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Wind-turbine wakes –
Effects of yaw, shear and turbine interaction

Elektra Kleusberg

Linné FLOW Centre and Swedish e-Science Research Centre (SeRC),
KTH Royal Institute of Technology, Department of Mechanics,
SE-100 44 Stockholm, Sweden

Abstract
The actuator-line method is used together with the incompressible Navier–Stokes
equations to investigate the flow development behind wind turbines. Initial
investigations focus on providing a thorough validation of the implementation
in the spectral-element flow solver Nek5000 against existing numerical and
experimental datasets. It is shown that the current implementation gives an
accurate representation of the flow field for different turbine geometries, inflow
conditions, yaw misalignment, and when considering multiple turbines. This
enables an in-depth study of the wake physics in these configurations.

The yawed wind-turbine wake development is shown to depend on the
tip-speed ratio, both in terms of the wake deficit and the generation of the
counter-rotating vortices known to occur in yawed turbine wakes. For lower
tip-speed ratios the wake deficit exhibited significant asymmetries with respect
to the horizontal plane due to the advancing/retreating effect. At high tip-speed
ratios this effect became negligible compared to the skewed wake effect, which
affects the symmetry with respect to the vertical plane. These inhomogeneities in
the averaged wake development also affect the tip-vortex breakdown, leading to
different locations of the tip-vortex breakdown along the wake azimuth due to the
significant azimuthal variations of the tip-vortex strength and convection velocity.
An analysis of the interaction of a yawed wind-turbine wake with a sheared
inflow exposed a dependency of the wake deflection and recovery on the yaw
orientation, which then resulted in significant differences in the combined power
output of a two-turbine setup. More detailed studies of the tip-vortex breakdown
in sheared flows using single-frequency perturbations revealed that a sheared
inflow changes the spatial growth rate of the tip vortices along the vertical
axis, due to the varying tip-vortex convection velocity. However, by applying
a scaling based on local vortex parameters, the growth rates collapse to the
canonical case of an infinite row of point vortices. Finally, an idealized scenario
of two in-line turbines with a steady tip-vortex development is investigated.
By applying a range of controlled perturbations, modes were excited, which
exhibited in-phase or out-of-phase displacement between the vortex system of
the upstream and the downstream turbine for certain frequencies.

Key words: wind-turbine wakes, yaw, tip-vortex breakdown, shear, computa-
tional fluid dynamics, actuator-line method, spectral-element method.
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Vindturbinsvakar –
Effekten av girning, skjuvning och turbininteraktion

Elektra Kleusberg

Linné FLOW Centre och Swedish e-Science Research Centre (SeRC),
Kungliga Tekniska högskolan, Institutionen för Mekanik
SE-100 44 Stockholm, Sverige

Sammanfattning
Den s̊a kallade actuator line-metoden används tillsammans med inkompressibla
Navier–Stokes ekvationer för att undersöka strömningens utveckling bakom
vindturbiner. Inledande studier syftar till att utförligt validera implementationen
i spektralelementkoden Nek5000 mot befintliga numeriska och experimentella
datamängder. Det visas att den nuvarande implementationen ger en noggrann
representation av strömningsfältet för alla undersökta turbingeometrier.
Vidare f̊angas utvecklingen hos vaken väl för en rad olika inflödesvillkor, för
turbingirning, och under interaktion mellan flera turbiner.

Vakutvecklingen för en girad turbin visas bero signifikant p̊a kvoten mellan
vingspetsens och friströmmens hastighet, b̊ade när det gäller hastighets-
underskottet i vaken och bildningen av de motroterande vakvirvlarna. För l̊aga
hastighetskvoter mellan vingspetsen och friströmmen uppvisar vakens hastighets-
underskott en betydande asymmetri med avseende p̊a horisontalplanet
genom en s̊a kallad avancerande/retirerande effekt. För höga hastighetskvoter
blir denna effekt däremot försumbar i jämförelse med vakens skevhet som
p̊averkar symmetrin med avseende p̊a vertikalplanet. Dessa inhomogeniteter
i den medelvärdesbildade vakutvecklingen p̊averkar ocks̊a det turbulenta ned-
brottet hos vingspetsvirvlarna, vilket inträffar vid olika positioner i vinkelled
p̊a grund av signifikanta vinkelvariationer hos virvelstyrkan och konvektions-
hastigheten. En analys of interaktionen mellan en girad turbinvak och en
inkommande skjuvströmning avslöjar ett beroende hos vakens förskjutning och
återhämtning p̊a girningens riktning, vilket resulterar i betydande skillnader
i den sammantagna effekten hos tv̊a turbiner. Mer detaljerade studier
av spetsvirvlarnas nedbrott i skjuvströmningar med enfrekvensstörningar
visar att ett skjuvat inflöde förändrar den spatiella tillväxtgraden längs den
vertikala axeln p̊a grund av varierande konvektionshastighet hos spetsvirvlarna.
Tillväxtgraderna sammanfaller dock med motsvarande värde för det klassiska
fallet med tv̊a oändliga virvelrader, om de skalas med lokala virvelparametrar.
Slutligen studeras en stationär virvelutveckling för ett idealiserat fall best̊aende
av tv̊a turbiner i linje med varandra. Genom att applicera en rad kontrollerade
störningar, exciteras moder som beroende p̊a frekvens uppvisar förskjutningar i
eller ur fas med virvelsystemen fr̊an turbinen uppströms och nedströms.

Nyckelord: Vindturbinsvakar, girning, turbulent nedbrott hos spetsvirvlar,
skjuvning, vakinteraktion, beräkningsströmningsdynamik, actuator line-metod,
spektralelementmetod
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Preface

This thesis investigates the flow physics of wind turbines. In the first part, an
introduction is provided along with an overview of the modeling methods and a
selection of the obtained results. The second part consists of the written articles.
For consistancy, all articles have been adjusted to the format of this thesis. The
content itself remains unchanged with respect to the original articles.

Paper 1. E. Kleusberg, S. Sarmast, P. Schlatter, S. Ivanell & D. S.
Henningson, 2016. Actuator line simulations of a Joukowsky and Tjæreborg
rotor using spectral element and finite volume methods. J. Phys. Conf. Ser.
753 (8), p. 082011.

Paper 2. E. Kleusberg, P. Schlatter & D. S. Henningson, 2019.
Parametric study of the actuator-line method in high-order codes. Technical
Report.

Paper 3. E. Kleusberg, R. F. Mikkelsen, P. Schlatter, S. Ivanell &
D. S. Henningson, 2017. High-Order Numerical Simulations of Wind Turbine
Wakes. J. Phys. Conf. Ser. 854 (1), p. 012025.

Paper 4. F. Mühle et al., 2018. Blind test comparison on the wake behind a
yawed wind turbine . Wind Energy Science 3 (2), 883–903.

Paper 5. E. Kleusberg, P. Schlatter & D. S. Henningson. Parametric
dependencies of the yawed wind-turbine wake development. Under consideration
for publication in the Journal of Wind Energy.

Paper 6. E. Kleusberg, P. Schlatter & D. S. Henningson, 2019.
Near-wake structure of the yawed wind turbine. Technical report.

Paper 7. E. Kleusberg, P. Schlatter & D. S. Henningson, 2019. Yaw
optimization potential of wind turbines in sheared flows. Technical report.

Paper 8. E. Kleusberg, S. Benard & D. S. Henningson. Tip-vortex
breakdown of wind turbines subject to shear. Under consideration for publication
in the Journal of Wind Energy.

Paper 9. V. G. Kleine, E. Kleusberg, A. Hanifi & D. S. Henningson.
Tip-vortex instabilities of two in-line wind turbines. Accepted for publication in
J. Phys. Conf. Ser.

May 2019, Stockholm

Elektra Kleusberg
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Part I

Overview and summary





Chapter 1

Introduction

1.1. Historical background

Homo sapiens’ desire for energy has fueled a long line of innovations designed
to harness the power of wind, ranging from several millennia b.c. to the current
fast-paced developments of the 21th century. The first proof of wind power being
harvested by humankind dates back to the Gerzean period 3500− 3200 b.c. in
the form of an Egyptian vase featuring a sailing boat (Encyclopedia Britannica
2019). The first windmill was initially attributed to Heron of Alexandria based
on his descriptions in the Pneumatica in the first century b.c. However, it
was not until the 10th century a.d. that a definitive record was made, which
referenced windmills built 200 years earlier in the Sistan region in Iran close
to the border with Pakistan (Shepherd 1990). The wind was used not only to
drive mills, but also to pump water for irrigation. The Iranian windmills are
traditionally vertical-axis wind turbines. In places such as Nashtifan (initially
named Nish Toofan which translates to Storm’s Sting) the over a thousand
years old wind farms made from wood, clay and straw are still grinding grain
while simultaneously providing shelter from the strong winds. In Europe, the
earliest reliable sources reference windmills in the 12th century (Shepherd 1990).
Subsequent years saw a rapid growth in the number of operational windmills.
In the Netherlands windmills were used from the 14th century on to drain
marshes and lakes in the Rhine delta and to grind grain (Fleming & Probert
1984). Figure 1.1 shows a typical windmill built in 1802 in the Dutch village of
Usselo, which is still used to grind grain.

The next step, the conversion of wind energy to electrical energy (as opposed
to mechanical energy in windmills) was conceived in multiple places at the same
time. First by the Scottish professor James Blyth who used a wind turbine
to power the lights in his home in Marykirk, Scotland in July 1887 (Sørensen
2015). That same year US professor Charles F. Brush used a wind turbine to
charge batteries, while in Denmark Poul la Cour began his systematic research
into wind turbine design, founding the Society of Wind Electricians in 1903
(The Guardian 2008; Sørensen 2015). In Minneapolis, 1925, the brothers Jacobs
started large-scale production of thousands of small, high-speed wind turbines
designed to charge batteries and provide electricity for lighting (Carlin et al.
2003). The next large step consisted in the creation of the first megawatt wind
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2 1. Introduction

Figure 1.1: Wissinks Möl. Windmill in the village Usselo (municipality of
Enschede) built in 1802. The Netherlands. Photograph by the author (2018).

turbine in Vermont in 1941, the two-bladed Smith–Putnam turbine (Burton
et al. 2011). The step towards the currently trending Danish concept of three-
bladed turbines was initiated in 1956 with the 200kW Gedser wind turbine built
by Johannes Juul, a student of Poul la Cour (The Guardian 2008).

1.2. Motivation

The interest in wind energy has fluctuated over the last century, spiking in
times of turbulence such as the second world war (Sørensen 2015) and the
international oil crisis in the seventies (EERE 2019). The last decades have
again seen an increase in interest due to the general consensus among 97%
of climate scientists that global warming is a man-made problem caused by
the emission of carbon dioxide and other human-made emissions (NASA 2016;
IPCC 2014). On this premise, an historic agreement was reached in Paris in
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Figure 1.2: Amount of annually newly installed and cumulative offshore and on-
shore wind power in Germany. The data was assembled by Deutsche WindGuard
and made available by IEA Wind (2018).

December, 2015 between 195 nations to actively combat climate change and
limit the global rise in temperature to less than 2◦ Celsius with respect to
preindustrial levels (UNFCCC 2015). The agreement additionally discusses the
need to improve techniques for dealing with changes in climate and creating
strategies to mitigate climate-change related losses and damages.

One of the leading technologies employed to achieve the aforementioned
targets is wind-energy harvesting using wind turbines. Worldwide, the newly
installed wind-power capacity in 2017 was 52,492MW leading to a cumulative
capacity of 539,123 MW by December 2017 (GWEC 2017). Just over 10% of the
global cumulative capacity is installed in Germany with 6,581MW newly installed
in 2017. Figure 1.2 shows the development in annually installed offshore and
onshore capacity in Germany, overlaid with the acquired cumulative capacity,
which has been increasing steadily. As shown by IEA Wind (2018) this trend is
very similar to the developments in other European countries and the USA. In
2017, 18.8% of the electricity in Germany was generated through wind power, a
31.9% rise with respect to the previous year (ISI 2017) meaning that now 49%
of the electrical energy supplied by renewables derives from wind. The German
government aims to gain 80% of the total electrical energy from renewable
sources by 2050 in a process referred to as the German Energiewende (BWE
2016). Their three-pronged approach consists of (a) building new wind farms
in suitable locations on land, (b) repowering old sites, and (c) extending the
use of off-shore wind energy (Bundesregierung Deutschland 2018). Realizing
these ambitious plans requires a large amount of research, first to improve the
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integration of inherently unsteady wind energy in the power grid at national
and international levels, and second to optimize the wind turbines themselves.

Currently the most widely used wind turbine is the three-bladed horizontal-
axis wind turbine, which is most commonly grouped in clusters or farms to reduce
the setup and grid connection costs. Clustering is especially desirable in offshore
installations, which, as figure 1.2 shows, have grown in relevance lately. However,
the number of shallow near-shore locations is limited. Futuristic projects such
as a plan by TenneT, the Dutch power grid, to build a wind farm surrounding
an artificial island in Dogger Bank 125km away from the British coastline,
which would supply power to 80 million people in six different countries, aim to
circumvent this problem (The Guardian 2017; The Independent 2017). At the
same time floating wind turbines are being researched to remove the dependency
on shallow-water locations as documented in National Geographic (2019).

Wind turbines are immersed in the atmospheric boundary layer, meaning
that the streamwise velocity changes along the vertical axis. As atmospheric
boundary layers are generally turbulent, the wind approaching the rotors has a
certain degree of unsteadiness. The advantages of offshore installations include
a more uniform velocity profile, due to the decreased surface roughness over sea,
and often higher wind speeds. As a wind turbine’s power output is proportional
to the cube of the incoming velocity multiplied with the rotor area and air
density, a small increase in velocity has a huge impact on the available power.
In addition to searching for ideal offshore wind locations, wind turbines are
increasing rapidly in size with the largest operational wind turbines nowadays
spanning a diameter of D = 164m with a power output of 8MW (e.g. Vestas
V164-8MW). For comparison, a wind turbine built between 1980− 1990 had
a rotor diameter D = 17m and a power output of 75kW (IEA 2018). As the
power output of a wind turbine also scales with the rotor area A = πD2/4, the
desire to increase the rotor diameter is expected to persist.

Clustering these large-scale turbines together in wind farms poses a chal-
lenge due to the complex interaction of upstream wind turbine’s wakes with
downstream turbines. To this end, the exact development of the flow behind
single wind turbines must be understood and the interaction between multi-
ple wind turbine wakes characterized. When the wakes of upstream turbines
impinge on downstream turbines a significant reduction in power output can
be expected for the downstream turbines, as shown in Dahlberg (2009) for
the Lillgrund wind farm located off the Swedish coastline. The level of wake
interaction is exceptional in this wind farm due to small distances of 3.3− 4.3
rotor diameters between the turbines. The power output of the second row of
turbines was shown to decrease by 70% due to wake interaction when the wind
direction was aligned with the wind turbine rows. By doubling the distance
between the turbines (in Lillgrund due to a missing turbine in one row) the
power of the downstream turbine was shown to increase significantly. While
the second row of turbines experiences a severe reduction of power with respect
to the first row, the subsequent rows did not incur a further reduction. Thus,
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sufficient wake recovery occurs to sustain an equivalent power production to that
of the second turbine row. High-energy flow can be entrained from all directions
when few turbines are clustered. For infinite wind farms, Calaf et al. (2010)
show that the vertical flux of kinetic energy is of the same order as the power
extracted by the wind turbines. In this extreme scenario, the wind-turbine’s
energy is secured from the freestream above the wind farm.

While initially wind turbines were designed to operate as greedy individuals,
extracting as much power as they could without regard for their neighbors,
new approaches optimize the power of entire wind farms comprehensively. In
Meyers & Meneveau (2012) the wind-turbine placement is optimized using
numerical simulations, which consider the land and turbine cost as well as gains
in power production obtained by increasing the turbine separation distance. As
the wake of an upstream turbine significantly reduces the power output of a
turbine, the wind farm power can be increased by staggering the wind turbines
(Meyers & Meneveau 2010). Other currently available options to optimize
the combined power output are e.g. pitching the blades, such as investigated
in Nilsson et al. (2015) or varying the rotational speed of upstream turbines.
These two types of optimization techniques change the axial induction of
upstream turbines, leading to off-design conditions and consequently increasing
the available energy for downstream turbines. Another alternative is given by
introducing yaw or tilt misalignment to not only curb the energy extraction of
upstream turbines, but also redirect the wake of upstream turbines away from
downstream turbines. While yaw-misalignment skews the wake development
in the horizontal direction, tilt-based optimization can redirect the wake along
the vertical axis (Fleming et al. 2014). This makes tilt-based optimization
independent of the wind direction, while yaw-misalignment strategies would
require adjustments to fluctuating wind directions.

The wind energy research community is active in a wide variety of topics
in the field of fluid dynamics, starting from the investigation of the smallest
length and velocity scales occurring in the boundary layer of wind-turbine
airfoils such as simulated by Chivaee (2014). These boundary-layer length scales
are of the order of magnitude of millimeters. At the same time, numerical
simulations are being conducted to understand the interaction between large-
scale or even infinite wind farms and atmospheric boundary layers, as exemplified
in Nilsson et al. (2015) and Meyers & Meneveau (2012), respectively. The
corresponding length scales in these investigations are of the order of kilometers.
Research is conducted with all available tools: experiments (in controlled wind-
tunnel conditions or in the field), numerical simulations (including large-eddy
simulations and Reynolds-averaged Navier–Stokes simulations), and analytically
using vortex and wake models.

1.3. The wind-turbine wake structure

The wake of a wind turbine is characterized by a velocity deficit resulting from
the energy extraction by the rotor blades and the release of vorticity mainly at
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Ω

Figure 1.3: Schematic view of a wind turbine with rotational velocity Ω and the
streamtube encompassing the rotor. The light gray areas show the expanding
radius of the streamlines at the wake border, the dark gray area exemplifies
the Gaussian-like velocity deficit in the far wake and the red line symbolizes a
helical tip vortex detaching from a rotor blade.

the tip and root of each blade. The blockage caused by the rotor leads to the
divergence of approaching streamlines as the flow tries to avoid the obstacle
(shown schematically in figure 1.3 using the streamlines enveloping the rotor).
Due to the energy extracted by the rotor, a pressure decrease is observed across
the rotor plane. Behind the rotor the pressure then gradually increases back
to the atmospheric pressure. The torque generated by the rotating blades
gives rise to a wake rotation in the opposite direction of the blade rotation.
The tip and root vortices are the result of the pressure difference between the
upper and lower side of each blade, which cause the streamlines on the upper
side to deflect towards the blade center, while those on the lower side deflect
towards the blade ends, thus initiating a roll-up process. A variation of the
bound blade circulation additionally results in the release of vorticity along
the blade and into the wake. In cases such as the ideal constant-circulation
rotor proposed by Joukowsky (described in Margoulis (1922)), zero vorticity is
shed along the blade and strong tip and root vortices form at the blade ends
due to the abrupt circulation change there. Often, existing turbines operating
at their optimal operating point will display a near constant circulation along
the blades, e.g. the Tjæreborg turbine analyzed in Ivanell et al. (2009). In
off-design conditions turbines experience more circulation changes along the
blades leading to vorticity being released along the entire blade, as shown in
Troldborg (2009).

Many studies differentiate between the near and far wake behind wind
turbines (Vermeer et al. 2003). The near wake is characterized by the dependency
of the flow structure on the wind turbine geometry and aerodynamics, e.g. the
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number of blades, 3D effects and vortex structure; the far wake commences where
the wake is independent of the rotor specifics. Here the main influencing factors
are the turbulence intensity, the atmospheric boundary-layer stratification and
wake interaction effects between turbines. Wind turbines operate throughout a
range of wind speeds, beginning operation when the wind speed is larger than a
defined minimum, and clocking out if the wind speeds becomes to high, making
operation dangerous. They aim to operate at their optimal operating condition,
which is dependent on the tip-speed ratio

λ =
ΩR

Uz,∞
, (1.1)

the ratio between the angular velocity Ω multiplied with the blade radius R
and the incoming free-stream velocity Uz,∞. The higher the tip-speed ratio,
the larger the streamwise force (thrust) imparted onto the flow by the blades.
When the blades rotate quickly enough, the rotor approaches the behavior of a
solid disc (Medici & Alfredsson 2006). The generated power does not exhibit a
monotonic increase; instead, a maximum is observed at the optimum tip-speed
ratio. Below the optimum, the angle of attack is larger, which may lead to flow
separation at the rotor blades. For tip-speed ratios higher than the optimum
the angle of attack is smaller, leading to a reduced lift force.

Figure 1.4 shows the dependency of the wake structure on the tip-speed
ratio. At the low tip-speed ratio λ = 3 the tip vortices are weak and the
wake deficit is small. Due to the large streamwise distance between the tip
vortices the interaction between neighboring vortices is low and the wake deficit
is almost constant throughout the computational domain. For the optimum
tip-speed ratio λ = 6 the wake deficit increases and there is significant wake
rotation. The streamwise velocity in the wake at this tip-speed ratio is relatively
constant in the radial direction with the exception of the wake center, where
the lack of a nacelle creates a jet. The tip vortices are close enough to interact
with each other, causing the wake to gradually transition to turbulence. At
the high tip-speed ratio λ = 9 the blade angle of attack is very small and can
become negative in the rotor center. This is observed in figure 1.4(c) where
there is a strong velocity deficit in the outer part of the wake and a large
region of high velocity in the wake center. The low velocity in the outer part
of the wake reduces the convection velocity of the tip vortices, which causes
the distance between neighboring helix loops to decrease. This increases the
mutual interaction and causes the tip vortices to break down very close to the
rotor plane. Though the initial wake deficit is larger for high tip-speed ratios,
the earlier breakdown of the tip-vortices increases the mixing in the wake and
enhances the wake recovery (Krogstad & Eriksen 2013).

Thesis structure. This thesis focuses on the numerical modeling of single and
interacting wind turbines and on understanding the resulting flow physics. The
initial studies validate the chosen methodology against existing experimental
and numerical datasets and include parametric studies. In the subsequent
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(a)

(b)

(c)

Figure 1.4: Flow-field dependency on the tip-speed ratio λ. Streamwise velocity
in the plane at x = 0 overlayed with an isocontour of vorticity magnitude at
‖ω‖ = 15. Here, ‖ · ‖ refers to the Euclidean norm. (a) λ = 3, (b) λ = 6, (c)
λ = 9. Simulations from paper 5.

studies of this thesis, the impact of external conditions on the wake development
is characterized, wind farm optimization methods such as yaw misalignment
are investigated and wake interaction is discussed.

Chapter 2 introduces the employed numerical methods, while in chapter 3
the investigated flow cases are presented and validated. In chapter 4 a selection
of results is presented. Finally, chapter 5 contains the main conclusions and
recommendations for future work.



Chapter 2

Numerical method

2.1. Governing equations

The flow around wind turbines can be assumed to be incompressible, as the wind
velocities generally range between 5− 25m/s. This yields Mach numbers at the
blade tips of M ≤ 0.25, which is low enough to neglect compressibility effects
(Tossas & Leonardi 2013). Therefore, the numerical simulations conducted in
this thesis are based on the dimensionless incompressible Navier–Stokes equation
in conjunction with the continuity equation

∂u

∂t
+ (u · ∇)u = −∇p+

1

ReL
∇2u + f , (2.1)

∇ · u = 0. (2.2)

Hereby, u = (ux, uy, uz)
> is the vector of the velocity components in the

spanwise, vertical and streamwise direction, respectively, and x = (x, y, z)> are
the three coordinates. The pressure is represented as p, while t is the temporal
variable and f sums all external forces. Through non-dimensionalization the
Reynolds number ReL = L∗U∗/ν∗ is obtained, which is composed of the
dimensional characteristic length and velocity scale L∗ and U∗, respectively,
and the kinematic viscosity ν∗. (Note, that dimensional variables use the
superscript asterisk while dimensionless variables do not.) This thesis uses the
wind turbine radius R∗ as the characteristic length scale, while the free-stream
velocity U∗z,∞ is the characteristic velocity. When the free-stream flow field
is sheared, then the velocity at hub height U∗z,h is used as the characteristic
velocity.

The Reynolds numbers occurring in atmospheric boundary layers are typi-
cally O(108 − 1010), which cannot be resolved in the current simulations due
to limitations in computational power. However, it was shown by Sørensen
et al. (1998) that the axial induction at the rotor plane is independent of the
Reynolds number, provided a certain minimum is reached. The radius-based
Reynolds number of ReR ≥ 1000 gave a deviation of axial induction of less
than 2% with respect to all higher Reynolds numbers, thus justifying its use.
Ivanell et al. (2009) showed further that the bound circulation of the rotor
was conserved in the tip vortices down to Reynolds numbers of ReR = 10, 000,
though the distribution of vorticity in the vortex core was shown to be broader

9
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for lower Reynolds numbers. In the current simulations the circulation was
shown to not be conserved entirely at ReR = 10, 000 as the core was diffused
rapidly (see paper 1 ). Therefore, the minimum Reynolds number used in this
thesis is ReR = 30, 000. Here, a constant circulation was observed several radii
downstream of the rotor plane (see paper 6 ).

The simulations are conducted in both the rotating and fixed frame of refer-
ence. By choosing a rotating frame of reference where the blades remain fixed in
the domain, numerical noise otherwise generated by rotating the wind-turbine
model through the mesh is avoided. This is advantageous when investigat-
ing intricate features, such as the helical tip-vortex formation and breakdown.
In the rotating frame of reference, Coriolis and centrifugal forces defined as
fcor = 2(ωr × u) and fcent = ωr × (ωr × x), respectively, are included as
forcing terms in the Navier–Stokes equations. Here, ωr = (0, 0,Ω)> denotes the
rotational velocity of the reference frame. In this thesis, the rotating frame of
reference is used for single wind-turbine simulations and simulations of multiple
wind-turbines, which operate at the same tip-speed ratio.

2.2. Flow solver

The studies in this thesis integrate the incompressible Navier–Stokes equations in
time with the open-source spectral-element solver Nek5000 (Fischer et al. 2008).
The advantage of the spectral-element approach is that it combines the geometric
flexibility of the finite-element method with the exponential convergence of
global spectral methods (Fischer et al. 2008). The spatial discretization in
Nek5000 is performed by means of a staggered PN–PN−2 grid (Maday & Patera
1989), where N represents the order of the discretization. Numerical domains are
typically partitioned into non-overlapping spectral elements in which the velocity
field is obtained using Lagrange interpolants on Gauss–Lobatto–Legendre (GLL)
quadrature points, while the pressure is represented on the staggered Gauss–
Legendre (GL) points. The choice of GLL quadrature points, which are clustered
more densely at the spectral-element borders, is motivated by the fact that
they exponentially decrease the Runge phenomenon occurring in high-order
interpolation. Between the spectral elements a loose coupling using C0 continuity
is enforced. The non-linear terms are integrated explicitly in time using third-
order extrapolation (EXT3), while the viscous terms are treated implicitly using
a third-order backward differentiation scheme (BDF3).

In the Reynolds-number range used in the current simulations, it is necessary
to filter the small scales of the Navier–Stokes equations, resulting in large-eddy
simulations (LES). A spatial filtering technique developed by Fischer & Mullen
(2001) is applied to the highest modes to account for the dissipation at the
smallest scales and stabilize the numerical simulation. The filtering technique
acts on the velocity field at the end of each time step, removing energy from
the selected modes and redistributing it on modes that are two orders lower
than the filtered ones. In the simulations, the two highest modes were filtered
with the highest mode being filtered by 10%. The second highest mode is then
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filtered by 2.5% as the filter strength of the lower modes is based on a quadratic
function. Using this filtering technique a good agreement with experimental
results was obtained, as shown in papers 3-6. To reduce aliasing errors, the
non-linear terms are evaluated on a finer grid with 50% more grid points than
the other terms.

2.3. Wind-turbine modeling

With increasing computational power, numerical simulations have become a
viable alternative to experimental campaigns. Further, numerical simulations
can provide insight into the complete flow field whereas experiments are often
constrained by the wind-tunnel layout and the available measurement devices.
However, fully-resolved direct numerical simulations of wind turbines to this
day remain prohibitively expensive due to the range of length scales to be
resolved. Most numerical simulations currently use approximations of the
real wind-turbine flow field and must therefore be handled with care. These
approximations are either simplifications of the Navier–Stokes equations (e.g. the
Reynolds-averaged Navier–Stokes equations, or the LES mentioned previously),
or of the actual wind-turbine geometry.

A common wind-turbine modeling method is the use of body forces to
replace a wind turbine’s geometry. The body-force methods derive from the
actuator-disk (ACD) methodology, which uses a streamtube control volume and
mass and momentum conservation to characterize the flow field through a rotor.
Hereby, it is assumed that the rotor has an infinite number of blades and can
be represented as an axisymmetric disk. The simplest approximation of the
flow is achieved with axial-momentum theory, which provides an expression for
the thrust of the turbine. While axial-momentum theory assumes a uniform
flow along the rotor area, general-momentum theory allows for flow variation
in the radial direction and includes an expression for the angular momentum,
thus allowing for rotation. Combining general-momentum theory with the
so-called blade-element method, which uses two-dimensional airfoil theory at
each radial section to provide expressions for the lift and drag forces, yields the
blade-element momentum (BEM) method (Glauert 1935). The BEM method
is widely used and has been shown to provide a good approximation of the
blade loading. Further, it can be extended to accommodate yaw misalignment,
heavy loading or even dynamic wakes (Sørensen 2015). The forces obtained
from actuator-disk approaches can also be coupled with the Navier–Stokes
equations or the filtered LES equations by including them as forcing terms. In
the following, the approach based on axial-momentum theory is called ACD-NR
(non-rotating), while that based on the BEM method is defined as ACD-R
(rotating) when coupled with the Navier–Stokes equations.

For the ACD-NR approach only a rotor thrust force Fz = (1/2)ρU2
z,∞ACT ,

is included. Here, CT is the thrust coefficient, A is the disk area and ρ is the
density. The force Fz is distributed uniformly on an area corresponding to
the rotor disk in the numerical domain. The model lends itself well to large
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simulations of complete wind farms, where the wind-turbine near-wake structure
is not important. Calaf et al. (2010) for instance use this model to investigate
infinite wind farms whose length exceeds the height of the atmospheric boundary
layer.

The ACD-R approach gives both a lift force FL and a drag force FD where

FL =
1

2
ρU2

relcCL, (2.3)

FD =
1

2
ρU2

relcCD. (2.4)

Here, CL and CD are the lift and drag coefficients, respectively, Urel is the
relative flow velocity approaching each airfoil segment and c is the chord. Figure
2.1(b) shows a sketch of a typical airfoil segment and the corresponding variables
(explained in detail in section 2.3.1). The lift and drag coefficients are generally
a function of the blade geometry and the angle of attack α of the flow. In the
Navier–Stokes equations this provides a thrust force and a force tangential to the
wind turbine rotation. For uniform inflow there is no azimuthal variation in the
forces. However, in turbulent flows or sheared flows the forces vary azimuthally
due to their dependence on the local velocity. As the rotor is modeled as a disk,
no distinct helical tip and root vortices are shed. Instead, sheets of vorticity are
released along the entire disk edge. The ACD-R was shown to capture the wake
statistics as well as the power output of entire wind farms reliably (Mikkelsen
2003; Nilsson et al. 2015).

In Porté-Agel et al. (2011) a comparison of the near-wake flow field obtained
using ACD-NR and ACD-R revealed that including wake rotation yields an
improved comparison with experimental data. The simple ACD-NR was shown
to underestimate the wake deficit and the turbulence intensity in the upper
half of the wake. Troldborg et al. (2015) conducted comparisons between a
fully-resolved rotor and actuator methods. Significant differences were observed
in laminar flow, as the fully-resolved rotor shed considerably more concentrated
tip-vortices than the actuator methods. This caused the wake breakdown to
occur earlier and gave rise to higher turbulent stresses in the near wake. When
applying a turbulent inflow these differences became negligible, showing the
suitability of the actuator methods.

2.3.1. Actuator-line method

An increase in accuracy with respect to the previously introduced ACD methods
is obtained when moving from the approximation of the rotor as an actuator
disk to multiple actuator lines. Each line represents a rotor blade on which the
blade-element method is used to compute the forces. The actuator-line method
(ACL) was first proposed by Sørensen & Shen (2002). Many studies have shown
that the ACL method is capable of accurately representing both the near wake
flow field of single wind turbines (Porté-Agel et al. 2011; Krogstad & Eriksen
2013) as well as full-scale operational wind farms (Churchfield et al. 2012).



2.3. Wind-turbine modeling 13

(a)

Θ

x

y

z

A

j

(b)

B

A BΘ

z

FL

FD

−ΩruΘ

Urel

un α

Ψ
Φ

Figure 2.1: Schematic of (a) an actuator line and (b) a two-dimensional airfoil
with the corresponding local velocities and aerodynamic forces.

Using the ACL method, distinct vortex filaments can detach from each
actuator line. The largest vortices usually are shed from the tip and root due
to the large circulation gradients, resulting in the typical triple-helix vortex
structure enveloping the wake deficit. Figure 2.1(a) shows the actuator lines,
which rotate at the angular velocity Ω = Θ/t. The corresponding tip-speed ratio,
which defines the operating condition of each wind turbine, is λ = ΩR/Uz,∞.
The actuator lines are discretized with a number of points j that in this thesis
is chosen to be close or equal to the number of grid points of the numerical
domain along the actuator line. To obtain the lift and drag forces FL and FD
along the actuator line, the two-dimensional airfoil, shown in figure 2.1(b), at
all j sections of the actuator line is considered. The forces F2D = (FL, FD) are
determined based on the local velocity triangle, consisting of the tangential
velocity ut = uΘ −Ωr and the streamwise velocity un that result in the relative
velocity

Urel =
√
u2
n + u2

t =
√
u2
n + (Ωr − uΘ)2. (2.5)

Here, uΘ is the induced tangential velocity. The resulting flow angle Φ is
computed as

Φ = tan−1

(
un

Ωr − uΘ

)
. (2.6)

The flow angle Φ = Ψ + α, where α is the angle of attack and Ψ is the blade
twist. (Additionally, a blade pitch angle could be imposed, which would reduce
or increase the flow angle along the entire blade depending on the desired
operating condition.) The dimensionless lift and drag coefficients CL, CD =
f(α,Rec) are most commonly a function of the angle of attack and the chord-
based Reynolds number Rec, and are obtained from look-up tables. Similar
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to the ACD-R, the lift and drag forces in the ACL method are defined as
F2D = (1/2) ρU2

relc (CL, CD).

The lift and drag forces are then transformed into normal and tangential
force components FN and FT , respectively. By integrating the tangential force
FT · Ω along the radius the power P is obtained. Similarly, integration of FN
leads to the total thrust T . The corresponding power and thrust coefficients
CP and CT of a wind turbine, respectively, are then defined as

CP =
P

1
2ρπR

2U3
z,∞

, CT =
T

1
2ρπR

2U2
z,∞

. (2.7)

For CP the denominator is the kinetic energy in the wind, while for CT it
represents the dynamic pressure.

An alternative to using tabulated airfoil data is to model the wind turbine
as an optimally operating rotor according to Joukowsky (Sørensen 2015). In
this scenario, constant circulation is imposed along the rotor blades. Using the
Kutta–Joukowsky theorem the lift force is computed as FL = ρUrelΓ, where Γ
is the circulation. When applying the constant-circulation approximation in
this thesis, the drag force is neglected (FD = 0), as done also in Sarmast et al.
(2016).

The lift and drag forces are subsequently transformed to the fixed frame of
reference and included in the Navier–Stokes equations using a convolution with
a Gaussian kernel. The current study uses a three-dimensional Gaussian kernel
defined as

f(x) =

Nb∑
i=1

∫ R

0

F2D(r)η(|x− rei|)dr, η(d) =
1

ε3π3/2
exp[− (d/ε)

2
]. (2.8)

The distance between the grid points x of the domain and the actuator line
rei is given as d = |x− rei|, where ei is the unit vector in the respective blade
direction. The Gaussian width is denoted as ε and Nb is the number of blades.
To approximate the existing blade loads well, the Gaussian width should be
as small as possible. However, small spreading widths can lead to numerical
oscillations of the loading that propagate through the domain. A multitude of
studies have been conducted to establish an ideal spreading width. Mart́ınez-
Tossas et al. (2015) show that the reduction in the maximum forcing that occurs
when increasing the spreading width results in a larger streamwise velocity un.
This increases the angle of attack and thus also the power coefficient. The power
coefficient was also shown to be sensitive to the grid resolution, increasing with
the number of grid points. By investigating the actuator-line technique using
planar wings Shives & Crawford (2013) and Dag (2017) showed that the smaller
the Gaussian support width is, the closer the bound circulation follows that
of a lifting-line computation. Specifically at the wing tip the overestimation
of the circulation was reduced for smaller ε. This effect is traced back to the
induction of the trailing vortex (the downwash), which decreases for larger ε.
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The lower induction then increases the angle of attack at the blade tip and thus
the circulation.

The minimum Gaussian width is dependent on the grid spacing (Troldborg
2009; Mart́ınez-Tossas et al. 2015). Troldborg (2009) recommend a width
ε ≥ 2∆x, where ∆x is the grid spacing, to suppress oscillations in the blade
loading. In this case the numerical grid is unable to resolve the Gaussian, leading
to different volume forces depending on where the actuator line is located in
the mesh. Mart́ınez-Tossas et al. (2015) showed that a smaller wake deficit was
obtained for ε < 2∆x. Additionally, the wake exhibited oscillations that could
be seen in the near-wake horizontal velocity profile. In this thesis, the Gaussian
width is set to values between ε = 2.5∆avg and 3∆xavg, where ∆xavg is the
averaged grid spacing of the spectral-element mesh. In papers 1-2 parametric
studies investigate the impact of the Gaussian width on the flow in Nek5000.
To account for the overestimation in the circulation and thus the blade forces
at the blade tips this thesis uses Prandtl’s tip correction (Glauert 1935).

2.4. Tower and nacelle modeling

Often, replacing the wind-turbine geometry with a rotor model such as the ACD
and ACL methods is sufficient, especially when looking at the far-wake evolution
and wind-turbine interaction. However, in the near wake it has been shown both
experimentally and numerically that the rotor-tower wake interaction is non-
negligible. The tower has been shown to disturb the tip vortices forming at the
bottom of the wake (Hand et al. 2001). The time-averaged wake development
is characterized by an additional wake deficit behind the tower, as shown
experimentally by Pierella & Sætran (2017). They find that the wake center
(defined as the center of rotation) is shifted downwards. The tower wake moves
in the direction of the wake rotation, thus also creating a wake asymmetry
in the spanwise direction. Santoni et al. (2017) used an immersed boundary
method to model the tower and nacelle geometry on the wake and showed that
the averaged near-wake flow characteristics were then captured more accurately.
Using proper orthogonal decomposition, Debnath et al. (2017) demonstrated
that the tower vortex shedding can become an important energetic feature of
the wind-turbine wake.

In the scope of this project the wind-turbine tower is modeled with body
forces, similar to the ACL method. The tabulated experimental data for the lift
and drag coefficients CL,T and CD,T of the flow around a cylinder is provided
by Sumer & Fredsøe (2006) and is dependent on the tower Reynolds number
and the turbulent intensity of the flow. The tower forces are defined as

(FL,T, FD,T) =
1

2
ρU2

T dT (CL,T, CD,T), (2.9)

where UT is the velocity magnitude of the flow exactly at the tower position and
dT is the tower diameter. The lift force is defined as a sinusoidal force. The drag
force is composed of a constant component and an oscillating component with
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(a)

(b) (c) bottom top

Figure 2.2: Instantaneous streamwise velocity (a) in the yz-plane at x = 0 and
(b) in the xy-plane at z = 7, one diameter downstream of the rotor. In (a) a
contour of the vorticity magnitude at ‖ω‖ = 10 is displayed. In (b) the arrows
are the velocity vectors (not scaled by magnitude of the velocity). (c) tip-vortex
development in the lower and upper half of the wake. The colorbar is the same
for all figures. The wind turbine is that of papers 5-7.

a frequency, which is double that of the lift-force frequency. In the Reynolds-
number range investigated in this thesis the oscillation frequency of the lift force
is St = 0.2. This approach to tower modeling has also been used by Sarmast
et al. (2014a) and Chivaee (2014), who, however, neglect the oscillating drag
force component.

Figure 2.2(a) shows the impact of the tower model used in papers 4,7 on
the wake development. As the tower in this experimental setup is quite slender,
the created tower wake deficit is small. The tip vortices are preserved much
longer on the top of the wake than at the bottom, where a quick breakdown
to small-scale turbulence occurs. At the top the tip-vortex pairing takes place.
The cross-sectional view in figure 2.2(b) shows how the tower wake deficit is
transported in the direction of the wake rotation. Figure 2.2(c) shows how the
tip vortices on the bottom are distorted locally due to the lower wake velocity
directly behind the tower, leading to the earlier breakdown of the tip-vortex
structure (similar to Hand et al. (2001)).

The nacelle is modeled as an actuator disk that is loaded with a constant
drag force FD,N = (1/2)ρU2

∞πANCD,N, where AN is the nacelle area and
CD,N = 0.5. The tower and nacelle forces are distributed on the the domain
using the three-dimensional Gaussian kernel presented in equation (2.8). The
Gaussian width is chosen such that the forces are distributed over a volume
resembling the wind-turbine support structure.
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2.5. Free-stream turbulence

While some of the investigations in this thesis were conducted under completely
uniform inflow (e.g. studies of the stability of the tip-vortex system), an
inflow condition that features some form of turbulence is often better suited
for approximating field conditions. The employed turbulence model is designed
to emulate the characteristics of the grid-generated turbulence in wind-tunnel
experiments by Krogstad & Eriksen (2013), Krogstad et al. (2015) and Bartl
& Sætran (2017), which can be considered to be homogeneous and isotropic.
It is known, that in this case, the turbulent stresses and the turbulent kinetic
energy k follow a power-law decay such as k/Uz,∞ = A(z − z0)−n/M , where A
and M are grid-specific parameters. The decay exponent n can vary between
n = 1.15− 1.45 (Pope 2001).

The turbulence is generated using random sinusoidal modes superposed
to the mean flow at the inlet. Concentric spherical shells (Schlatter 2001) are
created in wavenumber space, on which the wavenumbers for the turbulence are
selected from. The spherical shells are each discretized as dodecahedra, which
results in twenty wavenumbers per shell. This method of wavenumber selection
ensures a homogeneous isotropic distribution of the chosen wavenumbers. To
introduce randomness, the dodecahedra are randomly rotated in space. The
amplitude of each wavenumber is defined based on a von Kármán spectrum,
which requires the prescription of an integral length scale. In the current
numerical simulations the integral length scale is lI = 0.3, which is slightly
larger than the length scales experimentally reported by Krogstad & Eriksen
(2013), Krogstad et al. (2015) and Bartl & Sætran (2017). The integral length
scale typically increases with downstream distance. Based on the domain
resolution used in papers 5-8 this means that the bulk of the energy, which is
contained in the length-scale range lEI = 0.6lI − 6lI (Pope 2001) is resolved by
the mesh. By using Taylor’s frozen turbulence hypothesis a transformation of
the streamwise wavenumber component to a temporal fluctuation is achieved.

In figure 2.3 the turbulence intensity decay is shown of a numerical simu-
lation, which models the experimental turbulence intensity of Krogstad et al.
(2015), where two spanwise offset turbines at different turbulence levels are
investigated. In the high-turbulence setup the first turbine experiences a turbu-
lence level of slightly less than Ti = 10%. At the second turbine position the
turbulence has decayed to Ti = 4.8%. Figure 2.3 shows that the simulations
match the experimental turbulence decay well, though a small difference in
turbulence intensity (approximately 6% at the downstream turbine) is observed
due to the slightly accelerated decay rate of the simulation. The isotropy of
the turbulence was investigated by comparing the different root-mean-squared
velocity components at the upstream turbine, which was less than 4%.
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Figure 2.3: Time-averaged development of the turbulent intensity Ti in the
empty domain for the high turbulence case investigated in Krogstad et al. (2015).
The dashed black lines mark the positions of the two turbines. solid green line:
Nek5000, dashed orange line: power-law fit, blue circles: experimental data. A
power-law fitting is included for comparison with a decay exponent n = 1.024.



Chapter 3

Flow cases

The present chapter concerns itself mainly with three wind turbines, the idealized
constant-circulation turbine, the model-scale wind turbines from the Norwegian
University of Science and Technology (Krogstad & Adaramola 2012; Krogstad
et al. 2015; Bartl et al. 2018b) and the Tjæreborg turbine (Øye 1991), which
was an operational wind turbine in Denmark.

Depending on the type of investigation, the chosen mesh and the compu-
tational domain vary. In the following sections the wind turbines are briefly
introduced and a selection of validation results are presented.

3.1. Constant-circulation turbine

The constant-circulation approach was initially suggested by Joukowsky (Mar-
goulis 1922) as a way to model an optimally-operating two-bladed propeller.
In this method each blade has a constant bound circulation Γ resulting in the
release of a hub vortex with circulation Γhub = NbΓ, where Nb is the number of
blades, and a tip vortex for each blade with circulation Γtip = Γ. Due to the
constant bound circulation no vorticity is shed between the tip and root of the
blades.

In Sarmast et al. (2016) the constant-circulation assumption was embed-
ded in the ACL method together with LES in the finite-volume flow solver
EllipSys3D (Sørensen 1995). These simulations were compared with a simpli-
fied free-wake vortex model based on the Biot–Savart law (Segalini & Alfredsson
2013). It was shown that accurate wake predictions could be made at negligible
computational cost using the vortex model for this ideal constant-circulation
turbine. An additional comparison using the Tjæreborg turbine showed that
the vortex model provided accurate predictions when the optimum tip-speed
ratio was used, as the Tjæreborg turbine then also exhibits an approximately
constant circulation along the blades. The model predictions were less accurate
for non-optimal operating conditions.

The constant-circulation turbine was employed as the first validation case in
this thesis as it relies on no tabulated lift and drag coefficients, thus eliminating
one factor of uncertainty. The ACL implementation in Nek5000 was compared
to EllipSys3D (Sørensen 1995), a solver which has been extensively validated
against experiments (Chivaee 2014; Troldborg 2009; Sarmast et al. 2014a). To
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Figure 3.1: Sketch of the cylindrical domain used for the constant-circulation,
the Tjæreborg turbine and papers 8-9. Domain dimensions are set in table 3.1.

Boundary inlet: Dirichlet
conditions lateral: Dirichlet

outlet: stress-free

sponge lin Rd ld

paper 1 yes 7 10 40
paper 2 yes 7 10 20
paper 8 no 6 10 19
paper 9 no 7 10 25

Table 3.1: Boundary conditions and dimensions of the cylindrical domain.

enable an undisturbed study of the wake development, independent of the
boundary conditions, a cylindrical domain was created in which the rotor was
centered, as shown in figure 3.1. The lateral boundaries are far away from the
ACLs, to reduce the blockage effect on the wind-turbine wake. At the outflow a
sponge region of length ls = 2 is included, which dampens oscillations occurring
at the outflow by forcing the flow to the inflow velocity profile (Chevalier et al.
2007). For real turbines, the ACLs extend from the beginning of the airfoil
sections at the hub to the blade tip. For the constant-circulation turbine there
is no geometric constraint. Therefore, the ACL limits were set to 0.1 < r < 1,
where r is the radius of the rotor blades. In table 3.1 the parameters of the
domain and turbine placing are given for the constant-circulation turbine as
well as all other studies conducted in cylindrical domains (papers 8-9 ).

Validation. Figure 3.2 shows the tip-vortex development in a slice through the
center of the wake for both Nek5000 and EllipSys3D. The vortices are more
concentrated in Nek5000 with an extended period of pairing occurring before
two neighboring vortices merge. The amplification of the tip-vortex instabilities
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Figure 3.2: Contours of vorticity magnitude showing the wake development
simulated by (a) Nek5000 at polynomial order N = 9, and (b) EllipSys3D.
The line at r = 0.1 is the inner boundary of the annulus that is the EllipSys3D

domain. Constant-circulation turbine at circulation Γ = 0.133. Taken from
paper 1.

occurs slightly further upstream in EllipSys3D and the tip vortices are observed
to dissipate faster, even though the mesh used in the spectral-element simulations
is ≈ 60% coarser than that of EllipSys3D (using polynomial order N = 9).
Due to the decreased dissipation of the spectral-element flow solver the initial
vortex structure is preserved longer. In both codes it is observed that the vortex
cores elongate in the streamwise direction, a behavior displayed in co-rotating
vortex systems such as the tip vortices. There, the strain field felt by a vortex
due to neighboring vortices leads to its distortion from a circular cross section
to an elliptical one (Leweke et al. 2016).

Figure 3.3(a,b) shows the downstream development of the wake expansion
and the vortex-core size (here defined as the location of maximum swirl veloc-
ity) dependent on the polynomial order of the spectral elements. For lower
polynomial orders (N = 7 and N = 8) the vortices are shown to destabilize
further upstream, similar to EllipSys3D. The core size exhibits a dependence
on the grid size. It is readily observed that by reducing the polynomial order to
N = 8 the core size (and the entire wake in general) develops more similarly
to EllipSys3D due to the increased dissipation in Nek5000. For N = 8 the
spectral-element mesh is approximately 40% of that of EllipSys3D, showing
that significantly lower resolutions can be used in Nek5000 with the same accu-
racy. However, the the time-step requirements are more restrictive in Nek5000,
thus providing no overall computational advantages. The power and thrust
coefficients in table 3.2 show that good agreement exists between the two codes.
The coefficients are converged at polynomial order N = 9.
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Figure 3.3: (a) Wake expansion r. (b) Core ra-
dius rcore. Blue circles: EllipSys3D. Crosses:
Nek5000; red +: N = 9, green +: N = 8 and
black +: N = 7; Constant-circulation turbine
at circulation Γ = 0.133. Taken from paper 1.

CP CT

E3D 0.557 0.92

Nek N = 11 0.573 0.908
Nek N = 9 0.572 0.908
Nek N = 8 0.576 0.906
Nek N = 7 0.590 0.904

Table 3.2: Power and thrust
coefficients for Nek5000

(Nek) as a function of
polynomial order N , and
EllipSys3D (E3D).

3.2. Tjæreborg turbine

The 2MW Tjæreborg turbine (Øye 1991) is also investigated in the domain
shown in figure 3.1. The blade forces here are defined by the tabulated airfoil
data of the NACA 44XX airfoils and two-dimensional airfoil theory. The airfoil
chord increases linearly from 3.3m at the hub to 0.9m at the blade tip. The
blades are twisted linearly along the entire blade and a pitch angle of Θ = 0.54◦

is applied. Further information on this turbine is provided in Øye (1991),
Mikkelsen (2003) and Ivanell et al. (2009). The Tjæreborg wind-turbine is only
investigated at the optimal operating point, which is at tip-speed ratio λ = 7.07.

3.3. NTNU wind turbines

The model-scale wind turbines presented in this section were used for wind-
tunnel experiments at the Norwegian University of Technology (NTNU) in
Trondheim. The experimental campaigns can be divided into two categories.

The first category summarizes a series of blind tests, which were executed
with the purpose of creating a solid experimental database against which
simulations and models could be compared. The primary focus is the estimation
of the power and thrust coefficients and the wake statistics. In Krogstad &
Eriksen (2013) the wake of a single wind turbine is investigated for a range
of operating conditions. The two following studies test two-turbine setups,
where the turbines are in-line (Pierella et al. 2014) and subjected to a spanwise
offset of one radius (Krogstad et al. 2015). The setup is then extended to
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Figure 3.4: Simulation domain sketches of (a) a single yawed turbine, (b) two
in-line turbines where the upstream turbine is yawed and (c) top view of (b).
P1, P2, P3 are the planes where data is extracted with their respective distances
d1, d2, d3 to the yawed rotor. Taken from paper 7 and adjusted slightly.

investigations of different inflow profiles and turbulence levels in Bartl & Sætran
(2017). Finally, paper 4 discusses wind turbines that are misaligned with respect
to the incoming flow. The studies showed that while good agreement could
be achieved between simulations and experiments there was also a significant
spread in the numerical predictions.

The second category consists of in-depth investigations of the flow physics.
In Pierella & Sætran (2017) it was shown e.g. that the tower wake leads to a
wake center shift, both downwards and in the spanwise direction. Bartl et al.
(2018b) discuss how the yawed wind-turbine wake development is impacted
by different inflow conditions, while in Bartl et al. (2018a) and Adaramola &
Krogstad (2011) optimization of the combined power output of a two-turbine
setup is proven to be possible by yawing the upstream turbine.

The experimental campaigns are led in a wind tunnel that has the dimensions
1.8m× 2.7m× 11.15m (height×width× length) (see paper 4 ). The wind-tunnel
height is adjusted to achieve a zero pressure-gradient flow, meaning that the
height is increased slightly along the streamwise direction to take the wall
boundary-layer growth into consideration. The ratio of the rotor area to the
wind-tunnel cross section is 12% (Krogstad & Eriksen 2013) and the rotor is
positioned approximately in the center of the domain. The blades are designed
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with the 14% thick NREL S826 airfoil. There is a sharp cutoff at the blade tip,
instead of the usual gradual tapering off.

In the simulations, tabulated lift and drag coefficients provided by Sarmast
& Mikkelsen (2012) are used to compute the ACL forces. The airfoil data was
obtained via experiments of the two-dimensional airfoil at a variety of angles of
attack and Reynolds numbers. The numerical domain has the dimensions given
in the experiments, without the adjustment of the height. This enables the use
of a slip boundary condition on the lateral boundaries. At the inlet a velocity
profile is set, while at the outlet a stress-free boundary condition is imposed in
all simulations except in paper 3, where a convective outflow boundary condition
was employed. In some cases tower and nacelle models presented in section 2.4
have been included. Most simulations include turbulence at the inlet, which
at the turbine location gives the turbulence intensity Ti = 0.3% (to imitate
ambient turbulence) or Ti = 10% (to mimic grid-generated turbulence). Figure
3.4 shows a schematic setup of the studies conducted in papers 5-7 and the
corresponding dimensions. In most simulations the wind turbine rotates in
the clockwise direction, which is the opposite direction of the experimental
wind turbine. However, when using the ACL method this does not change
the wake development. When yaw is included, the direction of positive yaw
angle is likewise defined in the opposite direction, thus making the simulations
the mirror image of the experiments. In papers 3-4 the computational setup
is slightly different (see the corresponding papers for details). In papers 8-9
simulations of this turbine were also conducted in a cylindrical domain akin to
figure 3.1.

This model wind turbine was validated under a wide variety of scenarios
in Nek5000, as will be shown in the following. Therefore, this turbine is ideal
for performing more detailed investigations of the wake structure, e.g. the
tip-vortex destabilization and descent to turbulence.

Baseline validation. In figure 3.5(a) the streamwise velocity and turbulent
stress profiles of simulations of the NTNU turbine using the setup parameters
from papers 5-7 are compared to experimental data by Krogstad & Eriksen
(2013). The wake development agrees well with the experiments, showing that
the fundamental wake behavior is captured. At d1 = 2 the tip vortices are
stable, which can be seen in the steep velocity gradient at the wake edge and the
distinct peaks in the turbulent stress profile (which at this location is composed
of the velocity fluctuations from passing tip vortices). As the tip-vortex swirl
velocity is a function of the smearing parameter ε, which has a lower limit that
is dependent on the grid size, the large swirl velocity and thus the large peaks in
turbulent stress of the experimental dataset are not achieved in ACL simulations
(see also Troldborg et al. 2015). As no tower is included in this simulation,
the wake development is symmetric, while the experiments show an additional
dent around x = −0.3, which is due to the tower wake rotation explained in
section 2.4. At d2 = 6 the tip vortices are in the process of breaking down to
small-scale turbulence. The resulting mixing reduces the velocity gradients and
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Figure 3.5: (a) Horizontal time-averaged streamwise velocity 〈uz〉 and turbulent
stress profiles 〈u′2z 〉 at two locations d1 = 2 and d2 = 6 downstream of the rotor
plane at hub height. Comparison between data from Krogstad & Eriksen (2013)
in empty circles and the numerical simulations in solid lines. (b) Normal and
tangential actuator-line force Fn (dashed line) and Ft (solid line), respectively.
The red circles represent simulation results from Sarlak et al. (2015) (dashed
lines in figure 15(c) of that article). Full circles: Fn, empty circles: Ft. (c)
Streamwise and tangential velocity uz and uΘ, respectively, at the actuator line.
The dashed line is uz, the solid line is uΘ. The turbine operates at tip-speed
ratio λ = 6.

creates a broader peak in the turbulence stress, which is well-captured in the
simulations.

In figure 3.5(b) the averaged tangential and normal forces at the blade are
compared against numerical data by Sarlak et al. (2015). The overall agreement
is good with small differences occurring at the blade tip. This is most likely
due to different treatments of the blade tips. In the current simulations no
changes were made to the chord length, meaning that a sharp gradient in the
blade forcing is expected due to the sharp cutoff at the blade tip. Further,
Sarlak et al. (2015) use a different domain resolution and smearing parameter,
which are both known to impact the blade forces (Mart́ınez-Tossas et al. 2015;
Dag 2017). In figure 3.5(c) the normal and tangential velocities at the ACL
are shown. The tangential velocity, shows the introduced wake rotation, which
gradually approaches zero towards the blade tips, while the streamwise velocity
exhibits the onset of the wake deficit.

Yaw validation. A turbine is yawed through rotation around the vertical axis,
so that the rotor plane is no longer perpendicular to the incoming wind (see
figure 3.6(a)). Thus, the component of the free-stream velocity perpendicular
to the rotor plane is reduced to Un = Uz,∞ cos γ, where Uz,∞ is the free-stream
velocity and γ is the yaw angle.
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Figure 3.6: (a) Schematic wake development behind a yawed wind turbine. (b)
Yaw misalignment along the vertical axis y by yaw angle γ. Taken from paper 5.

The wake deflection of a yawed turbine originates from the horizontal
spanwise force that is exerted on the rotor, and thus in the opposite direction
onto the wake flow. The spanwise force mainly introduces a horizontal deflection
of the wake, but interaction with the wake rotation has been shown to shift
the wake vertically as well (Bastankhah & Porté-Agel 2016; Howland et al.
2016). Experimental campaigns (Krogstad & Adaramola 2012; Bastankhah
& Porté-Agel 2016) have shown a dependence of the power coefficient on the
yaw angle, which follows CP,γ = (cos γ)XCP,0, where 2 < X ≤ 3. As shown in
figure 3.6(b), an additional feature of the wake behind a yawed turbine is that
with increasing downstream distance the wake curls around the streamwise axis
forming a kidney-like shape with two counter-rotating vortices stacked on top of
each other (Medici & Alfredsson 2006; Howland et al. 2016; Bartl et al. 2018b;
Bastankhah & Porté-Agel 2016).

In figure 3.7 the performance coefficients of a single wind turbine under a
wide variety of different tip-speed ratios and yaw angles are shown in comparison
to experimental data by Krogstad & Adaramola (2012). The simulations agree
well with the experimental results and a decrease in the power coefficient is
observed, which closely follows CP,γ = (cos γ)3CP,0. At tip-speed ratio λ = 3,
where the blades operate in stall, the differences induced by yaw are small,
while at optimum tip-speed ratio the power is less than half for γ = 40◦ with
respect to γ = 0◦. Further, it is shown that a negative yaw angle yields the
same power and thrust as the equivalent positive yaw angle.

The streamwise velocity profiles for different operating conditions and
yaw angles are shown in figure 3.8 in comparison to data by Krogstad &
Adaramola (2012). Though the simulations were conducted at slightly different
tip-speed ratios the parameters were close enough for a valid comparison. In the
experiments it appears that the wind turbine was yawed around the tower (shown
in Adaramola & Krogstad (2011)). This introduces an additional spanwise
shift in the wake, which corresponds to ∆xγ = dt sin γ, where dt = 0.313 is
the dimensionless distance between the tower and the rotor. To adjust for this
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Figure 3.7: (a) Power and (b) thrust coefficient as a function of tip-speed
ratio. (c) Power coefficient as a function of yaw angle. Simulation data: Filled
black squares: γ = 0◦, gray plus: γ = +10◦, gray star: γ = +20◦, empty
black triangles: γ = +30◦, gray cross: γ = +40◦, red filled circles: γ = −30◦.
Experimental data Krogstad & Adaramola (2012): black solid line: γ = 0◦,
gray dashed-dotted line: γ = +10◦, gray dotted line: γ = +20◦, black dashed
line: γ = +30◦, gray solid line with dots: γ = +40◦. Taken from paper 5.

difference the simulation profiles were shifted by −∆xγ in figure 3.8. For λ = 6,
the progressive shift of the wake profile with increasing yaw angle is observed.
For both experiments and simulations the upwind side (positive x-direction)
has a slightly lower streamwise velocity, which was also observed in Bastankhah
& Porté-Agel (2017). A good overall agreement is observed, though the velocity
in the center is larger in the numerical simulations. This is attributed to the
nacelle, which was not modeled in the simulations. For off-design conditions
λ = 3, 9 the wake deflection is similarly well captured. For λ = 3, the differences
in the wake center are mainly due to the fact that the wind turbine operates in
stall condition, thus experiencing higher levels of turbulence induced by flow
separation in the experiments than in the simulations. At λ = 9 the velocity
deficit is well represented by the simulation, even though the asymmetry induced
by yaw is extreme at this operating condition.

Validation of turbine wake interaction. To be able to optimize wind-farm
layouts it is imperative to know the impact of an upstream turbine’s wake on a
downstream turbine and to be able to predict it accurately in simulations. The
simplest type of investigation consists of an in-line two-turbine setup, such as
presented in Pierella et al. (2014) where the downstream turbine’s tip-speed
ratio was varied in the wake of an optimally-operating turbine. It was shown
that for closely spaced wind turbines (three diameters apart) the downstream
turbine’s power coefficient can drop to a quarter of that of the upstream turbine,
and even lower if the downstream turbine is not adjusted to run optimally in
the wake flow. Further, investigations of different inflow conditions revealed an
increase in power of the downstream turbine for highly turbulent inflows, as
turbulent mixing increased the wake recovery rate behind the upstream turbine
(Bartl & Sætran 2017; Krogstad et al. 2015). Troldborg et al. (2011) show, that
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Figure 3.8: Time-averaged streamwise velocity profiles at hub height at distance
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tip-speed ratios: (a) λE = 5.79, (b) λE = 3.35 and (c) λE = 9.15.

both the normal and the tangential loading of a downstream turbine increase
with rising inflow turbulence levels and with turbine separation distance.
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Figure 3.9 shows the wake behind two wind turbines with a spanwise offset
of one radius and a streamwise separation of 6 rotor radii (used in paper 3 ).
The upstream turbine operates at its ideal operating condition λT1 = 6, while
the downstream turbine’s tip-speed ratio is varied (λT2 = 3.5, 4.75, 8). The
turbulence levels Ti = 0.3% and 10% were investigated, but only the results
of the highly turbulent inflow are presented here, as it represents the more
complex case. The downstream turbine is shifted by half a radius in the positive
x-direction while the upstream turbine is shifted the same distance in the
opposite direction.

Partial wake interaction is complex as it exposes the downstream wind
turbine to highly fluctuating inflow conditions (Troldborg et al. 2015). Where
the downstream turbine is submersed in the wake, the blade angle of attack is
low, due to the small streamwise velocity. The region where the downstream
turbine operates outside of the wake exhibits a higher angle of attack as it is
subjected to a streamwise velocity that is higher than the free-stream velocity
Uz,∞, due to the rotor-induced blockage. However, the time-averaged horizontal
velocity and turbulent stress profiles at hub height, displayed in figure 3.9, show
that these conditions are well captured in the simulations. The streamwise
velocity at d1 = 2 shows the imprint of the downstream turbine between
−0.5 < x < 1.5 (most strongly for the tip-speed ratio λT2 = 8 due to the large
thrust). At d2 = 6 turbulent mixing has smoothed the velocity profile to an
asymmetric bell shape. The streamwise turbulent stress reveals the location
of the downstream turbine’s tip vortices in the form of local peaks at d1 = 2.
Further downstream the wake is evenly turbulent with a blunt peak observed
downstream of the wake location where the tip vortex of the downstream turbine
is not submersed in the upstream turbine’s wake.
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Figure 3.9: Inflow turbulence level Ti = 10%. (a,c,e) time-averaged streamwise
velocity 〈uz〉 and (b,d,f) streamwise turbulent stress 〈u′2z 〉 at downstream turbine
tip-speed ratio: (a-b) λT2 = 3.5, (c-d) λT2 = 4.75, (e-f) λT2 = 8; blue circles:
experimental data, green lines: Nek5000 and orange lines: EllipSys3D. Adopted
from paper 3. d1 and d2 denote the streamwise distance from the downstream
turbine where these horizontal profiles were extracted at hub height. Note that
here uz and d1, d2 are used to remain consistent, while in paper 3 the variables
w and ∆z were used.



Chapter 4

Selected results

In the following a selection of the results published in papers 5-9 are discussed
briefly and placed in context with the existing literature.

4.1. Yawed wind-turbine wakes

The yawed wind-turbine wake development is most commonly investigated at
the optimal operating condition. Therefore, one of the goals of paper 5 is to
understand how different tip-speed ratios impact the time-averaged wake. The
results are based on the computational setup presented in figure 3.4 with a
turbulence intensity of Ti = 0.3% at the rotor. To obtain a comprehensive
picture an analysis of the azimuthally varying loads is necessary. Figure 4.1
presents the power and thrust coefficient variation of a single blade for stall
condition λ = 3, optimal operating condition λ = 6 and close to runaway
condition λ = 9 over one blade revolution . The loading varies differently for
each case. A main contributor to the thrust variation is the changing relative
velocity along the azimuth due to the so-called advancing/retreating effect
(Schepers 2012). For positive yaw orientation the crossflow component Ut (see
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over one revolution multiplied by 3. The position Θ = 0 is when pointing in
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figure 3.6(a)) is added to the rotational velocity in the bottom half of the rotor
plane and subtracted in the upper half. This increases the thrust in the bottom
half of the rotor plane. The change in relative velocity causes the thrust to
vary more for low tip-speed ratios as then Ut becomes comparable in size to the
rotational velocity Ωr. In addition to this vertical variation, the skewed wake
effect causes the tip vortices to be on average closer to the downwind side than
the upwind side of the rotor plane, leading to larger induced velocities on the
downwind side (Schepers 2012). This effect increases with increasing tip-speed
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(a) (b)

Figure 4.3: Streamwise velocity in the wake of the wind turbine yawed at
γ = 30◦ and operating at λ = 6. Isocontour of vorticity magnitude ‖ω‖ = 10
visualizing the helical tip-vortices. (a) vertical cut at x = 0 and (b) horizontal
cut at y = 0. Turbulence intensity Ti = 0.3%. Taken from paper 6.

ratio. The power coefficient also varies due to the changes in the angle of attack
(see figure 4.1(a)).

The load variations impact the vertical symmetry of the yawed wake. Apart
from being deflected in the downwind direction, the wake shows significant
asymmetries with respect to the horizontal plane. For tip-speed ratios λ = 3
and λ = 6 the minimum streamwise velocity is located in the lower half of
the wake due to the larger thrust, while for λ = 9 the wake is symmetric with
respect to the horizontal plane. Further, the tip-speed ratio also influences
the creation of the counter-rotating vortices due to the interaction of the yaw-
induced spanwise force with the wake rotation, as shown in figure 4.2. For
lower tip-speed ratios the wake rotation is strong compared to the spanwise
force, resulting in the creation of a main vortex centered at hub height and a
small counter-rotating one at the bottom of the rotor plane. For high tip-speed
ratios the large spanwise force leads to the formation of the two counter-rotating
vortices that are symmetric with respect to the horizontal plane. The variation
in the formation of the counter-rotating vortex pair also occurs for different yaw
angles, with small yaw angles giving counter-rotating vortices similar to lower
tip-speed ratios. This vertical asymmetry of the wake can only be captured in
simulations by modeling the rotor with the ACL or ACD-R method. Using the
ACD-NR, Howland et al. (2016) show that, while the wake deflection and the
counter-rotating vortex pair can be reproduced, no vertical asymmetry occurs,
due to the equal distribution of the thrust force across the entire rotor disk and
the neglect of wake rotation.

In figure 4.3 the instantaneous wake development behind a rotor yawed at
γ = +30◦ shows the asymmetric wake deficit, with lower streamwise velocities
observed at the bottom and upwind side of the wake. The tip vortices break
down at different streamwise positions depending on their azimuthal location.
The breakdown occurs earliest at the locations where the velocity gradient
at the wake edge is steeper, which also corresponds to locations where the
tip-vortex convection velocity and thus the distance between subsequent helix
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Figure 4.4: (a) Available power P ∗/Pmax directly downstream of the yawed
rotor at (x, y) = (0, 0). (b) Trajectory of the wake center identified by finding
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results from Nek5000. Exp: results from NTNU (Bartl et al. 2018b). Taken
from paper 7.

loops is minimal. Further, it is shown in paper 6 that the circulation varies
significantly along the azimuth, increasing on the lower upwind side of the rotor
and decreasing on the upper downwind side. A decrease in the distance between
neighboring vortices, as well as an increase in the circulation both enhance the
interaction between neighboring vortices, thus inducing an earlier breakdown.

4.2. Yaw optimization of a two-turbine setup

The potential of power optimization through yaw misalignment was the sub-
ject of extensive experimental campaigns by Medici & Dahlberg (2003) and
Adaramola & Krogstad (2011) using two-turbine setups, where the upstream
turbine was yawed. Maximum power increases of 10% and 12%, respectively,
could be achieved compared to an unyawed reference setup. In Adaramola &
Krogstad (2011) the turbine yaw was introduced by rotating the turbine around
the tower. A similar study by Bartl et al. (2018a) obtained a 4% increase in
power with respect to an unyawed reference case when yawing turbine around
the rotor center. Further, Bartl et al. (2018a) showed that the optimization
potential was higher for lower levels of incoming turbulence and was not identical
for positive and negative yaw orientation due to the tower wake.

When investigating a two-turbine scenario immersed in a sheared flow field,
the interaction between the asymmetries induced by yaw and by the sheared flow
makes the combined power output dependent on the yaw angle orientation. It
was shown by Schottler et al. (2017a) and Fleming et al. (2015) that only one yaw
orientation increases the power with respect to an unyawed reference case, while
the opposite orientation decreases the combined power output. Ciri et al. (2018)
showed a similar yaw dependency of the combined two-turbine power production.
However, though one direction yielded a larger improvement, both directions
of yaw proved beneficial compared to an unyawed reference case. In Ciri et al.
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Figure 4.5: Wake deficit obtained by subtracting the sheared inflow profile
from the time-averaged streamwise velocity 〈uz〉 at P1, P2, P3 (see figure 3.4(a))
downstream of the rotor. The turbine is yawed by γ = 30◦ in the top row,
and γ = −30◦ in the bottom row. The shear exponent is α = 0.22. The wake
profiles have been averaged in time over more than two flow throughs ∆t > 40.
Taken from paper 7.

(2018) already the upstream turbine was shown to generate different amounts
of power for positive and negative yaw angles when shear flow was introduced.
This can be attributed to the superposition of the advancing/retreating effect
on to the sheared flow, which causes the crossflow component Ut (shown in
figure 3.6), to change along the vertical axis. The simulations by Fleming et al.
(2015) exhibited a horizontal wake deflection already for unyawed turbines in
shear flow (shown in detail in Fleming et al. 2014). This deflection, superposed
on to the yaw-induced deflection, appears to account for the differences in the
combined power output. Ciri et al. (2018) credit the observed power differences
on the dependence of the upstream turbine’s power output on the shear. The
yaw orientation, which incurs the lower power output of the upstream yawed
turbine leaves more energy to the downstream turbine. The downstream turbine
is then able to more than offset the reduced power of the upstream turbine,
resulting in a higher combined power output.

To investigate this yaw dependence a suite of numerical simulations of a
single and two in-line turbines was carried out based on the experimental setup
by Bartl et al. (2018a) using γ = ±30◦ at λ = 6 in a power-law inflow Uz(y) =
Uz,h[(y+ hh)/hh]α, where hh is the hub height, α the shear exponent, and Uz,h
is the streamwise velocity at hub height. The investigated exponents are α =
0, 0.11, 0.22. Additionally, the tower model introduced in section 2.4 is tested
to investigate its effect on the combined power output. It was observed that the
power and thrust coefficients of the yawed turbine increased for γ = −30◦ and
decreased for γ = +30◦ with respect to baseline cases with uniform inflow. Figure
4.4 shows that the power available to a rotor standing directly downstream of the
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yawed turbine increases for negative yaw angles with introduction of a sheared
flow, whereas it decreases for positive yaw angles. (Here, the available power is
computed using a method described in detail by Schottler et al. (2017b).) This
is reflected in the wake deflection based on the location of minimum available
power, which increases for negative yaw angles. Further, it is shown in paper
7, that the crossflow induced by yaw is larger for negative yaw angles due to
the larger thrust force. This increases the entrainment of free-stream flow into
the wake and leads to a quicker recovery of the velocity deficit, as shown in
figure 4.5, where the sheared velocity profile has been subtracted from the
time-averaged streamwise velocity. The tower model decreases the available
power for both yaw orientations.

The effects observed in the available power of the single-turbine setup
are transferable to the two-turbine setup, where the upstream yawed turbine
operates as before, while the downstream unyawed turbine operates at a tip-
speed ratio of λ = 5, corresponding to its optimal operating condition (Bartl
et al. 2018a). The combined power output is 7.3% larger for a negative yaw
orientation for a shear exponent of α = 0.22, showing the significance of the
yaw-shear interaction.

γ α tower CP,T2 CP,T1+T2 CT,T2 CT,T1+T2 %

+30◦ 0 no 0.206 0.498 0.525 1.23
0 yes 0.199 0.49 0.518 1.22
0.11 no 0.195 0.48 0.514 1.21
0.22 no 0.182 0.467 0.500 1.19

−30◦ 0 no 0.207 0.499 0.54 1.24 0.2
0 yes 0.196 0.486 0.518 1.223 −0.8
0.11 no 0.21 0.505 0.529 1.243 4.95
0.22 no 0.211 0.504 0.531 1.246 7.3

Table 4.1: Power and thrust coefficients for the two-turbine cases (referred to
as Setup B in paper 7. The last column indicates the percentage difference in
total power coefficient between γ = +30◦ and γ = −30◦ for the respective shear
exponent % = (CP,T1+T2(−30◦)− CP,T1+T2(+30◦))/CP,T1+T2(−30◦).

4.3. Tip-vortex breakdown

The periodic load variation induced by stable tip vortices on downstream
turbines can provide more severe fatigue to a downstream turbine’s structure
than an already homogeneously turbulent wake (Sørensen 2011). Therefore,
knowledge of the helical tip-vortex development and breakdown is required.

Two groups of instabilities arise in helical vortices, those involving displace-
ments of the entire vortex filament, and core instabilities, where the vortex
core itself is distorted (Leweke et al. 2014). The mutual-inductance instability,
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a displacement instability, is excited when neighboring vortices are close and
interact with each other, leading to local or global vortex pairing. The most
unstable modes are characterized by out-of-phase displacements of neighboring
vortex filaments, as shown in a stability analysis of a single helix conducted by
Widnall (1972). Lamb (1932) investigated the stability of single and double
rows of vortices and showed that the largest dimensionless temporal growth
rate was σT = π/2 and occurred for out-of-phase displacements. Commonly,
the temporal growth rate is non-dimensionalized by σT = σ̃T (2h2/Γ), where σ̃T
is the unscaled temporal growth rate, h is the distance between neighboring
vortices and Γ is the vortex circulation. The temporal growth rate σT = π/2
was also shown to be the maximum in the stability analysis by Widnall (1972),
and by Gupta & Loewy (1974), who extended Widnall (1972) to multiple
interlaced helices. This maximum is achieved for the azimuthal wavenumbers
k = Nb(i+ 1/2), which are half-integer multiples of the number of blades Nb.

The first experimental visualization of vortex pairing behind a wind turbine
was provided by Dahlberg & Alfredsson (1979). Traces of both groups of
instabilities were shown in experiments of propellers by Felli et al. (2011).
Quaranta et al. (2015, 2019) used targeted harmonic perturbations of the rotor’s
angular velocity to excite specific azimuthal wavenumbers of both a one-bladed
and a two-bladed turbine, and showed that the experimentally obtained growth
rates were comparable to the theoretical results by Widnall (1972) and Gupta
& Loewy (1974), respectively.

Targeted harmonic perturbations were also used in numerical simulations
by Ivanell et al. (2010) to investigate the tip-vortex stability of the three-bladed
Tjæreborg wind turbine. Using a Fourier transformation it was shown that the
perturbation frequencies corresponding to k = 3/2 and k = 9/2, which excite
out-of-phase vortex displacement for the triple helix case, had the largest spatial
growth rates. For k = 3 and k = 6, the azimuthal wavenumbers leading to
in-phase perturbations, the spatial growth rates were close to zero. The study
additionally showed a clear correlation between the perturbation force amplitude
and the length of the stable wake, here defined as the distance between the
rotor plane and the location where non-linear effects become dominant. An
increase in the perturbation force amplitude by an order of magnitude resulted
in a decrease of the stable wake length by approximately one radius. The same
turbine was investigated in Sarmast et al. (2014b) using random perturbations
at the blade tips designed to excite a much wider range of instabilities. As
the random excitation allowed the three helices to perturb independently, a
much wider range of azimuthal wavenumbers could lead to out-of-phase vortex
displacements. Therefore, all wavenumbers had a similar scaled spatial growth
rate of σ = σ̃(2h2Uc/Γ) ≈ π/2 (where Uc is the vortex convection velocity).

The existing studies are usually limited to axisymmetric cases of single
rotors. In papers 6,8,9 several more complex scenarios are investigated to
understand the impact of sheared inflow and yaw misalignment on the wake
breakdown of a single turbine, as well as the interaction between the helical
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Figure 4.6: Unperturbed development of the helical tip and root vortices (off-
white) visualized using an isocontour of vorticity magnitude overlaid with the
real part of the response to the harmonic perturbation (shown using a positive
and negative isocontour of the streamwise component of the mode in anthracite
and medium gray). The velocity gradient in (a) is ∂Uz/∂y = 0 and in (b)
∂Uz/∂y = 0.1. Taken from paper 8.

vortex structures of two in-line turbines. In the following subsections the impact
of shear is discussed and key results of the two-turbine setup are presented.

4.3.1. Sheared inflows

Operational wind turbines experience significant velocity gradients along the
rotor plane due to their placement in the atmospheric boundary layer (ABL).
Knowledge of how wind-turbine operation changes in these sheared flows is
therefore necessary. Investigations of the impact of a power-law velocity profile
on the wake of a single wind turbine by Troldborg et al. (2011) showed significant
variations of the loading along the azimuth. The blade forces increase when the
blades point upwards, and are thus located in higher velocity flow, and decrease
when pointing downward. This also impacts the bound circulation, leading to
larger circulation and the release of stronger tip vortices at the top. On the
sides, the experienced loading is identical. Bartl et al. (2018b) and Zhang et al.
(2012) further show the vertical asymmetry of the turbulent kinetic energy when
shear is introduced, with larger turbulent kinetic energy at the top of the wake.

By investigating the velocity spectra at the bottom and the top tip of the
wake, Chamorro & Porté-Agel (2009) showed that the tip-vortex frequency could
only be clearly detected at the top of the wake (up to two diameters downstream
of the rotor plane), while at the bottom no clear tip-vortex frequency was picked
up. This was attributed to the higher turbulence intensity in the ABL close
to the ground. A numerical simulation by Lu & Porté-Agel (2011) of a single
wind turbine reported that a shear flow stretches the helical tip vortices, thus
causing them to break down faster.

To pinpoint the reason for the earlier tip-vortex breakdown at the bottom
of the wake, paper 8 investigates the tip-vortex breakdown of a wind turbine
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Figure 4.7: (a) Growth of the zero shear case ∂Uz/∂y = 0 along the streamwise
direction (red line with empty circles) overlaid with the growth of the sheared
case ∂Uz/∂y = 0.1 (black lines). The arrow marks the distance between the end
of the exponential growth of the bottom and the top of the wake. (b) Growth
rates of each lobe from the magnitude of the response to the perturbation
wavenumber k = 9/2. Θ = 0◦ is at 12 o’clock, Θ = 180◦ is at 6 o’clock.
The unscaled growth rates σ̃l are depicted with solid lines and empty symbols,
the scaled growth rates σl = σ̃l2h

2Uc/Γ are identified using dotted lines and
filled symbols. The velocity gradient ∂Uz/∂y = 0 is marked with red circles,
∂Uz/∂y = 0.05 is shown with gray diamonds and ∂Uz/∂y = 0.1 is identified
with black triangles. The growth rates σl are scaled with the vortex parameters
at z = 8. The dashed black line marks the π/2 value. Taken from paper 8.

subjected to different velocity gradients. Similar to Ivanell et al. (2010), the
tip vortices are excited identically at the blade tips with a harmonically vary-
ing streamwise force, and the resulting flow field is analyzed using a Fourier
decomposition. The results presented here are from simulations conducted in
a cylindrical domain, as depicted in figure 3.1. Figure 4.6 shows the steady
tip-vortex development of a wind turbine subjected to uniform inflow and a
linear velocity gradient of ∂Uz/∂y = 0.1 (without introduced perturbations).
In sheared flow the tip vortices are tilted due to the higher convection velocity
at the top than at the bottom. The response to a harmonic excitation of the
tip vortices with the azimuthal wavenumber k = 9/2 is superposed. In the
sheared flow the perturbation appears to grow at a faster rate at the bottom of
the wake than at the top. By computing the magnitude of the response and
extracting the maxima along the streamwise direction, the growth is obtained
for different azimuthal locations and displayed in figure 4.7(a) (for more details
see paper 8 ). After an initial period of adjustment (6 < z < 6.8) a region of
exponential growth is observed (linear in the logarithmic scaling applied here),
which ends where non-linear effects begin to occur (dashed lines in figure 4.7(a)).
The perturbation grows faster than an equivalent case in uniform flow at the
bottom of the wake where the free-stream velocity is lower, while the growth
rate is lower than the unsheared case on the top of the wake. In figure 4.7(b)
the unscaled and scaled spatial growth rates for uniform inflow, ∂Uz/∂y = 0.05
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Figure 4.8: Streamwise velocity along the wake for the steady solution of two
in-line turbines. Iso-surfaces of vorticity magnitude (‖ω‖ = 10) are shown in
gray. Taken from paper 9.

and ∂Uz/∂y = 0.1 are shown. The scaling collapses the spatial growth rates
to approximately σ = π/2 for all cases. Thus, the fundamental behavior of
the tip vortices does not change in sheared flows, and the different locations of
wake breakdown can be attributed to the vertically varying convection velocity.
Using this knowledge, an existing model to identify the stable wake length by
Sarmast et al. (2014b) could be extended to sheared flows in paper 8.

4.3.2. Two-turbine interaction

In most scenarios tip vortices of upstream turbines have broken down before they
reach downstream turbines due to atmospheric turbulence and large spacings of
usually between 5− 7 rotor diameters. However, it is instructive to investigate
a “worst case scenario”, where the tip vortices are fully intact when reaching a
downstream turbine. Paper 9 investigates an in-line two-turbine setup operating
at identical tip-speed ratios λ = 3 (defined using the free-stream velocity at
the inlet for both turbines). The domain is cylindrical, as shown in figure 3.1
and the turbine separation distance is 3 rotor diameters. To obtain a steady
solution, the rotating frame of reference is used. The low tip-speed ratio enables
the development of the stable vortex system depicted in figure 4.8. The tip
vortices of the upstream turbine develop analogous to a single-turbine setup.
Slightly upstream of the second turbine these tip vortices expand and overtake
the tip vortices of the downstream turbine. Subsequently, they briefly insert
themselves between the tip vortices of the downstream turbine before repeating
the overtaking process again.

After the steady solution was obtained the tip vortices were perturbed
with a range of frequencies and using dynamic mode decomposition (Rowley
et al. 2009; Schmid 2010) the resulting modes were separated. The DMD-
analysis is performed using an in-house implementation previously used to
study transition in three-dimensional boundary-layer flows (Brynjell-Rahkola
et al. 2019). In order to compute the amplitude of the DMD modes the scaling
proposed by Sarmast et al. (2014b) is employed. Figure 4.9 shows two modes
computed downstream of the first turbine and downstream of the second turbine.
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Figure 4.9: Selected dynamic modes depicted using positive and negative iso-
contours of the real part of streamwise component of the mode. Iso-surfaces
of vorticity magnitude are shown in gray. Upper row: Downstream of T1

(0.5 ≤ z ≤ 3). Lower row: Downstream of T2 (6.5 ≤ z ≤ 9). (a) and (c)
Stk = 1.5; (b) and (d) Stk = 3. In this setup, z = 0 is the location of the
upstream turbine (see figure 4.8). Taken from paper 9.

The azimuthal wavenumber corresponds to k = 3/2, which for a single three-
bladed turbine excites exact out-of-phase displacements, and k = 3, which is
a stable, in-phase configuration. It is shown that for k = 3/2 the downstream
turbine’s tip vortices oscillate in phase with the nearest vortex of the upstream
turbine. This wavenumber exhibits the largest amplification of the range of
excited modes, both in the well-known single turbine case (Sarmast et al. 2014b;
Ivanell et al. 2010), as well as in the current two-turbine setup. For k = 3 the
downstream turbine’s tip vortices display an out-of-phase motion with respect
to the upstream turbines vortices. This mode, which exhibits no growth in the
single-turbine setup, begins to amplify downstream of the second turbine, as
shown in figure 4.10.
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Figure 4.10: Amplitude of the dynamic modes normalized by the highest
amplitude downstream of T1 (0.5 ≤ z ≤ 3). (a) Single-turbine simulation; (b)
Two-turbine simulation. Taken from paper 9.



Chapter 5

Conclusions

In the following the main contributions of this thesis are summarized and an
insight into future work is given.

Modeling and validation
An implementation of the actuator-line method (Sørensen & Shen 2002) in
the spectral-element code Nek5000 was verified and validated against multiple
datasets. In paper 1 the wake structure and blade loading of two different wind
turbines were compared with the well-established finite-volume code EllipSys3D
(Sørensen 1995). An analysis of the tip-vortex development showed that the
vortices are less diffusive in Nek5000, leading to small differences in the wake
breakdown. A more similar wake breakdown was observed when the polynomial
order of the spectral-element grid was lowered, reducing the spatial resolution
to 42% of EllipSys3D and thus increasing the numerical dissipation. However,
no computational advantage was obtained because the time-step requirement
was more restrictive in Nek5000 due to the non-equidistant grid spacing inside
the spectral elements. Using the same setup, paper 2 presented a parametric
study to establish guidelines for the actuator-line method in Nek5000.

In paper 3 a method to include homogeneous isotropic turbulence as an
inlet boundary condition was introduced. This free-stream turbulence is based
on a method introduced by Schlatter (2001) and used to model both ambient
turbulence as well as grid-generated turbulence in experiments conducted at
the Norwegian University of Science and Technology (Krogstad & Eriksen 2013;
Krogstad et al. 2015). Additionally, force-based tower and nacelle models were
implemented to create a more realistic approximation of the complete wind-
turbine structure. The study showed a good agreement of the blade loading
and the wake development for both a single wind turbine (Krogstad & Eriksen
2013) and for multiple turbines, which are spanwise offset and subjected to
different turbulence levels (Krogstad et al. 2015). In paper 4 the complexity
was increased further by introducing yaw misalignment and a sheared inflow.
This study represented an extensive test designed to investigate the ability
of different types of simulations to reproduce the main features of the yawed
wind-turbine wake. The data by Nek5000 was in good agreement with the
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experimental dataset with the main features of the yawed turbine wake well
captured in the simulations.

This extensive validation of the implemented methods was important in
order to provide a sound basis for the subsequent studies of the flow physics.
In its present state the current implementation is suitable for both highly tur-
bulent simulations where the focus is placed on the flow statistics as well as for
investigations of the detailed tip-vortex instability.

The yawed wind-turbine wake
In papers 5-6 a full characterization of the yawed wind-turbine wake was carried
out. Paper 5 provided insight into the dependence of the turbine loading and
wake development on the operating condition. It was shown that the tip-speed
ratio changes the formation and location of the counter-rotating vortex pair.
These changes could be attributed to the interplay between the wake rotation
and the spanwise force induced by yaw. Further, differences in the azimuthal
variation of the blade loading could be linked to changes in the spanwise and
vertical displacement of the wake at different operating conditions.

Knowledge of the tip-vortex development of yawed turbines was in previous
studies limited to the horizontal plane at hub height. Therefore, in paper 6 the
tip-vortices were analyzed along the entire azimuth, and variations in strength,
location and vortex convection velocity were characterized and connected to
the varying blade loading. Incoming disturbances were shown to amplify at
different rates along the azimuth due to the variation of the tip vortices, leading
to an inhomogeneous vortex breakdown. By investigating the response to
single frequency perturbations the growth variation could be tracked along the
azimuth. The different growth rates were shown to correlate well with the
observed azimuthal variations of the vortex parameters.

In a final study a rigorous comparison of the tip-vortex breakdown of the
yawed wind turbine against new phase-averaged experimental data by the Nor-
wegian University of Science and Technology will be conducted, to investigate
the currently unknown differences between simulations and experiments.

Shear-yaw interaction for single and multiple wind turbines
Several studies have reported that in sheared inflow the potential for power
optimization of multiple turbines using yaw control is dependent on the yaw
orientation. However, the actual reason for this dependency is still the subject
of discussion. Therefore, in paper 7 a rigorous study was conducted to untangle
the parametric dependencies. It was shown that different yaw orientations,
subjected to sheared inflow, already result in differences in the loading and wake
development of the single yawed wind turbine. The thrust and power coefficients
increased for one yaw orientation compared to a reference case with uniform
inflow while the opposite yaw orientation caused a decrease. This affected the
available power in the wake in a counter-intuitive way. While the larger thrust
increased the velocity deficit, it also increased the spanwise force induced by



44 5. Conclusions

yaw, thus deflecting the wake more and increasing the available power to in-line
downstream turbines. By adding a downstream turbine it was shown that the
combined power output differed by more than 7% between positive and negative
yaw orientation. This has implications when considering how to optimize a
wind farm through intentional yaw misalignment.

Tip-vortex breakdown in sheared flows
The stability of the triple-helix vortex structure is well known for wind turbines
subject to uniform inflow, though it represents an idealized situation rarely
observed in the field. A step towards more realistic conditions was provided in
paper 8, which investigated the impact of shear on the tip-vortex instability. The
initially steady tip vortices were excited with single frequency perturbations and
the response was investigated using a Fourier transformation. The perturbations
were shown to grow faster in locations of lower free-stream velocity (correspond-
ing to the lower half of the wake) than an equivalent case immersed in uniform
inflow, while the opposite was observed in the upper half of the wake. It was
further shown that, when scaled with the local vortex parameters, the growth
rates collapse to the values reported by Sarmast et al. (2014b) for uniform inflow.
The acquired knowledge was put to use by adjusting an existing model by Sar-
mast et al. (2014b) to estimate the stable wake length to include sheared inflows.

Tip-vortex interaction of two in-line wind turbines
Paper 9 investigated a two-turbine setup where both turbines operate at the
same low tip-speed ratio. This setup represents an idealized state and is meant
to provide insight into the fundamental interaction between the tip-vortices
of two in-line turbines. Already the steady-state solution exhibited a highly
complex behavior, with the tip vortices of the upstream turbine overtaking
the downstream turbine’s vortices multiple times. Subsequently the upstream
turbine’s tip vortices were perturbed harmonically with a range of frequencies
and the resulting flow field was decomposed using dynamic mode decomposition.
Two trends could be distinguished. For in-phase perturbations of the upstream
turbine, the downstream turbine’s tip vortices exhibited an out-of-phase behav-
ior with respect to the upstream turbine’s tip vortices. For wavenumbers that
result in out-of-phase displacements of the single turbine wake, the downstream
turbine’s tip vortices were shown to oscillate in phase with the closest tip vortex
of the upstream turbine.

This study provided an initial insight into the complex tip-vortex interaction
of two in-line turbines. Future studies will pinpoint the reasons for the observed
trends by using single-frequency perturbations. Further, a two-dimensional
vortex model will be employed to understand the induced velocity field of the
vortex system. As the current setup represents only one of many possible
configurations, different separation distances or phase shifts between the two
turbines, as well as different operating conditions will be investigated in future
studies.
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Summary of the papers

Paper 1

Actuator line simulations of a Joukowsky and Tjæreborg rotor using spectral
element and finite volume methods

In this paper a validation of the actuator-line method in the spectral-element
code Nek5000 is performed against the finite-volume code EllipSys3D. The
wake structure and blade loading is compared for two setups, one using an
idealized constant-circulation turbine, the other based on the Tjæreborg turbine.
A comparison of parameters such as the vortex spacing, wake expansion and
circulation shows good agreement for the trailing tip vortices. In Nek5000 the
vortex-core growth is smaller and there is a region of vortex pairing before the
subsequent merging of the vortices, while in EllipSys3D the vortices merge
faster. Using a grid corresponding to 42% of the finite volume grid, the agreement
in the wake development is better due to the increased dissipation. However, the
Nek5000 simulations require an approximately one order of magnitude smaller
time step in the original setup due to the non-equidistant grid spacing.

Paper 2

Parametric study of the actuator-line method in high-order codes

This work investigates parametric influences when modeling wind turbines using
the actuator-line method in Nek5000 using the idealized constant-circulation
turbine. In the rotating frame of reference the physical implications of different
Gaussian smearing widths is documented and a comparison is conducted with
the fixed frame of reference. As non-physical oscillations related to the spectral-
element width are observed in the fixed frame of reference an extensive study is
conducted to determine the underlying reason. To this end, a two-dimensional
model is used which imitates the main aspects of actuator-line simulations.
This model is employed for initial parametric studies, before progressing to
fully three-dimensional rotor simulations. Several influencing factors were pin-
pointed including resolution, the Gaussian width, Reynolds number and spectral
filtering. Finally, the impact of these numerical oscillations are investigated
when perturbations are introduced, both in the form of isotropic homogeneous
turbulence and random fluctuations at the blade tips. The influence of the
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numerical oscillations on the wake statistics is shown to be negligible thus
justifying the use of a small Gaussian width.

Paper 3

High-Order Numerical Simulations of Wind Turbine Wakes

Numerical simulations using Nek5000 are compared with experiments from the
Norwegian University of Science and Technology. The cases studied include a
single wind turbine operating at different tip-speed ratios and a two-turbine setup
with the second turbine operating partially in the wake of the upstream turbine.
In addition to modeling the rotor using the actuator-line method, the tower
and nacelle are modeled as body forces. A method of creating homogeneous
isotropic turbulence as an inlet boundary condition is introduced to model wind-
tunnel turbulence. A comparison of the streamwise velocity and the streamwise
turbulent stress shows good agreement, both with the experiments, as well as
with the finite-volume code EllipSys3D, though differences in the turbulent
stress peaks exist in the near wake. The power and thrust coefficients show
good agreement with the experimental results. However, a large dependency of
the performance coefficients on the Reynolds number exists due to the Reynolds-
number dependency of the airfoil data. It is shown, that while the tower model
leads to a slight deflection of the wake center in the simulations the experimental
wake deflection is noticeably larger.

Paper 4

Blind test comparison on the wake behind a yawed wind turbine

In this study three experimental setups of highly yawed wind turbines are
used to evaluate the capacity of numerical simulations to predict the resulting
performance and wake development. Two different turbine geometries are
investigated when yawed, as well as a two-turbine setup with a yawed upstream
and an unyawed downstream turbine. In the simulations the turbines were either
fully resolved in detached-eddy simulations or modeled with the actuator-line
method in large-eddy simulations. The single turbine cases generally showed
a good agreement between experiments and simulations, both of the turbine
loading and of the wake development. However, the added complexity of a
downstream turbine increased the scatter of the results significantly. The overall
conclusion of this project was that the current numerical methods are already
capable of capturing the unsteadiness and the asymmetries induced by yaw.

Paper 5

Parametric dependencies of the yawed wind-turbine wake development

The time-averaged wake development behind a yawed wind turbine is investi-
gated for a range of tip-speed ratios and yaw angles with the goal to understand
the evolution of the counter-rotating vortices generated by yaw and characterize
the vertical and horizontal asymmetries of the wake. The asymmetries observed
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in the wake could be associated with the azimuthal variation of the blade loading
during each revolution, which depends on the tip-speed ratio and the yaw angle.
Using the available power method, the two-dimensional displacement of the
wake center was identified. It was shown that both increasing the yaw angle
and the tip-speed ratio result in a larger horizontal wake deflection. Further,
an upward shift of the wake center was detected with growing yaw angle. For
increasing tip-speed ratios, the vertical wake deflection moves from below hub
height (in stall operating conditions) to above hub height. Close to the runaway
operating condition, the vertical shift became negligible due to the accelerated
wake breakdown. The formation of the counter-rotating vortices was found to
be dependent on the ratio between the yaw-induced spanwise force and the wake
rotation. Low tip-speed ratios and small yaw angles were dominated by the
wake rotation, with a small additional vortex generated at the lower wake edge.
For high tip-speed ratios and yaw angles, the spanwise force becomes dominant
compared to the wake rotation, resulting in two counter-rotating vortices that
are almost symmetric with respect to the horizontal plane.

Paper 6

Near-wake structure of the yawed wind turbine

The tip-vortex evolution of a yawed wind turbine is investigated to gain insight
into the observed inhomogeneous wake breakdown. It is found that the distance
between neighboring tip vortices varies significantly along the azimuth, with a
closer spacing observed in the bottom half of the upwind side. This overlaps
with an increased vortex circulation in that region. Both effects contribute to
an earlier breakdown in this region due to the increased vortex interaction. To
confirm that the earlier tip-vortex breakdown is not simply a caused by the
fact that the tip vortices are detached further upstream on the upwind side a
harmonic excitation is introduced at the blade tips and the amplification of the
perturbation is quantified along the azimuth. It is shown that the perturbation
grows at different rates along the azimuth, but when scaled with the local
vortex properties, the growth rates approach that of the unyawed turbine, which
exhibits an axisymmetric wake development and breakdown.

Paper 7

Yaw optimization potential of wind turbines in sheared flows

This study discusses the effect of sheared inflow on wind turbines operating
at the yaw angles γ = ±30◦ under the aspect of using yaw control as a power
optimization method. Previous studies revealed that in sheared flows yaw leads
to a different combined power output of a two-turbine setup depending on the
yaw orientation. The current study begins by characterizing the changes in the
blade loading and the time-averaged yawed wind-turbine wake that are induced
by shear. It is shown that already the yawed turbine loading is dependent on
the yaw orientation in sheared flows, increasing for negative and decreasing for
positive yaw angles with respect to a reference case with uniform inflow. These
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discrepancies are transferred to the wake, which is shown to be deflected more
for negative yaw angles due to a stronger yaw-induced crossflow. Including a
tower model decreases the available power downstream of the yawed turbine
for both yaw orientations, with a larger decrease recorded for γ = −30◦ as the
tower wake remains more centered. In a two-turbine setup the trends deduced
from the single wind-turbine simulations were confirmed, with a significantly
larger combined power production observed for negative yaw angles.

Paper 8

Tip-vortex breakdown of wind turbines subject to shear

A single wind turbine is investigated under different levels of shear with the
aim of understanding how introduced harmonic excitations of the helical tip
vortices grow along the wake azimuth. For uniform inflow the growth rate
(determined using a Fourier series) is uniform along the azimuth and agrees
with previous studies. In sheared flow it is observed that the spatial growth
rate is smaller in the upper half of the wake, where the free-stream velocity is
higher, and larger in the bottom half where the free-stream velocity is lower.
By scaling the growth rates with the local vortex parameters they collapse to
π/2, which is the known scaled growth rate of axisymmetric helical vortices.
Further, reducing the amplitude of the excitation by an order of magnitude was
shown to extend the linear growth region of the wake by one turbine radius in
uniform flow. Subjected to sheared inflow the linear region of the perturbation
growth is extended further in the upper half of the wake than the lower half
due to the progressive distortion of the helical tip vortices. This knowledge is
used to extend an existing model for determining the stable wake length to
wind turbines in sheared flows.

Paper 9

Tip-vortex instabilities of two in-line wind turbines

This work investigates the stability of the vortex system released behind two
in-line wind turbines operating at identical tip-speed ratios. After obtaining a
steady-state solution the vortex system is perturbed with a range of frequencies.
The steady, unperturbed development of the double triple-helix vortex system
already exhibits a complex behavior, with the tip vortices of the upstream turbine
overtaking the tip vortices of the downstream turbine multiple times. Using
dynamic-mode decomposition the dominant modes of the wake are extracted and
their mechanisms analyzed. It is shown that in the wake of the upstream turbine
the unstable out-of-phase modes are dominant. The perturbed tip vortices
of the downstream turbine then trigger two main mechanisms downstream of
the second turbine. For certain frequencies the tip vortices of the downstream
turbine oscillate in phase with those of the upstream turbine, while for others
an out-of-phase behavior is revealed. In addition, short-wave instabilities are
observed to amplify in the simulations.
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