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Abstract

The industrial application of high strength steels in structural components has increased the
demand on understanding the ductile failure behavior of this type of materials. In practical
situations the loading experienced on components made out of these materials can be very
complex, which may affect the failure behavior.

The objective of this work is to study the effect of stress state on ductile failure and the
mechanisms leading to rupture in high strength steels. The stress state is characterized
by the stress triaxiality T and the Lode parameter L, which is a deviatoric stress state
parameter that discriminates between axisymmetric or shear dominated stress states. For
this purpose experiments on two different specimen configurations are performed; a double
notched tube (DNT) specimen tested in combined tension and shear and a round notched
bar (RNB) specimen tested in uniaxial tension. The two specimens give rise to different
stress states at failure in terms of T and L. The failure loci for the DNT specimen show an
abrupt change in ductility, indicating a transition between the rupture mechanisms necking
of intervoid ligaments and shearing of intervoid ligaments. A clear difference in ductility
between the two specimen configurations is also observed, which is closely associated with
the difference in stress state at failure.

A micromechanical model is developed, which assumes that ductile material failure occurs
when the deformation becomes highly non-linear and localizes into a band. The model, which
is applied to analyze the experiments, consists of a band with a square array of equally sized
cells, with a spherical void located in the center of each cell. The model, extended with a
shear criterion, captures the experimental trend rather well. The model also shows that the
effect of the deviatoric stress state (L) on void growth, void shape evolution and coalescence
is significant, especially at low levels of T and shear dominated stress state.

Keywords: Ductile failure; Rupture mechanisms; Stress triaxiality; Lode parameter; Fi-
nite element analysis; Experiments; Localization; Micromechanics; Void growth; Void coa-
lescence.
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Introduction

The industrial application of high strength steels and high performance aluminum alloys
in structural components have increased the demand on understanding the ductile failure
behavior of this type of materials. In practical situations, the loading experienced in compo-
nents made out of these materials can be very complex. The rupture mechanism governing
failure will depend on the stress state that arise due to the complex loading. It is crucial
to understand the rupture mechanisms and characterize the stress state governing failure in
order to develop models and computational tools to assess ductile failure in components. In
the following sections a short overview of the experimental, micromechanical and theoretical
aspects of ductile failure is given. The current research findings of this thesis work are then
summarized in the appended papers and suggestions on future research are given.

Ductile failure in metals is most often related to large deformation, i.e. large plastic strains
preceding the failure instant. Another important characteristic of ductile fracture is that it
occurs by a slow tearing of the metal with the expenditure of considerable energy. Ductile
fracture of round bars in tension is usually preceded by a localized reduction in diameter,
which is commonly called necking. Very ductile polycrystalline materials, i.e. gold and lead,
can practically be drawn to a line or a point before rupture. In Figure 1(a) the stages in the
development of a ductile cup-and-cone fracture are schematically illustrated. Necking begins
at the point of plastic instability where the increase in strength due to strain hardening of
the material fails to compensate for the decrease in cross-sectional area, which occurs at
the maximum load. The formation of a neck introduces a triaxial state of stress in the
neck region, with a hydrostatic stress component largest in the center of the neck. Many
small cavities form in this region and under continued straining these cavities grow and
coalesce into a central crack. This crack grows in a direction perpendicular to the axis of the
specimen until it approaches the surface of the specimen. It then propagates along localized
shear bands at about 45◦ to form the cone feature of the fracture. Voids are nucleated in
these bands and form so called void sheets. Hence, ductile failure is essentially the process
of nucleation, growth and coalescence of voids, where coalescence is the final stage of the
rupture process. Here we distinguish between two modes of coalescence, one is internal
necking down of the ligaments between the voids that have grown significantly, which leads
to the formation of a fracture surface often referred to as dimple rupture, the other is internal
shearing of the ligaments between the voids, i.e. in a shear band, and is often referred to
as shear dimple rupture. A typical dimple rupture fracture surface is shown in Figure 1(b),
which corresponds to a close up at the center of a fractured cross-section of a round bar
in tension. The enlarged and coalesced voids that formed the macroscopic crack are visible,
where some of the voids have grown to a diameter of about 20µm.
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Figure 1. (a) Stages in the ductile tensile failure process pertaining to nucleation, growth and
coalescence of voids to form the macroscopic crack. Final fracture occurs by shear failure to form
so called shear lips. (b) Showing a typical fractured cross-section and a close up from the center of
the specimen where the enlarged and coalesced voids that formed the macroscopic crack are visible.
The fractorgaphs are obtained from the scanning electron microscopy investigation performed in
Paper D.

Void nucleation

The first stage in the process is the nucleation of voids, e.g. by decohesion of the particle-
matrix interface, and is related to the misfit between the constitutive properties of the
metallic matrix and the void nucleating particles. The preferred sites of nucleation and
formation of voids are inclusions, second phase particles or oxide particles, which are present
from the material processing stage. In most steels and other structural materials at least
two distinct populations and distributions of particles with different size exist in the metal
matrix. This induces a dual mechanism when considering continuum aspects, where the
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failure of larger particles is attributed to interface stresses, whereas the smaller particles are
found to decohere due to plastic straining. The consequence is that the larger particles have
a weaker bond to the matrix than the smaller particles have, if separate populations are
considered. The void nucleation stage of ductile failure has been addressed by many authors
in the past. Argon and Im (1973), Argon et al. (1975) used notched tensile specimens to
determine the local failure conditions at the particle-matrix decohesion and introduced the
concept of stress and strain controlled void nucleation based on continuum theory. It was
concluded that a particle fractures, or its interface with the matrix material decohere as a
certain interfacial stress measure is achieved, which can be approximated by combination of
the hydrostatic and effective stress. It was also observed that void nucleation occurs more
readily in a triaxial stress field. Needleman (1987) proposed a micromechanical model to
study the particle-matrix decohesion process numerically.

Goods and Brown (1979) discussed the local failure conditions at the particle-matrix inter-
face in terms of a dislocation pile-up mechanism. Their results provided evidence that failure
between a particle and the surrounding matrix occurs when a critical value of equivalent
plastic strain is attained. It was also found that the stress controlled nucleation criterion de-
scribes the occurrence of nucleation best in situations where the particles are large, whereas
the strain controlled nucleation is associated with the formation of voids or microcracks
originating from smaller particle populations.

The most widely used criterion for void nucleation was presented by Chu and Needleman
(1980). They considered both stress and plastic strain controlled nucleation, where it was
explicitly accounted for the fact that voids can progressively nucleate throughout the de-
formation history. The plastic strain controlled criterion is based on a dislocation storage
model, whereas in the stress controlled criterion, void nucleation occurs when a critical
particle-matrix interface stress is reached. It was suggested that the critical interface stress
can be approximated by a scalar stress measure of the sum of the equivalent stress and the
hydrostatic stress. Thus, the change in void volume fraction due to nucleation of new voids
during an increment of deformation can be expressed as

ḟ = F ˙̄εp + K(σ̇e + σ̇h), (1)

where F and K are amplitude parameters that in general depend on deformation, stress
history and on the particle spacing in a statistical manner. In Eq. (1) ˙̄εp is the change in
equivalent plastic strain, and σ̇e and σ̇h the changes in equivalent and hydrostatic stress,
respectively. F and K are mostly assumed to follow a normal distribution of the form

F =
fN√
2πsN

exp

(

−1

2

(

εp
e − εN

sN

)2
)

,

(2)

K =
fσ√
2πsσ

exp

(

1

2

(

σe + σh − σN

sσ

)2
)

,
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where fN and fσ correspond to the volume fractions of particles that can nucleate with the
mechanism in question, whether strain or stress controlled, so that the total void volume
fraction is consistent with the volume fraction of void nucleating particles. sN and sσ are
the standard deviations of the nucleation model parameters, εN the average void nucleation
plastic strain and σN the average void nucleation stress. By varying the standard deviation
a wide range of strain and stress, over which most of the voids nucleate, can be modeled.

Void growth

After void nucleation, the following stage of structural degradation of a ductile material will
involve growth of the formed voids, which is strongly related to the presence of a hydrostatic
stress. The void growth strongly dependens on the level of stress triaxiality, which is the
ratio between the hydrostatic stress and the effective stress. This stage will dominate the
failure process until the occurrence of coalescence of the growing voids.

Early studies of void growth in ductile materials focused on the behavior of a single void in
an infinite block of a rigid perfectly plastic material. It was found that both for a cylindrical
void (McClintock (1968)) and a spherical void (Rice and Tracey (1969)), the rate of growth is
strongly dependent on the level of hydrostatic tension such that ductile failure by coalescence
would be promoted by a high level of stress triaxiality. Rice and Tracey (1969) found that the
void growth rate is exponentially dependent on the level of stress triaxiality. Tracey (1971)
developed this further to account for material strain hardening effects on the void growth.
It was found that an increase in the strain hardening requires a larger stress triaxiality to
maintain a fixed void growth rate. The model by Rice and Tracey (1969) is based on a
single void and does not take into account the interactions between voids nor does it predict
ultimate failure.

The most known constitutive model for describing void growth in ductile failure was pro-
posed by Gurson (1977), where an approximate yield criterion and a flow rule for a porous
ductile with a rigid perfectly plastic matrix material are given. The model was further
improved by Tvergaard (1981), who performed finite element simulations to study the de-
formation and damage behavior of a periodic array of cylindrical voids taking into account
strain hardening in the matrix material. Hence, the model was enhanced by incorporat-
ing strain hardening effects and the interaction of the voids. The Gurson-Tvergaard flow
potential function is given by

Φ =
(

σe

σ̄

)2

+ 2f q1 cosh
(

3q2σh

2σ̄

)

− (1 + (q1f)2) = 0 , (3)

where σ̄ is the yield stress of the matrix material and f is the volume fraction of spherical
voids. A value of q1 in the range from 1.25 to 2 and q2 = 1 is commonly used. Evolution
laws for the internal variables f and σ̄ need to be specified. The evolution of voids generally
results from both nucleation of new voids and from growth of existing voids. The growth rate
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of existing voids is determined by the assumption that the matrix material is incompressible
and is given by

ḟ = (1 − f)ε̇p
kk. (4)

The evolution of the yield stress σ̄ is determined by requiring that the plastic work rate for
the porous solid and the matrix are equal which gives

˙̄σ =
hσij ε̇

p
ij

(1 − f)σ̄
, (5)

where h = EtE/(E − Et), E is the elastic modulus and Et is the tangent modulus corre-
sponding to the slope of the uniaxial true stress-true strain curve of the matrix material.
The plastic strains in Eqs. (4) and (5) are obtained from the normality rule.

When f = 0 the flow potential in Eq. (3) reduces to the von Mises yield criterion and thus
exhibits no dependence on the hydrostatic stress σh. Also, when f = 1/q1 the yield surface
shrinks to a point and the carrying capacity of the material vanishes. However, this would
be for an unrealistically large void volume fraction. Based on experimental studies by Brown
and Embury (1973) it was found that two neighboring voids coalesce when their size has
grown to the order of magnitude of their spacing. Hence, the void coalescence stage needs
to be modeled more adequately.

An extension of the Gurson-Tvergaard (GT) model has been proposed by Gologanu et al.
(1995) and further enhanced by Pardoen and Hutchinson (2000), which accounts for the
relative void spacing and void shape effects. In a recent study by Nahshon and Hutchinson
(2008) a modified version of the GT model was proposed which accounts for shear failure.

Void coalescence

The final stage of the ductile material separation process is the coalescence of voids. The
most widely used and implemented void coalescence criterion in conjunction with the GT
model, which was proposed by Tvergaard and Needleman (1984), is that coalescence of voids
occur at a critical value fc of the void volume fraction. In this modification of the GT model
f ∗ replaces the void volume fraction f such that

f ∗ =







f if f ≤ fc

fc + (f ∗

u − fc)(f − fc)/(fE − fc) if f > fc ,
(6)

where fc, f ∗

u and fE are fitting parameters. The effect of the hydrostatic stress is amplified
when f > fc, which accelerates the void growth rate. Here ultimate failure occurs at f ∗ =
f ∗

u = 1/q1. Thus by implementing Eq. (6) with the GT model it introduces an additional
speed up to the failure process for f > fc by increasing the damage accumulation to reach
ultimate loss of stress carrying capacity. This will occur at the volume fraction fE instead of
the original form of the Gurson model which is able to sustain until unit porosity. Equation
(6) provides an enhanced description of the stage of coalescence in this aspect, however, it is a
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phenomenological description of the characteristics of the micromechanics of the coalescence
process. Also, the parameters used in the model to drive coalescence are obtained by fitting to
numerical results and do not have a micromechanical counterpart, except in an approximate
sense.

Benzerga (2002) brought the concept of void coalescence by internal necking further and
developed a micromechanical based continuum model for the coalescence stage. The model is
an enhanced version of the model proposed by Thomason (1985), based on the upper-bound
theorem for limit load analysis, and accounts for relative void spacing and void shape effects
and is defined by a set of constitutive equations including a closed form of the yield surface
with appropriate evolution laws for void shape and ligament size. The major implication of
the model is that the stress carrying capacity of the elementary volume vanishes as a natural
outcome of void ligament size reduction. Thus, a critical void volume fraction for the onset
of coalescence does not need to be specified. This model is advantageous in many aspects,
however it only accounts for the symmetric ductile failure mode, the void coalescence by
internal necking mechanism.

Ductile rupture mechanisms

As was discussed in connection to Figure 1, the rupture mechanism governing failure when
a round bar specimen of ductile material is subjected to tensile loading is void coalescence
by internal necking. However, if the specimen would be subjected to torsional loading a
shear dominated stress state will arise and the failure characteristics will differ considerably,
as evinced from Figure 2. The failure mode will here be shear ductile rupture as shown
in Figure 2(a) and is characterized by shallow small elongated shear dimples, which are
oriented along the shear direction. This rupture mode involves internal shearing between
voids and is favored at lower stress triaxiality values. The high plastic strain level will
promote nucleation of voids at second phase particles and inclusions by particle cracking
or interface decohesion. The low stress triaxiality impedes the growth of the formed voids
and due to the dominating shear stress state the voids will undergo substantial shearing.
The final rupture is then caused by the internal void shearing mechanism and is commonly
referred to as shear dimple rupture. In contrast, at high stress triaxiality and dominating
tensile loading the final rupture is caused by the internal void necking mechanism shown
in Figure 2(b) as discussed earlier. This rupture mode is often referred to as flat dimple
rupture.

The stress triaxiality parameter does not completely account for these differences in the
stress state and is consequently not the sole parameter governing ductile rupture, as also
indicated in experimental observations by Bao and Wierzbicki (2004a), Bao and Wierzbicki
(2004b) and in Paper A. In view of Figure 2 it is evident that a second measure of the
stress state is required to discriminate between axisymmetric and shear dominated stress
states in order to quantify the transition between the two ductile rupture mechanisms.
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Figure 2. Fractographs illustrating two different rupture mechanisms: (a) shear dimple rupture
where final rupture occurs by internal shearing between voids and (b) flat dimple rupture where
final rupture occurs by necking down of the intervoid ligament. The fractorgaphs are obtained from
the scanning electron microscopy investigation performed in Paper A.

Stress state characterising ductile failure

In order to discriminate between different stress states, whether axisymmetric or shear, an
additional stress state parameter is required. The Lode parameter (Lode (1925)), which is
related to the third invariant of the deviatoric stress tensor, makes this distinction. The
stress state can hence be described by the stress triaxiality T and the Lode parameter L
defined as

T =
σh

σe

, L =
2σ2 − σ1 − σ3

σ1 − σ3

, (7)

where σh is the mean stress, σe is the von Mises effective stress and σ1, σ2 and σ3 are the
principal stresses with σ1 ≥ σ2 ≥ σ3. These two parameters adequately describe the state
of stress during plastic loading for an isotropic material. The Lode parameter lies in the
range −1 ≤ L ≤ 1, with L = −1 for uniaxial tension, L = 0 for pure shear and L = 1 for
equi-biaxial tension stress state, with a superimposed hydrostatic contribution, respectively.
Hence the stress state is characterized with these two parameters, where L will discriminate
between different deviatoric stress states and T will set the level of stress triaxiality.
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Mixed mode ductile fracture

A situation when the stress state plays an important role concerning the governing rupture
mechanisms is in mixed mode ductile fracture. When a crack is present, the loading experi-
enced ahead of the crack tip may result in mixed mode ductile failure involving combinations
of mode I, II and III. In such a case the two ductile rupture mechanisms in Figure 2 govern-
ing failure will either compete or co-operate. Near symmetric mode I loading conditions the
void growth and coalescence mechanism leading to flat dimple rupture is favorable, whereas
near shear dominated mode II or mode III loading the shear localization mechanism leading
to shear dimple rupture is favorable. Hence, it is desirable to relate the transition in rupture
mechanisms to the altering of the continuum fields, i.e. the stress triaxiality T and the Lode
parameter L, which will depend on the mode mixity.

By performing a so called boundary layer analysis employed by Larsson and Carlsson (1973)
and Rice (1973), the stress triaxiality and the Lode parameter can be determined ahead of
an initially blunted crack as a function of the mode mixity. Far field displacement boundary
conditions are applied on the annular boundary shown in Figure 3(a) and are chosen to
be the asymptotic displacement field ui(KI, KII, KIII) with i = 1, 2, 3. Small scale yielding
will prevail by choosing the blunted crack tip radius to be much smaller than the radius of
the annular boundary. The boundary layer model in 3(a) is three dimensional with plane
strain conditions such that the symmetric mode I, the in plane shearing mode II, out of
plane shearing mode III and all combinations between these three modes of loading can be
considered. Given a mode mixity, the displacement boundary conditions are chosen such
that they resemble the stress intensity factors associated with that mode mixity. The mode
mixity parameters βI-II and βI-III are defined in Eq. (8). KI, KII and KIII are the stress
intensity factors in mode I, II and III respectively. In pure mode I, βI-II = βI-III = 0, and
pure mode II or III, βI-II = 1 and βI-III = 1, respectively.

βI-II =
2

π
arctan(KII/KI), βI-III =

2

π
arctan(KIII/KI) (8)

The path independent J integral under plane strain conditions, for the case when small scale
yielding prevails, is given by

J =
1 − ν2

E

(

K2

I
+ K2

II

)

+
1 + ν

E
K2

III
(9)

where ν is the Poission’s ratio and E is the Young’s modulus.

Results from the boundary layer analyses are shown in Figure 3(b) and (c) pertaining to a
material with yield strength σ0/E = 0.002 and strain hardening exponent N = 0.1. It is here
convenient to define a normalized measure of the distance ahead of the crack as x̄ = xJ/σ0.
The ductile fracture process zone is usually considered to be in the range x̄ = 0 − 2 ahead
of the crack tip. The Lode parameter and stress triaxiality contour plots are shown for pure
mode I loading (βI-II = βI-III = 0) in Figure 3(b) and for mixed mode I/III loading with
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βI-III = 0.5 in 3(c). In pure mode I loading the stress state, as indicated by L, varies notably
ahead of the crack tip and reaches a value of about L = −1 at about x̄ = 1, indicating a
tensile axisymmetric stress state well within the ductile fracture process zone. The level of
stress triaxiality is also highest at this location and is about 3.5. Hence mode I is associated
with high level of stress triaxiality and tensile axisymmetric stress state. In mixed mode
I/III loading condition the stress state in the fracture process zone is dominated by shear
with L close to 0 and relatively low level of T .

Figure 4 shows T and L, determined from boundary layer analyses, at the normalized dis-
tance x̄ = 2 ahead of the crack tip in the direction where T is maximum as function of the
mode mixity. Solid lines corresponds to mixed mode I/II and dot-dashed line to mixed mode
I/III loading. As shown in Figure 4(a), the stress triaxiality decreases with an increased pro-
portion of the unsymmetric mode (II or III) for both the medium hardening (N = 0.1) and
low hardening (N = 0.05) material. In 4(b), where L vs. the mode mixity is plotted, it is
seen that the stress state goes toward pure shear L = 0 for increased mode II, whereas for
increased III loading L > 0, indicating that the stress state goes toward equi-biaxial tension.

Obviously, the changes in stress state near the crack tip with respect to the mode mixity,
Figures 4, could have a strong influence on the characteristics in the rupture mechanisms
as seen in Figure 2. It is hence crucial to characterize the stress state more adequately with
the Lode parameter L and the stress triaxiality T in mixed mode ductile failure.

Localization analysis

When a ductile solid is deforming, it is often observed that a rather smoothly varying
deformation pattern develops into a pattern involving highly localized deformations in the
from of shear bands. Once localization takes place, the deformation will localize into the
band with very small contribution to the total deformation of the solid. Depending on the
stress state and boundary conditions on the deforming solid, final failure can occur at an
overall strain slightly larger than that at the onset of localization. Consequently, the onset
of localization is of significance as a precursor to final failure in ductile solids, in which micro
voids will act as imperfections triggering the onset of localization. Failure tends to occur by
a so called void-sheet mechanism, where small voids coalesce inside the shear band as the
localized deformation progresses.

Rudnicki and Rice (1975) and Rice (1977) presented a general theoretical framework of
plastic localization, where they investigated the conditions for deformation to localize into
a thin band. Here the framework of plastic localization is briefly outlined and the presen-
tation essentially follows that of Rudnicki and Rice (1975). Consider an initially uniform
deformation field achieved by uniform stressing of a homogeneous material shown in Figure
5. Conditions are sought for under which continued deformation may result in bifurcation
into a localized band mode. Current values of field quantities and material properties inside
and outside the band (hatched in Figure 5) are presumed identical. Let the band have an
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Figure 3. Boundary layer analysis, with (a) the three dimensional mesh used. The Lode parameter
and stress triaxiality contours for (b) pure mode I loading and (c) mixed mode I/III loading with
βI-III = 0.5. Here the normalized distance x̄ = xJ/σ0, where J is the path-independent integral
given by Eq. (9).

orientation n with components nj of the normal unit vector in a Cartesian coordinate sys-
tem xj (j = 1, 2, 3). Two requirements must be satisfied across the band interface. Firstly,
compatibility requires the velocity field to be continuous such that
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Figure 4. The stress state ahead of a crack tip obtained from an elasto-plastic boundary layer
analysis subjected to mixed mode I/II (solid lines) and I/III (dot-dashed lines) loading. (a) Stress
triaxiality and (b) the Lode parameter vs. mode mixity, evaluated in the direction of maximum T
at the normalized distance x̄ = 2 ahead of the crack tip.

x1
n

x3

x2

Figure 5. A homogeneous material body with a band or plane of imperfection with normal n in a
Cartesian coordinate system xj (j = 1, 2, 3).

∂u̇b

i

∂xj

=
∂u̇o

i

∂xj

+ q̇inj , (10)

where u̇b

i and u̇o

i are the velocity components at a point within the band and outside the band
of localized deformation, respectively. qi denotes the non-uniform part of the deformation
across the band, which is a function of nixi and is non-zero within the band and zero outside
the band. Secondly, incremental equilibrium requires continuity of the traction rates across
the band such that

nj σ̇
b
ji = nj σ̇

o
ji. (11)
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The material stress rate in Eq. (11) is related to the objective Jaumann stress rate by

σ̂ij = σ̇ij + σikΩkj − Ωikσkj , (12)

where Ωij = −Ωji is the spin tensor defined as

Ωij =
1

2
(u̇i,j − u̇j,i) . (13)

For plastic loading of a solid with a flow potential Φ, the incremental constitutive equation
relating the Jaumann stress rate to the rate of deformation is given by

σ̂ij =

[

Le
ijkl −

PijPkl

H + PmnLe
mnpqPpq

]

Dij with Pij = Le
ijkl

∂Φ

∂σkl

, (14)

where Dij = (u̇o
i,j + u̇o

j,i)/2 is the rate of deformation tensor and Le
ijkl is the symmetric

fourth order elastic stiffness tensor. H is the so called generalized plastic modulus, which
will depend on the flow potential of the plastic solid considered, and is determined from the
consistency condition for continued plastic loading, the flow rule and the evolution laws of
the internal variables. If a porous plastic solid such as a Gurson-Tvergaard solid with a flow
potential according to Eq. (3) is considered, then the generalized plastic modulus is given
by

H = −
[

(1 − f)
∂Φ

∂f

∂Φ

∂σkk

+
h

(1 − f)σ̄

∂Φ

∂σ̄
σkl

∂Φ

∂σkl

]

. (15)

Now, by substituting Eqs. (10), (12) and (14) into Eq. (11) gives a equation system with
three homogeneous algebraic equations for the three unknowns q̇i. For localization to be
possible it is required that a non-trivial solution of the resulting equation system exists
(q̇i 6= 0). This is when the determinant of the equation system equals zero, which will give
the conditions for the onset of localization.

The onset of localization depends strongly on stress state as well as on material properties.
Porosity have a significant effect on localization of plastic flow, which have been studied by
Needleman and Rice (1978) and Yamamoto (1978) among others. Yamamoto (1978) showed
that an initial imperfection, in the form of a band with a slightly higher porosity, could
trigger localization, which occurs at much lower strains under plane strain conditions than
under axisymmetric conditions. Also the orientation of the band has a strong effect on the
localization strain. Tvergaard (1989) studied failure by void coalescence in localized shear
bands under uniaxial plane strain tension conditions for various initial volume fractions of
voids. It was observed that the dependence of the localization strain on band inclination is
a concave function and is emphasized for decreasing void volume fractions. For a given void
volume fraction a minimum critical localization strain is found for a certain critical angle
of localization, at which incipient failure is first possible. The theoretical, conceptual and
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numerical modeling aspects of localization in ductile solids is elegantly summarized in the
review articles by Tvergaard (1990) and Needleman et al. (1992).

The Gurson-Tvergaard model, as was discussed in a previous section, predicts no growth of
voids under zero stress triaxiality, except when new voids are nucleating. Most recently a
modified version of the GT model was proposed by Nahshon and Hutchinson (2008), which
incorporates damage growth under low stress triaxiality for shear dominated stress states.
For such stress states the voids undergo substantial shearing and reorientation, as shown in
Figure 2(a), which contribute to softening and induces an effective increase in damage. By
making use of deviatoric stress state parameter ω, which is related to the Lode parameter,
to distinguish between axisymmetric and shear dominated stress states the void growth
evolution law is modified such that an additional contribution to ḟ is added for stress states
near pure shear and is given by

ḟ = (1 − f)ε̇p
kk + kωfω

sij ε̇
p
ij

σe

. (16)

For pure shear stress state and zero stress triaxiality ω = 1 and ε̇p
kk = 0, respectively, Eq.

(16) predicts nonzero damage growth whereas the original Gurson-Tvergaard model, Eq.
(4), would predict zero damage growth. kω is a numerical constant that sets the magnitude
of the damage growth rate in shear dominated stress states. Hence, in this phenomenological
modification f is no longer tied to the volume fraction of voids and is regarded as an effective
void volume fraction or simply as a damage parameter. Nahshon and Hutchinson (2008) use
this modified model and perform a localization analysis to study the influence of the stress
state, characterized by ω and the stress triaxiality, on critical localization strain. The model
is also used by Faleskog and Barsoum (2008) to predict ductile failure, which shows a strong
dependence of the localization strain on stress state and is able to capture trends in ductility
found in the experimental works by Bao and Wierzbicki (2004c) and in Paper A and Paper

D.

21



Summary of present work

The objective of the work in Paper A and Paper B was to study the co-operating or
competing rupture mechanisms, leading to ductile failure as shown in Figure 2. Particularly,
the transition between the different failure mechanisms with respect to the stress state,
characterized by the stress triaxiality T and the Lode parameter L, was of special interest.
For this reason, in Paper A a double notched tube (DNT) specimen was developed and
tested in combined tension and torsion as shown in Figure 6(b) and (d), giving rise to
variations in the Lode parameter at the center of the notch. The triaxiality was controlled
and kept constant throughout the test by keeping the tension to torsion ratio fixed. An
increase in the torsion portion of the loading gives a decrease in the triaxiality, and vice
versa.
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Figure 6. (a) The configuration of the round notched bar (RNB) specimen, (b) the configuration
of the double notched tube (DNT) specimen with a close up of an axisymmetric cut of the notch,
(c) a photograph showing the RNB specimen set and (d) a photograph of the DNT specimen.

Two different materials were tested, a high strength steel Weldox 960 and a medium strength
steel Weldox 420, for which the average effective plastic strain over the notch at failure was
determined from the experiments. All the tests were analyzed by means of finite elements
and the effective plastic strain in the center of the notch at failure was determined for each
test. The stress state at failure in the notch region was also carefully analyzed. Failure loci
for the two materials were constructed, where the effective plastic strains vs. T in center of

22



the notch at failure is plotted, as shown in Figure 7. Here ε̄p
cf corresponds to the equivalent

plastic strain in the center of the notch at failure.
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Figure 7. Experimental results for the double notched tube (DNT) specimen from Paper A. The
equivalent plastic strain vs. stress triaxiality at failure. (a) Weldox 420 and (b) Weldox 960.

An abrupt change in the trend in the failure loci was clearly noted for both the materials,
indicating a transition in rupture mechanism. The transition in rupture mechanism was also
accompanied by an abrupt change in the stress state profile at failure shown in Figure 8,
where L is plotted versus T obtained in the center of the notch at failure from the tests on
the double notched tube specimen. By examining the fracture surfaces systematically with
a scanning electron microscope the transition between the two rupture mechanisms, necking
of intervoid ligament and shearing of intervoid ligament, could be observed.
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Figure 8. The stress state, the Lode parameter L vs. the stress triaxiality T , obtained in the center
of the notch at failure for the DNT specimen of Paper A.
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In Paper B a micromechanical analysis of the observed rupture mechanisms from the exper-
imental work in Paper A was performed. The micromechanical model employed consisted
of an array of equally sized cells located within a planar band, where each cell contains a
spherical void located at its center. The periodic arrangement of the cells allowed the study
of a single unit cell. The unit cell was loaded in a way such that it resembled the stress
state, T and L, in the center of the notch at failure for each test in accordance with Figure
8 from Paper A.

It was found that at high triaxiality the dominating rupture mechanism is growth and
internal necking of the ligaments between voids. Here localization of deformation into the
voided planar band acted as precursor for ductile failure by void coalescence by internal
necking mechanism. However, at low triaxiality and near shear dominated stress state the
presence and growth of voids did not play a significant role. Here rupture occurred by internal
shearing between voids and seemed to be governed by a simple shear deformation criterion
postulated in Paper B. The outcome of the micromechanical analysis is summarized and
compared with the experimental results in Figure 9, where the dots corresponds to ε̄p

cf . The
dashed lines indicate failure by localization whereas the solid line indicates shear failure,
i.e. when a critical value of the shear deformation is reached. Hence, the micromechanical
model was capable to predict the two distinctly different rupture mechanisms and captured
the experimental trends well.
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Figure 9. Failure locus obtained in Paper B, where the macroscopic effective strain Ee vs. T at
failure. The open circles represent experimental results from Paper A. The dashed lines indicate
failure by localization and the solid line indicates shear failure. (a) Weldox 420 and (b) Weldox
960.

A micromechanical analysis to investigate the influence of the Lode parameter on void
growth and coalescence behavior was performed in Paper C. The micromechanical model
of a planar voided band in Paper B was extended to account for the orientation of the band.
It was found that the band orientation has a strong influence on the localization strain as
can be seen in Figure 10, where the localization strain is plotted versus the band inclination
angle for a constant triaxiality T = 1 and various L values. Moreover, the Lode parameter
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exerts a strong influence on the localization strain and subsequently on the critical band
inclination angle at which localization is first possible, i.e. minimum of the curves in Figure
10. It was concluded that the critical band inclination angle only depends on L.

−70 −35 0 35 70
0

0.25

0.5

0.75

1

Band inclination angle (◦)

L
o
ca

li
za

ti
on

st
ra

in

L = +1

L = 0 L = −0.5

L = −1
L = +0.5

 

 

Figure 10. Localization strain versus the band inclination angle for different L values and constant
triaxiality level T = 1, pertaining to results from the micromechanical analysis in Paper C.

The Lode parameter also exerts a strong influence on void growth and void shape. The effect
of L on void shape increases with decrease in the level of T as can be apprehended from
Figure 11 where the void shape along with deformed unit cell boundaries are plotted at onset
of localization (dot-dashed line) and in the post localization regime (solid lines) for L = 0 at
two different triaxiality levels T = 1 and 2. Figure 11 also shows the effect on the macroscopic
stress strain response, Σe vs. Ee, of the unit cell. The void, initially spherical, deforms to
an ellipsoidal shape at the onset of localization for T = 1 and takes on a penny shape in
the post-localization regime, which is a consequence of that the localized deformation is
dominated by shearing. At the higher triaxiality level T = 2 the void has undergone very
limited growth at onset of localization and the void shape remains approximately spherical
in the post-localization regime. Notwithstanding, the void growth rate is high and the void
undergoes extensive growth in the post-localization regime.

In Paper D a complementary experimental investigation was conducted on tensile round
notched bar (RNB) specimens, shown in Figure 6(a) and (c), in order to asses the influence
of the Lode parameter on ductility in the moderate stress triaxiality regime. The results were
compared with the results from Paper A for the DNT specimens subjected to tension and
torsion in the intermediate triaxiality regime with T > 0.7. The effective plastic strain, the
stress triaxiality T and the Lode parameter L were determined at the center of the notch up
to the point of failure by means of finite element analysis. The influence of L on the failure
strain was remarkable for the high strength and low hardening material, whereas for the
medium strength and high hardening material the influence of L was less distinguished, as
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Figure 11. Results from Paper C showing void shape evolution for a constant Lode parameter
L = 0 at two different levels of triaxiality (a) T = 1 and (b) T = 2. Dot-dashed lines correspond
to void shape at localization (open circles in Σe vs Ee plots) and solid lines correspond to the void
shape at 75% of maximum of the macroscopic effective stress Σe in the post-localization regime.

shown in Figure 12, where open circles pertain to the DNT tests with varying L and solid
circles pertain to the RNB tests with constant L = −1.

The experimental results were then analyzed with the micromechanical model developed in
Paper C. The micromechanical model captured the experimental trend and the influence of
L on ductility very well, as shown in Figure 12 where dashed lines and solid lines corresponds
to micromechanical analysis of the DNT and RNB tests, respectively. It was found that
the sensitivity of the Lode parameter increases with increase in the yield strength of the
material. The fractographical analysis revealed that this sensitivity to the Lode parameter
is associated with the failure characteristics of the material.
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Figure 12. Failure locus from Paper D for (a)Weldox 420 and (b) Weldox 960, where the critical
strain is plotted vs. stress triaxiality at failure. The solid circles represent experimental results for
the RNB specimen and open circles for the DNT specimen. The lines pertain to results from the
micromechanical model and indicate failure by localization.
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Suggestion for future work

The main objective of this research project was to develop a nonlinear computational fracture
mechanics tool in order to model mixed mode ductile fracture. By studying the rupture
mechanisms leading to ductile failure and the influence of the stress state on ductility the
current work has shed some more light on this area. However, there are still many issues that
have not been addressed in this work and still remain as open questions for the scientific
community. The following section serves as suggestion for future work on issues that are
needed to be addressed more thoroughly.

An important stage during the failure process under low stress triaxiality and dominating
shear stress state is the void nucleation stage. As is noted in Figure 2(a), the fracture
surface is covered with small elongated shear dimples. A possible explanation is that failure
is triggered by an extensive void nucleation occurring at a very late stage in the deformation
process. Hence a void nucleation model which incorporates the influence of stress stress
state characterized by the Lode parameter and stress triaxiality is desired. The model in
Eqs. (1) and (2) may be a starting point for such a model with stress state dependent model
parameters. Moreover, as can be observed from Figure 2 the two rupture mechanisms involve
two different length scales of voids. Hence, it is desirable to incorporate an intrinsic material
length scale in such an enhanced void nucleation model.

The void coalescence stage also needs to be addressed more thoroughly, especially for void
coalescence by internal shearing or combination of internal shearing and internal necking.
Benzerga (2002) presents a micromechanical based continuum model for the void coalescence
by internal necking, which is based on the upper-bound theorem for limit load analysis
presented by Thomason (1985). It is assumed that incipient plastic limit load failure of the
intervoid matrix occurs when homogeneous deformation can no longer continue throughout
a ductile porous solid and all subsequent plastic deformation becomes concentrated in the
intervoid matrix over a single sheet of microvoids. By considering a single unit cell of square-
prismatic shape with a central ellipsoidal void and assuming that the matrix material outside
the localized deformation region is rigid perfectly plastic a kinematically admissible velocity
field for the localized region is specified. By equating the rate of internal energy dissipation
with the rate of work of the external loads the plastic limit loads for incipient internal
necking of the intervoid matrix are obtained. Similar approach could be used to obtain an
upper-bound limit load model for void coalescence by internal shearing. The challenge here
is to specify an admissible velocity field accounting for shear deformation in the intervoid
ligament. It is also desired that such coalescence model incorporates the effect of the stress
state.
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