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“Essentially, all models are wrong, but some are useful.”
George E. P. Box

Advancements in stratified flows through simulation, experiment and open research software development
Ashwin Vishnu Mohanan
Department of Mechanics, KTH Royal Institute of Technology,
SE–100 44 Stockholm, Sweden

Abstract
Two studies of two-dimensional models of flows influenced by stratification
and stratification/rotation are carried out in order to investigate whether a
two-dimensional model can reproduce a downscale energy cascade with an
associated k −5/3 wavenumber spectrum. Firstly, a series of highly resolved
numerical simulations of the classical shallow water model is carried out. A
forward energy cascade is observed but the dynamics is dominated by shocks,
with an associated k −2 -spectrum. A theory for shallow water wave turbulence
is formulated and compared to the results from the simulations. Secondly, a
series of simulations of a new two-dimensional toy model is carried out, showing
that the model is not generating shocks and can reproduce a downscale energy
cascade with an associated k −5/3 spectrum. The energy transfer is studied in
detail in Fourier space and is compared with results from a general circulation
model.
An experimental study of strongly stratified turbulence at the Coriolis
platform in Grenoble is carried out, with the aim of testing novel theories of
stratified turbulence. Turbulence is generated by traversing an array of cylinders
through a tank containing stratified salt water. Velocity is measured by Particle
Image Velocimetry (PIV) and density is measured by conductivity probes. In
particular, the author has developed the software system analysing the PIV
images. Preliminary results from the experiment are presented.
To realise the research objectives, a set of open-source software packages
are developed in Python, under the umbrella of the FluidDyn project. The
packages enable execution of simulations, experiments and processing of data.
The codes are well documented, tested and designed to promote development
and reuse.
Key words: geophysical flows, shallow water wave turbulence, energy cascade,
stratified turbulence, waves and vortices, open source software
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Framsteg inom stratifierade strömningar genom simulering, experiment och utveckling av öppen mjukvara
Ashwin Vishnu Mohanan
Institutionen för Mekanik, Kungliga Tekniska högskolan,
SE-100 44 Stockholm, Sverige

Sammanfattning
Två studier av tvådimensionella modeller av strömningar influerade av stratifiering respektive stratifiering och rotation genomförs, i syfte att undersöka
huruvida en tvådimensionell modell kan reproducera en energikaskad till mindre
skalor med ett associerat vågtalsspektrum av formen k −5/3 . Först genomförs en
serie högupplösta simuleringar av den klassiska modellen för strömningar i grunt
vatten (shallow water model). En energikaskad till mindre skalor observeras,
men strömningen domineras av stötar med ett associerat k −2 -spektrum. Sedan
genomförs en serie simuleringar av en ny tvådimensionell leksaksmodell, som
visar att modellen kan reproducera en energikaskad till mindre skalor med ett associerat k −5/3 -spektrum. Energiöverföringen studeras i detalj i Fourier-rummet
och jämförs med resultat från en global cirkulationsmodell.
En experimentell studie av starkt stratifierad turbulens genomförs vid
Coriolisplattformen i Grenoble, med målet att testa nya teorier för stratifierad
turbulens. Turbulensen genereras genom att traversera en rad cylindrar genom
en tank innehållande stratifierat saltvatten. Hastighet mäts med Particle Image
Velocimetry (PIV) och densitet mäts med konduktivitetssonder. I synnerhet
har författaren utvecklat den programvara som analyserar bilder från PIVmätningarna. Preliminära resultat från experimentet presenteras.
För att realisera forskningsmålen utvecklas en mängd mjukvarupaket för
öppet bruk i Python, i ett projekt med namnet FluidDyn. Paketen erbjuder
möjligheter att utföra simuleringar, experiment och databehandling. Koderna
är väl dokumenterade, testade och designade för att underlätta utveckling och
återanvändning.
Nyckelord: geofysikaliska strömningar, vågturbulens i grunt vatten, energikaskad, stratifierad turbulens, vågor och virvlar, öppen mjukvara
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Preface
This thesis contains numerical, theoretical, experimental and technical studies
aiming at advancing the understanding of stratified flows. Studies which
motivated this thesis, along with theoretical details and research highlights of
the present work are summarized in the first part. The second part contains five
articles and one conference paper. The papers are adjusted to comply with the
present thesis format for consistency, but their contents have not been altered
as compared with their original counterparts.
August 2019, Stockholm
Ashwin Vishnu Mohanan
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Glossary

β gradient of f along meridional direction.
χ velocity potential.
δ divergence.
 energy flux or energy dissipation rate.
η enstrophy flux or enstrophy dissipation rate / scalar displacement field
for shallow water equations / mixing efficiency for stratified turbulence.
Γ mixing coefficient.
κ magnitude of wavenumber.
ν kinematic viscosity.
Π spectral energy flux.
Ψ stream function.
p
σ frequency of gravity waves, f 2 + (cκ)2 .
τ time scale.
θ potential temperature.
ζ relative vorticity.
B normal mode vector with dimension of velocity.
c phase speed of gravity waves.
CA conversion spectral function for available potential energy.
CK conversion spectral function for kinetic energy.
d mean shock separation distance.
Dc diameter of the cylinder.
E energy.
EA available potential energy.
EK kinetic energy.
EP potential energy.
EV vortical energy.
EW wave energy.
êz unit vector in z-direction.
f Coriolis parameter which is twice the vertical component of angular
velocity.
xi

Fh
FL
FT
Fv

Froude number based on horizontal length scale.
longitudinal flatness factor.
transverse flatness factor.
Froude number based on vertical length scale.

H vertical length scale.
h scalar height field.
= imaginary part of a complex number.
J mass flux, hu.
k wavenumber.
kd dissipation wavenumber.
kf forcing wavenumber.
L horizontal length scale.
l degree of spherical harmonics.
Ld Rossby radius of deformation.
Lf forcing length scale.
lh horizontal length scale.
lv vertical length scale.
M characteristic size of vortices.
N Brunt Väisälä frequency.
n number of grid points in one direction.
N normal mode vector with dimension of vorticity.
O order.
P transformation matrix from W to U.
Q transformation matrix from U to B / potential vorticity.
q linearized potential vorticity.
R buoyancy Reynolds number.
r separation distance.
r separation vector for calculating structure functions.
< real part of a complex number.
Reb buoyancy Reynolds number.
Reh Reynolds number based on horizontal length scale.
Rif flux Richardson number.
Ro Rossby number.
S structure function.
T spectral transfer function.
TA spectral transfer function for available potential energy.
xii

TK spectral transfer function for kinetic energy.
U velocity length scale.
u velocity length scale.
Uc carriage velocity.
uL longitudinal velocity component.
U primitive variable vector.
u velocity vector.
uT transverse velocity component.
ud divergent velocity component.
ur rotational velocity component.
W derived variable vector.
Xn normalized eigenvector matrix.
Z spectral enstrophy flux.
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Acronyms

2D Two Dimensional.
3D Three Dimensional.
AOT Ahead Of Time.
APE Available Potential Energy.
API Application Programming Interface.
CFD Computational Fluid Dynamics.
CI Continuous Integration.
CPU Central Processing Unit.
DNS Direct Numerical Simulation.
DVCS Distributed Version Control System.
FFT Fast Fourier Transform.
GASP Global Atmospheric Sampling Program.
GCM General Circulation Model.
GIL Global Interpreter Lock.
GUI Graphical User Interface.
I/O Input-Output.
JIT Just In Time.
KE Kinetic Energy.
MILESTONE Mixing and Length Scales in Stratified Turbulence.
MOZAIC Measurement of Ozone by Airbus in-service aircraft.
MPI Message Passing Interface.
PIV Particle Image Velocimetry.
QG Quasi-Geostrophic.
SWE Shallow Water Equations.
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Part I
Overview and summary

Chapter 1

Two-dimensional models of geophysical
turbulence

Atmospheric turbulence is characterized by a wide range of scales, ranging from
the order of millimetres to several thousands of kilometres. Understanding the
underlying interactions behind the energetics is essential to improve general
circulation models (GCM) while also recognizing the limits of predictability
(see Lorenz, 1969; Vallis, 2017: pp. 433–447). As a general rule of thumb, as our
capabilities of modelling of the small scales improve, so does the predictability,
which has motivated researchers to advance our understanding of geophysical
turbulence.
The scaling laws for the energy distribution in the atmosphere were revealed
through the wind and temperature measurements made in Global Atmospheric
Sampling Program (GASP, see Nastrom, Gage & Jasperson (1984) and Nastrom
& Gage (1985)). In GASP, data spanning across the globe was collected
using over 6900 commercial flights during the years 1975-79. At least 80% of
the data were measured between altitudes of 9 and 14 kilometres, near the
tropopause. The spectra thus calculated, shown in fig. 1.1, revealed that there
are two separate ranges: in a narrow synoptic range (wavelengths between 1000
and 3000 km) the energy spectrum scales as k −3 , and in the mesoscale range
(wavelengths between 2 and 500 km) it scales as k −5/3 . For wavelengths just
above 500 km there is also an overlap region where these two ranges blend. Prior
to this study the k −3 scaling was well-known (Charney, 1971) and explained
using theories for two-dimensional turbulence (Kraichnan, 1967). However the
theoretical explanation of the k −5/3 mesoscale spectra and the direction of
the energy cascade has remained under debate for several decades (Kitamura
& Matsuda, 2010; Vallgren et al., 2011). Two hypotheses – one suggesting
a forward energy cascade (Dewan, 1979) and another suggesting an inverse
energy cascade (Gage, 1979; Lilly, 1983) have been at the heart of this debate.
Alternative hypotheses were also introduced in the later years which will be
described in the forthcoming sections. In sec. 1.1.3, we will also see why there
is an emerging consensus that the mesoscale range is the result of a forward
cascade of energy into smaller scales (Lindborg, 1999; Cho & Lindborg, 2001).
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Figure 1.1: From left to right: power spectra of zonal and meridional winds,
and potential temperature. The meridional wind and potential temperature
power spectra are shifted by one and two decades to the right each along the
horizontal axis1 .

Of particular relevance for this thesis is the theoretical prediction, estimating the vertical resolution required for reproducing the mesoscale spectra.
In Lindborg (2006) and Waite & Bartello (2004) the vertical resolution was
estimated from the vertical length scale of the elongated structures in stratified
turbulence, i.e. lv ∼ u/N ≈ O(1)km. The hypothesis of Callies et al. (2016)
implies that an even finer resolution, of O(0.1) km, would be needed to resolve inertia-gravity waves and thus the mesoscale motions. Contrary to these
expectations, in Augier & Lindborg (2013), some GCM runs reproduced the
energy spectrum at mesoscales, using a coarse vertical resolution of only 24
pressure levels. Additionally, the spectral energy budget calculations in Augier
& Lindborg (ibid.) exhibited a forward energy cascade in the mesoscale range.
This result prompted the question, why this was possible despite the theories
predicting a finer resolution requirement. In trying to answer this question, we
have simulated the most extreme case: a quasi-two dimensional model which
accommodates both waves and vortices, equivalent to simulating a single layer
of fluid.
1 G.

D. Nastrom & K. S. Gage 1985. A Climatology of Atmospheric Wavenumber Spectra
of Wind and Temperature Observed by Commercial Aircraft. J Atmos Sci 42 (9), 950–960.
©American Meteorological Society. Used with permission.
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The first candidate for this exercise was the classical shallow water equations.
Large scale wave forcing in a narrow band of wavenumbers (forcing wavenumber,
kf = 6δk) was used to excite the flow. Consistent with the expectations, shallow
water dynamics exhibited a forward cascade. However, the waves simulated
using the shallow-water equations tend to coalesce to form shock fronts. The
resulting cascade was weaker than what is observed at mesoscales and the
spectrum scaled as k −2 . Nevertheless, the dynamics of shock-dominated wave
turbulence caught our interest and we derived novel scaling theories for spectra,
shock separation, structure functions and other related quantities. These results
are presented in Augier, Mohanan & Lindborg (2019). The study can be
potentially extended to other domains such as acoustics, but is unlikely to find
straightforward applications in geophysical turbulence. Therefore in a second
study (Lindborg & Mohanan, 2017) we modified the shallow water equations
into a toy model, which does not cause waves to evolve into shocks and has nice
properties such as a quadratic expression for kinetic energy. Another advantage
of using the toy-model is that we obtain a k −5/3 spectrum and similar dynamics,
as seen in the GCM reported in Augier & Lindborg (2013).
In the first section in this chapter, we present a background of the theoretical,
experimental and computational attempts towards understanding the mesoscale
energy cascade. The next section describes some properties of the shallow water
and toy model equations. The subsequent sections showcase some interesting
results from Augier, Mohanan & Lindborg (2019) and Lindborg & Mohanan
(2017).

1.1. Background
1.1.1. Two-dimensional turbulence
The latter half of the twentieth century presented exciting insights into how
kinetic energy is distributed among different scales in the atmosphere. Several
researchers in the 1960s found that energy spectra associated with synoptic
scales of motion (∼ 1000−3000) km are very different from spectra of small scale
three-dimensional isotropic turbulence. Through observational evidence (Horn
& Bryson, 1963) and later on by GCM calculations (Wellck et al., 1971), it was
found that the energy spectrum scales as k −3 at synoptic scales. Therefore, the
underlying mechanism is different in comparison with 3D isotropic turbulence,
in which energy spectrum scales as k −5/3 .
It was also realized that in two-dimensional turbulence, vorticity and enstrophy conservation places a strong constraint on the cascade (see for example,
Fjørtoft, 1953). This development led to the seminal work by Kraichnan (1967)
wherein a theory for a coexistence of a dual cascade was formulated. A large
scale inverse-energy cascade was predicted wherein, the energy spectrum scales
as E(k) ∼ 2/3 k −5/3 , where  is the energy flux through the cascade. At
smaller scales there is a forward enstrophy cascade with an associated spectrum,
E(k) ∼ η 2/3 k −3 , where η is the enstrophy flux. One way to deduce these
power laws was to invoke similar assumptions as Kolmogorov (1941). It was
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assumed that the k −5/3 inertial range solely depends on wavenumber k and ,
and likewise the k −3 range would depend on k and η. A more formal approach
relying on statistical mechanics arguments was also formulated by Kraichnan
(1967) to arrive at the same conclusion and predict the direction of the cascades.
Kraichnan studied how triad interactions would act in two dimensions,
using the incompressible Navier-Stokes equations, which have two quadratic
inviscid invariants, energy and enstrophy. The spectral energy and enstrophy
fluxes can be expressed as,
Z
Z
Z
Z
Z
Z
1 k 0
1 ∞ 0
0
Π(k) =
dk
dp dqT (k , p, q) −
dk
dp dqT (k 0 , p, q),
2 0
2 k
(1.1)
Z k
Z
Z
Z ∞
Z
Z
1
1
k 02 dk 0 dp dqT (k 0 , p, q) −
k 02 dk 0 dp dqT (k 0 , p, q),
Z(k) =
2 0
2 k
(1.2)
where T is the energy transfer function arising from the nonlinear term in the
Navier-Stokes equations. The fluxes were found to arise from two classes of
mutually exclusive interactions, the range k 0 ∈ [k, ∞) would interact with all
wavenumbers p, q < k and similarly the range k 0 ∈ [0, k] would interact with
all wavenumbers p, q > k. Using this as a starting point, it was shown that
a constant energy flux Π(k) is obtained where the energy spectrum scales as
k −5/3 as well as a constant enstrophy flux Z(k) where the energy spectrum
scales as k −3 . The directions of cascades, i.e. the signs of the fluxes used in
scaling the inertial ranges, were then determined using statistical mechanics
arguments (see also Kraichnan & Montgomery, 1980).
1.1.2. Quasi-Geostrophic equations
Despite the firm foundations that the theory of Kraichnan (1967) presented,
a gap left to be bridged – to connect the ideal two-dimensional turbulence to
atmospheric turbulence. Charney (1971) pondered if it was possible to realize
the predictions at all and if so, within what limits the atmosphere can be
considered two-dimensional. It is well-known that most chaotic motions at
planetary scales originate from baroclinic instability (Vallis, 2017). The effects
of rotation and stratification were not considered in Kraichnan (1967). These
“shortcomings” were addressed to some extent by Charney (1971), who derived
the k −3 spectrum by analysing the so-called quasi-geostrophic (QG) equation,
conserving an approximate expression for potential vorticity:
Dq
= 0,
Dt


f02
ρ̃
2
q=∇ ψ+
∂z ψ + βy,
(1.3)
ρ̃ N 2
where ψ is the horizontal stream function, f0 is the solid body rotation speed
of the frame of reference, ρ̃ is the potential density, N is the Brunt-Väisälä
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frequency and β ≈ ∂y f is the beta parameter. This equation is valid when
certain criteria are met:
• Strong rotation, implying that the Rossby number, Ro = U/f0 L, is much
smaller than unity, where U and L are characteristic horizontal velocity
and length scales, respectively.
• Characteristic length scales of motion are of the same order as Rossby
radius of deformation, i.e. L ∼ Ld = HN/f0 or Ro(L/Ld )2 = O(Ro).
Here, H is a characteristic vertical length scale.
• Variations in the Coriolis force (β) are small, implying scales may not
be as large as planetary length scales.
Apart from these criteria there are some other scale restrictions (see chapter 5 in
Vallis, 2017). Using eq. 1.3 and the result that both energy and QG enstrophy
(q 2 /2) are conserved quantities it was shown that the forward energy cascade
can be inhibited by the geostrophic constraint. In this respect the QG equation
behave similar to the 2D Navier-Stokes equations. The k −3 scaling law was
derived for the QG equations in Charney (1971) and GCM results from Wellck
et al. (1971) were used to confirm the existence of the k −3 spectrum.
1.1.3. Energy cascade in synoptic and mesoscale flows
Nowadays, it is understood that the k −3 spectrum at the synoptic scales
(typically, for wavelengths over a thousand kilometres) is an example of a
Kraichnan-Charney type of turbulence, with enstrophy cascading downscale.
The top plot of fig. 1.2 shows how Kraichnan (1967) anticipated the two scaling
laws would coexist – a “stirring force” would inject energy at intermediate
scales, which would then cascade towards small wavenumbers, while enstrophy
would cascade in the opposite direction. In contrast to this picture, the study
by Nastrom & Gage (1985) revealed spectra that were similar to the sketch on
the bottom plot of fig. 1.2. Here, the synoptic scale k −3 -range is found at larger
scales than the mesoscale k −5/3 -range, an observation that Frisch (1995) found
‘paradoxical’.
By what the mechanism the k −5/3 mesoscale spectrum is produced has
been an open question ever since, and competing theories have been put forward
to address this issue. Dewan (1979) analysed the energy spectrum of velocity
fluctuations in the stratosphere up to wavelengths of O(10) kilometres and
suggested that internal gravity waves, feeding on turbulent layers trapped by
large scale shear flows, could be the driving mechanism behind the spectrum.
He considered the mesoscale spectrum to be analogous to the ocean spectrum
reported by Garrett & Munk (1972). It was also asserted that a Kolmogorovtype of forward energy cascade of waves is present. This was substantiated
using a simple model for a shear flow by Phillips (1966).
In Gage (1979), a competing hypothesis was formulated assuming that the
mesoscale cascade process would be similar to Kraichnan’s prediction of an
inverse energy cascade. To confirm the power law, the two-point temporal structure function of winds was derived and applied on data from balloon sounding

6
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Energy spectra predicted by Kraichnan’s theory
Forcing, P =  + η

E(k)

2/3 k−5/3

η 2/3 k−3

k
Observed atmospheric energy spectra

E(k)

k−3

k−5/3

k
Figure 1.2: Top: A depiction of Kraichnan’s conjecture on how at the dual energy
cascade might simultaneously occur in two-dimensional turbulence. Bottom: A
schematic of observed energy spectra in the atmosphere.

measurements. Through Taylor’s transformation the author linked the temporal
variability to the spatial structure function equivalent to a k −5/3 spectrum.
In a contemporary paper, Lilly (1983) also made a similar conjecture of an
inverse energy cascade, in studying decaying stably-stratified turbulence and its
tendency to evolve into enlarged vortices. A scale based decomposition of the
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Boussinesq equation into waves and vortices by Riley, Metcalfe, et al. (1981),
was used to study the interactions of waves and turbulence, using an initial
state of homogenous and isotropic turbulence. It was hypothesized that the
stratified turbulence would transfer energy to larger scales, resulting in a k −5/3
spectrum. The inverse energy cascade hypothesis was revisited by Xia et al.
(2011) through experiments, wherein a large scale planar vortex was forced from
the small scales electromagnetically to generate a k −5/3 spectrum.
Lindborg (1999) contains a detailed review of the above and other hypotheses, proposed in the light of the Nastrom, Gage & Jasperson (1984) results,
along with a discussion of their pros and cons. The two-dimensional turbulence
interpretation can be questioned since it would require a small-scale energy
source at O(1) km, where the mesoscale to microscale transition is observed
(Vinnichenko, 1970). However, at this scale three-dimensional motions are
dominant. To reconcile the inverse energy cascade hypothesis with the observed
transition from a k −5/3 to a k −3 spectrum, Gage & Nastrom (1986) introduced
the hypothesis that there is an energy sink at the transition scale. However, it
is unclear what the physical mechanism would be that could act as such a sink.
Instead of applying a spectral analysis of aircraft data Lindborg (1999)
carried out a structure function analysis. A velocity structure function is the
statistical moment the velocity difference δu = u(x + r) − u(x). In particular,
the second order longitudinal and transverse structure functions are defined
as hδu2L i and hδu2T i, where uL is the velocity component in the ‘longitudinal’
direction, that is the same direction as r, uT the velocity component in a
direction which is perpendicular to r, and hi is a mean value. If the separation
vector is horizontal the structure functions can be assumed to be independent
of position x (statistical homogeneity) and independent of the direction of r
(statistical isotropy), thus being functions only of r = |r|. Under the assumptions
of homogeneity and isotropy, Lindborg (ibid.) derived the two-dimensional
counterparts of the so called four-fifths law for the third order structure function
(Kolmogorov, 1941) of three dimensional turbulence
4
hδu3L i = − r ,
(1.4)
5
where  is the downscale energy flux, which is also equal to the energy dissipation.
In two-dimensions there are two third order structure function laws. In the
inverse energy cascade range we have
3
hδu3L i = P r ,
(1.5)
2
where P is the (positive) upscale energy flux, and in the enstrophy cascade
range we have
1
hδu3L i = Q ,
8
where Q is the downscale enstrophy flux. The important difference between
eq. 1.4 and eq. 1.5 is that the third order structure function exhibits a negative
linear dependence on r in a downscale energy cascade range and a positive
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linear dependence on r in an upscale energy cascade range. Thus, as argued by
Lindborg (1999), the third order structure function could be used in order to
determine the direction of the energy cascade.
Lindborg (ibid.) calculated second order longitudinal and transverse structure functions using the MOZAIC dataset. It was found that the second order
structure functions were consistent with the spectra measured by Nastrom &
Gage (1985). In a subsequent study, Cho & Lindborg (2001) calculated third
order structure functions. The analysis showed reasonably clean results in the
stratosphere. It was found that the third order structure function generally
shows a negative linear dependence on r in the range r ∈ [10, 200] km, and a
positive cubic dependence in the range r ∈ [500, 1400] km. Cho & Lindborg
(ibid.) interpreted the negative linear dependence as a sign of a downscale energy
cascade and the positive cubic dependence as a sign a downscale enstrophy
cascade. The results from the upper troposphere were not as clean as the results
from the lower stratosphere. However, they also indicated that there is generally
a downscale energy cascade at atmospheric mesoscales. These observations
are perhaps the strongest evidence for the hypothesis that the mesoscale k −5/3
spectrum is associated with a downscale energy cascade.
1.1.4. Stratified turbulence
The term stratified turbulence was coined by Lilly (1983) for flows affected
by a stable, vertical gradient in density or temperature, resulting in quasihorizontal motions consisting of large eddies and gravity waves. Lilly used
the Froude number, Fv = u/N lv , as an inverse measure of the strength of
the stratification. Here, u is a characteristic horizontal velocity scale, N is
the Brunt-Väisälä frequency and lv is a vertical length scale. In particular
he considered the limit Fv → 0. When a fluid is under geostrophic balance
(equalizing hydrostatic and Coriolis force), one would expect the horizontal
vortices to follow the Taylor-Proudman theorem (Proudman & Horace, 1916;
Taylor, 1917) which is expressed as ∂z u = 0. Yet turbulence in strongly stratified
fluids have been observed to evolve into elongated “pancake”-like horizontal
layers over time which decouple the horizontal motion, resulting in vertical
variability. Such structures are thought to be important elements, distinguishing
the physics of stratified turbulence from two-dimensional turbulence (Riley &
Lelong, 2000). Understanding the vertical structure of stratified turbulence is
of paramount importance to analyse the energy transport.
The analysis of Riley, Metcalfe, et al. (1981) and Lilly (1983), involved a
scale decomposition into waves and vortices with the latter being associated
with turbulence. However, it was unclear what the characteristic vertical length
scale of stratified turbulence is. Experimental (Fincham et al., 1996; Billant
& Chomaz, 2000) and numerical (Herring & Métais, 1989) investigations of
stratified turbulence demonstrated that thin layered structures can emerge from
purely horizontal base flows or forcing. Strongly stratified flows with sufficiently
high Reynolds number show a “zig-zag instability” with alternating elongated
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(a) Layers of the atmosphere and typical temperature lapse with
altitude (source: UCAR)
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Figure 1.3: Stratification in the atmosphere
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horizontal structures. The vertical length scale of these was found to scale as
u/N . In other words, the vertical Froude number used by Lilly as an inverse
measure of the strength of the stratification, would typically be of the order of
unity. Billant & Chomaz (2001) instead introduced a Froude number based on
a horizontal length scale, Fh = u/N lh , as an inverse measure of the strength of
the stratification. Introducing an advective time scale T = lh /u and a verical
length scale lv ≥ u/N , the authors demonstrate that it is possible to simplify the
Boussinesq equations into a set of dimensionless equations describing stratified
turbulence. Furthermore, assuming that the aspect ratio parameter, δ = lv /lh ,
scales as δ ∼ Fh or lv = u/N in the limit of strong stratification, Fh → 0, a set
of self-similar reduced-order equations were also derived. These equations are
invariant under a group of transformations of N, z, uz and ρ. The implications
of this seminal study was that, unlike the explanation in Lilly (1983), by
introducing a vertical length scale, lv = u/N , one can derive a reduced-order
system in which waves and vortices evolve on similar time and length scales.
Billant & Chomaz (2001) also suggested that the buoyancy Reynolds number
Reb = Reh Fh2 , where Reh is the Reynolds number based on a horizontal length
scale, must meet the condition 1  Reb  Reh , for the self-similarity to hold.
These results were also reproduced in decaying (Riley & deBruynKops, 2003b)
and forced (Waite & Bartello, 2004; Lindborg, 2006) simulations of stratified
turbulence. In Lindborg (2006), it was also shown that the energy cascade is
similar to Kolmogorov’s turbulence picture, and that the kinetic and potential
energy spectra scale as:
2/3 −5/3

EK (kh ) = CK K kh
−1/3

EP (kh ) = CP K

,

−5/3

P k h

(1.6)

,

(1.7)

where, K and P are rates of dissipation of kinetic and potential energies
respectively and the coefficients were found from simulations to be CK ≈ CP ≈
0.5. Approximate equipartition, EK ∼ EP and K ∼ P , was assumed and total
dissipation was expected to scale as,  = K + P ∼ u3 /lh (Taylor, 1935). For
flow structures smaller than the Ozmidov length scale, l0 = 1/2 /N 3/2 , stratified
turbulence transitions to local patches of isotropic turbulence.
Lindborg (2006) argued that the stratified turbulence theory can explain
the mesoscale spectra reported in Nastrom & Gage (1985). The spectral
energy fluxes were positive for all wavenumbers in the simulations implying a
forward energy cascade as Dewan (1979) initially anticipated. However, with
EK (kh ) ∼ 3EP (kh ) there was no perfect equipartition of energy between kinetic
and potential energy suggesting that the physical mechanism is not linear gravity
waves but nonlinear layered motions resulting from stratified turbulence. In
the light of these new results, one can say that the majority of results tend to
favour the forward cascade hypothesis. Stratified turbulence might be a possible
explanation of mesoscale spectra, but as observed from the GCM simulations of
Augier & Lindborg (2013), it might not be necessary to simulate a fully resolved
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stratified flow to mimic its dynamics. We shall now see how a simpler model is
used in the present thesis to study geophysical turbulence.

1.2. Shallow water equations
1.2.1. Governing Equations
The shallow water equations (SWE) have found utility as an academic tool
to study and explain fundamental geophysical phenomena (see chapter 3, Vallis, 2017) and also as the “dynamical core” of some numerical weather prediction
models [for eg., a flux vector splitting scheme based formulation of the SWE
(Lin & Rood, 1997) was used in NOAA’s GFS model until recently]2 . The
governing equations for a single layer shallow layer of fluid are:
∂t u = −(u.∇)u − c2 ∇h − f ez × u,

(1.8)

∂t h = −∇ · (hu),

(1.9)

where u is two-dimensional horizontal velocity vector, c is the phase speed of
gravity waves, f is the system rotation, h = (1 + η) is the non-dimensional
scalar height field, and η is surface displacement. In this inviscid formulation,
the system of equations Eqns. 1.8, 1.9 conserves the sum of kinetic and potential
energy, defined as E = EK + EP , where EK = h|u|2 and EP = c2 h2 /2.
Expanding the expression for EP in η we get,
EP = c2 (1/2 + η + η 2 /2).
The first term is the constant background potential energy, while the two
remaining terms are the potential energy associates with surface displacements.
The second term, which is linear in η, is conserved by eq. 1.8. The third
term, EA = c2 n2 /2, may be called available potential energy (APE), a concept
introduce by Lorenz (1955). The SWE also conserves the sum EK + EA . As a
matter of fact, wave motions in SWE is characterized by equipartition between
kinetic and available potential energy.
The inviscid SWE has another materially conserved invariant which is
potential vorticity, Q = (ζ + f )/h. Conservation of potential vorticity is
crucial to explain several geophysical fluid motions (Vallis, 2017). Since Q is a
materially conserved quantity, so are higher powers of Q, including the quadratic
potential enstrophy. From a turbulence perspective (Warn, 1986; Lindborg &
Mohanan, 2017), the non-quadratic nature of potential enstrophy restricts our
interpretation of a potential enstrophy cascade. However, in the limit of strong
rotation or QG limit, we can study its linearized form, q = ζ − f η, which is
approximately conserved.
In comparison with the QG equation which conserves quasi-geostrophic
potential vorticity, the SWE permits both quasi-geostrophic (vortices) and
ageostrophic (gravity waves) modes. On the one hand, the QG equation is
similar to the incompressible 2D Navier-Stokes equations, and on the other hand,
the SWE system has some similarities with the compressible 2D Navier-Stokes
2 See

https://www.gfdl.noaa.gov/fv3/
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equations – due to fact that eq. 1.9 has the same mathematical structure as
the mass-conservation equation for advection of density ρ, and because shock
waves are produced in the SWE (Baines, 1998; Vallis, 2017; Augier, Mohanan
& Lindborg, 2019).
Eq. 1.8 may also be written in the rotational form as:
∂t u = −∇|u|2 /2 − c2 ∇h − ζêz × u,
where, ζ represents absolute vorticity, i.e. the sum of vorticity and system
rotation. Furthermore, some auxiliary equations are derived from the SWE.
Eq. 1.8 and eq. 1.9 can be combined to form an equation for the total mass flux,
J = hu:
∂t J = −(u.∇)J − ∇(c2 h2 )/2 − ζêz × J − (∇.J)u.
For a divergence free flow, a Poisson equation for h can be formulated. Taking
the divergence of eq. 1.8, yields the Poisson equation:


1
|u|2
∇2 h = 2 ∇.(ζêz × u) − ∇2
.
(1.10)
c
2
The spectral counterpart for eq. 1.10 in tensor notation is:


ud
1
i ui
\
ζj uk ) + κ2
,
−κ2 ĥ = 2 iki (ijk
c
2

(1.11)

where the b denotes the Fourier transform. To study interactions within SW turbulence it is useful to decompose the flow field. We consider two decompositions:
the Helmholtz and the normal-mode decomposition.
1.2.2. Helmholtz Decomposition
The fundamental theorem of vector calculus (Baird, 2012) states that any wellbehaved vector field can be decomposed into the sum of an irrotational vector
field and a rotational or non-divergent vector field. This allows us to express
the velocity field as:
u = −∇ × (êz Ψ) + ∇χ.

(1.12)

For the sake of clarity, we shall denote the rotational and divergent parts of the
velocity with the suffix r and d respectively,
ur = −∇ × êz Ψ,

ud = ∇χ.

To find the projection operator for the divergent part, take the divergence of
eq. 1.12, giving ∇ · u = ∇2 χ. This equation transforms into spectral space as
ik · û = −κ2 χ̂, implying:
k · û
ûd =ikχ̂ = 2 k,
κ
ûr =û − ûd ,
where, κ = |k|, is the magnitude of the wavenumber vector. To obtain a similar
decomposition, h = hr + hd , for the fluid depth one can use the Poisson equation
eq. 1.11. Since the Poisson equation requires a divergence free flow, the LHS of
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eq. 1.11 would correspond to the rotational part of the flow in the transformed
plane, i.e. ĥr . Henceforth, the divergent part, ĥd can be obtained by subtracting
ĥr from ĥ. While the Helmholtz decomposition is simple to compute and
provide insightful results, it may be more revealing to apply a normal-mode
decomposition – especially in the case with system rotation, wherein potential
vorticity is conserved and not vorticity.
1.2.3. Normal mode decomposition
Bartello (1995) demonstrated how the Boussinesq equations can be analysed
using a normal-mode decomposition. Here, we follow the same procedure for the
SWE. In order to isolate the geostrophic modes from the oscillating fast modes,
we linearize the SWE followed by a normal mode or eigenmode decomposition.
The linearized eq. 1.8 and eq. 1.9 can be written as
∂t u = − c2 ∇η − f ez × u,

(1.13)

∂t η = − ∇ · u.

(1.14)

Taking the curl and divergence of eq. 1.13 gives the following evolution equations:
∂t ζ = − f δ,

(1.15)
2

2

∂t δ =f ζ − c ∇ η,

(1.16)

∂t η = − δ,

(1.17)

where ζ is the relative vorticity and δ is the divergence. Representing the
dependent flow quantities in terms of Fourier modes:
 
 
û
u
v 
Z v̂ 
 
 
η  (r, t) = η̂  ei(k·r−ωt) dkdω,
 
 
ζ 
 ζ̂ 
δ
δ̂
allows us to rewrite the system of equations eqns. 1.15, 1.16, 1.17 as an eigenvalue
problem:





0
if
0
 ζ̂ 
 ζ̂ 
0 −icκ
iω
= i −if
.
δ̂
δ̂




0
icκ
0
cκη̂
cκη̂
Let us define A as the Hermitian matrix operating on the vector W =
{ζ̂, δ̂, cκη̂}T which yields the familiar dispersion relation for the slow geostrophic
mode and fast Poincaré wave modes:
ω (0) = 0,

ω (±) = ±σ,

p
where, σ = f 2 + c2 κ2 . These are the eigenvalues of the matrix operator A.
Since A is Hermitian, the corresponding eigenvectors are orthogonal and these
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are normalized as follows
X(0)
n



−cκ
1
0
,
=

σ
f

X(±)
n



f 
1 
∓iσ .
=√
2σ  cκ 

Let Xn be the eigenvector matrix, which follows the property Xn Xn∗ = I, where
∗
represents the Hermitian transpose. It can be applied to diagonalize the
system of equations as follows:
∂t W =[A]W,
∂t (Xn∗ W) =Xn∗ [A]Xn Xn∗ W = [Λ](Xn∗ W),
where Λ is the diagonal eigenvalue matrix. Thus, the alternate diagonalized
system of equations for the normal modes are given by:


0
0
0
∂t N = 0 −iσ 0  N,
0
0
iσ
where

 √

− 2cκ(ζ̂ − f η̂) 

1
N = Xn∗ W = √
f ζ̂ + c2 κ2 η̂ − iσ δ̂ .

2σ 
f ζ̂ + c2 κ2 η̂ + iσ δ̂

(1.18)

The first mode represents linearized potential vorticity. The remaining two are
the linearized ageostrophic or wave modes. In the absence of system rotation,
i.e. f = 0, the normal modes reduce to,


ζ̂




1
√
(cκη̂
−
i
δ̂)
N=
.
(1.19)
2

 √1 (cκη̂ + iδ̂)

2
1.2.3.1. Normal mode inversion to primitive variables
To study the spectral energy budget, normal modes have to be transformed
back to the primitive variable using another matrix operation, say Q. The
normal modes can be represented by N = Xn∗ W. Now, we form a new vector
B = N/κ which has the same dimension as velocity. Thus,
√ 


2c −κ2 ψ̂ + f η̂ 


1

2
B =√
.
(1.20)
κ
c
η
+
f
ψ
+
iφσ

2σ 


κ c2 η + f ψ − iφσ
The vector can also be related to the primitive variable vector, U = {û, v̂, cη̂}T
using transformation matrices as follows:
1
B = Xn∗ W,
κ
1
= Xn∗ [P ]U,
κ
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where,


−iky ikx 0
P =  ikx iky 0  .
0
0 κ
It is also straightforward to show that the magnitude of the normal modes
equals the total energy as:
1
B∗ B = 2 U∗ [P ]∗ Xn Xn∗ [P ]U = U∗ U,
κ
implying,
1
1
1 X (i) ∗(i)
B B
= κ2 (ψψ ∗ +κ2 φφ∗ +c2 ηη ∗ ) = (uu∗ +vv ∗ +c2 ηη ∗ ).
(EK +EP ) =
2 i
2
2
The primitive variables can be represented in terms of normal modes as,
U = [Q]B

(1.21)

where, the inversion matrix is
−1

Q =κ[P ]−1 Xn ∗
 √
−i 2cκky
1  √
=√
i √2cκkx
2σκ
2κf

(1.22)


(if ky + kx σ)
(if ky − kx σ)
(−if kx + ky σ) − (if kx + ky σ) .
cκ2
cκ2

(1.23)

In tensor notation,


1
c
f
ûl =lm3 ikm − B (0) + √
(B (+) + B (−) ) + kl √ (B (+) − B (−) ),
σ
2σκ
2κ
(1.24)
f
cκ
cη̂ = B (0) + √ (B (+) + B (−) ).
σ
2σ

(1.25)

1.3. Toy-model equations
The toy model was formulated as a modification of the SWE (Lindborg &
Mohanan, 2017). Below we write the SWE equations, highlighting the terms
that are to be modified:
∂u
+ u · ∇ u + f ez × u = −c2 ∇η,
(1.26)
∂t
∂η
+ u · ∇ η = −(1 + η)∇ · u .
(1.27)
∂t
• Assumption #1: Surface displacement is small compared to the mean
fluid layer height, η << 1. Replace −(1 + η)∇ · u by −∇ · u .
• Assumption #2: Velocities in the large scale are dominated by rotational
part, |ur | >> |ud |. Replace u · ∇ by ur · ∇ , while allowing, |ζ| ∼ |d|
in contrast with QG where |ζ| >> |d|.
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Applying these two modifications on the classical shallow water equations
gives us the toy model equation:
∂u
+ ur · ∇ u + f ez × u = −c∇θ,
(1.28)
∂t
∂θ
+ ur · ∇ θ = −c ∇ · u .
(1.29)
∂t
where
• θ = cη, replaces η and takes the form of potential temperature,
• ur is the rotational component of velocity obtained by applying the
Helmholtz decomposition.
Compared with SWE, there are certain benefits and drawbacks. These are:
• Benefits: No shocks, KE and APE are quadratic and conserved, linearised
potential vorticity conserved in the limit Ro → 0: q = ζ − f η.
• Drawbacks: Full potential vorticity Q is not exactly conserved.
1.3.1. Normal modes
The toy model introduces modification to the nonlinear terms and therefore, in
its linearised form, it is identical to the linearised SWE. Hence the eigenvalues
of the system are exactly the same and thus the inversion matrix Q can be
reused. However, an extra consideration should be made while computing
normal modes of rotational velocities, ur and v r . When doing this, a modified
primitive variable vector should be used as input which is, Ur = {ûr , v̂ r , θ}T .
The normal mode decomposition has served multiple purposes in Lindborg
& Mohanan (2017): to reformulate the governing equations in terms of normal
modes while numerically solving the toy model, to distinguish the wave and
vortical energy spectra, and to interpret the spectral energy budget. In the next
section we describe the latter in detail.

1.4. Spectral energy budget
A spectral energy budget is a statistical analysis of energy exchanges between
different forms and different scales, carried out in spectral space. The energy
flux Π(k, t) is computed by integrating a transfer function T (k0 , t) over all
wavenumbers in the interval [k, kmax ]. The numerical equivalent of the integration is a cumulative sum over the wavenumbers in the same range. The
range of integration and the direction of energy flux for a positive value of Π is
depicted in fig. 1.4. In this section, we start by deriving the transfer function for
the toy model equations. Then, we show that by combining the normal mode
decomposition with this calculation, one can distinguish interactions between
different forms of energy.
1.4.1. Kinetic energy (KE)
In the case of the SWE, kinetic energy is not quadratic, but cubic, EK = hu·u/2.
As a result, the transfer term does not only contain cubic terms but also terms
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Figure 1.4: Spectral energy flux (Π) in two dimensions, computed numerically
by a cumulative sum of the transfer function (T ) at all scales outside (in white)
of wavenumber shell κ = |k| (in black). Only one of the quadrants in the
spectral plane is shown.

which are of fourth order in the basic flow variables. In turbulence studies, we
conventionally encounter a quadratic expression for KE and a cubic expression
for the transfer function. It was observed while performing the study on SWE
(Augier, Mohanan & Lindborg, 2019) that the contribution from the fourth-order
transfer terms were small but not negligible. This complicates the interpretation
of the spectral energy budget in the case of the SWE. In the toy model, the
analysis is greatly simplified since the expression for energy is quadratic. To
identify the transfer terms, we start from the governing equations for the toy
model. The rate of change of kinetic energy can be calculated from eq. 1.28,
∂t EK (k, t)


1 ∂
1
∂û∗
∗
∗ ∂û
=
(û.û ) =
û ·
+ û ·
2 ∂t
2
∂t
∂t
i
1h
∗
∗
∗
r ∂ u ) − cû (ik θ̂) − û (
=
−ûi (u\
i
i
i i3k f ûk ) − ...hermitian conjugate terms
j j i
2 h
i
∗
r ∂ u )∗ + cû (ik θ̂)∗ + û (
= −< ûi (u\
,
j i
i
i
i i3k f ûk )
j
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where ∗ represents the hermitian conjugate, and urj represents the rotational
component of the velocity, computed using the Helmholtz decomposition. The
last term ûi (i3k f ûk )∗ is zero due to the fact that velocity is always perpendicular
to the Coriolis acceleration. Thus the rate of change of KE, without any
approximations can be written as:
∂
EK (k, t) = TK + CK ,
(1.30)
∂t
represent the transfer and conversion spectral functions

where TK and CK
respectively,
h
i
h
i
h
i
∗
r ∂ u )∗ = −< û∗ ik ud
r
r
d
TK = − < ûi (u\
i j j ui = = ûi kj uj ui ,
j j i
h
i
h
i
h
i
CK = − < cûi (iki θ̂)∗ = < cθ̂(iki ûi )∗ = < cκ2 θ̂χ̂∗ .

(1.31)
(1.32)

In eq. 1.31 the property that <(iz) = −=(z) is used. In eq. 1.32, the property
that Fourier transforms of real functions are hermitian is used (Bracewell, 2014).
In eqns. 1.31, 1.32 the property that rotational velocity is divergence-free is also
used. The conversion function CK represents the energy converted from APE
into KE.
1.4.2. Available potential energy (APE)
Available potential energy is defined as
1 2
θ .
2
By eq. 1.29, the rate of change of APE is given by,
"
#
1 ∂
1
∂
∂ θ̂∗
∗
∗ ∂ θ̂
EA (k, t) =
(θ̂θ̂ ) =
+ θ̂ .
θ̂.
∂t
2 ∂t
2
∂t
∂t
h
i
1
dr )∗ − θ̂∗ (iki ûi + iki θu
dr )
= −θ̂(iki ûi + iki θu
i
i
2 h
i
dr )∗ .
= − < θ̂(iki ûi + iki θu
i
EA (r, t) =

Similar to equation eq. 1.30 we write,
∂
EA (k, t) = TA + CA ,
∂t
where TA and CA represent the transfer and conversion spectral functions of
APE. Thus,
h
i
h
i
h
i
r θ = = θ̂ ∗ k u
rθ ,
dr )∗ = −< θ̂∗ ikj u
d
d
TA = − < θ̂(iki θu
(1.33)
j
i
j
j
h
i
h
i
CA = − < cθ̂(iki ûi )∗ = −< cκ2 θ̂χ̂∗ .
(1.34)
Comparing eq. 1.34 with eq. 1.32, we see that CK = −CA , from which we can
assert that, equivalent conversion occurs between KE and APE via these terms.
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1.4.3. Algorithm for computing spectral energy budget
Using the normal modes (N as shown in eq. 1.18) in spectral space as input,
the spectral energy budget can be computed as described below:
1. Compute the inversion matrix Q using eq. 1.22.
2. Divide the normal modes vector, N, by the magnitude of Fourier modes,
κ, to obtain B (eq. 1.20).
3. Apply matrix multiplication of Q on B (eq. 1.21) to obtain the normal
mode decomposition of the primitive variables U.
4. Take the expressions for the transfer terms, TK and TA (eq. 1.31 and
eq. 1.33), and expand the primitive variables U using the decomposition
calculated in the previous step. The result is a linear combination of
B (0) , B (+) and B (−) , the normal modes as shown in eq. 1.24 and eq. 1.25.
5. Compute the transfer terms using the expanded expression for primitive
variables term-by-term. While few terms can be computed in spectral
space (CK , CA ), where derivatives are involved (TK , TA ) a couple of FFT
and inverse FFT would have to be used.
6. Classify the expanded transfer terms into four groups based on the kind
of normal modes they are product of: TV V V , TV V W , TV W W and TW W W ,
where the subscript V represents a potential vorticity mode B (0) , and W
represents a wave mode, B (+) or B (−) . The classification does not take
into account the order in which the modes appear (i.e., combinations
are noted, and not permutations).
7. Store transfer terms for every time instant as a one-dimensional array in
κ by taking sum along circular wavenumbers shells.
8. After the simulation, load the series of transfer terms. Take a cumulative
sum along κ, which would give the instantaneous spectral energy flux
Π(κ, t).
9. Take a time average of Π(κ, t) over the interval when the simulation had
reached a statistically, stationary state to get the desired spectral energy
flux, Π(κ) decomposed in groups.

1.5. Research highlights
Fig. 1.5 is an example which shows a normal mode decomposition of the
spectral energy fluxes. The figure is plotted from two toy model simulations
with different forcing schemes. In both cases, all energy which is injected at the
forcing wavenumber kf is transferred to smaller scales, and the normalised total
energy flux (black curve) is equal to unity in a broad range of wavenumbers.
The plot to the left is from a run were we force in wave modes alone. As a result,
the flux is dominated by the contribution from vortical-wave-wave interactions,
ΠV W W , with a minor contribution from wave-wave-wave interactions, ΠW W W ,
at large wave numbers. The plot to the right is from a run in which we only
force in vortical modes. As a result, the flux is dominated by the contribution
from vortical-vortical-wave interactions ΠV V W , at small wave numbers, and
by vortical-wave-wave interactions, ΠV W W at large wave numbers. In both
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cases, vortical-wave-wave interactions make an important contribution to the
downscale energy cascade.
1.2

ΠV V V
ΠV V W
ΠV W W
ΠW W W
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Figure 1.5: Spectral energy budget from a toy model simulation with two
different forcing schemes

The analysis also proved to be useful to compare with the energetics of a
GCM. The spectral energy budget of the GCM is shown in fig. 1.6a as a function
l, the degree of spherical harmonics function which is similar to wavenumbers k
in Cartesian coordinates. The GCM is forced at planetary scales l < 3 in APE,
indicated by the large bump in ΠA . Around l = [8, 30], baroclinic instability
is responsible for conversion from APE to KE. This is reflected also in Ccum
curve. At l > 50 the total fluxes are reasonably flat, implying a net forward
energy cascade. There is also an inverse energy cascade shown by Π2D , which is
essentially ΠV V V following the terminology we used previously. Π2D becomes
particularly dominant at large scales. Similar dynamics are displayed by the
toy model as shown in fig. 1.6b. Of course, the toy model is more idealized, and
a difference we see here is that the fluxes of KE and APE are equipartitioned
at smaller scales.
The toy model is visibly different from the SWE which exhibits shock
dominated wave turbulence as shown in fig. 1.7. Both simulations are forced
using similar parameters. The plot on the left shows sharp thin lines of negative
divergence which are characteristic of shock waves. There is always a sudden
dip in the velocity if we follow along the direction of shock propagation, which
is reflected as negative values of the divergence. On the right, the divergence
field of the toy model simulation consists of ripples of alternative positive and
negative values, indicating that there are no shocks.
3 P. Augier & E. Lindborg 2013. A New Formulation of the Spectral Energy Budget of the
Atmosphere, With Application to Two High-Resolution General Circulation Models. J Atmos
Sci 70, 2293–2308. ©American Meteorological Society. Used with permission.
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Figure 1.6: Spectral energy budgets from a GCM simulation3 (top) and a
toy model simulation (bottom). The total spectral energy flux Π has been
decomposed into kinetic (ΠK ) and available potential energy (ΠA ) energy fluxes.
The conversion from available potential energy to kinetic energy is represented
by Ccum . The kinetic energy flux is further decomposed as Π2D , the flux due
to geostrophic modes and the difference ΠK − Π2D .

Another interesting feature of the toy model is revealed in fig. 1.9, a
visualization of run 3 in Lindborg & Mohanan (2017). This figure shows that
coherent vortices, predominantly anticyclonic emerge during the course of the
simulation. At time t/τ ≈ 600 vortical energy start to dominate over wave
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Figure 1.7: Divergence fields (∇.u) from a shallow water simulation (left) and
a similar toy-model simulation (right). Lf is the forcing length scale.

(a) The Great Red Spot in the Jupiter, an example of an
anticyclone.

(b) Numerous cyclones and
anticyclones with diameters of O(1000) km photographed in the south pole
of Jupiter.

Figure 1.8: Anticyclones and coherent vortices in Jupiter (Courtesy: NASA/JPLCaltech/Space Science Institute/SwRI/MSSS/Betsy Asher Hall/Gervasio Robles)

energy and immediately after this, such anticyclones become visible. Although
in Earth’s atmosphere there is a dominance of cyclones, a noteworthy example
of an anticyclone is the Great Red Spot in the planet Jupiter shown in fig. 1.8a.
Cyclonic-anticyclonic asymmetry has been also studied in other shallow water
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Figure 1.9: Coherent anticyclonic vortices from a simulation using the toy model.
On left: linearised potential vorticity (q); on right: one of the ageostrophic
mode (a+ ) representing the wave field.

simulations (Polvani et al., 1994; Showman, 2007) in which, anticyclones were
observed to dominate over cyclones.
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Figure 1.10: Spectral energy flux and third-order structure functions from a
SWE simulation run W7 in Augier, Mohanan & Lindborg (2019)

Now we turn our attention to shallow water wave turbulence. Some interesting scaling relations were developed in Augier, Mohanan & Lindborg (2019)
providing insights into shock dominated turbulence. A Kolmogorov law for
isotropic, irrotational shallow water wave turbulence was derived which gives
the third-order structure functions,
h|δu|2 δJL i + c2 h(δh)2 δuL i = −4r,

(1.35)
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Figure 1.11: Mean shock separation distance (d) in a series of shallow water
simulations plotted against the forcing Froude number (Ff ). The Froude number
is inversely proportional to the wave phase-speed, c. The theoretical prediction
1/2
d ∝ Ff is displayed as a dashed line.

where JL ≡ J · r/|r| and uL ≡ u · r/|r| are longitudinal increments. This law
was also verified accurately with numerical simulation as shown in fig. 1.10.
Using eq. 1.35 and the central assumptions that the dynamics is dominated by
shocks, a simple model was developed and scaling relations for higher order
structure functions and their ratios, skewness, flatness etc. were derived. These
relations depend on the mean separation distance between shocks. This was
1/2
numerically found to scale as, d ∝ Ff , as shown in fig. 1.11.

Chapter 2

The MILESTONE experiment

This chapter describes the experiment, Mixing and Length Scales in Stratified
Turbulence (MILESTONE, Campagne et al., 2016) which aimed at testing the
theory of stratified turbulence (Billant & Chomaz, 2001; Lindborg, 2006). The
development of this theory is briefly reviewed in sec. 1.1.4. In particular this
experiment intended to:
1. verify that layered structures emerge with a vertical length scale of u/N ,
2. verify that there is a forward energy cascade with spectrum scaling as
E(k) ∼ 2/3 k −5/3 , or alternatively the second order structure function
scaling as hδu.δui ∼ 2/3 r2/3 , and
3. measure the mixing efficiency in the strongly stratified regime.
Stratified turbulence theory can potentially lead to improved ocean models
which has profound implications in our ability to forecast weather and climate.
It is well known that a global system of ocean currents are responsible for
redistribution of heat from the tropics to higher latitudes, replenishing nutrients
to the surface which are critical for sustenance of marine life, and melting of ice
in high latitudes.
This phenomenon, interchangeably known as thermohaline circulation or
the meridional overturning circulation (MOC) shown in fig. 2.1, is driven by
a combination of wind forcing, fluxes of temperature and salinity at several
isolated regions near the surface and turbulent mixing in the interior of the
ocean (see chapter 21 in Vallis, 2017). Through mixing, the kinetic energy of
the ocean currents get converted into potential energy, resulting in a net upward
flux of dense water. In ocean models this flux of buoyancy is often represented
using eddy diffusivity models parametrized based on mixing:
−∇ · (ub) ' κτ ∇2 b
In the literature, there are different but closely related quantities which characterize mixing (Gregg et al., 2018):
• mixing efficiency, a ratio of dissipation of potential energy and total
energy η = εP /(εK + εP ),
• mixing coefficient, Γ = εP /εK ,
• flux Richardson number, a ratio of buoyancy flux to turbulence production, Rif = B/(εK + B), where B = − hbuz i
25
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Figure 2.1: Schematic of the system of surface (red / light gray) and deep (blue
/ dark gray) ocean currents

Conventionally ocean models rely on a nominal value of Γ = 0.2 due to
T. Osborn (1980), to set the eddy diffusivity parameter κτ = εP /N 2 = ΓεK /N 2
(T. R. Osborn & Cox, 1972; Lindborg & Brethouwer, 2008). However numerical
studies (Brethouwer & Lindborg, 2009; Salehipour & Peltier, 2015; Maffioli,
Brethouwer, et al., 2016) have shown that mixing efficiency is not a constant and
depends on the strength of stratification. In the limit of strong stratification
it approaches a constant value, and approaches zero in the limit of weakly
stratified turbulence, scaling with horizontal Froude number as Γ ∝ Fh−2
(Maffioli, Brethouwer, et al., 2016). At intermediate levels of stratification, it is
found to vary in the interval Γ ∈ [0.26, 0.51] and peaking at Fh ≈ 0.33.
The strongly stratified turbulence regime is characterized by two nondimensional numbers (Brethouwer, Billant, et al., 2007),
εK
εK
Fh =
 1, and R =
> 10.
2
NU
νN 2
a Froude number based on horizontal velocity and buoyancy Reynolds number
respectively. The regime of strongly stratified turbulence, in which Fh is small
and R is large, is highly relevant for applications in the ocean (Gargett et
al., 1981; Riley & de Bruyn Kops, 2003a; Lindborg, 2006). However, due to the
fact that the buoyancy Reynolds number relates to the conventional Reynolds
number (Reh ) as R = Reh Fh2 , reaching this regime is a challenging task, both
numerically and experimentally. In trying to reach the strongly stratified regime
experimentally by increasing the degree of stratification, the buoyancy Reynolds
number often becomes so low that turbulence is totally suppressed. The fluid
has to be under a strong background stratification and high Reynolds number
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Weakly strat. turb.

forcing simultaneously and this state is difficult to maintain as mixing tends
to reduce stratification over time. In simulations, a high resolution DNS is
required to reach the stratified turbulence regime. Despite these difficulties
numerical simulations have pushed the limits to be as close to the predicted
values of Fh and R as possible (Brethouwer, Billant, et al., 2007; Brethouwer &
Lindborg, 2009; Maffioli & Davidson, 2016; Maffioli, Brethouwer, et al., 2016) of
which some are depicted on fig. 2.2 along with estimates of the values attained
by the MILESTONE experiment.
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Figure 2.2: In-situ measurements, experiments and numerical simulations
classified by their regime according to stratified turbulence theory

Thus by testing the validity of the stratified turbulence theory, one can have
a good picture of the vertical length scales, the direction of energy cascade, and
of what parametrizations of mixing are appropriate, which can greatly benefit
modelling of ocean turbulence. In the following sections, the experimental
setup and the open-source software stack which was developed to perform
the experiment and post-process the data are briefly described, whereafter we
highlight some of the results.

2.1. Experimental Setup
The Coriolis platform is an experimental facility at LEGI, Université Grenoble
Alpes, which is 13 metres in diameter and is mounted on motors allowing the
entire platform to rotate. Both rotating and non-rotating experiments were
conducted in this project. The platform was filled with a linear stratification of
salinity up to a height of 81 cm using a double-bucket method. A nine metre
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(a) Schematic of the Coriolis platform and
mounted instruments (top view)

(b) Top view of the setup
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(c) Chronogram of the position of the carriage

Figure 2.3: Experimental setup

long and six metre wide rectangular enclosure, as shown in fig. 2.3a, contained
most of the equipment, including the oscillating carriage which forces the fluid.
2.1.1. Carriage
Anticipating a forward energy cascade (Riley & deBruynKops, 2003b; Lindborg, 2006), we chose to force at large scales. In the literature, various approaches
can be found to inject KE into the system. For instance in Augier, Billant,
Negretti, et al. (2014) a series of flapping plates stationed along the boundary
are used to generate dipoles. A drawback of this method is that it also produces
smaller scales of motion in comparison with the size of the plate. In Praud
et al. (2005), a rake consisting of series of flat plates were towed through the
fluid which also has the same drawback. Here we replaced the rake with a
carriage attached with a comb of six vertical cylinders, with diameter 0.25 metre,
attached to a motor-driven carriage towed through the fluid. The oscillating
comb injects kinetic energy in the form of eddies as shown in fig. 2.4. The
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wake of the comb has a characteristic length scale of the cylinder diameter. In
contrast to Praud et al. (ibid.), who carried out decaying turbulence studies,
here we make measurements while the carriage oscillates back and forth along
the rectangular enclosure. A chronogram of the movement is shown in fig. 2.3c.
Several experiments with different levels of stratification (N ) and carriage velocity (Uc ) were conducted. In order to characterize the experiments we define
a Froude number and a buoyancy Reynolds number,
Fhc =

Uc
,
NM

Rc =

Uc3
νN 2 M

respectively where N , the Brunt-Väisälä frequency is evaluated a priori while
the fluid is quiescent and M is the characteristic size of the vortices.
2.1.2. Measuring instruments
2.1.2.1. Density probes
Five conductometric probes calibrated for ambient temperature conditions and
the expected salinity range were installed at different locations, indicated with
blue dots in fig. 2.3a. The probes Pp1 and Pp2 are mounted on vertical profilers
and these dive into the fluid at regular time intervals at a moderate speed,
providing us with accurate one-dimensional estimates of the stratification. Probe
Pc is attached on the carriage, at a constant height of 0.395 meters. Since Pc
makes measurements along the direction of the carriage oscillation, the data
output from this probe is decomposed and interpreted differently. When it is
ahead of the carriage it measures decaying turbulence and when it is in the
wake of the carriage it measures forced turbulence. Pf1 and Pf2 are stationary
probes which are placed at the top and bottom of the fluid to measure temporal
evolution of the mixed layer.
2.1.2.2. Particle Image Velocimetry (PIV)
Two sets of PIV techniques are applied in this setup. Firstly, a two-dimensional,
two-component (2D-2C) scanning PIV system is used for measuring velocities
along quasi-horizontal planes with a maximum tilt of 1.5◦ about the true
horizontal plane. This system relies on a single laser sheet deflected by an
oscillating mirror controlled by a servo motor. For the same experimental
parameters two sets of measurements are carried out, one with five horizontal
planes and small scan amplitudes to obtain fine vertical resolution, and another
with typically eight planes and wider scan angles which tend to be vertically
decorrelated. The images are captured by three cameras, one placed at a
high altitude capturing a large field (2.2 × 2.5 m2 ), a second one placed at an
intermediate altitude capturing a smaller field (1.3 × 1.0 m2 ) and a third one
placed under the platform capturing an even smaller field (1.18 × 0.53 m2 ). The
fields of vision are demarcated in pink in fig. 2.3a. The cameras are placed
progressively closer to the fluid to get more illumination from the particles
seeded and potentially increased resolution. Secondly, the velocity field in the
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(a) Side view of the setup while the carriage is in motion

(b) Long exposure photograph of the eddies in the wake of the
carriage

Figure 2.4: Visuals from a test experiment with the laser sheets illuminating
the flow.

vertical plane is measured using a two-dimensional, three-component (2D-3C)
stereoscopic PIV system. This system captures a field of area 0.45 × 0.45 m2 .
For both the PIV systems, up to 1300 images per oscillation of the carriage are
captured.
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The project was also an exercise in developing a reproducible, open-source
workflow. This was motivated by the fact that experiments in fluid mechanics
typically rely on a combination of proprietary software which includes: bundled
image processing software by vendors such as Dantec1 and LaVision2 , virtual
instrumentation development environment LabVIEW3 and a collection of MATLAB Utilities. The most obvious advantage of such software is that these have
been developed over several years and have advanced capabilities. Since most
laboratories have invested in developing expertise in such software, the most
conventional approach would have been to reuse existing tools. However, such
an approach is restrictive and cannot be transformed into a reproducible and
collaborative workflow, for example making use of a version control systems.
Algorithms are not entirely transparent and the closed-source nature prevents
customizations. Hence a path off the beaten track was pursued during the course
of MILESTONE project to make use of three open-source software packages,
extend them to meet the project goals and use them for executing the project.
We will now look at the capabilities of the packages that were used.
2.2.1. Fluidlab
The package fluidlab was designed as a generic API for orchestrating laboratory experiments. The software leverages the object-oriented programming
features in Python to model real life instrumentation. An experiment in the
simplest level can be thought of as a network of interconnected instruments
awaiting commands and also sending and receiving data. Being one of the oldest
packages within the FluidDyn project (Augier, Mohanan & Bonamy, 2019),
prior to the commencement of MILESTONE, fluidlab had this structure in
place. Nevertheless, the package had to be extended to support the hardware
used in the experiment. Thus, the team involved in the MILESTONE project
developed software for controlling the motors of the carriage, for calibrating
and data acquisition with conductometric probes.
2.2.2. Fluidimage
The development of fluidimage (Augier, Bonamy, et al., 2016) as a scalable
image processing framework, was one of the biggest undertaking during MILESTONE. Free software for processing PIV such as UVMAT (Sommeria, 2008)
was a source of inspiration behind this project. UVMAT offers a GUI built
on MATLAB, which gives valuable interactive experience while setting parameters for PIV. However, license restrictions and the GUI-first design inhibits
scalability of its execution in high performance clusters. Furthermore, since the
MILESTONE project involves terabytes of image data, there was a clear need
for a scalable image processing framework. This was a collaborative effort and
1 https://www.dantecdynamics.com/particle-image-velocimetry
2 https://www.lavision.de/en/techniques/piv-ptv
3 http://www.ni.com/en-us/shop/labview.html
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the work involved was divided between the group of developers. The following
design goals guided the development of fluidimage:
• asynchronous processing which allows massive parallelization,
• single tooling for all sorts of post-experiment workflows, including calibration, preprocessing, PIV, post-processing of velocity fields.
Parallelism for a image-processing framework is perhaps the most attractive
feature of fluidimage. This was implemented using data or task parallelism for
time consuming operations. Any such particular workflow can be regarded as a
set of data arrays undergoing a series of operations, of which the slow operations
are parallelized. Slow operations are either CPU bound or input/output (I/O)
bound. As the name suggests, I/O bound operations do not require heavy
computation and are limited by storage or memory read/write access speed.
Python’s standard library support multithreading, which are lightweight in
terms of memory and useful for I/O bound tasks. For CPU bound tasks we need
to spawning multiple processes, which do not share memory but can execute
different cores of the CPU at the same time4 . For programming with threads
there are a handful of standard libraries (threading, concurrent.futures
and asyncio) to choose from which contains the essential building blocks. Earlier
versions of fluidimage used threading which had a low-level abstraction and
difficulties such as threads refusing to stop when errors are encountered. Now,
fluidimage manages threads using a library called trio which ensures that
threads are well-behaved (Smith, 2017; Smith, 2018). CPU bound operations are
executed using the standard library multiprocessing. These are implemented
within a module fluidimage.executors.
A workflow, from disk to disk, consisting of several tasks are conceptualized
into classes termed topologies. A task in fluidimage terminology is called a
work. Some examples of a work are PIV using FFT or cross-correlation, or
preprocessing the image with a median filter or a global minimum intensity
threshold to remove noise. To allow the flow of data from one work to another,
which operate at various speeds, we have intermediate data structures called
queues. A queue can be assigned an upper limit on the number of arrays it can
store, and whenever this count is below the limit a work would be assigned
to fill the queue and delete the array from the preceding queue. If a work is
fast enough, it is handled by the main thread. As shown in fig. 2.5a image
names are read and grouped in the form of couples by the main thread as
preparation. Reading images as arrays in to the memory is done using several
threads. Thereafter these arrays are associated with the couple of names and
through cross-correlation or FFT, the velocity field is computed. Saving velocity
fields into the disk is also handled by a multithreaded work.
One of my key contribution in fluidimage was to adapt the PIV topology
for preprocessing the images, as shown in fig. 2.5b. The queues were inherited
and modified such that, instead of accepting a couple of data allows for more
4 See

chapter 3 of the thesis, where we discuss this restriction which is called a Global
Interpreter Lock (GIL).
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Figure 2.5: Topologies for asynchronous task parallelism in fluidimage. The
oval blocks signify a work and the rectangles are the queues. The black arrows
represent which are handled by the main thread, and are classified as global.
A global work can be invoked once (one shot) or many times (multiple shots).
I/O bound and CPU bound works are shown in green and orange respectively.
Image and velocity arrays are shown as small blue and purple squares inside
the queues.

number of data arrays. Also the image processing functions in the libraries
scikit-image, scipy.ndimage, and OpenCV were unified form a preprocessing
toolbox, fluidimage.preproc – a module filled with functions which either
accept a single array or a handful of arrays, along with preprocessing parameters
to yield the results. Multiple image-processing could be invoked in succession
within a single topology.
To achieve the second goal of unifying the workflow, some efficient operations were implemented in Python within fluidimage. This means that it
can leverage mathematical operations from mature third party packages or
written clearly using Python’s expressive syntax. Being a young project, a
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limited set of algorithms were implemented initially, such as 2D-2C planar
PIV, stereographic reconstruction for 2D-3C PIV, simple 2D camera calibration
and camera calibration algorithm of Tsai (1987) which also accounts for image
distortion. Part of the camera calibration workflow relied on the graphical
interface of UVMAT to identify the image coordinates of the calibration target.
The package continues to grow in features exceeding the scope of MILESTONE project. In 2018, a set of modules were added to fluidimage to
automate calibration using OpenCV (Bradski & Kaehler, 2008), which automatically detects grid points of a calibration target5 and implements the
camera model by Zhang (2000). A tomographic reconstruction (Atkinson &
Soria, 2009) module was added which implements multiplicative line of sight
(MLOS) algorithm6 .
2.2.3. Fluidcoriolis

Figure 2.6: GUI provided by fluidcoriolis for controlling carriage
Since fluidlab was intended to be a library, several details specific
to the requirements of MILESTONE were separately developed into a
package called fluidcoriolis, named after the experimental facility. The
package fluidcoriolis is composed of a graphical user interface shown
in fig. 2.6 to operate the carriage, calibrate the probes were constructed
by utilizing the fluidlab API. Scripts to launch pre-processing, PIV and
post-processing using fluidimage was also included in this package. To
5 https://fluidimage.readthedocs.io/en/latest/ipynb/tuto

6 https://fluidimage.readthedocs.io/en/latest/ipynb/tuto

opencv calibration.html
opencv tomo reconstruct.html
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organize and interact with the processed data, a thin API using a class
fluidcoriolis.milestone.exp.Experiment was also created.

2.3. Preliminary results
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Figure 2.7: Instantaneous horizontal large fields (top, z = 40 cm) and vertical
fields (bottom) for t/T = [1.31, 1.5, 1.68], Fhc = 0.1 and Rc = 450. Background
colors indicate the norm of the 2D field normalized by Uc , which is (u2x + u2y )/Uc
and (u2x + u2z )/Uc , respectively.

The experiment was conducted as two campaigns in the years 2016 and
2017, hitherto referred to with the prefixes M16 and M17. The two experimental
setups are nearly identical. They differ mainly on the precise location of the
density and temperature probes, the number and location of the cameras used
for PIV, and the stroke pattern of the oscillating comb. Here we highlight
some of the important results reported in Campagne et al. (2016) and ongoing
post-experiment analysis.
The experiment with parameters N = 0.8 rad/s, Uc = 6 cm/s, Fhc = 0.1
and Rc = 450 from M16 campaign is described here. The oscillating comb
was observed to inject kinetic energy u2 ≈ 0.08Uc2 . The emergence of layered
structures with vertical length scale of O(1) cm can be visually observed in the
velocity fields plotted in fig. 2.7, thereby conforming to the prediction lv ∼ u/N .
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Note that, there is a time delay when similar dynamics are captured in the
horizontal (top row) and vertical (bottom row) PIV fields.
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Figure 2.8: Normalized second-order structure Sh function as a function of
r/M for Fhc = 0.1 and Rc = 450. The arrow represents the progress of time as
kinetic energy decays.

In fig. 2.8, we plot the normalized second-order structure function, defined
as
Sh (r) = (Sxx + Syy + Sxy + Syx )/2,

(2.1)

with Sij = h(ui (x + rej ) − ui (x))2 i, and as time average when the carriage is
moving. For fully developed turbulence undergoing forward cascade we expect
second order structure functions to scale as Sh (r) = C(εr)2/3 (Lindborg, 2006;
Augier, Billant & Chomaz, 2015). In fig. 2.8 the normalized structure function
Sh (rUc3 /M )−2/3 is plotted for different times after one stroke of the carriage.
As can be seen, there is a range where the curves are flat consistent with the
prediction Sh ∼ r2/3 .
The evolution of the background potential energy is shown in the left plot
of fig. 2.9 for an experiment from M17-21 with parameters N = 0.55 rad/s,
Uc = 12 cm/s, Fhc = 0.436 and Rc = 11425. The value -1 would correspond to
a linear stratification with the same initial Brunt-Väisälä frequency. Since the
profiles at the beginning of the experiment are already eroded from previous
experiments, the initial normalized potential energy is slightly smaller than
-0.6. We see that it increases approximately linearly with time while the fluid is
stirred and stabilize at a constant value after the stop of the carriage. From
this curve, we can evaluate the mean rate of increase of the average background
potential energy εP during an experiment. This quantity εP is normalized by
an estimation of the dissipation of kinetic energy 3 × 10−3 Uc 3 /Dc where Dc is

2.3. Preliminary results

37

the diameter of the cylinder and is approximately proportional to the mixing
coefficient Γ. It is plotted as a function of the Froude number in figure 2.9. The
colors represent the buoyancy Reynolds number such that the yellow / light
coloured points correspond to R > 15. We see that, these points fall on a power
law fit of Fh−1.2 , while there are more variations for smaller values of buoyancy
Reynolds number. The points at high Fh are more consistent with a Fh −2
scaling law observed and predicted with Maffioli, Brethouwer, et al. (2016).
At this stage, these results seem promising but should be taken with a grain
of salt as they are not final. Since we observe too much spread in some results
and some values are larger than what has been theoretically and numerically
observed, there might be overlooked errors in the interpretation of the results.
A third series of experiments might be needed to confirm the findings.
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Figure 2.9: Evolution of potential energy normalized by linear stratification for
experiment M17-21 (top) and normalized mixing coefficient εP /(3×10−3 Uc 3 /Dc )
for some MILESTONE 17 experiments (bottom).

Chapter 3

Towards reproducible, open science through
open research software

3.1. Introduction
In order to attain the research goals in this thesis, a path off the beaten
track was pursued – i.e. to create a handful of easy to maintain, rigorously
tested, and most-importantly, open-source scientific packages which do not
compromise on performance. This resulted in the creation of FluidDyn, a
project to facilitate open-science in the field of fluid mechanics. The focus of
the project was to develop a set of packages to implement a framework for
simulations (Mohanan, Bonamy, Linares, et al., 2019), experiments (Augier,
Bonamy, et al., 2016; Augier & Salort, n.d.), Fast Fourier Transforms (Mohanan,
Bonamy & Augier, 2019) – all depending on a base package to reuse certain
utilities and data structures (Augier, Mohanan & Bonamy, 2019). The project
owes a lot to the recent developments in methods and tools for open-source
software engineering. Several modern coding practices were adopted while
developing these packages.
The FluidDyn packages are primarily written in Python language. Incidentally, it is the defining characteristics of Python which make the eventual
success of such a project realizable. Python is one of the most important tools
in recent open-source dynamics, particularly in science. The popularity of the
language in fluid mechanics is growing, but Python is yet to reach widespread
adoption as the language of choice.
We shall now discuss these topics in greater detail. The chapter is organized
into four sections. The first section focusses on the technical aspects, with
particular focus on emerging developments in programming languages, tools and
services suited for open-source software development. The subsequent section
presents Python’s strengths and weaknesses as a language for scientific computing. The third section compares various software development methodologies.
Here, we will also discuss about the possible contradiction between productivity
of individuals and productivity at the community level. The chapter finally ends
with a summary of the motivations for the project FluidDyn and an overview
of the packages we have developed.
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3.2. Open-source software and open-science
Computational sciences, and especially computational fluid dynamics (CFD) as a
discipline, have flourished in the latter half of the twentieth century. Incidentally,
the origin of this discipline can be traced back to the ideas in Richardson (1922)
to achieve numerical weather prediction. Following the arrival of first electronic
general-purpose computer, ENIAC in 1945, the first simulations were made by
Charney et al. (1950) using a simple barotropic model to make 24 hour forecasts
(see also Lynch, 2010). In those early days when the availability of computers
was limited, such methods were neither widespread nor feasible. Scientific
investigations were dominated by theoretical and experimental methods. We
have come a long way and today computational methods complement theoretical
and experimental studies, and are equally important. With the connectivity
provided by the world wide web it is possible to achieve more and reinvent the
way we do sciences.
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Figure 3.1: A schematic representation of various concepts and methodologies
involved in achieving reproducibility in sciences.

In recent years, there has been a move towards open science (see the report
by Royal Society (Great Britain) & Policy Studies Unit, 2012). Depicted in
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figure 3.1 are some of steps needed to ensure reproducibility and transparency in
sciences. Traditionally, knowledge has been disseminated in the form of courses
and books from universities, and to the wider scientific community through
research articles, conference proceedings and workshops. In the last decade,
knowledge has become more accessible to the public through public-domain and
Creative Commons (or similar) licensed course materials and massively open
online courses (MOOCs). Moreover, there is also an emerging push to publish
in open-access journals1 either through systematic reforms in academia on
how researchers’ productivity are assessed, or through regulations and offering
incentives, such as waiving the application processing charge for publishing
(Nosek et al., 2015).
A lot of work is required to condense and implement this knowledge in the
form of working applications. The know-how can be made accessible and open to
scrutiny by making research software open-source with an appropriate license2 .
To make codes usable they have to be complemented by documentation which
typically includes tutorials, examples and a detailed commentary of different
components. Furthermore, to inspire confidence in and to ensure reliability
of a code throughout the process of software development, it needs unit-tests
through which it is continuously built, tested and deployed — a process known
as Continuous Integration (CI). Depending on how matured a software is, CI
can be easy or cumbersome to implement, but nevertheless, the result is a
cleaner and reliable code.
Finally, the results generated from such codes together with the workflow
(i.e. scripts to run the codes and to post-process the data) when made open in
the form of datasets can ensure that research is reproducible and preserved in
archives for several years to come (Gewin, 2016). Open datasets can be shared
and made citable through services such as Zenodo and Figshare.
In FluidDyn project, we have strived to implement all the aspects of making
the know-how open through open-source software. We shall now take a look at
the tools which have made it possible.
3.2.1. Methods and tools for open-source software engineering
3.2.1.1. Free and Open-Source Software
The Free and Open-Source Software (FOSS) movement has given rise to the
tools that enable open-source software development today. The term free in
FOSS is a misnomer, as it actually stands for freedom (to use, modify and
distribute). The FOSS movement has dramatically decreased the cost of using
computers, which is evident from the widespread use of GNU/Linux systems in
desktops, computing clusters and web-servers in academia and beyond. The
FOSS culture can be traced back to the success of typesetting standards TEX
1 In

the European Union, a proposal to implement Plan S (https://www.coalition-s.org)
was been set in motion in September 2018 to fast track adoption of open-access.
2 For a detailed comparison of licenses, visit either https://choosealicense.com or https:
//www.gnu.org/licenses/license-list.html.
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(1977) and LATEX (1985) for authoring scientific publications. Another founding
moment for the FOSS movement was the launch of the GNU project in 1983 by
Richard Stallman, to create a Unix-like computer operating system composed
entirely of free software3 . GNU is today known for its compiler collection (GCC)
and a multitude of tools which combined with the Linux kernel (created by
Linus Torvalds in 1991) forms the GNU/Linux operating system that we are
familiar with today. Linux has become the most widely used kernel, being
deployed on servers, personal computers, embedded devices, and also smart
phones (with Android). The success of the Linux kernel project was attributed
to the bazaar model of software development, as described in Raymond (1999),
wherein a code can stay structured despite releasing frequently and delegating
tasks to community with myriad agendas.
Over the years, FOSS development has transitioned from an organic community of volunteers, towards an organized system with participation from
industries, non-profit organizations and government institutions. Such a model
results in a win-win scenario – users benefit from transparency and ability
to tinker, and the organizations profit with more contributions. The FOSS
movement has now entered into a second era (Fitzgerald, 2006).
3.2.1.2. Source code management
Collaboration was achieved in the early years of FOSS development through
emailing “patches”, and centralized Version Control Systems (VCS) near the
turn of the 21st century. The collective collaboration on development is today
streamlined with the emergence of Distributed Version Control Systems (DVCS),
especially, Git and Mercurial). Version control tools are designed to work on
any kind of text files, not just codes, so they could even be utilized to write
scientific documents with multiple authors. In web-based source development
platforms like GitHub, Bitbucket and GitLab, DVCS repositories are enhanced
with code-review tools, typically consisting of a issue tracker and pull-request
mechanism. Git has become the de facto standard for source management.
However, for the FluidDyn project, we prefer to use Mercurial because we
consider it to be simpler for the beginners and just as powerful for expert
users4 . Simplicity and low learning barriers for scientists who are not experts
in software development is crucial for our project. Note that, it is now possible
to use Mercurial to work with Git repositories, for example hosted in GitHub
and GitLab5 . The use of DVCS in science will lead to long term productivity
benefits (Wilson et al., 2014).

3 For

completeness, see also the work done on other Unix operating systems, for example BSD.
“a detailed comparison” on Mercurial website, https://www.mercurial-scm.org/wiki
/GitConcepts.
5 By using the Mercurial extension hg-git.
4 See
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3.2.1.3. Package management and software repositories
Packaging process depends on the language used in a project, however some good
practices are universal, such as licensing, supplying documentation (a README
file at the bare minimum), keeping installation paths flexible and relying on
official build tools (Taschuk & Wilson, 2017). A credible repository to packages
as compressed archives or as pre-compiled binary packages is indispensable
to promote code reuse and reproducibility of results. The use of repositories
started with the conception of CPAN and CRAN repositories for the languages
Perl and R in 1993 — based on the Comprehensive TEX Archive Network
(CTAN) model for TEX packages. Python as a medium for scientific computing
owes its success to a rich ecosystem of third-party packages. Python Package
Index (PyPI) and Anaconda Cloud are major repositories for delivering and
downloading Python packages, assisted by package managers pip and conda
respectively. The “Python Packaging User Guide”6 is an excellent guide to learn
how to install, package and distribute projects. Specialized package managers,
such as easybuild and spack, have also emerged to install scientific libraries
and compilers.
3.2.1.4. Continuous Integration and documentation
The need for strong reliability of packages with increasing complexity has forced
developers to use Continuous Integration (CI). When the code depends on a
wide variety of external dependencies, CI is useful to avoid software rot7 , i.e. to
avoid obsolescence with newer versions of the compiler or its dependencies. CI
is specifically important for dynamical languages and open-source code since,
it allows open-source projects to welcome contributions from other developers
while maintaining a high degree of reliability. Firstly, the code is built against
a known, repeatable emulation environment on a server. Thereafter, a set of
unit tests are run for each commit (modification of the code) to check that no
bugs have been introduced. It is also important to analyse what portion of
the source code is covered by these unit tests — a method referred to as code
coverage. Almost all CI platforms are free for open-source projects — Travis
CI, CircleCI and Appveyor to name a few. Bitbucket and GitLab have built-in
CI implementations. Websites such as Codecov and Coveralls help to chart and
analyse the code coverage history, viewable by anyone. To use these services,
one simply has to write a simple file in YAML format and authenticate the
respective services with “read” permissions.
New users and developers often rely on good documentation and examples.
Documentation generators such as Sphinx (for Python) and Doxygen (for many
languages including C, C++, Fortran and Python) parses in-line comments into
documentations as PDF, HTML and more (Lee, 2018). The documentation
generation can be automated online and deployed using any CI. “Read the Docs”
has, in recent years, become the hub for building and hosting documentation
6 https://packaging.python.org

7 https://en.wikipedia.org/wiki/Software
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online, thus facilitating the process for developers and considerably improving
access to information for users. In the FluidDyn project we this limit ourselves
to automating tests and documentation of the latest version. It is possible to
further exploit the CI by adding code style checks by running “linters” alongside
unit tests, continuous delivery of package releases and preserving older versions
of documentation.
3.2.1.5. Knowledge hubs and communication
Learning programming and computer science is now greatly aided by websites
like the community driven encyclopaedia Wikipedia or the community driven
forum Stack Overflow, where people write thousands of questions and answers
on programming each week. The IRC protocol has continued to sustain the
test of time. Instant messaging channels such as #python on Freenode facilitate
interactive discussions and a form of community-level support system — a role
which used to be filled by mailing lists alone in the past. Alternatives such
as Riot (Matrix protocol), Gitter, and Slack have gained popularity offering
different integration solutions on top of instant messaging. Through instant
messaging a geographically separated team, as in the case of the FluidDyn
project, can achieve near real-time collaboration without having to arrange
video conferences or meetings.
Thus, there is a number of new methods and tools in software development.
Taken all together, they greatly improve our collective efficiency and open
possibilities for interactions that were unthinkable a few years ago. For example,
the success of community-driven software like astropy (a subject-area research
library with more than 240 contributors) and scikit-learn (a machine learning
toolkit with more than 1000 contributors) would not have been possible without
these new software development methods. As scientists, we can wonder how to
fully exploit these new possibilities to do science. The project FluidDyn is an
attempt to advance the fluid dynamics community in this direction.

3.3. Python, a programming language adapted for
open-science
We now turn to the presentation of the programming language Python, another
fundamental tool for the FluidDyn project. Note that, this is not a detailed
technical presentation: we focus on the ideas necessary to understand why the
FluidDyn project is based on this language and on facts interesting for potential
FluidDyn users and developers.
The Python community has thrived remarkably in the last few years, which
is evident from the fact that by the end of 2017, Python became the second
most popular language in terms of pull-requests in GitHub8 and questions on
StackOverflow9 . TIOBE-index10 , which assess the popularity of a language
8 https://octoverse.github.com/2017

9 https://stackoverflow.blog/2017/09/06/incredible-growth-python/

10 https://www.tiobe.com/tiobe-index
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based on number of skilled users, courses and third-party vendors, ranks Python
at number four. IEEE Spectrum11 ranks Python as the most popular language
in 2017 with a metric based on trends, demand by employers and users on opensource hubs. All the rankings agree that Python usage has been steadily growing
and is here to stay. Python largely outclasses languages like Fortran and Matlab
according to these statistics, and is now clearly one of the mainstream languages
with C, Java, C++ and JavaScript. The language has been designed to boost
the communication of technical ideas between humans. Let us summarize some
characteristics of the Python languages that have lead to such an incredible
success. Python differs from other mainstream languages for a variety of reasons:
• Aesthetics. The syntax is expressive, with an inherent emphasis on
readability. Blocks of code are defined with the indentation.
• Code style. There are official (but, optional) guidelines, named
PEP 812 , advocating for regularity of the code. Linters and codeformatters can evaluate and enforce adherence to this style.
• Automatic memory management. A garbage collector handles the
memory allocation and deallocation, which needs no user intervention.
There are, of course, ways to control the memory usage of a program,
though not as precisely as for low-level languages.
• Dynamic typing. The types of objects are inferred at run time from
the code and the context, and in many situations, one does not need to
declare them explicitly.
• Interpreted. The standard way13 to run a Python code is to “interpret” it. A program called the interpreter executes the code nearly14
instruction-by-instruction, with very few optimizations. In contrast
to other compiled languages, such as Fortran, C or C++, there is no
proper compilation step: the code is not translated to optimized machine
instructions, but only to Python bytecode.
• Multi-paradigm. Imperative, object-oriented, functional and aspectoriented programming are supported.
• Extensible. It is easy to interface with code written in several other
languages (in particular C, C++ and Fortran).
• Batteries included. Python comes with a large standard library15 .
• Cross platform. Python can be deployed on many different machines
with different operating systems (Linux, Windows, macOS, Android)
and architectures (from a microcontroller — with MicroPython or CircuitPython — to a Blue Gene supercomputer).
Thus, Python is one of the best “glue” languages for fast prototyping. Code
development in Python is much faster and easier than with many other languages.
11 https://spectrum.ieee.org/computing/software/the-2017-top-programming-language

s

12 https://www.python.org/dev/peps/pep-0008/
13 There

are also tools to compile Python code (for example Cython and Pythran).
the execution of Python code is less simple and involves an Abstract Syntax Tree.
15 https://docs.python.org/3/library/index.html
14 Actually,
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Less bugs are introduced by the developers simply because there are fewer lines
of code (Nanz & Furia, 2015). Maintaining and modifying existing code is
also facilitated by the very good code readability associated with the language.
Another consequence of the apparent simplicity of Python is that the learning
curve has a nice shape. Learning Python is very easy from the start and
the complexity gradually increases as the level of the developer increases. Its
interpreted nature is advantageous for a rapid development cycle and the
possibility of interactive workflow (usually with IPython or Jupyter notebooks).
Therefore, Python is good for developers at all levels: very gentle for beginners
and very powerful for advanced users.
Python is an old language (first implementation in 1991!) but it continues
to evolve. Note that there are many implementations of Python interpreters16 .
The default and most widely used implementation is written in C and is called
CPython. A hard and controversial decision was taken to clean up Python from
its historical incoherences by introducing a new series of backwards-incompatible
versions of the language, starting with Python 3.0, released in December 2008.
After a long and difficult process, the transition from Python 2 to Python
3 is completed for nearly all important packages17 . Especially for scientific
applications, we can now work only in Python 3. For instance, future versions
of Numpy and the main scientific packages18 will not be compatible with Python
2. These changes open doors to a very clean, coherent and potentially faster
Python experience. Therefore, one should not use Python 2 for science any
more and instead, adopt the newer versions. New versions of Python have nice
features to adapt to new usages and to recent trends in computer science. For
example, three new features were introduced in Python 3.5 (first released on
September 2015): the @ operator for matrix multiplication, the new async and
await keywords for concurrency and type hinting19 (with the module typing
and an associated syntax presented in the PEP 484).
Being a very versatile language, Python is widely used for many different
applications20 :
•
•
•
•
•
•
•

Simple scripting
Web development
Data science
System, database and network administration
GNU/Linux distribution software
GUI desktop applications
Scripting layer for applications (for example Paraview, Visit, QGIS,
Blender)
• Web scraping
16 Notable

ones are CPython (written in C), Jython (Java), IronPython (C#), PyPy (Rpython,
a subset of Python) and MicroPython/CircuitPython (C, targeted to micro-controllers).
17 Close to 95% of the most downloaded packages are Python 3 compatible as of 2018.
18 http://www.python3statement.org/
19 See also our paragraph on the issue of type checking in the following.
20 See The State of Developer Ecosystem Survey in 2018 by JetBrains
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• Animation, gaming and film industry
• Education
• Science
Python has now a mature and powerful scientific ecosystem with well-established
foundational packages (Numpy for N-dimensional homogeneous arrays, Scipy
as the fundamental toolkit for scientific computing, Matplotlib for plotting
and Pandas for data structures) and several more specialized packages (to
name a few, h5py, mpi4py, skimage, sklearn). The landscape of visualization
tools usable through Python makes it possible to integrate post-processing
and analysis capabilities into a single application. Python is one of the main
languages for data science with packages such as Pandas, statmodels, sklearn,
Keras, TensorFlow and PyTorch. There are user-friendly and ready-to-use
Python installers (similar to Matlab), in particular the open-source distribution
Anaconda to streamline the installation in desktop platforms. Integrated
development environments (IDE) adapted for scientists, for example Spyder,
Pyzo, and JupyterLab are often useful for interactive development.
Python has a very large and supportive community (see, for example, Stack
Overflow tags21 ). Python development is also supported by companies, and
most of them specialize in web technologies and data-driven research. However,
recently, companies involved in scientific software development have started to
become quite influential. For example, Anaconda Inc. is strongly engaged in
the development of tools like JIT Python accelerator Numba, and parallelism
framework dask. Hardware giants such as Intel and Nvidia also contribute to
the Python scientific ecosystem. To summarize, Python’s numerous features
and its adoption in several domains makes it a sensible language choice for
scientific purposes.
3.3.1. Some Python issues and their solutions
In the context of scientific computing there are some common issues that Python
developers would face. The issues are listed below and the solutions are specified
briefly. The solutions are explained in further detail in subsequent paragraphs.
• Performance in CPU bounded tasks. Since the standard Python
interpreter does not do any proper compilation, pure Python code for
some CPU bounded tasks can be too slow. Thus, one has to avoid
writing loops as much as possible and use vectorized array operations as
much as possible. One can also call foreign functions, or use special tools
to build extensions using Ahead Of Time or Just In Time compilation
to speedup performance-critical code.
• Absence of type checking. In contrast to compiled languages, there
is no type-checking in Python (and more generally in many interpreted
languages). Types are respected however, and type errors, if any, would
21 http://stackoverflow.com/tags/python
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be raised during runtime. Type hints and static type checking can solve
this issue.
• Concurrent, but not parallel multi-threading. Threads behave
like light sub-programs. In principle, they can use the different cores of
the CPU at the same time, but the CPython interpreter forbid threads
to interpret python code at the same time22 . In other words, threads
can coexist concurrently, by not executing in parallel. This limitation
comes from an important detail in the implementation of the CPython
interpreter: a Global Interpreter Lock (GIL) to prevent race conditions
that could corrupt data. GIL greatly simplifies the implementation of
CPython and that it is very difficult to remove it while keeping other
nice technical properties of CPython intact23 .
• Lively, and thus, complicated ecosystem of packages. For many
applications, the standard library is insufficient and external packages are
needed. Sometimes there are multiple options and the user/developer has
to make choices regarding the tools to use. Especially for the beginners
who are not used to the open-source realm, it can be a confusing prospect
to make good technological choices; but this can be solved through proper
guidance and training. Of course, such an abundance of projects can
also be seen as an advantage.
3.3.1.1. Foreign functions
Python is primarily a “glue” language. A common solution to achieve performance is to use existing code written in C, C++ or Fortran. It is possible,
without a compilation step, to call functions in C libraries through pure python
code using ctypes standard module or the cffi package. Similarly cppyy can
interpret C++ code. Libraries with Python bindings can also be used directly
(for e.g., wrapped using SWIG or Boost.Python) or one has to write extensions,
i.e. Python modules written in C or C++ using the CPython API that can
be imported directly from Python like any Python module. However, to rely
on such techniques to call C libraries would inhibit development of extending
functionalities, as they have a steeper learning curve compared to Python.
Nevertheless, this strategy has given rise to the base modules of the scientific
Python stack, namely Numpy, Scipy and Matplotlib.
3.3.1.2. Ahead Of Time compilation
Ahead Of Time compilation is a way of generating compiled extensions which
can be dynamically executed by Python. Python developers do not actually
have to write the extensions in C, C++ or Fortran, since there are tools to
generate them automatically from Python code (Pythran) or from Cython code.
22 See

https://opensource.com/article/17/4/grok-gil
https://wiki.python.org/moin/GlobalInterpreterLock. Note that PyPy also uses a
GIL, while two other implementations of the Python language, Jython and IronPython, do
not have this limitation

23 See
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Cython (Behnel et al., 2011) is a smooth blend of two languages with possibility
to add type declarations like in C/C++, but with a syntax similar to Python.
There are also other projects to create extensions in C++ with pybind11, and
in Rust with PyO3.
Pythran (Guelton, Brunet, Amini, et al., 2015; Guelton, 2018) is a quite
recent Python compiler which gives impressive results. It creates compiled
extensions from pure Python code with simple type annotations written as comments. The resulting extensions are usually as fast as Fortran or C++ written
by non-specialists (see, for example, benchmarks for the packages fluidfft
and fluidsim, Mohanan, Bonamy & Augier, 2019; Mohanan, Bonamy, Linares,
et al., 2019). They are created with a very interesting two-step compilations:
first the code is optimized at the Python level and then an automatically
produced C++ code is properly compiled. This two-step compilation opens
possibilities for very clever optimizations24 . Pythran supports OpenMP pragma
(Guelton, Brunet & Amini, 2013) and can use modern vectorization with SIMD
instructions (Guelton, Falcou, et al., 2014). Pythran understands both Matlablike vectorized code and C-like code with explicit loops (Guelton, 2018). In
Mohanan, Bonamy & Augier (2019) and Mohanan, Bonamy, Linares, et al.
(2019), we present examples of highly efficient Python codes, optimized using a
combination of Cython and Pythran extensions.
3.3.1.3. Just In Time (JIT) compilation
Another way to obtain optimized machine instructions is by using JIT compilation, i.e. by compiling only the critical code at run time. This strategy can yield
good results with other languages as for example Matlab or Julia. Adding a JIT
to the interpreter CPython has been notoriously difficult 25 . One of the problem
seems to be the C API provided in CPython and used by many extensions. A
faster CPython with a JIT is actually not so necessary for many purposes, since
Python extensions are enough. Therefore, not as much money and work has
been put in accelerating Python than for example for Java and JavaScript.
PyPy, an alternative interpreter written in Python, has a JIT compiler.
However, PyPy is not widely used for scientific applications mainly because of
compatibility problems with the extensions written for CPython. However this
could change since recent versions, starting with PyPy 6.0, supports the main
packages of the Python scientific stack (Numpy, Scipy, Matplotlib, Pandas,
etc.). Another strategy is to add a JIT to CPython through an external package
(Numba). Numba is particularly interesting because it can take advantage of the
GPU26 .

24 As

demonstrated in this blog post by the main developer of Pythran http://serge-sans-p
aille.github.io/pythran-stories/being-more-than-a-translator.html
25 https://faster-cpython.readthedocs.io/
26 See for example https://devblogs.nvidia.com/parallelforall/seven-things-numba/
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3.3.1.4. Type hints and static type checking
Type-checking is useful since it can detect simple bugs. PEP-48427 introduced
a syntax and a related typing module to add type-hints, typically for function
parameters and return types. Static type checkers like Mypy and pytype28
allows to process type-hints and report inconsistencies in the code.
However, it is not a good practice even with static languages to rely only
on type-checking to look for bugs in a code. It is known that a rigorous set of
unit tests is also needed to obtain more reliable codes. Dynamical languages
rely a lot on unit tests so it is very important to put at least a little bit of time
and energy to write a decent battery of tests.
3.3.1.5. Multi-core computational parallelism
At any rate, threads using the interpreter do not use the CPU at the same time
so it is not possible to use threads to do multi-core computational parallelism
with pure python code to accelerate CPU bounded tasks. Note however, that
threads can be (and are widely) used in Python for concurrency, i.e. to perform
I/O tasks, which does not need CPU, concurrently. To do proper computational
parallelism for CPU bounded tasks with the GIL, one has to use other strategies:
extensions (fine grain parallelism), multiprocessing (coarse grain parallelism)
and inter-process communication, for example, with MPI (with mpi4py) or
ZeroMQ.
3.3.2. The state of languages for scientific computing
So far, we have discussed the details of Python. However, there are many
interesting open-source languages that can be used for scientific applications.
All have strengths and weaknesses.
Fortran remains widely used for computing codes, at least in fluid mechanics.
C++ is used in many recent developments. Its recent improvements (C++11,
C++14) make it a modern and very useful language. JavaScript, Java, Scala,
Smalltalk, Haskell, R, Julia, Perl and Lua are used for some scientific codes. Go
and Rust are quite young languages with emphasis on memory-safety and are
not (yet) widely used for scientific applications. It is, of course, very difficult to
predict which technologies will be widely used in even the near future (10 or 20
years for example). It seems that the idea of “one language to do everything
for science” will not succeed, at least not in the near future. The limited scope
of the language is likely the reason why the community around Fortran and
Julia are not widespread outside academia. An important aspect in the future
would very likely be interoperability between coexisting tools29 . Considering
what we have presented on Python, we think that it is reasonable to bet that it
27 https://docs.python.org/3/whatsnew/3.5.html#whatsnew-pep-484

28 We

plan to add type hinting in the most important FluidDyn modules to investigate how
we can take advantage of type-checking with Mypy.
29 See for example the cross-language development platform for in-memory data, Apache
Arrow.
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will become one of the lingua franca in science and in fluid dynamics. We have,
therefore, chosen it to be the main language for the project FluidDyn.

3.4. On software development methodologies
3.4.1. Productivity at individual, group and community levels
It is not surprising that short-term efficiency and long-term efficiency are
sometimes incompatible. Quick and dirty scripts can be efficient in the short
term, but have negative impact on a longer time scale. Similarly, we can also
differentiate productivity at different levels of collaboration. An individual can
be very efficient with a particular tool, but the same tool can be very inefficient
when used in a collaboration. A group can be very efficient with a code which
is closed-source. Although such a strategy can be efficient for the group (at
least in the short term), it may lead to waste for the community. Other groups
will need to develop codes with the same features. Good ideas will be spread in
separate codes and since the number of users and developers is small for each
of these codes, the code quality will not improve as fast as it would with an
open-source strategy. In a nutshell, as this proverb says, “If you want to go
fast, go alone. But if you want to go far, go together.”
Thus, a community using open-source methods can be efficient in codeveloping its tools. However, some of its members have to spend more energy
to bear this dynamics, at the risk of sacrificing their individual efficiency. We
see that short-term efficiency, long-term efficiency and productivity at different
levels can often be incompatible and that we have to consider these conflicts
when choosing between different technologies.
3.4.2. Programming in the field of fluid mechanics
We study fluid mechanics via laboratory experiments, in situ measurements, analytic tools, numerical simulations and data processing. Nowadays, programming
is involved in all methods. It is usually difficult to do fluid mechanics without
software development. However, on average, the level in software engineering
is very low in the community. Even today, it is quite commonplace to start a
Ph.D. without any serious training in GNU/Linux and modern programming
tools. A large majority of scientists and technicians are also unaware of the new
challenges and opportunities of open-source.
Since fluid dynamics is an engineering science, closed-source commercial
software have been dominant in the field historically. Few people are aware of
the vicious circle of the closed-source model for people and groups relying on it.
In the closed-source model, a group pays for a license or a new development.
The group does not learn how to develop what has been paid for. The company,
on the other hand, gains from the feedback generated from users, through which
it improves the product. The group produces codes, books, courses using the
closed-source product or acquire knowledge on how to use the closed-source
product, making the group increasingly dependent on the product and ready to
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pay more for it. It is difficult to break such vicious circles, but not impossible.
This can be done by introducing alternative open-source solutions.
Despite the reliance on commercial software for research in fluid mechanics,
there are also a lot of codes produced by scientists in fluid mechanics. Without
the technical knowledge on how to work collectively, such codes are often
substandard (compared to the information technology industry standards) and
are basically doomed to be abandoned after their use. However, it is natural to
try to reuse codes or at least to build the next steps on what has been done
already. Thousands of hours of highly qualified people are spent in trying to
understand and reuse badly written codes in inappropriate languages!
From a technical perspective, the majority of the coding in the field involves
a mix of Fortran/C or C++, shell languages (as Bash) and Matlab. For
experiments, the graphical programming environment Labview is dominant for
control of physical objects and acquisition. Fortran is often used to implement
solvers and post-processing algorithms. Matlab is used for data processing
and visualization. Often, languages are used for purposes which they are not
adapted for. Fortran, C or C++ have not been designed for fast prototyping of
complex programs. It is known that for scientific purposes, one should restrict
shell scripting to extremely simple tasks. Use of compiled languages to develop
new algorithms hinders the development process and ability to debug. Similarly,
using Matlab for developing complex programs is a questionable choice. These
technical solutions are also problematic for code reuse, sharing and collaborative
development. We are now going to present factual arguments explaining why
we think that the massive usage of Matlab decreases the collective efficiency of
the community.
3.4.3. Discussion on the use of proprietary software for research
Matlab is an example of a closed-source proprietary numerical computing
environment. It is a good tool for simple processing with matrices, image
processing, data visualization and certain niche applications. The language is
well adapted for these tasks. The development environment is nice and the
interpreter is quite fast, especially now, when it has a JIT compiler. However, the
language suffers from serious technical issues which make Matlab an inadequate
tool for doing more than simple processing and data plotting. The comparison
with Python is often debated upon. We list a few striking Matlab weaknesses:
• One file for each function (or class) available outside the file where it is
implemented. No notion of package or module.
• No real organization of the standard library. All built-in and user-defined
functions are available in a huge flat namespace. Due to this absence of
an import mechanism we cannot deduce, simply by looking at the code,
where a function is defined.
• A standard way to organize multi-file code is to write scripts that modify
and define global variables (see for example the Matlab version of the
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code Diablo30 ). It is so simple to do this that we can assert the language
strongly encourages this practice. Matlab files are not self consistent, i.e.
it is normal to use in a file a global variable defined outside of the file.
• Very bad default argument mechanism. Default arguments for a function
is a very common feature is many programming languages. In Python,
we can write:
def myfunc(a, b, c=1, has_to_print=True):
if has_to_print:
print('a =', a, 'b =', b, 'c =', c)
return c * (a + b)

An implementation for approximately the same behaviour in Matlab
could be (as advised in the official Matlab documentation):
function ret = myfunc(a, b, varargin)
if nargin < 2 | nargin > 4
error(['The number of arguments has to be ' ...
'greater than 2 and lower than 5'])
end
if nargin == 4
has_to_print = varargin{2};
else
has_to_print = 1;
end
if nargin >= 3
c = varargin{1};
else
c = 1;
end
if has_to_print
disp(['a = ' num2str(a) '; b = ' num2str(b) '; c = ' num2str(c)])
end
ret = c * (a + b);
end

•

•
•
•

Even for a very simple function, there are many places where bugs can
be introduced and the code is much less readable than the corresponding
Python code.
Non-intuitive syntax for string operations in Matlab, compared to Python.
Take for example for string comparison, strcmp(s1, s2) in Matlab
versus s1 == s2 in Python or for look up, contains(s1, pattern) in
Matlab versus pattern in s1 in Python.
Complicated syntax for object oriented programming, compared to
Python. As for functions, one file per user-defined class is necessary.
Parentheses used for both function calls and indexing, causing ambiguity.
Matlab codes are usually full of ;, .*, ./, && and ||, which make them
quite “noisy”. Moreover, due to a lack of a consistent code style like,
Python’s PEP 8, a large proportion of the Matlab codes are difficult to
read and understand.

30 https://www.damtp.cam.ac.uk/user/jrt51/files/diablo

mat.tar.gz
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• The syntax a(100, 100) = 1; to create and extend a matrix is a very
good way to hide bugs. The code a = eye(2); a(i0, i1) = 1; will
never raise any error regardless the values of i0 and i1! No error is
raised if a user misspell the variable a and write something like aa(100,
100) = 1;.
Now we turn our attention, from structural issues of Matlab syntax, to more
practical constraints. The arguments are equally applicable for any proprietary
software used in research. Closed-source software are, by definition, black boxes:
it is impossible to study the implementation of its functions. Matlab is not free.
The price for one license for non-commercial use is not very expensive for most
research and teaching institutes. However, when we start to add up the price of
the toolboxes necessary to run most codes, it starts to become substantial for
some institutions. The price of Matlab quickly escalates when deployed on a
cluster with MPI, since a licence is required per user, per node31 . Moreover, it
is well known that the lack of license for the personal computers of staff are
solved with pirated versions. How can serious research projects rely on such
illegal methods?
The same remarks are applicable for Labview. It is a graphical programming
language and the programs are saved as binary files. As a result, it is impossible
to read a Labview program without Labview and to apply version control,
crippling collaborative possibilities. Matlab and Labview also lead to problems
for students, who learn bad coding habits and languages that are much less in
demand by employers than, for example C++ or Python32 .
Note that open-source Matlab interpreters do exist, such as Octave and
Scilab. With some minimal effort, one can port existing Matlab codes using
either Julia which, by design, uses a Matlab-like syntax, or Python’s pylab
package provided via Matplotlib and the command-line tool fluidmat2py in
fluiddyn. For symbolic computation, some specialists use Maple or Mathematica, which are good but expensive proprietary closed-source programs. Sage
and Sympy are two complementary open-source alternatives both based on
Python. The fluidlab project in FluidDyn project is an attempt to orchestrate
experiments without relying on Labview.
It is normal that Mathworks, the company which makes money with Matlab,
spreads arguments against Python and its scientific ecosystem33 . Some of them
are valid, for example the issue of the lively, huge and thus complicated scientific
ecosystem that we have already discussed. Other arguments are unfair or no
longer valid nowadays34 . The Python scientific ecosystem can now compete in
nearly all domains, but this was not the case typically five years ago. It would
31 https://www.nas.nasa.gov/hecc/support/kb/running-matlab-applications-in-parall

el 522.html

32 https://insights.stackoverflow.com/survey/2018#technology

33 https://web.archive.org/web/20190807004347/https://www.mathworks.com/products
/matlab/matlab-vs-python.html
34 See also http://www.pyzo.org/python vs matlab.html or https://www.linkedin.com/p
ulse/matlab-vs-python-jan-rhebergen
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be interesting to estimate what open-source solutions could benefit from using
the amount paid by public research institutes. How many developers could be
paid to improve the alternative open-source solutions? This question raises the
issue of funding scientific open-source software.
3.4.4. Different models for software development in fluid mechanics
Proprietary codes tend to dominate the field of fluid mechanics. This is true
for industrial Computational Fluid Dynamics (CFD), for example with the
Ansys suite and also for acquisition and analysis of images of fluid with the two
companies Dantec and Lavision. Even certain softwares developed by researchers
in academic laboratories also follow a closed-source model, for example Digiflow.
Closed-source or even undistributed software is a widespread model in the field.
The arguments against sharing are diverse:
• “We do not share to keep a comparative advantage.”
• “We do not share because we do not provide support.”
• “We do not share because people would not be able to correctly use the
code or interpret the results.”
• “We do not share because we want to control industrial usage.”
• “We do not share because we do not want people to review and criticize
our code.”
• “We do not share, because in this way, people will think our project has
more value.”
The flip-side involves releasing a well-written, documented, easy to use and
maintain source code with appropriate license to ensure credit where it is due.
This can potentially add value for the community through added transparency
in publications, and in return, value for the authors of software in terms of
recognition and citations. We have only looked at the most ideal scenarios and
the question of soundness of the above arguments is left as an open question to
the reader.
Between closed-source and open-source, is a grey area gathering different
practices. It is quite common to share only for “friends” to control the dissemination of the software, as is the case with the codes such as Yales235 . With
such a model, the lack of a proper open-source license can naturally lead to
restrictions in collaboration. Another common practice is to share without
repository (for example Tarang36 or NS3D37 ) and/or without license (meaning
that the code is actually under exclusive copyright38 ).
Finally, several scientists in the fluid dynamics community have used opensource methods in their work for a long time. There are a lot of open-source
research codes written with proprietary tools (typically written in Matlab, see
35 https://www.coria-cfd.fr/index.php/YALES2

36 http://turbulencehub.org/index.php/codes/tarang

37 http://yakari.polytechnique.fr/people/deloncle/ns3d.html
38 https://choosealicense.com/no-permission/
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for example PIVlab39 , UVMAT40 and PIVmat41 ). Let us first say that these
codes are a great wealth for the community, as they can be used as they are,
and other open-source research projects can reuse the ideas expressed in these
codes. Although the codes are meant to be free, users need to pay to obtain
the compilers/interpreters which execute them. Ironically, when people develop
programs using these tools, unintentionally they work (often, for free) for the
company that sells the proprietary tool.
Some proper open-source codes have emerged, for example NEK500042
(Fortran), OpenFOAM43 (C++), Basilisk44 (C) and Channelflow45 (C++) and
Code Saturn46 (C/Fortran). Big companies have started to use open-source
development for fluid mechanics application. For example, the automotive
group Volkswagen has used OpenFOAM since 200647 . EDF, the main French
electric utility company has also a interesting open-source strategy48 . It has
produced many programs and in particular the CFD solver Code Saturne49 .
EDF is also involved in the development50 of Paraview51 .
Finally, scientists have started to use Python to study fluid mechanics,
especially through CFD codes (Dedalus52 , SpectralDNS53 , Oasis54 , PyFR55
and FEniCS56 ) or through data analysis (OpenPTV57 , PyPIV58 ). The packages
of the FluidDyn project are also part of this trend.

3.5. FluidDyn project
We have seen that there is a strong dynamics in play around the use of computers
(in particular with the web) and that this creates very efficient tools and methods
for collective work and software development. The potential of these tools is
not fully exploited yet in the field of fluid mechanics.
FluidDyn is a project to foster open-science and open-source coding in
Python in the field of fluid mechanics. The project envisages to provide the
39 http://pivlab.blogspot.de/

40 http://servforge.legi.grenoble-inp.fr/projects/soft-uvmat/

41 https://de.mathworks.com/matlabcentral/fileexchange/10902-pivmat-4-00
42 https://nek5000.mcs.anl.gov/
43 https://www.openfoam.com/
44 http://basilisk.fr

45 http://channelflow.org/

46 https://www.code-saturne.org

47 https://www.nas.nasa.gov/assets/pdf/ams/2014/AMS

20141202 Othmer.pdf

48 http://linuxfr.org/news/strat%C3%A9gie-open-source-%C3%A0-edf-rd
49 https://www.code-saturne.org

50 https://blog.kitware.com/introducing-some-new-paraview-5-0-features/

51 https://www.paraview.org/

52 http://dedalus-project.org/

53 https://github.com/spectralDNS

54 https://github.com/mikaem/Oasis
55 http://pyfr.org/

56 https://fenicsproject.org/
57 http://www.openptv.net/

58 https://github.com/jr7/pypiv
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technical framework to allow collaborative development of tools useful for the
fluid mechanics community, and to do better science with open methods. We
have not been “reinventing the wheel”, but rather we have been “standing
on the shoulders of giants”. In other words, we have utilized and extended
existing and mature packages and libraries to create packages in FluidDyn as
demonstrated in figure 3.2. We have designed them such that the packages are
generic enough for a wider audience and are maintainable in the long run.

fluidfft
xarray
numpy.f2py
cuFFT

fluidsim
fluiddyn
pandas
SymPy

CUDA

Jupyter
OpenMP
IPython
MPI
SciPy
SIMD
NumPy
C
matplotlib
HDF5
h5netcdf
FFTW
h5py
C++
mpi4py
xproject

transonic

xsimd
PFFT
Fortran
P3DFFT

Pythran
Cython
Python

Figure 3.2: An illustration of the various C/C++ (green), Fortran (gray),
Python (pink) packages and language agnostic frameworks (yellow) utilized in
FluidDyn packages fluiddyn, fluidfft and fluidsim and how they depend
on each other, denoted by the lines connecting the circles.

The FluidDyn project has adopted a decentralized organization with one
common package and other specialized packages, to make maintenance easier.
The project now offers the following packages: fluiddyn, the base package;
fluidfft, an API for efficient Fast Fourier Transforms (FFT) in sequential
and in parallel; fluidsim a CFD framework; fluidlab, a package meant for
facilitating experiments; fluidimage, an asynchronously parallelized image
processing package and much more. A short introduction on the above packages
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can be found in their respective documentations on the web. The packages
fluiddyn, fluidfft and fluidsim are described in detail in their respective
software metapapers (Augier, Mohanan & Bonamy, 2019; Mohanan, Bonamy &
Augier, 2019; Mohanan, Bonamy, Linares, et al., 2019) which are included in
this thesis.
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