
Inferences from quantized data
Likelihood logconcavity

Inference from signals in the digital
domain is of central importance in

digital signal processing (DSP). When
quantization is fine enough, the estab-
lished procedure is to either ignore it or
model it as additive noise [1], [2]. Rel-
atively few works have investigated the
case of coarse quantization, and only un-
der strong simplifying assumptions such
as Gaussian-distributed data and/or 1-bit
quantization [3]–[5]. All in all, the state
of the art suggests that optimal estima-
tion under the true quantized model, e.g.,
maximum likelihood estimation (MLE),
is assumed by many to be intractable.
The purpose of this column article is to
bring to light and illustrate a powerful
theoretical result based on Prékopa’s the-
orem [6] that provides generous guaran-
tees for inference from quantized data.
The specific result, i.e., that likelihood
logconcavity with respect to multidi-
mensional location parameters and di-
agonal scale parameters is preserved by
appropriate convex quantizers, was first
mentioned without explicit proof in [7].
Here, we provide a clear proof and illus-
trate the implications of the statement.
Although Prékopa’s results are by no
means new to the DSP community [8]–
[10], we believe they have not, as of yet,
been exploited in their full generality.

Explicitly considering quantization
has been increasingly popular [3]–[5],
[11]–[13] due to the advent of 1-
bit compressed sensing techniques and
their promise of incorporating low-cost
high-speed analog-to-digital converters
(ADC) into wireless communications’
pipelines. However, these works either
assume likelihood logconcavity [11]–
[13], or rely on simplifying assumptions
in which it is immidiately derived [3]–
[5], e.g., Gaussianity and 1-bit quantiza-
tion. In fact, few works [4] even con-
sider inference on the scale parameter,
and none beknown to us aims at vector
quantization.

Coarse quantization is also influen-
tial in the privacy-enhancement litera-
ture. Indeed, besides simple noise ad-
dition mechanisms, coarse quantization
or “aggregation” is one of the simplest
techiques to induce differential privacy
and k-anonimity on a database. How-
ever, privacy protection and data utility,
defined in terms of some parameter esti-
mation measure, are typically conflicting
objectives. In order to understand the
privacy-vs-utility tradeoff, it is funda-
mental to characterize the properties of
the data likelihood after quantization,
such as logconcavity.

In this paper, we provide an easy and
well-illustrated proof for the most gen-
eral likelihood logconcavity result with
quantized data yet. Then, we proceed to
provide practical examples of how this
result could benefit some signal process-
ing applications.

LIKELIHOOD LOGCONCAVITY

L(x;y)π(x)

×
y0

×
y1

×
y2

x

U

•x̂

×
•x

(0)

•x
(1)•x

(2)

Fig. 1: Example of the advantages of log-
concavity of the likelihood (for frequentist
inference) or the posterior (for Bayesian in-
ference, taking into account the prior π(x)).
Here, U is either the credible set with proba-
bility 0.95 or a confidence interval with 95%
confidence level, the x(n)s are the path of
an iterative gradient ascent to estimate the
location parameter x by either MLE or MAP
estimation.

In DSP, noise models with logcon-
cave likelihood are the norm. For ex-
ample, Gaussian, exponential, uniform
(over a convex set) and Laplace noise
models are all characterized by the log-
concavity of their likelihood, when one
chooses the appropriate parametrization.

The most intuitive advantage of logcon-
cave likelihoods is that MLE techniques
can be approached by numerical opti-
mization with convergence guarantees.
Nonetheless, many more techniques rely
on logconcavity. To name only a few, 1)
the Bayes filter ensures logconcavity of
the posterior if both the prior and the
likelihood are logconcave, which allows
for numerical maximum-a-posteriori es-
timation, 2) uncertainty quantification
techniques, e.g., Bayesian credible sets
or frequentist confidence sets, will only
yield connected, convex sets if the likeli-
hood (respectively, the posterior) is log-
concave, and 3) hypothesis testing based
on large sample regimes and normal
approximation will only perform if like-
lihood logconcavity can be assumed.

In the case of continuous data, likeli-
hood logconcavity with respect to loca-
tion and scale parameters can be easily
derived when the distribution’s probabil-
ity density function (PDF) fw(w) is log-
concave as a function of the realitzation
of the random variable w, i.e., when

fw(wα) ≥ fw(w1)
α
fw(w0)

(1−α)
. (1)

Here, wα is the notation that we will use
throughout the paper to express a convex
combination of two elements w0 and
w1, i.e., wα , αw1+(1−α)w0, which
has the convenience that wα = wi when
α = i ∈ {0, 1}. We now illustrate here
the proof for the likelihood logconcavity
result for continuous data from (1). Let
y ∈ Rn be modeled as

y = Ψ−1 (Sx + w) , (2)

where Ψ is a real positive-definite ma-
trix, i.e., Ψ ∈ M+

n (R), S ∈ Mn,m (R)
is the observation matrix and w ∈ Rn
is a random variable with logconcave
PDF (see (1)). Note that Ψ = I corre-
sponds to a usual linear model formu-
lation. In statistics, x and Ψ are known
as the location and scale parameters of
the family of distributions defined by
(2). For example, if the noise comes
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from a standard multivariate normal dis-
tribution, i.e., w ∼ N (0, I), we have
that y ∼ N

(
Sx,Ψ−2

)
. Under (1) and

(2), the likelihood function L(x,Ψ;y)
is jointly logconcave with respect to x
and Ψ, as shown by the following simple
exercise,

L(xα,Ψα;y)= fw(Ψαy − Sxα)

≥ fw([Ψ1y − Sx1])
α

fw([Ψ0y − Sx0])
1−α

,

in which we use (1) and

wi = Ψiy − Sxi for i ∈ {0, 1}.

As it turns out, a similar, more restricted
statement can be made for quantized
observations from model (2) (see The-
orem 1), although its proof is more
involved. The purpose of this column
paper is to make this result known in our
community and incite more researchers
to explore its applications. To our knowl-
edge, the proof for Theorem 1 has never
been published before.

LIKELIHOOD LOGCONCAVITY WITH
QUANTIZED MEASUREMENTS

We take here a very broad view of
quantization, and consider a quantizer
as a mapping Q : Rn → Z , where
Z is a countable set. In general, this
is a vector quantizer, i.e., it does not
necessarily treat each dimension of y
independently. The logconcavity result
we present applies to a subclass of these
general quantizers, which we call convex
quantizers. Convex quantizers are simply
vector quantizers with convex quantiza-
tion regions, i.e., quantizers Q such that
Q−1(z) is a convex set ∀z ∈ Z . Among
others, convex quantizers include quan-
tizers composed of independent (mono-
tonic) ADCs for each dimension. Indeed,
for any such quantizer and any z ∈ Z ,
Q−1(z) is the intersection of half-spaces
generated by axis-aligned hyperplanes,
which is a simple convex set (see Fig. 2).
We now present our main result, which
will be proved at the end of this section.

Theorem 1 (Logconcavity is preserved
by convex quantizers). Let Q be a con-
vex quantizer, and consider z ∈ Z such
that

z = Q(y) = Q
(
Ψ−1 (Sx + w)

)
,

with Ψ, S, and x as before and w a
random variable with logconcave PDF
fw(w) (see (1)). Then,

a) for a given scale parameter Ψ0,
L(x,Ψ0; z) is logconcave with re-
spect to x,

b) if we consider identity-like scale
parameters Ψ = ψI with ψ > 0,
L(x, ψI; z) is jointly logconcave
with respect to x and ψ,

c) if we consider diagonal positive-
definite scale parameters Ψ =
Λ ∈ D+

n and Q is composed
of independent ADCs for each di-
mension, L(x,Λ; z) is jointly log-
concave with respect to x and Λ.
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Fig. 2: Example for n = 3 of the quantiza-
tion regions of a convex quantizer formed by
independent ADCs.

That the properties of the quantiza-
tion regions directly affect the likelihood
of a quantized observation z is clear
when exploring how the likelihood can
be obtained. Observing z implies that
y ∈ Q−1 (z), which in turn implies
that the random noise w is within a
specific region. We conveniently define
this region for each z ∈ Z and for each
x and Ψ as

Wz(x,Ψ),
{
w ∈ Rn : y ∈ Q−1 (z)

}
.

In this manner, we obtain that

L(x,Ψ; z) = Pw [Wz(x,Ψ)] . (3)

We start by stating the theoretical re-
sult by Prékopa [6] that lies at the center
of our argument.

Theorem 2 (Prékopa’s Theorem [6, p. 2,
Th. 2]). Let w be a continuous random
variable in Rn with logconcave PDF
fw(w). Let

Pw : 2R
n → [0, 1]

be the probability measure induced by
w on Rn. Then, for any two convex sets
A0,A1 ⊆ Rn we have that

Pw [Aα] ≥ Pw [A1]
α
Pw [A0]

(1−α)
.

Here, Aα is the Minkowski sum αA1 +
(1 − α)A0, i.e., the set of all possible
combinations wα = αw1 + (1 − α)w0

in which w1 ∈ A1, w0 ∈ A0, for a given
value α ∈ [0, 1].

Proof: See [6] for a detailed proof
and related results.

The Minkowski sum has many inter-
esting properties, and, among others, it
preserves convexity. An example of the
Minkowski sum of two scaled sets with
α = 1/2 is provided in Fig. 3.

w[1]

w[2]

Fig. 3: Example of the Minkowski sum of
two sets scaled by α = 1/2 (in the center).
Each set is represented here by random ele-
ments within it.

The idea of our proof of Theorem 1,
then, is to identify the setsWz(xα,Ψα)
with the sets Aα in Theorem 2 for
α ∈ [0, 1]. Then, (4) simply becomes
the logconcavity statement for the like-
lihood L(x,Ψ; z) in (3). Naturally, the
technical conditions of Theorem 1 will
relate to ensuring that the convex combi-
nation of location and scale parameters
leads to the same set Wz(xα,Ψα) as
the Minkowski sum of the corresponding
scaled sets Wz(xi,Ψi) for i ∈ {0, 1}.
We will first proceed with the extreme
cases α ∈ {0, 1}, in which it suffices
to say that Wz(x,Ψ) is a convex set
regardless the values of z, x and Ψ.

Lemma 1 (Convex noise regions for
convex quantizers). Wz(x,Ψ) is convex
for z ∈ Z if and only if Q−1(z) is
convex.

Proof: Let w0,w1 ∈ Wz(x,Ψ).
Then, wi = Ψyi−Sx for yi ∈ Q−1(z)
with i ∈ {0, 1}. Because Q−1(z) is
convex, yα ∈ Q−1(z), and therefore,
wα = Ψyα−Sxα ∈ Wz(x,Ψ). In con-
clusion, if Q−1(z) is convex, Wz(x,Ψ)
is convex.

For the converse, simply consider that
Wz(0, I) = Q−1(z).

Lemma 1 establishes that we can sim-
ply define

Ai ,Wz(xi,Ψi) for i ∈ {0, 1} (4)
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within the conditions of Theorem 2 if
the quantizer Q is convex. Then, to
identify Aα with Wz(xα,Ψα) for the
intermidiate values α ∈ (0, 1), we will
need to find conditions under which
Wz(xα,Ψα) is the Minkowski sum of
αA1 and (1 − α)A0. The simplest di-
rection in this equality, which does not
require any technical conditions, is that
Wz(xα,Ψα) ⊆ Aα.

Lemma 2 (One y and different param-
eters). Consider A0 and A1 as defined
in (4). Then, Wz(xα,Ψα) ⊆ Aα.

Proof: Let w ∈ Wz(xα,Ψα).
Then, there is y ∈ Q−1(z) such that

w= Ψαy − Sxα

= αw1 + (1− α)w0 ,

with wi = Ψiy−Sxi for i ∈ {0, 1}. By
definition, wi ∈ Ai. In conclusion, any
w ∈ Wz(xα,Ψα) can be constructed by
a convex combination of elements in A0

and A1.
The opposite inclusion is generally

not true when one considers generic
scale parameters. However, by restrict-
ing their variation with the technical
conditions of Theorem 1, we obtain the
following statement.

Lemma 3 (Different ys and different
parameters). Consider A0 and A1 as
defined in (4). Then, if for i ∈ {0, 1},

a) Ψ1 = Ψ0, or,
b) Ψi = ψiI with ψi > 0, or,
c) Ψi = Λi with Λi ∈ D+

n and
Q−1(z) is an intersection of half-
spaces generated by axis-aligned
hyperplanes,

then Aα ⊆ Wz(xα,Ψα).

Proof: Let α0 = 1−α and α1 = α
and consider the matrices

Ci = (α0Ψ0 + α1Ψ1)
−1αiΨi

for i ∈ {0, 1}. Consider also that C0 +
C1 = I.

Let w ∈ Aα. Then, there are wi ∈ Ai
for i ∈ {0, 1} such that w = α0w0 +
α1w1. Furthermore, by (4) we have that

wi = Ψiyi − Sxi for i ∈ {0, 1}, where
yi ∈ Q−1(z). Therefore,

w=

1∑
i=0

(αiΨiyi − Sαixi)

= (α0Ψ0 + α1Ψ1) (C0y0 + C1y1)

−S (α0x0 + α1x1) .

By definition, then, w ∈ Wz(xα,Ψα)
if and only if y = C0y0 + C1y1 ∈
Q−1(z).

If condition a) is fulfilled, then Ci =
αiI and y = yα. Because Q−1(z) is
convex, y ∈ Q−1(z). If condition b)
is fulfilled, then Ci = α̃iI with α̃i =
αiψi/(α0ψ0+α1ψ1), and y is a convex
combination of y0 and y1, i.e., y = yα̃1

.
Because Q−1(z) is convex, y ∈ Q−1(z).
If condition c) is fulfilled, then the Cis
are diagonal matrices with elements be-
tween 0 and 1, i.e., Ci ∈ Dn ([0, 1]).
By Lemma 4 in our next section, then,
we have that y ∈∏n

i=1 [y1[i],y2[i]]. Be-
cause Q−1(z) is an intersection of half-
spaces generated by axis-aligned hyper-
planes, yi ∈ Q−1(z) for i ∈ {0, 1} im-
plies y ∈ Q−1(z). Therefore, if either a),
b) or c) are given, w ∈ Aα implies w ∈
Wz(xα,Ψα), i.e., Aα ⊆ Wz(xα,Ψα).

We can now proceed to the proof of
our main result, Theorem 1.

Proof of Theorem 1 (Logconcav-
ity is preserved by convex quantizers):
Consider Ai , Wz(xi,Ψi) for i ∈
{0, 1}. By Lemmas 2 and 3, we have
that under a), b) or c) we have that
Aα = Wz(xα,Ψα). Using Theorem 2,
then, we have that

L(xα,Ψα; z)=Pw [Aα]
≥Pw [A1]

α
Pw [A0]

(1−α)

=L(x1,Ψ1; z)
α

L(x0,Ψ0; z)
1−α

.

MATRIX COMBINATIONS

In Lemma 3, we have used that in-
tersections of half-spaces generated by
axis-aligned hyperplanes are closed with
respect to the generalization of convex
combinations to diagonal matrices. In
Fig. 4a, we include an illustration of
a practical case in 2 dimensions. Here,

we include this result for the sake of
completeness.

Lemma 4 (Diagonal matrices whose
sum is the identity matrix make squares).
Let Dn ([0, 1]) be the set of square n-
dimensional diagonal matrices with el-
ements in [0, 1], and let y0,y1 ∈ Rn.
Then,

H, {Cy0 + (I−C)y1 :C ∈ Dn [0, 1]}

=

n∏
i=1

[y0[i],y1[i]] , H� .

Proof: For H� ⊆ H, let y ∈ H�.
If αi = (y[i] − y1[i])/(y0[i] − y1[i]),
then αi ∈ [0, 1]. If C ∈ Dn ([0, 1]) is the
diagonal matrix such that C[i, i] = αi,
then Cy0+(I−C)y1 = y. Thus, y ∈ H.

For H ⊆ H�, let y ∈ H. Then,
we have that αi = C[i, i] ∈ [0, 1], and
y[i] = αiy1[i]+ (1−αi)y0[i], and thus,
y[i] ∈ [y0[i],y1[i]]. Therefore, y ∈ H�.

y[1]

y[2]

•y0

•
y1

a)

y[1]

y[2]

•y0

•
y1

b)

Fig. 4: In black, points obtained by com-
binations with matrices whose sum is the
identity matrix, i.e., Cy1+(I−C)y0, where
C were, in a), random diagonal matrices
from Dn ([0, 1]), and, in b), random posi-
tive semidefinite matrices fromM+

n (R) with
ρ (C) ≤ 1. In blue, y0 and y1.

On one hand, this result allows for
the most general result in terms of the
scale parameter Ψ we have obtained,
i.e., Theorem 1 under its restriction c).
On the other hand, the equivalent result
for arbitrary scale parameters, clearly
indicates that the proof mechanism we
have used here does not generalize well
to that case. Lemma 5 below, which we

1See our geometric view of Lemma 5 at https://www.geogebra.org/m/hdxtmz3b and https://www.geogebra.org/m/tskjev2m.
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include for completeness, is illustrated
by Fig. 4b, and has interesting geometric
interpretations.1

Lemma 5 (Positive semidefinite matri-
ces whose sum is the identity matrix
make balls). Let M⊕

n (R) be the set
of real symmetric positive semidefinite
matrices with spectral radius smaller
or equal than 1, i.e., ρ (C) ≤ 1, and
y0,y1 ∈ Rn. Then

S ,
{
Cy0 + (I−C)y1:C ∈M⊕

n (R)
}

= B
(

y0 + y1

2
,
1

2
‖y1 − y0‖

)
, S• ,

where B(yc, r) is the closed ball cen-
tered at yc ∈ Rn with radius r ≥ 0.

Proof: For S• ⊆ S , let y ∈ S .
Then, there is a C ∈ M⊕

n (R) such
that y = Cy0 + (I−C)y1. If yc =
(y0 + y1)/2, then

‖y − yc‖2 =
∥∥∥∥(C− I

2

)
(y0 − y1)

∥∥∥∥
2

≤
∥∥∥∥C− I

2

∥∥∥∥
2

‖(y0 − y1)‖2

≤ 1

2
‖y1 − y0‖ .

Here, we have used that the operator
norm with respect to ‖ · ‖2 is coincides
with the spectral radius ρ(·) for Hermi-
tian matrices. Therefore, y ∈ S implies
y ∈ S•.

For S• ⊆ S, let y ∈ S• and yc =
(y0+y1)/2. Then, consider ỹ = y−y1

and ỹ0 = y0 − y1. Because y ∈ S•, we
have that ‖ỹ − ỹ0/2‖2 = ‖y − yc‖2 ≤
(‖y1 − y0‖ /2)2 = (‖ỹ0‖ /2)2. Expand-
ing the squares, we obtain 0 ≤ ‖ỹ‖2 ≤
ỹT
0 ỹ. If we consider then the matrix C =

ỹỹT/ỹTỹ0, we see that it is a rank 1
matrix with a single non-zero eigenvalue
λ = tr (C) = ‖ỹ‖2 /ỹTỹ0 ∈ [0, 1], i.e.,
C ∈M⊕

n (R).

Furthermore, C (y0 − y1) = Cỹ0 =
ỹ = y−y1, i.e., y = Cy0+(I−C)y1.
Therefore, y ∈ S• implies y ∈ S.

In conclusion, to employ our proof
technique for Lemma 3 with arbitrary
scale parameters, we would need to
find quantization regions Q−1(z) such
that, for any two points inside them
y0,y1 ∈ Q−1(z), the whole closed
ball S• they define remains inside the
quantization region Q−1(z). Our intu-
itive understanding is that this is impos-
sible, and that only trivial quantization
regions fulfill this property. Nonetheless,
Lemma 5 does not preclude more gen-
eral likelihood logconcavity results for
quantized data, but only the use of the
proof technique we have presented here.

SIGNAL PROCESSING APPLICATIONS

In this section, several signal process-
ing applications of the result in Theo-
rem 1 will be detailed and reported.
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