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Abstract  

The thesis is dedicated to expanding knowledge on two duct acoustic issues 

including: 1) the optimal damping of low frequency sound and 2) the development and 

application of ‘slow sound’.  

To address the first issue, the ‘Cremer impedance’ proposed more than half a century 

ago has been revisited and further developed. The original motivation is to extend the 

concept from large duct applications, such as aero-engines, to low frequency 

applications including vehicle intake and exhaust or cooling and ventilation systems. 

This leads to the derivation of the ‘exact’ solution of the Cremer impedance for single-

lined rectangular ducts valid in the low frequency range in the presence of a ‘plug’ flow. 

A substantial improvement in the low frequency damping is achieved with the exact 

solution and a measurement campaign is carried out to validate this.  

However, for both circular and rectangular ducts (including single-lined and double-

lined types) the exact solution of the Cremer impedance has a negative real part in the 

low frequency range. This indicates that an active boundary is required to provide the 

optimal damping. Two investigations on the negative resistance are conducted. First, 

the ‘plug’ flow is replaced by a sheared flow by changing the boundary condition in the 

optimization model. With this modification, the Cremer impedance is recalculated and 

the negative resistance is still found in most cases, demonstrating that the negative 

resistance is not necessarily an artefact of the boundary condition. Second, since the 

Cremer impedance is based on mode-merging, a mode-merging analysis is carried out. 

The merging result shows that the downstream results are always valid, but some of the 

upstream results in the low frequency range are invalid in the sense that unexpected 

mode pairs merge, and the corresponding damping is smaller than expected. This 

finding is true for both the fundamental mode and higher order modes. 

Regarding the second issue, ‘slow sound’ or sound with a much reduced ‘phase 

velocity’ is investigated using a resonant periodic system in the low frequency range. 

This can be seen as an acoustic metamaterial where sound propagates at a much smaller-

than-normal speed around its resonance frequency. Following a hydrodynamic particle 

agglomeration model, the slow sound is applied to manipulate the distribution of small 

particles in the vehicle exhaust system. Although in principle this acoustic 

agglomeration method can work, it will only be efficient if the wave damping in the 

metamaterial is kept small.   
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Sammanfattning  

Denna avhandling har till syfte att öka kunskapen om akustiska problem i kanaler, 

inklusive: 1) optimal dämpning av lågfrekvent ljud och; 2) utveckling och tillämpning 

av ‘slow sound’. 

När det gäller det första problemet, har ‘Cremer-impedansen’, som föreslogs för mer 

än ett halvt sekel sedan studerats och vidareutvecklats. Detta möjliggör nya 

tillämpningar svarande mot lågfrekvent ljud som insugnings- och avgassystem för 

fordon samt ventilationssystem. En ‘exakt’ lösning av Cremer-impedansen för 

rektangulära kanaler med en ljuddämpande vägg giltig i lågfrekvensområdet har härletts. 

En väsentlig förbättring av lågfrekvent dämpning har uppnåtts med denna lösning vilket 

även validerats med mätningar. 

Emellertid har den exakta lösningen av Cremer-impedansen en negativ realdel 

(‘resistans’) i lågfrekvensområdet, vilket betyder att en aktiv väggbeklädnad är 

nödvändig för att åstadkomma optimal dämpning. Två undersökningar av den negativa 

resistansen har genomförts för att studera om dessa lösningar är realiserbara. I den första 

ändrades randvillkoret för att inkludera gränsskikt i strömningen. Resultatet visade att 

negativ resistans erhålls i de flesta fall även med det modifierade randvillkoret. I den 

andra studerades lösningens giltighet i det komplexa vågtalsplanet. Resultatet visade att 

lösningen nedströms alltid är giltig medan vissa lösningar uppströms i 

lågfrekvensområdet är ogiltiga. Detta resultat gäller i princip för alla vågor eller moder 

i en kanal.  

När det gäller det andra problemet undersöktes möjligheterna att skapa ‘slow sound’, 

dvs ljud som utbreder sig mycket långsammare än normalt, genom att utnyttja ett 

resonant periodiskt system i en kanal i lågfrekvensområdet.  Detta kan ses som ett s.k. 

akustiskt metamaterial och kan nyttjas för att med hjälp av starka ljudvågor påverka små 

partiklar som tvingas att kollidera och bli större. En studie om denna metod för 

sammanslagning av partiklar (‘particle agglomeration’) kan nyttjas för avgasrening har 

genomförts. Metoden är teoretiskt möjlig men begränsad av att tekniken för att skapa 

‘slow sound’ inte bara saktar ned ljudvågen utan även dämpar dess amplitud och 

därigenom minska ljudvågens påverkan på partiklar.   



iii 
 

Papers Appended to the Doctoral Thesis 

A. Zhang, Z., Kabral, R., Nilsson, B. and Åbom M., “Revisiting the Cremer Impedance,” 

Proceedings of Meetings on Acoustics 30, 040009, 2017. 

http://dx.doi.org/10.1121/2.0000619. 
 

“Zhang summarized the Cremer solution for circular and single-lined rectangular ducts. 
Kabral performed the wave propagation analysis with the methodology proposed by 
Nilsson. Åbom discussed, reviewed and supervised all the work”. 

 

B. Zhang, Z., Tiikoja, H., Peerlings, L. and Åbom, M., “Experimental Analysis on the 

‘Exact’ Cremer Impedance in Rectangular Ducts,” SAE Technical Paper 2018-01-

1523, 2018. 

https://doi.org/10.4271/2018-01-1523. 
 

“Zhang designed the measurement, performed the uncertainty analysis and post-
processed the data. Tiikoja and Peerlings conducted the measurement. Åbom discussed, 
reviewed and supervised all the work”. 

 
C. Zhang, Z., Bodén, H. and Åbom, M., “The Cremer Impedance: An Investigation of 

the Low Frequency Behaviour,” (submitted to JSV). 
 

“Zhang derived the Cremer solution for sheared flow, investigated the validity of the low 
frequency result and proposed the solution for higher order modes. Åbom and Bodén 
discussed, reviewed and supervised all the work”. 

 
D. Zhang, Z., Åbom, M. and Bodén, H., “‘Double-’ and ‘Triple-root’ Cremer Impedance 

for a Rectangular Duct with Opposite Lined Walls,” (to be submitted). 
 

“Zhang derived and investigated the Cremer solution for double-lined rectangular ducts. 
Åbom and Bodén discussed, reviewed and supervised all the work”. 

 
E. Zhang, Z., Åbom, M., Bodén, H., Karlsson, M. and Katoshevski, D., “Particle 

Number Reduction in Automotive Exhausts Using Acoustic Metamaterials,” SAE 
International Journal of Engines 10(4), 1566-1572, 2017. 

https://doi.org/10.4271/2017-01-0909. 
 

“Zhang established the acoustic agglomeration model on the basis of Katoshevski’s 
hydrodynamic model. Åbom, Bodén and Karlsson discussed, reviewed and supervised all 
the work”. 
 

http://dx.doi.org/10.1121/2.0000619
https://doi.org/10.4271/2018-01-1523
https://doi.org/10.4271/2017-01-0909


iv 
 

F. Zhang, Z., Tiikoja, H., Åbom, M. and Bodén, H., “Experimental Analysis of Whistle 

Noise in a Particle Agglomeration Pipe,” Inter-Noise 2018, Chicago, IL, USA, 2018. 

doi: 10.1115/NCAD2018-6116.  
 

“Tiikoja conducted the measurements. Zhang post-processed the data and ran the 
simulations. Åbom and Bodén discussed, reviewed and supervised all the work”. 

 

Contributions to Conferences 

 Zhang, Z., Bodén, H., Åbom, M., Jing, X. D. and Du, L., “Recent Development in 

the Cremer Impedance: Concept Extension, Experimental Analysis and Numerical 

Validation,” 25th AIAA/CEAS Aeroacoustics Conference, Delft, Netherlands, 2019. 

 
 Zhang, Z., Åbom, M. and Bodén, H., “The Cremer Impedance for Double-lined 

Rectangular Ducts,” Inter-Noise 2019, Madrid, Spain, 2019. 

 
 Zhang, Z., Bodén, H., Åbom, M., Du, L. and Jing, X. D., “Investigation of the ‘Exact’ 

Cremer Impedance,” ICSV 25, Hiroshima, Japan, 2018. 

 
 Spillere, A., Zhang, Z., Cordioli, J., Åbom, M. and Bodén, H., “Optimum Impedance 

in the Presence of an Inviscid Sheared Flow,” 24th AIAA/CEAS Aeroacoustics 
Conference, Atlanta, GA, USA, 2018. 

 
 Kim, D. Y., Ih, J. G., Zhang, Z. and Åbom, M., “A Virtual Herschel-Quincke Tube 

Using Slow Sound,” Inter-Noise 2017, Hong Kong, China, 2017. 

 
 Zhang, Z., Åbom, M. and Bodén, H., “Acoustic Metamaterials seen from the 

Perspective of Duct Acoustics,” BNAM 2016, Stockholm, Sweden, 2016. 

 

 

 

 

 

The work has been funded with the financial support from the Chinese Scholarship 

Council (CSC) and the Competence Center for Gas Exchange (CCGEx) at KTH 

(www.ccgex.kth.se).  

http://proceedings.asmedigitalcollection.asme.org/proceeding.aspx?articleid=2707357
https://www.ccgex.kth.se/


v 
 

Contents   
       

Abstract .......................................................................................................................... i 

Papers appended to the doctoral thesis....................................................................... iii 

Contents ........................................................................................................................ v 

 

I    Summary and Overview ......................................................................................... 1 

1    Introduction ............................................................................................................ 3 

2    Optimal Damping with the Cremer Impedance ................................................. 11 

2.1 The ‘Exact’ Cremer Impedance for Single-lined Rectangular Ducts ............ 11 

2.2 Experimental Analysis of the Exact Cremer Impedance in Rectangular Ducts . 14 

2.3 Investigation of the Cremer Impedance in the Low Frequency Range ....... 18 

2.4 The Cremer Impedance for Higher Order Modes ......................................... 20 

2.5 The Cremer Impedance for Double-lined Rectangular Ducts ...................... 21 

3    Application of Slow Sound in Ducts .................................................................... 25 

3.1  Slow Sound in Acoustic Metamaterials .......................................................... 25 

3.2  Manipulation of Particle Distribution with Slow Sound ............................... 27 

3.3  Experimental Analysis of the Particle Agglomeration Pipe .......................... 27 

4    Key Results and Summary of the Appended Papers ........................................... 33 

4.1 Paper A ............................................................................................................ 35 

4.2 Paper B............................................................................................................. 38 

4.3 Paper C ............................................................................................................ 42 

4.4 Paper D ............................................................................................................ 52 

4.5 Paper E ............................................................................................................. 54 

4.6 Paper F ............................................................................................................. 57 

5    Conclusion and Future Work ............................................................................... 61 

Bibliography ................................................................................................................ 65 

 

II    Appended Papers ................................................................................................. 75 





1 
 

 

 

 

  

 

 

 

 

 

 

 

 

 

 

 

 

Part I 

Summary and Overview 

  



 

 

 

  



3 
 

Chapter 1 

Introduction  

The vehicle intake and exhaust system, as a key accessory component of an 

internal combustion engine (ICE), has been and will be widely used for both light- 

and heavy-duty vehicles including gasoline/diesel vehicles as well as HEVs (hybrid 

electric vehicles)/PHEVs (plug-in hybrid electric vehicles) [1] and REEVs (range 

extended electric vehicles) [2]. This is true before BEVs (battery electric vehicles) 

[3] and FCVs (fuel cell vehicles) [4, 5] become mass-produced. Fig. 1.1(a) and (b) 

shows the newly launched Volvo Cars’ T6 Drive-E engine and the CMA (Compact 

Modular Architecture) platform designed for gasoline/diesel vehicles, respectively 

[6]. Therefore, research on the inherent problems of the intake and exhaust system, 

including noise control [7, 8] and particulate matter (PM) emission treatment [9], 

are still very important.     

 

(a)                                                           (b) 

         

Figure 1.1. (a) Volvo Cars’ inline four-cylinder T6 Drive-E engine using both 
supercharging and turbocharging technology. (b) The recently developed CMA 
platform for compact gasoline/diesel vehicles including Volvo XC40 (note the 
mufflers on the rear axle and in the powertrain which are encircled) [6]. 
 

1.1 Noise Control 

The intake and exhaust noise from ICEs proves to be an important noise source 

not only inside the vehicle cabin but also for the surrounding environment [7, 10, 

11]. Effective noise control techniques are thus needed since the exhaust noise levels 

file:///C:/Users/zz/Desktop/research/thesis/IC-Engine%23_8Bodén,_H.,_
file:///C:/Users/zz/Desktop/research/thesis/Turbocharger%23_Kabral,_R.,_
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are often near or even exceed 160 dB(A) in the exhaust manifolds close to the engine 

[10] and the intake noise from, e.g. the turbo-compressor, is also increasingly 

discernible [11], creating a serious NVH (noise, vibration and harshness) problem 

for the passengers. To make it worse, without a proper control the intake and 

exhaust noise can propagate into nearby buildings with little attenuation due to its 

low frequency content [7]. 

The noise control techniques currently applied on the intake and exhaust system 

are mainly based on reflection and dissipation. The former mechanism is realized 

by using resonators [12, 13]. Effective as they are, the resonators are relatively 

sensitive to the flow speed and their position in the intake and exhaust system. In 

addition, they usually only provide a narrow band damping, thus requiring a 

number of resonators of different geometry for a wide band attenuation. This 

unnecessarily increases the weight and size of the muffler package. For the 

dissipation, it is mainly determined by the sound absorption property of the source, 

the resistive losses caused by viscous effects in filters and fibrous materials, and the 

turbulence created by flow separation. In practice, resonators are best used to 

reduce the low frequency sound, while for the mid-to-high frequency range 

dissipative types of silencers are preferred [12]. 

A new alternative to design very efficient and compact dissipative silencers has 

recently been proposed by Kabral et al. [14]. This new design used the so-called 

‘Cremer impedance’ created by a locally reacting wall built up from a micro-

perforated panel (MPP) in front of a small air-cavity. Unlike other dissipative 

silencers built with fibrous materials that can pollute the environment and affect 

the engine, the dissipation of this silencer is controlled by the small MPP apertures 

[15]. In this thesis, further investigations on this new type of ‘Cremer silencer’ are 

conducted as the first topic.    

The Cremer impedance or solution refers to the locally reacting boundary 

condition that can maximize the propagation damping of a certain acoustic mode in 

a duct with infinite length. This solution for optimal damping was first proposed by 

Cremer [16] in 1953, and at that time it was dedicated to the fundamental mode in 

a rectangular duct with zero mean flow. Tester [17, 18] extended the concept in 

1973 by giving the solution for an arbitrary mode in the presence of a ‘plug’ flow. 

The solution for the fundamental mode in circular ducts was also proposed [18]. 

According to Cremer and Tester, two acoustic modes will merge or in other words, 

become identical under the optimum condition (the first order derivative of the 

eigenvalue equation equals zero). This implies a double root and that the optimum 

radial/transverse wavenumber is a branch point of the eigenvalue equation. 

file:///C:/Users/zz/Desktop/research/thesis/IC-Engine%23_8Bodén,_H.,_
file:///C:/Users/Mats/AppData/Local/Temp/Turbocharger%23_Kabral,_R.,_
file:///C:/Users/zz/Desktop/research/thesis/On%23_11Ingard,_U.,_
file:///C:/Users/zz/Desktop/research/thesis/Theory%23_14Cremer,_L.,_
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Inspiring as their work is, the original research [16-18] regarding the Cremer 

impedance is limited in the following respects: 
 

 When solving for the Cremer impedance in the presence of a mean flow, Tester 

simplified the governing equation (the branch point equation) by introducing 

the ‘well cut-on’ assumption and therefore obtained a high-frequency 

asymptotic solution (referred to hereafter as the ‘classic solution’). This solution 

is only suitable for large duct applications like aero-engines [18]. For small 

Helmholtz number applications such as the vehicle intake and exhaust system, 

it is no longer accurate, i.e., the optimal damping cannot be achieved. 
 

 If the ‘well cut-on’ assumption Tester used is removed, then it is found that the 

new solution (referred to hereafter as the ‘exact solution’) is peculiar in the sense 

that the low frequency Cremer impedance in both the up- and downstream 

directions has a negative real part [20]. This negative resistance may not be 

physically correct [18]. In addition, it is also difficult to realize in practice since 

an active noise control method has to be used. In previous research, the solution 

with a negative resistance was removed in the discussion of optimal damping, 

such as in references [18, 19] and described but without a detailed analysis in 

reference [20]. 
 

 In Tester’s optimization model [18], a simplified ‘plug’ flow was used, which is 

defined as a uniform mean flow that ‘slips’ on the duct wall. Accordingly, the 

Ingard-Myers boundary condition [21, 22] was applied. With this simplification, 

the potential effect of boundary layers on the Cremer impedance was neglected. 

However, based on previous research [23-25], the boundary layer effect can 

influence the result, especially in the upstream direction. Therefore, an 

alternative to the Ingard-Myers boundary condition which applies for a sheared 

flow should be adopted. Moreover, the Ingard-Myers boundary condition 

assumes the continuity of normal displacement at the lined wall, which may not 

be physically correct in the low frequency range where the continuity of mass 

velocity should be applied instead [26, 27]. 
 

 The optimum condition given by Cremer and Tester [16-18] is supposed to lead 

to the coalescence or merging of two acoustic modes. It has been assumed that, 

taking the solution for the fundamental mode for instance, the fundamental 

mode and the first higher order mode will merge. However, there is no 

file:///C:/Users/zz/Desktop/research/thesis/Theory%23_14Cremer,_L.,_
file:///C:/Users/zz/Desktop/research/thesis/Influence%23_19Ingard,_U.,_
file:///C:/Users/zz/AppData/Roaming/Microsoft/Word/Effect%23_Eversman,_W.,_
file:///C:/Users/zz/AppData/Roaming/Microsoft/Word/Boundary%23_Gabard,_G.,_
file:///C:/Users/zz/AppData/Roaming/Microsoft/Word/Theory%23_14Cremer,_L.,_
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mathematical demonstration that this assumption is always valid and different 

mode-merging patterns may substantially reduce the damping. 
 

 The Cremer impedance for higher order modes in rectangular ducts were 

derived [17, 18] with the ‘well cut-on’ assumption and therefore may not be 

sufficiently accurate for modes that are ‘just cut-on’, i.e., in the frequency range 

right above the cut-on frequency. In addition, the solution for an arbitrary mode 

in circular ducts is yet to be given. 
 

 The Cremer impedance for single-lined rectangular ducts can be used on two 

opposite walls provided the source is symmetric [16, 17]. But unlike the single-

lined case where the fundamental and the first higher order mode merge, it 

becomes the second higher order mode that is involved in merging, which may 

not be desirable for low frequency damping. Configurations that can ‘break the 

symmetry’ is a reasonable and promising substitution to increase the damping. 

Alternatively, as demonstrated by Zorumski and Mason [28], it is also possible 

to create conditions for two different impedances on opposite walls by setting 

not only the first but also the second order derivative of the eigenvalue equation 

to zero. By this means, three instead of two modes will merge and consequently 

an improvement in damping may be achieved. 

To address most but not all of these limitations, this thesis extends the research 

on the Cremer impedance by: 

 

 Deriving the exact Cremer impedance for single-lined rectangular ducts in the 

presence of a ‘plug’ flow. 
 

 Experimentally demonstrating the advantage of the exact solution in terms of 

low frequency damping. 
 

 Investigating the effect of boundary layers on the Cremer impedance by 

replacing the Ingard-Myers boundary condition with the Brambley boundary 

condition [29]. 
 

 Validating the low frequency result by checking the mode-merging pattern for 

solutions concerning both the fundamental mode and higher order modes. 
 

 Pursuing the Cremer impedance for double-lined rectangular ducts by either 

breaking the symmetry with ‘double-root’ solutions or directly constructing 

‘triple-root’ solutions. 

file:///C:/Users/zz/Desktop/research/thesis/Theory%23_14Cremer,_L.,_
file:///C:/Users/zz/Desktop/research/thesis/Well-posed%23_27Brambley,_E.,_
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1.2 Emission Control 

The second issue of this thesis concerns engine/exhaust after-treatment (EAT) 

using acoustic waves. The exhaust particulate matter (PM) generated from complete 

or incomplete combustion of fuel in ICEs may result in the formation of complex 

mixtures of gaseous (gas-phase hydrocarbons, CO, CO2, NO, NO2, SO2) and 

particulate exhaust (carbonaceous matter, sulphate and trace elements), which 

contains more than 40 different environmental contaminants. Being exposed to 

such exhaust can lead to health conditions such as asthma and lung cancer [30]. 

Especially, submicron particles, which constitute the vast majority of both the 

number and mass of diesel engine exhaust PMs, prove to have a longer residence 

time in air and higher penetration ability into the human respiratory system, 

indicating a larger risk to both the environment and human health [31, 32]. The 

number and volume distribution of the exhaust PM for a typical heavy-duty engine 

is illustrated in Fig. 1.2 [33]. 

 

 

Figure 1.2. Typical PM number and volume profile of the emissions from a heavy-
duty engine [33]. 

 

Increasingly strict regulations on vehicle emission have been introduced and 

with the evolution of modern direct injection engines that produce a large number 

of really small sub-micron particles, the focus has increased even further and now 

also includes a number count. Accordingly, efforts have been focused on both the 
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suppression of particulate formation inside the engine cylinders and the 

development of after-treatment devices, such as three-way catalytic (TWC) 

converters and particulate filters (including both diesel- and gasoline-type, i.e., DPF 

and GPF). To keep the pressure loss penalty over the after-treatment devices as 

small as possible, these filters are most often of deep-bed filtration type where the 

mean pore size of the filter media (typically in micrometres) is larger than the mean 

diameter of the collected particles (typically in nanometres), and the particles are 

deposited on the media through a combination of diffusional and inertial deposition. 

In practice, when the filter becomes saturated, there is also a contribution from 

surface-type filtration, where the pore diameter is generally smaller than the 

particle diameter, and the particles are deposited through sieving [34, 35]. 

A novel PM after-treatment concept, particle grouping/agglomeration, has 

recently been proposed by Katoshevski and coworkers [36, 37]. Applying this 

concept, particle groups where the particle number and mass concentrations are 

clearly higher than in other regions can form. A schematic diagram of the grouping 

phenomenon in an oscillating flow is shown in Fig. 1.3, where the length of the 

arrows represents the values of the flow velocity. The grouping phenomenon can 

be related to non-zero relaxation time of particles in an oscillating flow field. When 

the flow behaves as either a propagating or a standing wave, particles may 

experience successive accelerations and decelerations depending on their relative 

positions in the wave, and consequently these particles will group or separate. 

Eventually, stable regions where particles are accumulated will form. By this means, 

the number, mass and volume distribution of the exhaust PM can be shifted, and 

larger particles agglomerated from smaller ones can be filtered more easily. Based 

on the research in reference [36], particle trajectories will converge when a certain  

 

 

Figure 1.3. A schematic diagram of particle agglomeration in a 1-D oscillating flow 
(Paper E). 

 

file:///C:/Users/zz/AppData/Roaming/Microsoft/Word/Engines%23_4Kittleson,_D.,_
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condition regarding the velocity magnitude of the steady flow, the flow phase and 

the flow oscillation is satisfied. Based on this theory, a series of agglomeration 

prototypes (corrugated pipes with continuous expansion and contraction sections) 

for different ICEs have been designed and tested [36, 37]. 

Following the 1-D hydrodynamic model proposed by Katoshevski [36, 37] but 

assuming the flow oscillations are created due to sound propagation rather than 

geometry changes of the exhaust pipe, an acoustic agglomeration model is proposed. 

The relationship between the sound ‘phase velocity’, the mean flow velocity and 

the amplitude of the acoustic particle velocity required for agglomeration is given. 

Unlike some other acoustic agglomeration methods in which particles agglomerate 

due to the interaction between the acoustic radiation force, fluid drag, buoyancy 

and gravity force within a horizontal ultrasonic standing wave field [38], particles 

in the current model are only subject to the viscous drag force (the ‘Stokes force’) 

generated due to the relative motion between the flow and the particles [39]. In 

addition, the flow oscillations in the current model are created by the noise emitted 

from machines, such as an ICE, instead of any external sound sources.  

One among other primary conditions for agglomeration to be achievable in this 

acoustic model is that the ‘phase velocity’ of the sound wave should be of the same 

order as the mean flow velocity. This means that, in the case of the vehicle exhaust 

system where the Mach number of the exhaust flow is usually no larger than 0.3, 

the propagation of the sound wave should be much slower than that in normal cases 

(around 343 m/s at room temperature). To address this issue, a component which 

can produce a low ‘phase velocity’ or ‘slow sound’ is essential. This can be achieved 

using so-called acoustic metamaterials [40-43]. An analysis of the extraction of 

acoustic properties, e.g., the ‘phase velocity’, from the metamaterial models is 

presented. 

 

In a short summary, this thesis pursues the aim to study and bring new results 

concerning two issues, viz., optimal damping of sound in ducts and use of acoustic 

waves for particle agglomeration. One important application area is the ICE intake 

or exhaust system, but of course the results have a much wider range of possible 

applications for noise and emission control in duct systems. 

 

The majority of the work is conducted in the Marcus Wallenberg Laboratory for 

Sound and Vibration Research (MWL) and the Competence Center for Gas 

Exchange (CCGEx) at KTH.  
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The organization of the thesis is as follows. After this introduction the theory 

and methodology used to investigate the Cremer impedance and acoustic 

agglomeration are given in Chapter 2 and Chapter 3, respectively. This is followed 

by a summary of the key results of the appended papers in Chapter 4. The 

conclusions and possible future work are presented in Chapter 5.
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Chapter 2 

Optimal Damping with the Cremer 
Impedance 

In this chapter, the issue of the optimization of low frequency noise damping in 

flow ducts with different cross-sectional shapes is considered with the development 

and application of the Cremer impedance or solution. More specifically, the exact 

Cremer solution for single-lined rectangular ducts that is accurate in the low 

frequency range is derived (Section 2.1) and experimentally analyzed (Section 2.2). 

The negative resistance observed in the very low frequency range is numerically 

investigated (Section 2.3). In addition, the Cremer solutions for higher order modes 

in both circular and rectangular ducts are obtained and discussed (Section 2.4). Last 

but not least, the concept of the Cremer impedance is extended to double-lined 

rectangular ducts and different double- and triple-root solutions are provided and 

compared (Section 2.5). 

2.1 The ‘Exact’ Cremer Impedance for Single-lined Rectangular Ducts 
(Paper A) 

The structure considered here is an infinitely-long single-lined 2-D rectangular 

duct with a ‘plug’ flow [18], that is, a uniform mean flow that moves in parallel with 

the duct wall (the considered structure is illustrated in Fig. 2.1). The flow speed is 

constant (equal to 𝑈𝑥) throughout the whole cross-section of the duct, i.e., the flow 

slips at the wall, and the corresponding boundary condition [21, 22] for the acoustic 

field in this ‘plug’ flow is that the ratio between the pressure (𝑝) and the normal 

displacement (𝜉𝑦) is continuous at the wall (𝑤) 

 
𝑝𝑤

𝜉𝑦𝑤
= 𝑍𝑑𝑤, (2.1) 

where 𝑍𝑑𝑤  is the wall displacement impedance. Alternatively, the boundary 

condition can be expressed using the ‘usual’ wall impedance or admittance 𝛽𝑤 

(assuming a time dependence of 𝑒i𝜔𝑡) [18] 
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Figure 2.1. Sketch of an infinitely-long single-lined 2-D rectangular duct with a ‘plug’ 
flow and a propagating mode defined by a wavenumber 𝒌. 

  

 
i𝜔𝜉𝑦𝑤

𝑝𝑤
= 𝛽𝑤. (2.2) 

The acoustic particle velocity normal to the wall can be related to the 

displacement via 𝑣𝑦𝑤 =
𝐷𝜉𝑦𝑤

𝐷𝑡
 where 

𝐷

𝐷𝑡
≡

𝜕

𝜕𝑡
+ 𝑈𝑥

𝜕

𝜕𝑥
 so that (assuming a wave 

ansatz proportional to 𝑒−i𝑘𝑥𝑥) 

 𝑣𝑦𝑤 = i(𝜔 − 𝑘𝑥𝑈𝑥)𝜉𝑦𝑤 = i𝜔(1 −𝑀𝑥 ∙ 𝑘𝑥ℎ 𝑘ℎ⁄ )𝜉𝑦𝑤, (2.3) 

in which 𝑀𝑥 =
𝑈𝑥

𝑐0
 is the mean flow Mach number, 𝑘ℎ is the Helmholtz number and 

𝑘𝑥ℎ is the Helmholtz number along the duct axis 𝑥 or the axial Helmholtz number. 

Using the Euler equation in the 𝑦 direction 

 𝜌0
𝐷𝑣𝑦𝑤

𝐷𝑡
= −

𝜕𝑝𝑤

𝜕𝑦
 , (2.4) 

and substituting Eq. (2.3) into Eq. (2.4), one can get the eigenvalue equation [18] 

 i𝑘ℎ�̅�𝑤 = (1 −𝑀𝑥 ∙ 𝑘𝑥ℎ 𝑘ℎ⁄ )−2 ∙ 𝑘𝑦ℎ ∙ tan(𝑘𝑦ℎ), (2.5) 

where �̅�𝑤 = 𝜌0𝑐0 ∙ 𝛽𝑤 is the normalized wall admittance (𝜌0 is the density and 𝑐0 is 

the sound speed) and 𝑘𝑦ℎ is the transverse Helmholtz number. 

As initially proposed by Cremer [16] and further extended by Tester [17, 18], an 

optimum axial Helmholtz number (𝑘𝑥ℎ)𝑜𝑝𝑡 exists, which can lead to the maximum 

level of propagation damping of a certain acoustic mode (the least attenuated one, 

i.e., the one with most of the acoustic energy) in the infinitely-long duct. This 

optimum axial Helmholtz number can be obtained by setting the first order 

derivative of the eigenvalue equation (Eq. (2.5)) equal to zero. It is demonstrated 
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that under this optimum condition, two acoustic modes will become identical in the 

sense that they will merge in the complex transverse Helmholtz number plane, thus 

making the optimum transverse Helmholtz number (𝑘𝑦ℎ)𝑜𝑝𝑡 a branch point of the 

eigenvalue equation [16-18]. 

Following Tester [17, 18], the optimum Helmholtz numbers in the transverse 

and axial directions are the solution to the branch point equation 

 
𝜕

𝜕(𝑘𝑦ℎ)
[(1 − 𝑀𝑥 ∙ 𝑘𝑥ℎ 𝑘ℎ⁄ )−2 ∙ 𝑘𝑦ℎ ∙ tan(𝑘𝑦ℎ)] = 0. (2.6) 

However, Tester introduced a so-called ‘well cut-on’ assumption to simplify Eq. 

(2.6). More specifically, when the frequency is sufficiently high, the axial 

Helmholtz number can be decoupled from the transverse Helmholtz number [18] 

 𝑘𝑥ℎ = 𝑘ℎ (1+𝑀𝑥)⁄ , (2.7) 

and therefore the branch point equation can be substantially simplified to 

 
𝜕

𝜕(𝑘𝑦ℎ)
[(1 + 𝑀𝑥)

2 ∙ 𝑘𝑦ℎ ∙ tan(𝑘𝑦ℎ)] = 0. (2.8) 

The optimum transverse and axial Helmholtz numbers solved from Eq. (2.8) are 

constant. Substituting these constant optimum Helmholtz numbers into the 

eigenvalue equation, one can obtain the Cremer impedance 

 �̅�𝑜𝑝𝑡,𝑎 =
0.929−i∙0.744

(1+𝑀𝑥)
2 ∙

𝑘ℎ

𝜋
 . (2.9) 

This solution, referred to as the ‘classic solution’, is a high frequency asymptotic 

solution useful for noise control in, for instance, aero-engines.  However, for low 

frequency applications, such as vehicle intake and exhaust system, the classic 

solution is not appropriate in the sense that the maximum damping in the low 

frequency range cannot be achieved. 

In order to widen the frequency range in which the concept of the Cremer 

impedance can be applied, the so-called ‘exact’ solution is obtained by removing the 

well cut-on assumption (Eq. (2.7)) and directly solving the complete branch point 

equation 

 
𝜕𝑓1

𝜕(𝑘𝑦ℎ)

2

𝑓1
−

1

𝑘𝑦ℎ
−
sec2(𝑘𝑦ℎ)

tan(𝑘𝑦ℎ)
= 0, (2.10) 
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where 𝑓1 = 1 −𝑀𝑥 ∙ 𝑘𝑥ℎ 𝑘ℎ⁄ . Eq. (2.10) is numerically solved via the ‘vpasolve’ 

function in MATLAB [44], with the high frequency asymptotic solution obtained 

from Eq. (2.8) used as the first initial guess. Here, only the lowest order root, which 

is supposed to lead to the merging of the fundamental mode and the first higher 

order mode is retained, since the current interest is in noise control in the low 

frequency range or more specifically, the fundamental mode. Then, varying the 

Helmholtz number in a sufficiently small step towards zero and using each of the 

previous solutions as the initial guess for the next step, Eq. (2.10) is solved repeatedly 

and the exact optimum transverse and axial Helmholtz numbers at different 

frequencies are obtained. Unlike their counterparts obtained from Eq. (2.8), the 

exact optimum Helmholtz numbers are dependent on both the frequency and the 

flow speed. Based on these optimum Helmholtz numbers, the exact solution of the 

Cremer impedance can be derived 

 �̅�𝑜𝑝𝑡 =
i𝜋[1−𝑀𝑥∙(𝑘𝑥ℎ)𝑜𝑝𝑡 𝑘ℎ⁄ ]

2

(𝑘𝑦ℎ)𝑜𝑝𝑡∙tan[(𝑘𝑦ℎ)𝑜𝑝𝑡]
∙
𝑘ℎ

𝜋
 . (2.11) 

2.2 Experimental Analysis of the Exact Cremer Impedance in 
Rectangular Ducts (Paper B) 

To experimentally validate the difference between the exact and classic solution 

of the Cremer impedance, a measurement campaign was carried out in MWL. 

Acoustic liners designed on the basis of the concept proposed in [14, 20] by 

combining a micro-perforated panel (MPP) and a series of supporting locally 

reacting air cavities were manufactured and tested. A schematic diagram of the 

tested liner is shown in Fig. 2.2. The real part of the exact Cremer impedance at a 

chosen frequency (referred to hereafter as the ‘target frequency’) was matched by a 

suitable MPP while the imaginary part was adjusted by choosing a correct cavity 

depth. At the target frequency, the liner will have a very large damping (several 

hundred dB/m) and this will also ensure a large damping in a relatively wide band 

around the target frequency. 

The target frequency was selected to be in the low frequency range but still for 

a positive resistance; otherwise active liners have to be built. The experimentally 

obtained result was compared with the classic solution to demonstrate the 

advantage of the exact solution in terms of describing the low frequency damping 

in the presence of a mean flow. 



 

 

2.2 Experimental Analysis of the Exact Cremer Impedance  

 

15 
 

 

Figure 2.2. Sketch of the tested liner. The liner is designed to have an impedance 
that matches the exact Cremer impedance at one ‘target frequency’. 

  

The impedance of the liner is a summation of the MPP and the air cavity 

impedance 

 �̅�𝑙𝑖𝑛𝑒𝑟 = �̅�𝑀𝑃𝑃 + �̅�𝑐𝑎𝑣, (2.12) 

where the real and imaginary part of the MPP impedance [45] can be expressed as 

 Re(�̅�𝑀𝑃𝑃) = Re [
i𝜔𝑡

𝜎𝑐
[1 −

2

𝑘𝑠√−i

𝐽1 (𝑘𝑠√−i)

𝐽0(𝑘𝑠√−i)
]−1] +

 2𝛼𝑅𝑠

𝜎𝑐
+
|𝑢ℎ|

𝜎𝑐
+ 𝛽

|𝑀𝑥|

𝜎
   

   (2.13a) 

and 

 Im(�̅�𝑀𝑃𝑃) = Im [
i𝜔𝑡

𝜎𝑐
[1 −

2

𝑘𝑠√−i

𝐽1 (𝑘𝑠√−i)

𝐽0(𝑘𝑠√−i)
]
−1

] +
𝛿𝜔𝐹𝛿(1+

|𝑢ℎ|

𝜎𝑐
)−1

𝜎𝑐
 , (2.13b) 

in which 𝑡 is the MPP thickness, 𝜎 the perforation ratio, 𝐽0 and 𝐽1 the first kind 

Bessel function of the 0th and 1st order, respectively, 𝑘𝑠 the shear wavenumber, 𝑅𝑠 

the surface resistance, 𝑢ℎ the peak particle velocity inside the aperture, 𝛼 the edge-

related coefficient, 𝛽 the coefficient of the grazing flow effect on the resistance, 𝛿 

the mass end correction coefficient and 𝐹𝛿 the coefficient of the grazing flow effect 

on the reactance. 

The shear wavenumber 𝑘𝑠 in Eq. (2.13), which relates the aperture dimensions 

with the acoustic boundary layer thickness, is defined as 
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 𝑘𝑠 = 𝑑√
𝜔

4𝜈
 , (2.14) 

in which 𝑑 is the MPP hole diameter and 𝜈 is the kinematic viscosity. 

The surface resistance 𝑅𝑠, which indicates the dissipation due to the oscillating 

motion of fluid on the MPP surface, can be obtained via 

 𝑅𝑠 = √
𝜔𝜈

2
 . (2.15) 

As proposed in [46], the edge-related coefficient 𝛼 is determined as 

 𝛼 = 5.08𝑘𝑠
−1.45 + 1.7. (2.16) 

The mass end correction coefficient 𝛿 can be calculated via [46] 

 𝛿 =
𝑑

2
[0.97exp(−0.2𝑘𝑠) + 1.54]. (2.17) 

The grazing flow effect on the resistance and reactance are determined by [20] 

 𝛽 = 0.15 ± 0.0125 (std) (2.18) 

and 

 𝐹𝛿 = (1 + 2000|𝑀𝑥|
3)−1 , (2.19) 

respectively. The non-linear part of the impedance is taken as zero in this work [20]. 

In addition, the impedance of the air cavity is computed as 

 �̅�𝑐𝑎𝑣 = −icot(𝑘ℎ𝑐𝑎𝑣), (2.20) 

where ℎ𝑐𝑎𝑣 is the height of the cavity and losses in the cavity are neglected. 

For the sake of ensuring the locally reacting property of the liner, the cavity was 

separated into small partitions whose length is no larger than 1/8 of the wavelength 

at the highest testing frequency. 

In reality, it is almost impossible to perfectly match the liner impedance to the 

exact Cremer impedance due to uncertainties from different sources, such as 

manufacturing and assembling errors as well as variations in the ambient 

environment. This may compromise the accuracy of the measurement result. 

To take these uncertainties into account, a three-step Monte Carlo simulation 

was carried out prior to the measurement. First, the liner impedance at the target 

frequency was calculated with the potential error sources taken into consideration. 
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By this means, the possible distribution of the true value of the liner impedance was 

obtained. In the second step, a finite element model (FEM) of the test set-up that 

solves the convective Helmholtz equation was established in the linearized 

potential flow module in COMSOL Multiphysics [47] and the impedance 

distribution obtained in the first step were used as the boundary condition in the 

numerical set-up. The sound field inside the liner section was then simulated. 

Finally, in the third step, the distribution of the axial wavenumber in the liner 

section at the target frequency was obtained by decomposing the simulated sound 

field. It was found that, statistically speaking, the true value of the axial 

wavenumber always falls lower in the lower half of the complex plane than the 

corresponding classic solution, indicating that the experimentally determined 

damping will be larger than the one given by the classic solution at the target 

frequency. This result supports the robustness of the experimental procedure.  

However, another two potential error sources, the flanking transmission due to 

structural vibration and the sound leakage through edges between adjacent air 

cavities, are difficult to quantify and thus not integrated into the uncertainty 

analysis. Based on previous research [20], these two error sources can dramatically 

compromise the accuracy of the measurement result, especially when the damping 

approaches the maximum. A numerical simulation was conducted after the 

measurement to qualitatively estimate the effect of these two error sources and 

evaluate the measurement result. 

The tested liners were designed to be more than half a metre long to minimize 

the near field effect close to the interfaces between the liner and the rigid-wall 

section. Consequently, the widely used multiple-microphone method [48] cannot 

be used in this case to determine the damping, since the transmission loss of liners 

of such a length is beyond the dynamic range of the method. Instead, a Prony-

algorithm-based ‘straightforward method’ [49] originally proposed for impedance 

eduction was adopted and an experimental set-up with 16 microphones was 

designed, as shown in Fig. 2.3. The ten microphones in the liner section (No.4 to 

No.13 in the sketch) were used to decompose the sound field to obtain the axial 

wavenumber (𝑘𝑥,𝑒𝑥𝑝) while the three microphones on the upstream side (No.1 to 

No.3) were used to determine the reflection. By this means, the damping of the liner 

can be calculated via 

 TL𝑑𝑖𝑠 = 20log10|exp[−Im(𝑘𝑥,𝑒𝑥𝑝)𝑙]|, (2.21) 

where 𝑙 is the length of the liner. 
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Figure 2.3. Sketch of the test set-up designed for the liner measurement (the unit in 
the sketch is millimetres). 

2.3 Investigation of the Cremer Impedance in the Low Frequency 
Range (Paper C) 

The exact Cremer impedance in the low frequency range is found to have a 

negative real part, i.e., requiring an active boundary and is therefore of questionable 

validity [18, 20]. Tester pointed out that for solutions concerning the fundamental 

mode, an unexpected mode-merging pattern may exist when the resistance turns 

negative, and in such cases the Cremer impedance will no longer provide the 

maximum damping [18]. Consequently, Tester as well as other researchers [19] 

removed the results with a negative resistance in the discussion of optimal damping.  

In order to analyze the low frequency Cremer impedance, especially the 

negative resistance, two numerical investigations are conducted in the current 

work. In the first investigation, the previously used Ingard-Myers boundary 

condition [21, 22] is replaced by the Brambley boundary condition [29], which is 

numerically stable in the time domain and, more important to the current case, can 

handle an arbitrary flow profile. With this modification, the boundary layer effect 

on the low frequency result can be taken into account and the question whether 

the negative resistance is an artefact of the ‘plug’ flow can be investigated. As a 

comparison to Fig. 2.1, the considered structure in this section is illustrated in Fig. 

2.4. 

 

Figure 2.4. Sketch of an infinitely-long lined circular duct with a sheared mean flow 

(�̅� is a boundary layer thickness indicator) and a propagating mode defined by a 
wavenumber 𝒌. 
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The Brambley boundary condition at a circular duct wall can be expressed as 

 �̅�𝑤 [�̃� +
(𝑘𝑥𝑟)

2

i(𝑘𝑟−𝑀𝑥(0)∙𝑘𝑥𝑟)
𝛿𝐼1�̃�] =

𝑘𝑟−𝑀𝑥(0)∙𝑘𝑥𝑟

𝑘𝑟
[�̃� + i(𝑘𝑟 −𝑀𝑥(0) ∙ 𝑘𝑥𝑟)𝛿𝐼0�̃�]. 

   (2.22) 

In Eq. (2.22), �̅�𝑤 =
𝑍𝑤

𝜌0𝑐0
 is the normalized wall impedance, 𝑟 is the duct radius, �̃� =

𝐴𝐽0(𝑘𝑟𝑟) and �̃� = i𝑘𝑟𝑟𝐴𝐽0
′(𝑘𝑟𝑟) (𝑘𝑟 − 𝑀𝑥(0) ∙ 𝑘𝑥𝑟)⁄  are the acoustic pressure and 

radial particle velocity in which 𝐴  is a complex amplitude and ′  denotes a 

derivative,  𝑘𝑟  is the Helmholtz number, 𝑘𝑟𝑟  and 𝑘𝑥𝑟  are the radial and axial 

Helmholtz number and 𝑀𝑥(0) is the mean flow Mach number at the duct centre. 

In addition, the two integral terms 𝛿𝐼0 and 𝛿𝐼1 are given by 

 𝛿𝐼0 = ∫ [1 −
(𝑘𝑟−𝑀𝑥(�̅�)∙𝑘𝑥𝑟)

2

(𝑘𝑟−𝑀𝑥(0)∙𝑘𝑥𝑟)
2]

1

0
𝑑�̅�  

and   

 𝛿𝐼1 = ∫ [1 −
(𝑘𝑟−𝑀𝑥(0)∙𝑘𝑥𝑟)

2

(𝑘𝑟−𝑀𝑥(�̅�)∙𝑘𝑥𝑟)
2]

1

0
𝑑�̅�, (2.23) 

where �̅� is the radial coordinate normalized by the duct radius and 𝑀𝑥(�̅�) is the 

corresponding mean flow Mach number. The former integral term could be 

interpreted as a correction to the impedance and the latter one is responsible for the 

well-posedness of the boundary condition [29]. 

With the Brambley boundary condition, the modified eigenvalue equation 

becomes  

 i�̅�𝑤𝑘𝑟 =
𝑘𝑟𝑟∙𝐽1+(𝑘𝑥𝑟)

2𝐽0𝛿𝐼1

𝑓1
2(𝐽0+𝑘𝑟𝑟∙𝐽1𝛿𝐼0)

 , (2.24) 

where �̅�𝑤 =
1

𝑍𝑤
, 𝑓1 = 1 −𝑀𝑥(0) ∙ 𝑘𝑥𝑟 𝑘𝑟⁄  and the argument of the Bessel functions 

is 𝑘𝑟𝑟. Still setting the first order derivative to zero, i.e., 
𝜕(i�̅�𝑤𝑘𝑟)

𝜕(𝑘𝑟𝑟)
= 0, one can get 

the optimum radial and axial Helmholtz numbers which, substituted into the 

eigenvalue equation, yield the Cremer impedance (referred to hereafter as the 

‘Brambley solution’ to differentiate from the original ‘Ingard-Myers solution’ [20]).  

One thing worth mentioning is that neither of these two boundary conditions 

can be applied in the very low frequency range where the acoustic boundary layer 

is thicker than the viscous sub-layer, since under such a condition it should be the 

continuity of normal velocity instead of normal displacement to be applied across 
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the boundary layer [26, 27]. The threshold Helmholtz number (𝑘𝑟𝑇𝐻𝑂𝐿𝐷) above 

which the two boundary conditions are valid is worked out as 

 𝑘𝑟𝑇𝐻𝑂𝐿𝐷 ≈
𝑈∗
2𝑀𝑥(0)Re

60.5
 (2.25) 

where 𝑈∗ is the wall friction velocity and Re = 𝑈𝑥(0)𝑟 𝜈⁄  is the Reynolds number.  

The second investigation regards mode-merging. As mentioned previously, the 

Cremer impedance is supposed to lead to the coalescence or merging of two acoustic 

modes. It is assumed that the fundamental mode and the first radial mode (for a 

circular duct) will merge if only the lowest order solution to the branch point 

equation is retained, i.e., assuming the fundamental mode as the least attenuated 

mode. However, as found out here, the mode-merging pattern in the very low 

frequency range may not always be as expected.  

Following the method proposed in [50], the low frequency mode-merging 

pattern is calculated and analyzed. The Ingard-Myers boundary condition is used in 

the calculation since the negative resistance is found not to be an artefact of the 

boundary condition. The calculation procedure is summarized as follows: The axial 

Helmholtz number for a given mode at a certain frequency is solved from the 

eigenvalue equation with the wall resistance equal to the Cremer solution and the 

reactance varied from +∞ to −∞. The hard wall solutions for the fundamental, the 

first and the second radial mode, i.e., the first three solutions to 𝐽0
′(𝑘𝑟𝑟) = 0, are 

used as the initial guess in the calculation. Then, keeping the resistance unchanged 

while varying the reactance in sufficiently small steps towards −∞ (here equal to -

1000), the eigenvalue equation is solved repeatedly with the previously obtained 

solution used as the initial guess in the next step. In this way, the axial Helmholtz 

numbers, including the one corresponding to the Cremer impedance, are obtained 

and the traces of the calculated modes are then plotted in the complex plane. The 

expected scenario is that all traces for higher modes form a closed path while the 

traces for the fundamental and the first radial mode intersect at the Cremer 

impedance. Alternatively, it is also possible that two other traces intersect or that 

one trace takes off to infinity representing a hydrodynamic mode.  

2.4 The Cremer Impedance for Higher Order Modes (Paper C) 

Tester’s theory [17, 18] can be extended to higher order modes in both circular 

and 2-D rectangular ducts without substantially complicating the model [17]. To 

get the exact solution of the Cremer impedance for higher order modes and check 
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if the low frequency negative resistance still exists, the ‘well cut-on’ assumption is 

removed, the derivation in [20] is extended and the Cremer impedance for an 

arbitrary mode is derived. The Ingard-Myers boundary condition is still adopted in 

the derivation with the motivation that the main focus of the current work is to 

investigate the occurrence and validity of the Cremer impedance at relatively low 

frequencies where the real part is possibly negative, and as observed for the 

fundamental mode this does not depend on the boundary condition.  

For a certain higher order mode in circular ducts, the eigenvalue equation is 

 i�̅�𝑚𝑛,𝑤𝑘𝑟 =
𝑘𝑟,𝑚𝑛𝑟∙𝐽𝑚+1−𝑚𝐽𝑚

𝐽𝑚(1−𝑀𝑥∙𝑘𝑥,𝑚𝑛𝑟 𝑘𝑟⁄ )2
 , (2.26) 

where 𝑚 and 𝑛 represent the mode order in the circumferential and radial direction, 

respectively, and the argument of the Bessel functions is 𝑘𝑟,𝑚𝑛𝑟. 

Setting the first order derivative to zero, i.e., 
𝜕(i�̅�𝑚𝑛,𝑤𝑘𝑟)

𝜕(𝑘𝑟,𝑚𝑛𝑟)
= 0 leads to 

 
2

𝑓1,𝑚𝑛

𝜕𝑓1,𝑚𝑛

𝜕(𝑘𝑟,𝑚𝑛𝑟)
(𝑘𝑟,𝑚𝑛𝑟 ∙ 𝐽𝑚+1 −𝑚𝐽𝑚) − 𝑘𝑟,𝑚𝑛𝑟 ∙

𝐽𝑚
2 +𝐽𝑚+1

2

𝐽𝑚
+ 2𝑚𝐽𝑚+1 = 0,  

                     (2.27) 

where 𝑓1,𝑚𝑛 = 1 −𝑀𝑥 ∙ 𝑘𝑥,𝑚𝑛𝑟 𝑘𝑟.⁄  As for the fundamental mode case, the 

optimum Helmholtz numbers in the radial and axial directions can be obtained from 

Eq. (2.27), and the Cremer impedance can then be calculated from Eq. (2.26). 

For single-lined rectangular ducts, the eigenvalue equation is 

 i�̅�𝑚,𝑤𝑘ℎ =
 𝑘𝑦,𝑚ℎ∙tan(𝑘𝑦,𝑚ℎ)

(1−𝑀𝑥∙𝑘𝑥,𝑚ℎ 𝑘ℎ⁄ )2
 , (2.28) 

in which the mode order 𝑚, unlike for the circular duct case (Eq. (2.26)), does not 

appear explicitly. Therefore, the branch point equation for the fundamental mode, 

i.e., Eq. (2.10) can be directly used for higher order modes except that the 𝑚:th 

order solution, instead of the lowest one, should be retained. 

2.5 The Cremer Impedance for Double-lined Rectangular Ducts (Paper 
D) 

The Cremer impedance is not necessarily confined to single-lined structures. 

Cremer and Tester implied that their result for a single-lined rectangular duct can 

be used for a symmetric duct of twice the height, that is, with an identical 
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impedance at 𝑦 = −ℎ (see Fig. 2.5(a)) [16, 17]. This is correct provided the source is 

symmetric about the plane 𝑦 = 0. On the other hand, a different configuration can 

be realized by keeping the optimum condition but breaking the symmetry, i.e., 

applying different impedances on the two walls (Fig. 2.5(b)). In both scenarios, it is 

still two modes that merge, although differences in merging can be expected. 

Alternatively, a third mode can also be included to merge by setting not only the 

first but also the second order derivative of the eigenvalue equation to zero, based 

on the demonstration by Zorumski and Mason that triple-eigenvalues exist for 

annular ducts [28].  
 

(a)                                                         (b) 

 

Figure 2.5. Sketch of an infinitely-long double-lined 2-D rectangular duct with (a) 
identical and (b) different impedance(s) on the two walls. A propagating mode is 
defined by a wavenumber 𝒌. 

 

The eigenvalue equation for a double-lined rectangular duct with the height ℎ 

is 

𝐻 = (�̅�w1 + �̅�w2)𝑘𝑦ℎ ∙ 𝑘ℎ cos(𝑘𝑦ℎ) + i [(𝑘𝑦ℎ)
2
+ �̅�w1�̅�w2(𝑘ℎ)

2] sin(𝑘𝑦ℎ) = 0 .  

  (2.29) 

where �̅�w1 and �̅�w2 are the two normalized wall admittances.  

Following the optimum condition given by Cremer and Tester [16-18], i.e., 

setting 
𝜕𝐻

𝜕(𝑘𝑦ℎ)
= 0 , and keeping �̅�𝑤1 = �̅�𝑤2 , that is assuming a symmetric 

configuration, a ‘double root’ (𝑘𝑦ℎ)𝑜𝑝𝑡 (referred to hereafter as ‘double root 1’) is 

obtained, and the wall (‘Cremer’) impedance �̅�𝑜𝑝𝑡 = 1 �̅�𝑜𝑝𝑡⁄  can then be calculated. 

This is the solution mentioned by Cremer and Tester [16, 17]. As determined by its 

symmetric configuration, this solution will lead to the merging of the fundamental 

mode and the second higher order mode, which is not desirable for low frequency 

noise control. 
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Alternatively, an anti-symmetric configuration which leads to the merging of 

the fundamental mode and the first higher order mode may give a larger damping 

in the low frequency range. A multiple of such kinds of solution in the form �̅�𝑤1 =

𝑎1 + i𝑏 and �̅�𝑤2 = 𝑎2 − i𝑏, collectively referred to hereafter as ‘double root 2’, are 

obtained. These solutions were numerically found by sweeping in the region −10 ≤

Re(𝑘𝑦ℎ) ≤ 10 and −10 ≤ Im(𝑘𝑦ℎ) ≤ 10 to overcome the indeterminacy problem, 

that is, there are three unknowns, 𝑎1, 𝑎2 and 𝑏 but only two avaliable equations, 

𝐻 = 0  and 
𝜕𝐻

𝜕(𝑘𝑦ℎ)
= 0 . However, only some of the solutions give the expected 

merging scenario while others lead to the merging of higher order mode pairs. 

 Taking one step forward, if the second order derivative of the eigenvalue 

equation also equals zero, i.e., 
𝜕2𝐻

𝜕(𝑘𝑦ℎ)
2 = 0 , then the indeterminacy problem is 

overcome and two triple root solutions are obtained, known as ‘triple root 1’ and 

‘triple root 2’, respectively. Both of these two solutions will merge three modes, the 

fundamental, the first and the second higher order mode, although difference in the 

details can be expected given the configuration or ‘symmetry’ of the two solutions.  

One thing worth mentioning is that Koch [52] also discussed the attenuation in 

double-lined rectangular ducts and obtained double root 1 and triple root 1. In 

comparison, Koch focused on the damping of an arbitrary mode in finite structures 

with passive measures only, i.e., disregarding Cremer solutions with a negative 

resistance, while the current work focuses on the fundamental mode and on 

building anti-symmetric double- and triple-root solutions (double root 2 and triple 

root 2) including active walls. In addition, the analysis from the perspective of 

mode-merging can help to understand the different damping behaviours given by 

the solutions. 
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Chapter 3 

Application of Slow Sound in Ducts 

In this chapter, the issue of the generation and application of the so-called ‘slow 

sound’ in ducts is considered. The concept of acoustic metamaterial, which can 

control, direct and manipulate the propagation of sound waves in ducts, is briefly 

introduced (Section 3.1). Then it is explained how slow sound created in acoustic 

metamaterials can be used to control the distribution of small particles in a flow 

(Section 3.2). This is an example of acoustically driven particle agglomeration. In 

addition, a pipe designed for hydrodynamic agglomeration of exhaust particles is 

also experimentally investigated to study its acoustic properties (Section 3.3).  

3.1 Slow Sound in Acoustic Metamaterials 

An acoustic metamaterial refers to the artificially fabricated composite structure 

designed to control, direct and manipulate sound waves. Although normally 

designed in the form of a periodic structure, its properties do not just rely on the 

periodicity [53, 54] but rather the uniformly distributed local resonances [55, 56]. 

In the limit of low frequencies, an equivalent medium can be created, which leads 

to novel properties including negative mass density (𝜌) and bulk modulus (𝐾)  [57-

62] that are not found in nature. Given the relationship  

 𝑐 = √𝐾 𝜌⁄  , (3.1) 

where 𝑐 is the complex phase velocity of the sound wave, there is a possibility that 

the propagation of the sound wave inside the metamaterial can be dramatically 

slowed down when either or both the bulk modulus and the density experience(s) 

a profound change, thus generating the slow sound. 

The derivation of the ‘phase velocity’ in a locally resonant acoustic metamaterial, 

here defined as 

 𝑐𝑥 = Re (
𝜔

𝑘𝑥
), (3.2) 

where 𝑘𝑥  is the axial wavenumber, is given below: The mass conservation and 

motion equation in a lined duct with a mean flow are 

https://en.wikipedia.org/wiki/Sound_wave
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𝐷𝜌′

𝐷𝑡
+ 𝜌0∇ ∙ 𝐮′ = 𝑚′ 

and 

 𝜌0
𝐷𝐮′

𝐷𝑡
= −∇𝑝′ −𝑚′𝐔, (3.3) 

where 𝐷 𝐷𝑡 ≡ 𝜕 𝜕𝑡 + 𝐔 ∙ ∇⁄⁄  is the convective derivative, with 𝐔 = (𝑈𝑥, 0, 0) being 

the mean flow velocity, and ′  denotes small perturbation caused by sound 

propagation. In Eq. (3.3) we have assumed no external forces but allowed unsteady 

sources of mass injection. The wall vibration (𝑢𝑤
′ ) here can be represented with a 

mass injection term 𝑚′ = −
𝜌0𝑢𝑤

′ 𝑆𝑤

𝑉
= −

𝜌0𝑢𝑤
′

𝑑ℎ
, where 𝑆𝑤 is the area of the locally-

reacting wall, 𝑉 is the volume of the lined section and 𝑑ℎ =
𝑉

𝑆𝑤
 is defined as the 

equivalent hydraulic diameter. The assumption of local reaction further implies that 

𝑝𝑤
′ 𝑢𝑤

′⁄ = 𝑍𝑤, where 𝑍𝑤 is the wall impedance. 

Assuming adiabatic changes of state 𝑝′ = 𝜌′𝑐0
2 one can get 

 (
1

𝑐0
2

𝐷0
2

𝐷𝑡2
− ∇2)𝑝′ =

𝐷0𝑚
′

𝐷𝑡
+ ∇ ∙ (𝑚′𝐔). (3.4) 

For a 1-D case Eq. (3.4) can be simplified as 

 [
1

𝑐0
2 (

𝜕

𝜕𝑡
+ 𝑈𝑥

𝜕

𝜕𝑥
)2 −

𝜕

𝜕𝑥2
] 𝑝′ =

𝜕𝑚′

𝜕𝑡
+ 2𝑈𝑥

𝜕𝑚′

𝜕𝑥
. (3.5) 

Introducing the model for the locally reacting wall and assuming a harmonic 

plane wave with a time and space dependence of 𝑒i(𝜔𝑡−𝑘𝑥𝑥), the axial wavenumber 

can be obtained 

 𝑘𝑥 =
i
𝑀𝑥
�̅�𝑤𝑑ℎ

−𝑀𝑥𝑘±√(𝑀𝑥𝑘−i
𝑀𝑥
�̅�𝑤𝑑ℎ

)2+(1−𝑀𝑥
2)(𝑘2−i

𝑘

�̅�𝑤𝑑ℎ
)

1−𝑀𝑥
2  (3.6) 

where 𝑀𝑥 =
𝑈𝑥

𝑐0
 is the mean flow Mach number, 𝑘 =

𝜔

𝑐0
 is the wavenumber and 

�̅�𝑤 =
𝑍𝑤

𝜌0𝑐0
 is the normalized wall impedance. Substituting 𝑘𝑥 back into Eq. (3.2), 

the ‘phase velocity’ can be obtained. It is found that the ‘phase velocity’ drops 

dramatically when approaching the resonance frequency of the acoustic 

metamaterial, i.e., one obtains the frequency range with slow sound.
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3.2 Manipulation of Particle Distribution with Slow Sound (Paper E) 

Katoshevski et al. [36, 37] have studied and mathematically demonstrated the 

process of particle grouping in a 1-D oscillating flow. The essence of their model is 

that particles from different initial positions can converge or diverge under 

successive accelerations and decelerations, thus leading to the agglomeration at 

certain locations (see Fig. 1.3). It is found that when the magnitude of the mean 

flow velocity (𝑉𝑎), the flow phase velocity (𝑉𝑤) and the perturbation velocity (𝑉𝑏) 

satisfy the relationship 

 𝛽 ≡ |(𝑉𝑎 − 𝑉𝑤) 𝑉𝑏⁄ | ≤ 𝑛, (3.7) 

where 𝑛 = 1 for a moving wave and 𝑛 = 0.5 for a standing wave, agglomeration 

can happen.  

Following Katoshevski’s hydrodynamic model, an acoustic agglomeration model 

is established. The basic idea is to replace the effect of flow oscillation with the 

propagation of a sound wave, i.e., the perturbation velocity is equal to the acoustic 

particle velocity (𝑉𝑎𝑐). A criterion similar to Eq. (3.7) is given by analogy: 

 𝛽 ≡ |(𝑉𝑎 − 𝑐𝑥) 𝑉𝑎𝑐⁄ | ≤ 𝑛, (3.8) 

where the selection of 𝑛 is the same as for Eq. (3.7). The condition implied by Eq. 

(3.8) requires the ‘phase velocity’ 𝑐𝑥  to be sufficiently close to the mean flow 

velocity 𝑉𝑎 since the acoustic particle velocity 𝑉𝑎𝑐 is relatively small. Thus, given the 

potential application of this technique, e.g., a vehicle exhaust system where the 

mean flow velocity is usually less than Mach number 0.3, slow sound is a necessary 

condition for the acoustic particle agglomeration to happen. 

3.3 Experimental Analysis of the Particle Agglomeration Pipe (Paper F) 

Agglomeration pipes based on the hydrodynamic model, as mentioned 

previously in Section 1.2, are usually designed as corrugated structures with 

continuous expansion and contraction sections [36, 37]. A schematic diagram of a 

quasi-periodic corrugated pipe designed for the exhaust system of a commercial 

heavy-duty truck is illustrated in Fig. 3.1 [33]. From the perspective of acoustics, 

each unit of the pipe is similar to an expansion chamber, which can reflect the 

incident sound wave when a certain relationship between the wavelength and the 

chamber length is satisfied. In this sense, this agglomeration pipe may replace part 
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of the muffler package as a compensation for the extra weight and space brought by 

adding the pipe into the exhaust system. For the sake of investigating the acoustic 

properties of this agglomeration pipe, a measurement campaign was carried out in 

MWL. 

 

 

Figure 3.1. A schematic diagram of a hydrodynamic agglomeration pipe developed 
at KTH-CCGEx (the unit is millimetres) [33]. 

 

The measurement focused on determining the passive two-port property of the 

agglomeration pipe. However, clear tonal noise was heard during the measurement 

with mean flow. The spectral properties of these tones are related to the flow speed. 

Given the sharp edges in the pipe where flow separation is prone to happen, the 

tonal noise may well be flow-induced noise associated with periodic vortex 

shedding around the edges. Furthermore, if the hydrodynamic mode (regular 

shedding of vortices) coincides with an available structural/acoustic mode inside the 

pipe, and a positive (unstable) feedback loop is formulated between the two kinds 

of modes, the flow-induced noise can evolve into a whistle noise. 

The agglomeration pipe, as an acoustic two port, can be acoustically 

characterized by the scattering matrix S [48], which formulates the relationship 

between the ingoing (𝑝𝑎−, 𝑝𝑏−) and outgoing (𝑝𝑎+, 𝑝𝑏+) complex-valued pressure 

wave amplitudes  

 [
𝑝𝑎+
1 𝑝𝑎+

2

𝑝𝑏+
1 𝑝𝑏+

2 ] = [
𝑅𝑎𝑎 𝑇𝑏𝑎
𝑇𝑎𝑏 𝑅𝑏𝑏

]
⏟      

𝐒

[
𝑝𝑎−
1 𝑝𝑎−

2

𝑝𝑏−
1 𝑝𝑏−

2 ],   (3.9) 

In Eq. (3.9), the superscripts ‘1’ and ‘2’ represent the test number, the subscripts ‘a’ 

and ‘b’ represent the inlet and outlet of the tested pipe or object and 𝑅 and 𝑇 are the 

reflection and transmission coefficient. Based on two test states of the system, the 

scattering matrix can be solved. The transmission loss of the tested pipe can then be
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calculated via  

 TL𝑎𝑏 = 10log10 (1/| 𝑇𝑎𝑏 |
2 ). (3.10) 

To investigate the interaction between the sound and flow field in the 

agglomeration pipe, the net energy flux, i.e., the amplification or dissipation of the 

incident sound power in the pipe is analyzed with two similar but different power 

balance formulations. For the first formulation [63], a new acoustic state variable 

 𝐏𝑝± =

[
 
 
 (1 ∓𝑀𝑎)√

𝑆𝑎

𝜌0𝑎𝑐0𝑎
∙ 𝑝𝑎±

(1 ±𝑀𝑏)√
𝑆𝑏

𝜌0𝑏𝑐0𝑏
∙ 𝑝𝑏±]

 
 
 

 , (3.11) 

which is related to the time averaged sound power 

 〈𝑃𝑝±〉 = 𝐏𝑝±
∗ 𝐏𝑝±, (3.12)  

is introduced, where 𝑀  is the Mach number, 𝑆  is the cross-section area and * 

denotes the transpose and complex conjugation. Using this state variable, the net 

sound power output from the two-port system (agglomeration pipe) can be 

expressed as 

 〈𝑃𝑜𝑢𝑡〉 = 𝐏𝑝+
∗ 𝐏𝑝+ − 𝐏𝑝−

∗ 𝐏𝑝− = 𝐏𝑝−
∗ (𝐒𝑝

∗𝐒𝑝)𝐏𝑝− − 𝐏𝑝−
∗ 𝐏𝑝−, (3.13) 

where 

 𝐒𝑝 =

[
 
 
 

1−𝑀𝑎

1+𝑀𝑎
𝑅𝑎𝑎

1−𝑀𝑎

1−𝑀𝑏
√
𝜌0𝑏𝑐0𝑏𝑆𝑎

𝜌0𝑎𝑐0𝑎𝑆𝑏
∙ 𝑇𝑏𝑎

1+𝑀𝑏

1+𝑀𝑎
√
𝜌0𝑎𝑐0𝑎𝑆𝑏

𝜌0𝑏𝑐0𝑏𝑆𝑎
∙ 𝑇𝑎𝑏

1+𝑀𝑏

1−𝑀𝑏
𝑅𝑏𝑏 ]

 
 
 

. (3.14) 

Based on Eq. (3.13), it can be determined whether the incident sound power is 

amplified (〈𝑃𝑜𝑢𝑡̅̅ ̅̅ ̅̅ 〉 > 0) or dissipated (〈𝑃𝑜𝑢𝑡̅̅ ̅̅ ̅̅ 〉 < 0). When properly diagonalized and 

normalized, the net power output (assuming 1W incident power) can be 

reformulated as [63] 

 〈𝑃𝑜𝑢𝑡,1W̅̅ ̅̅ ̅̅ ̅̅ ̅〉 = ∑ 𝜆𝑞|𝑝𝑞
′ |
2

𝑞 − 1, (3.15) 

where 𝜆𝑞 and 𝑝𝑞
′  are the eigenvalue and eigenvector of the Hermitian matrix 𝑺p

∗𝑺p, 

respectively. By this means, the maximum and minimum normalized potential  
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net power output can be expressed as 

 〈𝑃𝑜𝑢𝑡,1
𝑚𝑎𝑥̅̅ ̅̅ ̅̅ ̅〉 = 𝜆𝑚𝑎𝑥 − 1  

and 

 〈𝑃𝑜𝑢𝑡,1
𝑚𝑖𝑛̅̅ ̅̅ ̅̅ ̅〉 = 𝜆𝑚𝑖𝑛 − 1.  (3.16) 

This first formulation can find the incident wave combination that maximizes 

or minimizes the sound power from a two-port system.   

For the second formulation, the normalized power output from the two-port 

system with incident wave from the inlet (a) or outlet (b), respectively is expressed 

as  

 
𝑃𝑜𝑢𝑡

𝑃𝑖𝑛
𝑎 =

|𝑅𝑎𝑎|
2(1−𝑀𝑎)

2

(1+𝑀𝑎)
2 +

|𝑇𝑎𝑏|
2(1+𝑀𝑏)

2

(1+𝑀𝑎)
2  

and 

 
𝑃𝑜𝑢𝑡

𝑃𝑖𝑛
𝑏 =

|𝑅𝑏𝑏|
2(1+𝑀𝑏)

2

(1−𝑀𝑏)
2 +

|𝑇𝑏𝑎|
2(1−𝑀𝑎)

2

(1−𝑀𝑏)
2 . (3.17) 

Then the total normalized net power output (1W incident at both the inlet and 

outlet) is  

 〈𝑃𝑜𝑢𝑡,2̅̅ ̅̅ ̅̅ ̅〉 =
𝑃𝑜𝑢𝑡

𝑃𝑖𝑛
𝑎 +

𝑃𝑜𝑢𝑡

𝑃𝑖𝑛
𝑏 − 2. (3.18) 

In comparison, formulation 1 finds the maximum/minimum power 

amplification for correlated inputs, while formulation 2 provides the maximum 

power amplification assuming equal but uncorrelated inputs. Therefore, the result 

given by Eq. (3.18) may fall out of the range given by Eq. (3.16). 

Finally, to find to what extent the system is prone to whistle one can perform a 

linear stability analysis. To complete the analysis, the eigenvalue equation of the 

whole system is formulated as 

 (𝐈 − 𝐒𝐑) [
𝑃𝑎+
𝑃𝑏+

] = 0, (3.19) 

where I is the unit matrix and 𝐑 = [
𝑅𝑎 0
0 𝑅𝑏

] is the reflection matrix describing the 

property of the termination of the test rig. Whether the system is stable or not can 

be determined using the Nyquist stability criterion [64], i.e., the positive feedback 

loop between the hydrodynamic and acoustic/structural mode is obtained when the 
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origin of the complex plane is encircled by the traces of the determinant 𝐷 =

det(𝐈 − 𝐒𝐑).  
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Chapter 4 

Key Results and Summary of the Appended 
Papers 

In this chapter, the key results of each of the six appended papers are presented. 

The contribution of the papers includes: 

 A summary of the exact Cremer impedance for circular ducts that is accurate in 

the low frequency range, and the derivation of its counterpart for single-lined 

rectangular ducts. A wave propagation analysis applied to validate the low 

frequency result in the downstream direction (Paper A). 
 

 An experimental analysis of the difference between the exact and classic Cremer 

impedance in the low frequency range for single-lined rectangular ducts in the 

presence of a moderate mean flow. An uncertainty analysis prior to the 

measurement which demonstrates that the measurement design is robust (Paper 
B). 
 

 A numerical investigation of the Cremer impedance in a sheared flow by 

replacing the previously used Ingard-Myers boundary condition with the 

Brambley boundary condition, and the derivation of the threshold frequency 

above which the two boundary conditions can be applied. A validation of the up- 

and downstream result by checking the specific mode-merging scenarios at 

different frequencies. The derivation and validation of the Cremer impedance for 

higher order modes in both circular and single-lined rectangular ducts (Paper C). 
 

 A derivation of two double- and two triple-root Cremer solutions for double-

lined rectangular ducts with zero mean flow and a comparison of the 

corresponding damping (Paper D). 

 
 A summary of the hydrodynamic particle agglomeration model and the 

proposition of an acoustic agglomeration model. An explanation of slow sound 

created by locally resonant acoustic metamaterials and an ideal case study of the 

acoustically driven agglomeration (Paper E). 
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 An experimental investigation of the acoustic damping property, power balance 

and generation of whistle noise in a corrugated pipe designed for hydrodynamic 

particle agglomeration in the exhaust system of a heavy-duty truck (Paper F).
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4.1 Paper A 

Revisiting the Cremer Impedance 

New concepts and results:  

 the exact Cremer impedance for single-lined rectangular ducts in the presence of a 
‘plug’ flow 

The optimum transverse ((𝑘𝑦ℎ)𝑜𝑝𝑡) and axial ((𝑘𝑥ℎ)𝑜𝑝𝑡) Helmholtz number 

traces of the exact Cremer solution for single-lined rectangular ducts, calculated 

with different Mach (𝑀) and Helmholtz numbers (𝑘ℎ), are presented in the complex 

plane in Fig. 4.1(a) and 4.1(b), respectively. In the figures, the arrows indicate the 

direction towards the low frequency range and the crosses represent points where 

the corresponding resistance turns negative (shown in Fig. 4.3).  

In the transverse direction, the traces for all flow speeds converge at around 

2.11 + 1.13i (the purple circle in the figure) in the high frequency range, and the 

converging point is very close to the asymptotic solution given by Tester [18] from 

the simplified branch point equation (Eq. (2.8)). In the low frequency range, 

however, two different asymptotes, 0 + 0i and 3.71 + 1.39i, coexist for the down- 

and upstream directions, and the flow speed determines the path between the high 

and low frequency asymptotes. 

In the axial direction, on the other hand, all the downstream results converge at 

the origin, indicating that there is no axial damping in the downstream direction 

when approaching the low frequency limit. 

 

(a)                                                              (b) 

     

Figure 4.1 The optimum (a) transverse and (b) axial Helmholtz number traces for 
single-lined rectangular ducts.  
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The axial damping (TL𝑑𝑖𝑠) of the fundamental mode given by the exact solution 

in a rectangular duct in the distance of one duct height (ℎ), calculated via 

 TL𝑑𝑖𝑠 = 20log |exp [−Im[(𝑘𝑥ℎ)𝑜𝑝𝑡]]|, (4.1) 

is shown in Fig. 4.2. Again the crosses in the figure denote the turning point of the 

resistance. As expected, the damping behaviour in the up- and downstream 

directions is totally different in the low frequency range, where the damping 

vanishes in the downstream direction. As will be shown in the results for Paper C, 

the downstream damping presented here is valid while the upstream damping is not 

in the very low frequency range in the sense that unexpected mode pairs merge, i.e., 

the damping shown here is not always for the fundamental mode. 

 

 

Figure 4.2. The axial damping in a single-lined rectangular duct in the distance of one 
duct height. 

 

The exact and classic (denoted with ‘a’ in the legend) Cremer impedances 

(normalized with 𝜌0𝑐0) for single-lined rectangular ducts are presented in Fig. 4.3, 

where it can be found that the larger the Mach number goes, or the lower the 

frequency goes, the more obvious the difference between the two solutions become. 

In the very low frequency range, the real part of the exact solution turns negative, 

indicating that to reach the maximum level of propagation damping in that 

frequency range, the wall of the duct has to be active, which is not easy to realize 

in practice. As will be explained in the results for Paper C, the Cremer impedance 

with a negative resistance in the downstream direction is always valid, while not 

only the ones with a negative resistance but also some with a positive resistance are 

not the required solution in the upstream direction. 

T
L

d
is
 (

d
B

/h
) 



  

 

   4.1 Paper A 

  

37 
 

(a)                                                             (b) 

    

Figure 4.3. A comparison of the exact and classic Cremer impedance in the (a) down- 
and (b) upstream direction for single-lined rectangular ducts. 
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4.2 Paper B 

Experimental Analysis on the ‘Exact’ Cremer Impedance in Rectangular 
Ducts 

New concepts and results:  

 the experimental demonstration of the advantage given by the exact Cremer 
impedance over its classic counterpart in terms of low frequency damping 

 a novel measurement technique developed for components with large damping, on 
which the traditional two-port measurement method fails 

 a three-step Monte Carlo simulation as well as other numerical and experimental 
analyses that predict or evaluate the potential uncertainties in the measurement 

In the measurement, six acoustic liners, each for a specific flow speed, were 

designed and tested. The result of the liner designed for Mach number 0.05 is used 

here as an example. The parameters of this liner (including the mean value and the 

corresponding standard deviation (STD) [65]) are listed in Table 4.1. In the table, 

𝑀 is the mean flow Mach number, 𝑑  and 𝑡  are the diameter and depth of the 

aperture of the MPP, and 𝑙𝑐𝑎𝑣 and ℎ𝑐𝑎𝑣 are the length and height of the air cavity. 

The target frequency of this liner is 1031 Hz (𝑘ℎ = 0.47), where the resistance is 

positive and valid in the sense that the fundamental mode and the first higher order 

mode merge. 

 
Table 4.1. The parameters of the liner designed for Mach number 0.05. 

Variable Mean value STD 

𝑀 0.05 2% 

𝑑 (mm) 1.0 0.05 

𝑡 (mm) 1.0 0.05 

ℎ𝑐𝑎𝑣 (mm) 62.5 0.1 

Target 

frequency (Hz) 
1031 (𝑘ℎ = 0.47) 

 

As introduced in Chapter 2 (see Section 2.2), a three-step Monte Carlo 

simulation was conducted prior to the measurement to predict the effects of 

potential uncertainties on the measurement result. The uncertainties include 

manufacturing and assembling errors as well as variations in the ambient 

environment, such as the fluctuation of the temperature.  

file:///C:/Users/zz/Desktop/research/thesis/Assessing%23_Peerlings,_L.,_


  

 

4.2 Paper B 

  

39 
 

The true value of the liner impedance (�̅�𝑙𝑖𝑛𝑒𝑟) calculated in the first step of the 

Monto Carlo simulation is shown in Fig. 4.4. Due to the rounding errors in the 

design, the theoretically calculated liner impedance at the target frequency (the red 

cross denoted as ‘Simulation’ in the legend) is slightly different from the exact 

Cremer impedance (the black cross denoted as ‘Exact solution’), while the true value 

of the liner impedance is located in a distribution (the blue crosses denoted as 

‘Simulation (with uncertainty)’) whose 95% confidence interval is [0.1383, 0.1519] 

for the real part and [−0.0599,−0.0075] for the imaginary part, respectively. In 

comparison, the corresponding classic Cremer impedance is 0.1266 − 0.1014i , 

which is far outside the confidence interval. The impedance obtained in this step is 

used as boundary condition in the second step to get the axial Helmholtz number 

in the liner section. 

 

 

Figure 4.4. The distribution of the true liner impedance with uncertainties taken into 
consideration. 

 

The true value of the axial Helmholtz number (𝑘𝑥ℎ) obtained in the third step 

is shown in Fig. 4.5. The 95% confidence interval of the distribution is 

[0.6856, 1.4074] for the real part and [−1.8499,−1.3939] for the imaginary part, 

respectively, with the exact solution (the black cross in the figure) inside it and the 

classic solution much higher in the complex plane (the corresponding classic 

solution is 0.449 − 1.012i). Thus, the experimentally determined damping at the 

target frequency will always be larger than that given by the classic solution, 

demonstrating that the design of the measurement is sufficiently robust to 

illuminate the difference between the exact and classic solution even with the 

uncertainties. 
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Figure 4.5. The axial Helmholtz number with uncertainties taken into consideration. 

 

The measurement result is presented in Fig. 4.6, where it is clear that the 

experimentally determined damping is larger than that given by the classic solution 

at the target frequency (the peak), hence demonstrating the advantage of the exact 

solution in terms of giving larger low frequency damping. The deviation between 

the simulated and measured damping, as mentioned in Section 2.2, is the 

consequence of sound leakage between adjacent air cavities inside the liner. This 

point is justified via a numerical simulation using the set-up shown in Fig. 4.7, 

which consists of four cavities connected by an air column in the middle. Simulation 

result shows that leakage can shift the damping peak towards the high frequency 

range and also reduce its amplitude (similar to the effect seen in Fig. 4.6), while 

flanking transmission due to structural vibration has a negligible impact on 

damping. 

 

 

Figure 4.6. The damping spectra of the liner designed for Mach number 0.05. 
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Figure 4.7. Simulation model on sound leakage and structural vibration in the liner.   
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4.3 Paper C 

The Cremer Impedance: An Investigation of the Low Frequency Behaviour  

New concepts and results:  

 the Cremer impedance calculated with the Brambley boundary condition, i.e., the 
solution for a sheared flow 

 the frequency range where the Brambley as well as the Ingard-Myers boundary 
condition can be applied 

 the Cremer impedance for higher order modes in both circular and single-lined 
rectangular ducts  

 the validation of the Cremer impedance (using the Ingard-Myers boundary condition) 
in the low frequency range 

4.3.1     The Cremer Impedance in a Sheared Flow 

The optimum radial ((𝑘𝑟𝑟)𝑜𝑝𝑡) and axial ((𝑘𝑥𝑟)𝑜𝑝𝑡) Helmholtz number traces 

for varying Helmholtz numbers (1𝑒 − 3 ≤ 𝑘𝑟 ≤ 8) at Mach number 0.3 are plotted 

in Fig. 4.8(a) and (b). In the figures, the Ingard-Myers solution is denoted with 𝛿̅ =

0  while the Brambley solutions are denoted with 𝛿̅ = 0.02% , 0.2% and  2% , 

respectively, corresponding to different boundary layer thicknesses. The 𝛿̅ =

0.02% case is used here mainly to see how the Brambley solution approaches the 

Ingard-Myers solution. The dashed and solid curves represent the down- and 

upstream result, respectively. The arrows indicate the direction towards the low 

frequency range. The yellow circle in Fig. 4.8(a) located at (2.98, 1.28i) is the high 

frequency asymptotic solution given by Tester [18]. 

 

(a)                                                             (b) 

           

Figure 4.8. The optimum (a) radial and (b) axial Helmholtz number traces at Mach 
number 0.3 in the presence of either a sheared or a ‘plug’ flow. The dashed and solid 
curves represent the down- and upstream result, respectively. 
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In the downstream direction, for the two relatively thin boundary layer cases 

(𝛿̅ = 0.02% and 0.2%), a slight difference can be found in the very low frequency 

range for the optimum radial Helmholtz number trace compared with the Ingard-

Myers solution, while for the thick boundary layer case (𝛿̅ = 2%) differences can 

be found even in the mid frequency range. However, no obvious difference can be 

observed for the optimum axial Helmholtz number trace, indicating that the axial 

damping would be almost the same for the Brambley and the Ingard-Myers 

solution. In the upstream direction, however, there appears a significant difference 

at low frequencies for all cases when compared with the Ingard-Myers solution for 

both the optimum radial and axial Helmholtz numbers, indicating that the 

corresponding low frequency damping and the Cremer impedance would be 

completely different. In addition, for both the thin and thick boundary layer cases, 

the optimum radial and axial Helmholtz numbers end up far beyond the low 

frequency asymptote of the Ingard-Myers solution. 

The axial damping (TL𝑑𝑖𝑠) of the fundamental mode in the distance of one duct 

radius (𝑟) at Mach number 0.3, calculated via Eq. (4.1), is presented in Fig. 4.9. As 

predicted, the axial damping is hardly influenced by the introduction of a boundary 

layer in the downstream direction (dashed curves), with the damping going to zero 

in the low frequency limit. In the upstream direction (solid curves), however, the 

low frequency damping is changed, especially for the thick boundary layer case. 

 

 

Figure 4.9. The axial damping at Mach number 0.3 in a circular duct in the distance 
of one duct radius. 

 

The Cremer impedance (normalized with 𝜌0𝑐0) at Mach number 0.3 in both the 

down- and upstream directions are plotted in Fig. 4.10(a) and 4.10(b), respectively. 

There is no appreciable difference between the Brambley and the Ingard-Myers 
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solution in the plotted frequency range (1𝑒 − 3 ≤ 𝑘𝑟 ≤ 8) in the downstream 

direction, and the resistance still goes negative in the low frequency range. 

Nevertheless, in the upstream direction, a deviation can be found when 𝑘𝑟 > 5 (the 

thick boundary layer case) or 𝑘𝑟 < 1 (all three cases, see Fig. 4.11(a)). 

 

(a)  

  
 

(b)  

  

Figure 4.10. The Cremer impedance at Mach number 0.3 in the (a) down- and (b) 
upstream direction with different boundary layer thicknesses. 

 

A detailed view of the low frequency resistance in the upstream direction can 

be found in Fig. 4.11(a). It is intriguing that instead of being purely negative as the 

Ingard-Myers solution, the Brambley solution gives a positive-negative-positive 

behaviour for the two thin boundary layer cases and a purely positive behaviour for 

the thick boundary layer case, indicating that no active wall is necessary to achieve 

the maximum level of damping. For other Mach numbers, however, the resistance 

is still partly negative even for the thick boundary layer case (Fig. 4.11(b)). 

As pointed out in Chapter 2, neither the Ingard-Myers nor the Brambley 

boundary condition is valid if the acoustic boundary layer is thicker than the viscous 

sub-layer, and for such cases the continuity of normal velocity instead of the normal  
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(a)                                                              (b) 

  

Figure 4.11. A detailed view of the low frequency resistance in the upstream 
direction.  

 

displacement should be applied at the lined wall, assuming that the acoustic shear-

stress is negligible [66, 67]. The frequency where the acoustic boundary layer is 

equally thick as the viscous sub-layer can be used to define the threshold Helmholtz 

number above which the two boundary conditions can be applied. The threshold 

Helmholtz number for a smooth pipe flow is plotted in Fig. 4.12 as a function of the 

Reynolds and Mach number. 

 

 

Figure 4.12. The threshold Helmholtz number for smooth pipe flows at different 
Mach numbers.  The Ingard-Myers and the Brambley boundary conditions are valid 
above this threshold. 

 

The threshold values at Mach number 0.3 used in Fig. 4.8-4.11 above, denoted 

as crosses in Fig. 4.12, are 24.8, 2.48 and 0.248 for the boundary layers: �̅� = 0.02%, 

0.2% and 2%, respectively. The results below the corresponding threshold values 

(including the negative resistance) should be treated carefully, but there exist cases 
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that are above the threshold values and still exhibit a negative resistance, e.g., the 

downstream case at Mach number 0.3 presented in Fig. 4.10(a). 

4.3.2     The Cremer Impedance for Higher Order Modes 

The exact Cremer impedance for the (1,0) mode in a circular duct, i.e., the 1st 

circumferential mode is calculated with the Ingard-Myers boundary condition,  and 

the down- and upstream result  (normalized with 𝜌0𝑐0) are plotted in Fig. 4.13(a) 

and 4.13(b) (dashed curves). In comparison, the classic asymptotic solution 

calculated via 

 �̅�𝑜𝑝𝑡,𝑎 =
0.64−i∙0.22

(1+𝑀𝑥)
2 ∙

𝑘𝑟

𝜋
 , (4.2) 

is also depicted (solid curves) denoted with ‘a’. The difference between the exact 

and classic solution is increasingly clear when the flow speeds up or when the 

frequency goes down towards the cut-on frequency (𝑘𝑟 = 1.84). Also, when the 

Mach number is sufficiently large, the resistance becomes negative above the cut-

on frequency (e.g., both the down- and upstream result for Mach number 0.7).  
 

(a)                                                          

  

(b)  

  

Figure 4.13. The Cremer impedance for the (1,0) mode in circular ducts in the (a) 
down- and (b) upstream directions, respectively. The classic asymptotic solution is 
denoted with ‘a’. 
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4.3.3       Mode-merging Analysis 

The mode-merging pattern of the low frequency Cremer solution is investigated 

using the methodology proposed by Rienstra in [50]. Here, the low frequency is in 

a general sense, that is, in the frequency range where an arbitrary mode (including 

both the fundamental and any higher order mode) is just cut-on. The traces of the 

axial Helmholtz number corresponding to different impedances (including the 

Cremer impedance) are calculated to check the merging between different modes, 

and the merging result is then used to explain the validity of the Cremer solution. 

4.3.3.1      Fundamental Mode 

The traces for 𝑘𝑟 = 1.5, 1 and 0.5 at Mach number 0.3 in the upstream direction, 

corresponding to a positive, nearly zero and negative resistance case, respectively 

[20] are presented in Fig. 4.14. For each case, three different modes, the 

fundamental, the first and the second radial mode, are plotted. In the figures, the 

black curves represent results in the positive 𝑥-direction, which is opposite to the 

flow in this case. The circles represent the starting point, i.e., the hard wall solutions, 

and the arrows indicate the direction towards Im(�̅�𝑤) → −∞. The yellow crosses 

represent the result at the Cremer impedance and the blue crosses represent the 

merging point. As expected, the fundamental mode and the first radial mode merge 

at the Cremer impedance when 𝑘𝑟 = 1.5, but it becomes the fundamental mode 

and the second radial mode that merge when 𝑘𝑟 = 1 (the first radial mode evolves 

into a hydrodynamic mode), and the two radial modes merge when 𝑘𝑟 = 0.5. 

The traces for 𝑘𝑟 = 2, 0.8  and 0.2  at Mach number 0.3  in the downstream 

direction, which also corresponds to a positive, nearly zero and negative resistance 

case, respectively [20] are presented in Fig. 4.15.  Unlike the upstream result, the 

merging scenarios in the downstream direction are always as expected, i.e., the 

fundamental mode and the first radial mode merge. 
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                                                  (c) 

 

Figure 4.14. The axial Helmholtz number traces at Mach number 0.3 (upstream 
direction) for 𝒌𝒓 = 𝟏. 𝟓, 𝟏 and 𝟎. 𝟓. 

 

(a)                                                             (b) 

  

 

                                      (c) 

 

Figure 4.15. The axial Helmholtz number traces at Mach number 0.3 (downstream 
direction) for 𝒌𝒓 = 𝟐, 𝟎. 𝟖 and 𝟎. 𝟐. 

 

The specific merging scenario at different frequencies determines the axial 

damping, as shown in Fig. 4.16. In the figure, the numerically obtained damping 

differs from the theoretically calculated one (using Eq. (4.1)) below 𝑘𝑟 = 1.3 in the 

upstream direction. However, they always agree well with each other in the 
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downstream direction. In the simulation, the length of the lined duct is 100 times 

that of the duct radius to eliminate the near field effect [20]. The reason for the 

deviation in the upstream direction, when 𝑘𝑟 < 0.9, is that the Cremer impedance 

actually leads to the largest damping of the first radial mode (evanescent in such a 

low frequency range), while the fundamental mode is not involved in merging and 

is barely damped (note that the cross on the enlarged dashed contour in Fig. 4.14(c) 

is very close to the 𝑥 axis). The Cremer impedance in this frequency range can be 

used to damp the first radial mode in the vicinity of the source. On the other hand, 

the deviation in the range 0.9 < 𝑘𝑟 < 1.3 is due to the fact that, although the 

fundamental mode and the second radial mode merge, it is the first radial mode 

rather than the fundamental one that is the least attenuated at the Cremer 

impedance (note that the encircled cross in Fig. 4.14(b) is higher than the merging 

point). This indicates that most of the acoustic energy is taken by the first radial 

mode, which is almost not damped by the Cremer impedance. Also note that in this 

frequency range the resistance can be positive and the difference between the 

Ingard-Myers solution and the Brambley solution is almost negligible (see Fig. 

4.10(b)). 

 

 

Figure 4.16. The axial damping in a circular duct at Mach number 𝟎.𝟑. Numerical 
data based on the convective wave equation with an incident plane wave solved by 
FEM and theoretical based on the Cremer impedance (Eq. (4.1) and the Ingard-
Myers boundary condition in the range 𝟎. 𝟎𝟏 ≤ 𝒌𝒓 ≤ 𝟏. 𝟖) 

 

The mode-merging analysis reveals that in the upstream direction, the Cremer 

impedance should be used with great care in the very low frequency range, since 

the upstream results, including some with a positive real part, may not lead to the 

largest damping on the fundamental mode. Therefore, one needs to check the 

upstream results case by case in the very low frequency range (even for positive 
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resistance cases) for practical applications. On the other hand, the downstream 

result is always valid. 

4.3.3.2      Higher Order Modes 

The mode-merging scenarios of the first circumferential mode family in circular 

ducts for different Helmholtz numbers (𝑘𝑟 = 2.9, 2, 1.9) at Mach number 0.7 (in 

both the up- and downstream directions) are plotted in Fig. 4.17 and 4.18. The 

results for other subsonic cases are expected to be similar. 

(a)                                                             (b) 

 
 

                                                       (c) 

 

Figure 4.17. The axial Helmholtz number traces for the first circumferential mode 
family at Mach number 0.7 (upstream direction) for 𝒌𝒓 = 𝟐. 𝟗, 𝟐 and 𝟏. 𝟗. 
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                                         (c) 

 

Figure 4.18. The axial Helmholtz number traces for the first circumferential mode 
family at Mach number 0.7 (downstream direction) for 𝒌𝒓 = 𝟐.𝟗, 𝟐 and 𝟏. 𝟗. 

 

Similarly to the fundamental mode case, the lowest mode (mode (1,0)) in the 

mode family is either excluded from merging (𝑘𝑟 = 1.9) or not the least attenuated 

mode (𝑘𝑟 = 2) in the upstream direction, indicating that the low frequency results 

in the upstream direction (including some with a positive resistance) can be invalid. 

On the other hand, the downstream results always give the expected mode-merging 

pattern and are therefore valid.
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4.4 Paper D 

‘Double-’ and ‘Triple-root’ Cremer Impedance for Rectangular Duct with 
Opposite Lined Walls 

New concepts and results:  

 two double-root and two triple-root Cremer solutions for double-lined rectangular 
ducts 

 a comparison of the axial damping given by different solutions 

The four solutions (double root 1, 2 and triple root 1, 2) introduced in Chapter 2 

are listed in Table 4.2. For triple root 1, its eigenvalue ((𝑘𝑦ℎ)𝑜𝑝𝑡) and impedance 

(�̅�𝑜𝑝𝑡 ) are more or less the same as that of double root 1, requiring an almost 

symmetric configuration. Therefore, the fundamental mode and the second higher 

order mode are expected to dominate in merging, while the first higher order mode 

is only mathematically ‘forced’ to merge. For triple root 2, by contrast, the 

configuration is anti-symmetric in the resistance, requiring a negative resistance on 

one of the two walls. Thus, the fundamental and the first higher order mode are 

dominant in merging. Different merging patterns will consequently lead to 

different damping behaviours. One thing worth mentioning regarding triple root 2 

is that the negative resistance found here is in the absence of a mean flow, 

demonstrating that the negative resistance is not necessarily a consequence of the 

mean flow. 

Table 4.2. The double- and triple-root Cremer solutions for double-lined rectangular 
ducts. 

Solution (𝒌𝒚𝒉)𝒐𝒑𝒕
 �̅�𝒐𝒑𝒕 (

𝒌𝒉

𝝅
)⁄  Configuration 

Merging 

modes 

Dominant 

modes 

Double root 1 4.21 + 2.25i 0.464 − 0.372i Symmetric 0th and 2nd 0th and 2nd 

Double root 2 
(the one with the 

largest damping on 

the fundamental 

mode ) 

3.17 + 1.71i 

0.681 − 0.475i 
“Anti-

symmetric” 
0th and 1st 0th and 1st 

0.542 + 0.243i 

Triple root 1 4.20 + 2.61i 
0.502 − 0.428i 

“Symmetric” 
0th, 1st and 

2nd 
0th and 2nd 

0.460 − 0.312i 

Triple root 2 4.60 
0.651 − 0.143i “Anti-

symmetric” 

0th, 1st and 

2nd 
0th and 1st 

−0.651 − 0.143i 
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A comparison of the axial damping (using Eq. (4.1)) given by the four solutions 

is presented in Fig. 4.19. As predicted, triple root 1 gives a similar damping to that 

of double root 1, especially in the low frequency range since in both cases the 

symmetric modes are dominant in merging. However, with the first anti-symmetric 

mode ‘forced’ to merge, a slightly larger damping is given by triple root 1 in the 

mid-to-high frequency range. For triple root 2, by contrast, the fundamental and 

the first higher order mode dominate in merging. Therefore, its low frequency 

damping is larger than that of double root 1. In this sense, triple root 1 and triple 

root 2 should be applied above and below approximately the first cut-on frequency 

(𝑘ℎ ≈ 𝜋), respectively to achieve a larger damping compared with double root 1. 

Nevertheless, whether the improvement given by the two triple roots can be 

realized in practice due to quadratic amplification [28] as well as other factors is 

worth further investigation. An intriguing point for triple root 2 is that its damping 

cancels out above a certain frequency, creating a ‘cut-on’ effect. For double root 2, 

although built with an anti-symmetric configuration to improve the low frequency 

damping, the damping it gives is actually much smaller than the other three 

solutions. 

 

 

Figure 4.19. The axial damping per duct height for the double- and triple-root 
Cremer solutions listed in Table 4.2.   
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4.5 Paper E 

Particle Number Reduction in Automotive Exhausts using Acoustic 
Metamaterials 

New concepts and results:  

 an acoustic particle agglomeration model proposed on the basis of slow sound 
generated in acoustic metamaterials 

An example of the acoustic particle agglomeration method is presented in this 

section. A schematic diagram of the agglomeration model is shown in Fig. 4.20(a), 

and an acoustic metamaterial prototype where slow sound is generated is plotted in 

Fig. 4.20(b). The metamaterial prototype, which is 1.1 m in length with 10 identical 

evenly-distributed Helmholtz resonators flush-mounted onto the main duct, is 

plugged into a vehicle exhaust system. A running engine and a tailpipe are 

connected to its two ends. Particles are supposed to agglomerate inside the 

metamaterial section. The engine, i.e., the sound source, is characterized by a source 

strength with the sound pressure level of 160 dB at all working frequencies and a 

normalized impedance �̅�𝑠 = 0.7 − 0.7i  [68]. The tailpipe is characterized by a 

normalized radiation impedance 𝑍𝑡 =
(𝑘𝑟)2

2
+ i ∙

8𝑘𝑟

3𝜋
, in which 𝑘 is the wavenumber 

and 𝑟 is the duct radius. For the sake of simplicity, the exhaust flow (with a mean 

flow velocity of 50 m/s and at room temperature) is assumed to be steady, i.e., a 

uniform mean flow, while the perturbation of the flow is completely caused by the 

propagation of the sound wave generated by the engine. 

 

(a)                                                                       (b) 

 

Figure 4.20. A schematic diagram of (a) a vehicle exhaust system with a plugged-in 
metamaterial section and (b) a locally resonant metamaterial prototype consisting 
of a periodic system of Helmholtz resonators. 
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The ‘phase velocity’ of the sound wave inside the metamaterial prototype is 

illustrated in Fig. 4.21. In the band above the resonance frequency (tuned at 100 

Hz), the propagation of the sound wave is dramatically slowed down to more or less 

the same as the mean flow velocity (50 m/s), indicating that the condition for 

agglomeration can possibly be satisfied.  
 

 

Figure 4.21. The ‘phase velocity’ (Eq. (3.2) and (3.6)) in the locally resonant acoustic 
metamaterial studied in Paper E. 

 

Fig. 4.22 shows the agglomeration indicator 𝛽  (Eq. 3.8) as a function of 

frequency and distance to the inlet of the metamaterial section. The regions where 

|𝛽| ≤ 0.5, i.e., where agglomeration for particles in a standing wave can happen, are 

plotted in green, while the non-agglomeration region (|𝛽| > 0.5) is plotted in 

yellow. The trajectories of 20 evenly distributed particles at two points in Fig. 4.22, 

one in the ‘agglomeration region’ (120 Hz, 0.1m) and the other in the ‘non-

agglomeration region’ (50 Hz, 0.5 m) are illustrated in Fig. 4.23, where patterns of 

agglomeration and non-agglomeration can be seen.  
 

 
Figure 4.22. The agglomeration indicator 𝜷 as a function of frequency and distance 
to the inlet of the metamaterial prototype shown in Fig. 4.20(b). The green and 
yellow parts in the plot represent where |𝜷| is smaller or larger than 0.5, i.e., the 
agglomeration and non-agglomeration region, respectively. 
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(a)                                                                   (b) 

   

Figure 4.23. Example of particle trajectories in the metamaterial prototype studied 
in paper E. (a) agglomeration and (b) non-agglomeration. 
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4.6 Paper F 

Experimental Analysis of Whistle Noise in a Particle Agglomeration Pipe 

New concepts and results:  

 the proposition of a new formulation for power balance analysis  

 an evaluation of the damping and power amplification properties of a particle 
agglomeration pipe 

The measured transmission loss (TL) of the agglomeration pipe (see Fig. 3.1) for 

one no-flow case and two flow cases (the mean flow Mach number 𝑀 is equal to 

0.056 and 0.1, respectively) are presented in Fig. 4.24. In comparison, the simulation 

result calculated by solving the convective wave equation  

 −i𝑘(i𝑘Ф+𝑀∇Ф) + ∇[∇Ф− (i𝑘Ф+𝑀∇Ф)𝑀] = 0, (4.3) 

in the linearized potential flow module of COMSOL Multiphysics [47] is also 

depicted. In Eq. (4.3), Ф is the velocity potential.  

 

(a)                                                                  (b) 

  
 

                                        (c) 

 

Figure 4.24. The transmission loss of the agglomeration pipe at different flow speeds.
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It is intriguing that the measurement and simulation result agree well in the no-

flow case but deviate in the two flow cases, where the measured TL goes negative 

at certain frequencies. Given that clear tonal noise at around 300 Hz and 200 Hz 

can be heard in the two flow cases, the negative TL is interpreted as consequences 

of flow-generated noise associated with periodic flow separation and vortex 

shedding. These effects cannot be captured by the simulation due to the assumption 

of a potential flow. 

To validate the interpretation, the power output from the agglomeration pipe at 

different flow speeds are calculated using Eq. (3.16) (the blue and orange curves) 

and Eq. (3.18) (the green curve), as illustrated in Fig. 4.25. It is clear that in the two 

flow cases there is a large potentiality for the incident sound power to be amplified, 

not only at frequencies (~300 Hz and ~200 Hz, respectively) where the tonal noise 

is audible but also at many other frequencies. This means that the agglomeration 

pipe can serve as a muffler (≥600 Hz) and an amplifier at the same time when in the 

presence of a mean flow. Contrarily, the incident sound power is always damped 

when the mean flow is absent.  

 

(a)                                                           (b) 

  

                                           (c) 

 

Figure 4.25. The normalized net power output from the agglomeration pipe. 
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The Nyquist plot of the determinant (calculated via Eq. (3.19)) for the two flow 

cases are plotted in Fig. 4.26. In both cases the origin of the complex plane is 

encircled by the determinant trace, indicating that the system is unstable, i.e., the 

agglomeration pipe did indeed whistle. The critical zero emerges between 300 and 

320 Hz in the Mach number 0.1 case and between 200 and 220 Hz in the Mach 

number 0.056 case, respectively, which agrees with the corresponding largest 

negative TL values shown in Fig. 4.24. 

 

  

Figure 4.26. Plot of the system determinant for the agglomeration pipe studied in 
Paper F. Based on the Nyquist stability criterion the frequencies that enclose the 
origin represent unstable frequencies or a whistle. 
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Chapter 5 

Conclusion and Future Work 

The work presented in this thesis is initially driven by two scientific issues: 1) 

the optimization of sound attenuation in flow ducts and 2) the manipulation of 

particles by sound waves. By creating new knowledge and understanding around 

these issues, the thesis makes a direct contribution to the development of the 

Cremer impedance concept and presents a new application of slow sound generated 

in acoustic metamaterials. 

More specifically, the thesis further develops the Cremer impedance from 

different perspectives including: 
 

 The exact Cremer impedance for the fundamental mode in 2-D single-lined 

rectangular ducts in the presence of a ‘plug’ flow is derived. Similarly to the 

circular duct case, the low frequency damping behaviour is completely different 

in the up- and downstream directions, with the downstream damping vanishing 

towards the low frequency limit. In addition, the Cremer impedance is found to 

have a negative real part in the very low frequency range in both directions. 
 

 The difference between the classic and exact Cremer impedance in terms of low 

frequency damping is experimentally investigated. This is done by designing and 

testing dissipative-type acoustic liners. For the purpose of measuring a dissipation 

of the order ~700 dB/m, a Prony-algorithm-based ‘straightforward method’ was 

adopted in the measurement. A significant improvement in low frequency 

damping demonstrates the advantage of the exact solution. The measurement 

error is analyzed with a Monte Carlo simulation as well as complementary 

numerical and experimental analyses. 
 

 The Cremer impedance in a sheared flow is obtained by replacing the previously 

used Ingard-Myers boundary condition with the Brambley boundary condition. 

It is found that the introduction of boundary layer has a negligible effect on the 

downstream result but dramatically changes the upstream result. An important 

finding is that, for most cases, the negative resistance still exists in a sheared flow. 

This indicates that the negative resistance is not an artefact of the Ingard-Myers 
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boundary condition. In addition, a criterion to evaluate the validity of the two 

boundary conditions based on the comparison of the acoustic boundary layer and 

the viscous sub-layer thickness is proposed. 
 

 The Cremer impedance obtained with the Ingard-Myers boundary condition is 

investigated with a mode-merging analysis. Based on the merging pattern, it is 

found that the downstream results are always valid. However, some of the 

upstream results in the very low frequency range (including all the results with a 

negative resistance plus some with a positive resistance) are questionable in the 

sense that the fundamental mode is either excluded from merging or not the least 

attenuated mode. In both cases, the damping of the fundamental mode is smaller 

than theoretically predicted, and the numerical simulation result validates this 

finding. 
 

 The exact Cremer impedance for higher order modes in both circular and single-

lined rectangular ducts is derived using the Ingard-Myers boundary condition. 

For certain cases where the mean flow has a large subsonic Mach number, the 

negative resistance is found above the first cut-on frequency. Similarly to the 

fundamental mode case, some of the upstream results are invalid due to the 

merging of unexpected modes.  
 

 The Cremer impedance for double-lined rectangular ducts with zero mean flow 

is investigated. Two double roots and two triple roots are given. The two triple 

roots provide a larger damping in either the low or the mid-to-high frequency 

range compared with the solution given in previous research [16, 17, 52]. For one 

of the triple roots an active wall is required, demonstrating that the negative 

resistance is not necessarily a consequence of a mean flow.  

Based on these findings, the advantages and disadvantages of the Cremer 

impedance can be better appreciated: for small duct or low frequency applications, 

such as the vehicle intake and exhaust system, the exact Cremer impedance can give 

a much larger damping over the classic asymptotic solution. However, this 

advantage is compromised by the fact that: i) at low frequencies, an active boundary 

is required to realize the optimal damping; ii) all the upstream results with a 

negative resistance and some with a positive resistance are invalid and iii) the 

downstream damping vanishes towards the low frequency limit. Therefore, when 

applying the Cremer impedance in the low frequency range, a case-by-case study is 

recommended for the upstream case, and resonators or a reflective type of device 

can be better for the downstream case. 

file:///C:/Users/zz/Desktop/research/thesis/Theory%23_14Cremer,_L.,_
file:///C:/Users/zz/Desktop/research/thesis/Attenuation%23_Koch._W.,_
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One thing worth mentioning is that the Cremer impedance was initially 

proposed for infinitely long ducts. Therefore, it may not give the largest propagation 

damping in a finite structure, especially for short ones where the near field effect 

cannot be neglected. In addition, the double- and triple-root Cremer solutions 

contain terms growing linearly [17, 18] and quadratically [28] with distance, which 

also can reduce the damping for finite ducts. However, based on the research in 

reference [69], the Cremer impedance is always close to the optimum impedance 

for a finite structure and thus can be used as the guideline in practice. 

A possible future work regarding the Cremer impedance is to experimentally 

investigate the result with a negative resistance (including triple root 2 for double-

lined rectangular ducts) by testing active liners. Another interesting extension is, 

according to the research on boundary conditions [26, 27, 66, 67] to analyze in more 

detail the low frequency problem using models that allow for thick acoustic 

boundary layers and can include an acoustic wall shear stress. Also, to achieve a 

larger low frequency damping in double-lined rectangular ducts, it is worthwhile 

to construct a new Cremer impedance in the form �̅�𝑤1 = 𝑎1 + i𝑏1 and �̅�𝑤2 = 𝑎2 +

i𝑏2, i.e., building a complete anti-symmetric configuration.  

With respect to the investigation of slow sound and acoustic metamaterials, the 

propagation of sound waves in a locally resonant metamaterial is analyzed and the 

‘phase velocity’ is derived. It is found that the sound wave is dramatically slowed 

down around the resonance frequency. A possible application of the slow sound is 

to agglomerate small particles in the vehicle exhaust system. This is inspired by a 

hydrodynamic agglomeration model which has been used to increase particle size 

and reduce particle numbers. An ideal case scenario of the acoustic agglomeration 

is numerically analyzed. The result reveals the possibility of acoustic agglomeration 

when a certain relationship between the sound ‘phase velocity’, the mean flow 

velocity and the acoustic particle velocity is satisfied.  

However, the acoustic agglomeration can be difficult to realize in practice since 

the metamaterial will not only affect the sound speed but also substantially damp 

the amplitude, thus reducing the mobility of the particles. Therefore, instead of 

working alone, the acoustic agglomeration method could be used as a complement 

to the hydrodynamic method to boost agglomeration near the inlet of the exhaust 

pipe. A test on such an agglomeration device designed with combined mechanisms 

could be interesting.  

The slow sound can also be applied for other purposes, e.g., building compact 

silencers. One possible application not included in the thesis is a so-called virtual 

Herchel-Quincke tube [70]. In that case, a straight duct is split into two passages, 

file:///C:/Users/zz/Desktop/research/thesis/On%23_14Aurégan_Y.,_
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one of which is lined with metamaterial to create slow sound. The phase lag 

between the slow and normal sound in the two passages is used for low frequency 

noise control. Another recent example where slow sound is used to build a compact 

silencer is Auregan et al. [71]. Therefore, more work on the application of slow 

sound for compact noise control is worth investigating. 

Finally, with regard to the measurement on the agglomeration pipe (Paper F), a 

comparison with simulation based on solving the linearized Navier-Stokes 

equations is worthwhile. This would include vortex-sound interaction and could 

probably explain the observed amplification in the pipe. 
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