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Abstract
Fast improvements of technologies for the acquirement of large genomic data
through single cell RNA-sequencing have led to a need for new mathematical
methods for the analysis of such data. One approach of representing this data
that has emerged over the last couple of decades is through graph representa-
tions, i.e. as networks that describes how genes interact with each other. There
has since then been a development of a multitude of methods based on these
so-called co-expression networks for gene analysis. More recently, a notion
of curvature has provided a methodology for quantifying differences and sim-
ilarities in these large graphs, but better understanding of the methods are still
needed, especially when the networks considered grows larger and larger.

Pompe disease is a rare genetic disorder caused due to mutations in the
GAA gene which codes the enzyme acid alpha glucosidase (GAA). Current
treatment involves enzyme replacement therapy and the side effects vary be-
tween patients. Here we develop an approach to identify genes and pathways
that can reduce the disease pathology by utilizing concominant treatments or
reduce the immunogenicity of current treatments.

In this project we use single cell RNA-sequencing of hundreds of cells from
real patients to generate networks describing gene interactions. The Ollivier-
Ricci curvature is calculated for the large networks using entropy-regulated
optimal mass transport.

The top genes we identify by our method have a strong presence in prior
literature in association with lysosomal and mitochondrial diseases. This pos-
itive verification from scientific literature makes this methodology for narrow-
ing down genes of interest promising.
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Kvantifiering av skillnader i
gennätverk genomgrafkrökning

Sammanfattning
En snabb utveckling av teknologi kapabel att generera stora genomiska data-
mängder genom encellig RNA-sekvensering har lett till behovet av nya mate-
matiska metoder för analys av sådan data. Ett sätt att representera denna data
som har blivit populärt under de senaste decennierna är genom grafrepresenta-
tioner, nätverk som beskriver hur gener interagerar med varandra. Sedan dess
har det utvecklats en mängd metoder baserade på dessa nätverk. På senare tid
har metoder baserade på grafkrökning skapat ett sätt att differentiera dessa sto-
ra grafer, men bättre förståelse av metoderna behövs, särskilt när de nätverken
blir större och större.

Pompes sjukdom är en sällsynt genetisk sjukdom orsakad på grund av mu-
tationer i GAA-genen som kodar för enzymet acid alpha glucosidase (GAA).
Den nuvarande behandlingen innebär enzymbehandling (ERT) och biverk-
ningarna varierar mellan patienter. Här utvecklar vi ett sätt att identifiera gener
som kan förbättra sjukdomen genom att använda sammansatta behandlingar
eller minska immunogeniciteten hos nuvarande behandlingar.

I detta projekt använder vi RNA-sekvensering av hundratals celler ifrån pa-
tienter för att generera nätverk som beskriver geninteraktioner. Ollivier-Ricci-
krökningen räknas ut för de stora nätverken genom entropi-regulariserad op-
timal masstransport.

Generna vi identifierar med vårmetod har en stark närvaro i tidigare littera-
tur i samband med lysosomala och mitokondriska sjukdomar. Denna positiva
verifiering från vetenskaplig litteratur gör denna metod för att begränsa gener
av intresse lovande.
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Chapter 1

Introduction

Pompe disease is a monogenic disease, meaning that it is caused by a muta-
tion in a single gene, known as GAA. The specific gene produces the enzyme
acid alpha-glucosidase (GAA), which is required for processing the complex
sugar glycogen, stored in the lysosomal compartment of the cell. The current
method of treating this disease is using enzyme replacement therapy by inject-
ing recombinant GAA into the blood system. This treatment can cause some
severe immune reactions. In this project, the enzyme replacement therapy is
modeled within a lab environment by adding the enzyme GAA to cells. Data
from skin fibroblast cells are compared with the same cells grown in the pres-
ence of GAA. This is done to identify genes and pathways that are modified
in the disease condition when GAA is added.

The analysis is based on data from single-cell sequencing [1], which is a
fairly new technology within the field of biology. As opposed to other cell
sequencing methods, it does not sequence multiple cells in bulk. The method
is able to derive information about each cell at the transcriptomic level. This
makes it possible to use each cell as an observation and thus use correlation
values between genes from multiple cells from a single patient. In this study,
this is used to analyze differences between normal cells and cells treated with
GAA. Correlations between genes are used to construct networks, and dif-
ferences in curvature between the networks are then used in an effort to find
potential solutions to the adverse effects of Pompe disease.

In this project, Ricci curvature is used for comparing and identifying genes.
Ricci curvature defines a notion of curvature that can be defined not only on
surfaces, but also on graphs.

This also relates to biological systems and how well the system can adapt
to changes. By modeling a cell as a network with genes as vertices and edges

1



2 CHAPTER 1. INTRODUCTION

Figure 1.1: Three examples of differently curved edges in networks

corresponding to biological interactions, the robustness can directly be trans-
lated to how tolerant the network is to deletion of edges or other changes of
the network. It is natural to think that robustness is something that can help to
identify important genes involved in disease [2]. However, there is no way to
directly measure the robustness, but graph curvature works as a proxy for it.
The fact that curvature is a proxy for robustness is justified mathematically by
considering network entropy and the fluctuation theorem [3], [4]. From Figure
1.1, it can also be intuitively visualized that the negatively curved connection
is less robust. It has no redundant pathways. On the other hand, the connection
in the positively curved space in Figure 1.1 is more robust and many redundant
pathways can be seen. Based on curvature, there are also explicit bounds on
the concentration of triangles, and thus redundant pathways, within the neigh-
bourhood of a node in a graph [5], [6]. Identification of genes using curvature
has been done before [3], [4], [7], [8], [9].
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1.1 Main approach and goals of the project
The goal is to identify which genes that change the most in behaviour when
the enzyme GAA is added to the cells. Or more generally to develop an under-
standing of the application of graph curvature in this type of biological system
for future applications in Disease vs. Non disease conditions. An additional
aim is to narrow down, in conjunction with differential expression analysis,
the genes that are most likely biologically relevant in the pathology of Pompe
disease. The methods developed are expected to be applicable to other mono-
genic diseases.

The main procedure is done by constructing two networks describing how
genes interact, one network from data with GAA and one network from data
without GAA. Difference in the networks are quantified by difference in cur-
vature. Hence, the genes with the largest change in curvature are identified
and outputted by the method. There are obviously various ways of construct-
ing the networks and choosing which genes are connected to each other. Here
we investigates a number of options and compare the results.



Chapter 2

Biological background

2.1 How a protein is constructed
All the genetic information of a person is stored in the form of DNA in each
cell. Everything that is produced by a cell is governed by the instructions
that are contained in this DNA. The genome contains many genes, which are
smaller sequences of DNA that encodes a specificmolecule that has a function.
The molecules that a gene most often encodes are called proteins.

In order for the cell to produce a protein, firstly the information from a
gene encoded on DNA is copied to a strand of RNA. Similarly to DNA, RNA
is also a long molecular chain that encodes information. The RNA copy of the
gene is then transported to a ribosome, where proteins are produced. There,
the RNA serves as the instructions for the production of the final protein. This
whole process is known as gene expression, see Figure 2.1.

Figure 2.1: The steps in gene expression

4
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2.2 RNA-sequencing
RNA-sequencing is a way to determine the quantity of RNA in a sample at a
given moment. When RNA sequencing is performed, one intercepts the RNA
before the protein is constructed and reads what the information is on that
RNA. The sequence that is read is then compared with known RNA sequences
from genes. The number of RNA strands found that are corresponding to a
specific gene are counted [1].

Since a protein is constructed directly from the instructions on RNA, this
sequencing measures the amount of protein each gene produces in the cell.

Another way of predicting gene expression is that of the DNA microarray
[10], but it has various drawbacks such as the need of pre-existing knowledge
of genomic sequences and high background noise [11]. RNA-sequencing is
advantageous to DNA microarray because it overcomes the problems regard-
ing background noise, and no pre-existing knowledge is needed to analyze
a unknown genome [12]. This superiority of finding gene expression levels
using methods based on RNA-sequencing compared to microarrays has been
demonstrated in a study using kidney and liver samples to compare results
from the two methods [13].

Typically, RNA sequencing is performed in bulk, meaning that RNA from
many different cells are used for the sequencing and there is no way to tell
which RNA came from which cell. More recently, methods for sequencing
of an individual cell has been developed, these methods are called single cell
RNA sequencing. When each cell is sequenced individually, one can get the
gene expression values for all genes in each specific cell.

Single cell RNA-sequencing had its breakthrough in 2009 when it was per-
formed using a single cell [14]. From that point on, single cell sequencing has
been used to do things which bulk RNA-sequencing can not do. The increased
resolution gained by Single cell RNA-sequencing makes it possible to find out
the specifics of what happens in each and every cell. The knowledge of the
gene expression values in each cell makes it possible to get the correlation
values between genes. It is these correlation values that are utilized within
this project.

Although RNA-sequencing has been proclaimed as a method able to pro-
vide a complete transcriptome regardless of the cell type or the context of
the study, there are challenges that have had to be overcome. Many of these
challenges are computational since RNA-sequencing generates a lot of data.
With the introduction of single cell RNA-sequencing, the computational hur-
dles are even harder. Some of the challenges are related to transcript mapping
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and reconstruction of the transcriptome [15]. Further complicating the issue
is the need for a reference genome and a reference transcriptome. However,
transcript alignment using a reference transcriptome has been demonstrated
as less accurate as methods not utilizing a reference transcriptome [15].

2.3 Pompe disease
Pompe disease is also known as glycogen storage disease II. As the name sug-
gests, the symptoms are caused by an accumulation of glycogen within the
lysosome [16]. Patients with Pompe disease have a mutation in the gene which
produces acid alpha-glucosidase (GAA). This enzyme is used to break down
glycogen, which is why patients with Pompe disease have a buildup of glyco-
gen within the lysosome.

Some patients might only have slightly less GAA than a healthy person,
while some other patient might have zero production of GAA. The severity is
usually classified by the agewhen symptoms appear. Themonogenic disease is
thus classified into infantile, juvenile and infantile-onset Pompe disease. Most
severe is infantile onset Pompe disease [17].

For infantile onset Pompe disease, common symptoms include cardiomy-
opathy, trouble breathing, respiratory infections, trouble feeding and an en-
larged liver. If untreated, death usually occurs before 2 years of age [18]. The
cause of death is by respiratory failure or cardiac obstruction. On the other
hand, in late onset Pompe disease, the symptoms either appear after one year
of age, or no cardiomyopathy is present. Patients with late onset Pompe disease
suffer from proximal muscle weakness, problems swallowing, loss of ability
to exercise, enlarged heart, irregular heartbeat and problem breathing [19]. Ju-
venile and adult onset Pompe disease patients have a higher mortality rate than
the general population, associated with their level of disability in the absence
of treatment [20].

2.3.1 Treatment of Pompe disesase
The treatment of Pompe disease is through enzyme replacement therapy with
recombinant GAA (rhGAA / alglucosidase alfa). Cardiac andmuscle improve-
ments has been demonstrated through clinical trials in patients with infantile
onset Pompe disease, leading to improved survival [21]. However, hearing
loss and residual muscle weakness has still been reported after treatment [22].
Immune reaction to the recombinant GAA is a major problem. A development
of IgG antibody response against the treatment is more likely for patients that
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are Cross reactive immunologic material (CRIM)-negative. The CRIM-status
of a patient can thus indicate the severity of immune reactions [23]. About
95-100% of Pompe patients on ERT develop anti-drug antibodies [24]. The
production of the recombinant GAA is done in Chinese hamster ovary cells
under the labels Myozome R© or Lumizyme R©.

Another alternative way of treating Pompe disease that has been proposed
is through gene therapy [25]. A clinical study in 2017 for gene therapy in
Pompe disease showed an improvement after the therapy [26]. Another study
indicated that even though an observed high transgene expression, there was an
impaired clearance of accumulated lysosomal glycogen [27], further strength-
ening the need for combination therapy.

2.3.2 The patients in this study
In this study, we look at messenger RNA transcripts in cultured fibroblasts de-
rived from Pompe patients at a single cell resolution. Cells from three patients
with severe Pompe disease are used, and the mutation and the specifics of their
disease are shown in Table 2.1. Single cell sequencing has been performed on
94 cells from each patient. Half of the cells has been treated with the enzyme
GAA during cell culture, for 48 hours.

Sample Patient 1 Patient 2 Patient 3
Type Infantile /Late-onset Infantile Infantile
Sample Age 4 months 5 months 7 months
Mutation EX18DEL ARG854TER MET318THR GLU521LYS
GAA Activity Deficient in muscle 0.16% 0%

Table 2.1: Details of the patients included in this study



Chapter 3

Mathematical background

In this section we briefly review the math concepts relevant to the project. First
we define graphs and optimal mass transport. These concepts are then used
for defining Ricci curvature on graphs. Finally we describe the computational
methods for fast computation of the curvature.

3.1 Graphs
The notion of a network is defined mathematically as a graph. The mathe-
matics within this project is based on representation of gene data as weighted
graphs. A graph is a set of discrete points, called nodes, where pairs of nodes
can have a connection between them. The connections are called edges and
they have an associated number, called weight. A graph can either be directed
or undirected. In a directed graph, the edges has an orientation and are thus
typically drawn as an arrow instead of a line.

There is an important notion of distance between two nodes in a graph by
the geodesic metric, which is the number of edges in a shortest path between
two nodes. It is denoted as d(x, y) for nodes x and y.

The degree of a node in an undirected graph is the number of edges that
are connected to that node.

3.2 Optimal mass transport
The Wasserstein-1 metric used in this project is related to the optimal mass
transport problem. Conceptually, the problem aims to find the best trans-
port plan to shift one pile of dirt into another pile, subject to a transport cost.

8



CHAPTER 3. MATHEMATICAL BACKGROUND 9

Mathematically, these two piles are positive functions µx and µy, defined on
a convex subset S ⊂ Rd. The transport plan is a function φ : S → S and
the cost of moving a point mass at sx to sy is defined by the cost function
c (sx, sy) : S × S → R+. The resulting formulation is known as the Monge
formulation [28],

min
φ

∫
S

c(φ(s), s)µx(s)ds,

subject to
∫
s∈S

µx(s)ds =

∫
φ(s)∈S

µy(s)ds ∀A ⊂ S,
(3.1)

where the constraint basically states that the map preserves mass. Although
the Monge formulation is simple to conceptualize, it is non-convex and hard
to work with.

Instead of optimizing over the transport plan φ, one can instead consider
the amount of mass moved from point sx to sy, which is a transference plan
M : S × S → R+. The optimization based on the transference plan leads to
a larger state space, but the resulting problem is both convex and symmetric
with respect to µx and µy. It is also generalizable to any positive measure
dM ∈ M+(S × S) and allows mass to be moved from a single point to a set
of points. This formulation is known as the Kantorovich formulation

min
dM∈M+(S×S)

∫
(sx,sy)∈S×S

c (sx, sy) dM (sx, sy),

subject to µx (sx) dsx =

∫
sy∈S

dM (sx, sy)

µy (sy) dsy =

∫
sx∈S

dM (sx, sy).

(3.2)

Without loss of generality, the mass of the piles can be normalized to 1. The
functionsµx andµy are then identified as two probability density functions that
are the marginals to M . When the underlying space S is a separable metric
space, and the transport is simply given by the metric, the optimal transport is
also a metric known as the Wasserstein-1 distance or the earth mover distance
(EMD). This metric is used for the calculation of Ollivier-Ricci curvature.

3.3 Curvature on graphs
(Ollivier-Ricci curvature)

Intuitively, the Ricci curvature can be explained by whether or not two points
get closer or further away from each other when the points are slightly spread
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out or diffused. For a positively curved space, two small balls centered at the
points x and y are closer than the distance between x and y themselves. This
intuitive way of thinking of curvature also works for discrete spaces such as
networks. The distance between spread out points in networks can be gotten
by optimal transport between distributions on the network [29]. Figure 1.1
shows that idea in three graphs with different curvature. It can be seen that
the positively curved graph has a lower transport cost when the mass is dis-
tributed to the neighbourhood of x and y compared to the transport cost when
all mass is on the points x and y themselves. The reverse can be seen in the
negatively curved network. One generalization of Ricci curvature onto graphs
is the Olliver-Ricci curvature,

Definition 3.3.1 [30] Let (X, d) be a metric space with a Markov chain µ, Let
x, y ∈ X be two distinct points. The coarse Ricci curvature of (X, d, µ) along
(x, y) is

k(x, y) := 1− W1(µx, µy)

d(x, y)
, (3.3)

whereW1(·, ·) is the Wasserstein-1 distance.

By this definition, the curvature is defined between an arbitrary pair of nodes
of the graph. A natural metric to consider on a graph is the number of edges
in the shortest path between two nodes. This metric is known as the geodesic
distance. The two important things needed for finding curvature is thus the
geodisic distance and the Wasserstein-1 distance between the pair of nodes
considered. The algorithms for finding geodesic distance are efficient and easy
to implement. The Wasserstein-1 distance is on the other hand much harder to
find, especially for large graphs that are highly connected.

3.3.1 Other types of curvature
The fact that the Ollivier-Ricci curvature needs the Wasserstein-1 distance
makes it computationally hard for large networks. The networks considered
here are almost on the verge of being too large to do a Ollivier-Ricci curva-
ture calculation on. There are other definitions of curvature, that are easier to
compute for larger networks [31], such as the Forman-Ricci curvature which
is defined by [32], [31],

F(e) = we

wv1
we

+
wv2
we
−

∑
ev1∼e,ev2∼e

[
wv1√
wewev1

+
wv2√
wewev2

] . (3.4)
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The exact derivation of this formula is very technical [31], but it is based on a
discretization of the so-called Bochner–Weitzenböck formula. Here, e is the
edge considered, v1 and v2 are vertices and w denotes the weight associated
with edges and vertices. Previous results based on Forman-Ricci curvature
on biological networks have had similar results to those based on Ollivier-
Ricci curvature [7]. It has been suggested that Ollivier-Ricci curvature is better
suited to study probabilistic phenomenon than Forman-Ricci curvature since
it better captures cohearence and does not capture differences in topology as
much as the Forman-Ricci-curvature [33]. For that reason, it is better to base
the analysis in this work on Ollivier’s definition of curvature when the net-
works are small enough.

3.4 Computation of the
Wasserstein-1 distance

A graph is a separable metric space, so the Wasserstein-distance can be com-
puted through the discrete version of the Kantorovich formulation of the opti-
mal transport problem 3.2. The metric considered is the number of edges in
the shortest path, thus giving the transportation cost [C]ij = d(xi, xj) and the
earth mover distance as the linear program, [28]

W1 (µx, µy) = minM≥0 trace
(
CTM

)
,

subject to µx = M1ny ,

subject to µy = MT1nx .

(3.5)

For this approach of analysing gene expression data, the curvature is needed
between all pairs of genes. Consequently, there would be a need to solve this
linear problem for each pair of nodes in the gene expression data. In the dis-
crete formulation 3.5 of the optimal mass transport problem, each linear pro-
gram has dimension equal to the product of the degrees of the nodes for which
the curvature is computed between. Since the graphs considered are large
and have a high average degree, the number of optimization problems to solve
quickly becomes vast. This regular formulation is thus not computationally
feasible and another method is needed.
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3.4.1 Approximation of the optimization problem and
Sinkhorn iterations

The constraints on the variable M in the optimization problem (3.5) can be
viewed asM belonging to the polyhedral set of matrices

U(µx, µy)
def
=
{
M ∈ Rdx×dy

+ |M1dy = µx,M
T1dx = µy

}
, (3.6)

called the transportation polytope of µx and µy [34]. It is useful to think of this
transportation polytope in a probabilistic way, namely if µx and µy are obser-
vations of random variablesX and Y , then the set defined by the transportation
polytope consists of all possible joint probabilities of (X, Y ). This means that
µx and µy are observations of the marginal probabilities of (X, Y ). In this
probabilistic setting, it is natural to define the entropy h and the Kullback-
Leibler divergence for these distributions [35], as

h(µ) = −
d∑
i=1

µi log µi, h(M) = −
d∑

i,j=1

mij logmij,

KL(M‖Q) =
∑
ij

mij log
mij

qij
.

(3.7)

With the introduction of the transportation polytope, the optimization problem
in (3.5) is equivalent to

W1 (µx, µy) = min
M∈U(µx,µy)

trace
(
CTM

)
. (3.8)

Instead of considering the whole transportation polytope U(µx, µy), a convex
subset ofU(µx, µy) can be obtained by only using thematricesM ∈ U(µx, µy)

that are closer than α to the matrix µxµTy in the Kullback-leibler sense. This
convex subset parameterized by α is

Uα(µx, µy)
def
= {M ∈ U(µx, µy)|KL(M‖µxµTy ) ≤ α}. (3.9)

The matrix µxµTy is in U(µx, µy) since µx and µy are probability densities so
µTy 1dy=1 leading to µxµTy 1dy = µx and similar for the column sum of µxµTy .

The exact solution of the optimal mass transport problem can thus be ap-
proximated with

dC,α (µx, µy) = min
M∈Uα(µx,µy)

trace
(
CTM

)
. (3.10)
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The distance dC,α (µx, µy) gives an upper bound of W1 (µx, µy) because the
approximation restricts the allowed space for the matrix M . The optimum
with this restriction can never have a lower cost than the optimization with-
out the restriction. Hence W1 (µx, µy) ≤ dC,α (µx, µy), with equivalence if
the parameter α is large enough. The distance dC,α (µx, µy) is known as the
Sinkhorn distance, and has been shown to work well for finding an optimal
transport in an efficient manner [36].

3.4.2 Duality of the Sinkhorn distance
We have that

KL(M‖µxµTy ) =
∑
ij

mij log
mij

µx,iµy,j
=
∑
ij

mij(logmij − log µx,i − log µy,j)

= h(µx) + h(µy)− h(M).

(3.11)

The constraint onM byM ∈ Uα (µx, µy) can therefore be written as h(M) ≥
h(µx)+h(µy)−α. The fact that h(µx) and h(µy) are constant for a given pair
(µx, µy) means that h(µx) + h(µy)−α is constant for a specific pair (µx, µy).
This constraint can be viewed in the context of duality. For a particular pair
(µx, µy) and a particular α, there is a corresponding positive Lagrange multi-
plier λ for the dual optimization problem

dλC (µx, µy) = trace
(
CTMλ

)
whereMλ = argmin

M∈U(µx,µy)

trace
(
CTM

)
−1

λ
h(M).

(3.12)
With dual variables, βx ∈ Rdx and βy ∈ Rdy , the corresponding Lagrange
function is

L(M,βx, βy) =

trace
(
CTM

)
− 1

λ
h(M) + βTx (M1dy − µx) + βTy (MT1dx − µy) =∑

ij

mijcij +
1

λ
mij logmij + βTx (M1dy − µx) + βTy (MT1dx − µy).

(3.13)

The optimum of the dual problem is where

0 =
∂L (M,βx, βy)

∂mij

= cij +
1

λ
(1 + ln(mij)) + βx,i + βy,j

=⇒ mij = e−1/2−λβx,ie−λcije−1/2−λβy,j .

(3.14)



14 CHAPTER 3. MATHEMATICAL BACKGROUND

The solution has the nice structure

M = diag (u)K diag (v) , (3.15)

where Kij = e−λcij and u, v are some vectors. The matrix K is strictly posi-
tive, andM is bistochastic sinceM ∈ U(µx, µy). By Sinkhorn’s theorem,M
is unique and can efficiently be found by repeated iteration by the Sinkhorn-
Knopp algorithm [37].

3.4.3 Sinkhorn-Knopp algorithm
The Hadamard, or the element-wise product and division are denoted by �
and � respectively. The iteration by u← µx �K

(
µy �KTu

)
will converge

towards M . By prestoring the value of K̃ = diag(1 � µx)K, the update is
equivalent to u ← 1 �

(
K̃
(
µy �KTu

))
, which removes the computation

on one Hadamard product in each update. Furthermore, in contrast to regular
LP-solvers, the Sinkhorn-Knopp algorithm only uses simple matrix manipula-
tions. Thismakes it possible to efficiently compute dλC (µx, µy) , d

λ
C (µx, µz) , . . .

in parallel using efficient algorithms for matrix manipulation already imple-
mented in Matlab. The exact algorithm used is described in Algorithm 1 [34].
Algorithm 1: Computation of d = dλC (µx, µy) , d

λ
C (µx, µz) , . . .

Input: C, λ, µx, µy = [µ1, µ2, µ3, . . . ]

K = e−λC , K̃ = diag(1� µx)K
while Stopping criterion not satisfied do

u = 1�
(
K̃
(
µy �KTu

))
end
v =

(
µy �KTu

)
Return: d = sum(u� ((K � C)v)

One should note that it is also possible to modify Algorithm 1 to have the input
µx as the distribution from multiple nodes making it possible to calculate even
more dual Sinkhorn distances in parallel.

Stopping criterion

Obviously, the update can be carried out any number of times. The more up-
dates, the more it converges towards the solution of dλC (µx, µy). The stopping
criteria used is based on the L1-norm between the marginal of the current so-
lution, v� (KTu), and the actual marginal, µy. When multiple dual Sinkhorn
distances are done in paralell, then the L∞-norm of all those L1-differences
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should be below some threshold. More formally, if the distance between the
current marginal and the actual marginal is

∆k = ‖vk � (KTu)− µk‖1, (3.16)

then the iterations are stopped if

‖∆k‖∞ < θ, (3.17)

where the tolerance was chosen as θ = 0.005.

Numerical stability of the Sinkhorn Knopp algorithm

The stability depends on the structure of the matrix K = e−λC . Because of
K only containing strictly positive values, the matrix K has total support for
every value of λ, meaning that every positive element lies on a positive diag-
onal [38]. This is a necessary and sufficient condition to make the algorithm
converge [36]. In theory, lambda could thus be chosen as large as possible.
However, since this algorithm is done on a computer with finite memory, the
result is not true in practice. If Kij = e−λcij is too small for the computer to
represent as a floating point value, then that element ofK would be set to zero.
This would lead to that diagonal loosing support andK no longer having total
support. As the matrix inK is implemented as the data type double, this gives
the upper bound

max cijλ < 200 (3.18)
that must be held for numerical problems not occurring.

3.4.4 Scalar curvature
AsOllivier-Ricci curvature is an edge-based curvature, it is only valid between
pairs of nodes, a notion of the curvature around a single node would be useful.
This would make it possible to compare two genes directly instead of com-
paring pairs [8]. The genes which have a large change in curvature around it,
could be relevant targets for further biological investigation. The scalar cur-
vature can be defined as [39], [4],

κ(x) :=
1

dx

∑
y,y∼x

κ(x, y) (3.19)

where dx is the degree and y ∼ x denotes that nodes x and y are neighbours.
Note that this scalar curvature only uses curvatures between neighbours, which
makes it possible to compute with good accuracy since curvatures between
non-neighbours can be omitted.
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Another definition of scalar curvature

There are other ways to define curvature at a node, one is [4]

S(x) :=
∑
y

κ(x, y)µx(y). (3.20)

The measure µx(y) in this formulation removes the bias towards node degree
in another way than just dividing by the total degree.

3.4.5 Calculation of curvature for every pair of nodes
The Sinkhorn distances was calculated using the implementation from Marco
Cuturi’s website [34]. The curvature of the graphs was computed in two ways,
globally and locally. Because the Sinkhorn distance is symmetric, special care
was taken so that no distance is calculated twice but from the other direction.

Global calculation of curvature

In the global calculation, the curvature between every single pair of nodes is
computed. Firstly, the nodes are numbered. Algorithm 1 is then used with
µx being the jump probability associated with node 1, and µy consisting of the
jump probabilities from all theN−1 remaining nodes. The result is a (N−1)-
sized vector which is inserted into the first row of an empty matrix. The same
process is then repeated with µx corresponding to node number 2, and µy
corresponding to all nodes except node 1 and node 2. The result is inserted
into the second row of the matrix. Once this is done with all nodes, one has
obtained an upper triangular dual Sinkhorn distance matrix where the element
{i, j} is the dual Sinkhorn distance between the distributions corresponding
to node i and node j.

Local calculation of curvature

The local calculation only considers the curvatures between a node and the
set of its neighbours. Curvatures between non-neighbouring nodes are omit-
ted. The calculation is made in a similar fashion as the global calculation, the
only difference is that µy of Algorithm 1 is only gotten from the neighbouring
nodes except the neighbours whose distances already has been computed. The
reason to do local calculation instead of a global one is not only that the com-
putational time is vastly reduced. As argued in [4], the change in curvature
between non-neighbouring pairs will be dominated by the change in curva-
ture between genes that are neighbours. It can be seen from the definition of



CHAPTER 3. MATHEMATICAL BACKGROUND 17

Ollivier-Ricci curvature in Equation 3.3.1 that the difference in curvature de-
cays when the distance d(x, y) gets larger. So, it is deemed sufficient to only
compute curvatures between pairs with d(x, y) = 1. All other Wasserstein-1
distances are not computed.
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Method and Modeling

In this section, the different ways of constructing graphs from gene expression
is introduced. Then, the process of finding out whether or not the identified
genes are of biological relevance is explained. A description of the size and
sparseness of the gene expression data is also included in this section.

4.1 Construction of the networks
The graph must be equipped with a Markov-chain to be able to apply the def-
inition of Ollivier-Ricci curvature. The formation of the Markov chain onto
the graph using biological data can be done in different ways, [7], [3]. If the
network is represented by an undirected graph G with positive weights, then
define

µx(y) :=
wxy∑
z wxz

(4.1)

with wxy being the weight of the edge between node x and y, and z being the
neighbouring vertices to x. This gives a Markov chain structure on G since
µ can be thought of as the jump probabilities between the states of a Markov
chain.

4.1.1 Weights of the Correlation network
In order to construct the correlation network, the Pearson correlation coef-
ficient are calculated between all pairs of genes and over all samples of the
specific group of cells, for example all cells without added GAA, forming the
Pearson correlation matrix ρ [8], [40].

There is a need to remove connections between genes that are not strong,
otherwise the optimization over the graphs would be too hard. It is not quite

18



CHAPTER 4. METHOD AND MODELING 19

clear how this should be done, as this has been done in multiple different ways.
The choice is arbitrary, and some ways to do it is by only keeping the top 1%

in correlation value [41], [40], only keeping edges with Pearson correlation
above a threshold [42], or only keeping connections with some statistical sig-
nificance [43], [44]. Also methods from spectral graph theory has previously
been employed [45]. To reduce the degree of the network, and therefore the
computational complexity, a threshold δ is used so that all correlations with ab-
solute value lower than this threshold are set to zero, and that edge is removed.
A transformation of the thresholded correlations such thatwxy = 1+ρxy

2
results

in a positive weighted graph G with weight wxy between gene x and gene y
[7] so that a Markov chain can be formed on G in accordance with Equation
4.1. Note that this transformation into positive weights does not handle very
negatively correlated genes very well. However, the transformation has previ-
ously been able to provide positive results [8], [7]. There has been efforts to
find curvature for directed graphs where activators and inhibitors are treated
differently. The Forman-Ricci curvature in Equation 3.4 can be generalized
into so called signed control Ricci curvature which treat negative and posi-
tive correlations differently [7]. Also, Bakry-Émery Ricci curvature can be
generalized to these types of graphs [9].

With this in mind, it is important to investigate the effect of the choice of
removal of excess connections. Three different ways of removing connections
are tried and they are,

1. Using a threshold δ to set low correlation values to zero.

2. Removing connections with a high p-value of the correlation coefficient.

3. Using graph topology from a database of known biological gene inter-
actions.

4.2 Using graph topology from a database of
known biological gene interactions

Which genes that interact with each other is a well studied subject. There
are databases that has this information of known interactions that can be im-
plemented to this method. The database used is STRING [46]. Firstly, the
protein splicings from the RNA-sequencing data that are not part of STRING
are filtered out. Then all known biological protein-to-protein interactions are
downloaded as a text file with 3.4 million rows, each row corresponding to a
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pair of genes that have a connection. The rows that contains a gene not in the
gene expression data are removed, leaving only those connections where both
genes are in this study.

The gene expression data is based on ENSG-names and the database is
based on ENSP-names. A dictionary for converting the names is used. This
dictionary is constructed based on the STRING database as well, and thus
only contains the names that actually are within STRING. This file makes it
possible to sieve out the genes not in the database.

4.3 Functional annotation using DAVID
The methods in this project identifies sets of genes, but there is a need to see
whether or not the outputted genes are relevant to the disease in question. For
this, a functional annotation tool is used from the database DAVID [47], [48].
The input to the tool is a list of genes, these genes are then compared with
known sets of genes related to various different biological processes and path-
ways. The pathways and groups of genes within DAVID is then ranked based
on the co-occurrence with the inputted list.

If the genes in the inputted list is very related to a known biological func-
tion, DAVID outputs what that function is and how strongly the genes in the
input correlates with that specific biological function.

As an example, if the tool outputs the lysosome pathway with a low p-
value, then the genes in the input are important towards Pompe disease since
Pompe is a lysosomal storage disease.

4.4 How the data was acquired
Cells from three infants with Pompe disease are used for the study. The cells
were placed on a plate with wells, each well only containing one cell. GAA
was added to half of the cells during cell culture for 48 hours. For each patient
there were 47 cells with, andwithout GAA-treatment, for a total of 282 cells for
this sample set. The plate was sent off for single-cell RNA-sequencing in col-
laboration with SciLifeLab. The result from the single-cell RNA-sequencing
consists of a list of all the base pair reads for each cell. This has to be inter-
preted to produce the expression values for each gene.
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4.4.1 From single cell sequencing to expression
The expression is a quantification of how many times a certain known string
of base pairs show up, corresponding to a known gene.

The conversion from RNA-reads to expression values is made by firstly
finding unique alignable positions using the tool MULTo [49] and then the
expression values were computed through the method described in [50].

4.4.2 Data cleanup
The data consists of cells from three patients. Each patient has 47 cells with
GAA and 47 cells without GAA, for a total of 282 cells. The single cell RNA-
sequencing captures 29096 different known sequences corresponding to 29096
known proteins. However, many of the 29096 are not active within the cells
used in this study and many genes does not have any, or only a very few ex-
pression values. Correlations between genes are needed for the correlation
network, so the genes with few observations will give worse statistical signif-
icance than those with more observations throughout the samples. A removal
of genes with too few samples has to be done [51]. The number of genes
with a specific number of non zero expression values are shown in Figure 4.1,
both linearly and logarithmically scaled. It is noted that from the 29096 genes,
about half does not have any expression value at all in any sample. Further-
more, more than a thousand genes has expression in only one single sample.
The sparsity of the expression data is thus high. Because of the sparsity of the
expression data, only the genes that have an expression in the majority of the
cells are kept. The rest of the genes are deemed to be too inactive within these
specific cells and are discarded.

How many genes to remove is of course arbitrary. A removal of one third
of the genes has been used previously [41], but within this project, half of
the genes are removed. This choice is made because there are three patients
and the genes are differently sparse for each patient. In order to be able to
compare results between patients, the considered genes should be the same
for all patients. A removal of less genes leads to some genes not having any
expression in one of the patients and all of the expression values in the other
patients. The patients are to be compared with each other, so this is not allowed
to happen. The number of genes left to consider is also about the same as the
number of genes considered in previous research [8]. The number of genes
that are expressing in the majority of the cells is 7902 genes.
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Figure 4.1: Number of genes with a specific amount of non-zero expressions
throughout the samples
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4.5 Computer specifications
Since multiple decisions within this project has been made based on the com-
putational time of the optimization problem, it is necessary to mention what
computer has been used. All computations has been made on the same com-
puter, it is a laptop with an Intel core i3-7100U, 240GHz CPU. It does not
have any GPU. With the inclusion of a GPU, the Sinkhorn iterations would be
much faster and the networks could have been larger. It should thus be clear
that the reason for the high computational times reported within this project
might be due to a slow computer.

4.6 Overviewof the analysis performedwithin
this project

Interesting genes are identified by comparing the curvature of two graphs. One
graph consisting of cells without added GAA and one with added GAA. For
each graph, the Ollivier-Ricci curvature is obtained by Algorithm 1 and Equa-
tion 3.3.1. The scalar curvature from Equation 3.19 is then calculated for ev-
ery gene. Then the two graphs are compared by considering the difference in
scalar curvature for each gene. The genes that have the highest difference in
scalar curvature between the two graphs are outputted by the method.

This method is applied to graphs generated by different choices of cells.
Firstly, all the cells from all three patients are used to construct the weights for
the two networks. Then the same thing is also done only using cells from one
single patient.

The results from the patient-by-patient analysis is then used to find genes
that have a large change in curvature in all three patients.
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Results

The results included in this section is firstly based on using a threshold δ and
using all cells from all patients combined. Both the global and the local way
of calculating curvature, explained in section 3.4.5 are tried for this case. An
investigation of the results with two different values for λ for Algorithm 1 is
made.

Then, two other ways of edge removal, namely edge removal based on p-
value and an edge removal based on known biological connections, are done.
Curvatures are calculated for those cases as well.

Furthermore, the analysis is made separately for each patient and the com-
mon identified genes between all patients are checked for biological relevance.
Lastly, a comparison with genes identified by differential expression analysis
is also done.

5.1 Connectivity of the graphs when δ = 0.3

As explained in section 4.1.1, the value of δ is the threshold for the pearson
correlation coefficient for when two genes should not have an edge between
them in the graph. The choice of δ leads to different amount of edges be-
ing removed. To find out the curvature between two arbitrary nodes trough
the calculation explained in Section 3.4.5, it is important that the nodes are
connected. An introduction of a threshold for connectivity may separate the
graphs into multiple different connected graph components leading to pairs of
genes not being connected.

For δ = 0.3, the GAA-network consists of 8 connected graph components,
and the woGAA-network consists of 2 connected graph components. Interest-
ingly, for both cases all except one of these connected graph components are

24
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just one single node. In other words, the GAA-network consists of one large
network of genes and 7 free genes with degree 0. The woGAA-network is one
large fully connected part and one single gene of degree 0.

If the 8 genes with degree 0 in any of the graphs is removed from both
networks, then each network is a connected network with 7896 nodes. The
genes that were removed for each graph can be viewed in Table 5.1.

With GAA WoGAA
CAMKK2 TMEM161A
DPP8
LAMA2
MCOLN1
SGCD
UBE3B
UCHL1

Table 5.1: The disconnected nodes in each graph when δ = 0.3

This removal makes it possible to compare the two networks with each other.
The average degree of the resulting graphs is 126.2 and 140.3 for the GAA-
graph and the woGAA-graph respectively.

5.2 Curvature between all pairs of genes com-
puted with a large entropy regularization

The method described in section 3.4.5 of globally computing the curvature
between all possible pairs of genes is applied to the graphs. The results of this
computation is hindered by the fact that it is very computationally intensive
to calculate the curvature between all pairs, because this includes those that
are not neighbours. A very low value of λ = 0.1 has to be chosen for the
problem to be computationally feasible. The computational time is then 24
hours for both graphs. The results from this estimation of the largest changes
in curvatures between pairs of genes are shown in Table 5.2.
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Gene 1 Gene 2 ∆κ κwoGAA κwGAA
woGAA

d(x, y)
wGAA

d(x, y)

MSANTD4 CREG1 17629 -17631 -1.6137 1 1
MORC4 TATDN1 -16809 -0.97805 -16810 1 1
MORC4 TPRG1L -16809 -0.99145 -16810 1 1
MORC4 DYRK4 -16809 -1.0112 -16810 1 1
MORC4 AKAP9 -16809 -1.081 -16810 1 1
MORC4 TM2D2 -16808 -1.3638 -16810 1 1
RAB4A B3GALNT2 -14970 -0.87519 -14971 1 1
RAB4A APOA1BP -14970 -0.95862 -14971 1 1
RAB4A ARF1 -14970 -1.0657 -14971 1 1
RAB4A RNF10 -14970 -1.0679 -14971 1 1
ECD TDP1 -14064 -0.56077 -14065 1 1
ECD RAVER1 -14064 -0.57074 -14065 1 1
ECD FAM49B -14064 -0.57459 -14065 1 1
ECD TARBP2 -14064 -0.57709 -14065 1 1
ECD LBR -14064 -0.57869 -14065 1 1
ECD MSANTD3 -14064 -0.58008 -14065 1 1
ECD RRP15 -14064 -0.58678 -14065 1 1
ECD UCHL5 -14064 -0.58937 -14065 1 1
ECD ECI2 -14064 -0.58938 -14065 1 1
ECD ATIC -14064 -0.59085 -14065 1 1

Table 5.2: Maximum difference in pairwise curvature of the graphs

Obviously, the results seem very approximate. The small value for λ leads
to an overestimation of the Wasserstein distance and thus an underestimation
of the curvature. It is apparent that some genes in the network without GAA
has extremely low results from the curvature computations. This is probably
a consequence of the changes in degree of those genes between the networks.
For example, the geneMSANTD4 has degree 12 in the GAA-graph and degree
1 in the woGAA-graph. The gene SYS1 have a change in degree from 17 to
1 between the graphs. A low value of lambda seems to not handle the nodes
with degree one very well. This phenomenon actually vanishes when using an
higher λ by only considering a gene and its neighbours.

Although the very approximate value of the curvature is not of any use,
the distance between the genes that had the largest change is interesting. Note-
worthy is the fact that the distances between the pairs is 1 in all cases. The
maximum changes in curvature between the graphs are only happening be-
tween adjacent genes. It makes sense that closer genes would have a larger
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change in curvature, and it is apparent in the data. As argued in [4], the cur-
vature between non-neighbouring pairs will not be as drastic as the curvature
between genes that are neighbours. Thus there is only a need to calculate the
curvature between pairs that are neighbours. By restricting the search to only a
gene and its neighbours, one is also able to compute the curvatures with higher
accuracy.

5.3 Only considering adjacent genes
The result from the previous section indicated that the changes is the largest
between adjacent genes. It should thus be sufficient to only calculate the cur-
vature between a node and its neighbours, rather than between a node and all
other nodes. The computational time was reduced from 24 hours to 4 hours,
even when λ was increased from 0.1 to 10.

5.3.1 On the choice of the entropy regularization
parameter λ

Firstly, the value λ = 10 was tried. It took 4 hours to compute all scalar
curvatures for both networks with that value. To get a better understanding of
the numerical error, the same computation with a higher value for λwas done.
In this case λ = 15. The computational time almost doubled to 7.5 hours.
Furthermore, a computation with λ = 20 was initiated but had to be aborted
since it was very slow. Since maxi,j C = 6, the limit on where numerical
problems would occur is by Equation 3.18 at λ ≈ 33, which is not much higher
than the values tried here. Empirically, the difference in curvature between the
two choices of λ is not that large, and the results from the computations with
the two different λ can be seen in Table 5.3 and in Table 5.4.
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Gene |∆κ| κwoGAA κwGAA degreewoGAA degreewGAA

MPV17 1.6135 0.37934 -1.2342 218 5
CMTR1 1.4529 0.4286 -1.0243 278 11
RCBTB1 1.4277 -1.2051 0.22263 7 183
ZNF195 1.4221 -1.1477 0.27447 6 309
CLCC1 1.3875 -1.0408 0.34666 4 138
ANKRD12 1.3721 -1.14 0.23212 8 291
CUEDC2 1.3534 0.46126 -0.89214 144 4
RIN3 1.3489 -1.1861 0.1628 5 79
JPX 1.306 0.36154 -0.94451 251 6
NGLY1 1.3021 -1.1085 0.1936 5 83
ALG11 1.3009 0.47191 -0.82899 106 7
AP4M1 1.2945 0.38759 -0.90686 170 9
CNOT4 1.2894 -1.1777 0.11171 5 87
LOC100288911 1.2744 -1.1411 0.13335 6 56
TRIM11 1.2681 -1.0125 0.25563 8 309
VAMP4 1.2653 -1.0235 0.24188 9 252
RHBDF1 1.2631 -0.99739 0.26568 9 278

Table 5.3: The genes with most change in scalar curvature, κ(x), and λ = 10

Gene |∆κ| κwoGAA κwGAA degreewoGAA degreewGAA

MPV17 1.6439 0.40976 -1.2341 218 5
CMTR1 1.4824 0.46101 -1.0214 278 11
RCBTB1 1.4462 -1.2045 0.24174 7 183
ZNF195 1.4453 -1.148 0.29737 6 309
CLCC1 1.4088 -1.04 0.36874 4 138
ANKRD12 1.3937 -1.1398 0.25396 8 291
CUEDC2 1.3714 0.47932 -0.89205 144 4
RIN3 1.3592 -1.186 0.17321 5 79
JPX 1.3444 0.40092 -0.94351 251 6
NGLY1 1.3114 -1.1085 0.20288 5 83
ALG11 1.309 0.48163 -0.82737 106 7
AP4M1 1.308 0.40408 -0.90391 170 9
CNOT4 1.2962 -1.1768 0.11931 5 87
TRIM11 1.288 -1.0106 0.27745 8 309
VAMP4 1.2865 -1.0227 0.26376 9 252
RHBDF1 1.2822 -0.99382 0.28839 9 278
LOC100288911 1.2775 -1.1406 0.13693 6 56

Table 5.4: The genes with most change in scalar curvature, κ(x) and λ = 15
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One can see that this definition of scalar curvature found genes where the de-
gree changes a lot. This could obviously be of importance since a change in
degree means that the way these genes interacts with other genes has changed
over the threshold δ that was the cut-off for the correlations. Also it is noted
that the results does not solely depend on the change in degree.

The comparison between the two different values ofλ shows that the change
of λ does not really alter the results that much, but leads to a significantly
higher computational cost. Table 5.3 and Table 5.4 are almost identical. A
value of λ = 15 is thus not necessary and λ = 10 is sufficient and can be used
if the networks are too large for λ = 15.

5.3.2 Using the other definition of scalar curvature
A comparison between the two definitions of scalar curvature in Section 3.4.4
is made. The top 20 genes using the type of scalar curvature denoted as S(x)

is shown in Table 5.5, only using the dual Sinkhorn distances computed with
λ = 15. By comparing Table 5.4 and Table 5.5, the change between the two
definitions of scalar curvature does not have any real effect. The lists are so
similar that it is better to just choose the definition that is easier to work with,
which is the first one, κ(x) from Equation 3.20. In that way, there is no need to
store all the weights of the directed graphs once the computation of curvature
has been made.

5.4 Removal of correlations based on
statistical significance

Instead of thresholding with δ to reduce the number of connections, one can
instead remove connections based on the p-value for the correlation. By us-
ing two different ways of removing edges, a better understanding of the trust-
worthiness of the results is obtained. If the graphs based on the two ways of
removing edges produces similar results, it is less likely that the method only
outputs random genes. From the data set consisting of 7902 genes, how the
p-value affects the average degree can be seen in Table 5.6.
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Gene |∆S| SwoGAA SwGAA degreewoGAA degreewGAA

MPV17 1.6489 0.41466 -1.2342 218 5
CMTR1 1.4901 0.46891 -1.0212 278 11
ZNF195 1.4528 -1.1481 0.30471 6 309
RCBTB1 1.4492 -1.2046 0.24462 7 183
ANKRD12 1.4011 -1.1396 0.26144 8 291
CUEDC2 1.3848 0.49306 -0.89172 144 4
CLCC1 1.3677 -0.99568 0.37199 4 138
RIN3 1.3664 -1.1861 0.18024 5 79
JPX 1.3501 0.40684 -0.94328 251 6
NGLY1 1.3136 -1.1088 0.2048 5 83
ALG11 1.3124 0.48308 -0.82933 106 7
AP4M1 1.3085 0.40519 -0.9033 170 9
CNOT4 1.2977 -1.1769 0.12074 5 87
TRIM11 1.2944 -1.0106 0.28379 8 309
VAMP4 1.2912 -1.0227 0.26854 9 252
LAYN 1.2867 0.4557 -0.83097 170 6
RHBDF1 1.2865 -0.99299 0.29353 9 278
LOC100288911 1.2782 -1.1404 0.13785 6 56
CYFIP1 1.2714 0.48066 -0.79072 179 12
PARP6 1.2595 0.41586 -0.84365 370 8

Table 5.5: The genes with the most change in scalar curvature using the other
definition, S(x), and entropy regularization parameter λ = 15.

p-value mean degree without GAA mean degree with GAA
0.05 1131.3 1136.5
0.01 508.6 499.3
0.005 376.3 364.6
0.001 203.6 191.1

Table 5.6: How edge deletion based on p-value affects the topology of the
graphs.

To deduce how this approach of removing edges differ from that of removing
edges based on a threshold δ, it is interesting to see how the edge weights are
distributed. How the correlations of the network without GAA are distributed
is shown in Figure 5.1. There is an apparent spike in both the high and the low
values. There are some genes that are highly positively correlated and some
genes that are highly negatively correlated. Evidently, a removal based on p-
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Figure 5.1: How the weights are distributed for the graph without GAA de-
pending on p-value

value automatically also removes the correlations with low correlation values,
similar to the removal based on a threshold δ.

5.4.1 Results for the networks generated by a p-value
of 0.001

An understanding of how the removal of connections alter the results is not
clear yet. By doing the same curvature calculations on a graph where connec-
tions are removed in another way would lead to a better understanding of this.
A p-value of 0.001 is chosen to only keep the connections that are significant.
This choice provides a good trade-off between computational complexity and
graph connectivity. Although, from comparing Table 5.6 and Table 5.9, the
number of connections is much larger than the graphs generated with δ = 0.3.
With this choice of p, the graph without GAA is fully connected and the graph
with GAA has one disconnected gene, the geneCAMKK2. In the samemanner
as before, since a comparison can not be made with this node, it is removed
from both graphs. The increase in size is affecting the computational time a
lot. The previous comparison of the results between λ = 10 and λ = 15

does not show any substantial difference that outweighs the increase in com-
putational time, thus λ = 10 is chosen. Still the optimization over the graphs
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takes 35.5 hours to compute, which is a major increase from the computational
time of the networks that was created using a threshold δ. The results in Ta-
ble 5.7 shows that even though the ordering in the list is changed, it is mostly
the same genes that are identified. Because of the similarity in the results be-

Gene |∆κ| κwoGAA κwGAA degreewoGAA degreewGAA

LAYN 1.0994 0.38308 -0.71634 211 15
NUDT9 1.0882 0.3903 -0.69786 263 17
MPV17 1.0827 0.37214 -0.71053 276 8
AP4M1 1.0697 0.38489 -0.68478 225 17
BSDC1 1.0485 0.39487 -0.65366 256 12
MESDC2 1.0473 0.38128 -0.66605 285 12
CUEDC2 1.0358 0.38964 -0.64619 188 17
DDHD2 1.0332 0.40033 -0.6329 286 6
CMTR1 1.0288 0.39508 -0.63371 356 31
PARP6 1.025 0.36896 -0.65601 435 18
FAM120AOS 1.0248 0.34314 -0.68166 180 11
SETD7 1.0223 0.39114 -0.6312 246 11
NGLY1 1.0013 -0.77828 0.22303 12 134
RCBTB1 0.99868 -0.76771 0.23097 18 285
MAP9 0.99156 0.45984 -0.53172 194 21
SLC35A3 0.9878 -0.67721 0.31058 19 282
ATRX 0.98559 0.39654 -0.58906 290 24
TCTN3 0.98465 -0.62535 0.3593 24 419
ZHX1 0.9839 0.43255 -0.55135 242 24
RARS2 0.9796 0.42108 -0.55852 141 25

Table 5.7: The 20 genes with highest change in scalar curvature, κ(x) in ab-
solute value and λ = 10

tween graphs with different connectivity, one can conclude that the identified
genes does not solely depend on the arbitrary choice of how the connectivity is
reduced. Table 5.7 only shows the top genes and does not give any general un-
derstanding of how the other genes change in curvature. Figure 5.2 is a scatter
plot of all genes, the 20 genes in Table 5.7 are encircled in Figure 5.2.
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Figure 5.2: Scatter plot of the curvature of all genes with, and without GAA.
The graph topologies are based on the p-values of the correlations.

5.4.2 Comparison of the networks generated by thresh-
old δ = 0.3 and p-value of 0.001

The graphs with the two ways of removing edges have very similar mean de-
gree, still the number of connected graph components and the computational
time is very different. Further investigation on the difference in the structure
of the graphs is needed.

The distribution of nodal degree can help identify how the networks de-
pends on the way of removing excess connections. For this analysis, the net-
work with GAA and the one without GAA are assumed to have similar proper-
ties and only the network based on the data without added GAA is considered.
A histogram of the distribution of degree for the networks produced by the two
methods is seen in Figure 5.3.



34 CHAPTER 5. RESULTS

Figure 5.3: Difference in nodal degree between two methods of removing
edges for the graph from cells without GAA.

Noticeable is the upward shift in node degree when going from thesholding
based on correlation value, to thresholding based on statistical significance of
the correlations. There are much more nodes with very few connections when
the cut-off is based on a simple threshold.

It has been suggested that the biological network should have a scale free
topology, meaning that the distribution of nodal degree should approximately
follow a power law [52], i.e. the probability of a node having degree k should
for large values follow

P (k) ∼ k−γ, (5.1)

where gamma usually lies in the range 2 < γ < 3. However, whether this
power law is accurate and should be followed is not quite clear and has been
widely questioned [53]. How well the two ways of constructing the graphs
follows the power law is visualized in the logarithmic plot in Figure 5.4.
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Figure 5.4: Log-log plot of the probability of having a certain degree

The value of γ corresponds to the slope of a straight line in Figure 5.4. For
large values, the two graphs seem to follow the power law rule, with the same
value of γ. The only difference is that the probability of a node having a low
degree is smaller for the network constructed using a p-value for the connec-
tions. This was previously seen in Figure 5.3. Based on the assumption that
they should follow the power law, one can not conclude that one network is
better than the other.

Practically, the network constructed by statistical significance is easier to
use since there are fewer nodes with few connections in that case. Networks
based on p-value with low mean degree are more likely to be fully connected
and does not have as many genes that are disjoint from the rest of the graph.

5.5 Using topology based on knownpathways
The previous computations provided results that were biologically relevant.
However, it was apparent that the change in curvature is biased towards change
in degree. By using known biological interactions as the topology, the topol-
ogy is kept constant between the graph with GAA and the graph without. How
the graph topology is obtained from the database is described in detailed in
Section 4.2.

Some genes have beenmore extensively studied than others, so the database
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Figure 5.5: Scatter plot of the curvature of all cells with and without GAA,
using fix topology of known pathways.

contains more known connections for those genes. Of the 7902 genes, 4928
genes form a large subgraph. The second largest subgraph only contains three
nodes. Only the genes contained in the large subgraph is used for the curvature
calculation.

5.5.1 All patients clustered together
In Figure 5.5, a scatter plot of all genes shows how they change in curvature
when GAA is added. If one compares with Figure 5.2, which is the same
scatterplot but with another choice of removal of excess connections, the looks
are very different. It is apparent that the fixed topology leads to the curvatures
being more covariant. The change in scalar curvature of a node seems to be
closely correlated with its change in degree. By fixing the topology between
the two graphs depending on GAA, this bias is removed. The 20 genes that
are encircled in red in Figure 5.5 are named in Table 5.8. For the computation,
λ = 10 was used.
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Gene |∆κOR| KwoGAA
or KwGAA

or

METTL22 0.13005 -0.55081 -0.42076
STYX 0.11641 -0.39856 -0.28215
LAPTM4B 0.10059 -0.47769 -0.57828
EBAG9 0.083147 -0.40401 -0.48716
TXNDC9 0.072029 -0.24248 -0.17045
C2orf49 0.06984 0.4321 0.50194
ENOPH1 0.068104 0.27705 0.34515
CLK1 0.066584 -0.045755 -0.11234
EDRF1 0.064459 -0.3611 -0.42556
ENOSF1 0.060085 -0.48552 -0.5456
NFU1 0.058772 -0.69054 -0.74931
TECR 0.058109 -0.1876 -0.24571
OSTM1 0.057782 -0.184 -0.12622
PANK2 0.057455 -0.41887 -0.36141
SSBP3 0.056625 0.062501 0.0058764
PIGF 0.056297 -0.77202 -0.71572
CDR2 0.056009 -0.5127 -0.5687
NBEAL1 0.055026 -0.39886 -0.45389
FARSA 0.054822 -0.48642 -0.4316
ABCC1 0.054221 -0.26892 -0.2147

Table 5.8: The 20 genes with highest change in scalar curvature (κ(x)) in
absolute value with fix topology

5.5.2 Common genes between the three patients
The genes that are within top 10% (493 genes) of all three patients are investi-
gated for biological relevance. The number of genes that fulfill this criteria are
70 genes. One would expect there to be 4928 · 0.13 = 4.928 common genes.
This is affirmed by simulating one million random draws. The common genes
from the random draws had a mean of 4.9319 and a variance of 4.8067. Hav-
ing 70 overlapping genes is very improbable, the largest overlap from the one
million random draws had 18 common genes. The observation of 70 is very
significant.

A functional analysis, described in Section 4.3, of the 70 genes are done to
see whether the set of genes makes any biological sense. The results does not
produce any reason to believe that the identified genes are relevant to Pompe
disease. This is interesting since the results were very good and relevant to
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Pompe when removal was based on p-value of connections, see section 5.7.2.
For some reason, the use of a database of known connections makes the results
less relevant to Pompe than the other ways of removing excess connections.

The fact that the number of identified genes was so high has to be a conse-
quence of the introduced topology of the graph by known pathways. The mean
degree of the identified genes is 4.8, whereas the mean degree of the whole
network is 46.9. The reason for having so much overlap is probably due to a
bias towards those genes with a low number of neighbours. Because the scalar
curvature is the average of the curvatures towards the neighbours, this average
has a higher probability to stand out if the number of neighbours to average
over is few. The genes that have a low degree are also those who have not been
studied as well as genes with more known connections. The identified genes
are thus mostly unknown genes, and are not expected to be related to Pompe
disease in the first place.

5.6 Positive and negative networks
The fact that the correlations between genes are positive or negative should
be important from a biological view. The transform of the weights by wxy =
1+ρxy

2
does not capture the fundamental difference between positive and neg-

ative correlations. Some other treatment of the positive and negative weights
of the correlation network would be useful. One way is to split the graph into
two different graphs, one with only positive weights and one with only nega-
tive weights, with the sign flipped. The average degrees of those networks can
be seen in Table 5.9.

Without GAA With GAA
Complete network 133 119
Positive network 118 106
Negative network 17 14

Table 5.9: The average degree when splitting the graphs by sign of the weights

It can be seen that most of the connections are in fact positive correlations,
which is consistent with the findings in [51]. Indeed the positive network and
the complete network are structurally very similar to each other in both cases.
The connected graphs components are exactly the same set of nodes.

On the other hand, for the negative network, the change in average degree
leads to completely different connectedness. The negative graphs have 3739
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and 3474 different connected graph components with each graph component
consisting of multiple genes. It is unclear how this should be handled, there
could for example be a need to use different thresholds for each graph. How-
ever, what is clear is that the number of positive connections is an order of
magnitude larger than the number of negative connections. For that reason, it
is deemed unnecessary to consider the graph containing only negative connec-
tions. Furthermore, the transform of weights by wxy = 1+ρxy

2
has been able to

identify interesting genes previously in projects using similar data [8], [7].

5.7 Patient by patient, with edge removal by
p-value

Instead of clustering all cells from the three patients, one could also do the
same calculation for each individual. Seeing which genes that are in common
for the three could provide a different approach. It might be the case that the
reactions to the treatment are very different from patient to patient, separation
into patient by patient might handle this issue.

Each patient, and it’s immune reaction is unique. One should therefore ex-
pect that the gene expression data has different characteristics between the pa-
tients. Special care needs to be taken in how the graphs are formed, to balance
computational complexity and modeling accuracy. The details of the p-values
chosen, and the tables showing the genes with the top change in curvature for
each patient are in Appendix A.

5.7.1 Common genes in the top 10% of all patients
with respect to change in curvature

A comparison between the patients is made from the results of curvature gen-
erated when each patient is considered separately. The overlap of the genes
in the top 10% of each patient is considered. Since there are 7900 genes, the
top 790 genes from each set is analyzed for overlap. The overlap is shown in
Figure 5.6.

The expectation if the selected genes would have been random is 79 com-
mon genes between two patients and 7.9 common genes between all patients.
The observed overlap is larger than if the results would be purely random.

How probable the observation of 11 common genes is analyzed by per-
forming a million random draws. The mean of the overlap from the random
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Patient1 Patient2

Patient3
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Figure 5.6: The number of overlapping genes from the top 10% of each patient

draws is 7.9006, and the variance is 7.6549. The fraction of random draws
having 11 or more common genes is 17.13%.

The 11 common genes within all three patients is shown in Table 5.10,
what rank with respect to curvature the specific gene is within the patients is
also shown.

Gene Rank in P1 Rank in P2 Rank in P3
BEND6 450 713 518
CRAT 519 257 220
FAM96B 719 784 425
FCHSD1 402 769 788
NELFB 588 429 564
PDIA3P1 710 501 668
SLC25A20 304 382 587
SLC38A10 656 392 286
TAX1BP3 479 58 260
TMCO3 353 30 606
TMED1 616 385 682

Table 5.10: The common genes and their respective rank in curvature within
each patient.

There definitely seems as though there is a correlation between the patients,
patient 3 seems to be correlated with both other patients, but the correlation
between patient 1 and 2 does not seem very strong. The observation of 111
common genes between patient 2 and 3 is very high. From a million random
draws, the mean is to have 78.9921 common genes. However, there were just
85 random draws with 111 or more overlapping genes. That probability is just
0.0085%. The observed overlap is surprisingly good. The obtained overlap
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between patient 1 and patient 2 is very large as well. The probability of that or
better is 0.0205%. A high number of common genes between the three separate
patients means that there are changes in common between the patients when
GAA is added to the cells. It also means that this method does capture these
changes.

5.7.2 Common genes in the top 20% of all patients
with respect to change in curvature

Instead of top 10%, top 20% of genes with respect to largest change in curva-
ture is picked out from each patient. This leads to a larger set of genes which
then can be analyzed for biological relevance using available tools. The com-
mon between those sets of genes are 75 genes. When this set of genes is an-
alyzed for biological relevance using functional analysis described in Section
4.3, very relevant pathways pop up, see Figure 5.7.

Figure 5.7: The results of DAVID functional annotation chart.

The ones with lowest p-values are related to lysosome with very low p-value
of order 10−6. The genes that pop up from the method of change in curvature
are definitely related to Pompe disease. Pompe disease is a lysosomal storage
disease, so the fact that the method finds genes that are related to the lysosome
is expected, and means that the method actually captures something real. The
names of the 75 genes are listed in Table 5.11.
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ACAA1 DMAP1 KXD1 NADK SHOX2
ADPGK EBP LAMA4 NDUFV3 SLC25A20
ANAPC13 ETF1 LAMP1 NELFB SLC38A10
APOPT1 FAM101B LAMTOR4 OAF SRD5A3
ATXN3 FAM86DP LATS1 PAPOLA TATDN1
AZI2 FAM89B LBH PDIA3P1 TAX1BP3
BEND6 FAM96B LOC100996447 PEMT TEX261
BLOC1S2 FCHSD1 LOC493754 PGD TMBIM1
C19orf53 FOPNL LYPLAL1 PNKD TMCO3
CCDC22 FOPNL METTL5 POLR2D TMED1
CDH13 GADD45GIP1 MMP14 RIOK2 TMEM55A
CERK GET4 MRPS31 RNF123 TNRC6A
CLCN7 GGCX MSRB2 SARAF USP36
CLN5 ISCU MTRNR2L8 SDC1 VDAC2
CRAT ITM2C MZT2A SDC2 XPA

Table 5.11: The 75 common genes within the top 20% of all three patients.
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Comparisonwith differential ex-
pression analysis

To further identify genes, it is useful to compare with another method. Genes
that are captured by both methods would be more probable to be of interest.
For this, a differential expression analysis was carried out on the same data.
Using solely differential expression analysis, one could potentially find hun-
dreds of differentially expressed genes. A combination of the two methods
would narrow down the list of possible genes of interest.

6.1 Differential expression analysis
The differential expression analysis uses the raw RNA-reads. The raw single
cell RNA-sequence is quantified using Salmon [54], by comparing with the
human reference gotten from Ensembl [55].

The package TXimport [56] is used to import the quantified files into the
package DESeq2 [57], which does the differential expression analysis and out-
puts the genes and their log2 fold change and adjusted p-value.

6.2 Comparison between curvature and
differential expression analysis

The differential expression, yielding a list of genes ordered by their adjusted
p-value is compared with the curvature calculations.

However, the comparison is hindered by the fact that the genes in the lists
produced by the two different methods have different names and there are a
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different set of genes that are removed in the two methods. Also, some genes
are discarded during the translation to standardized Ensembl-names.

The top 2% (158 genes) of genes with highest change in curvature is com-
pared to the same number of genes ordered by lowest adjusted p-value from
the differential expression analysis. The overlapping genes from both methods
would be subject to further investigation.

This comparison of top 158 genes between the curvature-method and the
differential expression analysis is done separately for each patient, and it is also
done on the case when all cells with from the three patients are combined.

6.2.1 Comparison with all three patients clustered
together

Out of the top 158 genes from the two data sets, there are 4 overlapping genes.
To get a comparison of how significant this result is, the results from the 158
genes with most curvature is compared with the overlap 158 randomly drawn
genes.

From a hundred thousand random draws of 158 genes, the overlap had a
mean of 2.0 genes and a variance of 1.6. Having 4 common genes are thus
more than the mean, but it does not provide any reason to believe the two
methods are highly correlated.

Gene Rank by ∆κ Rank by padj ∆κ padj log2fc
CUEDC2 7 115 1.0358 0.25562 0.36562
PARP6 10 110 1.025 0.24217 -0.91228
ASXL1 57 125 0.89662 0.26343 -0.6639
RREB1 140 1 0.77968 1.5752e-05 -2.0925

Table 6.1: The genes that are overlapping from the two methods

The number of common genes are not much more than randomly drawn genes.
However, this could make the genes that are pulled up from the two methods
even more interesting. Since the methods capture different things.

6.2.2 Patient by patient comparison
The same comparison between the list from differential expression and change
in curvature is also done separately for each patient. Random draws are also
done is the same way, to see whether or not the number of genes that are over-
lapping in the top 2% of the lists are more than what would be expected. The
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random draws show that the number of genes identified is about the same num-
ber as if the selection would be random. Thus it does not provide any reason
to believe the two methods are correlated. The common genes in the top 2%

of both methods are shown in Table 6.2.

All cells
CUEDC2
PARP6
ASXL1
RREB1

Patient 1
TNFRSF10D

Patient 2
MAP4K4

Patient 3
NBR1
CLN5
ROCK2

Table 6.2: The common genes within the top 2% from the two methods

The number of genes that were within these bounds is consistent with what
one would expect if the methods are not correlated with each other. However,
one should not expect there to be a correlation between the methods since
they are based on different characteristics of the data. Differential expression
is based on the first order data, while the curvature is based on the second or-
der data. The fact that the methods are not correlated is not a bad result. It
makes the identified genes even more interesting since it shows up through two
completely different methods. The identified genes does have very good bio-
logical relevance to Pompe disease. CLN5 is known to be related to lysosomal
storage. Also NBR1 and MAP4K4 are in MAPK signaling pathway, which is
ralated to LAMTOR and mTOR which are strongly related to Pompe. The
gene CUEDC2 inhibits MAPK activity, ROCK2 regulates MAPK-pathway.
The conclusion is that almost all of the genes in Table 6.2 are in fact interest-
ing from a biological standpoint.
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Discussion and Conclusions

The results show that the method is able to capture fundamental properties of
the data sets. The outputted genes are not just random. Both the comparison
between the three patients and the comparison between differential expres-
sion analysis indicate that the method is able to identify drug targets related to
Pompe disease. The identified list of genes have strong relation with the lyso-
some, which is the part of the cell where the lysosomal storage disease Pompe
is located.

7.1 Removal of connections in the two ways
that did not use a database of known
interactions

As previously stated, there aremanyways to apply thresholding for the connec-
tions. In this project, two different ways has been applied, yielding networks
with different amount of connectivity. However, very similar genes popped
up from the different ways of removing excess connections. This means that
the arbitrary choice of threshold and p-value probably does not influence the
results very much. The third way of removing edges, by only keeping those
within the STRING database, did however not work as well as the other two.

46
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7.2 Using known biological connections as
graph topology

The identified genes in this case does not seem to be related to the disease in
question. It is apparent when comparing Figure 5.2 and Figure 5.5 that the
curvatures with and without GAA is much more correlated in this case. The
main difference when using known biological connections is that the topology
is fixed between the two graphs that are to be compared. The results in Table
5.7 also indicates that change in curvature is correlated with change in node
degree. Having fixed topology, and thus fixed node degree is the reason why
Figure 5.2 and Figure 5.5 are so different.

The degree of the nodes with the most change in curvature is much lower
than the average degree of the graphs. Consequently, using the database, there
is a bias towards genes that have a low amount of neighbours. It can be ex-
plained from Equation 3.19 that when a gene has high degree, the scalar cur-
vature is obtained by averaging over more neighbours. Due to this averaging,
it is less likely for a gene with high degree to have a large change in curvature.
Moreover, the genes that have a high degree within the network of known con-
nections are precisely those genes that has been studied a lot. Using a topology
based on known connections effectively finds genes that are poorly studied,
which is probably why the results does not have much connection to known
biology.

The way to improve and circumvent this problem is probably to find an-
other definition of scalar curvature, one where the change in scalar curvature
is unbiased towards node degree.

7.3 Comparison between the three patients
There is a significant number of overlapping genes between patient 1 and pa-
tient 3, and also between patient 2 and patient 3. The number of common
genes identified between the different patients is very unlikely and shows that
the method indeed capture something relevant to the disease in question. For
example, the probability of observing 111 genes within the top 10% of two
different patients is just 0.0085%, if the identified genes were random. This is
surprisingly low, the fact that the two genes that had the highest change in cur-
vature in that case is CLN5 and LAMTOR4 is even more interesting because
they are known to be central to lysosomal disease.



48 CHAPTER 7. DISCUSSION AND CONCLUSIONS

7.4 Comparison with differential expression
analysis

The amount of common genes between the top of the list sorted by difference
in Ollivier-Ricci curvature and the top of the list gotten from differential ex-
pression sorted by adjusted p-value is just as many as if the two methods are
uncorrelated. This number of common genes is expected since one method is
based on the first order statistics and the other is based on second order statis-
tics. As stated in [58], the twomethods are fundamentally different and capture
different things. Differential expression analysis is hindered by the fact that it
only considers each gene in isolation and does not capture how they interact
with each other. Biologically, gene interactions and pathways are important,
so it should make sense to analyse how these interactions differ. The genes that
are obtained when the the curvature and differential expression is compared
are all relevant genes.

7.5 Biological significance
The reason why it is important to identify other pathways that can be targeted
is that one can treat some of the associated pathologies with combination ther-
apy, by using other drugs in addition to the enzyme replacement therapy [59].
Using solely the differential expression analysis method on its own can result
in hundreds of genes presented at p-values of 0.01. It becomes hard to find
important pathways when there are that many deferentially expressed genes.

When the method presented in this thesis is used in association with dif-
ferential expression analysis, the chances of selecting pathologically relevant
genes is improved from a narrowed down list. The genes found in Table 6.2,
are those that were common from the two methods. They are few and are easy
to do further biological investigation on. CUEDC2 appears to have a role in
inflammation [60]. It also modulates heart muscle cell function [61]. PARP6
is a negative regulator of cell proliferation [62], [63]. ASXL1 is also involved
in the control of cell proliferation [64]. RREB is important in transcriptional
regulation [65]. MAP4K4 mediates the immunologically relevant TNF-alpha
signaling pathway [66]. NBR1 is important for autophagy, known to play a
role in Pompe disease [67]. CLN5 is known to be a cause of a lysosomal stor-
age disease called Battens disease [68]. ROCK2 is involved in cardiac remod-
elling and can contribute to hypertrophywhich is a hallmark of infantile Pompe
disease [69]. In summary, among these genes, CUEDC2 and MAP4K4 can be
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warrant further indication for their potential role in the immune response to
recombinant GAA enzyme replacemenet therapy. It is unclear what specific
roles the transcriptional regulators identified may have, their participation in
Pompe disease will need verification due to their general mechanisms and the
potential to be an artifact of cell culture. CUEDC2 and NBR1 warrant further
investigation for their potential role in affecting cardiac muscle and autophagy
in Pompe.

The 75 genes that had a large change in curvature across all patients are
in Table 5.11. The number of genes in that table is also not too large to do
meaningful biological investigation on. These 75 genes were also significantly
related to pathways that one would expect in Pompe disease, for example the
lysosome and the mitochondrion pathways, see Figure 5.7.

7.6 How the method could be improved
It is useful for the method to output a finite list of genes, where the cutoff for
which genes are included is defined in a concrete way. Right now there is no
concrete method for defining where the cutoff should be for which genes that
has the largest change in curvature.

The cutoff for which genes to include in the output is of course a trade
off between finding many genes and finding genes that are significant. Within
this thesis, an arbitrary choice of a percentage has been used. For example,
the genes in Table 5.11 were obtained by finding the genes that were in the
top 20% with respect to change in curvature in all three patients. The choice
of 20% was chosen just because it produced a reasonable number of genes
to handle that still showed good connection with for example the lysosome
pathway. More research into how one can define a cutoff is thus important.

At the present time, it is also not clear yet how susceptible the method is
to noise. Some of the genes that were identified seem not related to Pompe
disease, even though the identified gene set as a whole does. This could be a
consequence of two reasons, either the gene is not well studied, or that gene
was identified by pure chance. For a better investigation of this, one could
include more patients than just three. The co-expression networks are built
upon the cells from one patient, these patients are then compared. This means
that even though each patient has multiple cells, the patient serves as one single
observation. More than just three patients would therefore provide data to take
these methods further and get better statistics on the identified genes.

Maybe the same could be done by performing some sort of cross-validation
by either sub-sampling the genes included or the cells used.
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7.7 Conclusions
In this test case, the method was able to identify genes known from prior lit-
erature to be important for disease pathology in Pompe. The most relevant
and unbiased information was obtained without the use of databases speci-
fying the relationships between the genes. Although prior literature was not
taken into account during the implementation of the method, the results ob-
tained, corroborate the importance of the genes that have been identified via
this method. It is possible to develop this method to remove bias when known
pathway information is included in the implementation.
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Appendix A

Details of the patient by patient
analysis

A.1 Edge removal for patient 1

A.1.1 Without GAA
A choice of p = 0.001 gives mean degree 50 and two fully connected graphs.
The choice of p = 0.005 gives mean degree 126 and and also fully connected.

A.1.2 With GAA
Choosing p = 0.001 gives mean degree 76.7274, choosing p = 0.005 gives
mean degree 207.75. Both being fully connected.

A p-value of 0.005 leads to the graphs being too large to compute with
reasonable computing time. The choice of p = 0.001 is made for patient 1.

A.2 Edge removal for patient 2
The gene ’COLEC12’ does not express that much in this patient. The 47 cells
with GAA only has a single sample where this gene is expressing. The other
47 cells that is without GAA does not even have one expression value for this
specific gene. Since the gene is not expressing a single time in the data for the
construction in one of the graphs, it does not make sense to include it. The
node is removed from both networks.
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A.2.1 Without GAA
The value p = 0.001 leads to mean degree 34.8, and p = 0.005 gives mean
degree 97.8. Both graphs are fully connected.

A.2.2 With GAA
The choice of p = 0.001 gives mean degree 37 and two free genes that are not
connected to any other genes. On the other hand, p = 0.005 leads to a fully
connected graph with mean degree 101.4. The choice of p = 0.005 is made
for this patient because the connectivity with p = 0.001 is unnecessary low.

A.3 Edge removal for patient 3

A.3.1 Without GAA
A p-value of 0.001 gives mean degree 121.15 and p = 0.005 leads to mean
degree 264.65.

A.3.2 With GAA
A p-value of 0.001 gives mean degree 90.58 and p = 0.005 leads to mean
degree 174.2478. For this patient a choice of p = 0.001 is made, giving the
graphs reasonable complexity.
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A.4 Results of the patient by patient analysis
The same algorithm described in Section 3.4.5 is run on all three pairs of
graphs to generate the genes with highest change in scalar curvature.

A.4.1 Results from patient 1
With λ = 15 and p-value of 0.001, the computational time is 9.8 hours. The
first 20 genes with respect to the absolute value of the change in scalar curva-
ture is shown in Table A.1.

Gene |∆κ| κwoGAA κwGAA degreewoGAA degreewGAA

FBXO9 1.5558 -1.1129 0.44287 6 374
CD2AP 1.5256 -1.1409 0.38473 11 387
RCHY1 1.5131 -1.1421 0.37097 11 577
PUM1 1.4977 -1.0903 0.40741 15 381
LATS1 1.4947 -1.0712 0.42355 16 490
LSG1 1.4936 -1.0637 0.4299 10 442
CSNK1G1 1.4743 -1.0469 0.42734 12 421
ARID4B 1.4444 -1.025 0.41935 17 402
YBX3 1.4421 -1.0801 0.36201 4 488
C5orf22 1.4367 -1.0448 0.39193 14 258
GTF2F1 1.4339 -1.1331 0.30084 5 323
ZCCHC6 1.4285 -1.0381 0.39036 5 501
NECAP2 1.4101 -1.1557 0.25434 9 311
DHX38 1.4073 -0.98682 0.42051 18 413
KIAA2026 1.4036 -0.95909 0.44453 10 451
KANSL2 1.4018 -0.95723 0.44456 15 380
RNF40 1.4015 -1.0024 0.39916 13 439
PPFIBP1 1.398 -1.01 0.38802 19 308
TRIM11 1.3976 -0.99189 0.40568 9 440
B4GALT3 1.3924 -0.96141 0.43096 13 396

Table A.1: The 20 genes with highest change in patient in scalar curvature
κ(x) for patient 1
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A.4.2 Results from patient 2
With λ = 10 and p-value of 0.005, the computational time is 7.8 hours. The
resulting list of genes ordered by the change in curvature can be seen below in
Table A.2.

Gene |∆κ| κwoGAA κwGAA degreewoGAA degreewGAA

TMED3 0.96656 -0.72226 0.24429 33 299
RCN2 0.96148 -0.68231 0.27917 36 252
CLN5 0.96082 -0.67726 0.28356 31 199
GALNT1 0.95568 -0.63096 0.32472 32 202
CAPNS1 0.93212 -0.56716 0.36496 54 241
TTYH3 0.92615 -0.6107 0.31546 38 303
EIF2B2 0.91427 0.14195 -0.77233 300 19
CTSF 0.88773 -0.60365 0.28408 36 326
TMED9 0.8814 -0.61607 0.26532 48 342
PRDX4 0.8659 -0.61229 0.25361 39 322
PLTP 0.8656 -0.50992 0.35568 55 212
PNKD 0.86131 0.16735 -0.69396 366 31
RNA28S5 0.84796 -0.53762 0.31034 41 283
APP 0.84461 -0.60535 0.23926 51 244
LTBP2 0.83954 -0.57357 0.26597 42 249
CLU 0.82975 -0.53133 0.29842 55 312
CYB561 0.82879 -0.56616 0.26263 44 243
APH1B 0.82855 -0.541 0.28754 44 218
TMEM179B 0.82621 -0.54453 0.28168 68 253
FAM101B 0.82221 -0.65156 0.17065 45 192

Table A.2: The 20 genes with highest change in patient in scalar curvature
κ(x) for patient 2
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A.4.3 Results from patient 3
With λ = 10 and p-value of 0.001, the computational time is 12.4 hours. The
genes with the most change in curvature can be seen in Table A.3.

Gene |∆κ| κwoGAA κwGAA degreewoGAA degreewGAA

MICU2 1.7868 0.41724 -1.3696 190 7
TSPAN13 1.7287 0.51643 -1.2123 159 6
SETD7 1.6402 0.48714 -1.1531 323 7
NBR1 1.6339 0.49105 -1.1428 389 13
NGFRAP1 1.6211 0.42499 -1.1961 213 8
ADD3 1.5753 0.36003 -1.2153 136 8
PPA1 1.5239 0.52742 -0.99652 256 12
MICAL1 1.5035 0.48553 -1.018 219 11
AP2B1 1.4865 0.19495 -1.2916 150 6
ITSN2 1.4748 0.53627 -0.93857 268 9
TNIP1 1.4627 0.56055 -0.90219 293 9
EIF2S3 1.4556 0.39857 -1.0571 224 14
COX7A1 1.4497 0.44213 -1.0076 442 12
CRYZ 1.4484 0.45114 -0.9973 344 9
CHMP5 1.4447 0.22343 -1.2212 137 6
ALDH3B1 1.4421 -0.98536 0.45672 9 277
CAST 1.4309 0.45385 -0.97703 204 21
DCTN1 1.4301 0.4894 -0.94074 316 8
NAP1L1 1.4278 0.37118 -1.0566 254 6
CLN5 1.4243 -0.93731 0.48699 11 192

Table A.3: The 20 genes with highest change in patient in scalar curvature
κ(x) for patient 3
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