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ii



Abstract

Contrary to elastic deformation, plastic deformation of crystalline materi-
als, such as metals, is size-dependent. Most commonly, this phenomenon is
present but unnoticed, such as the effect of microstructural length scales.
The grain size in metallic materials is a length scale that affects material
parameters such as yield stress and hardening moduli. In addition, several
experiments performed in recent years on specimens with geometrical dimen-
sions on the micron scale have shown that these dimensions also influence
the mechanical behaviour. The work presented in this thesis involves contin-
uum modelling and simulation of size-dependent plastic deformation, with
emphasis on thin films and the formulation of interface conditions.

A recently published strain gradient plasticity framework for isotropic
materials [Gudmundson, P., 2004. A unified treatment of strain gradient
plasticity. Journal of the Mechanics and Physics of Solids 52, 1379–1406] is
used as a basis for the work. The theory is higher-order in the sense that
additional boundary conditions are required and, as a consequence, higher-
order stresses appear in the theory. For dimensional consistency, length scale
parameters enter the theory, which is not the case for conventional plasticity
theory. In Paper A and B, interface conditions are formulated in terms of
a surface energy. The surface energy is assumed to depend on the plastic
strain state at the interface and different functional forms are investigated.
Numerical results are generated with the finite element method and it is
found that this type of interface condition can capture the boundary layers
that develop at the substrate interface in thin films. Size-effects are captured
in the hardening behaviour as well as the yield strength. In addition, it is
shown that there is an equivalence between a surface energy varying linearly
in plastic strain and a viscoplastic interface law for monotonous loading.

In paper C, a framework of finite element equations is formulated, of
which a plane strain version is implemented in a commercial finite element
program. Results are presented for an idealized problem of a metal matrix
composite and several element types are examined numerically. In paper D,
the implementation is used in a numerical study of wedge indentation of a
thin film on an elastic substrate. Several trends that have been observed
experimentally are captured in the theoretical predictions. Increased hard-
ness at shallow depths due to gradient effects as well as increased hardness
at more significant depths due to the presence of the substrate are found. It
is shown that the hardening behaviour of the film has a large impact on the
substrate effect and that either pile-up or sink-in deformation modes may
be obtained depending on the material length scale parameter. Finally, it
is qualitatively demonstrated that the substrate compliance has a significant
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effect on the calculated hardness of the film.

Keywords: Strain gradient plasticity, Size effects, Thin films, Interface, Finite
element method, Dislocations, Constitutive behaviour, Hardening behaviour,
Indentation, Contact mechanics, Metal matrix composites

iv



Preface

The work presented in this thesis was carried out between February 2002
and February 2008 at the department of Solid Mechanics, Royal Institute of
Technology in Stockholm, Sweden.

I would primarily like to thank my supervisor Prof. Peter Gudmundson,
for giving me the opportunity to work in this interesting project. Also for
giving me excellent guidance during these years and broadening my mind on
modelling, materials and engineering. Secondly, I would like to thank Prof.
Per-Lennart Larsson, who has been involved in the last part of my work on
contact mechanics. I have also enjoyed several discussions with Assoc. Prof.
Jonas Faleskog. Dr. Lars Pilgaard Mikkelsen, Risö National Laboratory, is
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Chapter 1

Introduction

The research in this thesis is presented in detail in the appended papers
and as a summary in this introductory part. The purpose is to develop
continuum models for plastic deformation on small scales, with preferably a
physical motivation from experimental findings or theoretical considerations
from dislocation theory. The finite element method is used in order to numer-
ically investigate the relevance of these models. A large focus is on interface
models, implementations into finite element programs with application to
thin films.

This introduction is also an overview of state of the art of the present field
in order to place the research in a wider context. Several topics will be pre-
sented that all are related to either experimental observations or modelling.
Modelling techniques other than used in the papers are briefly presented and
discussed, since these alternatives are used by other researchers in closely
related fields.

1.1 Experimental techniques and size effects

Experimental testing of micron sized objects is inherently difficult due to
specimen size, load range and deformation measurements. During recent
years, different techniques have been developed, of which a few will be men-
tioned below, namely: bulge testing, tensile testing, microbending, microtor-
sion and nanoindentation.

A series of experiments was performed with the plane strain bulge test by
Xiang and Vlassak (2006). The procedure can establish stress-strain data out
of pressure-deflection data of thin films with aspect ratios greater than 4, see
Fig. 1.1(a). It was shown that freestanding thin films loaded in plane strain
did not display any significant size effects. However, if passivation layers
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2 CHAPTER 1. INTRODUCTION

were deposited on the films, significant size effects were obtained. The size
effects included yield strength, hardening behaviour and reversed plasticity
(Bauschinger effect), see Fig. 1.1(b) and Fig. 1.1(c). These experiments show
the importance of boundary conditions (BC) related to plastic deformation.
In the case of no passivation layer, the dislocations were free to move close
to the free surfaces of the film as well as leave the surface of the film. In the
case of a thin film with passivation layer (either on one or on both sides), the
response was changed dramatically. Strong size effects were obtained, which
were most pronounced in the case of two passivation layers. In that case,
the dislocations could not leave the surface of the film, but were constrained
to move inside the film, or even get trapped at the interface of the film.
Hence, the previously homogeneous state in the film were replaced by a strong
gradient, which was induced only due to the presence of the passivation layer.

A microtensile tester was used by Yu and Spaepen (2004) during exper-
iments on thin films on substrates. Here, thin Cu films on polyamid sub-
strates were loaded uniaxially in tension, see Fig. 1.2(a). While keeping the
microstructural properties constant, a decrease in film thickness resulted in
an increase in initial yield strength, see Fig. 1.2(b). The strain was measured
using optical diffraction from photoresist islands on the Cu films through the
bare Kapton. The load was measured using a load cell at the end of the
sample stage.

A microbend test method for thin foils was presented by Stölken and
Evans (1998) in order to determine the plasticity length scale. The method
is illustrated in Fig. 1.3(a). The foil was bent around a cylindrical mandril
by means of loads applied through a profiled die. After load removal, the foil
was elastically unloaded and remaining curvature was solely due do plastic
deformation in the foil. By knowing the elastic modulus of the foil and
measuring the curvature with an optical microscope, the moment could be
calculated. In Fig. 1.3(b), an increase in normalized moment is illustrated
for decreasing foil thickness. This corresponds to a size-effect which is not
observed for conventionally sized objects.

Microtorsion tests have been performed by Fleck et al. (1994), see Fig.
1.4(a). A long glass filament was used as a load cell. The free end was twisted
using a gear drive train and electric motor. The twist along the length of
the filament was measured by two needle pointers and protractors, giving
a measure of the torque. In Fig. 1.4(b), the response of copper wires with
different diameter in the micron range is shown in terms of normalized torque
vs. twist. Thinner wires requires a higher load compared to thicker wires, a
result which is not observed for wires with diameters in the millimeter range.
This is a quite remarkable set of experimental data since, up to the present,
similar experimental procedures have not been reported.



1.1. EXPERIMENTAL TECHNIQUES AND SIZE EFFECTS 3

 

(a)

 

 

(b)
 

(c)

Figure 1.1: (a) Experimental setup for the bulge test. The film deforms
due to an applied one-sided pressure. (b) Yield stress of passivated (filled
symbols) and unpassivated (open symbols) Cu films as a function of inverse
film thickness from Xiang and Vlassak (2006). (c) Bauschinger effect in
sputtered Cu films: the reverse plastic strain is plotted as a function of
the applied pre-strain, εp. Both strains are normalized by the yield strain,
εy = σy(1− ν2)/E, where σy is the yield stress defined at 0.2 % offset strain.

From a practical standpoint, nanoindentation is perhaps the testing method
that is most easily available for testing material properties at small scales. In
many situations, alternative test methods are lacking. The method provides
information about elastic and plastic deformation on a localized scale and it
is particularly attractive for thin films with a typical thickness of a few mi-
crometers or less. Most commonly, indenter geometry of three- or four-sided
pyramids are used (Berkovich or Vickers). In Fig. 1.5(a), one example of
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(a)

 

(b)

Figure 1.2: Tensile testing of thin films on substrates, Yu and Spaepen (2004).
(a) Experimental setup and (b) stress-strain relations for films with different
thicknesses.

a nanoindenter is shown. A three-plate capacitance configuration is utilized
for the simultaneous measure of indentation load and depth to a resolution
of 100 pN and 0.1 nm, respectively. A dc voltage is applied between the
bottom and center plates for the load and an ac voltage is applied between
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(a)
 

(b)

Figure 1.3: The microbend method for thin foils, Stölken and Evans (1998).
(a) Experimental device and (b) normalized bending moment-surface strain
relations for foils of different thicknesses.

 
(a)

 
(b)

Figure 1.4: Microtorsion of thin copper wires, Fleck et al. (1994). (a) Exper-
imental setup. (b) Normalized torque vs. twist relation for wires of different
diameters.

the top and bottom plates for the depth record. In Fig. 1.5(b), hardness-
depth relations are shown for copper specimens, taken from McElhaney et al.
(1998). The hardness increases for small indents, a size-effect which asymp-
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totically vanishes for larger depths. In addition, the impact of correcting for
pile-up/sink-in deformation is also seen in Fig. 1.5(b).

 

(a)
 

(b)

Figure 1.5: (a) A nanoindenter which utilizes a three-plate capacitance con-
figuration for the simultaneous measure of indentation load and depth. (b)
Hardness-depth relations for copper from McElhaney et al. (1998). Results
are shown for with and without correcting for pile-up/sink-in.



Chapter 2

Thin films

Today there are several technological systems that in one way or the other
contain thin films as an integral part. The progress made in research as well
as the industrial demand, especially during the last decade, has broadened
the potential areas of use for thin films. Here are a few examples:

• Electronic circuits - Miniaturization continuously keep driving the de-
velopment of more and more advanced integrated electrical circuits on
smaller and smaller scales in which thin films are an essential partici-
pant.

• Surface coatings - Protective films, e.g. in thermal barrier coatings
(TBC) in turbine blades have made it possible to operate well above
the melting point of the blade alloy, giving better engine performance,
efficiency and environmental characteristics.

• Friction reducers - For components that are in contact with other com-
ponents, friction is crucial. Thin coatings that reduce friction and wear
can be found in e.g. computer hard discs and medical implants.

• MEMS - In micro-electro-mechanical-systems (MEMS), thin films can
be found in many different kinds of components, e.g. sensors and ac-
tuators.

A common factor in thin film applications is that the primary function of the
film is not structural, i.e. it does not primarily carry load. It is important
to note however that, due to the fabrication technique that is used, resid-
ual stresses may be introduced which result in deformation and/or change
in electric and magnetic properties. The thin film area is in nature multi-
disciplinary. Materials science as well as engineering take a natural part in
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8 CHAPTER 2. THIN FILMS

the design, testing and modelling of thin films. A comprehensive review has
been made by Freund and Suresh (2003).

2.1 Classifications

There are several geometrical configurations that are related to the thin film
concept. With reference to three orthogonal directions, a classification can
be made based on the number of directions in which the structure is thin
compared to its surroundings, see Fig. 2.1.

 

Figure 2.1: Thin film configurations and degrees of confinement (Freund and
Suresh (2003)).

A film or a layer has one thin direction, the thickness direction. If there are
two thin directions, the structure is called a line or a wire. If the object occu-
pies an area that is geometrically small in all three directions, it is termed an
island or a dot (c.f. plates, shells, bars, rods in structural mechanics). Thin
film structures may also be subjected to different degree of confinement. The
terminology in Fig. 2.1 is also based on the thin directions of the structure.
If the object is confined in all directions in which it is thin, it is said to be
fully confined. If some direction is unconfined, it is partially confined and if
all directions are free, it is unconfined.

A film is termed mechanically thin if the film thickness is small compared
to the thickness of the substrate. The thickness is then much larger than
relevant microstructural length scales such as grain size, dislocation cell sizes
and particle spacing. If microstructural length scales become comparable to
the film thickness, it may be called microstructurally thin. Atomic dimensions
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are however still orders of magnitude smaller than the film thickness and the
mechanical properties are strongly affected by the grain size and orientation,
grain size distribution and crystallographic texture. If the film thickness
approaches the atomic scale, it may be referred to as atomically thin. The
properties of such a layer cannot be defined from its microstructure, but
depends on the interatomic behaviour and surface interactions.

In the analysis performed, the models used and derived in the appended
papers all concern mechanically thin films which are partially confined by a
substrate, c.f. Fig. 2.1.

2.2 Fabrication techniques

Thin films are always fabricated onto some kind of substrate. The fabrication
process is crucial to the properties that results for the film , see also Section
2.3. Two main techniques can be identified, namely vapor deposition and
thermal spray deposition and these are briefly outlined below.

Vapor deposition is a deposition technique where the film material is
transferred onto the substrate in the form of vapor. The source material
is heated with thermal energy such as it is evaporated, whereby atoms are
transferred to the substrate on which it condensates and a film gradually
grows. It all takes place in a chamber with a controlled base pressure, which
is close to vacuum. Sputtering may also be used to transfer the film material
to the substrate in which an electric field is used in the deposition. Here, the
atoms hit the substrate at a high velocity, generating a film with a higher
degree of defects and impurity atoms. For polycrystalline films, the resulting
grain structure is random with no texture. Films created through evapora-
tive deposition typically have larger grain sizes and a strong texture. The
film thickness can however be better controlled through sputtering and this
technique may be used for essentially any material. If the vaporized material
does not react chemically with another material, the process is called physical
vapor deposition. If film materials participate in a chemical reaction at the
deposition, the process is referred to as chemical vapor deposition.

The other group of deposition methods are called thermal spray deposi-
tion methods. Particles of the film material are melted using a plasma arc
or a combustion flame, which accelerates a stream towards the substrate.
When hitting the surface, the stream spreads out and solidifies rapidly form-
ing a splat on the surface. Repeating this process, a lamellar structure is
created and a film is gradually formed. A higher degree of porosity and con-
taminants are obtained compared to the evaporative techniques, for plasma
spray typically 85-90% theoretical density. The composition and character-
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istics can however be monitored by alternating temperature, velocity and
nozzles. Gradients in composition and porosity can be obtained, which may
be of interest in some applications. Compared to the evaporative methods,
it is a straightforward and cost effective method. For thin films which are
used in applications where electro and magnetic properties are crucial, a
microstructure of high purity is needed, and consequently the evaporative
methods are preferred.

2.3 Microstructures

The microstructure of the fabricated film is affected by several factors. As
discussed above, the fabrication method that is singled out sets the main
possibilities and restrictions. Secondly, the substrate temperature and film
deposition rate are two important parameters in evaporative methods. In-
creasing the deposition rate tends to yield a finer microstructure, while de-
creasing the substrate temperature give the same trend.

Epitaxial films is an important microstructural group. Here, the crys-
tallographic structure at the substrate surface serves as a template for the
first layer of atoms of the film. The following layers then continue to grow
following the same pattern as the first layer. The result is a film of extremely
good quality and purity, which is of major advantage in microelectronic and
optoelectronic industrial applications. If the film and substrate are of the
same material, the deposition is said to be homoepitaxy, otherwise the term
is heteroepitaxy. Depending on the lattice mismatch between the film and
the substrate, the interface structure is affected, see also Section 3.1. If the
interface is coherent, the crystallographic structure is maintained across the
interface and the interface energy is low. If there is a lattice mismatch, misfit
dislocations may be introduced at the interface to compensate for this, see
Fig. 3.7. The interface is in that case termed semi-coherent. Other mis-
match strain relieving mechanisms can be found as well, depending on the
circumstances. As the lattice mismatch increase, epitaxial growth of thin
films become more and more difficult.

Polycrystalline (PC) films are grown when epitaxial growth is not likely,
e.g. on a contaminated substrate surface, if the mismatch strain is too large
or if the substrate is amorphous. Growth generally begins as a thermally acti-
vated process with island nucleation, coalescence and then continued growth.
Fundamental parameters to this process are, again, substrate temperature
and deposition rate. PC films are defined by their grain size, grain boundary
morphology and the degree of texture.

For clarity, it is emphasized that the work presented in the appended
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papers is aimed at PC films without texture which may be considered as
isotropic. However, it should be noted that the corresponding framework for
crystal plasticity, which may be used to model single crystal films or films
with texture, would qualitatively be of the same structure.
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Chapter 3

Dislocation mechanics

Theoretically, a crystal is very strong. In practical experiments however, its
resistance against plastic deformation is several orders of magnitude smaller.
The reason for this discrepancy is the fact that there does not exist any
perfect crystals. Different kind of defects or particles are always present:
interstitials, solute atoms, vacancies, precipitates and above all – disloca-
tions. The dislocations appear naturally in the crystal structure, either due
to deformation or for compatibility reasons near other defects or particles.
As part of these defects, boundaries are introduced in the crystal structure
e.g. at particles or at grain or phase boundaries. These internal boundaries
affect deformation because motion of dislocations are hindered at and close
to the boundaries. In addition to internal boundaries, the deformation of
crystalline materials are affected by its external boundaries. For instance, a
free surface compared to a surface attached to another material may have a
large influence on the deformation. Dislocation theory is the treatment of
crystal dislocations in the form of line singularities in a linear elastic solid.
In this section, a survey on interface models based on dislocation theory will
be given.

3.1 Grain boundaries

As already mentioned, a perfect crystal can in principle not be found in
reality, it only exists in theory. Different defects always exist in some form
and the most characteristic defect is probably the dislocation. For a thorough
description of dislocation theory, the reader is referred to e.g. Hirth and
Lothe (1982). Special emphasis on grain boundaries can be found in McLean
(1957).

The definition of a grain boundary has actually been a matter of discus-
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14 CHAPTER 3. DISLOCATION MECHANICS

sion. Some have claimed that a grain boundary is a layer of finite thickness
which can be described as amorphous. By others, and probably by the ma-
jority, the grain boundary is described as one or a couple of rows of atoms
which in some cases can be modelled by dislocations. For nano-crystals, grain
boundaries are very sharp and distinct and no type of amorphous layer exist
at all. This can be seen in e.g. Kumar et al. (2003).

The relation between two individual crystals is defined by their relative
orientation and the boundary that separates them. Their orientation is found
by rotating one grain three arbitrary angles relative to the coordinate system
of the reference grain. The boundary plane is defined by a unit normal vector
from another two angles relative to the reference grain, hence 5 parameters
are needed to define a general grain boundary, Fig. 3.1. Of course the two
grains will not fit together, but if material is added or removed they will
meet perfectly at the boundary plane, and a general grain boundary has
been created. A common measure of the boundary is the misorientation.
Generally, it is an effective measure since the relative orientation is defined
from three independent angles of rotation. For the special case of a 1D grain
boundary, the misorientation refer to one single angle.

 

Figure 3.1: A general grain boundary needs 5 parameters for its definition.

The relative orientation of two grains can be varied in infinitely many
ways. If two grains are rotating on top of each other, a Moiré pattern is cre-
ated. For certain positions, one lattice point has a match in the neighbouring
grain, the points coincide. These special structures is called a Coincidence
Site Lattice (CSL). Depending on the specific relative position of the grains,
the number of atoms between the coincident sites will change. This is spec-
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ified by a Σ-number. So if a Σ9-boundary is observed, there are 9 atoms
between the coincident sites. The simplest possible grain boundary is the
Σ3-boundary which is also called the twin-boundary. The twin boundary is
a plane which serves as a mirror in the lattice and is a boundary with a high
degree of symmetry, see Fig. 3.2.

 
(a)

 

(b)

Figure 3.2: (a) One of the first high-resolution transmission electron micro-
scope (HRTEM) images taken 1979 of twin boundaries (b) A simple sketch
of the same (both taken from Föll (2007)).

3.1.1 Low-angle grain boundary

If the grain boundary is close but not identical to a Σ-coincidence, the crystal
can solve this by introducing dislocations, grain boundary dislocations. The
line of these dislocations has to be confined to the grain boundary. Apart
from this, these dislocations have exactly the same properties as lattice dis-
locations. Two grains with only a moderate misorientation (close to Σ1) are
called a low-angle grain boundary (LAGB). There are two extreme cases of
low-angle grain boundaries: the tilt boundary and the twist boundary, see
Fig. 3.3. The tilt boundary is an array of edge dislocations making the crys-
tal to bend1. Two crystals can then be defined which are separated by a tilt
misorientation angle. The twist boundary on the other hand, is related to
screw dislocations. But in order for the grains to twist relative to each other,
two sets of screw dislocations are needed. Then, the twist boundary can be
described by a twist misorientation angle.

1This was first pointed out by Burgers and Bragg (ref. unknown)
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Figure 3.3: A pure tilt boundary with only edge dislocations (left) and a
pure twist boundary with only screw dislocations (right).

 
 

Figure 3.4: Experimental results of boundary energy of a twist boundary
in Cu from Miura et al. (1990). Cusps are found close to misorientations
corresponding to a Σ-coincidence.

If a simple tilt boundary is considered, it is possible to calculate the
energy associated with such an array of edge dislocations. This was first
done by Read and Shockley (1950):

γb =
µbθ

4π(1 − ν)
(log

eb

2πr0
− log θ). (3.1)
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Here, µ is the shear modulus, b Burgers vector, ν Poisson’s ratio, r0 the
radius of the dislocation core and e the base of the natural logarithm. The
energy is increasing with the misorientation θ and has a maximum. Local
maxima has actually also been found experimentally for twist boundaries in
Cu2, see Fig. 3.4. The measured boundary energy contains cusps at certain
misorientations. These angles correspond to values of Σ-coincidence. But
it is hard to draw any general conclusions of boundary energy as well as
it is hard to measure it. In practice, since all boundaries with low energy
are boundaries with a defined low Σ-value, you will tend to find more low
Σ-boundaries. The crystal strives for low Σ-boundaries because otherwise
it has to spend energy on creating defects to compensate for the deviation,
according to Föll (2007).

3.1.2 High-angle grain boundary

If the misorientation approaches about 15 degrees, the dislocations are so
close to each other, that a clear identification of them is hardly possible.
The dislocation model then fail to describe the boundary. If the high-angle
grain boundary (HAGB) has larger misorientation, it still can be seen as a
superposition of several grain boundaries with lower misorientation. So the
models for LAGBs based on dislocation mechanics are still of large impor-
tance. In Fig. 3.5, examples can be seen of a LAGB and a HAGB found in a
bubble raft experiment by Lomer and Nye (1952). Since the bubble raft is a
2D-model, only tilt boundaries of edge dislocations can be constructed. This
setup is very similar to atoms in a crystal since the atomic force resembles
the attractive force between the bubbles.

Since an array of dislocations is a grain boundary, the question is how
well structured that array needs to be for it to be called a grain boundary.
Dislocations tend to arrange themselves into some kinds of ordered patterns.
The patterns are more energetically favorable than a complete random dis-
tribution. The term dislocation structures or dislocation cells is often used.
The cells are areas of material that are surrounded by a boundary of higher
dislocation density, the dislocations have formed tangles. If the tangles an-
nihilate, the dislocation cell boundary will eventually consist of even more
ordered dislocation networks, the cell is a so-called subgrain. A subgrain is,
as the name suggests, a small grain within the original grain. So, it may be
confusing to talk about terms as dislocation structures, cells and subbound-
aries as different from grain boundaries, when the effect of them in many
cases is the same as a grain boundary. To the present author, it seems that

2Experiment performed by Miura et al. 1990 (details unknown)
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Figure 3.5: (a) LAGB of 10◦ in a bubble raft experiment. The upper part
contains a symmetrical tilt boundary and the lower part an unsymmetrical
tilt boundary (the vacant sites is not important). (b) HAGB of 25◦. Here, the
boundary is highly distorted and individual dislocations cannot be identified.

the definition is quite clear in theory, but in experiments it is in many cases
not so obvious how to classify the observed boundaries or the effects from
them.

Since grain boundaries are obstacles for dislocation glide, the resistance
to plastic deformation should increase with the fraction of grain boundaries.
The grain size is in direct proportion to the fraction of grain boundary area
in a polycrystal so it should be possible to establish a relationship between
grain size and the stress required for plastic deformation. This was found
by Hall (1951) and Petch (1953) who could relate the yield stress σy to the
grain size d through the following equation

σy = σy0 +
k√
d

(3.2)

The parameters σy0 and k are the yield stress for a large grained polycrystal
and the so-called Hall-Petch slope, respectively. It is one of the most well
known equations in the field of Materials Science and it has been firmly
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established experimentally. It is interesting to note that the results presented
by Xiang et al. (2006) on twin boundaries show a similar effect as grain
boundaries on yield stress, see also Dao et al. (2006).

We will now assume that a row of dislocations pile up against the bound-
ary in grain 1. The stress required to activate slip in neighbouring grain
2 is τ ? and dislocations are situated in this grain at a distance r from the
pile-up. The pile-up produces a stress concentration in grain 2 that will, if it
is sufficiently large, activate slip in grain 2. It can then be shown that grain
2 is activated when

(τapp − τ0)

(

d

4r

)1/2

= τ ? (3.3)

Here, d is the grain size or the mean slip distance, τapp is the applied shear
stress at which this activation occurs and τ0 is the intrinsic resistance in grain
1. If the equation is rewritten, the following is obtained:

τapp = τ0 + 2τ ?r1/2d−1/2 (3.4)

which has exactly the same form as the expression derived by Hall and Petch.
This captures the essence in grain size strengthening that the larger the
grain is, the larger is the stress concentration in grain 2 from the pile-up, see
Courtney (2000) for more details. The neighbouring grain 2 then starts to
yield at a lower stress. An example of a pile-up from one active Frank-Read
source from a simulation, see Fig. 3.6.

If two different phases exist in the material, the situation is quite different.
The crystals of the phases are different with different lattice constants, so
theoretically there would never be possible to find a coincidence site lattice
of the two phases. If the ratio between their lattice constants is a rational
number, the crystals do however introduce phase boundary dislocations called
misfit dislocations to compensate for the lattice mismatch at the boundary,
see Fig. 3.7. As a consequence, the misfit dislocations must have an edge
component, which is not the case for the grain boundary dislocations. If each
column of atoms meet at the same location as the corresponding column in
the other phase, the phase boundary is coherent. A phase boundary with
misfit dislocations is called semi-coherent.

3.2 Strengthening all the time?

Following the arguments for the Hall-Petch relationship, the yield stress will
increase as the grain size decreases irrespective of the grain size itself. At a
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Figure 3.6: A planar pile-up at a grain boundary in a discrete dislocation
simulation. The applied stress is such that a constant shear strain is obtained
in the grain. The Frank-Read source in the middle of the grain emits dislo-
cation loops. The source is operating slower and slower because of the back
stress from the pile-up increases with the number of dislocations. Picture
taken from an animation from Fivel and Verdier (2007).

certain point, when the grain size approaches atomic dimensions, the concept
of a grain would not be appropriate. With the Frank-Read source model in
mind one might question how small the grain can be in order to be able to
contain one single dislocation loop. The loop has to obtain a certain criti-
cal size in order to be able to bow out and then close, otherwise the source
would not be able to emit any new dislocations. At the same time, the stress
required is also increased. This is the case for nano-crystalline materials.
Here, the grains are so small that it is difficult for the dislocations to reside
inside the grain. Schiøtz and Jacobsen (2003) have used molecular dynamics
simulations for the modelling of the movement of a large number of atoms
(in some cases up to 108 atoms). The atoms are arranged in constellations
corresponding to a periodic unit cell of a polycrystal and the load and de-
formation are calculated, see Fig. 3.8. If the stress-strain relationship is
studied for different grain sizes, it is found that for a given strain, the stress
first increases with decreasing grain size and then decreases, i.e. at a certain
grain size there is a maximum. A weakening phenomenon is found. The ex-
planation is that dislocation activity inside the grains is replaced by atomic
sliding at grain boundaries. Deformation takes place primarily in the grain
boundaries instead of inside the grains, i.e. the deformation mechanism is
different. This effect is sometimes referred to as a reverse Hall-Petch effect.
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Figure 3.7: Semi-coherent interfaces. (Top) Schematic of misfit dislocations
in a phase boundary which are introduced due to the mismatch. (Bottom) An
interface between CdTe and GaAs in which edge dislocations are introduced
to relax the mismatch. The white spots are atomic positions, the dotted line
is a Burgers circuit around one of the dislocations (start (S) and finish (F)).
The white “clouds” corresponds to the core of the dislocations.

A more detailed discussion on MD simulations can be found in Section 5.2
and nanocrystalline materials is also addressed in Section 5.2.1.
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(a)

 

(b)

Figure 3.8: (a) Stress-strain relationship for polycrystals with different aver-
age grain size. For a given strain, the stress is decreasing when the grain size
is decreased, a phenomenon that contradicts the Hall-Petch relationship. (b)
Sections through samples with grain sizes of 50 nm (left) and 7 nm (right),
dislocation cores are coloured yellow and grain boundaries red. It can be seen
that in the larger grains, dislocations exist while hardly any plasticity takes
place within the smaller grains to the right. Here, the grain boundary occu-
pies a significantly larger fraction of the sample, which results in a change
in deformation mechanism from grain interior plasticity to grain boundary
atomic sliding (from the work by Schiøtz and Jacobsen (2003)).



Chapter 4

Continuum models

Elastic deformation is obtained through stretching and compressing of the
atomic structure. The largest controlling length scale for elasticity then ap-
proaches atomic dimensions and hence elasticity theory should be valid at
very small scales. Plastic deformation on the other hand is irreversible due
to the introduction of defects, dislocations in the crystal structure. The dis-
locations are created due to slip on well-defined atomic planes within the
crystal. Initiation and progression of slip may be influenced by many factors
such as crystal orientation, grain size, the presence of interstitials, vacan-
cies or other point defects. Furthermore, a crystalline material is practically
never defect or dislocation free. It is almost impossible to even synthetically
create a perfect crystal structure. Dislocation structures and other disloca-
tion distributions prior to mechanical deformation also affect the response
significantly. One can then conclude that the largest length scale influencing
plastic deformation is significantly larger than the length scale influencing
elastic deformation. If the elastic scale is on the order of 1 nm, the plastic
scale is on the order of 1 µm. Therefore, models for plastic deformation is
much more sensitive for small length scales in the problem at hand.

The length scales mentioned above are physically defined in the sense
that they have been introduced by nature itself, e.g. grain size and disloca-
tion spacing. A mathematical model is derived based on certain underlying
mechanisms. The model also has a certain resolution, a certain scale, see
Fig. 4.1 for a schematic. On the continuum level, conventional theories
of plasticity do not contain any length parameters, which means that pre-
dictions of the mechanical stress-strain response of specimens of different
geometrical dimensions would coincide. This is however not consistent with
experimental results observed for specimens with dimensions at the micron
scale. Modelling small scale plasticity require the introduction of a length
scale (at least one) within the theory. Since plastic deformation is the result

23
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Figure 4.1: Illustration of the different scales that are related to plastic de-
formation and modelling thereof. (Top) Schematic of the range of scales at
plastic deformation of crystalline materials. (Bottom) Modelling of plastic
deformation, from de Pablo and Curtin (2007). a) Component scale, which is
treated via continuum mechanics, b) mesoscale, where plasticity is described
in terms of discrete dislocations, c) nanoscale, where a transition from dis-
crete dislocation models to molecular dynamics models and their coexistance
can be found and d) quantum scale. The work presented in the appended
papers can be classified as taking place between a) and b), since it is scale-
dependent continuum modelling with influences from b).
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of a large number of small, discrete events, which are controlled by differ-
ent length scales, a continuum theory only has the possibility to describe
them in a phenomenological, average sense. The length scale in the theory is
then also purely phenomenological. Continuum theories of plasticity break
down at scales when the number of dislocations are too small for them to be
treated collectively. If the resolution of the theory is increased, individual
dislocations can be modelled. These so-called Discrete Dislocation models
incorporate other length scales than continuum models. An even higher res-
olution has the Molecular Dynamics models, which model individual atoms.
Here, the concept of length scales cannot be addressed in the same sense.

With reference to Fig. 4.1 (bottom), the work presented in the appended
papers can be classified as taking place between a) and b), since it is scale-
dependent continuum modelling with influences from b).

4.1 Strain gradient plasticity

In the 80’s, when the development of strain gradient plasticity theories (SGP)
was first initiated by Aifantis (1984, 1987), it was intended primarily to solve
problems related to localization, mesh dependence in certain FE-simulations
and to estimate the width of shear bands. Later, the focus in strain gradient
plasticity theories has mainly been on the prediction of boundary layers and
size effects related to plastic deformation. The latter is also the focus of this
thesis. The group of models that will be presented in the following section
has been developed with classical plasticity theory as a starting point.

Strain gradient plasticity theories can be divided into two main groups: I)
Theories that rely on the same differential equations and variational principle
as the conventional plasticity theory (Acharya and Bassani (2000), Bassani
(2001), Huang et al. (2004)). II) Theories that are governed by additional dif-
ferential equations and consequently require additional boundary conditions
for higher-order variables (Mühlhaus and Aifantis (1991), Aifantis (1992),
Gao et al. (1999), Fleck and Hutchinson (2001), Cermelli and Gurtin (2002),
Gurtin (2002, 2003), Gudmundson (2004), Fleck and Willis (2004)). The two
groups are sometimes referred to as lower-order and higher-order theories, re-
spectively. In this author’s opinion, interface conditions for variables related
to plastic deformation (plastic strain/slip or conjugate stresses) can only be
related to group II). An illustrating example is here given. Boundary related
size effects such as constrained plastic flow of a thin film on a substrate sub-
jected to uniform loading, cannot be analysed with lower-order theories in
order to predict a size-dependence. The reason is that since boundary condi-
tions only can be enforced on displacement or stress for lower-order theories,
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no gradient in plastic strain can be induced for homogeneous loading. How-
ever, if a non-uniform plastic strain distribution is assumed at the onset of
loading, then possibly, with certain choices of hardening functions it may be
possible to preserve the plastic strain value at the interface between the film
and substrate, and claim that a boundary condition for plastic strain has
been enforced. This does however not fit within the present framework of
interface modelling. This issue is still up for discussion, see e.g. Volokh and
Hutchinson (2002), Niordson and Hutchinson (2003), Acharya et al. (2004).

In Gudmundson and Fredriksson (2003), finite element results from in-
terface modelling in SGP was first reported on. In Paper A-D, this work is
continued. Interface models are developed and discussed as well as numer-
ical results are presented with emphasis on thin films. Below, alternative
strain gradient plasticity formulations involving interface models are briefly
presented.

Fleck and Willis (2004) have presented a reformulation of the model by
Fleck and Hutchinson (2001). They provided a deformation theory version of
higher-order strain gradient plasticity. Based on this reformulation, Aifantis
and Willis (2005) and Aifantis et al. (2006) studied interface conditions for
higher-order variables. The interface conditions were based on a theoretical
framework for small deformations. A potential for the bulk material was
defined according to

U =
1

2
Dijklε

e
ijε

e
kl + V (εp

ij, ε
p
ij,k) (4.1)

where Dijkl is the tensor of elastic moduli, εe
ij and εp

ij are the tensors of elastic
and plastic strains, respectively and εp

ij,k is the gradient of plastic strains. It
was assumed that the plastic strain should be continuous across the interface
but jumps in the higher-order traction were allowed. A one-dimensional plas-
tic medium with interfaces distributed periodically was studied. In Aifantis
et al. (2006), the bulk and interface plastic potentials were assumed to be

V = σ0|εp| +
1

2
β(ε2

p + l2ε
′2
p ) (4.2)

φ = γ|εp| +
1

2
αε2

p at the interface (4.3)

and τ = ∂φ
∂εp

is the interface condition for the higher order stress τ . The

parameters σ0 and γ are yield stress like quantities for the bulk and the in-
terface, respectively, α and β are parameters that govern the hardening and l
is an internal length scale parameter. Intermediate conditions for constrained
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plastic flow were captured. It was found that the parameter γ scales the yield
point of the interface and α determines the hardening of the interface.
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4.2 Strain gradient crystal plasticity – plastic

slip

Crystal plasticity as presented by e.g. Peirce et al. (1983), is today well
established in computer codes and has been used extensively to study metal
plasticity. The theory is anisotropic since plastic slip is activated on specific
slip planes and in certain directions depending on the resolved shear stress on
that specific slip system. Hence, crystal plasticity is well suited for describing
plasticity of individual grains in a polycrystal in a continuum average sense.

On a slip system (α), we define the slip plane normal m(α) and the perpen-
dicular slip direction s(α). The Schmid orientation tensor is defined according
to µ

(α)
ij = 1/2 (s

(α)
i m

(α)
j + s

(α)
j m

(α)
j ), which leads to that the plastic strain can

be expressed by the slip γ(α) on each slip system, summed for all slip systems:

ε̇p
ij =

∑

α

γ̇(α)µ
(α)
ij (4.4)

To the author’s knowledge, the first form of interface model within a
strain gradient crystal plasticity framework was presented by Cermelli and
Gurtin (2002). In a similar framework, Gurtin and Needleman (2005) have
also discussed appropriate boundary conditions. Interfaces (grain bound-
aries) were modelled by dissipative mechanisms captured by a viscoplastic
model that involved plastic slip rates at both sides of the interface as well
as conjugate higher-order stresses on both sides of the interface. Gurtin and
Needleman (2005) treated the conjugate higher-order stresses as continuous
across the interface whereas Cermelli and Gurtin (2002) allowed for a jump
in the conjugate higher-order stresses. Both papers included discontinuities
in plastic strains over the interface. In the special case of an elastic-plastic
interface, the formulations by Cermelli and Gurtin (2002) and Gurtin and
Needleman (2005) are qualitatively of the same type as the dissipative model
in Papers A and B. In Cermelli and Gurtin (2002), an analytic solution to a
simplified 1D-problem was presented but in Gurtin and Needleman (2005),
only the theoretical framework was presented.

Borg (2006) presented a strain gradient crystal viscoplastic framework
finite element implementation of a polycrystal. An effective plastic slip mea-
sure was introduced, which contained contributions from plastic slip gradients
and an conjugate effective stress measure was introduced containing higher-
order stresses. A grain boundary was considered and two surface energy
potentials φ

(α)
− and φ

(α)
+ were introduced acting on each side of the boundary.

A higher-order traction scalar at the grain boundary, r
(α)
I and r

(α)
II , at side I

and II, respectively was then given by the following interface conditions



4.3. CRYSTAL PLASTICITY – DISLOCATION DENSITY 29

r
(α)
I =

∂φ
(α)
I

∂γ
(α)
I

, where φ
(α)
I =

1

2
κγ

(α)2
I (4.5)

−r
(α)
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∂φ
(α)
II
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, where φ
(α)
II =

1

2
κγ

(α)2
II (4.6)

and hence the interface potentials were taken to be quadratic functions of the
plastic slips γ

(α)
I and γ

(α)
II at the interface. The interface potential that was

introduced at the grain boundary implies a plastic constraint. The parameter
κ governs the level of constraint, where a large value forces the plastic slips
(γ

(α)
I ) and (γ

(α)
I ) to vanish and a small value implies that the constraint van-

ishes, which is equal to vanishing conjugate tractions. Finite element results
were presented for a polycrystal in plane strain. Size effects were predicted,
which were controlled by the interface parameter κ and the internal length
scale parameters, both on initial yield strength and hardening behaviour.
In Borg and Fleck (2007) the same framework was used for the analysis of
surface roughening.

4.3 Crystal plasticity – dislocation density

It is possible to consider plasticity in terms of dislocation density in a crystal
plasticity framework. Depending on the slip systems, different dislocation
densities can be introduced and their evolution in time can be set up through
a number of constitutive rules. In Arsenlis (2001), one local and one non-local
version of a so-called crystallographic density crystal plasticity theory are
developed. The non-local version is applied in a thin beam bending problem
and solved by the finite element method. It is able to capture the size-
dependence observed in the experiments by Stölken and Evans (1998). The
theory has non-local ingredients in the constitutive equations but does not
require additional boundary conditions. In this sense, it is similar to lower-
order strain gradient plasticity theories. Consequently, interface conditions
cannot be brought up for discussion although the theory is interesting since
it is a candidate for filling the gap between Discrete Dislocation Dynamics
(DDD) models and strain gradient (crystal) plasticity theories.

In Evers et al. (2004), an enhanced crystal plasticity framework for face
centered cubic (FCC) metals is presented. It incorporates the influence and
evolution of statistically stored dislocation (SSD) and geometrically necessary
dislocation (GND) densities in a geometrical and direct way similar to the
model above by Arsenlis. The plastic slip rate γ̇α on slip system α is given
by the following flow rule
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γ̇α = γ̇0
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Here, γ̇0 and m are material parameters representing the reference plastic
strain rate and the rate sensitivity exponent, respectively and k is Boltz-
mann’s constant, T is the absolute temperature and G0 is the total free
energy needed for a moving dislocation to overcome a short-range barrier
without the aid of external work. The slip system resistance sα is influenced
by all dislocation densities through an interaction matrix Aαξ as

sα = cµb

√

∑

ξ

Aαξ|ρξ
SSD| +

∑

ξ

Aαξ|ρξ
GND| (4.8)

where c is a constant ranging from 0.05 to 2.6 for different materials, µ is the
shear modulus and b is the length of the Burgers vector. Furthermore, when
considering FCC metals, ρξ

SSD and ρξ
GND stand for the 12 edge SSD densities

and the 12 edge and 6 screw GND densities, respectively. The effective stress
τα
eff on the other hand, is related to variations (gradients) in GND densities,

due to long-range interactions. The evolution of the SSD and GND densities
is in turn related to the plastic slips and gradients of plastic slips, respectively.

In Evers et al. (2004), a finite element implementation is also presented.
A limited number of grains are analysed in plane stress with elements having
2 displacements and 18 GND densities as nodal degrees of freedom (DOF).
The governing equations consist of two sets of equations. In addition to the
conventional stress equilibrium, one set of equations that relate the GND
densities to gradients of plastic slips also have to be fulfilled. Additional
boundary conditions on GND densities, which on the boundary are grain
boundary dislocation densities, are prescribed such that the plastic slips per-
pendicular to the grain boundary vanish. At the outer free boundaries, the
densities are set to zero, which corresponds to a vanishing plastic strain
gradient. For a number of different sample sizes, it is found that the SSD
densities are size-independent whereas the GND densities show a strong size-
dependence. Macroscopically, the stress-strain behaviour contain size-effect
on the hardening. If an initial grain boundary dislocation density is used in
the simulations, the yield strength is also affected by the specimen size.
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Models at even smaller scales

5.1 Discrete Dislocation Dynamics

Plastic deformation is the result of dislocation glide. One dislocation glide
event through the crystal gives the resulting slip deformation of one Burger’s
vector. In other words, the action of one single dislocation is hard to detect.
Macroscopically, plastic deformation is the result of avalanches of a large
number of dislocations. So, simulating phenomena of plastic deformation by
means of discrete dislocations, involves a large number of dislocations, which
is a computationally extensive task. The equations of dislocation dynamics
have been available for quite a long time, but it is only the recent 15 years
or so, that one have been able to study dislocation-dislocation interactions
in terms of larger ensembles of dislocations thanks to the computer power
available.

In Discrete Dislocation Dynamics (DDD), the dislocations are treated
inside an elastic continuum and are governed by a set of constitutive rules in
combination with the equations of motion for a dislocation. In this section,
a brief description of this technique is given and the treatment of boundary
conditions will be emphasized.

5.1.1 In three dimensions

Modelling dislocations in three dimensions involves two types of geometrical
discretizations. Both displacement and line-curvature discretization have to
be performed. An example of a discretized dislocation loop can be seen in
Fig. 5.1. The curved dislocation line is approximated as piecewise linear
with segments of either edge or screw type. The number of segments sets the
level of discretization. For a circular loop, the lowest degree of discretization
is four segments which implies the shape of a square. Quite interestingly,
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at distances of more than twice the loop radius, this approximation yields
results that differ less than 10 % from the exact values. At closer distances,
the results differ more significantly why this approximation is generally not
used. It turns out however, that the convergence is quite rapid, which means
that not so many segments have to be used in order to describe a curved
dislocation with sufficient accuracy. 

Figure 5.1: A plane dislocation loop discretized into a combination of straight
screw and edge segments, from Devincre and Condat (1992).

The simulation procedure used in DD will not be described in detail but
the main tasks are as follows. The stress field at each point in the body is
calculated based on the contribution from one dislocation segment. Then
the total force acting on dislocation segments is calculated. It has several
contributions, e.g. from I) the externally applied load, II) the interaction with
all other segments of the same dislocation as well as other dislocations and
III) the force related to line tension. The dynamics of the dislocation network
is then computed based on a minimization principle. Moving dislocation
segments imply a change in length of the neigbouring segments which means
that the segments have to be modified in order for the dislocation line not
to break. Typically, as in Devincre and Condat (1992), a simulation involves
a ’box’ of the material. Initially, it contains a distribution of dislocations
which is relaxed to obtain a stable equilibrium configuration. In the next
step, the loading is applied and dislocation glide, annihilation, storage and
creation may be simulated.

5.1.2 Boundary conditions

One part in DDD simulations is inherently problematic, and that is the
treatment of boundary conditions. Dislocation theory is derived based on
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elasticity theory. A fundamental assumption is that the continuum body
surrounding the dislocation is infinite. Consequently, the resulting equations
which are used in DDD, are valid for an infinite medium, i.e. vanishing
stresses at infinity. There is however one exception, and that is the traction
free boundary for one screw dislocation. Here, an image dislocation of op-
posite sign can be put outside the boundary at the same distance from the
boundary as the screw dislocation inside the boundary. The shear stress is
then cancelled out at the boundary. Otherwise, when studying a problem
with finite volume, an auxiliary problem has to be solved. The boundary
condition is then fulfilled by use of the superposition principle, see Fig. 5.2.
The solution to the full problem is obtained by the sum of the solution to a
problem with a homogeneous, infinite body containing the dislocations and
the solution to a problem with a possibly inhomogeneous body of finite vol-
ume without dislocations. This latter problem is solved by the finite element
method. The internal stresses generated by the dislocations is taken into
account by a body force like term in the finite volume problem.
 

Figure 5.2: Boundary conditions is handled by dividing up the problem into
one infinite body containing the dislocations and a complementary problem
of finite volume without dislocations. Picture taken from Shin et al. (2005).

The interaction between a straight dislocation line and a rigid spherical
and cylindrical particle and voids have been studied by Shin et al. (2005).
The image forces on the dislocation are repulsive in the case of a particle and
attractive in the case of the voids. It is found that the area of significant image
forces is more confined for the spherical case than the cylindrical (analytical
solution is available in the cylindrical case but not in the spherical).

In Groh et al. (2003), the behaviour of a metal matrix composite is sim-
ulated by means of discrete dislocations in an elastic matrix material, see
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Fig. 5.3. A cell with periodic boundary conditions is studied for the case of
longitudinal straining. The DD part plays the role of the constitutive equa-
tions in the FE calculation. At the boundary of the fibers, the dislocation
line is pinned and is not allowed to penetrate the surface of the fiber. A
large density of dislocations is found close to the interface between the fiber
and the metal matrix. In addition, the dislocations can by-pass the fiber by
an Orowan mechanism, a phenomenon which cannot be accounted for in a
2D approximation. No pile-up of dislocations can be found at the interface
in the 3D simulation which is in contrast to what is found in the 2D case
reported in Cleveringa et al. (1997). 

Figure 5.3: A plane section view of the dislocation structure obtained after
longitudinal straining (Groh et al. (2003)). The fiber volume fraction is 5 %
(left) and 45 % (right), respectively.

5.1.3 In two dimensions

A special case of DDD is the plane case. One example has been presented
by Van der Giessen and Needleman (1995) for analyzing the dynamic be-
haviour of dislocations in plane strain situations. The framework has been
used extensively in recent years. The dislocations are assumed to be pure
edge dislocations and their line is perpendicular to the slip planes. Prob-
lems of finite volume can be solved by superposition of two sub-problems, as
described in Section 5.1.2.

Creation of dislocations is governed by the operation of Frank-Read sources.
It is assumed that the source is a point source which is activated when the
shear stress reaches a critical value for a sufficient period of time. Then,
a dislocation dipole is created with two opposite dislocations with Burgers
vector ±b. The separation distance is determined by the critical stress τnuc

according to
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Lnuc =
µ

2π(1 − ν)

b

τnuc
(5.1)

where µ and ν are the shear modulus and Poisson’s ratio, respectively. Move-
ment of the dislocations is controlled by the Peach-Kohler force. If dislocation
i is characterized by its Burgers vector bi, the unit vector ni of its slip plane
and the tangent vector ti of the dislocation loop, the component fi of the
Peach-Kohler force is given by

f i = ni
I ·
(

σ̂IJ +
∑

j 6=i

σj
IJ

)

· bi
J (5.2)

where σ̂IJ is the stress field to correct for the actual boundary conditions.
For edge dislocations, this can be simplified to

f i = τ ibi (5.3)

where τ i is the resolved shear stress acting in the slip plane at the dislocation
line (no summation on i). The velocity vi of a dislocation in the direction
of the direction along the slip plane is taken to be linearly related to the
resolved shear stress through the linear drag relation

τ ibi = Bvi (5.4)

where B is the linear drag coefficient.
Dislocation glide is constrained by many factors in crystals, e.g. by other

dislocations or defects. In their framework, it is modelled by point obstacles
at which moving dislocations can get pinned. They are released when the
strength of the obstacle is exceeded. A dislocation can vanish through the
process of annihilation. Two dislocations annihilate if they have opposite
sign and are brought closer and closer to each other such that a critical
annihilation distance is reached.

At the boundaries, special treatment is required for the dislocations. As
reported in e.g. Nicola et al. (2003), dislocations at a free boundary are
allowed to leave the material but cannot be removed from the set of dislo-
cations since they contribute to a slip deformation. The glide plane is then
extended outside the material and a virtual dislocation is created and placed
outside the material. In this way, the linear elastic finite element solution
can correct for its image stresses in order to sufficiently accurate enforce the
stress free conditions which are valid at a free boundary. On the other hand,
an internal boundary is an obstacle to dislocation glide and is modelled as
impenetrable. As the dislocation hits the internal boundary, it gets pinned
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there. Then when the next dislocation approaches the boundary on the same
glide plane, it is stopped at a distance from the first dislocation due to the re-
pelling force. Hence, a dislocation pile-up is created and plastic deformation
is constrained.

The 2D approximation of a true dislocation network implies that all dis-
locations are straight edge dislocations. Consequently, all additional effects
associated with the curvature of the dislocation line are neglected. For in-
stance, obstacles to dislocation glide cannot be overcome in a 2D simulation
if they appear on the glide plane. In 3D however, the dislocation can by-pass
obstacles by the Orowan mechanism which leaves an area of unslipped ma-
terial near the particle. The particle is after a passage surrounded by a new
dislocation loop. This phenomena can in 2D be mimicked by releasing the
dislocation when the stress reaches a critical strength of the obstacle. Com-
putationally, 3D simulations are much more time consuming, not only due to
the increase in number of degrees of freedom, but also because of the addi-
tional 3D dislocation-dislocation interactions that are present. Examples are
dislocations zipping and unzipping, dislocation contacts and entanglements
of dislocations.



5.2. MOLECULAR DYNAMICS 37

5.2 Molecular Dynamics

Molecular Dynamics (MD) is a method used for the computer simulation of
the dynamic behaviour of a system of particles. The particles are interacting
and are supposed to represent the atoms in a macroscopic system. In the
context of plastic deformation, MD simulations can be used to provide more
detailed information about individual dislocations to researchers doing DDD,
e.g. local reactions taking place at the dislocation core. This is valuable since
elasticity theory, upon which dislocation theory is based, is not valid close to
the core of a dislocation. At a larger scale, MD computations can be used
to study the behaviour of dislocations in polycrystals with grain sizes below
0.1µm (today), so called nanocrystals, see Kumar et al. (2003) for a review
and Wolf et al. (2005) with emphasize on MD simulations. Here, we focus on
this subarea in MD since it is able to capture some essentials in dislocation
behaviour at GBs.

The method is based on Newton’s law of motion which takes the following
form

f(x) = −∇U(x) = ma(t) (5.5)

a(t) = ẍ(t) (5.6)

The force f(x) of each particle may be obtained as the negative gradient of
the potential energy function U(x). The potential function determines the
interaction between the particles in the system. Before starting a MD simu-
lation of a polycrystal, the problem has to be discretized or “meshed”, which
basically means placing the atoms in correct positions. One important ques-
tion is then to what extent the GB structure of coarse-grained polycrystals
can be extrapolated to the nano-sized microstructure. The GBs can be di-
vided into a) Special high-angle GBs (named by their Σ-number of the CSL ),
b) dislocation boundaries or c) general high-angle boundaries. The problem
lies within determining the density of a,b,c) and their individual misorienta-
tions in a nanocrystal. In many cases, information of this is lacking. This
step may however be synthesized through a simulation of the cooling of the
melt where grain “seeds” are placed more or less randomly in a simulation
box. It seems that high-angle GBs tend to dominate over special boundaries
in nano-crystals due to the large constraints that are introduced with the ex-
tremely small grain sizes. In addition, a solid procedure has to be used when
identifying GBs and dislocations. In Fig. 5.4, one example is given. Here,
the so-called Common Neighbour Analysis (CNA) has been used to char-
acterize the GB disorder. Atoms are classified as in either perfect-crystal
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FCC environment, in a hexagonal close packed (HCP) environment (a third
neighbour) or miscoordinated.

 

Figure 5.4: Characterization of the GB disorder. Atoms are coloured based
on their coordination: perfect-crystal FCC environment (white), HCP envi-
ronment (light blue) and miscoordinated in their first neighbour (dark blue).

The limitations inherent in MD simulations are well known:

1. The reliability of the interatomic potential is fundamental to the inter-
action of the particles in a simulation. A universal potential function
does not exist, see Section 5.2.2 for a discussion.

2. The time step. The time step has to be smaller than the highest vibra-
tional frequency in the system. Typical time steps in MD simulations
are in the order of 10−15 s (1 femtosecond). So, if a typical simulation
covers about 107 time steps, the deformation history in the simulation
has a duration of 10 ns. Interesting strain levels is one or several %,
which means that a strain rate on the order of 106s−1 is needed (at
least). This is not realistic.

3. In order to simulate a macroscopic behaviour of an aggregate, the num-
ber of particles needed is very large. Today, one have been able to study



5.2. MOLECULAR DYNAMICS 39

systems of about 108 particles, corresponding to a unit cell (a very small
one) of a nano-crystalline material with a maximum grain size of 50 nm
(Schiøtz and Jacobsen (2003)).

5.2.1 Nanocrystalline materials

It is today well-known that nanocrystalline materials behave differently than
conventional coarse-grained crystals. This can be studied in detail by the aid
of results from MD simulations. At a critical grain size dc, plastic deformation
by dislocation glide inside the grains, is replaced by GB dominated processes.
As the grain size d is decreased, the first source to dislocation glide that is
turned off for nanocrystals is the operation of Frank-Read sources inside
the grains. The grain boundary prevents the dislocation to bow out and
close in order to create a new loop. Instead, dislocations are nucleated from
GB sources. Partial dislocations become more and more dominating. The
splitting distance r, of two partials depends on the stacking fault energy
(SFE). A necessary requirement for the dislocation-glide mechanism to be
operational is that d > r. When d approaches r, only single partials can be
nucleated. They create stacking faults as they glide through the grain. So
implicitly, the SFE introduces a length scale in nanocrystalline materials. An
experimental verification of the correlation between dc and SFE however still
remains to be done. Deformation twinning, which is a different deformation
mechanism than dislocation glide, is also important in nano-crystals. For
example, twins have been found in nanocrystalline Al, whereas twins are
never seen in bulk Al. It has also been observed in nanocrystals that pile-ups
are formed against twin boundaries inside the grains instead of against the
GBs as one would normally expect in a grain. Hardening is then increased
as the twin boundaries are introduced, in the same time as the deformation
mechanism is different.

It has also been observed in MD simulations, that a GB nucleated dis-
location may be re-absorbed by the GB at the same location where it was
nucleated, when the applied stress is removed. This remarkable reversible
phenomenon indicates that a nano-sized grain has the tendency to refuse
mobile dislocations. Instead, it is dislocation free if there is no applied load.

5.2.2 Which potential function should be used?

Depending on the level of physical accuracy that is aimed at, the potential can
be defined in many ways. Mechanics in terms of particle-particle interaction
is one level on which potentials can be defined. On this level, chemical
reactions can for instance not be captured. The simplest potential is the
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Lennard-Jones potential. It describes the Van der Waal bonding and it has
one attractive term and one repulsive term. Potentials that assume that
the atoms interact in pairs are called pair potentials. The interaction is set
based on a cut-off radius of about 5Å, which is between the second and third
neighbour. If a contribution from electron interactions is added to the total
energy, the term semi-empiric potentials is sometimes used. One example
is The Embedded Atom Method (EAM) by Daw and Baskes (1983), which
is one of the most commonly used for simulating metals. An even more
advanced description is obtained if the equilibrium angle of the atoms is
taken into account. This is of importance in some applications, for instance
electro magnetism.

MD is sometimes regarded to be an interface between experiments and
theory or a “virtual experiment”. As described above, the method is based
on empirical or semi-empirical potential functions. These potentials contain
functional approximations with parameters that should be determined from
material constants or quantum mechanical calculations. However, even when
the Schrödinger equation is solved, there are still some uncertain ingredients,
so it seems that phenomenology always exists, at all scales. What MD results
actually can do, is to provide detailed time and space resolution of particle
interactions and give a hint of the mechanisms that appear at different mi-
crostructural length scales. Quantitatively, it should be taken with great care
and the experimental verification is still lacking in many observations of MD
simulations.



Chapter 6

Future work

Modelling plastic deformation on small scales is from an engineering perspec-
tive demanding since several scales are involved. Strain gradient plasticity
theories are powerful in this respect since small scale phenomena are ac-
counted for within a continuum framework. Internal boundaries, such as
grain boundaries, dislocation cells and twin boundaries as well as bound-
aries to other materials are obstacles to dislocation movement and hence
are constraining plastic deformation. Consequently, higher-order boundary
conditions and interface models are of fundamental importance in such a
framework. Today, there are several proposals in the literature and there
are few experimental evidence that rule out one or the other. There is a
large benefit in studying simple benchmark problems in developing different
theoretical proposals, since the predictive capability of the theory can often
be qualitatively captured in such problems.

For the future, a close connection between theoretical considerations of
dislocations and discrete dislocation dynamics results could be very eluci-
dating for researchers and engineers in the continuum community as well
as the material science community could gain information from continuum
interface modelling. One unresoved issue is the balance between energetic
and dissipative ingredients in strain gradient plasticity, both for bulk and
interface behviour. Experimental results of cyclic plastic behaviour on small
scales are here needed in order to rule out certain formulations from others.
The present implementation in the commercial and well established finite
element code ABAQUS, opens up for a wide range of different analysis types
with different kind of elements, which is powerful. Compared to a code de-
veloped for research purposes only, a commercially available implementation
should be fast, stable and reliable. More advanced numerical methods are
needed such that with fewer increments accuracy and robustness are still
maintained. Furthermore, it is believed that the numerical issues that have
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been discussed in Paper C can be relaxed by the use of a viscoplastic law in
the rate-independent limit, similar to what is applied in Papers A and B.



Chapter 7

Summary of appended papers

The appended papers contain a detailed description of the research in this
thesis and they are summarized below.

Paper A: Size-dependent yield strength of thin films
Biaxial strain and pure shear of a thin film are analysed using a strain gra-
dient plasticity theory presented by Gudmundson [Gudmundson, P., 2004.
A unified treatment of strain gradient plasticity. Journal of the Mechanics
and Physics of Solids 52, 1379–1406]. Constitutive equations are formulated
based on the assumption that the free energy only depends on the elastic
strain and that the dissipation is influenced by the plastic strain gradients.
The three material length scale parameters controlling the gradient effects
in a general case are here represented by a single one. Boundary conditions
for plastic strains are formulated in terms of a surface energy that represents
dislocation buildup at an elastic/plastic interface. This implies constrained
plastic flow at the interface and it enables the simulation of interfaces with
different constitutive properties. The surface energy is also controlled by a
single length scale parameter, which together with the material length scale
defines a particular material. Numerical results reveal that a boundary layer
is developed in the film for both biaxial and shear loading, giving rise to
size effects. The size effects are strongly connected to the buildup of surface
energy at the interface. If the interface length scale is small, the size effect
vanishes. For a stiffer interface, corresponding to a non-vanishing surface
energy at the interface, the yield strength is found to scale with the inverse
of film thickness. Numerical predictions by the theory are compared to dif-
ferent experimental data and to dislocation dynamics simulations. Estimates
of material length scale parameters are presented.
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Paper B: Modelling of the interface between a thin film and a substrate
within a strain gradient plasticity framework
Interfaces play an important role when modelling materials at the micron
scale. Therefore, the formulation of higher-order boundary conditions is of
vital importance within strain gradient plasticity theories. In the present
paper, we apply interface conditions with a clear connection to dislocation
theory. A surface energy is introduced to represent dislocation buildup at
an interface. It is assumed to depend linearly on the plastic strain state at
the interface. If dissipation is neglected at the interface, the higher-order
traction (conjugate to the plastic strain) will then obtain a constant value at
the interface when the material deforms plastically. This occurs differently
depending on the film thickness and the level of surface energy at the in-
terface. Size effects are found both concerning yield strength and hardening
behaviour, which is illustrated through a numerical study.

Paper C: Finite element implementation and numerical issues of strain gra-
dient plasticity with application to metal matrix composites
A framework of finite element equations for strain gradient plasticity is pre-
sented. The theoretical framework requires plastic strain degrees of freedom
in addition to displacements and a plane strain version is implemented into a
commercial finite element code. A couple of different elements of quadrilat-
eral type are examined and a few numerical issues are addressed related to
these element types as well as strain gradient plasticity theories in general.
Numerical results are presented for an idealized cell model of a metal matrix
composite under shear loading. It is shown that strengthening due to fiber
size is captured but strengthening due to fiber shape is not. A few modelling
aspects of this problem are discussed as well. An analytic solution is also
presented which illustrates similarities to other theories.

Paper D: Wedge indentation of thin films modelled by strain gradient plas-
ticity
A plane strain study of wedge indentation of a thin film on a substrate is
performed. The film is modelled with the strain gradient plasticity theory by
Gudmundson [Gudmundson, P., 2004. A unified treatment of strain gradient
plasticity. Journal of the Mechanics and Physics of Solids 52, 1379–1406]
and analysed using finite element simulations. Several trends that have been
experimentally observed elsewhere are captured in the predictions of the me-
chanical behaviour of the thin film. Such trends include increased hardness
at shallow depths due to gradient effects as well as increased hardness at
larger depths due to the influence of the substrate. In between, a plateau
is found which is observed to scale linearly with the material length scale
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parameter. It is shown that the degree of hardening of the material has a
strong influence on the substrate effect, where a high hardening modulus
gives a larger impact of this effect. Furthermore, pile-up deformation domi-
nated by plasticity at small values of the internal length scale parameter is
turned into sink-in deformation where plasticity is suppressed for larger val-
ues of the length scale parameter. Finally, it is demonstrated that the effect
of substrate compliance has a significant effect on the hardness predictions if
the effective stiffness of the substrate is on the same order as the stiffness of
the film.
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