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Abstract

Autonomous driving is a disrupting technology that is expected to re-
shape transportation systems. The benefits of autonomous vehicles include,
but are not limited to, safer transportation, increased economic growth, and
broader access to mobility services. Industry and academia are currently re-
searching a variety of topics related to autonomous driving, however, the
focus seems to be on passenger vehicles. As a consequence, heavy-duty vehi-
cles, which are a significant share of transportation systems, are overlooked,
and the challenges associated with these vehicles are neglected.

This thesis studies motion planning algorithms for heavy-duty vehicles.
Motion planning is a fundamental part of autonomous vehicles, it is tasked
with finding the correct sequence of actions that take the vehicle towards its
goal. This work focuses on particular aspects that distinguish heavy-duty
vehicles from passenger vehicles, and that call for novel developments within
motion planning algorithms.

We start by addressing the problem of finding shortest paths for a ve-
hicle in obstacle-free environments. This problem has been studied since
the fifties, but the addressed vehicle models are often simplistic. We pro-
pose a novel algorithm that is able to plan paths respecting complex vehicle
actuator constraints associated with the slow dynamics of heavy vehicles.

Using the previous method, we tackle the motion planning problem in
environments populated with obstacles. Lattice-based motion planners, a
popular choice for this type of scenario, come with drawbacks related to the
sub-optimality of solution paths, and the discretization of the goal state.
We propose a novel path optimization method, which is able to significantly
reduce both problems. The resulting optimized paths contain less oscillatory
behavior and arrive precisely at arbitrary non-discretized goal states.

We then study the problem of bus driving in urban environments. It
is shown how this type of driving is fundamentally different than that of
other vehicles, due to the chassis configuration with large overhangs. To
successfully maneuver buses, distinct driving objectives need to be used in
planning algorithms. Moreover, a novel environment classification scheme
must be introduced. The result is a motion planning algorithm that is able
to mimic professional bus driver behavior, resulting in safer driving and
increased vehicle maneuverability.





Sammanfattning

Autonom körning är ett revolutionerande teknikomr̊ade som förväntas
f̊a en genomgripande p̊averkan p̊a v̊ara transportsystem. Självkörande for-
don förväntas ge säkrare transporter, ökad ekonomisk tillväxt, och större
tillg̊ang till smarta mobilitetstjänster. Mycket av nuvarande forskning och
utveckling inom detta omr̊ade fokuserar dock p̊a självkörande personbilar,
medan mindre är känt för tyngre fordon som l̊angtradare, lastbilar och bus-
sar.

Denna avhandling studerar rörelseplaneringsalgoritmer för självkörande
tunga fordon. Planeringalgoritmer är en grundläggande komponent för au-
tonom körning, med uppgift att ta fram styr̊atgärder s̊a att fordonet upp-
fyller givna krav. Detta kan t.ex. vara planering för omkörning, att väja för
hinder eller att backa. Avhandlingen fokuserar p̊a särskilda aspekter som
skiljer sig för tunga fordon jämfört med personbilar, och därmed kräver
utveckling av nya rörelseplaneringsalgoritmer.

Vi börjar med att studera hur man kan finna kortaste vägen för att köra
ett tyngre fordon i en miljö fri fr̊an hinder. Detta problem har studerats
sedan femtiotalet, men de fordonsmodeller som använts är ofta förenklade.
Vi föresl̊ar en ny algoritm som kan planera körning av fordon som repre-
senteras av avancerade modeller som tar hänsyn till styrbegränsningar kop-
plade till l̊angsam dynamik hos tunga fordon.

Med hjälp av detta angreppsätt kan vi sedan hantera mer komplicerade
rörelseplaneringsproblem i miljöer med hinder. Lattice-baserade rörelsepla-
nerare, vilket är en populär klass av algoritmer för denna typ av scenarier,
har problem med optimalitet och att uppn̊a exakta m̊allägen. Vi föresl̊ar
en ny rörelseplaneringsmetod, som kraftigt reducerar b̊ada dessa problem.
De resulterande optimerade banorna ger mindre oscillerande beteende och
bättre m̊aluppfyllelse än existerande metoder.

Vi studerar sedan problemet med planering av busskörning i stadsmiljö.
För att framg̊angsrikt manövrera en buss behöver man hantera komplice-
rade bivillkor i planeringsalgoritmerna. Bussar har normalt problem med
överhäng, d.v.s. att bussen sticker ut b̊ade framtill och baktill när den
svänger. Vi har utvecklat en planeringsmetod för att minimera överhäng,
vilket resulterar i säkrare körning och ökad manövrerbarhet av fordonet.
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Chapter 1

Introduction

Autonomous vehicles have been enjoying an ever increasing attention in
recent years. The benefits and possibilities enabled by vehicles that are able
to drive themselves have compelled industry and academia to invest massive
resources into this technology. Increased safety, economical gains, and new
mobility options, are expected to come with autonomous vehicles.

Heavy-duty vehicles (HDV), which consist of trucks and buses, can po-
tentially be the first vehicle segment to adopt autonomous driving func-
tionalities. Costs related to the driver account for 35% of the cost of haul-
ing cargo over trucks [1]. The limitations of human drivers present one
of the biggest bottlenecks for long-haulage operations. The introduction
of autonomous HDVs can double the productivity of long-haul transport.
Moreover, the trucking industry is currently facing a driver shortage [2],
autonomous trucks can reduce the need for truck drivers, or alternatively,
make the truck driving profession more attractive.

Urban transportation is also expected to benefit from automated driv-
ing. With an expected increase of population living in urban areas, so will
the need of urban transport increase. At the same time a relative decrease
in available workforce is expected, due to an aging population, creating a
shortage of drivers. Automation is seen as a solution for both problems, and
is currently being tested in multiple automated mobility pilots [3].

Motion planning is one of building blocks of autonomous vehicles. It
deals with the task of finding a sequence of actions that the vehicle must
take in order to make progress along the road, or to arrive at a specific goal.
Planned motions need to be safe, keeping distance from obstacles, smooth,
being comfortable for passenger or cargo inside of the vehicle, and efficient,
optimizing fuel costs or travel times.

In this thesis, we study motion planning algorithms, and their applica-
tions to autonomous HDVs. Unlike passenger vehicles, HDVs often require
more space to maneuver, longer braking distances, and different driving

13



14 Introduction

techniques. We put specific focus into the fundamental differences that dis-
tinguish HDVs from light vehicles, and how these differences influence the
design of motion planning algorithms.

1.1 The benefits of autonomous vehicles

Every year a distressing amount of 1.35 million deaths occurs in road traffic
accidents. Road traffic injuries are currently the leading cause of death for
people ages 5-29, and the overall eight leading cause of people of all ages [4].
A survey analyzing several facets of vehicle crashes, came up with the con-
clusion that in 94 percent of the cases, the driver played an important part
in the sequence of events leading up to the crash. Some common driver re-
lated errors include inattention, distractions, decision errors, performance
errors (overcompensation and poor directional control), and sleep [5].

A major decrease in traffic accidents, and by consequence, of traffic re-
lated deaths, is expected once autonomous vehicles are in place. Assuming
that autonomous vehicles will reach a maturity point in which they will
perform better than the average driver, it is natural to speculate the a
significant part of the 94 percent of accident cases that are attributed to
human error will disappear. Accidents stemming from driver inattention or
sleepiness will not happen, since the implemented algorithms never reduce
their focus on the surroundings or reduce their computational capabilities.
Accidents due to excessive speeds will disappear, since the vehicles will be
programmed to abide by traffic rules, and to adapt their velocities in accor-
dance to surrounding traffic or incoming turns. Summarizing, an expected
reduction of traffic accidents can be expected once self-driving vehicles ar-
rive at better than human driving capabilities.

Connected and autonomous vehicles are expected to have a strong im-
pact on the overall economy. It is estimated that, in the USA alone, an
additional 1.2 trillion U.S. dollar in value is created once autonomous vehi-
cles are a large share of the automotive market [6]. The identified economic
effects are split between 13 identified industries, some seeing gains and a
minority of them seeing losses.

The automotive industry is likely to expand its market since autonomous
vehicles, unlike regular vehicles, can be used by children, people with disabil-
ities and elderly people. Software and electronic companies are also expected
to grow with autonomous vehicles. Currently, software represents 10% of ve-
hicle value, however, it is expected that in the future this percentage will
grow to 40% [6]. Truck-Freight transport is estimated to have economic gains
in the range of 100 to 500 billion U.S. dollar/year by 2025. These gains are
mostly due to the replacement of truck drivers, and associated salary costs,
by self driving systems [6].



1.2. Heavy-duty vehicles 15

Autonomous vehicles can open the way for increased mobility of groups
previously devoid of independent ways of transportation. Youth, elderly,
and physically impaired people, can now access a convenient and flexible
way of transport, increasing fairness and inclusion in the society.

The previously mentioned benefits are the motivating force behind many
demonstrations and testing projects currently being driven by academia and
industry. Countries are also engaging in legislation changes to speed up the
introduction of autonomous vehicles. Although raking up millions of miles
of driving experience, autonomous vehicles still report multiple accidents.
Thus autonomous vehicles still have a long way to go, until they reach a
maturity level that is deemed acceptable by societal standards.

1.2 Heavy-duty vehicles

HDVs, which encompass trucks and buses, are a large portion of vehicles
driving on roads today. Trucks are responsible for 9.2% of all distance driven
in roads nowadays [7]. With regards to inland passenger transport, buses
account for 9.2% of passenger-kilometers [8]. HDVs find applications within
long-haul, regional and urban delivery, public transportation, construction,
and industrial settings.

In long-haulage, trucks with one or more trailers are often used. By doing
so, it is possible to maximize the amount of cargo carried by a driver, thus
pushing down transportation costs. A big share of long-haulage takes place
over highways, which are, according to some, one of the first potential use
cases of autonomous driving. Highways are simpler environments, where the
traffic mostly drives straight and with reasonably constant speeds. However,
at high speeds, the consequences of traffic accidents are also more severe.

Furthermore, the long-haulage trucking industry is currently facing a
shortage of drivers, and it is expected that by 2024 an additional 175 thou-
sand drivers will be needed in the USA. It is believed that initial stages of
autonomous driving technology will allow trucks to drive themselves on the
highways during good weather conditions. This will increase the productiv-
ity of transport, and reduce the monotony and stress of driving long hours,
making the truck driver profession more attractive [9].

In urban logistics, HDVs often drive inside cities in order to deliver cargo
to different destinations. Urban scenarios introduce a series of challenges,
as the traffic is usually chaotic, can consist of complicated maneuvers, and
is populated with pedestrians. Furthermore, the dimensions of the trucks
often make them more complicated to maneuver.

A big share of public transportation is achieved via buses and articulated
buses. When considering buses, one must deal with the large dimensions of
the vehicle, which often has to drive into adjacent lanes or over curbs in order
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Figure 1.1: Simplified architecture of autonomous vehicle modules.

to progress along its route. Furthermore, bus driving requires very precise
maneuvering, as bus stop approaches often demand the vehicle to stop very
close to sidewalks. Articulated buses introduce an additional difficulty as
their multiple bodies make the driving task challenging.

Trucks are also used in industrial settings, which include mining sites,
agricultural lands, construction sites, and loading terminals. Industrial sce-
narios offer a more controlled environment, where the risk of dealing with
pedestrians and other vehicles is minimized. This makes it a promising ap-
plication for autonomous driving technologies, as it does not need the same
level of technology maturity required in the previously mentioned applica-
tions. Even though safer, these environments are often deprived of properly
paved road and signalization, and can be subject to extreme weather or
pollution conditions, which introduce a different type of challenges for the
autonomous vehicle.

HDVs differ from passenger vehicles to such an extent that they require
specific driving education in order to be driven. The large dimensions, slow
dynamics, and multi-body configurations of these vehicles, often introduce
additional challenges in the driving task. This motivates our work, which
focuses on further development and modification of current motion planning
approaches, which are often targeted to passenger vehicles [10, 11], so as to
consider the special characteristics of HDV driving.

1.3 Motion planning for self-driving vehicles

An autonomous vehicle is composed of multiple modules, each implement-
ing different functionalities. This type of modular approach, breaks down
the complexity of the driving task into several smaller problems that can
be more easily tackled. Figure 1.1 shows a simplified system architecture
illustrating the modules that are relevant for the work in this thesis.

Motion planning is one of the fundamental capabilities that an au-
tonomous vehicle must possess. The motion planning module receives in-
formation about the environment, corresponding to internal information
about the state of the vehicle, such as position and speed, and external in-
formation, such as lane markings, surrounding vehicles, and obstacles. Fur-
thermore the module receives a high-level decision, such as change lange,
slow down, or go to a give parking spot. Given this information, the motion
planning module is then responsible for finding a sequence of actions that
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Figure 1.2: The motion planning task. The vehicle must plan a sequence of
states that make it progress along the road while avoiding obstacles.

achieves the high-level decision.
A motion planning task is often defined by the goal state that the vehi-

cle should strive to arrive at, the obstacles present in the environment, the
current vehicle position, a performance metric, and a given vehicle model.
Unlike more traditional robotic approaches where vehicle dynamics are often
simplified [12], this thesis takes into the underactuated and often compli-
cated dynamics of the system at hand. This thesis is thus concerned with
the fields of nonholonomic and kynodynamic planning [13].

The motion planner module is responsible for finding a plan, i.e., a
sequence of vehicle states that:

• Arrives at the goal state, or makes progress towards it;

• Respects vehicle kinematic and dynamic constraints;

• Avoids collisions with obstacles in the environment;

• Optimizes desirable metrics.

An illustration of a motion planning situation is shown in Figure 1.2.
In this thesis we focus on HDVs, which make the motion planning task

significantly hard with respect to the second and third requirements listed
above. An HDV imposes complex kinematic and dynamic constraints which
are a direct result of its slow dynamics, and sometimes of the complicated
vehicle arrangement as is the case of trucks with trailers and articulated
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buses. Collision avoidance also becomes significantly harder when consid-
ering the large dimensions of HDVs, which often need to drive in narrow
roads.

The motion planning task is often impossible to solve optimally, except
for very specific and limiting scenarios. Thus, current approaches to solving
this task often make simplifications and assumptions to keep the problem
tractable. These assumptions can consist of simplified vehicle models, re-
duction of the possible solution space, and alternative metrics that roughly
approximate the desired objectives. Assumptions about the environment
can also help in developing algorithms to solve the motion planning task.
Different assumptions about the environment can be made, depending on
whether one considers on-road scenarios or off-road scenarios.

The output of motion planning is then sent to a Motion Control module,
which is responsible for controlling the vehicle actuators so as to follow the
planned motions as precisely as possible. Since both the vehicle actuators
and controllers have performance limitations, the motion planned is tasked
with yet another challenge: ensuring that planned motions can be accurately
followed by the underlying control system. The performance of a controller is
influenced by the quality of planned motions, thus improvements in motion
planning often result in improvements on the underlying control module.

1.4 Structured and unstructured environments

A major distinction can be made between the type of environments con-
sidered for autonomous vehicles. The distinction between structured and
unstructured environments allows motion planning algorithms to take ad-
vantage of specific assumptions that can be made for each environment.

The most common usages of vehicles that one is familiar with fall within
the category of structured scenarios. These scenarios often correspond to on-
road driving situations, such as driving on highways and driving on urban
environments, shown in Figure 1.3.

On-road driving environments are usually, some exceptions apply, con-
sidered to be well structured, i.e., there are clear guidelines on how the
vehicle should move. These guidelines are often implicit via lane markings
that identify where the vehicle is confined to move, and traffic signs that
further limit the freedom of the vehicle to take decisions.

This type of environment reduces drastically the possibilities that a mo-
tion planning algorithm needs to consider, as it is now confined to a very
narrow set of possible decisions. However, narrowing down the set of op-
tions that the vehicle needs to consider, introduces the need for more re-
fined granularity within the limited set of possible choices. Furthermore,
the interaction with pedestrians and other vehicles presents a far greater
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(a) Truck used for long-haul of cargo (b) Bus used for public transportation

Figure 1.3: Examples of on-road scenarios (courtesy of Scania CV AB)

(a) Truck carrying ore from a mine (b) Truck moving containers in harbour

Figure 1.4: Examples of off-road scenarios (courtesy of Scania CV AB)

challenge when it comes to decision making. Thus, self-driving algorithms
require complex reasoning capabilities when for example performing lane
changes, driving through pedestrian crossings, or managing intersections
without defined priority rules.

A fair share of vehicle usage, specially for HDVs, happens in unstruc-
tured environments. Often, unstructured environments correspond to off-
road driving, and encompass a large and diverse group of environments,
such as mining sites and harbors, as shown in Figure 1.4. These type of
environments are often more controlled, being suitable for an earlier de-
ployment of technologically less advanced autonomous driving solutions.

Off-road environments are often characterized by its lack of structure,
and unclear or not obvious patterns of movement. This type of environ-
ment gives the vehicle an extensive range of possible motions, from which
the most suitable one must be chosen. These environments can sometimes
resemble mazes, in which decisions taken at a given step, will greatly in-
fluence the subsequent performance of the vehicle. Such a decision process
is combinatorial in nature, introducing a challenging complexity for motion
planning algorithms.
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1.5 Research challenges

This thesis addresses motion planning methods for autonomous HDVs. We
seek methods that are computationally efficient, so that they are suitable for
online implementation in vehicles with limited computational resources. The
connection between the path planning methods and the underlying control
system performance is also taken into consideration. Along this thesis, we
highlight the particular aspects that differentiate HDVs from light passenger
vehicles. These differences usually require adaptation of currently existing
algorithms, but in few cases a drastic changes in the existing solutions might
be needed.

The following questions are addressed in this thesis:

• How can the slow actuator dynamics of HDVs be dealt with at a
planning stage, and what are is their impact on controller and vehicle
performance?

• Can graph-search methods be improved, with respect to oscillation
and discretization, making use of optimal control methods?

• How do common on-road driving behaviors need to be adapted in
order to deal with the specific characteristics of buses, and allow for
maximum maneuverability in urban settings?

• How can one deal with vehicles with large dimensions, and be able to
drive in narrow roads with small clearance to obstacles?

1.6 Thesis outline and contributions

This thesis focuses on both structured (on-road) and unstructured (off-road)
application scenarios, with three technical chapters dedicated to solutions
developed for them. Additionally, a chapter providing an overview and in-
troduction to motion planning, and a chapter with concluding remarks and
future work directions are included.

Chapter 2: Motion Planning
This chapter provides an introduction to motion planning. Problem for-

mulation is explained in detail, together with its challenges. Different ap-
proaches to solving the problem are gathered from the literature and ex-
plained briefly. The chapter concludes with current state-of-the-art research
trends within motion planning.

Chapter 3: Sharpness Continuous Paths
Sharpness continuous paths are introduced as a near-optimal motion

planner for obstacle-free environments. In the absence of obstacles, it is pos-
sible to develop motion planning methods based on geometric arguments,
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resulting in algorithms that are computationally fast. This chapter distin-
guishes itself from previously developed methods, by taking into account the
particularly slow actuator dynamics of HDVs. The method is shown to be
near length optimal, making it attractive for industrial applications where
travel efficiency and fuel consumption are aspects to be optimized.

This chapter is based on the following publication:

R. Oliveira, P. F. Lima, M. Cirillo, J. Mårtensson and B. Wahlberg,
”Trajectory Generation using Sharpness Continuous Dubins-like
Paths with Applications in Control of Heavy-Duty Vehicles”,
2018 European Control Conference (ECC), Limassol, 2018, pp.
935-940.

Chapter 4: Smooth Path Planning for Unstructured Environ-
ments

In this chapter, a lattice-based planner is combined with the previ-
ously presented concept of sharpness continuous paths. The assumption of
obstacle-free environments is often too limiting for practical applications,
thus methods such as lattice-based graph search are used to take into ac-
count obstacles. These methods are powerful when dealing with unstruc-
tured scenarios, often characterized by complex, maze-like environments.
However, these methods can come with the drawback of oscillatory solu-
tion paths. To tackle this problem, we present an extension to lattice graph
search which is able to ensure that solution paths are smooth, non oscilla-
tory, and suitable for HDVs.

This chapter is based on the following publication:

R. Oliveira, M. Cirillo, J. Mårtensson and B. Wahlberg, ”Com-
bining Lattice-Based Planning and Path Optimization in Au-
tonomous Heavy Duty Vehicle Applications”, 2018 IEEE Intel-
ligent Vehicles Symposium (IV), Changshu, 2018, pp. 2090-2097.

Chapter 5: Optimization based On-road Path Planning for Buses
Here, numerical optimization is used as a tool for solving the motion

planning problem. This type of framework does not rely on discretization
of the planning space, thus not suffering from resolution issues which often
affect other approaches. Unlike previous chapters, we consider structured
on-road environments, more specifically, urban driving. We target the chal-
lenges of bus driving in urban environments, which arise when considering a
large dimension vehicle that drives in narrow and sharp roads. The proposed
algorithm leverages the fundamentally different chassis structure of buses in
order to maximize their maneuverability. Unlike previous approaches, our
contribution is a novel method whose solution paths mimic professional bus
driver behaviors.
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This chapter is based on the following publications:

R. Oliveira, P. F. Lima, G. Collares Pereira, J. Mårtensson
and B. Wahlberg, ”Path Planning for Autonomous Bus Driving
in Urban Environments”, submitted to 2019 Intelligent Trans-
portation Systems Conference (ITSC).

P. F. Lima, R. Oliveira, J. Mårtensson and B. Wahlberg, ”Min-
imizing long vehicles overhang exceeding the drivable surface
via convex path optimization”, 2017 Intelligent Transportation
Systems Conference (ITSC), Yokohama, 2017.

Chapter 6: Conclusions and Future Work
This chapter contains conclusions regarding the developed work. Fur-

thermore it indicates interesting directions for further development of the
presented work. We also present emerging research topics which we deem
relevant in the area of autonomous heavy-duty vehicles.



Chapter 2

Motion Planning

Motion planning has been the focus of research for many decades, and
plays an important role in many autonomous systems that control physical
entities, be it self-driving vehicles, autonomous quadcopters, or humanoid
robots. In a nutshell, motion planning is responsible for finding a sequence
of future actions that an autonomous system must take in order to achieve
its goals.

This thesis considers the systems to be self-driving vehicles, and the goals
to be short term objectives such as arrive at a goal position, or overtake
the vehicle ahead. Due to the complex vehicle dynamics of the vehicles
considered in this thesis, the problems hereby addressed fall within the
fields of nonholonomic and kinodynamic planning [13].

Section 2.1 presents a definition for the motion planning problem. It
enumerates the vehicle constraints and limitations that must be addressed,
as well as common formulations for the goal and objectives of motion plan-
ning. Section 2.2 illustrates some of the challenges of motion planning for
autonomous vehicles, drawing attention to the fact that some of these chal-
lenges become even more problematic when HDVs are considered.

We start by introducing a specific class of motion planning methods,
called steering methods, in Section 2.3. Steering methods are tasked with
finding motions that connect an initial and final vehicle state, with the
assumption of an obstacle-free environment. These methods are often used
as building blocks of more advanced motion planners.

The concept of lattice-based motion planners is presented in Section 2.4.
These type of planners are suitable for environments lacking structure (often
off-road scenarios), which often require combinatorial-like methods in order
to find a good quality solution. Lattice-based planners have been widely
used in numerous self-driving applications.

Another technique that can be used to solve motion planning problems
is continuous optimization methods, presented in Section 2.5. This type

23
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of implementation has been gaining popularity due to recent advances in
optimization techniques and the ever increasing computation power avail-
able on-board autonomous vehicles. These solutions are mostly targeted to
structured environments (often on-road scenarios), where the the structure
effectively removes the combinatorial nature of the planning problem.

2.1 Problem formulation

In this thesis we deal with motion planning for autonomous car-like vehicles.
To define the motion planning problem it is necessary to first introduce some
of its components, namely the vehicle model, the obstacle space, and the
objective function.

2.1.1 Vehicle model

The vehicle model is a mathematical representation of the evolution of ve-
hicle states. We first define a vehicle state vector q ∈ Rn. q contains the
relevant n states of the vehicle, which can correspond to vehicle coordi-
nates, velocities, and internal state information.

The simplest, or lowest dimension, vehicle state that is useful for our
motion planning purposes, corresponds to the vehicle pose q = (x, y, θ).
Here, x and y correspond to the Cartesian coordinates of the vehicle rear
axle center, and θ is the vehicle heading, corresponding to the angle between
the forward direction of the vehicle and the X axis, as shown in Figure 2.1.

A natural extension to the vehicle pose corresponds in augmenting the
state vector with an extra dimension corresponding to the vehicle curvature
κ, so that q = (x, y, θ, κ) The vehicle curvature κ is directly related to its
steering wheel angle φ.

A vehicle can move from one state to another by applying command
inputs u during a defined amount of time. Considering the simplest case,
the vector u is 2-dimensional with a component corresponding to the linear
velocity of the vehicle v, and an angular rate w. The linear velocity can be
controlled via the vehicle engine, whereas the angular rate is often a result
of both the vehicle velocity and the current steering wheel angle.

A vehicle model can now be introduced as:

q̇(t) = f(q(t), u(t)). (2.1)

This equation defines how the vehicle state evolves over time (q̇ = ∂q/∂t),
given the current vehicle state q, and the applied command inputs u.

Vehicle models can be made arbitrarily complex, in an attempt to more
accurately capture the true physical vehicle dynamics. Vehicle models are
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Figure 2.1: The vehicle pose in the Cartesian coordinate system. x and y
correspond to the position of the rear axle center, and θ is the heading of
the vehicle.

often divided into two major groups, kinematic models and dynamical mod-
els. Kinematic models disregard the forces acting on the vehicle, resulting in
simpler equations of movement. When considering vehicles, kinematic mod-
els are only accurate when the slip angle is neglectable, i.e., at low speeds or
low yaw rates. In order to model more complex phenomena, that can arise
from high speed driving or harsh environmental situations dynamic mod-
els are introduced. By considering the forces acting on the vehicles, these
models can more accurately express the motion of vehicles in the presence
of drift, low friction conditions (such as rain or snow), and cargo load.

Previously, when defining the vehicle pose, we made use of the Cartesian
frame, however there are several applications when it is beneficial to consider
alternative vehicle models using different coordinate systems. An example is
the road-aligned model illustrated in Figure 2.2, which makes use of a curvi-
linear coordinate system [14]. In this model, the vehicle pose is defined with
respect to a frame moving along a reference path. Alternative formulations,
such as the road-aligned model, can have many practical motivations, such
as faster computational times or avoiding ill-defined behavior of the model.
This thesis uses both the Cartesian-based vehicle model (in Chapter 3 and
Chapter 4) and the road-aligned vehicle model (in Chapter 5).
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Figure 2.2: Vehicle pose in the road-aligned frame.

2.1.2 Configuration and obstacle space

The configuration space X corresponds to the possible states achievable
by the vehicle. Assuming the vehicle state q ∈ Rn, the configuration space
corresponds to the manifold of the possible vehicle states [13]. Often times,
the vehicles are affected by constraints of the form

g(q, q̇) = 0, (2.2)

which originate from the vehicle model Equation (2.1). In car-like systems,
these constraints are often affecting the achievable velocities q̇, and are
referred to as nonholonomic constraints.

Motion planners are often tasked with finding a solution which is collision-
free. In the vehicle environment there are often obstacles corresponding to
multiple entities existing in the vehicle surroundings. Obstacles can consist
of static obstacles, such as parked vehicles by the side of the road, and
dynamic obstacles, such as other vehicles and pedestrians.

From the set of obstacles one can create the obstacle space Xobs. The
obstacle space Xobs can be formally defined as the set of all vehicle states
q that collide or intersect with the entities that we wish to encompass as
obstacles. For dynamic environments, the obstacle space depends on time:
Xobs(t) [10]. We note that the obstacle space Xobs is always larger than the
obstacle itself, since the vehicle states q have an associated body width and
length that must also be outside of the obstacle.

Once the obstacle region is defined, one can define the complementary
free space region Xfree = X\Xobs. The free space region Xfree corresponds
to all the vehicle states q that are collision-free. Similarly, if in the presence
of a dynamic environment, one has Xfree(t). To guarantee that the vehicle
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is collision-free, the following condition must be verified:

q(t) ∈ Xfree(t). (2.3)

2.1.3 Objective function

The output of a motion planner is a sequence of vehicle states:

(q(s), u(s)), s ∈ [0, S], (2.4)

where s corresponds to the distance along the path, and S is the path length.
If there is a timing law associated to the distance along the path, such that
s(t), then the sequence is called a trajectory, otherwise it is called a path.

One is usually interested in optimizing the motion of vehicles with re-
spect to multiple metrics or criteria. Taking the example of comfort, one
could define objective Jcomfort(q(s), u(s)) that measures the comfort of a
ride along the planned motion q(s). This measure could correspond to the
sum of lateral and longitudinal accelerations of a vehicle driving along the
planed motion.

Besides comfort, one could optimize with respect to the time it takes to
follow the path, or to the length of the path (both are often correlated). To
increase the efficiency of vehicles, different criteria can be designed that can
measure the consumption of fuel, and consequently minimize it. To ensure
safety, one could measure the distance of the vehicle to obstacles, thus opting
to choose paths that have bigger clearance to obstacles, and that are in turn
safer.

There is a multitude of objectives that a motion planner can optimize for.
Sometimes these criteria can significantly complicate the motion planning
problem, as they might be expensive to evaluate, or introduce challenging
problem structures. Furthermore, one is usually interested in multiple ob-
jectives at the same time. This can be easily achieved by creating a new
criteria corresponding to the sum of other criteria.

Problems can arise when different criteria or goals are contradictory in
nature. As an example, imagine that we are interested in minimizing both
the time it takes to perform a motion, and the fuel consumption. In order
for the vehicle to optimize the time it takes to travel the path, it has to
accelerate as much as it can, however doing this as a negative effect on fuel
consumption. Developers working on motion planning often have to deal
with these types of problems, and must decide on appropriate trade-offs
that achieve satisfying results in both criteria.
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2.1.4 Motion planning formulation

With all components in place, we are now able to define the motion planning
problem as follows. We follow a formulation similar to that of [10]:

minimize
u(t)

J(q(t), u(t))

subject to q̇(t) = f(q(t), u(t)),

q(0) = q0,

q(tG) = qG,

q(t) ∈ Xfree.

(2.5)

The first constraint q̇(t) = f(q(t), u(t)) corresponds to the vehicle model.
It is used to enforce the planned solutions to respect the vehicle kinematic
and/or dynamic constraints that are encoded in the vehicle model f . The
solution must also start from the initial state q0, usually corresponding to
the current state of the vehicle, furthermore it should end a a goal state qG.
It is also required that the planned motion is collision-free in its entirety
q(t) ∈ Xfree. The objective function J(q(s), u(s)) is a user defined metric
measuring the quality of a planned motion. Lower values of J correspond
to motions with better properties.

The following section presents some of the aspects that make Equa-
tion (2.5) hard to solve.

2.2 Challenges of motion planning

This section details some of the challenges associated with finding a solu-
tion to Equation (2.5). They are related to the difficulty in finding paths
respecting the vehicle dynamics, the possible complex maze-like nature of
the environments, and the narrow and low-clearance roads often present in
urban driving.

2.2.1 The vehicle nonholonomic constraints

Consider a vehicle whose goal is to arrive at a state which is laterally dis-
placed from its current position, as shown in Figure 2.3. It is impossible
for the vehicle to just move sideways into the goal state, illustrated by the
red path, due to the vehicle nonholonomic constraints in Equation (2.2). A
possible solution path respecting the vehicle dynamics, and thus the non-
holonomic constraints, is shown in green in Figure 2.3.

This example illustrates the difficulty involved in finding a solution path
for these vehicles. The constraint q̇(t) = f(q(t), u(t)) in Equation (2.5) that
encodes the vehicle model, introduces constraints on the possible velocities
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Figure 2.3: A vehicle can only follow specific motion patterns. To move
sideways, the red path is unfeasible. A more complex, but feasible to follow
path, is shown in green. Bird’s-eye (left) and perspective (right) views.

Figure 2.4: The obstacle space is non-convex making motion planning com-
binatorial in nature.

q̇ that the vehicle can achieve. These constraints are usually referred to
as nonholonomic constraints, and they make the motion problem in Equa-
tion (2.5) challenging to solve.

In Section 2.3 we present some methods that are able to optimally solve
the motion planning problem, however under very limiting assumptions.
Furthermore, Chapter 3 presents one such method developed specifically
for HDVs. For most practical applications, algorithms that find the optimal
solution to Equation (2.5) are not available, and algorithms that find sub-
optimal solutions are used instead.

2.2.2 Complex obstacle environments

Many motion planning applications target the task of driving in unstruc-
tured environments. These type of applications are often characterized by
a large number of obstacles, forming maze like environments. Due to the
existence of multiple obstacles, the free-space is in general non-convex, as
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Figure 2.5: A bus driving in a narrow road is forced to pass very close to
other vehicles (courtesy of Scania CV AB).

shown in Figure 2.4. The non-convex nature of the environment often re-
quires solution methods that are combinatorial in nature [15].

In order to keep combinatorial methods feasible to solve, sampling, or
discretization, of the configuration space is often used. The resulting mo-
tion planning solutions are, most likely, not the true optimal solution, but
instead a sub-optimal one, due to the reduced configuration space that is
considered. In some cases, the sub-optimality of solutions can result in oscil-
latory behavior of the vehicle [16], greatly degrading the performance of the
autonomous vehicle. Chapter 4 presents in detail one such scenario where
this occurs, and proposes a solution to it.

2.2.3 Narrow environments

Certain driving environments might require the vehicle to drive quite close
to obstacles. This type of situation is particularly common when large di-
mension HDVs are driving in urban environments and narrow roads. In
Figure 2.5 it is possible to see a bus which is driving through a packed traf-
fic situation, a task which is hard not only for motion planners but also for
drivers.

Two main reasons can be attributed as the cause of struggle for motion
planners in narrow environments: discretization and sampling of the state
space and conservative collision checking.

Motion planners that discretize the state space, e.g., [17], require a very
high resolution to be able to find solution paths that are collision-free. In-
creasing the resolution however, comes at the cost of increased computa-
tional times, which can make the algorithms unsuitable for online imple-
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mentation. Methods which randomly sample the state space, e.g., [18], are
still able to find solutions in narrow environments. However the probability
of sampling collision-free paths in narrow environments is very low, which
results in excessively high computational times.

Collision checking refers to the process of checking if a tentative vehicle
state (often being part of a tentative solution path) is in collision. To keep
the collision checking process computationally cheap, approximate collision
checking methods are used. These approximations are usually made con-
servative to guarantee safety of the solution path. Problems arise however,
when the conservativeness of the approximation is in the same order of mag-
nitude as the clearance to obstacles, which can be arbitrarily small in some
cases.

This challenge is tackled in Chapter 5, where a planner targeted for buses
driving in narrow environments is proposed. The planner does not suffer
from the discretization of the state space nor does it rely on conservative
collision checking methods.

2.3 Steering methods

Steering methods are a subset of the motion planning problem in Equa-
tion (2.5) where obstacles are disregarded, i.e., Xobs = ∅ =⇒ Xfree = X.
Even without obstacles, the solution to this new problem can be hard to
find due to the boundary constraints, defining the start and final states of
the motion, and the nonholonomic constraints, which need to be respected
when generating the motion. The problem becomes even harder, if one adds
an optimization objective to be minimized.

Even though steering methods ignore obstacles, they are of interest for
motion planning, as they are often used as building blocks for more complex
planners that take into account obstacles. Thus, the performance of com-
plex motion planners often relies on the quality of the underlying steering
methods. In this section, we list three different classes of steering methods,
Dubins-inspired methods, interpolation methods, and optimization-based
methods.

2.3.1 Dubins-inspired methods

It was proven in [19] that the minimum length paths for the simple car-
like model, assuming a unit velocity and a minimum turning radius, are
composed of straight line segments and arc circles. One such path is shown
in Figure 2.6. Finding these paths requires very few computations, making
them attractive for practical implementations. The drawback of this method
is related to the too simplified car-like model assumed, where the vehicle
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Figure 2.6: A Dubins path [19] on the left and a Reeds-Shepp path [20] on
the right. The Reeds-Shepp path includes a reversing motion between the
two cusps of the path.

is limited to moving forward and can either turn at the maximum turning
radius or drive straight.

The work in [20] introduces Reeds-Shepp paths, that improve upon Du-
bins paths by allowing the vehicle to change its direction of motion, i.e.,
the vehicle can drive both forwards and backwards. Reeds-Shepp paths are
proven to be of minimal length for the considered vehicle model. Further-
more, they increase the maneuverability of the vehicle, when compared to
its Dubins counterpart. The solution paths are also composed by a set of
straight line segments and arc circles, but the vehicle is now able to change
direction, which can be seen by the cusps in Figure 2.6.

Following works address more complicated vehicle models. In [21], the
vehicle model is made more complex, by now assuming that the steering
wheel angle of the vehicle moves continuously. This results in paths that are
smoother and easier to follow, but loses optimality guarantees with respect
to the length of the path. The work in [22] takes into account that vehicles
can turn their steering wheels when stopped, adding extra maneuverability
to the vehicle. Futhermore, [23] ensures that the steering wheel angle of the
vehicle is continuously differentiable, increasing the smoothness of the path.

Chapter 5 extends Dubins like paths in order to take into account steer-
ing actuator limitations, in the form of maximum magnitude, rate, and
acceleration. This extension comes at the cost of losing optimality guaran-
tees with respect to minimum length, similarly to the previously mentioned
works [21–23]. However, it is shown experimentally that the path length
converges to the optimal Dubins path length, as the steering actuator lim-
itations are relaxed. The loss of optimality guarantees is a small drawback
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when compared to the benefit of better controller performance and a more
comfortable drive.

2.3.2 Interpolation methods

The work in [24] introduces circular arcs and cubic curvature paths to con-
nect two vehicle poses. Circular arcs are shown to be the solution paths
when minimizing the integral of the squared curvature of the path, whereas
cubic curvature paths are the solution paths which minimize the integral
of the squared derivative curvature of the path. These paths can be found
using an iterative method based on the Newton-Raphson algorithm. Fur-
thermore, they are result in smoother driving, when compared to methods
based on clothoids.

Lane change trajectories can be generated by combining clothoids, cir-
cular arcs, and line segments, as presented in [25]. The planned trajectories
are designed for emergency maneuver situations and take into account the
limited friction between the tires and the road.

The work in [26] uses both cubic and quartic curvature polynomials to
connect sampled endpoints. Quartic polynomials are used when connecting
the vehicle pose, since they allow for continuity of the curvature rate, and
thus smooth paths, even in the case of frequent re-planning. For other end-
point connections cubic polynomials are used since they result in smaller
computation times.

Polynomials of higher order, such as quintic polynomials, can also be
used. In [27], the authors make use of quintic polynomials in the Frenet-
Serret frame to generate trajectories for high speed driving. The Frenet-
Serret frame is a frame that moves along a curve, which in this case, corre-
sponds to the center line of the road. The trajectories obtained using quintic
polynomials minimize the jerk of the vehicle, which translates into ease of
driving and a comfortable ride. Furthermore, the optimization objective is
defined so as to ensure compliance with Bellman’s principle of optimality.
This guarantees temporal consistency of the planner, ensuring that subse-
quent re-planning instances do not deviate from previously found solutions.
However, this property only holds for the unconstrained (obstacle-free) case.

Smooth path planning for mining vehicles is targeted in [28]. Using
B-Splines of degree 4, the authors plan paths with minimum curvature vari-
ation. These paths reduce the jerk of the vehicle, allowing it to run at higher
speeds without damaging steering gear and mechanics of the vehicles.
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Figure 2.7: Planning on a 4-connected grid. The planned path is impossible
to perform by a car-like vehicle, motivating the development of lattice-based
motion planners.

2.4 Lattice-based motion planning

This section introduces one of the most successful approaches to motion
planning under differential constraints, as those imposed by the vehicle
model. This family of methods is based on the discretization of the state
space into a lattice, which then allows for powerful graph search algorithms
to be used. Lattice-based motion planners, hereby referred to as lattice
planners, have been extensively used in the literature, mostly for off-road
scenarios, but also with some applications for on-road scenarios.

2.4.1 Search space

The first step in a lattice planner is the creation of the search space. One of
the challenges in creating the search space for autonomous vehicles emerges
from the kinodynamic constraints of the considered vehicles. Kinodynamic
constraints correspond to both the kinematic, and the dynamic constraints
of the vehicle. Early motion planning applications found solution paths by
discretizing the Cartesian space into a uniform grid, and using graph search
techniques on the resulting discretization. A planned path could then look
like the one pictured in Figure 2.7. These types of paths are suitable for
early robotic applications, where the considered robots were able to drive
straight and turn on the spot. However with car-like vehicles, and other
complex systems, the kinodynamic constraints make it impossible for such
paths to be executed, and as such, invalidate these approaches.

Instead of discretizing the space according to a uniformly spaced grid,
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lattice planners create a special discretization which, by design, follows
the kinodynamic constraints of vehicles, i.e., it respects their motion con-
straints. This discretization is obtained by sampling the state space in a way,
that it can form a self-repeating tile, i.e., a lattice, and where connections
between sampled states respect the vehicle model.

We start by assuming a vehicle that only has three possible motions,
turn left, right and drive straight, all in the forward direction. We refer
to these motions as motion primitives, as any solution path consists of a
combination of these. Following these motions results in new vehicle states,
as shown in Figure 2.8a.

This toy example assumes that the vehicle state is given by q = (x, y, θ),
and that the vehicle can instantaneously change between left turning, right
turning and straight driving. This type of vehicle system is invariant to
translation and rotation, meaning that the same motion primitives can be
applied again to the new vehicle states, as illustrated in Figure 2.8b. If this
process is repeated continuously, the motion primitives, together with the
intermediate vehicle states, eventually span the whole search space, as shown
in Figure 2.8. This process creates a regular and self-repeating pattern of
the motion primitives, i.e., a state lattice.

We note that state lattices can also be constructed for more complicated
vehicle systems [29, 30]. The approach is usually to define a discretization of
the configuration space, and then compute motion primitives that connect
these discretized vehicle states. This is the opposite of the toy example pre-
sented before, where motion primitives are first defined, and the discretized
vehicle states are result from applying them. The computation of motion
primitives connecting the discretized states is a motion planning problem in
itself. These motion primitives can be computed resorting to steering meth-
ods as the ones discussed in Section 2.3, or using numerical optimization
approaches which are introduced in Section 2.5.

The lattice can be represented as a graph G = 〈V,E〉, where the vehicle
states correspond to vertices V , and the motion primitives are edges E
between these vertices. In order to plan a path, one is then tasked with
finding the shortest path between the graph vertices corresponding to the
current and goal vehicle states.

The shortest path in the graph between two nodes is computed by find-
ing the sequence of edges with the lowest cumulative cost connecting them.
Each edge has a cost that can reflect different motion planning goals. In
the simplest case, the edge cost is equal to the corresponding motion prim-
itive path length, which results in planned motions which are of minimum
length. Other costs besides length can be introduced, such as curvature and
direction of motion. By including a curvature cost, the planned solutions
tend to be smoother. Including the direction of motion results in the vehi-
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(a) One level of motion
primitives.

(b) Two levels of motion
primitives.

(c) The resultant state
lattice.

Figure 2.8: A lattice can be constructed by successively applying motion
primitives of the vehicle. Figure inspired by [17].

cle preferring to drive forwards instead of backwards, a common behavior
followed by human drivers.

2.4.2 Collision checking

The planner must also take into account obstacles in order to guarantee that
the planned solutions are collision free. To achieve this, it is necessary to
have collision checking procedures that are able to check if a given vehicle
state (vertex) or a motion primitive (edge) are in collision. Vertices and
edges that are in collision are then removed from the search graph, ensuring
that possible planned paths are collision-free.

Collision checking can be done in multiple ways, and in this section we
focus on occupancy grid based collision checking, which is used later on
in Chapter 4. A different type of collision checking is introduced in Sec-
tion 2.5, and is used extensively in Chapter 5.

An environment can be represented as an occupancy grid by discretizing
the environment into cells. Each cell can then be classified as obstacle, in
case a cell contains an obstacle in it, or as free otherwise. An example of an
occupancy grid is shown in Figure 2.9. It can be seen that the occupancy
grid inflates the obstacles due to the inherent discretization.

To check if a vehicle state is in collision, the occupancy of the vehicle
in the occupancy grid must be computed. Then, the vehicle occupancy is
checked against the obstacle occupancy, and in case there is an overlap, i.e.,
at least one cell is classified as being obstacle and also as being vehicle,
the the vehicle state is in collision. Figure 2.10 shows the collision checking
procedure, for two cases. In the first case, the vehicle is correctly deemed as
being collision-free, since no vehicle cells overlap the obstacle cells. However
in the second case, the grid discretization causes a vehicle state to be wrongly
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Figure 2.9: The occupancy grid for an environment with an obstacle shown
in red. Orange cells are cells classified as obstacles, where free cells are white.
The occupancy grid discretization inflates the obstacle.

Figure 2.10: Collision checking using occupancy grid. Left: The occupancy
grid is successful in identifying that the vehicle state is collision-free. Right:
The discretization causes a conservative collision checking and wrongly clas-
sifies the vehicle state as in collision.

classified as in collision. This problem can be solved by increasing the grid
resolution, however that comes with an increased computational cost. Since
collision checking is often one of the most expensive parts of motion planning
algorithms, it is important to keep its computational efficiency high.

Lattice planners allow the collision checking computational times to be
reduced by allowing the precomputation of path swaths. A path swath is
the occupancy grid for a certain motion primitive. Since a motion primitive
corresponds to a sequence of infinite vehicle states, computing its occupancy
grid is a trade-off between fidelity of the discretization of the path as being
a sequence of states, and the computational time required for computing.
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In the case of the lattice, path swaths can be computed offline, stored
and used online when needed. This is permitted since a limited number of
motion primitives is used, and due to translational and rotational invari-
ance principles that applie to certain car-like vehicle models. The invari-
ance property is not trivial to obtain, specially when considering truck and
trailer systems, however some specific solutions can be developed for these
systems [30].

2.4.3 Graph search techniques

Once the lattice is constructed, the corresponding graph is to be searched
in order to find a solution path. Any graph search algorithm can be used to
find a solution, however, depending on the intended application, some offer
better performance. Here we list some of the graph search algorithms that
have been successfully used in autonomous driving applications.

A* [31] is one of the most used graph search algorithms. It evaluates
nodes, and decides which parts of the graph to explore by computing an
evaluation function f(n) = g(n) +h(n). The cost function g(n) corresponds
to the path cost from the start node to node n, whereas h(n) is an heuristic
function that estimates the cost of getting from node n to the goal node.

An heuristic function is defined to be admissible if h(n) ≤ h∗ (n), where
h∗ (n) is the optimal cost from node n to the goal node. In essence admissi-
bility consists in the heuristic never overestimating the cost of reaching the
goal. Admissibility of the heuristic plays an important role in the A* search,
as it guarantees that the search finds the optimal solution to the goal.

Besides being admissible, an heuristic function h(n) can also be con-
sistent. Consistency indicates that h(n) follows the triangular inequality
h(n) ≤ c(n, a, n′) + h(n′), that is, for every successor n′ of n obtained by
applying action a, the estimated cost to arrive at the goal from n is not
greater than the estimated cost to arrive at the goal from n′ plus the the
cost of getting from n to n′. Consistency of the heuristic plays an important
role in the A* search. If A* is provided with a consistent heuristic, then the
returned solution is optimal, i.e., it is the lowest cost path. Furthermore,
a consistent heuristic also guarantees that A* is optimally efficient, i.e., it
does not expand more nodes than other search methods using the same
heuristic information [12].

Anytime Repairing A* (ARA*) extends upon A*, and is targeted for
planning scenarios in which computational time is scarce [32]. ARA* in-
flates the heuristic function, using εh(n) with ε > 1, which often results in
significantly less node expansions, and therefore faster computational times.
The drawback however, is that the heuristic might no longer be consistent,
and the solution paths are no longer optimal. The solutions can then be
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made progressively better, by decreasing the inflation factor ε and redoing
the search in an efficient way by making use of previous search results. The
process is iteratively repeated, as long as time allows, or until ε = 1, and
the solution becomes optimal, i.e., with the same cost of a solution found
by A* for the same problem instance [32].

Time-Bounded A* (TBA*) is a variant of A* that targets the case of
real-time environments [33]. In these type of environments, one often has
a limited planning time, after which a solution path is expected to be pro-
vided. After every planning cycle TBA* is able to provide a temporary path
solution, which can be further enhanced in following planning cycles, in an
efficient way. In its original implementation, TBA* does not support vehicles
with momentum, motivating the development of new extensions targeting
these systems [29].

D* Lite [34] targets applications in which the environment is constantly
changing, such as robotic applications where new sensor information is ob-
tained as the robot progresses along its path. D* Lite focuses on efficiently
recomputing shortest paths, without having to start the whole planning
procedure from scratch.

2.4.4 Relevant works

The concept of lattice planning is introduced in [17], where the authors study
the mechanisms of how to best construct the lattices so that optimality and
completeness are maximized, while complexity is kept to a minimum. The
proposed solution is tested on prototype rovers, and shown to be suitable
for implementation using low computational resources.

In [29], a lattice planner is developed for, and tested on, an autonomous
truck. The graph search algorithm used is based on TBA* [33] allowing
for real-time computation of solution paths. Extensions to the search algo-
rithm are developed so that the slow dynamics of the truck are taken into
account. The planner is tested in simulations and in real experiments on an
autonomous truck.

A lattice based motion planner for a general truck and trailer system
is considered in [30]. These systems cannot be driven backward from ar-
bitrary states, due to its unstable nonlinear behavior, as well as state and
input constraints [35]. Due to these characteristics, the lattice is specially
designed so that the discretized vehicle states are within circular equilibrium
configurations, significantly reducing the dimension of the search space.

The concept of lattices can also be extended to on-road planning by
creating a discretization of the state space that adapts itself to the road
shape. In [36], a lattice is built online at each planning cycle, by selecting
discretized states on the road, and connecting the states with feasible motion
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primitives. The motion primitives need to be computed online, in order to
adapt them to the shape of the current road segment.

The work in [26] uses a similar concept as the previously proposed road
lattice, however it simplifies the search by having a coarser discretization of
the state space. The found solution is then optimized using a post-processing
algorithm, and the results are comparable to those of the road lattice with
the original discretization, although they can be obtained at a fraction of
the computational time.

2.5 Optimization-based motion planning

Optimization problems such as the one in Equation (2.5) can be solved us-
ing continuous numerical algorithms [37]. These methods have the benefit
of directly encoding the system dynamics and constraints in its formulation,
and are characterized by smooth solutions when compared to other meth-
ods. This type of approach is attracting significant attention due to the
constantly increasing computational power available, and to the growing
availability of numerical algorithms for solving optimization problems [38].

2.5.1 Numerical optimization

In order to understand the numerical optimization approach, we start by
introducing the relatively simple optimization problem:

minimize
x1,x2

f(x1, x2) = (x1 − 2)2 + (x2 − 1)2

subject to x2
1 − x2 ≤ 0,

x1 + x2 ≤ 2.

(2.6)

The optimal solution is the point x∗ = (x∗1, x
∗
2) inside the feasible set, that

minimizes the optimization function f . The feasible set corresponds to the
set of points respecting both inequalities. For an introduction to algorithms
solving this type of optimization problem the reader is referred to [37].

Depending on the optimization function and on the constraints, the op-
timization problem belongs to different problem classes. If the optimization
function is quadratic and the constraints are linear with respect to optimiza-
tion variables the problem is referred to as quadratic programming (QP).
QP problems benefit from convexity, which allow algorithms to be developed
which are guaranteed to find the optimal solutions to the problem.

In case the optimization function or the constraints have nonlinear ex-
pressions, then the problem falls within the nonlinear programming class.
This type of problems are non-convex, and it is usually hard to develop gen-
eral algorithms that find the global optimal solution to the problem. Instead
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general algorithms usually find solutions corresponding to a sub-optimal lo-
cal minima.

If some of the variables in the optimization problem are restricted to be
integers, then the problem belongs to the class of integer programming. Inte-
ger constraints typically arise in problems that must make binary decisions
(such as deciding if a vehicle should overtake or not). The integer vari-
ables introduce a combinatorial complexity, and algorithms for these type
of problems ofter suffer from very poor worst-case computational times.

It can be observed that Equation (2.6) is similar to the motion planning
problem in Equation (2.5). In fact, the motion planning problem can be seen
as numerical optimization in a high-dimensional search space. In the follow-
ing section, we present in more detail how to use numerical optimization for
motion planning.

2.5.2 Formulating the motion planning problem

The vehicle model

A vehicle model q̇ = f(q, u) can be enforced by creating suitable constraints
on the optimization problem. Typically, a discretized version of the contin-
uous model is used:

qk+1 = fk(qk, uk), (2.7)

where qk corresponds to the vehicle state at sample k, and fk is a function
that approximates the following state qk+1 based on the previous state qk
and input uk.

Often a linear model is desired, as it is a requirement for many numer-
ical optimization algorithms. The linearized and discretized version of the
continuous model then becomes:

qk+1 = Akqk +Bkuk + bk. (2.8)

Where

Ak =
∂f

∂q

∣∣∣∣
qrefk ,uref

k

,

Bk =
∂f

∂u

∣∣∣∣
qrefk ,uref

k

,

bk = f(qref
k , uref

k )−Akqref
k −Bkuref

k .

(2.9)

Ak, Bk, and bk can be obtained using numerical differentiation methods.
The constants qref

k and uref
k correspond to the linearization references.

Equation (2.8) is then incorporated into the numerical optimization
problem as constraints on the variables qk and uk. We note that usually
qk is not an optimization variable, but instead an auxiliary variable, which
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is uniquely defined from the initial vehicle state q0 and the vehicle inputs
uk.

Depending on the intended application, the considered vehicle models
can vary significantly in terms of fidelity. In [39], a bicycle kinematic model
is used. This type of model does not consider forces, making its usage limited
to urban scenarios where driving is characterized by low speed driving with
moderate steering angles. This model is extended in [40], by modeling the
steering wheel actuator as a second-order system.

Dynamic models take into account forces acting on vehicle, and are of-
ten more accurate, although not always [41]. In [42] a model taking into
account the longitudinal and lateral load transfers is used. Tire forces are
also modeled, based on the Pacejka tire model, and successful experiments
are carried on a low friction surface, made of packed snow. The work in [43]
is able to adapt to changing road conditions, by adapting to current traction
limitations. This results in enhanced stability during evasive maneuvers and
leads to a safer driving.

In case a reference path is known, road-aligned models can be used [44].
In the road-aligned model, the vehicle state is defined with respect to a frame
moving along a reference path, instead of being defined in the Cartesian
frame. This type of models prove to be useful in on-road situations, as
they can simplify the optimization problem by making the optimization
objectives convex, or the constraints easier to handle.

Different vehicle models and optimization criteria (discussed later in Sec-
tion 2.5.2) are investigated in [45]. The authors study chassis and tire models
of varying complexity, and arrive at the conclusion that the choice of model
can potentially lead to fundamentally different optimization solutions. This
highlights the fact that there is not one vehicle model which is best for
all purposes, and that the choice of one is dependent on the application,
required performance, and even on the numerical algorithms used.

Optimization objectives

Depending on the particular application that the motion planner is target-
ing, different goals and target behavior for the vehicle might be expected.
These can often be encoded via appropriate optimization objectives.

To reduce actuator stress, the steering wheel and acceleration com-
mands can minimized as part of the optimization objective. This results
in a smoother and more comfortable driving for the vehicle passengers [46].
In [47], the minimization objective is chosen to be the norm of the vector
of instantaneous yaw accelerations of the vehicle along the path. This ob-
jective encourages path solutions to be smooth and to not waste traction
unnecessarily.
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Progress maximization, or similarly traveling time minimization, can
also be an objective to be optimized. When doing so the vehicle plans tra-
jectories resulting in shorter traveling times. This can be interesting when
planning trajectories for speeding up track times of a racing car [48], or for
increasing the efficiency and productivity of processing relying on heavy-
duty vehicle transport [49].

In order to maximize the safety in potentially dangerous maneuvers, the
work in [39] considers the maximization of visibility. Certain driving situ-
ations might create blind spots for the vehicle sensors. These blind spots
can contain unseen obstacles or even other vehicles that will cross the au-
tonomous vehicle path. Thus, the optimization objective is introduced, in
order induce the planner to find solution paths that minimize the blind spot
areas, thus reducing safety hazards.

Collision checking

Constraints related to collision avoidance must also be incorporated into
the optimization algorithm. Unfortunately, formulating such constraints is
often challenging within the framework of numerical approaches. Two main
reasons for this are the high non-linearity of the constraints, and the com-
binatorial nature of obstacle avoidance.

Obstacle avoidance constraints can be formulated as ensuring that the
vehicle body does not intersect obstacles. This type of constraint is non-
convex and non-differentiable in general, making it difficult in numerical
approaches. Furthermore, collision avoidance is in general combinatorial,
introducing binary decision variables.

As an example, recall Figure 2.4, where the vehicle needs to decide if
it avoids the obstacles by passing them by their left or right. This type of
decisions is binary, and in the presence of multiple obstacles, it becomes
combinatorial, all obstacles can be avoided either by driving through its
left or right, and all combinations must be considered. Problems with these
type of decision variables fall within the class of integer programming, which
has very poor worst-case computational times. In this section, we assume
that the planner knows a priori, on which side to avoid an obstacle, thus
removing the combinatorial aspects of planning.

The work in [50] makes use of distance maps in order to ensure collision
avoidance. Distance maps compute for every point in the environment (x, y)
the distance to the nearest obstacle. The gradient of a distance map gener-
ates a potential field that guides a path that is in collision into a solution
path that is collision-free. We note however, that this type of approach, be-
ing only locally optimal instead of globally optimal, relies on a good initial
guess.
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Figure 2.11: Modeling the vehicle body using a combination of circles [52]
and using an ellipse [40].

Noticing the sensitivity of numerical approaches to the provided ini-
tial guess, [51] combines homotopy methods with numerical optimization.
Obstacles in the environment are iteratively introduced during planning
iterations using an homotopy method. Thus, the optimization problem is
continuously changed from an easy to solve motion planning problem which
ignores obstacles, into the original, and hard to solve, motion planning prob-
lem considering obstacles. This method allows numerical optimization meth-
ods to be used for a wider and more complex class of motion planning prob-
lems. However, a new challenge arises, which consists in finding a suitable
homotopy for the problem at hand.

Several works have approximated the vehicle body through a combina-
tion of simpler shapes that are suitable for usage in numerical optimization
methods. In [52], the vehicle shape is described using a set of circles, as
shown in Figure 2.11. The number of circles used is usually a trade-off be-
tween conservativeness of the vehicle model (the fewer the circles the worse
approximation of the shape), and computational times (more circles results
in higher computational times). The vehicle shape can also be approximated
using a safety ellipse, as proposed in [40] and illustrated in Figure 2.11. We
note that this approach is not suited for long vehicles, such as buses, as
the length to width ratio of the vehicle would result in safety ellipses that
severely overestimate the vehicle body.

A new set of vehicle body approximations is introduced in [53]. These
approximations are specifically targeted for numerical optimization methods
that rely on vehicle models using the road-aligned frame. In this frame
the vehicles suffer complicated distortions that do not have closed form
expressions. The effect is further worsened when considering long vehicles,
such as HDVs. This approach is explained in detail in Chapter 5.

2.5.3 Relevant works

The work in [38] introduces a reformulation of the trajectory planning task,
that allows the usage of convex optimization methods. The method is ap-
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plicable to environments where the obstacles can be described as a union
of convex set, and ensures that collision avoidance constraints are exact.
However, the proposed solution requires an initial good guess, that is ob-
tained via graph-search based motion planning methods. Simulation results
are shown for a vehicle parking in very tight environments.

To take full advantage of state-of-the-art numerical optimization meth-
ods, [51] makes use of homotopy methods for motion planning. The proposed
method targets systems with nonlinear dynamics in complex non-convex en-
vironment, an application where numerical optimization approaches often
fail. By introducing an homeomorphic transformation of the environment,
the authors are able to use powerful numerical optimization methods in
these challenging applications. One drawback remains however, the need to
find a suitable homeomorphic transformation of the environment.

Observing that the combinatorial aspects of motion planning are of mi-
nor importance when considering road driving, the work in [52] uses local
and continuous optimization for trajectory planning. The approach focuses
on the smoothness, dynamics, and optimality, and like other continuous
optimization schemes, does not suffer from a complexity which rises expo-
nentially with the dimension of the stat space. The approach is used in a
fully autonomous vehicle which drove a route of 103 km and dealt with
complex traffic situations.

In emergency scenarios it might be the case that vehicle stabilization
needs to be sacrificed in order to avoid collision. In [54] the authors use
numerical optimization in order to plan motions which avoid obstacles
which suddenly appear on the road. The method is experimented on an
autonomous vehicle showing its capabilities of driving at the vehicle’s han-
dling limits. Prioritizing collision avoidance over vehicle stabilization can
allow for a reduction of accidents when considering extreme emergency sit-
uations.





Chapter 3

Sharpness Continuous Paths

This chapter deals with a simplified version of the planning problem in
which the obstacles in the environment are ignored. Ignoring obstacles in
the environment can, in some cases, allow the development of solutions to
the planning problem which are based on analytic or geometric arguments,
as opposed to having to resort to numerical optimization or search-based
techniques. Analytic or geometric solutions are often computationally inex-
pensive, and as such, desirable for online implementations.

The simplified formulation might also allow the development of solutions
with optimality guarantees. The most frequent metric to be optimized, is the
length of the planned solution. In the case of vehicles, this often correlates
with the execution time of the solution, thus being an attractive metric to
minimize.

In this simplified formulation, the vehicle kinematic and dynamic con-
straints, which define how the vehicle is allowed to move, are still consid-
ered, and are part of the problem formulation. As one might expect, the
more complex the constraints considered, the more challenging it is to find
optimal solutions to the planning problem. However it will be shown that
the most relevant vehicle constraints, associated with the vehicle actuators,
can be captured, while still keeping the problem tractable to solve.

Although not obvious, solutions to the obstacle-free planning problem
can be directly used as components of algorithms that seek to solve the
original planning problem in the presence of obstacles. Thus, improvements
in the area of obstacle-free planning, will greatly contribute to the progress
of algorithms for the general planning problem. Chapter 4 focuses on solving
the planning problem in the presence of obstacles, and makes use of the
methods introduced in this chapter.

Section 3.1 gives an introduction to the topic of planning in the absence
of obstacles. A literature survey on the topic of obstacle-free planning for
car-like vehicles is presented, which summarizes relevant works in the area,
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ranging from the original works already started in the fifties, to very recent
publications, which show a reborn interest in the topic over the last couple
of years.

Section 3.2 introduces Cubic Curvature paths, an interpolating curve
with desirable properties for autonomous vehicles. This curve can be seen
as an extension to the well-known clothoid curves, which are commonly used
in road design [55].

Section 3.3 introduces Sharpness Continuous paths, a novel proposal,
which seeks to solve the obstacle-free path planning problem for the case
of heavy-duty vehicles. Inspired by previous works in obstacle-free optimal
path planning, we propose a solution which takes into account both the
kinematic constraints of the vehicle and the dynamic constraints of steering
actuators used in heavy-duty vehicles. This novel proposal considers the rate
and torque limitations in the steering actuators of the vehicle, a problem
not considered in previous published works.

Section 3.4 presents results of the proposed method and shows its ben-
efits. It is shown that the proposed paths resemble the length optimal Du-
bins paths [19], and that they come with the benefit of improved controller
performance. Furthermore the computational times of the method are mea-
sured, and show suitability for online implementation. Concluding remarks
are made in Section 3.5.

3.1 Introduction

Planning in the absence of obstacles can be seen as a simplified version
of the planning problem, in which the obstacles in the planning space are
ignored. The problem can be formulated as:

minimize
u

J(q, u) (3.1a)

subject to q̇ = f(q, u), (3.1b)

q(0) = qS, (3.1c)

q(1) = qG, (3.1d)

where constraint Equation (3.1b) corresponds to the vehicle model. In the
following sections we will detail solutions that have been proposed for vehi-
cles with increasingly complex constraints f(q).

Constraints Equation (3.1c) and Equation (3.1d) correspond to the ini-
tial and final states of the vehicle. In the planning problem, Equation (3.1c)
usually corresponds to the current state of the vehicle, whereas Equation (3.1d)
corresponds to the goal state. These two constraints correspond to bound-
ary conditions that the solution to the differential equations must respect,
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making this problem often be referred to as a two-point boundary value
problem.

The objective function Equation (3.1a) defines the metric to be opti-
mized. In this chapter we will consider this function to correspond to the
length of the path performed by the vehicle. This is a suitable metric to
optimize, as a common goal in driving, is to arrive at the destination as fast
as possible, which can usually be achieved by minimizing the length of the
driven path. A remark has to be made however, as it is not always the case,
that the shortest path is the one that can be performed the fastest. Another
shortcoming of this metric is that it does not take into account the comfort
of passengers.

This simplified planning problem might seem trivial at first glance, how-
ever the presence of the differential constraints Equation (3.1b) complicates
the process of finding feasible solutions to it. Figure 2.3 illustrates the diffi-
culty associated with obstacle-free path planning. The vehicle is tasked with
moving from its initial state to the goal state. The shortest path between
these two configurations would be the straight line shown in red, however,
the kinematic constraints prevent the vehicle from executing such a path.
A possible solution that the vehicle can perform, is to move forward, switch
to reverse, and approach the goal configuration in a backward motion, as
shown by the green path in Figure 2.3. This illustrates the complexity of
motion planning for vehicles, even in the absence of obstacles.

In the following we review previous works that have managed to pro-
vide solutions to variants of the obstacle-free path planning problem Equa-
tion (3.1). Some solutions are able to provide optimality guarantees, at
the expense of assuming simplified vehicle models. Other solutions consider
more complex vehicle motion constraints, while still showing a performance
close to optimal.

3.1.1 Dubins curves

The work in [19] studied the nature of curves of minimal length, with
bounded curvature, connecting initial and terminal positions and tangents.
The proposed curves have been extensively used in the motion planning
and robotics community. This is due to the fact that many mobile robots
have system equations that result in motions defined by curves of bounded
curvature.

We start by defining the system equations that are considered in [19]:

ẋ = cos θ,

ẏ = sin θ,

θ̇ = u.

(3.2)
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This corresponds to a system that moves with unit speed in the xy plane,
and that can actuate its angular velocity, through u. The angular velocity
is assumed to be bounded, such that |u| ≤ umax. The major contribu-
tion in [19] was to prove that the shortest path between two vehicle states
(xS, yS, θS) and (xG, yG, θG) for this kind of system, is always composed by
at most three motion patterns. The motion patterns are: drive straight (S),
turn left with maximum curvature (L), and turn right with maximum cur-
vature (R). The actuation values for the motion patterns S, L and R are
u = 0, u = umax and u = −umax, respectively.

System Equation (3.2) is often referred to as the kinematic car model.
The word kinematic originates from the fact that forces actuating on the
system are disregarded, and instead only positions, velocities and accelera-
tions are used to describe the system. Kinematic models are fairly simple
and accurate for low speeds, making them suitable for many heavy-duty
vehicle industrial applications. However when considering high speeds, such
as in the case of highway driving, dynamic models which take into account
forces are often necessary.

The solutions of minimal length, obtained using the motion patterns S,
L, R, are commonly referred to as Dubins paths. Figure 3.1 shows Dubins
paths, connecting initial and goal vehicle poses qS and qG, for three dif-
ferent planning instances. In order to find the optimal sequence of motion
patterns, one can exhaustively try all possibilities, and chose the one result-
ing in a shortest path. However there are more efficient ways to find out the
minimum length Dubins path between two vehicle configurations [56].

The system presented in Equation (3.2) is equivalent to the kinematic
car model if one replaces the actuator command, such that u = tan(φ)/L,
where φ is the steering angle of the vehicle, and L is the wheelbase length.
The value of umax corresponds to tan(φmax)/L, with φmax being the maxi-
mum steering angle of the vehicle. The inverse of the curvature of the turning
motion patterns L and R, corresponds to the minimum turning radius of
the vehicle. Therefore, Dubins paths have immediate applicability in mo-
tion planning for vehicles, and are widely used in the field of autonomous
driving [57–60].

One of the drawbacks of the Dubins paths, is the simplified motion
equations that are considered for the vehicle model. Since the actuation u
can change instantaneously, the resulting optimal paths have a curvature
profile that is discontinuous at the transitions between straight lines and
circular arcs. In order for a vehicle to exactly perform these paths, it would
have to stop at the junctions of two motion patterns, and turn the steering
wheels in place. This is of course time consuming, and results in an increased
wear of the vehicle tires. Typical autonomous driving implementations that
make use of Dubins paths, usually ignore this problem, and resort instead



3.1. Introduction 51

qS qG

qS qG

qS

qG

Figure 3.1: Different examples of Dubins paths.

to a post-optimization step on the found paths, or simply let the underlying
feedback controllers perform the path without stopping between motion
patterns. More recent works have tried to tackle the discontinuity problem,
as will be seen in the following sections.

3.1.2 Reeds-Shepp curves

A vehicle can move both forward and backward, an aspect that Dubins
paths do not capture. Realizing that backward movement is an important
part of driving, [20] proposed to solve the minimal path length problem for
the more complex vehicle model:
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qS qG

qS qG

Figure 3.2: Different examples of Reeds-Shepp paths.

ẋ = v cos θ,

ẏ = v sin θ,

θ̇ = u.

(3.3)

Contrary to the case of Dubins paths, this model allows the vehicle to have
a forward or a backward unit velocity, |v| = 1. Thus the vehicle can switch
directions of movement, allowing it to realize paths that are shorter or equal
to the Dubins path.

The work in [20] concludes that the optimal length paths for the car
that can move both backward and forward, is also a combination of at most
three motion patterns, turn left, turn right and drive straight (L, R and
S). However these motion patterns can now be performed either in forward
or in backward motion. Similar to the Dubins paths, these path solutions
have gained popularity in the motion planning community and are known as
Reeds-Shepp paths. Furthermore, it has been shown that there is a total of
46 possible combinations of motion patterns that can result in the shortest
path [61].

An example of two planning instances, connecting different initial and
goal vehicle poses qS and qG, solved using Reeds-Shepp paths is shown in
Figure 3.2. It can be seen that switches in the direction of movement occur,
resulting in cusps at intermediate sections of the path.

It should be noted that Reeds-Shepp paths also suffer from the draw-
back of discontinuous curvature that Dubins paths were shown to have. Thus
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vehicles performing these paths will have to stop and re-orient their steer-
ing wheels at the junction of different motion patterns, in order to follow
the path exactly. The next section introduces an extension to Reeds-Shepp
paths, which deals with the problem of discontinuous curvature.

3.1.3 Continuous curvature paths

In [21] an extension to Reeds-Shepp paths is proposed, which is able to
solve the inherent discontinuity problem. In fact this solution, allows the
computation of paths with: 1) continuous curvature; 2) bounded curvature;
and 3) upper bounded curvature derivative. This means that the generated
paths can be followed by a vehicle of the form:

ẋ = v cos θ,

ẏ = v sin θ,

θ̇ = vκ,

κ̇ = u.

(3.4)

The above system constitutes a more complex version of the kinematic car
model Equation (3.3). The dynamics of the real vehicle are more accurately
modeled by extending the system with the curvature κ of the vehicle. The
longitudinal velocity v can take unit values |v| = 1, corresponding to moving
forward or backward. The control u is the angular acceleration of the vehicle,
and is related to the steering rate of the front wheels.

In order to achieve curvature continuity, the authors in [21] introduce
a new motion pattern to the Reeds-Shepp paths. This motion pattern cor-
responds to a clothoid arc, and is used to ensure a continuous curvature
transition between line segments (S) and arc circle segments (L or R). By
inserting this extra clothoid arc in between motion patterns of the Reed-
Shepp paths, it is possible to ensure curvature continuity of the path. The
junction of motion patterns corresponding to a clothoid arc, an arc circle,
and a clothoid arc, is called a continuous curvature (CC) turn. Figure 3.3
shows an example comparing the curvature profile of a Reeds-Shepp path
and that of a path as proposed by [21].

Unfortunately, [21] provides no guarantees as to the length optimality
of these paths. The problem of finding length optimal paths for the system
in Equation (3.4), had already been addressed in [62], which hinted at a
complex behavior of the optimal solution, with possibly infinitely many
switching points. However [21] successfully shows that the proposed paths
converge towards the optimal Reeds-Shepp paths, as |u| → ∞. This in itself
is a good indication that the solution paths are of good quality, as it shows
that their length is not excessively larger than the optimal paths for the
simplified vehicle model.
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Figure 3.3: The curvature profile of Dubins [19] and Reeds-Shepp [20] paths
(left) presents discontinuities. Curvature continuous paths [21] (right) over-
come this problem by using clothoid segments between arc circles and line
segments. Figure based on [21].

Recently, some works have tried to further improve Curvature Contin-
uous paths. This can be done by taking into account even more complex
vehicle dynamics, which is expected to increase the performance and com-
fort of autonomous vehicles following it. The following section details some
of these works.

3.1.4 Further extensions

The work [63] builds upon the original Dubins paths, adapting them so as
to generate smooth curvature profiles. To do so, a Dubins path is computed
in a first step, and then, intermediate paths are added at the discontinu-
ous curvature transitions. The additional transitions are characterized by a
smooth curvature profile with bounded curvature and curvature derivative.
The resulting path is C∞, meaning that it is infinitely differentiable, and
presents a smooth curvature profile. One of the shortcomings of this work,
is that it only focuses on the forward motion of the vehicle, and that it does
not consider Dubins paths concatenating three sequential turns.

Targeting the case of tight environments, such as parking lots, the work
in [22] proposes Hybrid Curvature steer, an approximation of Reeds-Shepp’s
paths. The proposed solution has the same benefits as Curvature Continuous
paths, however it allows curvature discontinuities where changes in direction
movement of the vehicle occur. This is inspired by human behavior when
parking, which is characterized by turning the steering wheel while stopped,
when changing directions of movement. The authors show that when inte-
grated in a motion planner, Hybrid Curvature steer allows for shorter paths,
when compared to Curvature Continuous curves, and smoother paths, when
compared to Reeds-Shepp’s paths.

The Hybrid Curvature steer approach is further developed into Hybrid
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Curvature Rate steer in [23]. The work extends the continuous curvature
vehicle model into the following model:

ẋ = v cos θ,

ẏ = v sin θ,

θ̇ = vκ,

κ̇ = α,

α̇ = u,

(3.5)

where κ, α, and u are all bounded. In order to generate motions that respect
this vehicle model, the paths must respect maximum limits on curvature,
curvature rate and curvature acceleration. Curvature and curvature rate
limits have been tackled by Continuous Curvature paths [21], but curvature
acceleration is for the first time considered in this work. By considering lim-
itations on the curvature acceleration, a planner is able to generate paths
that take into account actuator limits, and that result in a better tracking
performance of the vehicle controller. Tracking performance is very impor-
tant, specially in tight environments, where poor tracking can lead to devi-
ations from the planned path that might result in collisions with obstacles.

A novel take on steering methods is introduced in [64] where the au-
thors consider planning in the belief state. As opposed to all of the previ-
ously mentioned solutions, which assume a perfect following of the planned
path, [64] takes into account uncertainties in both the controller and lo-
calization modules. The result is a steering method which provides paths
with an associated motion execution uncertainty, which is computed by as-
suming knowledge of the uncertainties in the measurement model and the
disturbances affecting the system. By taking into account the uncertainty
associated with the planned path, the proposed motion planner plans mo-
tions that have a significantly smaller risk of collision due to control and
localization errors.

The work in [65] follows a similar line as that of Continuous Curvature
paths. Instead of resorting to clothoid arcs, characterized by C0 curvature
continuity, they make use of a transition segment, which ensures C1 cur-
vature continuity. Even though C1 curvature is guaranteed, the produced
paths do not have a bounded curvature rate, and can result in curvature rate
profiles with noticeable spikes. The transition segment used in this work is
derived so as to ensure convergence of a given control law, thus allowing for
control guarantees when executing the path. Control guarantees provide a
way to know the maximal possible deviation from the planned path, when
the vehicle is following the path. If at planning time, this maximal possible
deviation is also checked for collision, then it is possible to plan collision-
free paths, even in the presence of controller transients/errors. The maximal
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possible deviation, and collision checking of it, is not pursued in [65], but is
instead left as future work.

3.1.5 Summary

The works mentioned previously show a trend of trying to consider increas-
ingly more complex vehicle constraints. The benefit of considering more
complex vehicle models at the planning layer, is that this will simplify the
control task, which in turn results in more accurate tracking of the planned
paths. In most autonomous systems following the sense-plan-act architec-
ture, the collision checking procedures are done only at the planning layer,
and for the planned path. A disparity between planned path and performed
path is inevitable, meaning that the collision checking procedures at the
planning layer might not be sufficient to ensure safety of the system. The
previously mentioned works tried to address these issues through three dif-
ferent approaches:

Accurate system dynamics By taking into account more complex vehi-
cle models, which are closer to the real vehicle model, the differences
between planned path and performed path are reduced. This results
in collision checking procedures which are more accurately portraying
the performed path [23, 63];

Controller stability guarantees By studying the properties of the whole
system, i.e., considering the whole chain consisting of planner, con-
troller, and vehicle, it is possible to arrive at strong guarantees about
its stability and convergence. Furthermore, it is possible to ensure that
the system will stay within a region around the planned path. If the
given region is collision-free then the whole system will be safe, even
in the presence of controller transients. An initial work into this topic
is done in [65];

Uncertainty and disturbance considerations Considering measurement
uncertainties and controller disturbances is another possible way to
ensure safety of the system. Associated to the planned path is an un-
certainty that can be used to measure the probability of collision of
a given path. A path is deemed safe if it has a low enough collision
probability [64].

In the remainder of this chapter we will present a novel method which
follows the first type of approach. This method is motivated by the ob-
servation that all of the previously proposed works have been focusing on
constraints on the path properties (curvature and curvature rate). However
these constraints do not immediately relate to the vehicle actuator limits.
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Instead they have a complex relation to the path and the velocity at which
the path should be followed. The proposed method starts from the vehicle
actuator limits, and based on them, and on the desired vehicle velocity,
generates constraints on the path curvature and curvature rate. This is a
benefit in itself, as curvature rate constraints are not usually known or easy
to compute, whereas actuator limits are. Furthermore, this work proposes
constraints on the curvature acceleration, as they are a natural consequence
of limited actuator torque.

3.2 Cubic curvature paths

Cubic curvature paths are hereby introduced as paths that respect complex
steering actuator constraints, namely limitations on steering magnitude,
rate and torque. In the following sections we introduce the considered vehicle
model, the constraints it puts on a path to be followed, and the suitability
of cubic curvature paths for this particular vehicle model.

3.2.1 Vehicle model

We start by considering the already familiar vehicle model used by Du-
bins [19] and given by Equation (3.2). The curvature κ of a vehicle with
wheelbase length L is related to its steering angle φ through

κ = tan (φ) /L. (3.6)

This allows us to write the angular velocity as a function of the steering
angle φ, resulting in the vehicle model:

ẋ = v cos θ, (3.7a)

ẏ = v sin θ, (3.7b)

θ̇ = v
tan(φ)

L
, (3.7c)

where (x, y) represents the position of the rear wheel axle center of the ve-
hicle, θ its orientation and v is the vehicle velocity. A vehicle pose is defined
by the three variables (x, y, θ). If an additional curvature is associated to a
pose we obtain a configuration, defined as (x, y, θ, κ).

The steering angle φ of the vehicle is physically coupled to an actuator,
which like any real system has physical limitations. In this work we consider
the following limitations:

• Maximum steering angle amplitude φmax,

• Maximum steering angle rate of change φ̇max,
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• Maximum steering angle acceleration φ̈max.

Thus, in addition to Equation (3.7) the following constraints must be re-
spected:

−φmax ≤φ ≤ φmax, (3.8a)

−φ̇max ≤φ̇ ≤ φ̇max, (3.8b)

−φ̈max ≤φ̈ ≤ φ̈max. (3.8c)

These constraints directly affect the vehicle motion capabilities and should
be dealt with when planning paths.

3.2.2 Path feasibility

Path feasibility depends on the capabilities of the vehicle that executes
it and on the path itself. The limited steering angle amplitude φmax con-
straint Equation (3.8a) imposes a maximum allowed curvature on the path
κmax. This limitation is addressed by generating paths which have a curva-
ture profile |κ| ≤ κmax [19, 20]. Limited steering angle rate of change φ̇max

Equation (3.8b), can be tackled by limiting the curvature derivative of the
generated paths [21]. We note however that the relation between steering
angle rate and curvature derivative is not a trivial one.

In this work we also deal with the third limitation Equation (3.8c),
related to the limited steering angle acceleration φ̈max. Having a limited
φ̈max results in φ̇ being a continuous function, which in turn indicates that
φ is a continuously differentiable, C1 function. Previously mentioned works,
with the exception of [23, 63, 65], fail to generate paths with a C1 curvature
profile. Paths that do not have a C1 curvature profile, require an infinite
φ̈max, in order to be accurately followed. This is impossible to achieve by
an actuator, and motivates the usage of paths with a C1 curvature profile.

The steering profile is related to the curvature profile through Equa-
tion (3.6). The sharpness α is defined as the change of curvature along the
path length s:

α = ∂κ/∂s. (3.9)

By ensuring sharpness continuity in a path, we guarantee that the curvature,
and the steering profile of such a path is C1. A vehicle is thus able to follow
the path using a bounded steering acceleration.

In the following section, we detail how to generate paths that respect all
three limitations, φmax, φ̇max, and φ̈max, previously stated.
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3.2.3 Cubic curvature paths

Cubic curvature paths are paths where the curvature is given by a polyno-
mial of order three with respect to the length s along the path:

κ(s) = a3s
3 + a2s

2 + a1s+ a0. (3.10)

A cubic curvature profile is the minimum degree polynomial that allows us
to define arbitrary initial and final curvatures, κi and κf , and sharpnesses
αi and αf . The sharpness profile of these paths is given by:

α(s) =
∂κ(s)

∂s
= 3a3s

2 + 2a2s+ a1. (3.11)

In order to find the parameters of the cubic polynomial, we use the initial
and final constraints:

κ(0) = κi, (3.12a)

α(0) = αi, (3.12b)

κ(sf) = κf , (3.12c)

α(sf) = αf , (3.12d)

where sf is the path length. Assuming the path length sf is known, the
terms of the polynomial Equation (3.10) can be determined by solving the
linear equation system:

a0 = κi, (3.13a)

a1 = αi, (3.13b)[
3s2

f 2sf

s3
f s2

f

][
a2

a3

]
=

[
αf − a1

κf − a1sf − a0

]
. (3.13c)

We use cubic curvature paths as transition segments between straight
lines and arc circles. In order to ensure that the path formed by stitching to-
gether different path segments has a C1 curvature profile, we need to ensure
that both the curvature and the sharpness profiles are continuous. Initial
constraint Equation (3.12a) is used to ensure that the initial curvature is
equal to the final curvature of the preceding segment path. Final constraint
Equation (3.12c) is used to ensure that the final curvature is equal to the ini-
tial curvature of the following segment path. Analogously, Equation (3.12b)
and Equation (3.12d) are used to ensure that the initial and final sharpness
match those of the preceding and following paths. By doing so, we ensure
continuity of the curvature and of the sharpness, which leads to paths with
C1 curvature profiles.
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It should be noted that so far, we have only considered curvature and
sharpness constraints, that ensure continuity of the curvature profile. How-
ever it is necessary to also consider the steering limitations Equation (3.8),
in order to ensure that the generated paths are feasible to follow. The fol-
lowing section addresses this issue.

3.2.4 Ensuring steering rate and acceleration constraints

In order to have a feasible path, we need to ensure that a vehicle can follow
it while complying with its steering constraints Equation (3.8). Each con-
straint introduces a different requirement on the generated cubic curvature
path.

The limitations regarding the steering magnitude can be addressed by
selecting appropriate initial and final curvature and sharpness constraints. If
we make both κi and κf smaller in magnitude than κmax, and αi and αf equal
to zero, we can ensure that the curvature profile will be contained within
the bounds [min(κi, κf),max(κi, κf)]. Since the steering angle is related to
the curvature according to Equation (3.6), we get that the steering angle
will be contained within the bounds [min(φi, φf ),max(φi, φf )], where φi =
arctan(κiL) and φf = arctan(κfL).

Given κi, κf , αi, and αf , and selecting an arbitrary path length sf , a cu-
bic curvature profile is generated according to Equation (3.13). Afterwards,
the steering angle profile corresponding to the cubic curvature path is com-
puted from the path curvature using Equation (3.6). Assuming then that
the vehicle is following the path at a given fixed velocity v, the steering
angle rate and acceleration profiles are computed.

The steering angle rate profile will have a peak rate φ̇peak, which can
be found by numerical methods. In our case we simply perform an exhaus-
tive search over the whole steering rate profile. We note that a numerical
procedure is necessary due to the non-linear relation between the curvature
profile and the steering rate profile. In case φ̇peak is larger than the allowed

maximum steering rate φ̇max the length sf needs to be increased so that
φ̇peak = φ̇max. In case φ̇peak is smaller than the allowed maximum steering
rate, then the length should be increased, this is done to ensure that paths
with excessive length are not allowed. The needed change in path length sf

corresponds to scaling by a factor of φ̇peak/φ̇max.

The peak acceleration φ̈peak can also be found by numerically computing
the maximum magnitude of the steering acceleration profile. If the maximum
magnitude of the steering acceleration profile φ̈peak is exceeding or under

the acceleration limitation φ̈max, then a scaling of the path length must be
done. In this case the needed scaling factor is given by

√
(φ̈peak/φ̈max).

To guarantee that the path respects both steering rate and acceleration
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limitations, we need to scale its length by the greater of the scaling factors.
If both scaling factors are smaller than one, then we are reducing the path
length, thus ensuring that the path is as short as possible and making use of
the full actuation capabilities of the vehicle. Once the new path length sf is
found, the cubic curvature path is recomputed by solving Equation (3.13).
This ensures that the vehicle steering limitations are respected, as long as
the vehicle follows the given path at a velocity v, or lower. Algorithm 1
summarizes this procedure.

Algorithm 1: Cubic Curvature Path coefficient computation

Input: κi, κf , v, φ̇max, φ̈max, αi = 0, αf = 0, sf = 10
Output: a0, a1, a2, a3

1 a0, a1, a2, a3 ← solve Equation (3.13);

2 φ̇(t)← ComputeSteeringRate(a0, a1, a2, a3, v);

3 φ̇peak ← GetPeakSteeringRate(φ̇(t));

4 C ← φ̇peak/φ̇max;

5 φ̈(t)← ComputeSteeringAcceleration(a0, a1, a2, a3, v);

6 φ̈peak ← GetPeakSteeringAcceleration(φ̈(t));

7 if φ̈peak/φ̈max > C then

8 C ← φ̈peak/φ̈max;

9 sf ← C · sf ;
10 a0, a1, a2, a3 ← solve Equation (3.13);

3.3 Sharpness continuous paths

Making use of the previously introduced cubic curvature paths, a path plan-
ner for obstacle-free environments can be developed. Our proposed method
is of a similar nature to that in [21] (explained in Section 3.1.3). However,
instead of clothoid arcs, we use cubic curvature paths as transition segments
between line segments (S) and arc circles (L or R). This results in paths that
respect the steering limitations Equation (3.8).

3.3.1 Sharpness continuous turns

We propose Sharpness Continuous (SC) turns, which consist of three seg-
ments, an initial cubic curvature path Γ1,2, an arc circle Γ2,3, and a final
cubic curvature path Γ3,4. Figure 3.4 shows an example of such an SC
turn. The initial segment Γ1,2 starts with null sharpness at a configuration
q1 = (x1, y1, θ1, κ1, α1). It then ends with maximum curvature, ±κmax, and



62 Sharpness Continuous Paths

q1

Γ1,2

Γ2,3

κ−1
max

q2

q3

Γ3,4

Ω

r

q4µ

δ

Figure 3.4: Example of a sharpness continuous turn.

null sharpness, at configuration q2 = (x2, y2, θ2, κ2, α2). The second segment
is an arc circle Γ2,3 with radius κ−1

max and arbitrary arc length, starting at
q2 and ending at q3 = (x3, y3, θ3, κ3, α3). The SC turn is completed with a
path Γ3,4, starting with curvature ±κmax and null sharpness, and ending at
a configuration q4 = (x4, y4, θ4, κ4, α4), also with null sharpness.

We assume, without loss of generality, that the vehicle, and subsequently
the path, starts at a configuration q1 = (0, 0, 0, 0, 0). From q1, it then follows
the path Γ1,2 taking it to a configuration q2 = (x2, y2, θ2, κmax, 0). The path
Γ1,2 has initial and final curvatures 0 and κmax, respectively. The initial and
final sharpnesses are both set to zero, in order to ensure that Γ1,2 can be
stitched together with arc circles and straight segments while still having
sharpness continuity, i.e., the curvature profile is C1. We note that line
segments and arc circles, are special cases of cubic curvature paths, that
share in common a constant curvature profile, and a null sharpness profile.
Path Γ1,2 is computed according to Algorithm 1, in order to ensure that
steering actuator limitations of the vehicle are respected. The values x2, y2,
and θ2 are those that result from following the curvature profile of Γ1,2 with
a starting vehicle state q1.

Once the vehicle has a curvature κmax, it then follows an arc circle path
Γ2,3 with radius κ−1

max. The arc circle starts at (x2, y2) and has its center
at a distance κ−1

max perpendicular to the orientation θ2 at point (x2, y2). Its
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center is given by

(xΩ, yΩ) = (x2 − κ−1
max sin θ2, y2 + κ−1

max cos θ2). (3.14)

The last path segment Γ3,4 departs from the arc circle at q3 and brings
the vehicle to a configuration q4. Configuration q4 depends on the point of
departure from the arc circle q3. However, it always lies on a circle Ω, which
has the same center as the arc circle (xΩ, yΩ) in Equation (3.14).

In order to find the radius of circle Ω, we first assume an auxiliary
arc circle to be centered at (xΩ′ , yΩ′) = (0, κ−1

max). We assume a departure
configuration from the circle at (0, 0, 0, κmax, 0). Then, by following the path
given by a curvature profile with initial and final curvatures κmax and κ4,
and null initial and final sharpness, computed with Algorithm 1, we will
end at a configuration q′ = (x′, y′, θ′, κ′, 0). Configuration q′ is located at
an auxiliary Ω′ circle (the auxiliary equivalent of the Ω circle), that has the
same center as the arc circle. Thus we compute the radius of Ω′, which is
equal to the radius of Ω, as

r =
√

(x′ − xΩ′)2 + (y′ − yΩ′)2 =

√
x′2 + (y′ − κ−1

max)2. (3.15)

An additional angle µ is defined as the difference between θ′ and the
tangential angle to Ω at configuration q′. It is computed using the previous
auxiliary arc circle as

µ = arctan

(
y′ − κ−1

max

x′

)
+
π

2
− θ′. (3.16)

Thus, given a certain initial configuration q1, the possible positions of the
ending configuration q4, resulting from a combination of a cubic curvature
path, an arc circle, and another cubic curvature path, i.e., an SC turn, lie
on a circle Ω. The possible θ4 orientations of these configurations are given
by the tangential angle at the circle plus µ. Figure 3.4 illustrates circle Ω
and the tangential angle µ.

3.3.2 Connecting sharpness continuous turns

An SC path between start and goal configurations qS and qG can be found
by combining SC turns and line segments. Similarly to the Dubins case, two
different types of paths can be found, those composed of two turns connected
by a line segment, and those composed of three consecutive turns. Each of
these must be handled in different ways, as explained below.

Turn + straight + turn case

Assuming the case when the SC path is composed of two turns connected
by a line segment, we have the following path elements:
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qS

qG

qa

qb

Figure 3.5: Sharpness continuous path example. The path consists of an
SC turn between qS and qa, a line segment from qa to qb, and an SC turn
between qb and qG. Each SC turn contains a curving cubic curvature path
(blue), an arc circle segment (green), and a decurving cubic curvature path
(red). The dashed circles correspond to the SC turns that can span from qa

and qb.

• an SC turn starting at the start configuration qS and ending at a
configuration qa with null curvature;

• a line segment starting at qa and ending at qb;

• an SC turn starting at configuration qb with null curvature, and ending
at the goal configuration qG.

Figure 3.5 shows an example of an SC path, with the three elements de-
scribed above.

We note here that our approach disregards switches of direction of move-
ment, i.e., it assumes that the vehicle only moves forward or backward, but
not both. This makes it similar to Dubins paths [19], and can possibly
result in paths that are longer than those that would be computed if direc-
tion of movement switches were allowed. These shortcomings could be fixed
with further development, and consequent generalization, of the proposed
approach.

In order to connect two SC turns, we need to find the configurations qa

and qb that belong to the starting and ending SC turn possible departure
configurations, and that can be connected with a line segment. To do so,
qa and qb must have the same orientation, i.e., θa = θb. Furthermore both
must lie on a line segment with an inclination angle θa.

As seen before, in Figure 3.4, the possible set of departure configurations
of an SC turn are located on a circle, and its orientations differ from the
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Figure 3.6: Computing the external (top) and internal (bottom) tangents
between two circles.
circle tangent by µ. Thus, to connect two SC turns, we need a way to connect
two circles Ωs and Ωf with arbitrary centers, radii, and µ values.

We first assume two auxiliary circles Ωa and Ωb, as depicted in Figure 3.6
(top). Circles Ωa and Ωb have the same radii and µ values as the original
circles Ωs and Ωf . Circle Ωa is centered at (0, 0) and Ωb is located so that
qa and qb are collinear. We are interested in finding the center of Ωb =
(xΩb

, yΩb
). From Figure 3.6 (top) it can be seen that

yb = −ra cosµa + rb cosµb. (3.17)

We assume that the distance r(Ωa,Ωb) between the circle centers is the
same as the distance between the original circles r(Ωs,Ωf). We then have

xΩb
=
√
r(Ωs,Ωf)2 − y2

Ωb
. (3.18)
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We know that qa = (ra sinµa,−ra cosµa, 0, 0, 0) and qb = (xΩb
−rb sinµb,

yΩb
−rb cosµb, 0, 0, 0). To find these configurations in the original circles Ωs

and Ωf , we need to first apply a rotation ∆θ = arctan(yΩf
− yΩs

, xΩf
− xΩs

)
to qa and qb. We then translate these configurations by (∆x,∆y) = (xΩs

, yΩs
).

The resulting rotated and translated configurations correspond to the de-
sired tangent configurations between the circles Ωs and Ωf .

The above procedure finds the departure configurations between two
counterclockwise (left steering) SC turns, shown in Figure 3.6 (top). An
analogous procedure can be used to find the possible departure configu-
rations between any combination of clockwise (right steering) and counter-
clockwise turns, as shown in Figure 3.6 (bottom). These procedures are valid
if the found tangent configurations qa and qb do not lie inside the circles Ωb

and Ωa, respectively.

Turn + turn + turn case

An SC path can also be created by combining three consecutive turns. In
that case, the path has the following elements:

• an SC turn starting at the start configuration qS and ending at a
configuration qa with maximum curvature ±κmax;

• an arc circle segment with maximum curvature (equivalent to mini-
mum turning radius) connecting qa and qb;

• an SC turn starting at configuration qb with maximum curvature
±κmax, and ending at the goal configuration qG.

Figure 3.7 shows an example of an SC path, with the three elements de-
scribed above.

We start by defining the auxiliary circles Ωa and Ωb, as depicted in
Figure 3.8. Circles Ωa, Ωb, and the associated µ values are computed as
detailed in Section 3.3.1. The initial circle Ωa is associated with the start
configuration qS, whereas the final circle Ωb is associated with the goal
configuration qG.

We assume that from the exit configuration qa, the vehicle follows an
arc circle with minimum turning radius κ−1

max. The circle to which this arc
circle belongs will be referred to as Ω′. Since the exit configuration qa can lie
anywhere on the circle Ωa, we get also that the center of Ω′ can lie anywhere
within a circle Ω′a that is concentric to Ωa. The radius r′a of Ω′a is given by:

r′a =

√(
ra + κ−1

max cosµa
)2

+
(
κ−1

max sinµa
)2
. (3.19)

The equivalent procedure is applied to the auxiliary circle Ωb and the
entry configuration qb, in order to obtain the circle Ω′b of possible locations
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qS
qG

qbqa

Figure 3.7: Sharpness continuous path example. The path consists of an SC
turn between qS and qa, an arc circle segment from qa to qb, and an SC turn
between qb and qG. Each SC turn contains a curving cubic curvature path
(blue), an arc circle segment (green), and a decurving cubic curvature path
(red). The dashed circles correspond to the SC turns that can span from qa

and qb, but also to the circle that the intermediate arc segment belongs to.

of the center of the circle of maximum turning radius Ω′. Analogously, we
compute the radius of Ω′b as:

r′b =

√(
rb + κ−1

max cosµb
)2

+
(
κ−1

max sinµb
)2
. (3.20)

The remaining task is to compute the intersection between the two circles
of possible locations of the center of Ω′. In the general case, two intersection
points can be found, however only one of them will allow the concatenation
of paths to be continuous in the orientation.

Figure 3.8, shows the procedure to find an SC path composed of a coun-
terclockwise (left steering) SC turn, a clockwise (right steering) arc circle,
and a counterclockwise SC turn. An analogous procedure can be made to
find the SC path composed by a clockwise SC turn, a counterclockwise arc
circle, and a clockwise SC turn.

One important difference in the initial and final SC turns tangent config-
urations, qa and qb, of the turn+turn+turn case, is that they have maximum
curvature, instead of null curvature, as in the turn+straight+turn case. This
allows the turn+turn+turn case to be composed of two SC turns with an
arc circle in between them, as opposed to two SC turns with another SC
turn in between them. By using an arc circle as an intermediate connection
between the start and final SC turns, instead of yet another SC turn, we
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Figure 3.8: Computing the tangency of a turn + turn + turn path.

can guarantee a shorter and more natural transition between the maximum
curvature limits between turns.

3.3.3 Finding the shortest SC path

In order to find the shortest SC path between two configurations qS and
qG, we need to compute all the possible SC turns that can be spanned from
these configurations. The SC turns are then connected, via line segments or
arc circles, in order to generate possible SC paths.

Each of the configurations qS and qG can span a total of four SC turns,
depending on whether the vehicle is moving forward or backward, or whether
it is turning left or right. The possible SC turns that span from qS and qG

are shown in Figure 3.5 as dashed circles (forward and backward SC turns
are equivalent, so they lie on top of each other). Figure 3.4 shows an SC
turn which assumes a vehicle moving forward and turning left. The method
explained in Section 3.3.1 can be readily used to obtain SC turns moving
forward, independent of the direction they are turning. The procedure to
obtain an SC turn moving backward is analogous.

There are a total of 20 possible SC paths between the two sets of 4 SC
turns spanned from qS and qG. 16 of these possible paths are composed of
two SC turns connected via a line segment, while the remaining 4 are a
combination of two SC turns connected via an arc circle. All path combina-
tions are computed and checked for feasibility, using the methods detailed
in Section 3.3.2. Each path length is evaluated, and the shortest feasible
path is selected as the solution.
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3.4 Results

We present here experiments showing the benefits of the proposed SC paths,
and indicate its amenability to online implementation.

3.4.1 Convergence of SC paths to Dubins paths

As previously mentioned, Dubins and Reeds-Shepp paths are proven to be
optimal in terms of length. The optimality guarantee comes however at
the cost of considering a simplified vehicle model. When considering more
complex vehicle dynamics, the optimal solution often presents complex be-
haviors, and proves hard to compute analytically [21, 62]. It is still possible
however, to understand how near-optimal paths are, by comparing them
with the optimal paths, for vehicles with simpler, but similar constraints.
Thus we analyse our proposed method, that respects actuator dynamic lim-
itations, by comparing it to the Dubins paths, which does not comply with
these limitations.

SC paths are, not surprisingly, longer than the Dubins path correspond-
ing to the same initial and final vehicle states. This is a natural consequence
of introducing a transition segment between the arc circle turns and the line
segments. With the added transition segment, SC turns have a longer turn-
ing radii than if the turn was done resorting only to an arc circle with radius
κ−1

max, as is the case with Dubins paths.
Figure 3.9 shows the Dubins path for a given start and goal configura-

tion qS and qG. Overlayed are SC paths with different maximum sharpness
αmax for the same configurations qS and qG. It is seen that the greater the
maximum sharpness αmax of the SC paths is, i.e., the greater the achiev-
able steering rate and accelerations of the vehicle, the closer it approaches
the Dubins path. This is somewhat intuitive, as increasing αmax results in
increasing the rate of change of the curvature profile, and consequently in a
reduction of the length of the transition segments (cubic curvature paths).
If αmax → ∞, then the curvature changes would be immediate, and the
transition segments would vanish, making the SC path equivalent to the
Dubins path, and as such, length optimal.

To further study the convergence of SC paths to the length optimal
Dubins paths, we run several planning instances, in which the steering limi-
tations are relaxed by a tuning factor Kφ. Thus, for each planning instance,

several SC paths are computed with steering limitations φ̇max = Kφφ̇
0
max

and φ̈max = Kφφ̈
0
max. The maximum steering angle magnitude φmax is held

fixed. The length of the paths are compared to the corresponding Dubins
path with maximum steering angle magnitude φmax. Figure 3.10 shows the
ratio between the lengths of the SC paths and the Dubins path for 1000
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Figure 3.9: SC paths with increasing sharpness α converge to the length
optimal Dubins path.
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Figure 3.10: Convergence of the length of SC paths to the length of Dubins
paths.

randomized planning instances. It can be seen that as Kφ is increased the
length of the SC paths converges to the length of the Dubins path.

3.4.2 Precomputation of cubic curvature paths

As previously mentioned, given two configurations qS and qG, the SC method
computes all possible 20 SC turns and how they can be connected. The
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connection process, as detailed in Section 3.3.2, is computationally cheap.
The bulk of processing is due to the generation of the cubic curvature paths
corresponding to the transition segments.

As seen in Section 3.3.1, an SC turn depends on the cubic curvature
paths that are part of it. In order to evaluate these paths, one has to gen-
erate their curvature profiles from the given initial and final constraints. To
comply with the steering constraints, a numerical evaluation of a steering
profile must be done, in order to find the path length scaling factors, as
detailed in Section 3.2.4. When one has the desired curvature profile, the
orientations θ can be obtained analytically. The x and y positions of the
path are found by integrating the vehicle model equations, using an Eu-
ler method, which has a high computational cost. This cost can be greatly
reduced using precomputations, under the following assumptions.

If one assumes that the start and end configurations qS and qG always
have null curvatures, then one can compute, in an initialization procedure,
all the possible cubic curvature paths starting and ending at curvatures
κ = 0,±κmax. Thus it is possible to avoid the expensive generation of cu-
bic curvature paths needed to find out the possible SC turns. In order to
generate an SC turn, one just has to use the precomputed paths and apply
rotations and translations to them.

The precomputation of paths can still be achieved, without limiting the
start and goal configurations qS and qG to have null curvature. In fact, one
can allow qS and qG to have curvature values belonging to finite discrete
set. The set of precomputed paths can then be stored in a look-up table
and used online during the computation of sharpness continuous paths.

3.4.3 Timing evaluation

We test the steering method, measuring its computational speed for several
problem instances. The method is implemented in C++ and running on a
Linux Mint distribution. The computer used is equipped with an Intel Core
i7-6820HQ Processor running at 2.70 GHz, and with 16.0 GB of RAM.

We generate 1000 random pairs of start and goal configuration queries.
Each query is repeated 100 times to get a better estimate of the average
computation time. The start and goal configurations of each query are gen-
erated by sampling the x and y coordinates from a uniform random distri-
bution between −50 and 50. The orientations are sampled from the interval
[−π, π], and the curvatures from a discrete equispaced set of 11 curvatures
[−κmax, . . . , 0, . . . , κmax].

Without the use of precomputations, the average time for finding a so-
lution path is 16ms, whereas when making use of precomputations the av-
erage time is 88µs. The precomputations decrease the computational time
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by three orders of magnitude, mostly due to the fact that the generation of
the cubic curvature paths, which involves the expensive integration of the
vehicle model equations, is avoided. These results indicate that the steering
method is extremely inexpensive when using precomputations, making it
suitable for real-time applications.

3.4.4 Controller performance

A simulation test is run in order to understand how the proposed paths
affect the performance of a vehicle tracking them. A kinematic vehicle model
coupled with a detailed steering actuator model is used to simulate the
vehicle.

In the test, two paths consisting of a straight segment, a turn, and a
straight segment are generated. The first path is a CC path [21], while the
second is our proposed SC path. Both paths abide by the same maximum
steering angle magnitude φmax and steering angle rate φ̇max constraints.
Additionally, the SC path respects also the steering angle acceleration φ̈max

constraint, unlike the CC paths.
The simulation assumes a steering actuator that is limited in terms of

achievable steering angle magnitude, rate, and acceleration. The steering
angle is controlled making use of a PID controller, which receives a steering
angle reference, and actuates on the steering angle torque. The PID con-
troller was tuned to achieve a step response with a relatively fast settling
time and little overshoot. The steering angle reference is provided from a
high-level path tracking controller. The high-level controller consists of a
feedforward part and a feedback part. The feedforward part is obtained by
finding the closest path point, and getting the corresponding steering an-
gle reference at that point. The feedback part is a proportional controller
regulating both lateral and heading errors. Such a controller is a simple
implementation commonly used in path tracking applications.

Figure 3.11 shows the steering reference profiles of the paths to be
tracked. The difference between them is in the shape of the increasing and
decreasing sections of the steering angle. In the CC case, the steering angle,
directly related to the curvature, follows a linear profile while in the SC it
follows a cubic profile.

Figure 3.12 shows the lateral and heading errors when the vehicle tracks
both paths. The vehicle is initially placed at the start of the path, and
it follows the first straight segment perfectly. However, when the turning
section starts, a deviation from the path begins to arise. The feedback part
is then responsible for trying to regulate the errors to zero. Shortly after
the turn begins, the CC case becomes unstable. On the other hand, the SC
case is stable, and its error converges to zero. The error profiles show that
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Figure 3.11: Steering reference profiles used in simulation.
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Figure 3.12: Lateral error when tracking a CC and an SC path. When track-
ing the CC path, the controller becomes unstable, resulting in an error that
grows indefinitely, and out of scope of the graph. The SC path tracking is
seen to be stable.

the controller performance is worse when tracking CC paths.
The lateral acceleration and jerk (acceleration rate) experienced by the

vehicle are related to passenger comfort. Figure 3.13 shows the lateral ac-
celerations for a vehicle following the reference steering profiles without
feedback actuation. It is seen that the CC path has large jerk values, which
result from an aggressive steering actuation. The SC path steering profile
achieves smoother lateral acceleration profiles.

3.5 Conclusions

This section provided an introduction to obstacle-free path planning meth-
ods, listing relevant contributions in the field for the application case of
autonomous vehicles. A trend towards more complex vehicle models can be
observed in the related work section, however, a common shortcoming to
many approaches is the lack of compliance to explicit steering actuator lim-
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Figure 3.13: Lateral acceleration when tracking a path without feedback,
i.e., using only feedforward references.

itations. The works deal indirectly with path properties, such as curvature
rate and curvature acceleration, which have a complex relation with the
steering actuator properties. To address this issue we propose cubic curva-
ture paths, which, with additional assumptions on vehicle velocity, can be
feasibly followed by a vehicle with known steering actuator constraints. The
cubic curvature paths, are then integrated within Sharpness Continuous
(SC) turns, which can be stitched together with line segments to generate
SC paths. We show experimentally that these paths resemble the length
optimal Dubins paths.

We thus introduce a novel steering method, which unlike previous ap-
proaches, is able to take into account steering actuator limitations explic-
itly, instead of requiring cumbersome constraints to be formulated on the
path curvature properties. The generated paths respect the maximum steer-
ing angle constraints, maximum steering rate and acceleration constraints.
These properties ease the low-level controller task and introduce an higher
degree of smoothness, improving the driving comfort and reducing actuator
effort. This is of importance when dealing with heavy-duty vehicles, which
are characterized by slow steering actuator dynamics.

As future work, the method could be extended so as to handle direction
switches, as in the case of Reeds-Shepp paths [20], thus allowing for more
complex maneuvers and shorter paths. A natural development, is to take
into account further limitations on the vehicle, that do not only are related
with steering actuator dynamics, but also with safety aspects, such as fric-
tion limits, rollover limitations, or comfort, such as lateral acceleration and
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jerk limitations.
With respect to control design, controllers could also be developed such

that they take advantage of the smooth properties of the path. Due to
the high quality of the reference paths, simpler controller approaches can
be used, which have a lower computational burden when compared to more
complex and robust approaches, such as Model Predictive Control. Further-
more the nature of the proposed method, which can be seen as a planner
that concatenates together motion patterns computed offline, can allow the
computation of attraction funnels of said motion patterns. The attraction
funnels allow the planner to take into account the uncertainty and transient
errors associated with the controller. By collision-checking the funnels, one
can develop a planner which guarantees safety of the whole system com-
posed of the planner, controller and vehicle [64, 66].





Chapter 4

Smooth Path Planning for Unstructured
Environments

Unstructured environments, such as those encountered in agriculture, forestry,
mining, and construction industries, are usually characterized by the pres-
ence of obstacles and maze-like scenarios. An autonomous truck operating
in these environments requires motion planning capabilities, such that it
can plan a path to reach a goal destination while avoiding obstacles. Fur-
thermore, in order to achieve the maximum throughput and efficiency, it
needs to find the shortest path, out of a multitude of possible ones, to get
to its destination.

Unlike the previous chapter, we hereby consider the existence of obsta-
cles that the vehicle must avoid. Obstacles introduce a combinatorial nature
to the problem, which motivate the usage of graph search based planning
methods. In order to comply with the kinodynamic constraints of the vehi-
cle, graph search is combined with a state lattice, originating lattice-based
motion planners.

A state lattice corresponds to a discretization of the search space, which
is based on a regular tiling of motion patterns. These motion patterns are
generated taking into account the vehicle constraints, and as such can be
feasibly executed. The lattice can then be explored using graph search al-
gorithms, by creating a graph where the edges correspond to the motion
patterns and the nodes are the discretized vehicle states.

The discretization of the lattice introduces sub-optimality of the planned
paths. In critical cases the discretization can introduce an oscillatory behav-
ior, greatly affecting vehicle performance. Moreover, the state discretization
does not allow planned motions to arrive at arbitrary goal locations within
the environment. In applications requiring high accuracy, this can hinder
the deployment of autonomous heavy-duty vehicles.

To deal with these problems, we introduce in this chapter a new method-

77
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ology for smooth and accurate motion planning. A lattice-based planner is
proposed which interleaves exploration of the graph with smoothing of the
solution path. The result is an improved lattice planner that is able to re-
duce the sub-optimality of solution paths and arrive accurately at desired
goal locations.

In Section 4.1 we introduce the planning framework, and detail the lat-
tice construction process, as well as the graph search algorithms used. We
then detail the challenges that arise with lattice-based planners, and that
are the motivation behind the work developed in this chapter.

In Section 4.2 we introduce a path optimization approach that is able
to optimize a given solution path, resulting in a smoothened solution with
reduced oscillations and length. The optimized solutions are computed using
greedy search algorithm, which makes use of the sharpness continuous paths
described in Chapter 3.

Section 4.3 details how to use the introduced path optimization step
in combination with the lattice planner. Unlike previous approaches, the
optimization is performed in between planning cycles, and is used to mod-
ify the search graph online. Modifying the graph online improves not only
the current solution path, but also the solution paths of future planning
iterations.

In Section 4.4 we present simulation and real-work experiments, which
quantify the benefits brought forward by the proposed method. The method
is shown to reduce the average length of planned paths. However, the biggest
advantage comes from the reduction of path oscillations. This allows for
smoother rides, and for the vehicle to achieve higher speeds, effectively in-
creasing the efficiency of autonomous HDV operations.

Finally, Section 4.5 presents concluding remarks together with possible
avenues of future work.

4.1 Planning framework

In this section we introduce the planning framework used, and present the
drawbacks with using a lattice-based motion planner. These drawbacks are
the motivation behind the development of a novel path optimization tech-
nique.

4.1.1 State lattice planning

Planning in a state lattice consists of a graph search, in which the graph cor-
responds to a specially discretized state space. Associated to the discretized
space, a set of elementary motions is chosen so that it allows neighboring
discrete states to be connected over feasible motions [17, 67].
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We first define the world space W, as the set of possible states of the
system.W can have an obstacle region obs, which denotes the set of all states
inW that lie in one or more obstacles. We then define the obstacle-free space
Wfree as the set of states that do not lie in any obstacle, Wfree =W \ obs.

Additionally, we define the graph to be searched as G = 〈V,E〉. Each
vertex v ∈ V represents a discretized state s ∈ W. In our case, a state s is
defined by a 4-tuple s = (x, y, θ, κ), where x and y represent the position
of the vehicle rear axle in a 2D environment, and θ its heading (recall Fig-
ure 2.1). κ is the vehicle curvature and is related to its steering angle φ as
κ = tan(φ)/L, where L is the wheelbase length. Each edge e ∈ E encodes
a feasible motion connecting two states. There is an associated nonnegative
cost l(e) to each edge e, corresponding to the cost that our system incurs
in, when performing it. The set of possible edges E is defined as to respect
the kinematic constraints of the vehicle for which we intend to plan [13] and
to enforce curvature continuity, i.e., we require the steering wheel rate to
be bounded.

A planning problem is defined by a starting state qinit, a goal state
qgoal, and the obstacle-free space Wfree. A valid solution is a sequence of
feasible motions, that are collision-free, connecting qinit to qgoal. The state
space can be explored using graph search algorithms that seek to find a
sequence of edges connecting the vertex corresponding to qinit to the vertex
corresponding to qgoal. Ideally the search algorithm returns the sequence
of edges ES = {e1, . . . , eN} that does so with the minimum cumulative

cost J(ES) =
∑N
i=1 l(ei). From ES , a path Π can be created. A path Π

corresponds to a sequence of states, that abide by the feasible motions of
the vehicle, and can be used to take the vehicle from qinit to qgoal. One such
graph search algorithm is described below.

4.1.2 Lattice Time-Bounded A*

Lattice Time-Bounded A* (LTBA*) [29] is a search algorithm designed to
be used in real-time problems. The algorithm runs an A* search in a time-
sliced fashion, and it is both real-time and incremental.

LTBA* introduces a mechanism to ensure that planned paths take into
account systems that can have considerable momentum. At each planning
cycle, the position and speed of the system, together with the previous
solution path, are used to predict the future progression of the system.
From this, a committed state qcom is computed, that corresponds to the
state that lies on the solution path before which, the system, at its current
speed, is not capable to come to a stop. Once qcom has been selected, the
algorithm prunes away part of the graph, so that all edges starting from the
vertices laying along the current (partial) solution and between the states
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Π2

Π1
Π3

qinit

qgoal q∗goal

Figure 4.1: A toy example of a simplistic lattice with a positional discretiza-
tion of one meter and four possible headings θ = {0, π/2, π,−π/2}. Three
elementary motions (dashed lines at the top left) are allowed, move forward
(length 1) and turn left/right (length π/2). A start state qinit and a goal
state qgoal are shown as filled arrows. The undiscretized goal state q∗goal is
shown as a dashed arrow. Two solution paths, Π1 and Π2, lying in the lat-
tice, as well as a third path Π3 that does not follow the lattice are shown.

qinit and qcom are eliminated. Moreover, the vertices between qinit and qcom

can no longer be used for further exploring the lattice.
In practice, this means that at every cycle the algorithm commits to

an initial sub-portion of the provided solution by advancing qcom along it.
As new information arrives to the planner (e.g., from sensor updates), the
current solution can be adapted to the new conditions, but only from the
vertex representing qcom onwards.

4.1.3 Challenges

Lattice-based motion planners suffer from some shortcomings that can sig-
nificantly harden the task of finding a high quality solution path. We enu-
merate here the challenges introduced by the drawbacks of lattice planners.

Excessive steering

One problem with solution paths returned from lattice planners is that they
are likely to contain oscillatory behavior. This is a consequence of both the
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state discretization and the set of elementary motions available. A lattice
planner can only produce a resolution optimal solution, where the resolution
is limited by the set of elementary motions used. These solutions are most
often not optimal if one considers the equivalent problem in the continuous
search space.

As an illustrative example consider a simplified lattice as the one shown
in Figure 4.1. We want to find the best path taking the vehicle from the start
state (arrow qinit) to the goal state (arrow qgoal). The best path is defined
as the one with the lowest cost J(ES). A typical choice for the cost of an
edge l(ei) consists in the length of the path that it represents. Figure 4.1
shows two possible solution paths, Π1 and Π2 that connect the start and
goal states. Path Π1 has a length l = 5π/2 ≈ 7.9 and path Π2 has a length
l = 8 + π/2 ≈ 9.6.

Since the path Π1 represents the shortest solution within the set of
elementary motions, it is returned as the best solution. Even though it is
shorter than path Π2, it might not be desirable to select path Π1 as the
solution, since it has an oscillatory behavior. Path Π2 only has one turning
motion, at the expense of being longer. This path would have been preferable
if one wanted to minimize the oscillations, or maximize the comfort of the
ride, two commonly used objectives. Moreover, the straight segments could
allow the vehicle to achieve considerable speeds, and arrive at the goal state
faster, even though it is following a longer path.

It is possible to prioritize the choice of paths with straight sections by
making the edge costs not only a function of the length of the path, but
also of the amount of steering required. However, designing such a cost func-
tion, i.e., finding the right trade-off between length and steering amount of
an edge, is a challenging and time consuming process, and with high sub-
jectivity. Furthermore, such tuning methods are often scenario and vehicle
dependent and need to be adjusted to each individual application. These are
common problems that arise when dealing with multi-objective optimiza-
tion where conflicting objectives exist. In our case, the conflicting objectives
are the path length and the amount of steering required.

Figure 4.1 also shows a path Π3 that is arguably better, as it is shorter
and with no oscillatory behavior. However, Π3 cannot be a solution, since it
is not contained in the lattice, and therefore cannot be found by the graph
search. We note that this path corresponds to a Dubins-like path, more
specifically a sharpness continuous path, as introduced in Chapter 3.

Goal state discretization

As previously stated, the search is performed between two states, qinit and
qgoal. Since qinit and qgoal are limited to the discretized states of the lattice,
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it becomes impossible to find solution paths to these states, since they are
not represented in the lattice.

A common approach when one wants to compute a path to a state q∗goal

that lies outside of the lattice, is to simply compute a path to the nearest
discretized lattice state. One such example is shown in Figure 4.1, where
the desired undiscretized goal state q∗goal is shown as a dashed arrow. Since
it does not coincide with any of the discretized states, it is approximated
by the closest one, corresponding to qgoal. The resulting solution path will
then not take the vehicle into the desired state q∗goal, but instead to a nearby
state qgoal.

This becomes problematic in scenarios which require a high accuracy
of the goal state. Driving into a tight parking spot, or trying to stop by a
fixed conveyor belt, are applications where it becomes extremely important
to achieve an exact desired goal state.

Reducing lattice coarseness

The previous drawbacks can be mitigated by reducing the coarseness of the
discretization and increasing the set of available feasible motions. However
these strategies will not fully remove these problems, just alleviate them,
and they will severely increase the search space the algorithm needs to
explore, and consequently its running time.

Due to the limited computing power available in self-driving vehicles,
it becomes important to find solutions which are computationally efficient.
Thus, reducing the coarseness of discretization, and consequently increasing
computational times, is a last resort solution.

In the following sections we propose a solution for these problems that
can be implemented while respecting the real-time requirements of online
motion planning.

4.2 Path optimization

Here we introduce an algorithm to optimize solution paths computed by a
lattice planner. The optimization objective consists in minimizing the path
length, which has the indirect effect of reducing path oscillations.

4.2.1 Problem formulation

Given initial and goal states (qinit, qgoal) ∈ V × V , the lattice planner de-
scribed in Section 4.1 computes a sequence of vertices and edges

VS = {qinit, s1, . . . , sM , qgoal} ⊆ V,
ES = {einit,1, e1,2, . . . , eM,goal} ⊆ E,

(4.1)



4.2. Path optimization 83

that connects qinit to qgoal. An edge ei,j corresponds to a motion connecting
si and sj . Let J(E ′) : E ′ ⊆ E → R+

0 denote the function that maps a
sequence of edges E ′ to the sum of the cost of each edge. Here we assume
that the cost of each edge is the length of the edge, and as such J(E ′)
becomes the length of the concatenated path formed by them.

We define V ′S to be an arbitrary subsequence of VS , and E ′S to be a
sequence of new edges resulting from connecting the vertices in V ′S over
sharpness continuous paths, described in Chapter 3. Given two vertices s′i
and s′i+1, the steering method from Chapter 3 is able to compute a path, i.e.,
an edge e′i,i+1, that connects the vertices with a feasible motion. However,
this path computation ignores the existence of obstacles.

The set Wfree represents the obstacle-free space in which vehicle states
along the path of an edge must be. An edge is considered collision-free if
the vehicle states along its path are all collision-free. We use the notation
ei,j ∈ Wfree to indicate that an edge ei,j is collision-free. Furthermore q∗goal

corresponds to the undiscretized goal state.
The discrete optimization problem to solve can be stated as follows:

Problem 1 Given the states qinit, q
∗
goal and a solution to the path planning

problem (VS , ES) find a sequence of states V ′S = {s′1, s′2, . . . , s′N} and a se-
quence of paths E ′S = {e′1,2, e′2,3, . . . , e′N−1,N} connecting the states V ′S, such
that:

minimize
V′S⊆VS

J(E ′S)

subject to e′i,i+1 = SteeringMethod(s′i, s
′
i+1)

s′1 = qinit

s′N = q∗goal

E ′S ∈ Wfree

The objective of solving Problem 1 is to find a subset V ′S of VS that when
connected through the paths E ′S , minimizes the length of the edges J(E ′S).
An edge e′i,i+1 which is part of the sequence E ′S corresponds to a sharpness
continuous path (Chapter 3) between vertices s′i and s′i+1. The sequence
E ′S must also be collision-free, i.e., all of its edges must be collision-free,
e′i,i+1 ∈ Wfree.

The cost function to minimize is selected to be the length of the path
J(E ′S). One possible alternative would be to minimize the steering or the
oscillations of the path, as that is the main drawback of lattice planner so-
lutions. However, it is also noticed in practice, that optimizing with respect
to the length of the path results in decreased oscillations.

It is worth noting that, even though solutions to Problem 1 are collision-
free, it might be of interest to have obstacle clearance as an optimization
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e3,4
e4,5 e5,6 e6,7

e′1,7

Figure 4.2: An example solution path as the filled line (blue). The path
is composed of motion primitives connected over intermediate nodes (filled
circles). A possible path resulting from a steering method connecting the
initial and final nodes is shown as the dashed line (red). e1,2, e2,3, . . . , e6,7

represent the edges connecting the intermediate nodes, as provided by the
lattice planner. e′1,7 shows a path generated by the steering method, that
connects states s1 and s7. The polygons are obstacles that the solution path
must avoid.

objective. This would result in paths that maximize the safety margin to
obstacles.

Figure 4.2 shows an example of a possible problem instance as described
in Problem 1. A path that is computed by the lattice planner (filled line),
is composed of several intermediate states (circles), s1, s2, . . . , s7, that are
connected over edges e1,2, e2,3, . . . , e6,7. After the optimization, a possible
solution path (dashed line) is one that connects states s1 and s7 directly. In
this particular case, the optimized path is the result of applying the steering
method between states s1 and s7, and its corresponding edge is denoted as
e′1,7.

The optimal solution for Problem 1 can be found using a brute-force
method, i.e., by evaluating all possible and valid solutions existing in the
search space. However this type of approach is computationally expensive,
as the number of possible combinations has dimension 2n, where n is the
number of elements in the set VS . In fact, for a sequence of states ES with
n states, a brute-force approach will require at least O(2n) steering method
queries and its respective collision checks. This makes it unsuitable for our
application, in which computations must be kept to a minimum, in order to
maintain real-time capabilities.
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4.2.2 Greedy optimization

In this section, an algorithm that finds a sub-optimal solution to Problem 1
is proposed. One important aspect of the algorithm is its computational
time, which needs to be kept low in order to comply with real-time require-
ments. We thus require the algorithm to be time-bounded. Also, we will
have the opportunity to replan in future planning cycles, so it is beneficial
to prioritize optimization in the path edges closer to the current position of
the vehicle, which will be executed first. Edges that are farther away can
be optimized in later planning cycles. Taking into account these aspects we
formulate Algorithm 2.

Algorithm 2: Greedy Optimization Algorithm

Input: VS = (s1, . . . , sN ), ES = (e1,2, . . . , eN−1,N ), Wfree, ∆Tlimit

Output: V ′S , E ′S
1 V ′S ← (s1);
2 E ′S ← ( );
3 i← 1;
4 while ∆Tlimit do
5 success← false;
6 foreach sj ∈ VS \ (s1, . . . , si−1, si) do
7 ei,j ← SteeringMethod(si, sj);
8 if ei,j ∈ Wfree then
9 ei,k ← ei,j ;

10 k ← j;
11 success = true;

12 if success then
13 V ′S ← V ′S + sk;
14 E ′S ← E ′S + ei,k;
15 i← k;

16 else
17 if VS \ (s1, . . . , si−1, si) = {} then
18 break;
19 else
20 V ′S ← V ′S + (si, si+1, . . . , sN );
21 E ′S ← E ′S + (ei,i+1, . . . , sN−1,N );

Algorithm 2 takes as input the sequence of states VS corresponding to
the lattice planner solution, and the obstacle-free space Wfree. The algo-
rithm will run for a limited time ∆Tlimit (line 4), after which the while loop
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is exited. Alternatively it can finish before, if it considers the algorithm
complete (line 18). In a first step the algorithm tries to generate a feasible
path between the first state s1 to all the states in VS that follow it. The
path is generated making use of the steering method (line 7) and for it to
be valid it needs to be collision-free (line 8). The farthest state from s1 that
it was possible to connect to, is then selected as part of the solution, and
both the state and the edge are added at the end of sequences V ′S and E ′S
(lines 13-14). The process then restarts, but now it tries to connect from
the farthest node, to all of the following nodes. In the worst case, each state
tries to connect with all following states, resulting in a complexity of O(n2)
in the number of steering attempts.

Remark 1 It can happen that V ′S does not include sN , this means that the
algorithm could not compute a feasible path to sN , either due to infeasibility
or shortage of computation time. If this happens, a path that ends up in sN
can still be obtained, by concatenating the original states and edges contained
in the original lattice solution VS , ES that come after the last state in V ′S
(lines 20-21).

By designing the algorithm in this way, we can incrementally improve
the original solution throughout consecutive planning cycles. And we do so
prioritizing the nearest states of the path, and complying with time limi-
tations. Furthermore, in the worst case, when the algorithm is not able to
generate any improvements, the resulting path will simply be the original
lattice planner solution.

4.2.3 Reducing the computational complexity

Problem 1 can have a very large search space (2VS possible solutions). Re-
ducing the search space will reduce the problem complexity. The search
space can be reduced by decreasing the number of elements in VS over
which we optimize. This forms a new of sequence of elements V∗S which
will correspond to the new decision variables of our discrete optimization
problem. However, doing this removes a number of possible valid solutions
to Problem 1, and possibly removes the optimal or near-optimal solutions
from the search space, which is not desirable.

Taking into account the trade-off between complexity and the possibility
of removing desired solutions, Algorithm 3 is proposed, which reduces the
original search space 2VS , while trying to keep the expressiveness of the
original problem, in the now reduced search space 2V

∗
S .

The function Distance(sk, si) (line 4) is defined as the euclidean distance
in the (x, y) position between states sk and si, ||(xk − xi, yk − yi)||2. In
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Algorithm 3: State Set Reduction

Input: VS = {s1, . . . , sN}, lmin

Output: V∗S
1 V∗S ← s1;
2 k ← 1;
3 for i = 2 to N − 1 do
4 if Distance(sk, si) > lmin then
5 V∗S ← V∗S ∪ si;
6 k ← i;

7 V∗S ← sN ;

essence, Algorithm 3 loops over the original set VS and removes states that
are near each other, i.e., at a distance smaller than lmin ∈ R+

0 (line 4).
Algorithm 3 is designed taking into account a practical observation.

Assuming Π1 to be a path generated by the steering method [68] between
states sa and sb, and in an obstacle-free environment. And assuming a path
Π2 between states sa and sc generated in the same conditions. Then it
observed experimentally that the smaller the value of Distance(sb, sc), the
more similar (i.e. smaller Hausdorff distance) the paths Π1 and Π2 are.

Using the intuition provided by the previous experimental observation,
Algorithm 3 removes states from VS . The removed states are expected to not
alter the search space 2VS drastically. Assuming that a state si is removed
from VS by Algorithm 3, then there exists another state sk nearby si, that
allows the reduced search space 2V

∗
S to contain solution paths which present

a high similarity (measured as the Hausdorff distance) to those that were
removed from the original search space 2VS when removing si. There are
however exceptions, as certain states in VS might be crucial to guarantee a
collision-free path, even though they might be very close to other states in
VS .

4.3 Interleaving graph search and path optimization

In this section, we propose a novel way to interleave path optimization, as
the one described in Section 4.2, with the LTBA* described in Section 4.1.
We explain why this is not directly implementable, and propose a modifica-
tion to LTBA* in order to achieve interleaved planning and optimization.
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4.3.1 Problem statement

At the end of each planning cycle, the lattice planner returns a solution path
as a sequence of states VS and edges ES . This solution is then fed into the
optimization algorithm described in Section 4.2, resulting in a new sequence
of states V ′S and edges E ′S . The structure of the search graph is then altered,
such that the original states VS and edges ES are replaced by the optimized
states V ′S and edges E ′S .

As an illustrative example, assume that a given optimization procedure
resulted in a V ′S which only contains the first and last element of VS . This
means that the solution obtained from the optimization step, is simply the
path computed by the steering method between the start state s1, and end
state sN of VS . E ′S corresponds then to a single edge connecting the two
states in V ′S . Additionally, assume that states s1 and sN are located far
apart, meaning that the edge connecting them will have a large length.
According to the mechanisms of LTBA* explained in Section 4.1.2, the
committed state qcom is at least sN or a state after it. Since planned path
solutions from subsequent planning cycles must include qcom, this means
that the vehicle is forced to commit to the whole path, and not only to a
portion of it. This results in reduced capability for replanning and maneu-
vering around newly sensed obstacles. To solve this issue, it is necessary to
ensure that when changing the structure of the search graph, edges with
large lengths are prohibited.

4.3.2 Escape vertices

In order to avoid the creation of edges with large lengths, we introduce a
mechanism to split an arbitrary path into several short edges. We introduce
the concept of escape vertices, which are vertices that are created in order to
split a long optimized path into multiple edges. The mechanism of creation
of escape vertices is presented in Algorithm 4.

Algorithm 4 tries to split an edge e′ resulting from the optimization
in Section 4.2, into a sequence of shorter edges Eesc. First it computes the
length of the path encoded in e′ (line 1), and then it iterates over the path
states (line 5) at regular distances with increments of d∆ (line 3). For a
given path state spath, it finds a nearby lattice vertex qesc, that has not yet
been expanded, i.e., it has no child vertices (line 6). In case it has found qesc

(line 6), it then proceeds to add it to Vesc (line 10). It also creates an eesc,
corresponding to the section of the original path, evaluated from distance
dlast to d (line 8), and adds it to Eesc (line 11). By updating (line 9) and
checking (line 4) the last distance dlast at which the path was split, it avoids
creating escaping edges that are too short, i.e., with a length smaller than
dmin.
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e1

e2

e3

Figure 4.3: Splitting an optimized path in order to create escape vertices.
The sub-segments e1, e2, e3 of the optimized path become coupled to the
nearest escape vertices. A set of edges resulting from the graph search ex-
panding the escape vertices is shown as dashed orange branches.

Algorithm 4: Finding Escape Vertices

Input: e′, dmin, d∆

Output: Vesc, Eesc

1 le′ ← Length(e′);
2 dlast ← 0;
3 for d = 0, d∆, 2d∆, . . . , le′ do
4 if d− dlast > dmin then
5 qpath ← StateAtPathLength(e′, d);
6 qesc ← UnexpandedV erticeNearby(qpath);
7 if qesc 6= null then
8 e← PathSection(e′, dlast, d);
9 dlast ← d;

10 Vesc ← Vesc ∪ qesc;
11 Eesc ← Eesc ∪ e;

An arbitrary path might not overlap with any of the discretized lattice
vertices, as is the case of the path shown in Figure 4.3. Thus, it is likely
that Algorithm 4 will create edges that do not connect discretized lattice
vertices with a feasible motion, i.e., one that respects the system model.
If the graph search then expands these vertices, the resulting edges will
be discontinuous, as illustrated by the orange branches in Figure 4.3. This
violates the assumption of the lattice search, and can result in solution paths
that are discontinuous. To deal with this it is necessary to introduce a few
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Figure 4.4: An autonomous heavy-duty vehicle for which the work presented
is developed and tested on.

modifications to the original LTBA*.
The search graph G is updated by the path optimization step, where the

original lattice planner solution states VS and edges ES , are replaced by the
optimized states V ′S and edges E ′S . However the new states V ′S are marked
as being escape vertices. When a vertex is marked as an escape vertex, it is
known that the edge associated to it does not respect the lattice continuity.
As such, whenever a potential solution path is about to be returned at
the end of the planning cycle, it is checked for path continuity. The path
continuity can be checked by evaluating its vertices, and in case they are
escape vertices, checking if their connecting edges are discontinuous. In case
they are, the whole path is invalidated, and an alternative solution path is
requested. This is an existing feature of the LTBA* algorithm, implemented
in order to deal with the appearance of new obstacles [29]. We note that
this is a very rare occurrence in the scenarios used in our experiments.

4.4 Results

This section presents results of the previously proposed methods. Compu-
tational times are obtained using the computing unit in a prototype au-
tonomous heavy-duty vehicle for industrial applications. A selected plan-
ning instance is also presented and is obtained from real tests making use
of the autonomous heavy-duty vehicle shown in Figure 4.4.

4.4.1 Problem setup

We generate 5000 randomized test scenarios corresponding to typical plan-
ning problems. A planning problem is characterized by the initial vehicle
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Figure 4.5: An example of a planning problem. From the current state (ve-
hicle location), find a path to a goal state (highlighted in orange), while
avoiding obstacles (regions in red).

state, a goal state at which the vehicle should arrive, and a set of obstacles
to avoid. One possible random problem instance is shown in Figure 4.5.
To generate a random planning problem, the initial and goal states are ob-
tained by sampling from uniform distributions x and y coordinates and a
heading θ. The coordinates are sampled from a distribution with a width
of 100 meters, and the headings from a distribution [0, 2π[. Three random
square obstacles are also generated, and their location follows the same uni-
form distribution with a width of 100 meters. The lattice planner and path
optimization are required to run in a continuous loop, at a frequency of 2
Hz.

4.4.2 Path optimization

We compare the proposed Greedy Optimization Algorithm (Greedy) against
a brute-force method (Brute) as solvers for the discrete optimization prob-
lem stated in Problem 1. For each test scenario we get the lattice planner
solution and corresponding states VS , and then solve Problem 1 using both
methods. We measure the computation time ∆t and solution cost J(E ′S) of
both methods.

Table 4.1 shows the comparison of both methods for 5000 random plan-
ning instances, in which the original lattice planner solution has an average
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length J(ES) ≈ 80 meters. The minimum distance parameter lmin in Algo-
rithm 3 is set to 10 meters. We define δJ(ES , E ′S) as the normalized difference
between the lattice solution length J(ES), and the optimized solution length
J(E ′S):

δJ(ES , E ′S) =
J(E ′S)− J(ES)

J(ES)
. (4.2)

The smaller δJ(ES , E ′S), the greater the improvement in terms of path length
reduction. The computation time ∆t corresponds to the amount of time
required for the algorithm to run.

Table 4.1: Comparison of Brute and Greedy results for 5000 random plan-
ning problem instances. The theoretical complexity O of steering method
calls with respect to the number of states n is also presented.

Measure Brute Greedy

Average δJ(ES , E ′S) [%] -4.0886 -3.9749

Standard deviation δJ(ES , E ′S) [%] 3.1508 3.1574

Average ∆t[s] 0.1835 0.0058

Standard deviation ∆t[s] 0.3375 0.0034

Theoretical complexity O(2n) O(n2)

The results presented in Table 4.1 show that Brute achieves on average
shorter paths than Greedy. Even though the Greedy results are worse than
the Brute ones, they are still fairly similar. Comparing the computational
times ∆t of both algorithms shows a clear advantage for Greedy. It can be
seen that Greedy requires much less time (two orders of magnitude smaller)
than Brute.

From the observed results, we conclude that Greedy finds solutions with
a cost J(E ′S) comparable to that of Brute, however it does so in a fraction
of the computational time required by Brute.

4.4.3 Interleaved planning and optimization

In this experiment we run the LTBA* and the Greedy Optimization Algo-
rithm (Algorithm 2), in an interleaved fashion, as explained in Section 4.3.
For each test scenario, we compare the solution path obtained from the
original LTBA* implementation [29] with the solution path obtained from
our proposed interleaved planner. The results are presented in Table 4.2.

From Table 4.2 it can be observed that the mean length of the original
solution paths is around 77 meters. When using the optimization proce-
dure, the mean length decreases to 74 meters. The optimization is thus, on
average, successful in shortening the length of the solution paths.
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Table 4.2: Average results from 5000 random planning instances.

Metric Original path Optimized path

Average path length [m] 76.54 73.51

Average straight length [m] 29.03 53.65

Average number of steering changes 12.42 4.19

We introduce the straight length metric, which is a measure of the length
of the path corresponding to straight driving, i.e., with zero curvature. We
see that the original paths have on average 29 meters of straight section.
The optimized paths are able to greatly increase this length to 54 meters.
This corresponds to paths that have more sections of straight driving, which
is desirable, since it relates to more comfort, resembles human-like driving,
and allows for increased driving speeds.

A third metric that is measured is the number of steering changes. This
metric corresponds to the number of times that a vehicle will have to change
between left, right, or null steering when following a path. The original paths
present an average of 12 steering changes, while the optimized paths greatly
reduce this number to 4 steering changes. Such a drastic reduction shows
that the paths have a reduced number of turning maneuvers that the vehicle
performs, and by consequence, reduced oscillatory behavior.

4.4.4 Goal state reachability

We also study if the interleaved planner solution paths are able to deal
with the problem of goal state discretization mentioned in Section 4.1.3.
We measured that 85% of the interleaved planner paths arrived at the exact
goal state q∗goal, instead of at the discretized goal state qgoal corresponding to
the closest neighbor in the lattice. The other 15% end up in the discretized
lattice approximation qgoal, like regular lattice-based planners. Ideally the
paths would always arrive at the exact goal state q∗goal. However, due to the
greedy nature of the optimization, which prioritizes optimizing edges in the
beginning of the path, it is the case that the path is sometimes optimized
without successfully connecting to q∗goal. A possible improvement is to also
try to optimize from q∗goal backwards, to try to increase the success rate
with which optimized path solutions arrive exactly at q∗goal.

4.4.5 Illustrative example

Figure 4.6 shows a selected problem instance. The paths seem quite similar,
but there is a drastic reduction of the number of steering changes from 20
in the original path (filled line), to 6 in the optimized path (dashed line).
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Figure 4.6: An example of a planned path (filled line) and the resulting
optimized path (dashed line). The circles correspond to intermediate states.
A view of a zoomed section highlights the excessive steering of the original
non-optimized path.

Even though the original path seems quite straight, it has several small
oscillations, resulting from the drawbacks of lattice-based motion planners
detailed in Section 4.1.3. Our proposed interleaved planner is particularly
good at improving the path quality in this aspect.

4.5 Conclusions

This chapter presented a novel motion planning framework that was eval-
uated on an autonomous heavy-duty vehicle. The methods introduced in
this chapter are motivated by the shortcomings of lattice-based planners,
namely sub-optimality of the solution path and goal state discretization.
Both problems are a direct consequence of the search space discretization
imposed by the lattice.

The proposed solution combines lattice-based motion planning with path
optimization using sharpness continuous paths introduced in Chapter 3.
Through extensive simulations and real-life experiments we show that the
proposed method is successful in addressing both shortcomings of lattice-
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based planners. The planned paths present a drastic reduction in the number
of steering changes, and a significant increase in the amount of straight
driving. This results in reduced oscillatory behavior, which leads to more
confortable driving, and the possibility of achieving higher driving speeds.
Moreover, the optimized solution paths are on average shorter, compared
to solutions computed by lattice-based motion planners alone.

The path optimization step is formulated as a discrete optimization
problem, and we propose a greedy algorithm to solve it. It is shown that
the greedy algorithm finds solutions with comparable quality to brute-force
methods, with the advantage of performing the computations in a fraction
of the time. The low computational times make it amenable to be imple-
mented in systems which must perform motion planning online. To further
reduce computational times, the optimization is done in an interleaved fash-
ion in between the planning cycles, instead of as a final planning step, as
is common in other approaches. This allows the optimization results to be
reused in subsequent planning cycles, without the need to recompute them
again.

As future work, one could refine the algorithms used to find a solution
to the discrete optimization problem. To increase the capability of the path
optimization to arrive at the undiscretized goal state, it is worth studying
a greedy optimization algorithm that not only optimizes from the starting
state forwards, but also from the true goal state not restricted to the lattice
backwards. Since the process of interleaving the graph search with path
optimization changes the graph structure, completeness guarantees of the
search algorithm might be lost. It is of interest to study these mechanisms
further, to understand how they influence the efficiency and completeness
properties of the underlying graph search.





Chapter 5

Optimization based On-road Path
Planning for Buses

This chapter deals with path planning for buses driving in tight on-road
environments. We focus the developed solution to the specific case of public
transportation via city buses. Here, we introduce a new methodology for
path planning, based on numerical optimization techniques. This technique
proves to be very suitable for the particular challenges buses face when
driving in urban environments.

Driving in cities is often characterized by chaotic and packed traffic,
which can stress even experienced drivers. The situation becomes even more
complicated when considering buses that must share the road with other
vehicles and road users. It is often the case that a bus needs to make its
way through very constrained spaces, i.e., sections of the road where the
distance to obstacles or other vehicles is very small. Such situations can
be caused by narrow lanes, vehicles temporarily parked on the sides of the
road, or maneuvering in and out of bus stops.

Motion planning algorithms for this type of application must be able to
find solutions in constrained environments. Algorithms such as lattice-based
planners and rapidly exploring random trees (RRTs) often have difficulties
with environments where the clearance to obstacles is small. This is due
to the inherent state space discretization of the lattice, and to the low
probability of sampling collision-free states in RRTs.

On the other hand, numerical optimization methods conveniently deal
with this problem. Due to the continuous nature of optimization methods,
it is possible to find solutions even in highly constrained environments.
Furthermore, optimization methods allow for a direct encoding of the vehicle
model, and are characterized by solutions with a high degree of smoothness.

Unlike any other vehicle class, buses have a special design, where the
chassis extends quite far way from its own wheels. The part of the chassis

97
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extending beyond the wheels is referred to as overhangs, and has a signifi-
cant height, allowing it to sweep over curbs. This design choice is based on
optimizing the vehicle passenger capacity, while maintaining maneuverabil-
ity and stability of the vehicle body.

Making the most out of this particular vehicle design, professional bus
drivers often allow overhangs of the vehicle to go over curbs and low height
obstacles. It is essential to mimic this type of behavior if one is to deploy
autonomous buses for city driving applications. Our proposed solution is
successful in replicating this behavior, and is shown to increase the maneu-
vering capabilities of the bus.

Section 5.1 introduces the problems with planning in constrained envi-
ronments. We present some motion planning techniques that have been used
in the literature to deal with constrained urban environments. Finally, we
highlight some motion planning solutions that have resorted to numerical
optimization techniques.

Section 5.2 details the spatial-based road aligned vehicle model, which is
particularly suited for on-road driving and optimization techniques. We also
present the main drawback of this model, related to the distortion of the ve-
hicle body. This drawback is addressed via new vehicle body approximation
techniques, which ensure obstacle-free solutions that are not conservative in
their assumptions.

Section 5.3 formulates the path planning problem as a numerical opti-
mization. A novel region classification scheme is introduced, which enables
motion planning algorithms to take full advantage of the increased maneu-
verability made possible by overhangs. Furthermore, we propose optimiza-
tion objectives which encode the professional bus driver behavior that we
desire to mimic.

Section 5.4 presents simulation results of the proposed method. The
benefits of the newly proposed optimization objectives are shown, and mo-
tivated based on noticing that resulting maneuvers are safer. Furthermore,
we show a scenario where explicitly taking into account the overhangs proves
to be the only way to successfully progress along the road.

Concluding remarks and possible future work directions are given in
Section 5.5.

5.1 Introduction

We have seen in Chapter 4 a solution that satisfies the planning needs of
an HDV, however, here we introduce a new motion planner that is based
on a different framework. The motivation behind the development of a new
motion planner relates to the fact that the lattice-based planner used pre-
viously is not suited for the considered application. For on-road driving
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Figure 5.1: A lattice on top of a road (from [69]).

applications, particularly for the case of buses, lattice-based planners as
the one described in Chapter 4, become unusable due to two main reasons:
solution discretization and collision checking approximations.

5.1.1 Solution discretization

Lattice planners rely on a placing a lattice on top of the environment, and
then finding a sequence of edges that arrive at the goal in a collision-free
way. This methodology usually works well in environments where the free
space is somewhat large in comparison to the lattice discretization, i.e., the
positional spacing between the lattice states.

To understand the problem of discretization, we start by overlaying a
lattice on top of an on-road environment, as shown in Figure 5.1. It can be
seen that this lattice does not allow one to find a obstacle-free path that
takes the vehicle along the road. This is caused by the coarseness of the
lattice discretization, which, even though suited for the unstructured envi-
ronments considered in Chapter 4, becomes unusable for on-road scenarios.

A possible solution is to increase the resolution of the lattice by more
finely discretizing the state space. However this comes at the cost of a
tremendous increase in the state space considered, which significantly in-
creases the computational complexity of the algorithm.

5.1.2 Collision checking

Collision checking is an essential part of motion planning algorithms, and
often corresponds to a significant share of the computational times [70]. In
essence, collision checking is responsible for evaluating if a vehicle state, or
sequence of states along a path, does not collide with obstacles detected in
the environment. Collision checking methods are not limited to checking if a
vehicle state is colliding. They can also be used to check if vehicle states are
contained inside the road. In Chapter 4 the planner makes use of a collision
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checker based on grid discretization. This type of collision checking is one of
the most popular ways of collision checking, due to its simplicity and good
performance. However, it comes with the drawback of being conservative,
which makes it unsuitable for highly constrained environments, such as when
driving a bus in urban scenarios.

In a first step the environment is discretized into a grid, which can be
composed of squares, or other shapes that are more convenient. Each cell in
this grid is classified according to the contents inside itself. We assume here
a simple case where each cell is classified as either inside the road or outside
of it. To classify each cell, one looks into its spatial contents. A cell is deemed
outside of the road if any region of it exits the road boundaries. A cell is
only considered inside if its completely contained inside the road. Using this
methodology one arrives at the classification illustrated in Figure 5.2.

Once the environment is discretized and classified, it is then necessary
to check if the vehicle state is inside the road. In a similar procedure to the
one mentioned before, a vehicle mask is created, which corresponds to the
occupancy of the vehicle in the discretized grid, as shown in Figure 5.2. To
then understand if the vehicle state is inside the road, one simply checks
that none of the cells in the vehicle mask correspond to an cell outside of
the road.

Figure 5.2 shows how a vehicle state that is inside the road, can be
wrongly classified as outside of it due to the discretization effects of the
grid. This problem can be addressed by increasing the resolution of the
grid, however that comes with an increased computational cost. If the target
application requires finely discretized grids, then this procedure becomes
too time consuming. Bus driving in urban scenarios is one such application,
where it is of extreme importance to have precise collision checking, since
the roads are very narrow for the dimensions of the vehicle considered.

5.1.3 Motion planning in constrained environments

Due to the challenges mentioned before, motion planning in constrained
environments has been the subject of research. The approaches found in
the literature show that traditional planning algorithms often have to be
adjusted in order to deal with this type of scenario.

In [71], the authors make use of RRTs for planning the motion of a
vehicle. Realizing that narrow roads introduce a challenging situation for
the motion planner, the authors propose several algorithmic changes that
make it suitable for road driving. One of these changes is related to the
randomized sampling of new states. Instead of uniformly sampling the new
states, the sampling procedure is biased along the center of the lane. This
reduces the amount of samples that need to be discarded due to collision,
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Figure 5.2: Collision checking a bus state using an occupancy grid. The
discretization of the grid can cause bus states to be wrongly classified as
outside of the road. This effect is worsened when considering buses driving
on narrow roads. Bird’s-eye (top) and perspective (bottom) views.

thus saving computational time.
Graph search algorithms can also be used for dealing with constrained

environments. In [72] the authors propose extensions to the A* graph search
algorithm that allow the planner to deal with challenging urban driving sit-
uations. The discretization problem is avoided by making use of a pure-
pursuit expansion, which simulates a vehicle that is steered by a path-
tracking controller. The controller tries to steer the vehicle towards the
center of the lane, thus avoiding the search from straying into invalid colli-
sion states. This comes however with the loss of the original completeness
guarantees of the A* algorithm. The algorithm is experimented in practice,
showing its ability to perform in real time.

The state lattice framework can still be used for on-road driving, however
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it must be adjusted to the road shape. In [73, 74], a lattice is created by
discretizing the state space at regular positions along the road. The vertices
of the lattice are created by sampling along the road length and at different
lateral offsets from the lane center. This makes the lattice adjust to the
shape of the road, however it forces the lattice to be computed online,
thus increasing computational times. As opposed to the approach described
in Chapter 4, in on-road driving scenarios one cannot pre-compute state
lattices. Thus, it becomes necessary to have a fast method that is able to
compute the motion primitives of the lattice online.

Dynamic programming is used in [75] to plan vehicle maneuvers in
tight environments. The proposed solution is shown to successfully com-
pute complicated parking maneuvers in a computationally efficient way.
The algorithm benefits from a varying discretization of the configuration
space, where finer discretization is used where more accurate maneuvers are
expected. However, the amount and resolution of the finer discretization is
decided a priori, using human intuition. The approach is implemented on a
passenger vehicle, and the planned paths are shown to be easily tracked by
a simple linear controller.

The work in [76] presents a path planning approach for extremely large
vehicles driving through narrow roads. More specifically, the authors study
the challenging task of transporting Airbus A380 components through small
villages. Special truck and trailer systems are used, that can reach 8 meters
in width and 50 meters in length. The work studies the feasibility of driving
such oversized vehicles through narrow roads of small villages. This can be
seen as a motion planning task where the goal is to find out if a solution
path exists. The method used is based on trajectory deformation, which is
implemented via potential field computations.

5.1.4 Motion planning using numerical optimization

The works mentioned before try to tackle the inherent problem associated
with planners that discretize the state space. The inherent discretization
forces these algorithms to consider an exponentially larger search space
when trying to achieve the granularity needed to plan in constrained en-
vironments. On the contrary, numerical optimization frameworks do not
require discretization of the state space, thus being an attractive choice
when considering constrained environments. Furthermore, optimization ap-
proaches are often characterized by the smoothness of the solutions and
benefit from a straightforward encoding of the vehicle model [77].

In [52], trajectory planning is done resorting to nonlinear optimization
methods. Collision checking is implemented by modeling the obstacles as
polygons. The proposed solution is used on a real vehicle, and driven along
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a 103 km route. The trajectory planner is shown to be able to deal with
situations where there is little free space available.

A combined trajectory planning and control approach is presented in [78].
The problem is formulated as a nonlinear model predictive control method,
where a special solver is used that exploits the sparsity of the MPC prob-
lem. Simulation results show its effectiveness even in challenging emergency
maneuvers.

Trajectory planning can also be formulated as sequential linear program-
ming, as in [79], which targets the case of passenger vehicles. The approach
makes use of the road-aligned vehicle model, a model particularly suited for
road driving. One of the drawbacks of the model is that it introduces distor-
tions in the vehicle bodies, often complicating the formulation of collision
avoidance constraints.

To deal with the distortion of vehicle bodies introduced by the road-
aligned vehicle model, [46] introduces approximations seeking to ensure
paths that are collision-free. Although safe, the approximations are too con-
servative, and the planner might fail in highly constrained environments.
This work seems to be the first to address the challenges faced by buses
when driving in urban environments.

In this chapter, we build upon [46], and introduce a novel approximation
method for vehicle body distortions, developing a path planner that guaran-
tees safe collision-free solutions, without conservative approximations. Fur-
thermore, we develop new optimization objectives that seek to minimize the
amount of overhang being swept by the vehicle, which is a common concern
in bus driving. The result is a motion planner that is able to mimic the
behavior of professional bus drivers.

5.2 Modeling

We introduce the road-aligned vehicle model used and propose a new ap-
proximation for the vehicle body, which deals with distortions introduced
by the road-aligned frame.

5.2.1 Vehicle model

We describe the vehicle state evolution using the space-based road-aligned
vehicle model used in [46]:

e′y =
ρs − ey
ρs

tan(eψ),

e′ψ =
(ρs − ey)κ

ρs cos(eψ)
− ψ′s.

(5.1)
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Figure 5.3: Global and road-aligned frames. Vehicle states (s, ey, eψ) on the
road-aligned frame, are defined with respect to the reference path γ.

The model describes the vehicle state using a frame that moves along a ref-
erence path. This model is chosen since it allows for the convex formulation
of common on-road optimization objectives and is independent of time.

As shown in Figure 5.3, the road-aligned vehicle states are given by
(s, ey, eψ) corresponding to the distance along the reference path s, the
lateral displacement ey, and the orientation difference eψ between the vehicle
heading and the path heading ψ. These states are defined w.r.t. a reference
path γ. The vehicle is controlled by input u corresponding to the vehicle
curvature, which is related to the steering wheel angle φ as u = tan (φ) /L,
where L is the wheelbase length.

The reference path is uniformly discretized across its length every ∆s, so
that {si}Ni=0, where si = i∆s. To obtain a linear system, the vehicle model
is linearized around reference states given by s̄ = {s̄i}Ni=0, ēy = {ēy,i}Ni=0,
ēψ = {ēψ,i}Ni=0, and ū = {ūi}Ni=0. This results in a linear system of the form
qi+1 = Aiqi +Biui +Gi, where qi = [ey,i, eψ,i]

T .

5.2.2 Conversion to road-aligned frame

A Cartesian position p ∈ R2, can be converted to the road-aligned frame
using a geometric algorithm. We define the reference path γ as the map
γ : s̄ → (x, y) ∈ R2, where the domain is the discretized path length. One
can convert p̂ to the road-aligned frame, by finding the location γ(ŝ), in
which the normal to the path is pointing towards p̂. êy is then ||γ(ŝ)− p̂||.
We define this conversion as T : p ∈ R2 → (s, ey) ∈ s̄×R. T is useful when
one needs to evaluate the vehicle body in the road-aligned frame. Figure 5.4
illustrates the results of T , when converting points along the vehicle edge.
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êy,5

ŝ5
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Figure 5.4: The vehicle body in the road aligned frame (bottom), can be
converted to the Cartesian frame (top) using geometric method T . T finds
the normal projection of the vehicle body in the reference path, shown in
the top figure. The resulting vehicle body in the road aligned frame becomes
distorted, as shown in the bottom figure.
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5.2.3 Distortions in the road-aligned frame

When planning a path it is necessary to take into account the vehicle body
and check it against obstacles. When using the road-aligned model, it is
necessary to account for the heavy distortion of objects due to transforma-
tion T , shown in Figure 5.4. Since T is obtained via a geometric algorithm,
an analytical approximation of it is of interest, in order to be able to use
optimization algorithms. In the following, we derive such an approximation.

Given a road aligned vehicle state (s, ey, eψ) and the corresponding
Cartesian state (x, y, ψ), corresponding to position and orientation, one can
compute the first order Taylor expansion for a point along the vehicle edge.
Assuming a vehicle body edge point located at position p̂, one can get the
corresponding road aligned coordinates as (ŝ, êy) = T (p̂) (see Figure 5.4).
Assuming a fixed ŝ, the first order Taylor expansion w.r.t. ey and eψ, around
linearization point (s̄, ēy, ēψ), is computed:

êy = Tey (p̂) +
∂Tey (p̂)

∂ey
(ey − ēy) +

∂Tey (p̂)

∂eψ
(eψ − ēψ), (5.2)

where Tey is T with a co-domain corresponding to the lateral displacement
ey only. Note that p′ depends on vehicle states ey and eψ, as they determine
the vehicle position and orientation, and by consequence, the location of
points on the vehicle body.

The partial derivatives can be approximated via a finite difference for-
mula. However this requires numerous calls to the geometric method Tey ,
which is computationally expensive. Instead, we propose an alternative ap-
proximation to the partial derivatives which is faster to compute.

5.2.4 Arc-circle approximation

In the road-aligned coordinate frame, the edges of the vehicle body are
distorted to curves that resemble arc-circles, as seen in Figure 5.5. We ex-
ploit this insight to formulate an approximation to the partial derivatives
in Equation (5.2).

During experiments, it was observed that the edges can be approximated
by an arc-circle with a radius similar to the inverse of the reference path
curvature, κ−1, evaluated at length s. Moreover, the center of the arc-circle
is located perpendicularly to the vehicle rear axle (s, ey, eψ). We thus have
for the center of the arc-circle (see Figure 5.5):

cs = s+ κ-1 sin eψ,

cey = ey − κ-1 cos eψ.
(5.3)

Depending on the edge to be considered, left or right, the arc radius r±
is equal to the inverse of the road curvature, plus or minus half the width
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Figure 5.5: Distorted vehicle edges can be approximated by arc-circles.

ω of the vehicle, that is, r± = κ−1 ± ω/2. The expression of the circle to
which the arc belongs to is then:(

êy − cey
)2

+ (ŝ− cs)2
= r2
±. (5.4)

Assuming a constant ŝ, and writing in order to êy, the previous expression
becomes:

êy(ey, eψ) = cey +
√
r2
± − (ŝ− cs)2, (5.5)

where êy corresponds to the lateral offset of the edge, evaluated at length
ŝ. We write êy(ey, eψ) to highlight the dependency on vehicle states ey and
eψ.

In essence, this approximation assumes that the different points along
the vehicle edge can be thought to belong to an arc-circle that is attached
to the vehicle state (ey, eψ). Relying on this dependency, we approximate
the partial derivatives in equation Equation (5.2) by the partial derivatives
of êy:

∂Tey (p̂)

∂ey
≈ ∂êy(ey, eψ)

∂ey
,

∂Tey (p̂)

∂eψ
≈ ∂êy(ey, eψ)

∂eψ
.

(5.6)

Doing so, we skip the computationally expensive process of computing the
partial derivatives of Tey via finite differences.

The previous procedure gives us an expression for Equation (5.2). The
positional constraint pey ≤ êy, which forces a vehicle body edge point to be
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contained in a certain region, can then written, by reorganizing the terms
in Equation (5.2), as:

pey ≤ Pq + p. (5.7)

Where pey ∈ R is the position constraint (e.g., corresponding to the bound-
ary of an obstacle), P ∈ R2 is a row vector for the terms associated with
q = [ey, eψ]T , and p ∈ R is a scalar, encompassing all constant terms in
Equation (5.2).

5.3 Problem formulation

We introduce the objectives and constraints that path solutions must take
into account. Special attention is given to the challenges faced by buses,
which must be dealt with by developing special constraints for the overhang
parts.

5.3.1 Driving objectives

A goal in on-road driving is to drive as much as possible in the center of
the lane. Assuming that the reference path corresponds to the center of the
lane, as is often the case in on-road driving, we define the optimization ob-
jective Jcenter to be the squared Euclidean norm of the lateral displacement,
‖(ey,0, ey,1, . . . , ey,N )‖22.

Passenger comfort is also of importance, especially in buses. Thus, we
introduce the minimization objective Jsmooth given by

∑N-1
i=1 (ui − ui−1)

2
.

Minimizing Jsmooth results in a smooth control input profile, i.e. steering
profile, which in turn results in more comfortable driving.

5.3.2 Overhangs and environment classification

Buses have relatively big overhangs (see Figure 5.6), when compared to
other vehicles. The overhangs allow the bus to have a large passenger ca-
pacity, while keeping the wheelbase small, which increases the turning ra-
dius. Furthermore, the smaller wheelbase allows for a better load balance
on the vehicle chassis. Experienced bus drivers take advantage of the height
of the overhangs, and use it to better maneuver the vehicle. Often a driver
maneuvers the bus in a way that allows the overhangs to sweep over curbs.

Planning approaches typically take into account the dimensions of the
vehicle body and use it to compute collision-free paths. It is common to split
the planning space using a binary classification into obstacle or obstacle-free
regions [13]. Buses suffer from such a classification scheme, as they do not
allow sweeping over low height obstacles.
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Rear

overhang

Figure 5.6: A prototype autonomous bus, the dimensions of which are used
for the experimental results in this chapter. The distinct vehicle body, with
its large and elevated overhangs, allows it to sweep over curbs and low height
obstacles (courtesy of Scania CV AB).

To address this issue, we introduce a three-label approach, classifying
the space into three different regions, as shown in Figure 5.7. The obstacle
region corresponds to obstacles that the vehicle body cannot collide with.
The sweepable region corresponds to obstacles of height lower than the
overhangs, such as curbs, that can be swept over by the overhangs. The
drivable region corresponds to the road lane, where the wheels are allowed
to be.

To formulate the obstacle constraints we make use of the arc-circle ap-
proximation introduced in Section 5.2.4, and repeat it for K equispaced
points along the vehicle edge, for both edges. Each point is then constrained,
using Equation (5.7), to be inside the left or right obstacle region boundaries,
depending on which vehicle edge is considered. The obstacle constraints for
all vehicle edge points can then be packed together as:

pobs,i
ey ≤ Piqi + pi, i ∈ [1, ..., N ], (5.8)

where pobs,i
ey ∈ R2K , Pi ∈ R2K×2, and pi ∈ R2K . The 2K rows of Equa-

tion (5.8) correspond each to a positional constraint in the form of Equa-
tion (5.7).

Analogously, we limit the wheelbase to be inside the drivable region, by
formulating the arc-circle approximation for M equispaced points along the
wheelbase edges. The resulting drivable region constraints are:

tdriv,i
ey ≤ Tiqi + ti, i ∈ [1, ..., N ], (5.9)
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Drivable

Sweepable
Obstacle

Figure 5.7: Example of a bus stop. On the right half of the image are over-
layed the different region types. In red, yellow, and green are the obstacle,
sweepable, and drivable regions. The vehicle body cannot enter the obstacle
region in order to avoid collisions, however the overhangs are allowed to
enter the sweepable region.

where tdriv,i
ey ∈ R2M , Ti ∈ R2M×2, and ti ∈ R2M .

To minimize overhangs entering the sweepable region, we first introduce
optimization variable σ corresponding to the amount of overhang exiting
the drivable region. Then, the arc-circle approximation is used for the four
vehicle corner points. Combining with the drivable region limits, together
with the constraint that σ must be non-negative, we get:

rdriv,i
ey ≤ Riqi + ri − σri , i ∈ [1, ..., N ],

σri ≥ 0, i ∈ [1, ..., N ],
(5.10)

where rdriv,i
ey ∈ R4, Ri ∈ R4×2, ri ∈ R4, and σri ∈ R4.

The optimization variable σ is then penalized through objective Joverhang =
‖(σr1, σr2, . . . , σrN )‖22. This minimization objective, together with the con-
straints defined previously, make σ a measurement of the amount of over-
hang that exits the drivable region. Thus, minimizing Joverhang results in
reducing the amount of overhang exiting the road.

5.3.3 System constraints

We also define the state evolution constraints, corresponding to the dis-
cretized space-based road-aligned vehicle model introduced in Section 5.2.1:

qi+1 = Aiqi +Biui +Gi, i ∈ [0, ..., N -1]. (5.11)
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Furthemore, it is necessary for the planned path to start from the current ve-
hicle state, and with the current steering angle. This originates constraints:

q0 = qstart, u0 = ustart. (5.12)

Finally, we introduce constraints related to actuator limits, which are for-
mulated as:

umax ≥ ui ≥ −umax, i ∈ [1, ..., N -1],

u′max ≥ ui − ui-1 ≥ −u′max, i ∈ [1, ..., N -1].
(5.13)

umax and u′max are space-based limitations of the curvature that reflect
magnitude and rate limits of the steering actuator.

5.3.4 Sequential Quadratic Programming formulation

Combining all the optimization objectives and constraints mentioned before,
one can formulate the following QP, [80]:

minimize
u

Jcenter + Jsmooth + Joverhang

subject to qi+1 = Aiqi +Biui +Gi, i ∈ [0, ..., N -1],

q0 = qstart, u0 = ustart,

pobs,i
ey ≤ Piqi + pi, i ∈ [1, ..., N ],

tdriv,i
ey ≤ Tiqi + ti, i ∈ [1, ..., N ],

rdriv,i
ey ≤ Riqi + ri − σri , i ∈ [1, ..., N ],

σri ≥ 0, i ∈ [1, ..., N ],

umax ≥ ui ≥ −umax, i ∈ [1, ..., N -1]

u′max ≥ ui − ui-1 ≥ −u′max, i ∈ [1, ..., N -1]

(5.14)

With optimization variable u corresponding to control inputs (u0, u1, . . . , uN-1).
The optimal inputs u∗, and vehicle states e∗y, e∗ψ, which are the solution

to the optimization problem Equation (5.14), can be relatively far from
the linearization references ū, ēy, ēψ. This means that the vehicle body
approximations Equation (5.8), Equation (5.9), and Equation (5.10) lose
accuracy, possibly resulting in planned paths that violate the vehicle body
constraints.

To overcome this problem, we use Sequential Quadratic Programming
(SQP) [79]. In SQP, problem Equation (5.14) is sequentially solved, and
at each iteration, the previous solution becomes the linearization reference
for the current QP. Thus, we can guarantee that the final QP solution
has an arbitrarily small distance to the linearization reference. By setting
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the allowed distance to a small value, we can enforce the quality of our
approximations.

As the succesive linearizations of the problem are solved, one gets that
e∗y → ēy and e∗ψ → ēψ. This in turn indicates that the first order Taylor
expansion Equation (5.2) converges to the constant term, i.e., êy → Tey (p̂),
corresponding to the exact value of the edge location. Thus, as SQP pro-
gresses along iterations, so does the approximation become more accurate.

5.4 Results

Here, we present results showing how the novel constraints and optimization
objectives are successful in capturing the desired behaviors of professional
bus drivers. Furthermore, we present a road driving scenario that can only
be solved by allowing the overhangs to exit the lane. Finally, we show the
convergence of the proposed approximations into the real vehicle dimen-
sions, illustrating that these approximations are safe and not conservative.

5.4.1 Wheelbase constraints and overhang minimization

Figure 5.8 shows the influence of wheelbase constraints in Equation (5.9)
and optimization objective Joverhang on the planned paths. If both Joverhang

and Equation (5.9) are disregarded, the vehicle follows the center of the road
(Figure 5.8 left). Considering constraint Equation (5.9) forces the vehicle to
the inside of the turn in order to keep the wheelbase inside the road lane
(Figure 5.8 center). By also minimizing Joverhang the planned path is further
pushed to the inside of the turn (Figure 5.8 right).

The maximum amount that the vehicle body exited the road is also
measured, and it can be seen that it is greatly reduced from 1.29 meters
to 0.85 meters once the constraints and optimization objective are added.
This results in less invasive maneuvers for vehicles on adjacent lanes.

5.4.2 Highly constrained maneuver

One of the biggest challenges that path planners face are highly constrained
scenarios, where the solution must pass through small obstacle-free re-
gions [72]. We set up a scenario where an obstacle on the road forms a
passage with low clearance, as illustrated in Figure 5.9. One could imag-
ine this to be a possible representation of a scenario in which there is a
temporarily stopped vehicle on the side of the road.

Figure 5.9 shows that the path planner is able to find a collision-free
solution that makes the vehicle progress through the low clearance passage.
Furthermore, the planned path makes use of the sweepable region, allowing
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Figure 5.8: The influence of wheelbase constraints and overhang minimiza-
tion on the planned path. Disregarding wheelbase constraints and overhang
minimization (left), considering wheelbase constraints only (center), and
considering both wheelbase constraints and overhang minimization (right).
The maximum amount (in meters) that the vehicle body exits the road is
shown in red, and it decreases from 1.29 (left) to 0.90 (center) and finally
to 0.85 (right).
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Figure 5.9: Planned path on a road with an obstacle forcing the bus to drive
through a passage with small obstacle clearance.

the overhangs to exit the road limits, while keeping the wheelbase contained
in the drivable region corresponding to the road. If the overhangs were not
allowed to exit the road limits, as is the case with other planners, then it
would not be possible to find a solution. This illustrates the importance of
allowing the overhangs to go over sweepable regions.

We note that the planned path takes the turn on the inside, except when
avoiding the obstacle. This is done to minimize the amount of overhang
exiting the driving lane.

Remark: The proposed planner assumes that a reference path is already
obtained. The reference path usually corresponds to the road center, but
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Figure 5.10: Zoomed view of a selected problem instance. The curves rep-
resent the location of the front right corner of the bus, according to the
planned path, at three different SQP iterations (SQP converged at iteration
5). At each iteration the distortion approximation becomes more accurate,
and the planned paths converge to a solution avoiding the obstacle.

can also be obtained by using a simplified path planner that determines if
obstacles should be avoided by driving through the left or right of them.

5.4.3 Improvement of distortion approximations

We present in Figure 5.10 a zoomed-in version of a selected planning in-
stance, in which an obstacle is present on the road. The figure shows the
position of the vehicle’s front right corner, when following the planned path,
for different iterations of the SQP. In initial iterations the roughness of ap-
proximations makes the vehicle corner intersect the obstacle. However, the
SQP iterations improve the accuracy of the approximation, resulting in suc-
cessful obstacle avoidance.

The results show that the proposed path planner is capable of reducing
the amount of overhang exiting the road, resulting in safer driving. Further-
more it is capable of dealing with highly constrained scenarios, where the
bus can barely fit. This is achieved making use of approximations which are
precise, being both safe and not conservative.
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5.5 Conclusions

This chapter presented a path planning framework targeted for buses driving
in urban environments. The work is motivated after noticing that there is a
lack of literature when considering motion planning for buses. Even though
several works are written in planning in constrained environments, none of
them seem to be able to deal with the extremely complicated case of buses
driving in narrow roads.

The path planning problem makes use of the road-aligned vehicle model,
and is solved via sequential quadratic programming. This type of solver, to-
gether with a novel formulation for the obstacle body dimensions, is able
to guarantee obstacle avoidance, without requiring conservative approxima-
tions.

The proposed solution is tailored so as to take advantage of the special
body characteristics of buses, namely the overhangs. Using a new labeling
approach, which takes into account low height structures that can be swept
by the overhangs, the planner is able to plan paths otherwise impossible
when considering a binary classification into obstacle or obstacle-free re-
gions. The solutions are thus successful in mimicking the expert behavior
observed in bus drivers.

The proposed approach is promising and has several interesting future
work directions. Firstly one should consider implementation of the method
in an online fashion, and perform testing in real vehicles. In addition, the
quality of the vehicle body distortion approximations could be studied fur-
ther. We believe that the approximation error can be bounded and taken
into account, so that all solution paths are guaranteed collision-free even
during intermediate iterations of the SQP. It is also of interest to tackle
the problem of bus stop approach maneuvers. In this type of maneuvers,
high precision is required so as to stop precisely at the boundary of the
curb. Moreover, the framework is suitable to be adapted to other vehicle
configurations, such as, articulated buses, and truck and trailer systems.





Chapter 6

Conclusions and Future Work

This thesis focused on motion planning algorithms for autonomous heavy-
duty vehicles. The trending field of autonomous driving promises to disrupt
current transportation systems, and fundamentally shape the mobility of
the future [81]. Heavy-duty vehicles represent a significant share of vehi-
cles driving on- and off-roads today. Due to its fundamental differences
when compared to passenger vehicles, they require special education for
drivers [82], and a special adaptation of autonomous driving algorithms, as
highlighted throughout this thesis.

In Section 6.1 we summarize the conclusions made so far in our re-
search. These conclusions provide some insight into the key problems that
arise when motion planning algorithms move from the passenger vehicle do-
main into the heavy-duty vehicle one. Future work and research directions
are provided in Section 6.2. Based on our previously developed work, we
suggest promising research avenues that can be further investigated. We
also enumerate a few parallel topics within motion planning, that were not
addressed in this thesis. These topics are, in our opinion, expected to play
an important role in the development, and eventual deployment of safe and
reliable autonomous vehicles.

6.1 Conclusions

A recurrent insight that can be seen across the whole thesis, is that motion
planning for autonomous heavy-duty vehicles cannot be reliably achieved
using algorithms developed for passenger vehicles. An extensive body of
literature exists when it comes to motion planning for passenger vehicles,
however, there is relatively little work published that explicitly considers
trucks and buses. This thesis, and contributions herein, tries to address
this gap, by identifying and proposing solutions to different challenges that

117
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hinder the arrival of autonomous heavy-duty vehicles.

Slow actuator dynamics

When developing motion planning algorithms, it is important to consider
as realistic as possible vehicle models, in order to reduce resulting errors
between planned and performed motions. Most motion planning approaches
ensure quality of the planned paths, by setting constraints on the curvature
profile of the paths. However, these constraints lack a direct connection to
the vehicle steering actuator limits.

We have developed, in Chapter 3 a motion planner that explicitly takes
into account the steering actuator limits. From the steering actuator limits,
the motion planner is able to compute the necessary curvature profile con-
straints required for the planned paths. Steering actuator limits are often
easier to measure and understand than its curvature constraints counter-
part, and as such are a better input to a motion planning algorithm. The
proposed motion planner is generalizable to any car-like vehicle, requiring
only the knowledge on the limitations of its steering actuator.

Due to their large weight, heavy-duty vehicles are often characterized by
slow actuator dynamics. In order to plan paths that respect these dynamics,
we take into account limits not only in the maximum steering angle mag-
nitude and rate, but also in the applicable torque. This results in smoother
planned motions that effectively respect all three actuator limitations. The
controller effort is thus minimized, and path tracking performance is im-
proved, resulting in more comfortable and safer driving.

Complex obstacle environments

A significant share of heavy-duty vehicles is targeted for use in unstructured
off-road environments. These types of environments are often populated
with numerous obstacles that are part of a changing landscape. Thus, vehi-
cles need to have motion planning capabilities that allow them to navigate
safely, but also efficiently, in order to achieve their intended tasks.

Motion planning in these kinds of environments has been studied for long
in the field of robotics. Unlike traditional robotic systems, heavy-duty vehi-
cles are subject to severe kynodynamic constraints, which have motivated
the development of new motion planning algorithms. These algorithms usu-
ally rely on sampling of the search space, which results in sub-optimality
and in some cases, in a drastic reduction of vehicle efficiency.

Chapter 4 tackles the issues resulting from sub-optimality, namely, os-
cillations of the solution path, and discretization of the goal state. The pro-
posed solution, targeted for lattice-based planners, is able to significantly
remove the oscillations present in solution paths, and increase the length of
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straight driving sections. This allows for increased vehicle performance, as
the vehicles can achieve higher velocities due to the reduced turning mo-
tions. With regard to the discretization of the goal state, we show that the
proposed solution is often able to successfully plan paths arriving at specific
target destinations. This allows heavy-duty vehicles to successfully be used
in applications requiring precision driving, such as when it is necessary to
precisely stop beside other heavy machinery or fixed infrastructure.

Bus driving behavior

Buses are characterized by a particular chassis design significantly differ-
ing from that of other vehicles. In order to be able to increase passenger
capacity, the vehicle body is quite large, however, to maintain vehicle struc-
tural robustness and increase maneuverability, the wheelbase is kept short.
The sections of the chassis extending beyond the wheelbase are known as
overhangs.

Overhangs are quite tall and can sweep over curbs and low height ob-
stacles, an attribute that professional bus drivers take advantage of. By
allowing the overhangs to sweep over curbs, bus drivers increase the ma-
neuverability of the vehicle. This is of crucial importance when driving in
urban environments, and is often observed during sharp turn maneuvers or
bus stop approaches.

This type of driving is not observed in any other type of vehicle, and
when it comes to motion planning algorithms it is an unaddressed issue.
To deal with this, Chapter 5 proposes a new environment classification
scheme, which explicitly takes into account that curbs and other low height
obstacles can be swept by the bus overhangs. Furthermore, new driving
objective functions are defined, which seek to mimic professional bus driver
behavior. The result is a motion planning algorithm that is able to tackle
the challenges of bus driving, and does so while increasing the safety and
maneuverability of buses.

Large vehicle dimensions

Trucks and buses are distinguished from other vehicles by their large di-
mensions. When driving in narrow roads or constrained environments, it
is often the case that drivers struggle in order to successfully drive their
vehicles without colliding. The same is true for most motion planning al-
gorithms, which are often plagued with the inability to plan motions which
require the vehicle to pass through narrow environments.

In Chapter 5 we develop a motion planning algorithm that is able to
find solutions in arbitrarily narrow roads. Such an algorithm can be devel-
oped by taking advantage of the convexity of the environment, which can
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be assumed for the case of on-road driving. The motion planning problem is
solved making use of a numerical optimization method. To ensure safe, but
non-conservative collision checking, which is of the utmost importance when
considering vehicles with large dimensions, or narrow roads, we introduce
new vehicle body approximations. The proposed vehicle body approxima-
tions, together with the numerical optimization framework used, result in a
motion planner that successfully tackles the driving task for buses in urban
environments.

6.2 Future work

The work developed in this thesis has identified and helped solve some of
the issues currently impairing motion planning for autonomous heavy-duty
vehicles. However, during this research process, new problems previously
overlooked have emerged, and with them, promising directions for future
work. We hereby list these directions, some of them correspond to natural
improvements to the work already presented, while others correspond to
new frameworks and approaches to motion planning.

Controller performance guarantees

The trend seen in motion planning to consider ever more accurate vehicle
models and kinodynamic constraints, can be seen as an attempt to reduce
the disparity between planned motions and performed motions. In extreme
scenarios, this disparity can result in unsafe systems, since collision checking
is performed for the planned path, not for the performed path. Thus, if the
vehicle deviates from the planned path, as it will always happen as long as
there are modeling errors, collision avoidance is not guaranteed. This can
be partially addressed by improving the vehicle models used, however at
the cost of requiring system identification procedures. Furthermore, more
complex vehicle models will also increase computational times for motion
planning algorithms. Alternatively, conservative collision checking proce-
dures can be used, which inflate the vehicle states or the obstacle regions.
However, the conservativeness can render planning algorithms useless in
narrow environments.

Formal verification techniques such as those presented in [66, 83] are
able to deal with parametric model uncertainty and bounded disturbances.
Using these techniques, it is possible to compute the set of reachable vehicle
states, i.e., an occupancy funnel, in which the vehicle is guaranteed to be
contained when performing a certain maneuver. These occupancy funnels
are often expensive to compute and are not suitable for online computations.
However, this challenge can be addressed by remembering that some motion
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planning methods, such as those presented in Chapter 3 and Chapter 4
make use of precomputed motions primitives. Motion primitives and their
associated funnels can be computed offline, and then used in an online
fashion.

These formal verification techniques are a promising avenue of future
work. They provide motion planners with the ability to explicitly minimize
the vulnerability of planned paths to disturbances and uncertainties in a sys-
tematic way. They also provide a measurement of risk for different planned
actions, which could, in the future, help certify and legislate autonomous
vehicles.

Bus stop approach and wheel aware driving

As shown in Chapter 5, making buses autonomous is far more complicated
than simply adapting algorithms previously developed for passenger vehi-
cles. New driving objectives, which were not previously considered, need to
be formulated. These objectives, allow the autonomous vehicle to mimic pro-
fessional bus drivers, resulting in safer maneuvers and in increased maneu-
verability. Furthermore, to achieve these benefits, new environment classifi-
cation schemes are required, which explicitly consider curbs and low height
obstacles.

The bus driving task extends beyond the scenarios considered in this
thesis. An important maneuver to consider is that of bus stop approaches
and subsequent departures. This is a maneuver requiring high precision, as
it is desirable to park as close as possible to the curb, to allow for efficient
and comfortable passenger boarding.

When driving close to the curbs, it becomes important to explicitly take
into account the wheel tire body. During driving maneuvers, the steering
wheels, usually the front wheels of the vehicle, can significantly protrude
out of the vehicle body. Usually, collision checking is performed assuming a
fixed vehicle body, thus ignoring this effect. It is then of interest to develop
motion planning algorithms that take into account the changing vehicle
body shape, resulting from the wheel angles changing during maneuvers.
This is especially important in bus stop approaches, where not considering
the tire body can result in the vehicle climbing over the curb, and in reduced
tire life due to friction between the tires and curbs.

It is also of interest to extend the developed motion planner to vehicles
with multiple bodies, such as articulated buses and trucks with trailers.
These vehicles are characterized by more complex dynamics and reduced
maneuverability. These challenges need to be tackled, in order to generalize
motion planning algorithms to a broader range of heavy-duty vehicles.
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Various

The solutions presented in this thesis all assumed a sequential implementa-
tion in a central processing unit (CPU). However, the performance of graph-
ics processing units (GPUs) has dramatically increased in recent years. The
usage of GPUs can allow for a significant reduction in the computational
time of motion planning algorithms [69]. Furthermore, new motion planning
frameworks can be used, which are based on parallel computing, instead of
traditional sequential computing.

The development of GPUs has been stimulated by the explosive growth
of deep learning in recent years. Deep learning approaches have made their
way into many areas of engineering, and in autonomous driving, they excel
at computer vision tasks. Motion planning approaches can potentially bene-
fit from machine learning techniques. These techniques can be incorporated
to improve certain procedures of planning algorithms, such as the predic-
tion of traffic participants behavior. Furthermore, data-driven approaches
for end-to-end motion planning might provide new insights into important
aspects of motion planning, or be used as redundancy systems.

Driving in an efficient and safe way is a result not only of the actions
taken by individual vehicles, but also of the perceived intentions and inter-
actions between them. It is important for a motion planning algorithm to
take into account how other vehicles react to its own decisions [84]. To do so,
one requires accurate prediction models of other vehicles, which are often
influenced by the driver’s style and current traffic situation [85]. These mod-
els can be hard to obtain or identify in real-time. Furthermore, the explicit
consideration of interactions can result in increased computational times
for planning algorithms. These are challenges that need to be addressed, as
driving in congested traffic scenarios requires algorithms with interaction
capabilities.
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