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Abstract  

A numerical investigation was performed, with single axisymmetric asperities passing through 
lubricated rolling contacts at different slip. Two explanatory and cooperating phenomena were found 
as to why the damage develops more frequently at negative than positive slip. Metal contact occurred in 
the inlet, where tractive asperity contacts at negative slip provided a large tensile surface stress outside 
the contact. As the asperity moved through the contact, sliding supplied it with lubricant and heated 
the lubricant along the contact. The shear tractions were thus higher near the inlet than the outlet, 
making them more detrimental for negative than positive slip.  
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Highlights 

• The asymmetry of pitting was explained by asperities in thermal-EHL  
• The temperature increase through the contact yielded asymmetric shear tractions 
• Separation of the real defect and complementary effect gave asymmetric metal contact 
• Explanation of rolling contact fatigue by the asperity point load mechanism  
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1 Introduction 

Highly loaded gears and roller bearings may eventually fail due to rolling contact fatigue (RCF). The 
damage appears as mm-sized shallow craters in the contact surfaces. The initiation point can be either 
in the contact surface or just below the surface, at the depth of the maximum effective stress. The 
current investigation concentrated on surface-initiated RCF. The damage is well described by, for 
instance, Tallian [1]. The damage process is complicated, influenced by a large number of factors [1], 
and is still not fully understood. Here, the focus was on two influencing factors, slip and surface 
roughness. Slip, also denoted the slide to roll ratio (SRR), on surface f 
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where uf and uc are the velocities in the rolling direction of the contact surfaces f and c. In particular, 
negative slip on a surface is more detrimental than positive slip [1]. Surface roughness can be seen as a 
series of asperities distributed over the surface with valleys in between. The detrimental effect of single 
point-shaped asperities was studied here in order to gain some understanding of the effect of roughness 
on RCF. The asperity was placed on a flat surface (surface f in Eq. (1)) and over-rolled by a lubricated 
cylinder (surface c in Eq. (1)). The complete contact stress cycle was analysed for fatigue initiation at 
the asperity. The hypothesis was that asymmetries in the thermal elastohydrodynamic lubrication 
(TEHL and EHL), together with the asperity point contact, can explain why negative slip is more 
detrimental for the contact surface than positive slip. 

The arithmetic mean surface roughness Ra is combined with the central film height h to λ = h/Ra, where 
λ > 1 corresponds to full film lubrication. A common way to reduce energy losses in gears and bearings 
is to decrease the lubricant viscosity. Lower viscosity leads to lower λ and an increased risk of RCF [2]. 
It also emphasises the importance of understanding the detrimental effects of asperities in combination 
with TEHL. A TEHL model was set up to resolve the contact details. 

1.1 Thermal elastohydrodynamic lubrication 

In EHL contacts, the elastic surface deformation influences the shape of the lubricant. The first 
numerical solutions were obtained by Petrusevich in 1951 [3] and Dowson and Higginson in 1959 [4]. 
The high EHL pressure changes the lubricant viscosity by several orders of magnitude. Slip heats the 
lubricant and decreases both viscosity and density. The coupled TEHL problem was solved in 1965 by 
Cheng and Sternlicht [5] and Dowson and Whitaker [6]. Hartinger et al. [7] found that heating may 
decrease friction by up to 70 %. Liang et al. [8] showed that the increased contact temperature from 
slip primarily reduces the film height in the outlet. Thinner lubrication films, or lower slip, have been 
found to decrease the temperature effects on the film shape [9].  

Bruyere at al. [10] and Ahlmquist and Larsson [11] resolved the thermal effects in the film height 
direction. Although the maximum temperature was found in the middle of the film, the temperature 
variation was small in the height direction. Wang et al. [9, 12] studied small dimples and rough 
surfaces passing through rolling and sliding spherical contacts. The conclusion remains for point-type 
contacts with surface roughness; the temperature variation is small in the film height direction for 
contacts where no shear bands form, i.e. contacts with low to moderate slip. Based on these results, it 
was assumed that the Reynolds formulation together with an average temperature could be used for the 
current TEHL contact. 

Reduced film thickness and limited friction at moderate slip can be explained by non-Newtonian shear 
thinning; starvation from insufficient oil supply in the inlet; thermal effects with decreased viscosity 
[13]. Peiran and Shizhu [14] found the shear thinning effects much less important than the thermal. 
Hili et al. [13], for moderate and high entrainment velocities um = 5–20 m/s, moderate to high SRR < 
190 % and typical gear temperatures 40–100 °C, could experimentally rule out shear thinning and 
starvation as explanations for the reduced friction. The results were confirmed with experiments and 
TEHL simulations [8, 15, 16]. The present gear contact falls into the low to moderate velocity and slip 
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range with um = 8.5 m/s, SRR < 30 %, Γ = 90 °C and pHertz = 1.93 GPa. Thus, thermal effects and a shear 
limit [17] were expected to capture the film thickness and friction. 

1.2 Asperities in rolling contacts 

The literature contains many investigations on surface roughness effects on RCF. Some works were 
limited to isothermal conditions [18, 19, 20]. Others studied the contact pressure and temperature 
increase due to asperities passing through the TEHL contacts [21, 22, 23, 24]. Morales-Espejel [25] et 
al. simulated micro-pitting based on rough surfaces. Both simulations and experiments suggest that 
surface-initiated RCF may be related to surface defects.  

Earlier simulations [26] established that asperities create higher point loads and are more disposed to 
initiate fatigue than dents of the same size. Experiments on rolling contacts with dents show how the 
pile-up at the dent rim can be detrimental [27, 28, 18]. It can be argued that the pile-up is an artificial 
asperity which initiated the pit. Therefore, the investigation focused on asperities.   

Research in the literature describes the damaging effects of asperities and how the point load from 
asperity contacts can relate to different aspects of RCF [29, 30, 31, 32, 33, 34, 35, 36, 26]. Alfredsson 
and Olsson [31] performed experiments where a pulsating point contact produced Hertzian or 
ring/cone fatigue cracks. The crack angle to the surface � agreed with that of RCF pits and surface 
distress when friction was introduced in the experiments [32, 29]. Simulations by Dahlberg and 
Alfredsson [30, 33] show a tensile surface stress around the asperity when it enters a dry rolling 
cylinder contact. This tensile stress cycle was sufficiently large to initiate fatigue at pure rolling and 
rolling with moderate slip [34]. Hannes and Alfredsson [37, 38, 39, 40] performed fracture mechanics 
investigations on the fatigue growth of cracks that initiated at asperities and compared the results with 
RCF pits. They showed how different contact parameters affect the pitting entry angle β [37], the 
pitting life [38, 39] and the surface angle of sea-shell shaped pits [40].  

1.3 Case study 

Fig. 1a presents a surface-initiated RCF pit in a pinion tooth. It has the typical sea-shell shape with the 
tip pointing against the rolling direction. The crack initiated at the tip and grew in the forward rolling 
direction, undermining the material. The angle � in Fig. 1a is shallow for surface-initiated pits with β ≈ 
25º [41] and β < 30º [1].   

A truck spur gear with pitting was used as an application example. The material followed Swedish 
standard SS142506 with surfaces case carburized to 750–800 HV [31]. The geometry and 
manufacturing process are described by MackAldener and Olsson [42]. Three different pinions had 
been loaded with torques of 1680−1850 Nm. Fig. 1b presents the maximum Hertzian contact pressure 
pHertz at positions along the tooth during an interaction at 1850 Nm. The relatively constant maximum 
pressure was attained through profile modifications. The results were determined using the program 
Helical 3D [43]. The pitch line was located at xpl = 0 with dedendum to the left at negative xpl and 
addendum to the right. The mean entrainment speed um and the sliding velocity us in Eq. (1) are 
included in Fig. 1b.  
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a) Rolling direction
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Fig. 1. a) Tilted top view and cross-section profile along centre line of a surface-initiated RCF pit. b) 
Maximum pressure and velocities for contact points along the gear tooth in Fig. 1a, see text for details. 
c) The virgin surface profile of the pinion and two model asperities.  

Fig. 1c displays a representative pinion surface profile with Ra = 0.9 µm in the rolling direction. The 
highest roughness peak was 3.5 µm high. For comparison with the virgin surface roughness, the graph 
contains a profile with two model point asperities. The asperities were axisymmetric with smooth sine 
shapes. The width ω = 200 µm. The asperity at xpl = −0.3 mm is δ = 3 µm high while the one at xpl = 
+0.3 mm has the height δ = 1.5 µm.   

The RCF pits on the studied gears were typically found around the pitch line of the pinion. The pitch 
line can be identified in Fig. 1a as a dark horizontal shadow in the middle of the pit. Fig. 2a shows the 
summed extensions of 29 fully developed pits such as that in Fig. 1a found in the teeth of the 
investigated pinions and with length larger than 1 mm. The pits were centred on the pitch line with 
some extensions towards the teeth tips. Initiation of the developed pits was always below the pitch line 
where moderate negative slip prevailed. Fig. 2b illustrates the number of initiation points for each 0.2 
mm of the xpl coordinate. The pitting location agrees with those in the literature [30, 44].  

 

Fig. 2. Number of pits in the investigated pinion teeth: a) Extension of 29 large sea-shell pits. b) 
Initiation point of the large pits. 
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Four different values of SRR were investigated.  The ratio −12 % corresponds to the position where 
most pits initiated in Fig. 2b and +12 % illustrated the effect of the slip direction. The ±24 % 
exemplified the effects of higher slip. At negative slip, friction on the asperity aids the formation of pits 
in front of the contact, whereas friction from positive slip on the asperity aids the formation of pits 
behind the contact.  

Simulations in the literature [33] of asperity contacts in dry conditions suggested that asperity contacts 
could initiate RCF but could not explain why it primarily initiates at negative slip. The current work 
combined the asymmetry in the TEHL loads with the slip and rolling direction to explain why negative 
slip is more detrimental than positive slip. The first goal was to quantify the increased fatigue risk at 
lubricated asperity contacts with slip compared to pure rolling. The second goal was to show why RCF 
damage is more prone to develop in surfaces exposed to negative slip than positive slip; in other words, 
to explain why RCF pits typically initiate below the pitch line on the pinion. To reach these goals, the 
fatigue effects were investigated at the asperities based on the local surface stress cycles from the over-
rolling contact.  

2 Theoretical background 

The lubricated contact was assumed fully flooded and modelled with Reynolds’ equation for thin films 
[45]: 

 

( ) ( )
3 3

m 0
12 12

h h
p p u

x x y y x
h h

t

ρ ρ
η

ρ
η

ρ   ∂ ∂ ∂ ∂ ∂ ∂+ − − =   ∂ ∂ ∂ ∂ ∂ ∂      (2) 
 
In Eq. (2) p is the pressure, h is the local film thickness, um is the mean entrainment velocity, ρ is the 
density and η is the viscosity. Since the width of the contact was larger than 1000 ∙ h, average values 
were used in the thickness direction. Asperity effects were captured by solving the differential equation 
in both the rolling direction (RD) and the transverse direction (TD). For p < 0 the lubricant will 
cavitate, which was treated by forcing p ≥ 0.  

The central part of the gear contact was regarded as a cylinder rolling against a flat surface. Following 
Hertz theory, the equivalent cylinder radius was  

 
p f

p f

x

r r
r

r r
=

+
   (3) 

  
where rp and rf are the longitudinal radii of curvature of the pinion and follower at the pitch line, 
respectively. All effects of changes in the equivalent contact radius were assumed negligible and rx was 
constant. RCF occurs well after running-in with hardening of the surface material and flattening of the 
asperities by plasticity [33, 46]. Therefore, the surface deformations were regarded as linear elastic and, 
according to Hertz, the equivalent elastic modulus  

 ( ) ( )
p f

2 2

f p p f

2
'

1- 1-

E E
E

E Eν ν
=

+
 (4) 

 
where �� = ��  are Young’s moduli and �� = �� are Poisson’s ratios for the surfaces.  
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Fig. 3. a) Coordinate orientation in the contact, with an asperity in the outlet region. b) Boundary 
conditions in the TEHL simulation and the pressure distribution from the cylinder geometry in a).  

The origin of the EHL coordinate system was positioned at the centre of the cylinder contact and on the 
symmetry plane of the moving asperity (see Fig. 3a). In the coordinate system, x was aligned in the RD, 
y in the TD and z pointed into the lubricant from the flat surface. The asperity position xd in Fig. 3a 
changed with each time step. Material fixed coordinates were positioned below the asperity summit at 
�� = � − �� and  � =  . In Fig. 3a, the contact moves towards the left.  

The asperity was placed on the flat surface. The asperity shape ash was modelled with an axisymmetric 
cosine profile  

 
( ) 2 2

d
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2

x x t y
a x y t

δ π
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  (5) 
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2
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  (6) 

 
i.e. the asperity had circular height contours in the surface plane. The film height was the combination 
of contact offset h0, surface geometry and elastic deformation. It was described by  
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  (7)  
 
where the third term is the local cylinder geometry and the last term is the elastic deformation 
according to Boussinesq [47]. Load balance for the contact 

 0pdx f

∞

−∞

− =   (8) 

 
was used to determine h0. In Eq. (8), ! is the normal load per transverse contact distance. Hertz theory 
for the cylinder contact gave the half-width " and the max pressure pHertz [47]: 
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These were used to normalize the parameters for local pressure, geometry and time in the numerical 
solution. The Hertzian pressure distribution was used as the initial pressure for the iterative numerical 
solution of the EHL contact in Eq. (2). 

2.1 Lubricant description 

Details on the lubricant are found in the literature [17, 48, 49, 50, 51]. The pressure–viscosity relation 
was described by Roelands’ equation [48]: 

 ( ) ( )( ) ( ) ( )R9

0 0exp ln 1 1 5.1 19.67 0
Z

p
Γ

η η Γ η Γ −   = − + + ⋅      
+   (10) 

 
where Γ is the temperature in °C, 

 
( )R Z Z log 1

135
Z D C
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    (11) 

 
and the reference dynamic viscosity  

 ( )( )
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  (12) 

 
Values for #$, %$, &' and �' were collected from Larsson et al. [49]. The relation between density, 
pressure and temperature was [50] 
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where () is the density at *+) = 40 ºC. Salehizadeh and Saka [51] provide the thermal expansion 
expression 

 40

cp
eα α −=   (14) 

 
where - = 1.51/GPa and .+) is the thermal expansion at *+) = 40 ºC. The thermal conductivity /012 was 
estimated as [49] 
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and the heat capacity was [49]  
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where 
 ( ) ( )2

0 1 21p p pβ β β β= − +   (17) 

 
for 22–107 ºC and 0.1 MPa–1.1 GPa.  Outside this region the heat capacity was assumed constant.  
 
The local temperature may not reduce viscosity and friction sufficiently at low SRR. The shear limit 
proposed by Bair et al. [17] was introduced: 

 l 0
pτ τ γ= +   (18) 

 
where γ is the limit shear stress coefficient and τ0 is the initial shear stress at p = 0. The influence of τ l  
was evaluated against measurements in the literature (see Appendix B). 

2.2 Thermal model 

The energy dissipation per fluid volume was estimated by integrating the shear stresses times the shear 
rates and dividing by the film thickness. It was combined with compressibility and the assumption of a 
constant temperature through the fluid thickness. The change of energy density became 
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  (19) 

 
where ua = um – h2∇p/12η is the average fluid velocity and us is the sliding velocity. This energy 
formulation is similar to those used in the literature, for example by Cheng and Sternlicht [5]. The 
energy source terms, the first four terms on the right hand side of Eq. (19), were excluded in the solids 
since these were modelled as elastic without internal heat generation from the pressure. Inside the 
solid domains κmet was used and the temperature gradients were resolved in all spatial directions. The 
thermal expansion of the solid material was modelled as linear thermo-elastic with thermal expansion 
coefficient α.  

The power generated by sliding metal contacts was added to the surface nodes of the metals instead of 
the lubricant. The power was then equally distributed between the two surfaces. No isolating lubricant 
was present to limit heat conduction, which allowed fast energy conduction from the warmer to the 
cooler metal surface.  

2.3 Friction forces 

The interfaces between the contact surfaces and the lubricant were modelled with no slip boundary 
conditions, giving the fluid at the interface the same velocity as the wall. Force equilibrium at the 
surfaces was obtained by setting the shear traction on the surfaces equal to that in the lubricant. The 
Poiseuille term in Eq. (2) gave rise to the first term in the equation for the shear tractions on the 
asperity surface:  
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The second terms for τxz and τyz originated from slip. For the cylindrical surface, the Poiseuille term in 
Eq. (20) had the opposite sign. A similar set-up was used by, for instance, Li and Kahraman [52]. The 
shear stresses were limited following Eq. (18). At metal contact with slip the shear stresses were based 
on the dry friction coefficient μDry=0.3. 

2.4 Fatigue evaluation 

The normal pressure and shear tractions on the contact surfaces combined with the temperature field 
in the solids gave rise to stresses and strains in the solids. Fatigue risk was evaluated using the Findley 
criterion in the finite element method (FEM) programme Comsol [53]. The Findley criterion was 
selected based on the earlier analyses [54, 55] of load cases with large compressive mean stresses in 
combination with tensile in-surface stresses. In dimensionless form, the Findley criterion is 

 
( )amp ,max m xF a

eF

n
Fi

σκτ
σ

+
=   (21) 

where 3�4� is the shear stress amplitude and 56,4�8 is the maximum normal stress on a plane sometime 
during the load cycle. κF and σeF are the normal stress parameter and the endurance limit. The plane 
that maximizes Fi is searched for. Comsol uses a user-defined number of planes in each point, here set 
to 20. The plane with the largest 9: value represents the fatigue index. An index value above unity 
predicts fatigue damage. Everitt and Alfredsson [26] determined the material parameters κF = 0.627 
and σeF = 625 MPa for the current case of carburized gear steel.  

3 Numerical implementation 

The finite difference method (FDM) was used to solve the Reynolds equation in Eq. (2). The 
implementation was based on the code by Huang [56] (see Everitt and Alfredsson [26]). The set-up 
utilized the dimensionless parameters 
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where X0 and Xe are the dimensionless start and end coordinates of the model (see Fig. 3b). ua is the 
speed of the asperity.  

3.1 Numerical procedure 

First, the time-independent case was solved with a smooth cylinder rolling on a plane. For faster 
convergence the mesh was refined in three steps. At the approximate convergence of ;, * and <) for a 
coarser mesh, the solution was transferred to a refined mesh. Each refinement doubled the resolution 
in all directions. The final mesh contained 257 ∙ 49 nodes in the lubricant. When the time-independent 
model had converged, the transient problem was gradually introduced in 10 steps. The H0 was kept 
constant throughout the time-dependent simulations, based on the argument that the small asperity 
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did not affect the global conditions. The inertia effects were assumed to be small [56, 57]. The asperity 
started at =� = −=) and travelled through the model in >? time steps.  

An iterative procedure was used to solve the pressure and temperature equations for each time step. 
The pressure was first updated according to Eq. (2). The pressure increments were limited to 
−0.1<∆p<0.02, which stabilised p, or for metal contact ∆p<0.2. A limiting film thickness [58] was 
defined at < = 5 ∙ 10�C to handle mixed contact. When metal contact occurred, penetration was 
avoided by iteratively increasing the pressure on the nodes [26].  

The shear stress limit of the lubricant was incorporated through a local reduction of the viscosity. If the 
shear stress became higher than the shear strength in Eq. (18), then the viscosity of that node was 
decreased until the maximum shear stress was equal to the shear limit.  

When a converged solution was reached for P, the temperature gradients were obtained based on Eq. 
(19). The temperature field was updated based on an explicit method. To get a stable solution the time 
step was restricted by the energy flux. Sub steps were introduced. These were restricted by the time 
needed to increase the temperature with a quarter of the temperature difference between the node and 
its neighbours. If the temperature increment was less than one degree, then the time steps were not 
restricted. This avoided too small steps but could give small oscillations of magnitudes less than one 
degree.   

The model comprised 257 ∙ 49 nodes in the �-  directions combined with 514 time steps for the over-
rolling (see the convergence study in Appendix A). An EHL version of the code [26] was benchmarked 
against the convergence study by Holmes et al. [57]. Transverse symmetry reduced the nodes to 25 in 
the TD. The solution was mirrored around y=0 for the remaining 24 lines (see Fig. 3b). Crank–
Nicolson time implementation was used based on the evaluation by Holmes et al. [57]. Each transient 
simulation required about 100 CPU hours on the available computer resource.  

3.2 Thermal set-up 

The solids were discretised with 40 nodes each in the z-direction while the lubricant was represented 
with 1 node in the z-direction. To capture the vertical gradients in the temperature field while still 
including large enough parts of the solids to resolve the thermal strains, the vertical distance between 
nodes started at 0.5 μm and increased by 0.5 μm for each layer of nodes. Thus, the thermal region 
reached 390 μm into the metal substrates. To save computational time, the horizontal distance between 
nodes in the solids was twice the horizontal distance between nodes in the lubricant.  

The energy transportation from the lubricant to the solid was estimated via the surface temperature Γs 
determined by   
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h z
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  (23) 

 
where Γmet represents the temperature of the metal node closest to the surface, Γlub represents the 
temperature of the lubricant and Δz is the vertical distance between the two first metal nodes. The 
energy conducted into the solids Eu was then estimated by 

 lub met s
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4 2
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3.3 Boundary conditions in the TEHL simulation 

The load and boundary conditions represented the gear contact in Fig. 1. At model start = = −=) and 
end = = =D, p = 0. At E = E) and E = 0, ∂; ∂E⁄ = 0, which yielded zero lubricant flux (see Fig. 3b). The 
width E) was selected to be sufficiently large for an undisturbed pressure profile at E = E).  

Love states the elastic deformation for uniform p on rectangular areas [59], which was used in the 
numerical treatment of Eq. (7). The nodal displacement was summed for all pressure areas in the �-
direction and for the distance =D + =) ≫  E) in the positive and negative  -direction. The undisturbed 
2D pressure profile at E) was extended to E = I=D + =)J (see Fig. 3b). The width I=D + =)J ≫ E) was 
selected to be sufficiently large for contributions from positions outside I=D + =)J to be negligible on 
the lubrication height inside E). The numerical implementation of Eq. (7) included finite boundaries 
and therefore the displacement became finite. 

The temperature Γ = Γ0 at = = −=) for both solids and lubricant. At = = =D, the temperature gradient 
was assumed constant over the two last nodes. On the transverse sides, ∂* ∂E⁄ = 0. Γ = Γ0 at the top 
and bottom boundary nodes of the solids.  The boundary conditions are visualized in Fig. 3b.  

3.4 Boundary conditions for the stress computation 

The FEM programme Comsol [53] was used for the stress analysis. It was performed in a separate post- 
processing step after the TEHL simulation. The outer domains were modelled with infinite elements to 
simulate an infinite half plane. Symmetry conditions were applied to the transverse sides of the model. 
The pressure, shear tractions and temperature fields were obtained from the TEHL simulations. The 
pressure and tractions were applied on the top side of the FE model (see Fig. 4a), whereas the 
temperature field was applied throughout the FE model. The mesh in Fig. 4b consists of 49 000 
quadratic serendipity elements. The asperity and surrounding material was meshed with cubic 
elements with minimum surface lengths of 1.4 μm.  

The stress analysis included 27 time steps. These were chosen to give a representative stress history for 
the fatigue analysis. The critical sequences occurred when the asperity entered and exited the contact. 
Therefore, the load steps included in the FE model were for Xd =−1.4; Xd = −1.2 to −0.8 with 0.05 
increments; Xd = −0.6 to 0.6 with 0.2 increments; Xd = 0.8 to 1.2 with 0.05 increments; Xd = 1.4. The 
unloaded geometry was included in the fatigue analysis to represent the stresses between load cycles.   

 

Symmetry conditions

Infinite elements

Area subjected to 

TEHL loads

3 mm

3 mm−

0 mm

0.3 mm

0 mm
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a) b)

 
Fig. 4. a) Geometry for the stress and fatigue computations. b) Mesh for stress analysis.  
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4 Results 

Table 1 presents values for the contact conditions, which were based on the gear in Fig. 1, material data 
for the solids, and numerical parameters for the simulations. The asperities in Table 1 were based on 
the surface profile in Fig. 1c. The lubricant parameters in Table 2 are from Larsson et al. [49]; the 
lubricant PAO B was used since its properties agreed with those in the gear example. The value for γ is 
from Björling et al.  [60].  The dimensionless parameters  
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in Table 2 were evaluated at 90 ºC and αBarus was determined at atmospheric pressure [49].  

 
Table 1. Mechanical and numerical parameters including the asperity. 

Parameter Symbol Value Unit 

Mean entrainment speed  K4 8.5 m s⁄  
Slide to roll ratio ��� P12 & P 24 % 
Hertzian pressure TUDVW$ 1.93  GPa 
Equivalent elastic modulus �′ 226  GPa 
Thermal expansion coefficient α 11 10�C/℃ 
Equivalent radius ab 10.6  mm 
Contact half width " 362  μm 
Asperity height d 1.5 & 3 μm 
Asperity wavelength, � direction e 200  μm 
Dry friction coefficient fgVh 0.3 − 
Inlet temperature *) 90  ℃ 
Metal heat capacity -�,4DW 450 J/kg℃ 

Metal thermal conductivity /4DW 47 W/m℃ 
Metal density (4DW 7850 kg/mm 
Findley normal stress coefficient /n 0.627 − 
Findley endurance limit  5Dn 625 MPa 
Inlet position =) 2.0 − 
Outlet position =D 1.5 − 
Transverse width Y0 0.66 − 
Number of nodes in RD >p 257 − 
Number of nodes in TD >r 49 − 
Number of time steps >? 514 − 
Total number of vertical nodes >s 81 − 
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Table 2. Data for PAO B lubricant [49] and non-dimensional parameters. 

Parameter Symbol Value Unit 

Roelands pressure-viscosity coeff. �) 1.25 − 
Roelands pressure-viscosity coeff. &) 4.57 − 
Roelands pressure-viscosity coeff. #$ −0.0710 − 
Roelands pressure-viscosity coeff. %$ 0.500 − 
Reference viscosity tVD� 16 mPa ∙ s 
Barus pressure-viscosity exp. .u�V1v 13 GPa�w 
Roelands pressure-viscosity exp. xy 0.48 − 
Initial shear limit 3) 10 MPa 
Pressure-shear limit coeff. [60] z 0.075 − 
Pressure-density parameter {w 0.690 GPa�w 
Pressure-density parameter {� 2.55 GPa�w 

Thermal expansion coeff. at 40℃  .+) 6.8 ∙ 10�+ ℃�w 
Reference temperature *+) 40 ℃ 
Reference density () 850 kg/mm 
Reference heat capacity  -|) 2.08 kJ/kg℃ 
Heat capacity coeff. -|w 0.41 − 
Heat capacity coeff. -|� 1.05 − 
Heat capacity coeff. �) 6.5 10�+ ℃⁄  
Heat capacity coeff. �w 2.7 GPa�w 
Heat capacity coeff. �� −1.5 GPa�� 
Reference thermal conductivity /}) 0.154 W/m℃ 
Thermal conductivity coeff. /}w 1.40 10�~ 
Thermal conductivity coeff. /}� 0.34 10�~ 
Dimensionless material parameter & 3.1 10�m 
Dimensionless speed parameter � 5.8 10ww 
Dimensionless load parameter � 4.6 10+ 

 

Results for SRR = ±12 % are presented in Figs 5 to 14. The first section presents results for an asperity 
with height δ = 3 μm, which broke through the lubricant, causing local metal contact.  The second 
section presents results for a lower asperity, δ = 1.5 μm, with full film lubrication. The third section 
presents condensed fatigue results for SRR = ±12 % and ±24 %. 

4.1 Asperity with metal contact 

When assessing fatigue, the first issue is whether there exists any tensile stress in the surface. Fig. 5a 
and 5b present the maximum over time of the major principal stress σ1 in the surface at the asperity. 
The stresses at different positions in the graphs may have developed at different time instances. The 
coordinate ya = 0 is the symmetry line. In Fig. 5a SRR = −12 %, max(σ1) = 780 MPa and is located at xa 
< 0. In Fig. 5b SRR = +12 %, max(σ1) = 660 MPa and is positioned at xa > 0.   

The tensile stress may cause fatigue initiation if it is combined with a high enough shear stress 
amplitude, as illustrated by the Findley criterion in Eq. (21). The fatigue risk at the asperity was based 
on the load cycle in Section 3.4. Max(Fi) = 1.7 for negative slip in Fig. 5c, which is substantially higher 
than for positive slip in Fig. 5d, where max(Fi) = 1.1. Negative slip was clearly more detrimental than 
positive slip for this asperity and SRR. The positions with high Fi agreed with those with high max(σ1). 
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Fig. 5. Maximum over time of σ1 for a) SRR = −12 % and b) SRR = +12 %. Fatigue index for c) SRR = 
−12 % and d) SRR = +12 %. σx,Total, at y=0, for e) SRR = −12 % and f) SRR = +12 %. 

 
Next, σx was analysed along y=0. This was selected since it agrees with σ1 at its highest values, its 
direction does not rotate like σ1 and, unlike the von Mises stress, it displays both tensile and 
compressive values.  Fig. 5e and 5f show σx,Total when the asperity entered the contact at Xd = −1, exited 
at Xd = 1 and when it was at Xd = 0. Clear and sizable areas with σx > 0 exist at Xd = −1 for negative slip 
and at Xd = 1 for positive slip. By comparing Fig. 5a and 5c with 5e and 5b, 5d with 5f it was clear that 
for both negative and positive slip, max(σ1) was tensile and Fi was large on the side of the asperity that 
was away from the cylinder contact. It was concluded that critical stress states occurred outside the 
asperity when it entered at negative slip or exited at positive slip.  

Fig. 6a and 6b describe the contact pressure p and the film height h. The time-independent solution is 
included as thick solid lines. The thin lines illustrate the transient solution along y = 0 for three 
asperity positions. Solid lines show the results for asperity entry at Xd = −1 when the pressure peak had 
developed on the asperity. The squeeze effect is visible in front of the asperity as a small p peak in Fig. 
6a, which was absent for positive slip in Fig. 6b. In a small area surrounding the asperity, p was 
somewhat decreased compared to that of the smooth surface. On the asperity, h tended to zero in the 
inlet region. Contact occurred on the xa<0 side of the asperity summit.  Contact conditions when the 
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asperity was at Xd = 0 are presented with dashed lines. The dash-dot curves illustrate when the asperity 
was in the exit region, Xd = 1. The graphs illustrate that the local conditions originated from asperity 
entry.  
 
The dotted lines in Fig. 6a and 6b indicate max(p) on the asperity for each X-position. The maxima 
were evaluated for all instances during the over-rolling and all Y-coordinates. The p spike on the 
asperity was slightly higher on the entry side than on the exit side for negative slip. The opposite was 
true for positive slip. The difference was caused by shear deformation of the asperity.  

The stress σx,Total in Fig. 5e and 5f was divided into the contributions from p, τxz and Γ. Fig. 6c and 6d 
present σx from p alone, σx,Pres. Interaction with the EHL pressure spike at exit yielded slightly higher 
tensile σx,Pres for exiting than entering asperities; see the higher σx,Pres maximum for Xd = 1 and xa ≈ 40 
mm in Fig. 6d than for Xd = −1 and xa ≈ −40 µm in Fig. 6c. 

 
Fig. 6. The pressure and film thickness for different asperity positions: a) SRR = −12 % and b) SRR = 
+12 %. σx,Press(y=0) from p alone for c) SRR = −12 % and d) SRR = +12 %; see total σx in Fig. 5. The 
legend in figure a) refers to both blue and red lines in figures a) and b).  

Shear tractions from negative and positive slip in Fig. 7a and 7b affected stresses in the contacting 
bodies differently. The high max(τxz) in the entry region were caused by metal contact on the asperity 
together with the pressure spike in Fig. 6. Fig. 6 also shows how h > 0 when metal contact was released 
as the asperity moved through the contact. Release of metal contact decreased max(τxz) to values the 
lubricant could carry. The corresponding σx,Shear are presented in Fig. 7c and 7d.  Metal contact in the 
entry region yielded the max(σx,Shear) at xa ≈ −40 µm when Xd = −1. In the outlet region there was no 
metal contact, no τxz spike and lower max(σx,Shear) (see the results for Xd = 1). Fig. 7c and 7d show that 
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τxz created higher tensile max(σx,Shear) for negative slip than for positive slip and that the highest 
max(σx,Shear) were located on the xa<0 side of the asperity at contact entry.  

 

 

Fig. 7. The shear tractions on the asperity surface for a) SRR = −12 % and b) SRR= +12 %. σx,Shear, from 
τxz alone, for c) SRR = −12 % and d) SRR= +12 %; see total σx in Fig. 5. 

Friction increased the lubricant temperature. Increased Γ decreased η and τxz in the later parts of Fig. 
7a and 7b. The temperature field is presented in Fig. 8 for Xd = −0.7 and SRR = −12 %. At this instance 
metal contact occurred which increased Γ locally. Fig. 8a displays a surface view of the temperature in 
the lubricant inside the contact. The asperity centre is marked with a red dot. Note how the highest 
temperature is located slightly left of the summit at a position which agrees with the metal contact in 
Fig. 6a.  Fig. 8b shows a magnification of Γ at the asperity and Fig. 8c shows Γ in a cross-section along y 
= 0. Fig. 8c illustrates how the energy dissipated through dry friction was conducted into the solids.  

For illustrative purposes, the time-independent deformation was applied to the top cylinder surface in 
Fig. 8c while the time-dependent deformation, caused by the asperity, was applied on the flat bottom 
surface with the asperity. The flat surface was moved down 0.5 μm and the cylinder surface was moved 
up 0.5 μm to distinguish between the different domains.  

Fig. 9a and 9b include Γ for the time-independent solution and the time instances in Fig. 5 to 7. 
Material expansion from increased Γ yielded compressive contributions σx,Temp to σx,Total (see Fig. 9c and 
9d). Slightly more compressive σx,Temp were noted outside the exiting asperity than outside the entering 
one.  
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Fig. 8. a) Lubricant Γ at the 3 µm asperity for SRR = −12 % and Xd=−0.7. b) Magnification from figure 
a). c) Γ in solids and lubricant at y=0.  

 
Fig. 9. Temperature in lubricant and asperity surface for a) SRR = −12 % and b) SRR= +12 %. σx,Temp, 
from the Γ  increase alone, for c) SRR = −12 % and d) SRR= +12 %. Fig. 5 contains the total values of σx. 
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4.2 Asperity without metal contact 

The results for δ = 1.5 μm and SRR = ±12 % are visible in Fig. 10 to 14. Max(σ1) arose at asperity entry 
with negative slip in Fig. 10a but max(Fi) developed for xa>0 and positive slip. However, in practice, the 
conditions were equally damaging. This lower asperity did not cause metal contact and Fi in Fig. 10c 
and 10d did not predict fatigue. Fig. 10e and 10f show σx,Total. 

 

Fig. 10. Maximum over time of σ1 for a) SRR = −12 % and b) SRR = +12 %. Fatigue index for c) SRR = 
−12 % and in d) SRR = +12 %. σx,Total, at y=0, for e) SRR = −12 % and f) SRR = +12 %. 

 
The results for p, h and σx,Press are presented in Fig. 11. The asperity is well separated with h > 0 at all 
locations. The smaller δ and δ/ω gave lower p and σx,Press than those in Fig. 6. Max(p) on the asperity in 
Fig. 11a and 11b was in this case slightly larger for positive than for negative slip. The difference was 
explained by the asperity entering the contact faster for positive than negative slip, which gave less time 
for the lubricant to evacuate from underneath the asperity at positive slip.   
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Fig. 11. p and h for three asperity positions, for a) SRR = −12 % and b) SRR= +12 %. σx,Press, from p 
alone, for c) SRR = −12 % and d) SRR= +12 % (see Fig. 10 for total σx). The legend in figure a) refers to 
both blue and red lines in figures a) and b). 

 
Fig. 12 displays τxz and its contribution σx,shear. Compared to Fig. 7, there was no metal contact for the 
load case in Fig. 12. Instead, τxz on the asperity was limited by the shear limit in Eq. (18) during the first 
half of the contact. Then increasing Γ reduced η and τxz to values below the shear limit. Fig. 12c shows 
tensile σx,Shear contributions to the left of the asperity for entry and SRR < 0, but Fig. 12d displays 
max(σx,Shear) to the right of the asperity for exit and SRR > 0. This was due to asperity interaction with 
the EHL pressure spike at exit and the shear limit formulation in Eq. (18) limiting τxz at asperity entry.  
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Fig. 12. The shear tractions on the asperity surface, for a) SRR = −12 % and b) SRR= +12 %. σx,shear, from 
τxz alone, for c) SRR = −12 % and in d) SRR= +12 % (see Fig. 10 for total σx).  

The warmest part of the low asperity was at its centre in Fig. 13. Without metal contact, Γ and the 
compressive σx,Temp in Fig. 14 were more homogeneous than those in Fig. 9. Fig. 14a and 14b display 
how the asperities were heated during the over-rolling. Increased Γ resulted in ~200 MPa more 
compressive σx,Temp at the outlet than the inlet (see Fig. 14c and 14d).  
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Fig. 13. a) Lubricant Γ at the 1.5 µm asperity for SRR = −12 % and Xd=−0.7. b) Magnification from 
figure a). c) Γ in solids and lubricant at y=0. 

 

 
Fig. 14. Lubricant Γ and the asperity surface Γ for a) SRR = −12 % and b) SRR = +12 %. σx, Temp, from Γ 
increase alone for c) SRR = −12 % and d) SRR = +12 % (see Fig. 10c and 10d for σx,Total). 
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4.3 Fatigue summary 

Table 3 summarizes the fatigue results for δ = 1.5 and 3 µm with SRR = ±12 % and ±24 %. Fatigue is 
predicted for negative slip, δ = 3 mm and both SRR. It was concluded that negative slip combined with 
metal contact of asperities may initiate fatigue damage. 

Table 4 compares the current results with slip to earlier ones for pure rolling [26]. The asperity sizes 
were adapted to those in the literature. The conclusion was that slip on asperities increased the fatigue 
risk compared to pure rolling, which was a prerequisite for the continued discussion on RCF initiation 
at asperities. It was again noted that negative slip and metal contact was the most detrimental 
combination. 

Table 3. σ1 and the Fi for 2 asperity heights, SRR = ± 12 % and ± 24 %. 

Asperity 
δ / μm 

Asperity 
ω / μm 

SRR Metal contact Max(σ1) /MPa Max(Fi)  

1.5 200 + 12 % No 290 0.8 

1.5 200 − 12 % No 350 0.7 

3 200 + 12 % Yes 660 1.1 

3 200 − 12 % Yes 780 1.7 

1.5 200 + 24 % No 200 0.7 

1.5 200 − 24 % No 290 0.6 

3 200 + 24 % Yes 490 1.0 

3 200 − 24 % Yes 520 1.8 

 
Table 4. Maximum values of σ1 and Fi for asperities subjected to positive, negative and zero slip. The 
data for zero slip are from the literature [26].  

Asperity 
δ / μm 

Asperity 
ω / μm 

SRR Metal contact Max(σ1) /MPa Max(Fi)  Ref. 

1.0 100 + 12 % No 170 1.0  

1.0 100 0 No  280  0.7   [26] 

1.0 100 − 12 % No 250 0.9  

1.5 150 + 12 % Yes 280 1.0  

1.5 150 0 No 310  0.6  [26] 

1.5 150 − 12 % Yes 360 1.1  
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5 Discussion  

The results in section 4 were based on the highly loaded gear example in Fig. 1 with model parameters 
in Tables 1 and 2. The Fi results in Table 3 suggest that fatigue was an issue at the asperity when metal 
contact existed and slip was negative on the asperity surface. The positions with high Fi, high max(σ1) 
and high σx agree in Fig. 5. The highly stressed areas were found outside the asperity compared to the 
rolling contact. It was concluded that the risk of fatigue initiation was the highest behind the moving 
asperity as it entered the rolling contact. Relative to the moving contact, the maximum fatigue risk 
developed in front of the rolling contact as the asperity entered it at negative slip. Asperity movement is 
towards the right in Figs 3 to 15, whereas contact movement is towards the left. 

5.1 Asperity contact and slip asymmetry  

To explain the fatigue behaviour at the asperity contact, the origin of σx(y=0) was investigated. The 
importance of p, Γ and τxz on σx,Total near the asperity in Fig. 5e and 5f was searched for by comparing 
σx,Press in Fig. 6c and 6d; σx,Temp in Fig. 9c and 9d; σx,Shear in Fig. 7c and 7d. In particular, the 
asymmetries in p, Γ and τxz between negative and positive slip at TEHL conditions were examined. 

Firstly, σx,Press in Fig. 6c, 6d, 11c and 11d were similar for positive and negative slip, with σx,Press > 0 
behind the entering asperity and in front of the exiting asperity. Detailed investigation of the maxima 
showed that max(σx,Press) was approximately equal for δ = 3 µm in Fig. 6c and 6d but slightly larger at 
contact exit than entry for δ = 1.5 µm in Fig. 11c and 11d. The cylindrical contact included small p values 
before contact start at X < −1 and the pressure spike at X ≈ 1 with constriction to the minimum film 
height hmin. The asperity p was fairly equal for positive and negative slip during the first half of the 
interactions in Fig. 6 and 11. During the second half of the interactions, p was higher for positive slip as 
a result of separation of the real defect (RD) and its complementary effect (CE). At exit the asperity 
interaction with the p spike was enhanced for positive slip. High p was also extended to larger X. Thus, 
the asymmetry in p provided a small asymmetry in tensile σx,Press for the full film contact in Fig. 11. 
However, the effect was opposite to the observed difference in fatigue risk between positive and 
negative slip in Fig. 5.  

Secondly, asymmetry in thermal expansion was considered. Friction from slip heated the cylinder and 
the asperity throughout contact. The constricted thermal expansion of heated metal gave slightly larger 
compressive stresses at exiting than entering asperities in Fig. 9c, 9d, 14c and 14d. The difference was 
~150 MPa at full film contacts and ~50 MPa for metal contacts. It was concluded that the asymmetry in 
constricted thermal expansion provided an explanation that qualitatively agreed with the fatigue 
findings but the effect on σx was relatively small.   

Thirdly, the asymmetry in shear traction profiles had two different reasons. The first was the 
temperature increase. When the lubricant Γ increased along the contact (see, for example, the thick 
solid line in Fig. 9a), η decreased throughout the contact. Fig. 15a illustrates η(Γ) for the steady-state 
solution with SRR = ±12 %. At the inlet η increases exponentially with p following Eq. (10). At η = 45 
Pa·s the shear limit in Eq. (18) restricts η to be proportional to p. From about X = −0.4, the viscosity 
was limited by the temperature effect. The decrease in η reduced τxz in the lubricant, which deactivated 
the shear limit after X = −0.4. The time-independent τxz was almost identical for positive and negative 
slip but with the opposite sign since the slip term in Eq. (20) was dominant. Fig. 15b presents the effect 
of the shear limit on the time-dependent solution for the low asperity, δ = 1.5 μm and ω = 200 μm. The 
shear limit restricted τxz in the inlet, while τxz was limited by η(Γ) in the outlet. Thus, τxz was skewed 
due to the increase in Γ, with higher values towards the contact inlet than the exit. Then the peaks in 
σx,Shear became larger  at X = −1 than X = 1 in Fig. 7 and Fig. 11. 
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RD

CE

c)

 

Fig. 15. Examples of a) time-independent η and b) time-dependent τxz and shear limit, Eq. (18). SRR = 
–12 % in figures a) and b). c) Effect of separated RD and CE on p and h at SRR = +35 %.   

The second reason for the asymmetric τxz was due to the separation of the RD, i.e. the asperity, and the 
CE. When the asperity entered the contact it affected the shape of the lubrication film. In contacts with 
slip the asperity moved with a different velocity from the lubricant, since the lubricant moved with the 
entrainment speed um. The difference in speed caused a separation of the asperity, the RD, and its CE 
on the lubrication film. When the CE moved away from the RD, the film shape under the asperity was 
forced back towards the normal steady-state film shape. This separation has been captured in 
experiments by Šperka et al. [61].  

Fig. 15c visualizes the separation of the RD and the CE for an asperity contact with the conditions in 
Table 1 and Table 2, except for the SRR = +35 %, δ = 1.5 μm and ω = 100 μm, which increased the visual 
separation between the asperity and its CE. The thin solid lines represent when it entered the contact, 
Xd = –1, and created the CE.  Thereafter, the RD and CE separated due to positive slip. The separation 
is illustrated by the dash-dot lines in Fig. 15c, where the RD or asperity has moved further than the CE.  

The separation of the RD and CE explained the increase in pressure on the asperity for positive slip in 
Fig. 7b and Fig. 11b compared to Fig. 7a and Fig. 11a as it moved towards the outlet. The separation of 
the surfaces yielded a decrease of the second term in Eq. (20), which decreased τxz at the outlet (see Fig. 
7a and Fig. 7b). The separation of the asperity and its CE made sure that metal contact and higher τxz 
were only present in the inlet. The high µDry gave high σx,Shear behind entering asperities, illustrated by 
the σx,Shear peaks at X = −1 in Fig. 7c and Fig. 7d. The peak was tensile for negative slip. Improved 
lubrication on the asperity later in the contact reduced the σx,Shear peak at X = 1 in front of the exiting 
asperity in Fig. 7c and Fig. 7d.  
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The TEHL contact transmitted three loads, p, Γ and τxz, to the solids. All three contributed with 
asymmetric effects on the surface stresses just outside the contact entering and exiting asperities. 
However, the major contribution was from slip and τxz. Both the separation of CE and RD and the 
decreasing η(Γ) during the contact reduced τxz during the interaction, which resulted in noticeably 
larger σx,Shear peaks behind the contact entering asperity than in front of the exiting asperity. The peak 
was tensile on the surface that entered with negative slip. Hence, the asymmetric TEHL effects from 
slip were the major explanation as to why fatigue was predicted behind the contact entering asperity at 
negative slip and metal contact.  

5.2 Implications for RCF 

RCF initiation was predicted for the conditions at the tip of the pit in Fig. 1a1, i.e. the initiation site [1, 
62], using the asperity point load mechanism. The load was pHertz = 1.93 GPa and SRR = −12 %. The 
asperity dimensions were δ = 3 µm and ω = 200 µm based on the major peak in the virgin surface 
profile in Fig. 1c. According to the fatigue predictions, it was assumed that a large asperity had existed 
in the original surface just to the left of the initiation site in Fig. 1a but had been worn away during 
continued use.  

Results in the literature show that repeated point contacts can create Hertzian cone cracks in hardened 
steels [31, 29]. When such cone cracks propagate below the surface they turn outward from the point 
contact [63] to the same shallow angle found for RCF pits [64]. During over-rolling of the asperity, the 
load sequence was more complicated than that at repeated point contacts. The critical instant was 
identified in Fig. 5e as when the asperity passed into the contact with negative slip on the asperity. The 
negative friction force acted against the rolling direction and increased the tensile σx behind the moving 
asperity, i.e. in front of the rolling contact. Crack propagation from such combined asperity and 
cylinder contact loads has been simulated in the literature [37, 38, 39, 40]. The crack path was 
predicted using linear elastic fracture mechanics (LEFM) and a mode I crack direction criterion [37, 
39]. The crack turned in the forward rolling direction to the shallow surface angle of the RCF pits [1, 
62]. The cylinder contact introduced compressive stresses that closed the cone crack throughout the 
material except for the small surface volume in front of the asperity [40]. The result became the sea-
shell extension of the pit [1, 62]. The present TEHL results fall into the framework for the asperity point 
load mechanism for RCF by showing that negative slip on the asperity surface is more detrimental than 
positive slip (Fig. 2 and Gohritz [44]), that fatigue initiation is in front of the rolling contact, and that, 
in line with results in the literature, crack growth will be in the forward rolling direction (Fig. 1, Tallian 
[1] and Way [62]).  

Morales-Espejel and Gabelli [28] studied RCF at hardness indents in bearing surfaces. The indents 
were surrounded by pile-ups where RCF pits initiated [28]. If the pile-ups are regarded as asperities, 
then such RCF initiation can be related to asperities.  

  

 
1 Note that in Fig. 1 the rolling direction was from the left to the right, opposite to the simulated 
direction in Fig. 3. 
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6 Conclusions 

Thermal simulations of rolling contacts with moderate slip were performed to calculate the pressure, 
the shear tractions and the temperature loads on the metal surfaces around asperities. The thermal 
effects from slip were sufficiently large to clearly affect the properties of the lubricant and thereby the 
contact shear stress profile, thus confirming that a TEHL model should be used for modelling rolling 
contacts with slip.  

The risk of fatigue expressed in the Fi index or the in-surface σ1 stress increased substantially with slip 
compared to that at pure rolling. The risk of fatigue was found to increase more for negative than 
positive slip. Therefore, it was concluded that asperities favour the initiation of RCF at negative slip 
rather than at positive slip. The predicted fatigue initiation site was located behind the moving asperity 
as it entered the rolling contact. Relative to the moving contact, the maximum fatigue risk developed in 
front of the rolling contact as the asperity entered it at negative slip. 

The asymmetry in contact fatigue risk between positive and negative slip was explained by two 
phenomena. The first phenomenon was that metal contact only occurred in the inlet region.  The relief 
of metal contact after the inlet region was due to the separation of the real defect and its 
complementary effect on the lubricant. The separation provided the asperity with lubricant since the 
lubricant and the asperity had different velocities. The second phenomenon was the asymmetry in the 
shear stress traction, with higher values in the first half of the stress profile than in the second half. The 
skewed traction profile was the result of increased temperature throughout the contact, which 
decreased the viscosity and the shear stresses in the later part of the contact.  
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Appendix A. Convergence study.  

The transient resolution of p and Γ was investigated by over-rolling an asperity with δ = 1.5 µm and ω = 
200 µm. The model parameters are stated in Tables 1 and 2. Fig. A1a presents p and Γ at Y = Xd = 0 for 
different numbers of nodes in the RD. The same spatial distance was used between the nodes in the TD. 
Fig. A1b presents p and Γ for different numbers of time steps. When Nt increased, the time step ΔT 
decreased since the asperity travelled the same distance in all simulations. A satisfactory convergence 
was found for Nt = 514 and Nx = 257.   

 

Fig. A1. a) p and Γ for different Nx at Y=Xd=0 and Nt = 514. b) p and Γ for different Nt at Y=Xd=0 and Nx 
= 257.  
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Appendix B. Shear limit and friction 

The shear limit in Eq. (18) with γ = 0.075 was evaluated through the global friction coefficient  

 f =  
� ����p�

��

� |�p�
��

 (B1) 

The full film cylindrical TEHL contact was used with data from Table 1 and Table 2 but no asperity. Fig. 
B2 compares the results for different SRR with measurements in the literature [49, 60] and with µ 
without the shear limit, i.e. z = ∞. It was concluded that the shear limit in Eq. (18) γ = 0.075 was 
sufficiently accurate. 

The shear limit only marginally affected η and τxz for time-independent solutions with SRR ≥ 12 % (see 
Fig. B2). For low SRR, simulations with z = ∞ did not accurately predict µ and it was argued that a 
shear limit was needed. On the asperities p > 4 GPa (see Fig. 11a and 11b), and the shear limit greatly 
influenced τxz in Fig. 12a and 12b. 

  

Fig. B1. Influence of shear limit on simulated µ and comparison to some values in the literature.   
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