 

 Center of gravity of the section, global y-coordinates

zg.eff.M h b t tw 
Sy.eff.M h b t tw 
Aeff.M h b t tw 

 Center of gravity of the section, global z-coordinates

Iy.eff.M h b t tw 
veff.M t tw  he.eff.M h b t tw 3

12

Ae.eff.M h b t tw  zg.eff.M h b t tw  zg.e.eff.M h b t tw  2



Axial stress values from bending about
axis-y in the coordinate points of the
reduced cross section.

σMy.eff h b t tw  P L

4 Iy.eff.M h b t tw 
zg.eff.M h b t tw  zeff.M h b t tw  

Axial stresses from warping torsion:

Angle of twist of the section at midspan. The formulas are
taken from "Bygg, band 1A (1971)", table A24:44a.φ h b t tw  α

G Kv h b t tw  L
2



π
2

E Kw h b t tw 


να
π

2
α( )

1

2


χ
3

να
3

να tanh να  

φ
P e b( ) L

3


48 E Kw h b t tw 
χ

φ



Axial stresses from warping torsion in the section
σW h b t tw  B

P e b( ) L

4
G Kv h b t tw  φ h b t tw 

σW
B

Kw h b t tw 
ωs h b t tw 

σW



Center of gravity of each plate, global
y-coordinates

Center of gravity of each plate, global
z-coordinates

Second moment of area of the section about y-axis



ρos.W h b t tw  cf
f b( )

2


ψf 0

kσ.f
1.7

3 ψf


λp.f
1

28.4 ε kσ.f

cf

t


ρos 1 λp.f 0.748if

min
λp.f 0.188

λp.f 2
1.0











otherwise





Reduction of the web panel is not necessary
here as there are no normal stresses in the web
from warping.

Effective cross-sectional properties after reduction of the flanges as a result of warping torsion:

yeff.W h b t tw  cf
b

2


yeff m
y b( )

m
 σW h b t tw 

m
0 MPaif

yeff m
y b( )

m
b

2
cf ρos.W h b t tw 





 otherwise

m jfor

yeff



zeff.W h t( ) z h t( ) Z-coordinates of the points on the reduced cross section. The points don't change their
z-coordinates as the only relevant part, the web, is not reduced for warping

veff.W t tw  v t tw  Thickness of plate elements of the effective cross-section. New values must be assigned
so that the removed parts have zero thickness. 

np.eff.W 6 Number of coordinate points on the effective cross section

a 1 np.eff.W 1 Indexing of plates building up the effective cross section

b 1 np.eff.W Indexing of coordinates points on the effective cross section

From this point the calculation of the effective cross-sectional properties for warping is done the same as it was for the gross
cross section and for the effective section for pure bending, only the new coordinate points are used and the range for the "for
loop"-s is changed to the number of points on the reduced section.

he.eff.W h t( ) he h t( ) Height of each plate

be.eff.W h b t tw 
be.effm

yeff.W h b t tw 
m 1

yeff.W h b t tw 
m



m afor

be.eff

 Width of each plate

Le.eff.W h b t tw  he.eff.W h t( )
2

be.eff.W h b t tw 2 Length of each plate

Ae.eff.W h b t tw  Le.eff.W h b t tw  veff.W t tw  


 Cross sectional area of each plate

Aeff.W h b t tw  Ae.eff.W h b t tw  Cross sectional area of the entire section

Reduction factor of the flanges. The calculation is based on
the same section of the Eurocode as the one for bending. The
stress distribution however has changed so different rows in
the corresponding tables have to be used.

Y-coordinates of the points on the
reduced cross section. The program
identifies the flange parts with tensile
stress ( σW 0 MPa ) and assign their

original coordinates to them. For the
compressed parts the length of the
removed part is subtracted from the
original coordinates.



ωs.eff.W h b t tw  yeff yeff.W h b t tw 

zeff zeff.W h t( )

Ae.eff Ae.eff.W h b t tw 

Δω
1

0

ω
1

0

Δω
m 1 yeff m

zeff m 1
 yeff m 1

zeff m


ω
m 1 ω

m
Δω

m 1

Sω.incm

ω
m

ω
m 1 

2
Ae.effm


Sω.eff Sω.eff Sω.incm


m afor

ωmean.eff

Sω.eff

Aeff.W h b t tw 


ωs.eff ω ωmean.eff

zg.eff.W h b t tw  yeff
yg.eff.W h b t tw 













yg.eff.W h b t tw  zeff
zg.eff.W h b t tw 















ωs.eff



yg.e.eff.W h b t tw 

yg.e.eff m

yeff.W h b t tw 
m

yeff.W h b t tw 
m 1



2


m afor

yg.e.eff

 Center of gravity of each plate, global
y-coordinates

zg.e.eff.W h t( )

zg.e.eff m

zeff.W h t( )
m

zeff.W h t( )
m 1



2


m afor

zg.e.eff

 Center of gravity of each plate, global
z-coordinates

Sy.eff.W h b t tw  Ae.eff.W h b t tw  zg.e.eff.W h t( ) First moment of area of the section about axis-y

Sz.eff.W h b t tw  Ae.eff.W h b t tw  yg.e.eff.W h b t tw  First moment of area of the section about axis-z

yg.eff.W h b t tw 
Sz.eff.W h b t tw 
Aeff.W h b t tw 

 Center of gravity of the section, global y-coordinates

zg.eff.W h b t tw 
Sy.eff.W h b t tw 
Aeff.W h b t tw 

 Center of gravity of the section, global z-coordinates

Kv.eff.W h b t tw  1.1

3
Le.eff.W h b t tw  veff.W t tw 3 Torsional constant

Sectorial coordinates



Kw.eff.W h b t tw  ωeff ωs.eff.W h b t tw 

ΔKw

ωeff m






2
ωeff m

ωeff m 1
 ωeff m 1







2


3
Ae.eff.W h b t tw 

m


Kw.eff Kw.eff ΔKw

m afor

Kw.eff



Warping constant.
Due to the huge
computational cost of
performing numerical
calculations for
numerous factors in
many iterations this
formula had been
simplified. Instead of
the integration its
solution is used.σW.eff h b t tw  Kw.eff Kw.eff.W h b t tw 

ωeff ωs.eff.W h b t tw 

B
P e b( ) L

4
G Kv.eff.W h b t tw  φ h b t tw 

σW.eff
B

Kw.eff
ωeff

σW.eff

 Axial stress values from warping in the
coordinate points of the reduced cross
section.

Verification of the cross section:

For the stresses to be comperable and addible vectors have to be created containing the corresponding stress values in the
relevant points. The stress functions in the beginning of every program are transformed into vectors so the values do not have
to be calculated again and again for every row in every program.

σM.eff.f h b t tw  σMy.eff σMy.eff h b t tw 

σM.eff.f 1
σMy.eff 1



σM.eff.f 2
σMy.eff 2



σM.eff.f 3
σMy.eff 7



σM.eff.f 4
σMy.eff 8



σM.eff.f

 Final stress state due to bending in the four corner points of
the section.

σW.eff.f h b t tw  σW.eff σW.eff h b t tw 

σW.eff.f1
σW.eff 1



σW.eff.f2
σW.eff 2



σW.eff.f3
σW.eff 5



σW.eff.f4
σW.eff 6



σW.eff.f

 Final stress state due to warping in the four corner points of
the section.



imax h b t tw  σM.eff.f σM.eff.f h b t tw 

σW.eff.f σW.eff.f h b t tw 

σsum σM.eff.f σW.eff.f

σmax max σsum 

σmin min σsum 

σex max σmax σmin  σmax σminif

1( ) max σmax σmin  σmax σminif



imax.v match σex σsum 

imax imax.v1




η h b t tw  i imax h b t tw 

σM.eff.f σM.eff.f h b t tw 
i



σW.eff.f σW.eff.f h b t tw 
i



m 0 0.01 30

η
100nP 1

σM.eff.f

fy

σW.eff.f

fy










nP

nP mfor

η

 Verification of the cross section. η is a range
variable that containes a great number of
results of the verification formula. This is
achieved by using a load factor of sufficiently
small increments to linearly increase the
stress in the section. The ratios of stresses
and material yield limit are summed up linearly
here. The resistance of the section is when the
sum of the fractions reaches 1.0.

Geometrical input data:

h 400 mm b 200 mm t 6 mm tw 5 mm

The results of the verification formula are stored in a vector ( ηv). A load factor (nP) from 0 to

30 is assigned to every value in the vector. Because variables defined in a program can only
be recalled in the program nP is defined once again as the same range variable. ηv is then

plotted against the product of the load factor and the load base value to visualize the
structural response of the section. When the plotted curve intersects 1.0 ( limit) the cross
section fails.

ηv η h b t tw  r 1 length ηv  nPr

r 1

100
 limit

r
1.0

ηv

1
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16

0
-37.84·10

0.016
0.024
0.031
0.039
0.047
0.055
0.063
0.071
0.078
0.086
0.094
0.102
0.11
...



0 10 20 30 40 50
0

1

2

ηv

limit

nP
P

kN


iu
res 1 ηvm



break res 0if

m rfor

i match res 1 ηv 1 1

 iu 128 To find the load value that is the ultimate load of the section
first its index in the nP vector must be identified. Starting from

0 every stress ratio is subtracted from 1.0 until the difference
becomes negative ("break" function). Then the index of that
stress ratio is identified ("match" function) and the previous
element of the vector is taken (for that is the last ratio smaller
than 1.0) and its index is the ultimate load index.

imax  is the index of the corner point where the

stress state is the most unfavourable. The
complicated script is because it finds the
maximum stress whether that is tension
(positive) or compression (negative). From the
sum of the two stress states a minimum and a
maximum is chosen, and the one that is
higher in absolute value is used as the
"extreme" value ( σex). The "match" function

returns the index of the σsum vector where it is

equal to σex .



Pu nPiu
P 35.814 kN The ultimate load factor is then multipled with the load base

value to get the ultimate load of the section. The angle of twist
of the section is also linearly dependent on the loading so it
can be traced with the use of the same factor.φu nPiu

φ h b t tw  0.093 rad

The value of the eccentric force on the beam can be plotted against the angle of twist of the midsection. A simple "minimum"
function ensures that the force can never rise higher than the ultimate load. The values for the two variables are stored in
vectors.

PEd
PEdm

min nPm
P nPiu

P







PEd

m rfor φv nP φ h b t tw 

0 5 10 15
0

10

20

30

40

PEd

kN

φv

deg

PEd

1
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16

0
282
564
846
31.128·10
31.41·10
31.692·10
31.974·10
32.256·10
32.538·10
32.82·10
33.102·10
33.384·10
33.666·10
33.948·10
...

N φv

1
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16

0
0.042
0.084
0.126
0.167
0.209
0.251
0.293
0.335
0.377
0.418
0.46
0.502
0.544
0.586

...

deg

Correction of verification
Based on the results from the FEA and the calculations above a correction to the verification formula is offered in the
followings. The correction is made so to take account for the varying beam length and section dimensions. The method is
empirical and restrictions may apply.

Results from FEA (even columns) and Mathcad (odd columns) for sections (from left to right):
400-200-8-5; 400-200-6-5; 400-200-6-3; 400-200-4-5; with corresponding lengths on the right

Lengths of specimens:

result

85272.96094

57175.30078

37427.82031

27771.99023

70000

55400

45200

38800

63914.98828

42625.09766

27669.68555

19851.12305

44800

35800

28200

24000

59765.53516

39347.53125

25209.27148

17899.71289

43400

34400

26600

22200

37673.54297

25639.21094

16873.28711

12102.97266

23800

19000

14800

12600











N length

3.5

4.5

6

7.5











m



Nested vector cointaining the exponents that if the results from
Mathcad are raised to the power of give exactly the FEA
results. Every row in the vector contains a vector of exponents
calculated for a given section with 4 lengths. The results are
made unitless and a "for loop" extracts the relevant value from
the result matrix.

logres res
result

N


logresn
log res 2n 1 

res 2n 
 

n 1 4for

logres



From the exponents specified linear functions are formed so that inter- and extrapolation of the results are possible.

α

α
n

intercept
length

m
logresn








n 1 4for

α

 α is the constant term in the linear function; the y intercept.
Calculated for each of the 4 sections with a built-in Mathcad
function called "intercept".

β

β
n

slope
length

m
logresn








n 1 4for

β

 β is the coefficient of the independent variable of the linear
function or the slope of the function. Calculated for each of the
4 sections with a built-in Mathcad function called "slope".

f x( )

f
n

β
n

x α
n



n 1 4for

f

 f x( ) is the linear function fitted on the points that are the
required exponents for each beam length. The four functions
correspond to the four differently sized sections. The functions
have the form f x( ) β x α ..

x 0 8 Range of plot to visualize the relevant part of the functions

0 2 4 6 8
0.95

1

1.05

1.1

400-200-8-5 (fit)
400-200-6-5 (fit)
400-200-6-3 (fit)
400-200-4-5 (fit)
400-200-8-5 (res)
400-200-6-5 (res)
400-200-6-3 (res)
400-200-8-5 (res)

f x( )1

f x( )2

f x( )3

f x( )4

logres
1

logres
2

logres
3

logres
4

x x x x
length

m


βm mean β( ) In the following the mean value of β will be used. That is a reasonable approximate as the
slopes all have very similar values.



The intercept values for the generated linear functions have to be tied to a cross-sectional property 
that  A) captures the changes in the cross-sectional dimensions B) can be decribed by a function. For 
this purpose an arbitrarily formed variable is formed and called Xcs.

Xcs is essentially a manipulated version of the radius of

gyration. It is made unitless so that the function operations are
executable.Xcs h b t tw 

A h b t tw 
m

2

Iy h b t tw 
m

4







1.5


The cross-sectional variable (Xcs) is calculated for each of the

sections and stored in a vector, then organized into an
ascending order ("sort" function) so it can be plotted. Similarly,
the previously defined α intercept values are ordered so that
the corresponding Xcs α   values are indeed plotted as data

couples.

vX.cs sort

Xcs 400 mm 200 mm 8 mm 5 mm( )

Xcs 400 mm 200 mm 6 mm 5 mm( )

Xcs 400 mm 200 mm 6 mm 3 mm( )

Xcs 400 mm 200 mm 4 mm 5 mm( )



































α sort α( )

The chosen function is a logarithmic one. For the program to be
able to generate the 3 required coefficients (with built-in
function "logfit") a vector of "guess values" is provided; its
values have no specific meaning. The created coefficients are
stored in a vector here called γ. The created logarithmic
function has the form: g x( ) γ

1
ln x γ

2
  γ

3
 .

guess

1

1

4













γ logfit sort vX.cs  α guess 

g x( ) γ
1

ln x γ
2

  γ
3



x 50 70 Range of plot to visualize the relevant part of the functions

Relation between the intercept values of the linear functions and the created arbitrary cross-sectional property:

50 55 60 65 70
1.02

1.04

1.06

1.08

1.1

α

g x( )

vX.cs x



Applying the above for a specific section, 40-20-6-5, the method looks as follows:

Xcs Xcs 400 mm 200 mm 6 mm 5 mm( ) 58.157 The arbitrary cross-sectional parameter of the section is
calculated (made unitless).

The logarithmic function g x( ) with its previously defined
general coefficients ( γ) is used to calculate the intercept
value of the section ( α) for the linear function f x( ).

γ

0.014

51.504

1.049













α γ
1

ln Xcs γ
2

  γ
3

 1.077

For the calculated result from the verification formula to be
equal with that of the FEA it has to be raised to the power of δ.
The exponent is yielded by the linear function f x( ).

δ βm
L

m
 α 1.02

The verification formula therefore changes to the following. Note, that because in the beginning of the correction calculation
the results were made unitless and their values in Newton (N) were used to calculate the exponent, P has to be substitute in
the formula in Newton as well.

σM

fy

σW

fy










P

1 δ

δ
 1

Checking the section at hand with the modified verification formula yields the following results:

σM σM.eff.f h b t tw imax h b t tw  Stresses at the relevant point of the section, extracted from the
stress vectors with the imax index. The stresses here are

results of the eccentric base force defined earlier in the
"Loading" section. In the following this force will be called Papp.

σW σW.eff.f h b t tw imax h b t tw 

Papp P 28.2 kN

This force causes under 65% utilization of the section
according to the modified verification formula.

σM

fy

σW

fy










Papp

N









1 δ

δ

 0.641

Pu 35.814 kN Checking the section for the ultimate force (Pu) calculated

earlier with the original verification formula. According to the
modified formula it now causes only slightly more than 80%
utilization. For this check the stresses have to be scaled up
with the ultimate load factor (nPiu

) to get the right normal

stresses in the section.

nPiu

σM

fy

σW

fy











Pu

N









1 δ

δ

 0.81

To determine the "new" ultimate force (Pu) of the section the built-in solver of Mathcad is used. Given are a guess value for P

which is to be determined and the modified verification formula. The stresses are normalized with the applied force Papp and

then multiplied with the variable P, hence the change in the exponent of the formula.

Given P 1 N
With the modified verification formula the ultimate force of the
section became only slightly higher than that extracted from
the FEA (Pu.FEA). Given the approximate nature of the

calculation the difference is well in the acceptable range.

N

Papp

σM

fy

σW

fy











P

N






1

δ

 1=

Pu Find P( ) 44.405 kN

Pu.FEA result
2 3 42.625 kN difference 1

Pu.FEA

Pu
 4.01 %
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Appendix B 

In the followings, supplementary information regarding the finite element model is 
provided. The description here is meant to enlighten some of the technical details 
of the conducted finite element analysis in addition to the previous theoretic 
account. 

The input variables for the analyses were manipulated through a model data file 
that could simply be opened in Windows’ Notepad (Figure 23). 

Figure 23 Model data file as can be seen in Notepad 

The referenced material model file (S355.mtl) contained the coordinate points for 
the plastic strain curve of the material model. This file could also have been opened 
and manipulated in Notepad, but throughout the course of this work it has 
remained the same. 

When the ‘Type of analysis’ in the model data file was set to ‘B’ the program 
through which the file was read created an input file (.inp) for buckling analysis 
(Figure 24). This file then could have been imported in the Abaqus software 
interface. 

After the buckling analysis had successfully run, browsing through the results the 
relevant buckling modes had to be found (Figure 25). These were the ones with the 
lowest positive eigenvalues of the shapes for bow-type global buckling and local 
buckling of the loaded flange. The mode number of the shape could then have been 
entered in the model data file, the scaling factors properly been set and, after 
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Figure 24 Generating an input file with the program

changing the type of analysis to ‘A’ for full non-linear analysis, a new input file been 
generated in the program. 
 

 
 
 

 
Figure 25 Required input for the program from the buckle analysis 
 
The thus obtained input file for the full analysis was then ready to be run in 
Abaqus. It only had to be imported in the software the same way as the buckle 
analysis input file before and the job for the non-linear analysis be created. The 
resulting final deformed shape of the beam and the ultimate stresses can be seen in 
Figure 26. 
 
For further analysis plots of various values in predefined points could have been 
created. In this study the reaction force at the loading point and the angle of twist 
at the same place was of interest. These were possible to attain in the XY Data 
manager of Abaqus through creation and manipulation of history outputs. 
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Figure 26. Final visualization of the results
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