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Abstract

This thesis consists of three articles all related in some way to eigenvalues
of random matrices and their principal minors and also to tilings of various
planar regions with dominoes or rhombuses.

Consider an N × N matrix HN = [hij ]Ni,j=1 from the Gaussian unitary
ensemble (GUE). Denote its principal minors (submatrices in the upper left
corner) by Hn = [hij ]ni,j=1 for n = 1, . . . , N . We show in paper A that all
the N(N + 1)/2 eigenvalues of H1, . . . , HN form a determinantal process on
N copies of the real line R. We also show that this distribution arises as
a scaling limit in tilings of an Aztec diamond with dominoes. We discuss a
corresponding result for rhombus tilings of a hexagon which was later proved
by Okounkov and Reshtikhin. We give a new proof of that statement in the
introduction to this thesis.

In paper B we perform a similar analysis for the Anti-symmetric Gaussian
unitary ensemble (A-GUE). We show that the positive eigenvalues of an N×N
A-GUE matrix and its principal minors form a determinantal process on N
copies of the positive real line R+. We also show that this distribution of all
these eigenvalues appears as a scaling limit of tilings of half a hexagon with
rhombuses.

In paper C we study the shuffling algorithm for tilings of an Aztec dia-
mond. This leads to the study of an interacting set of interlaced particles
that evolve in time. We conjecture that the diffusion limit of this process is a
process studied by Warren and establish some results in this direction.
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Sammanfattning

Denna doktorsavhandling består av tre artiklar som alla på något sätt
berör egenvärlden till slumpmatriser och deras principalminorer samt plat-
läggningar av olika plana områden med dominobrickor eller romber.

Betrakta en N × N matris Hn = [hij ]Ni,j=1 tagen från den så kallade
Gaussiska unitära ensemblen (GUE). Låt Hn = [hij ]ni,j=1 för n = 1, . . . , N
beteckna dess prinicpalminorer, dvs delmatriser uppe i vänstra hörnet. Vi vi-
sar i artikel A att alla de N(N + 1)/2 egenvärden för H1, . . . , HN utgör en
determinantpunktprocess på {1, . . . , N} ×R. Vi visar också att denna fördel-
ning uppkommer som en skalgräns från plattläggningar med dominobrickor
av en Aztekisk diamant. Vi diskuterar också motsvarande resultat för platt-
läggningar av en hexagon med romber som senare visades av Okounkov och
Reshtikhin. Vi ger ett nytt enklare bevis av denna sats i inledningen till denna
avhandling.

I artikel B utför vi en liknande analys för den antisymmetriska Gaussiska
unitära ensemblen (AGUE). Vi visar att de positiva egenvärden av en N ×N
AGUE matris och dess principalminorer utgör en determinantpunktprocess
på {1, . . . , N} × R+. Vi visar också att fördelningen av alla dessa egenvär-
den uppkommer som en skalgräns i plattläggningar av en halv hexagon med
romber.

I artikel C studerar vi den så kallade shuffling algoritmen för plattlägg-
ningar av en Aztekisk diamant. Detta leder till studiet av vissa interagerande
partiklar som på ett slumpmässigt sätt rör sig i tiden. Vi förmodar att en
lämplig skalgräns av denna process är en viss kontinuerlig process som stude-
rats av Warren och visar några resultat i den riktningen.
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Introduction and Summary

1 Random matrices

Random matrix theory (RMT) originates from the observation, made by Wigner
in the 1950’s, that the statistical behaviour of energy levels of heavy atomic nuclei
can be modelled by eigenvalues of a large random matrix. Later other complicated
systems have been found to exhibit similar statistical behaviour, most notably the
distribution of zeros of the Riemann zeta function along the critical line. Today
RMT is considered a branch of mathematics and probability theory.

In the late 1990’s the following connection was found between combinatorics and
RMT. Given a permutation σ, that is the integers 1, . . . , n written in some order,
let the length of the longest increasing subsequence of σ be l(σ). Pick at random a
permutation σ of length n. One can ask what is the distribution of l(σ). It turns
out that in the large n limit, l(σ) properly rescaled has the same distribution as the
largest eigenvalue of a large random matrix from the Gaussian unitary ensemble
(GUE). This is known as the Baik-Deift-Johansson theorem, [BDJ99].

Most of the results of this thesis are in that spirit. The author has studied several
different discrete, combinatorial models where different random matrix distributions
arise as a scaling limit. One starting point of this development is the article [Joh00]
which studies a certain discrete growth process in the plane. The details of that
model are presented in paper A, suffice it to say that this leads to the study of
random n-point configurations on some finite set N = {1, . . . , N} with probability
distribution of the form

fn(x1, . . . , xn) = C[∆(x)]2
n∏
i=0

w(x) (1.1)

where w is some weight and ∆ denotes the Vandermonde determinant

∆(x1, . . . , xn) =
∏

1≤i<j≤n
(xj − xi) = det[xj−1

i ]ni,j=1. (1.2)

One of the fundamental questions in RMT has always been the following. Given
some probability distribution (ensemble) on matrices, what is the distribution on
their eigenvalues. This frequently leads to the study of random n point configura-
tions, typically on R or the unit circle, with probability density on the form (1.1).
A standard method for studying such measures is via determinantal correlation

1



2 INTRODUCTION AND SUMMARY

functions and the orthogonal polynomial method, briefly described in section 3.
Information about such random n-point configurations can then be derived from
properties of the orthogonal polynomials with weight w.

One example is the Gaussian unitary ensemble (GUE), which is treated in detail
in section 2 and has real eigenvalues with distribution on the form (1.1) with w(x) =
e−x

2/2. Study of the GUE can then be reduced to study of the Hermite polynomials.
These methods are easily applied also in our discrete setting, yielding instead

discrete orthogonal polynomials. In the case of [Joh00], w turns out to be the weight
for the Meixner polynomials. By using explicit formulas for the generating function
for the Meixner polynomials relevant asymptotics are derived.

All the tiling problems in this thesis fit into this framework with the Hahn, the as-
sociated Hahn and the Krawtchouk polynomials. See also [Joh01, Joh05b, Joh05a].
Natural generalisations of (1.1) also lead to point processes with determinantal
correlation functions, see e.g. [Bor99, OR06, Joh01].

The rest of this introduction is organised as follows. In section two we shall
introduce the Gaussian unitary ensemble (GUE) and the anti-symmetric Gaussian
unitary ensemble (A-GUE) and give their eigenvalue distributions. Section three is
devoted to some well known results about point processes, in particular correlation
functions which is an important tool in RMT. Section four is not a review but
contains original material about tilings of a hexagon with rhombuses. We show a
result that due to a technical difficulty was left as a conjecture in paper A and
proved by Okounkov & Reshetikhin in [OR06]. Our proof does not require the
heavy machinery that [OR06] uses and also avoids the technical difficulty of the
approach we took in paper A. In section five we give some well known results about
tilings of the Aztec diamond with dominoes which is relevant to papers A and C.

2 Two matrix ensembles

Gaussian unitary ensemble

Let Hn be the set of n × n Hermitian matrices, that is complex matrices H =
[hij ]ni,j=1 such that hij = h̄ji, which can also be written H∗ = H. The Gaussian
unitary ensemble (GUE) is the following probability measure on Hn.

pGUE
n (H)dH = Zn exp(−TrH2/2) dH =

Zn exp

− n∑
i=1

h2
ii −

∑
1≤i<j≤n

|hij |2/2

 dH (2.1)

where Zn is some normalisation constant and dH is Lebesgue measure on the n2 in-
dependent real parameters that specify a Hermitian matrix. In probabilistic terms,
we sample Hermitian matrices in the following way. Choose the the diagonal ele-
ments, which must be real, to be independent Gaussians with variance 1

2 . The real
and imaginary part of the elements above the diagonal are all independent standard
Gaussians.
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This is possibly the most well studied matrix ensemble. Up to scaling it is the
only measure on Hermitian matrices that satisfies

1. The measure is invariant under conjugation with any unitary matrix U , i.e.

pGUE
n (U∗HU) = pGUE

n (H). (2.2)

This is akin to being invariant under choice of coordinate system, which is a
desirable property in physical models.

2. All matrix elements are independent.

It is of course the first of these properties, and the fact that all matrix elements are
Gaussians, that has given the ensemble its name.

It is a classical result, see for example [Meh91, section 3.3], that the probability
density fGUE

n of the n the eigenvalues λ(n)
1 ≤ · · · ≤ λ(n)

n is

fGUE
n (λ(n)

1 , . . . , λ(n)
n ) = Z ′n[∆(λ(n))]2

n∏
i=1

e−(λ(n)
i

)2/2. (2.3)

Observe that this density is a special case of the expression in (1.1). Let Hk =
[hij ]ki,j=1 denote the k:th principal minor of H, i.e. the k × k submatrix in the
upper left corner. It is of course also Hermitian and let λ(k) denote the vector
of its eigenvalues, λ(k)

1 ≤ · · · ≤ λ
(k)
k . Let ΛGUEm

n = (λ(1), . . . , λ(n)). This is then
a stochastic variable taking values in Rn(n+1)/2. It is a fact of elementary linear
algebra that these eigenvalues interlace. By this we mean the following.

λ
(k)
i ≤ λ(k−1)

i ≤ λ(k)
i+1 for i = 1, . . . , k − 1 (2.4)

We shall write λ(k) � λ(k−1) when such an interlacing is satisfied. See figure 1 for
a typical sample.

A natural question to ask is what is the distribution of the eigenvalues ΛGUEm
n of

a GUE matrix and its principal minors. This was answered by Baryshnikov, [Bar01].
It turns out that given the eigenvalues of the whole matrix λ(n), the rest of the
eigenvalues are uniformly distributed in the cone

K(λ(n)) = {(λ(1), . . . , λ(n)) ∈ R1 × R2 × · · · × Rn : λ(n) � · · · � λ(1)}. (2.5)

The following statement is implicit in the proof of Corollary 4.8 in [Bar01].

Proposition 2.1. The probability density of ΛGUEm
n is

fGUEm
n (λ(1), . . . , λ(n)) = fGUE

n (λ(n))1{λ(n) � λ(n−1)} · · ·1{λ(2) � λ(1)}
vol K(λ(n))

(2.6)

where vol K(λ(n)) denotes the n(n− 1)/2-dimensional volume or Lebesgue measure
of K(λ(n)).
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Figure 1: Eigenvalues of successive minors of a GUE matrix. The single eigenvalue
of H1 is on the top line, the two eigenvalues of H2 on the next and so on.

Anti-symmetric Gaussian unitary ensemble
Let H̄n be the set of n × n Hermitian matrices that are purely imaginary, that
is complex matrices H = [hij ]ni,j=1 such that hij = −hji and Rehij = 0. The
Anti-symmetric Gaussian unitary ensemble (A-GUE) is the following probability
measure on H̄n.

pA−GUE
n (H)dH = Z̃n exp(−TrH2/2) dH =

Z̃n exp

− ∑
1≤i<j≤n

|hij |2
 dH (2.7)

where Z̃n is some normalisation constant and dH is Lebesgue measure on the n(n−
1)/2 independent real parameters that specify an element of H̄n. In probabilistic
terms, we sample matrices in the following way. The diagonal elements are zero.
The imaginary part of the elements above the diagonal are all independent standard
Gaussians and their real parts are zero. Anti-symmetry then fixes the values of the
elements below the diagonal.

Matrices from H̄n have the special property that if λ is an eigenvalue with
eigenvector v then −λ is an eigenvalue with eigenvector v̄. Therefore it is sufficient
to study the distribution of the positive eigenvalues. Also, zero is an eigenvalue if
n is odd.

Similar to the previous section let Hn = [hij ]ni,j=1 be an n × n A-GUE matrix
and let Hk = [hij ]ki,j=1 be its k:th principal minor. Let λ(k) = (λ(k)

1 , . . . , λ
(k)
bk/2c) be

the vector of positive eigenvalues of Hk for k = 1, . . . , n. It is understood that
λ

(k)
i−1 ≤ λ

(k)
i for i = 2, . . . , bk/2c. Let ΛA−GUEm

n = (λ(1), . . . , λ(n)).
It is well known, see for example Mehta [Meh91, section 3.4], that the probability

density of λ(n) is

fA−GUE
n (λ(n)) = Z ′′n

∏
1≤i<j≤n/2

(
(λ(n)
j )2 − (λ(n)

i )2
)2 n/2∏

i=1
e−(λ(n)

i
)2

(2.8)

when n is even and

fA−GUE
n (λ(n)) = Z ′′n

∏
1≤i<j≤(n−1)/2

(
(λ(n)
j )2 − (λ(n)

i )2
)2 (n−1)/2∏

i=1
(λ(n)
i )2e−(λ(n)

i
)2

(2.9)
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when n is odd.
We have a result analogous to Proposition 2.1 for the Anti-symmetric GUE, see

Theorem 3.3 in paper B.

3 Determinantal point processes

It is frequently useful to view the eigenvalues of a random n × n matrix not as
a random element of Rn or Cn but as a random integer-valued measure on R or
C. This should be thought of as some way of randomly placing points (sometimes
called particles) on the space in question. The theory of point processes can then be
applied and certain asymptotic results can be more readily stated in that language.
For an in depth treatise of the subject see the standard work by Daley & Vere-
Jones, [DVJ03, DVJ08]. Detailed knowledge of the measure theoretic intricacies of
point processes is not essential to understanding the main results of this thesis. A
reader without acquaintance with or interest in measure theory may skip the next
two paragraphs.

Consider some complete separable metric space X with some reference measure
µ defined on the Borel σ-algebra B(X ) generated by the open spheres of X . For
example R with Lebesgue measure or Z with counting measure. Let M(X ) be the
set of boundedly finite integer valued measures on X . Boundedly finite means that
the measure of a bounded set is finite. Typically, an element N ∈M(X ) will assign
non-zero measure to points belonging to some nowhere dense set. We equip M(X )
with the minimal σ-algebra B(M(X )) such for each Borel set A ∈ B(X ) the mapping

M(X )→ N ∪ {∞} (3.1)
N 7→ N(A) (3.2)

is measurable.
A point process is a stochastic variable taking values inM(X ), i.e. a measurable

function from some probability space (Ω, E ,P) to (M(X ),B(M(X ))).
Intuitively, to sample a point processN on R means picking at random a function

N : B(R)→ N ∪ {∞} on the form

N(A) =
∑
i∈I

δξi(A) (3.3)

where

δξ(A) =

{
1 ξ ∈ A
0 ξ /∈ A.

(3.4)

Informally, N takes as input a subset of R and returns the number of points con-
tained in that subset. Of course I is some index set and {ξi}i∈I is the set of random
points. All the point processes considered have the property that the probability of
double points or points of higher multiplicity is zero. That is to say, all ξi for i ∈ I
are distinct almost surely.
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Correlation functions
Given a point process on Z it is reasonable to ask what is the probability that there
is a particle at each one of some given positions x1, . . . , xn. This shall be denoted
ρn(x1, . . . , xn) where ρn is called the n:th correlation function.

For point processes on R it is more reasonable to ask about the density of
particles at positions x1, . . . , xn. In that context the n:th correlation function can
be defined as

ρn(x1, . . . , xn) = lim
∆xi→0

P[a particle in each interval [xi, xi + ∆xi], 1 ≤ i ≤ n]
∆x1 . . .∆xn

.

(3.5)
A definition suitable for more general spaces X as above is that for all bounded

test functions φ of bounded support B ⊂ X ,

E

[∏
i∈I

(1 + φ(ξi))

]
=
∞∑
n=0

1
n!

∫
Bn

φ(x1) · · ·φ(xn)ρn(x1, . . . , xn) dnµ(x). (3.6)

See [Joh06] for a motivation of this definition. Under certain conditions the
point process is uniquely defined by the family of all correlation functions ρn for
n = 1, 2, . . . . All the point processes that are considered in this thesis are so called
determinantal point process. This means that they have correlation functions of
the form

ρn(x1, . . . , xn) = det[K(xi, xj)]ni,j=1 (3.7)
for some function K : X 2 → R called the kernel. See [HKPV06] for a good review of
the theory surrounding these as well as some original results including an algorithm
for sampling such processes. Other important references for processes of this kind
are [Sos00, DVJ03, DVJ08].

It is a standard computation in RMT, see e.g. [Joh06], that n-point configu-
rations of the form (1.1) have determinantal correlation functions. For the two
random matrix ensembles discussed in section 2 we have the following theorem.

Theorem 3.1. The eigenvalues of a GUE matrix, respectively the positive eigen-
vaues of A-GUE matrix, form a determinantal point process on R, respectively R+,
with kernel

KGUE
n (x, y) =

∞∑
i=1

hn−i(x)hn−i(y)e−(x2+y2)/4, (3.8)

respectively

KA−GUE
n (x, y) = 2

∞∑
i=1

hn−2i(x)hn−2i(y)e−(x2+y2)/4. (3.9)

Here n is the size of the matrix, hi for i ≥ 0 is the i:th Hermite polynomial nor-
malised so that ∫

R
hi(x)hj(x)e−x

2/2 dx = δij (3.10)

and hi ≡ 0 if i < 0.
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For proof see Mehta, [Meh91, section 5.2]. It can be noted that these kernels
are symmetric, i.e. K(x, y) = K(y, x). This is not a general property of correlation
functions and we shall later see non-symmetric kernels.

4 Tilings with rhombuses

In paper A we discuss a certain statement, Theorem 4.4, about tilings of a hexagon
close to the boundary. We failed to prove this due to a small technical difficulty and
it was proved using very sophisticated theory by Okounkov & Reshetikhin in [OR06].
It is the purpose of this section to give a completely different and elementary proof
of this result which has not previously been published. We shall start with giving
the reader some background about tilings with rhombuses.

In figure 2 such a tiling is shown. The typical behaviour of large random tilings
in this model is that there are regular areas in the six corners where the rhombuses
are aligned. These are called frozen regions. The disordered area in the middle
is called the temperate region. It can be shown, [CLP98], that the shape of this
disordered region tends to a circle as the side length tends to infinity, see that
article for a precise statement. A similar statement holds for tilings with more
general boundary conditions, see [KOS06].

Look along the left edge of the picture in figure 2. From the top there is a
sequence of so to speak upward going rhombuses, then there is a horizontal domino
and below a sequence of downward going dominoes. We shall call such horizontal
dominoes particles. On the next line in from the left there are two horizontal
dominoes, one above and one below the one on the first row. On the next line there
is three and so on. These horizontal dominoes follow the same interlacing pattern
as the eigenvalues of GUE matrices in figure 1. Theorem 4.4 essentially states
that in the limit of large hexagon tilings with rhombuses, the positions of these
particles suitably rescaled converges to the distribution of eigenvalues of a GUE
matrix and its minors. The rest of this section is a proof and exact formulation of
that statement.

Consider m simple symmetric random walks conditioned never to intersect,
starting at (0, 2i) and ending at (p + q,−p + q + 2i) for i = 0, . . . , m − 1. Such
configurations are in bĳection with domino tilings of a hexagon as seen in the left
picture in figure 3. It can be shown, [Joh05b], that the positions of the walkers
at each time step, form a determinantal process. We will however instead study
the holes left between the walkers, the blue particles in that figure. For simplicity
we restrict our study to the situation p ≤ q, the other case being equivalent by
reflection.

Returning to the situation at hand, let us fix some notation. At time t there
will be r(t) blue particles. Let x(t) = (x(t)

1 > x
(t)
2 > · · · > x

(t)
r(t)), be their positions

at that time. In our choice of coordinate system, x(t)
i − t is even for all t and i. It
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Figure 2: Random tiling of a 45×45×45 hexagon.
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Figure 3: A rhombus tiling of a 9×7×11 hexagon can be seen as 9 non-intersecting
simple symmetric random walks with p = 7 and q = 12 in the notation of this text.
Alternatively, the blue particles can be seen as the positions of some dual random
walkers with step probability φ defined in (4.6).

Figure 4: Method of virtual particles in fixed positions.



10 INTRODUCTION AND SUMMARY

is easy to check that

r(t) =


t t ≤ p
p p ≤ t ≤ q
p+ q − t q ≤ t.

(4.1)

Also, the highest possible position for x(t)
1 is a(t) and the the lowest possible position

for x(t)
r(t) is b(t) where

a(t) =

{
2(m− 1) + t t ≤ q
2(m+ q − 1)− t t ≥ q

b(t) =

{
−t t ≤ p
−2p+ t t ≥ p.

(4.2)

It is a consequence of the combinatorics of this model, as can easily be seen in
the picture, that the blue particles fulfill certain interlacing requirements,

x
(t)
i+1 < x

(t+1)
i+1 < x

(t)
i . (4.3)

for t = 0, . . . , q − 1 and
x

(t)
i+1 < x

(t+1)
i < x

(t)
i . (4.4)

for t = q, . . . , p+ q − 1.
It is possible to encode these interlacing properties in a formula. The probability

of some configuration x̄ = (x(0), . . . , x(p+q)) can be written

p(x̄) = 1
Cp,q

q−1∏
t=0

det[φ(x(t)
i , x

(t+1)
j )]r(t+1)

i,j=1 ×
p+q−1∏
t=q

det[φ(x(t)
i , x

(t+1)
j−1 )]r(t)i,j=1, (4.5)

where we have also introduced the virtual particles x(t)
t+1 = −t − 2 for t = 0, . . . ,

p− 1 and x(t)
0 = 2n+ q − t. Cp,q is some normalization constant and

φ(x, y) =

{
1 if y > x and y − x is odd,
0 otherwise.

(4.6)

One way to think about this expression is that the blue particles themselves are
the positions of some dual random walks, with step probability φ as seen in the
right picture in figure 3. By the Lindström-Gessel-Viennot method, the measure
on configurations is given exactly by (4.5). [Joh05b, equation (3.2)] is a similar
expression for the positions of the red random walks.

A natural question to ask then is what is the probability distribution of the
blue particles at some fixed time t. The idea is to compute the number of possible
configurations to the right and to the left of t and divide by the total number of
possible tilings. For this we need the following lemma.

Lemma 4.1. Let t ≤ p. Given some configuration x(t), the number of configura-
tions to the left of line t, i.e.

Ht(x(t)) =
∑

x(1),...,x(t−1)

t−1∏
t̄=0

det[φ(x(t̄)
i , x

(t̄+1)
j )]t̄+1

i,j=1 (4.7)
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is
Ht(x1, . . . , xt) = ct∆(x1, . . . , xt). (4.8)

where ∆ is the Vandermonde determinant defined in (1.2) and

ct = 1
2t(t−1)/2∏t−1

k=1 k!
. (4.9)

Proof. Induction over t. For t = 1 it is indeed true that H1(x) ≡ 1. Assuming the
statement is true for t, consider t+ 1.

Ht+1(x1, . . . , xt+1) =
∑

xi<yi<xi+1

ct

∣∣∣∣∣∣∣
1 y1 . . . yt−1

1
...
1 yt . . . yt−1

t

∣∣∣∣∣∣∣
= ct

∣∣∣∣∣∣∣
p0(x1)− p0(x2) p1(x1)− p1(x2) . . . pt−1(x1)− pt−1(x2)

...
p0(xt)− p0(xt+1) p1(xt)− p1(xt+1) . . . pt−1(xt)− pt−1(xt+1)

∣∣∣∣∣∣∣ (4.10)

where pk(x) =
∑x/2
y=2M (2y)k for x even and pk(x) =

∑(x−1)/2
y=2M (2y+1)k for x odd,M

is an arbitrary big negative number. This is some antiderivative of the function xk.
It can be checked that pk is a polynomial and that pk(x) = xk+1/2(k+ 1) +O(xk).
Performing column operations in the determinant removes dependence on all but
the highest order coefficient in pk.

Ht+1(x1, . . . , xt+1) = ct

∣∣∣∣∣∣∣
1
2 (x1 − x2) 1

4 (x2
1 − x2

2) . . . 1
2t (x

t
1 − xt2)

...
1
2 (xt − xt+1) 1

4 (x2
t − x2

t+1) . . . 1
2t (x

t
t − xtt+1)

∣∣∣∣∣∣∣ (4.11)

Pull out constants and border the matrix to make it (t+ 1)× (t+ 1).

= ct
2tt!

∣∣∣∣∣∣∣∣∣
0 x1 − x2 x2

1 − x2
2 . . . xt1 − xt2

...
0 xt − xt+1 x2

t − x2
t+1 . . . xtt − xtt+1

1 xt+1 x2
t+1 . . . xtt+1

∣∣∣∣∣∣∣∣∣ (4.12)

Row operations now complete the proof.

Theorem 4.2. The probability that at time t the blue particles are at positions
x1 > · · · > xr(t) is

pt(x1, . . . , xr(t)) = Z−1
t ∆2(x1, . . . , xr(t))

r(t)∏
i=1

ft(xi) (4.13)

where

ft(x) =
|q−t|∏
k=1

(a(t) + 2k − x)
|p−t|∏
k=1

(x− b(t) + 2k) (4.14)

and Zt is some normalising constant.
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Proof. The idea of the proof is illustrated in figure 4. Case t ≤ p: The area to
the left of t can be tiled in Ht(x1, . . . , xt) ways and the area to the right of t can
be tiled in Hp+q−t(x−q+t+1, . . . , x1, . . . , xt, . . . , xp) ways where we introduce virtual
particles x−q+t+i = a(t) + 2(q − t− i+ 1), for i = 1, . . . , q − t and xt+i = b(t)− 2i
for i = 1, . . . , p− t. Then

pt(x1, . . . , xr(t)) = const−1Ht(x1, . . . , xt)Hp+q−t(x−q+t+1, . . . , x1, . . . , xt, . . . , xp)
(4.15)

which proves the theorem in this case since the part of the Vandermonde determi-
nant that has to do with the virtual particles is exactly ft.

Case p ≤ t ≤ q: The area to the left of t can be tiled in Ht(x1, . . . , xp, . . . , xt)
ways where we introduce virtual particles xp+i = b(t)− 2i for i = 1, . . . , t− p. The
area to the right of t can be tiled in exactly Hp+q−t(x−q+t+1, . . . , x1, . . . , xp) ways
where the virtual particles x−q+t+i = a(t) + 2i for i = 1, . . . , q − t. The theorem
then follows just like in the first case.

Case q ≤ t. The area to the left of t can be tiled in Ht(xq−t+1, . . . , x1, . . . , xp)
ways with virtual particles xq−t+i = a(t) + q − t − 2i for i = 1, . . . , t − q and
xp+q−t+i = b(t)− 2i for i = 1, . . . , t− p. Again the theorem follows.

Fix some integer n such that p > n > 0. Consider the random variable XHex
n =

(x(1), . . . , x(n)), i.e. the positions of all the blue particles for times t = 1, . . . , n.
What is the distribution of XHex

n ? We already know the distribution of x(n). Given
the configuration on line t = n, that is x(n), the tilings of the areas to the left and
to the right of t = n are independent. It follows from that argument that all valid
tilings of the area to the left of t = n that agree with x(n) are equally likely. Thus
the distribution of XHex

n is, given x(n), uniform in the cone

K(x(n)) = {(x(1), . . . , x(n)) ∈ Z× Z2 × · · · × Zn :

x(n) � · · · � x(1) and x(i)
j − i ≡ 1 mod 2}. (4.16)

This leads to the following proposition.

Proposition 4.3. The distribution of XHex
n is

pHex
n (x(1), . . . , x(n)) = pn(x(n))1{x(n) � x(n−1)} · · ·1{x(2) � x(1)}

cardK(x(n))
(4.17)

where pn is defined in Theorem 4.2 and cardK(x(n)) is the cardinality of the cone
K(x(n)), that is Hn(x(n)) as defined in Lemma 4.1.

From now on let m = p = q = N . Consider a rescaling XHex,N
n of XHex

n such
that XHex,N

n = (x(1),N , . . . , x(n),N ) where

x
(i),N
j =

x
(i)
j − N

2√
6N/4

. (4.18)

We can now show the following theorem.
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Theorem 4.4 (Theorem 2 in [OR06]). XHex,N
n → ΛGUEm

n weakly as N = m = q =
p→∞.

Proof. Apply Stirling’s approximation to the explicit expression in Proposition 4.3.
The number of lattice points inside a cone converges to its volume as the lattice
spacings tend to zero. This proves convergence on compacts of the probability
densities which implies weak convergence.

5 The Aztec Diamond

The Aztec diamond of order n, denoted An, is an area in the plane that is the
union of those lattice squares [a, a+1]× [b, b+1] ⊂ R2 for a, b ∈ Z that are entirely
contained in the square {(x, y) ∈ R2 : |x|+ |y| ≤ n+1}. An can be tiled in 2n(n+1)/2

ways by 2×1 rectangles, so called dominoes. We will be interested picking a random
tiling. By random tiling in this thesis we will always mean that all possible tilings
are given the same probability. This model was introduced in [EKLP92a, EKLP92b]
and is a special case of the six vertex model of statistical mechanics.

Similarly to the case of large hexagon tilings the typical behavior in this model
is that there is a disordered region in the middle and ordered regions in the corners.
It is shown in [JPS98] that the shape of the disordered region tends to a circle in
the limit of large Aztec diamonds. The basis for that proof is the so called shuffling
algorithm, introduced in [EKLP92b] for sampling a random such tiling. It is an
iterative procedure. Given a tiling of An and some number of unbiased coin flips
the algorithm produces a tiling of An+1. It is a non-trivial but not extremely deep
theorem that if you start with the empty tiling of A0 and apply this procedure n
times you end up with a random tiling of An.

This algorithm is explained in paper C, section 4 but the best reference for the
interested reader is Propp’s brilliant article [Pro03] which describes a generalised
version of the algorithm. It also applies to tilings of different regions and to rhombus
tilings. All graphics in this thesis could be generated by that method. Indeed all
pictures of tilings except figures 2 and 3 in paper A were generated by the method
of [Pro03].

The basis for many results about tilings of the Aztec diamond is the introduction
of a point process. Colour the underlying lattice like a checkerboard so that each
domino covers one black and one white square. Let us say that the left square of
the top row is black. We can then separate four species of dominoes. There are
horizontal dominoes such that the left square it covers is black (called N type) and
those such that the right square it covers is white (called S type). Similarly there
are two types of vertical dominoes. Those such that the top square it covers is black
(called W type) and white (called E type). In figure 6 the E and S type dominoes
have been shaded and numbered lines have been imposed. Line one passes through
the interior of one shaded tile. We call this a particle. Line n passes through the
interior of n shaded tiles giving rise to n particles, n = 1, . . . , 10.

Let x(N,k)
1 < · · · < x

(N,k)
k be the position of the k particles on line k in an Aztec

diamond of order N in the coordinate system defined in paper A, section 1.4 or in
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Figure 5: Random tiling of A50, i.e. an Aztec diamond of order 50.

paper C, section 4. These particles fulfill an interlacing condition

x
(N,k)
i ≤ x(N,k−1)

i ≤ x(N,k)
i+1 for i = 1, . . . , k − 1 (5.1)

similar to (2.4) for eigenvalues of a GUE matrix and its principal minors. For
some fixed n < N let XAztec

N,n be (x(N,1), . . . , x(N,n)). Similarly to the corresponding
process from hexagon tilings, this process suitably rescaled tends to the ΛGUEm

n as
N → ∞. This is proved in paper A and again in a different way in paper C. See
section 6 for a precise statement.
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Figure 6: Aztec diamond of order 10 with S and E type dominoes shaded.

6 Overview of paper A

In my first article [JN06], coauthored with my supervisor Kurt Johansson and pub-
lished in the Electronic Journal of Probability, we generalised the result stated in
section 3 about the correlation functions of GUE eigenvalues. A separate erra-
tum [JN07] was published half a year later. The version published in this thesis
incorporates the changes from the erratum.

Recall from section 5 the random variable XAztec
N,n . Define a rescaled version of

that denoted X̃Aztec
N,n such that

x̃
(N,k)
i = x

(N,k)
i −N/2√

N
for i, k ∈ N, 1 ≤ i ≤ k ≤ n. (6.1)

Results

Theorem 6.1 (Theorem 1.3 in paper A). The process ΛGUEm
n defined in section 2

is a determinantal point process on {1, . . . , n} × R with kernel given by

KGUEm(r, x; s, y) =



−1∑
j=−∞

√
(s+ j)!
(r + j)!

hr+j(x)hs+j(y)e−(x2+y2)/4 if r ≤ s

−
∞∑
j=0

√
(s+ j)!
(r + j)!

hr+j(x)hs+j(y)e−(x2+y2)/4 if r > s

(6.2)

where hi is defined as in Theorem 3.1.

• We show that X̃Aztec
N,n → ΛGUEm

n in distribution as N →∞.
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• We discuss the corresponding statement, Theorem 4.4, for tilings of a hexagon
but our approach to proving this required some additional asymptotic results
about Hahn polynomials which were not available to us.

• A statement similar to Theorem 4.4 for the polynuclear growth model [Joh03]
is proved.

Remarks
In paper A a different normalisation of the GUE than that of section 2 is used.
Also, the formula for the correlation kernel (6.2) is stated in a slightly different
form in paper A but applying Lemma 5.6 of the article shows that these two forms
are equivalent.

This formula (6.2) is consistent with the classical result in section 3 because

KGUEm(n, x; n, y) = KGUE
n (x, y) for n = 1, 2, . . . .

Theorem 6.1 was independently and simultaneously discovered by Okounkov &
Reshetikhin, [OR06].

After this article was published, Forrester & Nagao in [FN08a] found an al-
ternative and more intuitive derivation of the formula (6.2). Their method also
generalises to give a similar result for the LUE matrix ensemble. The methods of
that article also paved the way for paper B.

7 Overview of paper B

In my article [FN08b], coauthored with Peter J. Forrester, we perform a similar
analysis as in paper A for the Anti-symmetric Gaussian unitary ensemble.

That eigenvalue process can be obtained as a scaling limit in the following dis-
crete model. Consider tilings of half a hexagon with rhombuses, see figure 1 in
paper B. Equivalently, for integers q and p, consider q simple symmetric random
walks started at (0, 0), (0, 2), . . . , (0, 2q − 2). They are conditioned to never go
below the x-axis, never to intersect and to end up at points (2p, 0), (2p, 2), . . . ,
(2p, 2q − 2).

Ignore the red random walks and consider instead the blue holes between the
walks. Fix some n < p. For any k ≤ n, let the positions of the bk/2c blue particles
on line x = k be denoted by x(k)

1 > · · · > x
(k)
bk/2c. Let x(k) = (x(k)

1 , . . . , x
(k)
bk/2c) and

let X
1
2 Hex
n = (x(1), . . . , x(n)). For k even, x(k)

i is always even and for k odd, x(k)
i is

always odd.
From now on let p = 2q = N . Define a rescaled version of X

1
2 Hex
n , denoted by

X̃
1
2 Hex
N,n = (x̃(1), . . . , x̃(n)) where

x̃
(i)
j =

x
(i)
j√

2N(1− 1/
√

3)
. (7.1)
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Results
Theorem 7.1 (Theorem 3.3 in paper B). ΛA−GUEm

n is a determinantal point pro-
cess on {1, . . . , n} × R+ with kernel

KA−GUEm(r, x; s, y) =


2
−1∑

j=−∞

√
(s+ 2j)!
(r + 2j)!

hr+2j(x)hs+2j(y)e−(x2+y2)/4 if r ≤ s,

−2
∞∑
j=0

√
(s+ 2j)!
(r + 2j)!

hr+2j(x)hs+2j(y)e−(x2+y2)/4 if r > s,

(7.2)
where hi is defined as in Theorem 3.1.

• We show that X̃
1
2 Hex
N,n → ΛA−GUEm

n in distribution as N →∞.

• We study the bulk, soft edge and hard edge scaling limits of ΛA−GUEm
n .

Remarks
While the preprint for this article was in preparation, Manon Defosseux published
on arxiv.org a statement of results [Def08] which contains Theorem 7.1. She does
not make the connection to tilings of half a hexagon and she comes to the problem
from a different, more representation theoretic perspective.

The technique of virtual particles as described in section 4 of this introduction
can be used to simplify the derivation of Theorem 2.4 of paper B.

8 Overview of paper C

The main idea in my article [Nor08] is to study the evolution of the point process
defined in section 5 under the shuffling algorithm. This leads to the following
particle dynamics. Consider a process X(t) = (X1(t), . . . , Xm(t)) for t = 0, 1, 2,
. . . , where Xn(t) = (Xn

1 (t), . . . , Xn
n (t)) ∈ Zn. The quantity Xn

i (t) represents the
position of the i:th particle on line n after t − n steps of the shuffling algorithm
have been performed. At each time each walker Xn

i takes a step with distribution
p(m) = 1

2 (δm,0+δm,1), so called Bernoulli steps. But, the particles with lower super
index n are heavier than the ones with super index n+1 in the sense that they can
push or block those particles to maintain the interlacing condition

Xn
i (t) ≤ Xn−1

i (t) < Xn
i+1(t) (8.1)

for all t = 0, 1, . . . and 1 ≤ i < n.
Although my original motivation for studying this process is asymptotic prop-

erties of tilings of the Aztec diamond, various projections of this process have been
studied before.

• For fixed n, the process (Xn(t))t∈N0 is n walkers taking Bernoulli steps condi-
tioned to never meet. This sometimes called vicious walkers in the literature.
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• The process (X1
1 (t), X2

1 (t), . . . )t∈N0 is, after a simple variable transformation,
the totally asymmetric simple exclusion process (TASEP) with step initial
condition. This is a process that has been very extensively studied.

To fix notation let

φ(x) = φ(1)(x) =

{
1/2 for x = 0, 1
0 otherwise

(8.2)

φ(n)(x) =
∞∑

y=−∞
φ(n−1)(x)φ(x− y) for n = 2, 3, . . . . (8.3)

Dϕ(x) = ϕ(x)− ϕ(x− 1) (8.4)

D−1ϕ(x) =
x∑

y=−∞
ϕ(y) (8.5)

To summarise, φ is a certain function and φ(n) is that function convoluted with
itself n times. D and D−1 are backward difference and inverse backward difference
operators respectively. Also let Wn+1,n = {(x, y) ∈ Zn+1 × Zn : x1 ≤ y1 < x2 ≤
· · · ≤ yn < xn+1}.

Results
Theorem 8.1. The transition probabilities for (Xn(t), Xn+1(t))t∈N0 for (x, y),
(x′, y′) ∈Wn+1,n is

qn,+t ((x, y), (x′, y′)) = ∆(y′)
∆(y)

det
[
At(x, x′) Bt(x, y′)
Ct(y, x′) Dt(y, y′)

]
(8.6)

where

• At(x, x′) is an (n+ 1)× (n+ 1)-matrix where element (i, j) is φ(t)(x′i − xj),

• Bt(x, y′) is an (n+ 1)× (n)-matrix where element (i, j) is D−1φ(t)(y′i− xj)−
1{j ≥ i},

• Ct(y, x′) is an n× (n+ 1)-matrix where element (i, j) is Dφ(t)(x′i − yj) and

• Dt(y, y′) is an n× n-matrix where element (i, j) is φ(t)(y′i − yj).

This convenient formula is a main ingredient in proving the following statements.

• For fixed n, the process (Xn(t))t∈N0 is n walkers taking Bernoulli steps con-
ditioned to never meet. This is not trivial from the definition of the model.

• This process (X(t))t∈N0 is a discretization of a continuous process introduced
by Warren, [War07].

• As an application of the above results I give a new proof for the fact that
the GUE eigenvalue process (introduced in section 2 of this document) is
obtained from tilings of the Aztec diamond An in the limit of large n. This
was originally proved in paper A.



8. OVERVIEW OF PAPER C 19

Remarks
After paper C appeared on arxiv.org, Borodin & Ferrari [BF08] uploaded a paper
of some 90 pages which also deals with interlaced particles evolving in time. The
process (X(t))t∈N0 is a special case of a PΛ-chain in their language while the process
(xij(t))t∈N0 in section 3 of paper C is a P∆-chain. However, they come to this
problem from a different perspective, and the limit theorems they prove are different
from mine. In particular they give a different formula for the transition probabilities
of this process. It would be interesting to understand how to algebraically relate
these two formulas for the same thing. Convergence to Warren’s process is not true
in their general setting.

Borodin & Gorin, [BG08] perform a similar construction to the shuffling algo-
rithm for tilings of a hexagon with rhombuses. Their construction fits nicely into
the framework of [BF08]. It would be interesting to see if this process also con-
verges to Warren’s process, but it is not immediately obvious how to even state
such a theorem.
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