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Abstract
The optimization of case hardening depth for small gears was investigated with the use of
Abaqus and the subroutine DANTE to simulate the formation of the microstructural
phases, resulting in residual stresses and increased hardness. This was done with a step wise
increment of the carburizing time, resulting in a theoretical maximum for compressive
residual stresses at the surface. The heat treatment parameters were then used for case
hardening two gears with different carburizing times. The heat treated gears were then tested
for tooth root bending fatigue. The fatigue testing resulted in a fatigue limit increase, where
the gear with largest simulated compressive stress showed the highest fatigue limit.
Both the heat treated gears were hardness tested and compared with the conducted
simulations resulting in an underestimated hardness. An investigation to see whenever the
simulations could predict the fatigue outcome beforehand with a probabilistic model was
put into place. This resulted in an underestimated fatigue limit in relation to the raw fatigue
data.

Sammanfattning
Optimering av sätthärdningsdjup för små kugghjul undersöktes med Abaqus och subrutinen
DANTE, för att simulera uppkomsten av de mikrostrukturella faserna som resulterar i
restspänningar. Detta genomfördes med en stegvis ökning av uppkolningstiden som
resulterade i ett teoretiskt maximum för tryckspänningar i ytan. Härdningsparametrarna
användes sedan för att sätthärda två serier med kugghjul med olika uppkolningstid. Båda
kugghjulen testades sedan för kuggrotsböjning med avseende på utmattning.
Utmattningsprovningen resulterade i en ökning av utmattningsgränsen, där kugghjulet med
de största simulerade tryckspänningarna resulterade i den högsta utmattningsgränsen.
De härdade kugghjulen hårdhetstestades och jämfördes med genomförda simuleringar,
vilket resulterade i en underskattad hårdhet. En undersökning för att se om det är möjligt att
prediktera resultatet för en serie utmattningstester via en sannolikhetsmodell användes.
Detta resulterade i ett lägre resultat gentemot de genomförda utmattningstesterna.
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1 Introduction
Atlas Copco Industrial technique AB is a world leading supplier of high quality industrial tools,
assembly systems and construction solutions. In the industry sector a high demand for reliable
industrial tools for mounting purposes exists. Atlas Copco offers both manual, electrical and
pneumatic mounting tools within this sector. One of these solutions are pneumatic handheld
angle nut drivers which uses planetary gears to transmit torque. The planetary gear is
constructed by spur gears, which is a crucial component for the reliability of the nut driver.
Therefore an increase in the understanding of the mechanism behind the strength of a spur
gear is of great significance.
Currently most of the used gears in products are heat treated using case hardening. It has been
determined that different case hardening depths affects the fatigue strength, i.e. the fatigue
limit. This drives the need for determining the optimal case hardening depth for optimal fatigue
strength of gears.
In the current state, the determination of optimal case hardening depth is relied on repeated
fatigue testing, which is a costly and time consuming process.
In this thesis the optimal case hardening depth is investigated with the use of the finite element
software Abaqus together with the subroutine DANTE to simulate the formation of the
microstructural phases, resulting in residual stresses and increased hardness. The result is
validated and thereafter used in order to simulate a step wise increase in residual stresses by
increasing the carburizing time. The heat treatment parameters resulting in the theoretical
optimized stresses are then used to case harden and perform tooth root fatigue testing. The
case hardened gears are then hardness tested and compared with the conducted simulations
A probabilistic model is then used to investigate if the fatigue outcome can be determined
beforehand, simulating the probability of failure for a given load and service life.
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2 Material
The material used in this master thesis is specified in Olander [1]. It is a low carbon alloyed
steel specifically designed for different heat treatment processes. The alloy content for the used
steel is seen in table 1.
C
0.157

Si
0.06

Mn
0.53

P
0.004

Chemical composition
Cr
Ni
S
0.003
0.98
3.26

Mo
0.35

Cu
0.083

V
0.007

Al
0.025

Table 1: Alloy content for used material [1].
The thesis has been constrained to one material concept, where focus has been concentrated
around finding the optimal case hardening depth. Two different case hardening depths will be
investigated and fatigue tested, with a previously tested depth as reference.
The material data used for the fatigue testing simulation is derived from a closely related
material. The material has been case hardened with material properties seen in table 2. The
yield stress was used to investigate if the material is exposed to plasticity at high loads.
Young's modulus

Poisson's ratio

Yield stress

200 GPa

0.3

1076 MPa

Table 2: Material data from a closely related material, case hardened. [1].
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2.1 Gear geometry

Figure 1: 22 teeth spur gear used in this thesis.
For Atlas Copco’s products the spur gear is one of the most commonly used gears. Its reliability
is crucial for the products they are used in as previously mentioned in the introduction. In this
thesis a 22 teeth spur gear is used as testing and simulation component, seen in figure 1. The
gear is of similar type used in planetary gears, commonly used by Atlas Copco. The gears
module and external dimensions is seen in table 3. Because of manufacturing tolerance the
dimensions of the gears could vary, however the dimensions provided by the technical drawing
will be used in the modelling, see appendix.
Parameter

Value

Teeth

22

Module
Outer diameter

0.6 mm
14.88 mm

Inner diameter

7.00 mm

Face width

7.00 mm

Table 3: Dimension provided by the technical drawing and used in the simulation.
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2.2 Case hardening
Case hardening is a process that is often used in transmissions because of the increase in wear
resistance and fatigue strength. The process results in a hard surface with a much softer and
tougher core [2]. This can be accomplished by different methods.
The method included in this study is carburizing. Carburizing uses low carbon steel and
increases the carbon content at the surface by diffusion [3]. In case hardening applications,
carburizing is followed by quenching and tempering. A typical case-hardening process is shown
in figure 2.

Figure 2: Typical case hardening process. Carburising, quenching and tempering [2].

Carburizing
Carburizing is one of the most used diffusion processes. The process produces a hard and wear
resistance surface with surface residual compressive stresses, which improves the fatigue life of
a component [4]. Carburizing is usually performed on low carbon steel (with a carbon content
up to 0.3 %), with or without alloying elements [5].
Carburizing of low carbon steel can be accomplished by many techniques such as gas, vacuum,
plasma, salt bath and gas carburizing. The most widely used is gas carburizing. In this process
carbon transfers from the furnace atmosphere to the surface of the part, typically at a furnace
temperature between 850-950 o C , above the steels austenitization temperature. This proceeds
as long as the carbon activity in the gas is larger than the carbon activity on the surface of the
part [6].
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The diffusion of carbon through the surface of the part creates a carbon concentration gradient
between the surface and the interior of the part [5]. The gradient of carbon results in a gradient
in hardness. This relation is strongly affected by hardenability, quenching rate and the
dimensions of the part [6]. A typical relation between carbon concertation and diffusion of
carbon into the surface is seen in figure 3.

Figure 3: Relationship between distance below surface and carbon concentration [3].
The diffusion of carbon into the steel is affected by different factors such as the carburizing
temperature, time, and carburizing agent. The temperature increases the diffusion rate and
therefore lower the time to reach a certain carbon depth with an increased risk of grain growth.
The most influencing control parameter for the diffusion depth of carbon is the carburizing
time, according to figure 4.

Figure 4: Relation between carburizing time and case depth for increased temperature,

o

F

[5].

The relationship between case depth and carburizing time can be seen as an inverse square
relationship. To double the case depth obtained in four hours, the time needs to be
approximately quadrupled [5].
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Quenching
o

Quenching is normally applied after carburizing at a temperature of 820-850 C . If the
carburizing temperature is higher, it is lowered prior to quenching to reduce distortion [7]. A
cooling medium is used to lower the temperature. The medium is often chosen with respect
to cooling properties, in order to produce the desired case structure. Mediums such as water
and oil may be used depending on part size and shape. Transformation characteristics of the
steel also affects medium selection. Normally oil is used because it is a suitable quenchant for
most carburizing grades of steel.
The cooling rate (temperature decrease in relation to time) affects the properties of the case.
The steel is cooled fast in order to avoid softer transformation products like bainite and
increase martensitic formation in the case. [8].

Tempering
After quenching the case layer is hard and very brittle. In order to increase the toughness of
the steel and reduce brittleness, the steel is reheated to some temperature below the
austenitization temperature for one to two hours. This reheating procedure is called tempering.
Tempering conditions are often affected by the intendent use. In case hardening applications
o
temperatures in the range of 150 to 200 C produces a small increase in toughness and ductility.
The process retain much of the hardness and strength of the martensite. The time influence is
low compared to the temperature, for which when increased results in a decrease in hardness
according to figure 5 [9].

Figure 5: Relation between hardness and carbon for a temperature
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o

F

increase [9].

Martensite formation
The high degree of hardness and strength in hardened steel is because of martensitic
transformation, which forms from austenitzing followed by quenching. Compared to other
heat treatment processes, the hardness is larger for hardened steel, seen in figure 6.
Microstructures such as pearlite and bainite are diffusion-dependent, i.e. they require various
levels of carbon diffusion in order to form. When steel is cooled rapidly, the diffusiondependent transformation doesn’t have sufficient time to form, forcing austenite to transform
without diffusion at low temperatures. The process is called diffusionless transformation and
results in the formation of martensite.
A part of the martensitic hardness is due to the increase in carbon, which starts to decline at
0.8% carbon content according to figure 6. The decline of hardness is due to retained austenite,
explained in more detail in 2.2.5.

Figure 6: Relation between carbon content and hardness. Hardened steel compared to other heat treatments
[10].
The formation of martensite is seen to occur instantaneously because the growth rate
approaches the speed of sound. Therefore it can be regarded as independent of time.
Dependency can however be seen for temperature. The temperature when martensite
transformation starts is the M s temperature, where 1% of martensite is obtained. The M s
temperature is lowered with increasing carbon content. A further decrease of the temperature
result in more formation. The temperature of complete transformation is called M f
temperature and is defined when 95 or 99 % martensite is obtained [10].
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Retained austenite
Retained austenite is large amount of untransformed austenite, which forms when carbon is
dissolved into austenite. This lowers the tendency for martensitic formation, resulting in a
decrease of surface hardness and residual stresses [10].
In fatigue related applications, avoidance of retained austenite is crucial in order to maintain
fatigue strength and wear resistance. However in certain circumstances retained austenite is
favorable, for example in rolling contact fatigue applications and where plasticity occur. In
these cases the mechanical induced stresses causes stress induced transformation, thereby
transforming retained austenite into martensite [11][12].

Grain boundary oxidation
During carburizing, certain alloy elements are reacting with the gas atmosphere, resulting in a
decrease in near-surface hardenability. This reaction is called grain boundary oxidation and the
depth of oxidation increases with increasing carburizing time.
The decrease in hardenability results in the formation of more diffusion dependent
transformation products such as pearlite during quenching. As a result the austenite to
martensite transformation is lowered, resulting in a decrease of hardness and residual stresses
at the surface [11]. The grain boundary oxidation effect on the case hardening process is not
included in the case hardening simulation.

Residual stresses, tempering and quenching effects
The M s temperature is progressively lowered by the higher carbon content towards the surface.
Thus a relation between the carbon concentration gradient and the M s temperature can be
established. In the quenching phase, this effect contributes to a martensitic transformation that
starts in the core/case interference, while the high carbon case remains austenitic.
Eventually when a temperature low enough is reached, the case starts to transform to
martensite followed by the surface. The expansion of martensite in the case is restrained by the
hard interior and surface microstructure, resulting in compressive residual stresses [4]. In order
to maintain equilibrium, the core generates tensile residual stresses seen in figure 7.
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Figure 7: Residual stress profile [4].

Case depth influence on residual stresses
The carburizing process objective is to produce a high hardness case with high compressive
residual stresses. Case depth and carbon content is related to the influence on fatigue strength
and residual stresses. Increased carbon content at the surface results in harder martensite and
therefore higher hardness and residual stresses [13].
This relation continues until retained austenite formation and grain boundary oxidation start
to affect the martensitic formation [11]. Therefore lowering the amount of residual stresses at
the surface seen in figure 8.

Figure 8: Surface compressive residual stresses in relation to different Effective case hardening depths, the
depth for which the hardness is 513 or 550 HV [11].
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2.3 Previously performed case hardening and testing
The previously performed case hardening and following fatigue testing were used in order to
validate the finite element simulations carried out. The work is based on a previous thesis
implemented by Olander [1]. The 22 teeth gear was case hardened according to table 4. The
temperature of the oil in was set to 60 o C in the quenching phase.
Tempering

Carburizing
Time

Carbon content

Temperature

Time

Temperature

60 min

0.75%C

840 °C

60 min

170°C

Table 4: Heat treatment data from previous thesis.
The heat treatment was followed by fatigue testing with a pulsating load frequency of 30 Hz
and the loading was set to a ratio R of 0.05, resulting in a Wöhler curve seen in figure 9. Static
tests until fracture were also performed. The experimental configuration, the same as used in
this thesis is explained in more detail in section 4.2.

Figure 9: Fatigue data for the 22 teeth gear [1].
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The hardness of the gears was measured in the root, top and flank in order to determine the
hardening depth and hardness profile. The measurements were done according to figure 10 c),
resulting in values seen in figure 10 a) and 10 b). The case hardening depth was defined as 550
HV.

Figure 10: a) Hardness measurements at the root, flank and top. b) Data from hardness measurements. c)
Picture describing the measurement configuration [1].
Residual stress measurements were conducted with x-ray diffraction. Measurements on the
gear flank in the axial direction were seen as most accurate and therefore included here. The
position is located at the center and edge of the flank, where repeated measurements were
conducted. Because of the large difference between the different measurements, the average
for both center and edge was used, seen in figure 11.

Figure 11: Residual stress measurements at the flank’s edge and center in the axial direction [1].
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The heat treated gear was also cut and etched. The microstructure of the case hardened gear is
seen in figure 12. The retained austenite was estimated from the microstructure, resulting in 525 % retained austenite.

Figure 12: Microstructure of cut and etched gear [1].
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3 Finite element modeling
Two finite element simulations are used in order to predict the stress outcome. A fatigue testing
simulation simulating the applied load and a heat treatment simulation, simulating the case
hardening process. The finite element modelling are performed within the same software
Abaqus 2018 and uses the same FE-mesh in order to facilitate direct superposition of the
stresses from the simulations. This method avoids interpolation of stresses between different
meshes.

3.1 Case hardening simulation
The aim of the case hardening simulation is to simulate the case hardening process. The heat
treatment simulation is performed in Abaqus by using a commercial subroutine (UMAT),
DANTE [14]. Symmetry is used in order to reduce computation time. One fourth of a gear is
modelled according to figure 13 below, where 95 440 linear elements are used.
The mesh needs to be denser closer to the surface in order to capture the carbon concentration
gradient. This has deliberately been done further down what normally would have been
expected in a case hardening simulation, seen in figure 13. The purpose was to catch the
gradient when optimizing the case hardening depth.

Figure 13: Mesh used in the case hardening simulation, where one fourth of a gear was used.
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The case hardening process was divided into three sub simulations, carbon diffusion, thermal
simulation and mechanical simulation. These simulations are based on composition from the
specific steel used in this thesis, see table 1 in chapter 2. The material used in the simulations
are AISI 9317, a material with another name but with the same composition emanating from
DANTE built in library.

Carbon diffusion
The diffusion of carbon into the material uses a modified form of Arrhenius equation,
incorporating the effect of alloying elements on carbon diffusion into austenite [15]. The mass
diffusion model use the austenitization temperature, as the temperature of the material.

Thermal simulation
During quenching the quenching medium is incorporated as a film property, controlling the
convention of the surface as a function of surface temperature. The oil used is a Quenchway
125 B with data from [16]. It is assumed that local variation for different companies and the
age of the oil are negligible. The fraction of martensite and retained austenite is controlled by
the so-called Koistinen-Marburger equation.
f = 1 - exp(k(M s - T))

(1)

Where f is the volume fraction, T is the temperature and k is a constant. For the diffusiondependent phases a second equation, including time dependency is used.

Mechanical simulation
The fraction of the microstructural phases, together with temperature, carbon and thermal
expansion results in induced transformation strain. The transformation strain is then combined
with strain from plastic deformation, resulting in residual stresses. The hardness is calculated
using a linear mixture rule, using the hardness of the individual microstructural phases.
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Comparison of heat treatment simulation and
experimental results
The heat treatment simulations are compared against experimental results described in section
2.3. The purpose is to visualize any differences between the experimental results and the
simulations. Then, if required, changes in the case hardening simulation can be implemented
in order to better fit the experimental data.
The hardness profile at the root, top and flank based on simulation, was illustrated in the same
diagram as the Vickers tested one, seen in figure 10 section 2.3. The same path was located and
used in the simulation as the measured hardness, resulting in figure 14.

Figure 14: Hardness testing from section 2.3 compared with simulated hardness. Positions for the core
hardness in table is emanating from figure 10 c) section 2.3.
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The same approach for the residual measurements was also conducted, as seen in figure 15,
where the measurement in the case hardening simulation underestimated the compressive
residual stresses with approximately 70 MPa at the center. The measurements was taken at the
surface according to figure 11 in section 2.3.

Figure 15: Residual stress measurements from section 2.3, compared with conducted simulations.
The outcome for two of the different microstructural phases is seen in figure 16, where the
model is cut in the plane perpendicular to the axial direction.

Figure 16: Retained austenite and martensite fraction at the surface of the simulated gear.
It can be seen that the retained austenite increases from the case to the surface where it reaches
a maximum austenite level of 15.6% at the top of the teeth. Martensite has the opposite
characteristics in the sense that it increases from the core and reaches a minimum at the top.
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3.2 Fatigue testing simulation
The aim of the fatigue testing simulation is to introduce mechanical loads that represent forces
used in the experimental tests. The model is constructed by tooth segments used in the case
hardening simulations that enables direct superposition of stresses. To reduce computation
time the model was divided into coarse and dense meshes, where the main area of interest in
the model was dense, seen in figure 17. This decreased the number of elements in the model,
which resulted in a total number of elements of 591 280.

Figure 17: Mesh for fatigue testing simulation, constructed by tooth segments.
The indenter was modelled as an elastic solid, assumed to have the same young’s modulus as
the gear. The contact is considered frictionless and uses the augmented Lagrange formulation
for contact constraint enforcement. The stress, together with stresses from the case hardening
simulation are then used for predicting fatigue life in the probabilistic model.
The entire model in the mechanical simulation uses symmetry to reduce computation time,
seen in figure 18. One node is constrained in the x-direction to avoid rigid body motion of the
gear. The intender load Fy is applied at one node and uses coupling constrained to distribute
the load over the intender surface. The load Fx parallel to the top surface of the intender
provides contact between intender and gear.
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Figure 18: Constraints and boundary conditions used in the fatigue testing simulation.
The material parameters used for both the intender and the gear is obtained from table 2 in
chapter 2. It is assumed that the mechanical properties of the gear and indenter are
homogenous, i.e. the case and core have the same properties. This can be related to the fact
that the case hardening and the fatigue testing simulation are separated as previously stated, i.e.
a hypothetical combination would mean that the gear wouldn’t be homogenous in the fatigue
testing simulation.
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3.3 Case hardening optimization
The comparison between the simulated hardness and tested gear’s hardness in section 3.1.4,
resulted in similar outcome. This validates its use in a simulation with the objective to optimize
the hardening depth. The optimization used only the case hardening simulation, with the
assumption that the residual stresses solely depends on the case hardening process. It was
further assumed that the fatigue strength followed the residual stress in the sense that a
maximum in residual stresses resulted in a maximum in fatigue strength i.e. fatigue limit.
The carburizing time was chosen as the control parameter in order to stay in between the
recommended temperature interval avoiding grain growth, see section 2.2.4, and to keep
number of influencing parameters as low as possible. The result from an increase in carburizing
time is seen in figure 19, where a maximum in compressive residual stresses occurred at a
carburizing time of 300 min. The diagram continues until it reaches the symmetry line of the
tooth, a condition where the gear teeth is completely hardened.

Figure 19: Normal compressive residual stresses in relation to case hardening depth and carburizing time.
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The stresses used in figure 19 originate from the normal compressive residual stress at the
surface perpendicular to the path according to figure 20 a). For the placement of the path in
relation to the width of the gear, the center was used, seen in figure 20 b). The case hardening
depth is located for every residual stress measurement, according to previous diagrams for root
hardness.

Figure 20: a) Measurement point at the surface for normal compressive residual stresses. b) Placement of the
path.
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4 Fatigue testing
4.1 Case hardening

Figure 21: Carburizing times, 300 and 660 min from left to right.
The small difference in value between the residual stresses from the increase in case depth
according to figure 19 in section 3.3, determined a selection in carburizing time that would
guarantee noticeable changes in the fatigue results. This led to the selection of 660 min as a
reference to 300 min, seen in figure 21. Together with the previously conducted fatigue test in
section 2.3, a carburizing time of 60 and 660 min will surround the 300 min carburized gear
according to figure 19 in section 3.3.
When case hardened, all heat treatment parameters except the carburizing time was kept the
same, seen in table 5. The oil temperature was set to 60 o C , the same oil temperature as
previous heat treated gear in section 2.3.
Carburizing

Tempering

Time

Carbon content

Temperature

Time

Temperature

300 min

0.75%C

840 °C

60 min

170°C

660 min

0.75%C

840 °C

60 min

170°C

Table 5: Heat treatment parameters used when case hardening, where bold characters represents a change in
the heat treatment process.
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4.2 Testing configuration

Figure 22: Testing configuration used for all the test series.
The machine used in the testing segment was a servo-hydraulic testing machine MTS 30 kN.
The gear was attached over four teeth between two hardened steel segments. The attachment
between both teeth were adjusted by four hex socket bolts, connected to two steels plates and
a sphere in the center, seen in figure 22. This configuration allowed small adjustments of the
two steel segments, resulting in full contact between both teeth.
The control system used to control the machine was MTS FlexTest 60, an electronic control
system performing sinusoidal load in the vertical direction, which was set to 30 Hz. The
pulsating ratio R = F min / F max , was set to 0.05. This was done in order to avoid loss of contact
between both steel segments. In the static tests performed, the static load was set to 0.005
mm/s. The gears were loaded until failure occurred, by a position controlled loading.
For each gear tested, the maximum number of test for each gear was set to 4 by rotating the
gear one or two teeth after a performed fatigue test. It was assumed that the fatigue life was
unaffected by this procedure. Surviving gear teeth specimens were not reused in order to avoid
an overestimate of the fatigue limit. The fatigue testing resulted in the failure of the upper gear
tooth in the majority of the tests done, indicating that the testing procedure wasn’t perfect.
This could have resulted in an underestimated fatigue strength.
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4.3 Fatigue testing results
To relate to previously tests, Wöhler diagrams were used. A Wöhler diagram uses a logarithmic
scale in order to visualize number of cycles to failure and the maximum force.
Usually three regimes are identified in a Wöhler diagram. The first regime, the static regime,
extends from static loading to fatigue life for a cycle number around 100 creating a “knee”.
This is characterized by an almost constant relation between the applied load, F max and the
number of cycles N . The second regime is characterized by the finite life regime, described
by the Basquin relation.

F max ( N )= CN -b

(2)

The relation is determined by using the observed mean combined with the method of least
squares in order to estimate the parameters C and b.
The last regime, the fatigue limit regime represents infinite life. This is a condition where the
specimen will survive an infinite number of cycles, here defined as surviving 2 million cycles.
The fatigue limit is determined using the two point testing strategy, assuming that the fatigue
limit is normal distributed [17]. All three regimes can be written according to equation 3.

F

max

 Fs
( N )= CN -b
 Fe


if N ≤ N s
if N s ≤ N e ≤ N s
if N ≥ N e
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(3)

Figure 23: Wöhler diagram for a carburizing time of 300 min.
The Wöhler diagram for the carburizing time of 300 min can be seen in figure 23. In the static
regime the specimens were observed to fail in the range 4.42-4.80 kN. In the finite life regime
the exponent b=0.144 and the constant C=10.07 kN were determined.
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Figure 24: Wöhler diagram for a carburizing time of 660 min.
Carburizing time of 660 min is seen in figure 24. In the static regime the specimens were
observed to fail in the range 4.14-4.58 kN. In the finite life regime the exponent b=0.123 and
the constant C=8.53 kN were determined.
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Figure 25: All the test series illustrated in the same Wöhler diagram.
All the test series were illustrated in the same Wöhler diagram in order to visualize any
differences between the different carburizing times. It can be seen in figure 25 and table 6 that
the fatigue limit for both case hardening depths has increased compared to previous Wöhler
diagram in section 2.3 where a carburizing time of 60 min was used. A difference can also be
seen in the static regime where a large decrease in force is noticeable for 300 and 660 min
compared to a carburizing time of 60 min. This decrease is maintained until it reaches a low
force value, close to the fatigue limit.
Results
Time

Fsmax

b

C

Femax

60 min
300 min
660 min

5.45 kN
4.61 kN
4.41 kN

0.182
0.144
0.123

15.42 kN
10.07 kN
8.530 kN

2.0 kN
2.385 kN
2.20 kN

Table 6: Fatigue results for all test series.
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5 Hardness testing and microstructural
composition
5.1 Hardness Testing
Hardness testing was done with the intent to compare the heat treated gears with the completed
simulations. The testing was conducted at two different occasions with different gears from
the same batch. Before the tests were conducted, the gears were cut, cast into plastic and
polished. For all the testing done, an accurate placement of the path was not possible according
to previous hardness testing for the carburizing time of 60 min. Therefore the path was
localized afterwards with the use of a microscope, to get the correct path implemented in the
heat treatment simulations.

Figure 26: a) Path for 300 min with semi-automatic machine. b) Path for 660 min with semi-automatic
machine. c) Path for 300 and 660 min with manual indentation.
The first one was done with a fully-automatic machine at the root, center of root, top and flank.
For the carburizing time of 300 min, a measure for the top of the tooth was not conducted,
seen in figure 26 a). The testing of the 300 min gear was also conducted with a gear previously
tested at the fatigue limit, which means that retained austenite transformation could affect the
result. A zigzag path was implemented for 660 min, to avoid too close indentation, seen in
figure 26 b). The testing data is then compared with the simulated results according to figure
27, 28.

Figure 27: Hardness testing with semi-automatic machine at the root, flank and root center for a carburizing
time of 300 min.
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Figure 28: Hardness testing with semi-automatic machine at the root, flank, top and root center for a
carburizing time of 660 min.
For the second one the testing was done manual by gradually increasing the distance from the
surface. The flank and center of the root was measured in a zigzag pattern according to figure
26 c). The first indent was done with HV 0.5 and the rest with HV 1, where a lower load at
the surface was used to enable a near–surface measurement. The testing equipment was also
verified against a test piece before the measurements were conducted. The testing data is then
combined with the simulated results according to figure 29.

Figure 29: Hardness testing with manual indentation at the root center and flank for 300 and 660 min
respectively.
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5.2 Microstructural composition
A metallographic investigation of the microstructure was conducted. This was done in order
to give an estimate of the retained austenite and the martensitic content near the surface. The
gears where prepared in the same way as the hardness tested ones according to 5.1. A further
step, etching was added, visualizing grain boundaries and different microstructural phases.
Figure 30 shows the surface structure at the root center for both 300 and 660 min, where a
magnification of 400x is used.

Figure 30: Surface structure at at the root center for: a) 300 min. b) 660 min.
For both the carburizing times, the retained austenite was estimated to be around 30-40 %.
The core consisted of martensite mainly.
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Figure 31: a) Austenite for a carburizing time of 300 min. b) Austenite for a carburizing time of 660 min.
For the case hardening simulation the retained austenite was determined to be 13.9 % at the
root center for 300 min according to figure 31 a). For 660 min it was determined to be 14.8 %,
seen in figure 31 b).
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6 Probabilistic modeling
6.1 Effective fatigue stress
The effective fatigue stress used in the probabilistic model is based on the largest principal
stress evaluated during the complete load cycle. The effective stress is aside from the amplitude
stress also based on a mean stress effect according to equation 4.

σ eff = σ a + σ m ⋅ k

(4)

Where σ a is the amplitude stress, σ m is the median stress and k is a mean stress sensitivity
factor. It is well known that the fatigue outcome is affected by the mean stress and hardness
of a component. The hardness relation has been formulated according to equation 5 [18].
k=

HV
1000

(5)

Where HV is the Vickers hardness divided by a constant. The amplitude stress and median
stress are represented by equation 6 and 7.
1
σ m = max [σ k ( t 2 )+ σ k ( t 1 )]
2 k

(6)

1
max [σ k ( t 2 ) - σ k ( t 1 )]
2 k

(7)

=
σa

Where t 2 and t 1 represents loading and unloading and k represents the principle directions 1,
2 and 3. During a load cycle the largest principal stress at loading σ k ( t 2 ) and unloading σ k ( t 1 )
are identified from the eigenvalues of the stress tensor σ and implemented in equation 6 and 7.
The effective fatigue stress is only suitable for stress states close to uniaxial as the multiaxial
effects are neglected. For the present problem, bending stresses dominate at the gear tooth,
therefore supporting a use of a uniaxial criterion.
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6.2 Weakest link modeling
The probability model is based on the weakest link theory outlined in the prominent paper by
Weibull [19]. The theory is based on micro and macro-structural inhomogeneities, considered
to influence the failure behavior of a given material. In the material these are interpreted as
distributed defects. The location, size and orientation of the defects varies in the material. These
defects together with local stresses results in failure of a material.
The theory is based on assumptions related to the defects in the material:
•

Failure will occur if the strength of a material point is exceeded by local stresses. This
assumption can be developed to include failure of a sub volume. If the applied stresses
in a sub volume are larger than the strength of a sub volume, failure will occur.

•

No interaction between defects, i.e. each sub volume is treated independently.

•

If failure in one sub volume occur, the whole component will fail.

This sums up to the equation below that shows the unmodified weakest link equation.

  ( σ eff - σ th ) m dV 

pf = 1- exp - ∫ 

σu
V
 V

ref




(8)

The probability of failure of a sub-volume is controlled by the effective stress, acting on an
infinite small subvolume dV . The failure within the sub volume depends on the Weibull
location parameter σ u , a scale parameter controlling the location of the distribution. Another
depending factor is threshold stress σ th , a stress level for which failure does not occur. The
Weakest link model also includes an arbitrary chosen reference volume Vref for dimensional
consistency and the Weibull exponent m , a scatter parameter.
The Weibull exponent gives an estimate of the distributed defects in a sub volume, where lower
values results in increased scatter. A deterministic model without scatter is attained for m values
reaching an infinite value.
In order to make the weakest link model useful for finite life, it needs to be modified to account
for service life, i.e. computing the probability of failure at a specific load level and for a specific
number of cycles to failure in the finite life regime. Thus, a dependency for the number of
cycles on the Weibull location parameter σ u ( N ) is introduced using Basquin relation [20].

 e  N  -b
σ
σ u ( N )=  u  N e 
σ e
 u

if N ≤ N e
if N ≥ N e

32

(9)

Where σ eu is the Weibull location parameter at the fatigue limit and N e is the number of cycles
at the fatigue limit.
The same approach was also used for the Weibull exponent in equation 10. It was assumed
that the scatter increases with the number of load cycles to failure. This was implemented by
taking the decrease in scatter into account for lower N at N e , where the Weibull exponent at
the fatigue limit is m e .

  N  -b
m
m( N )=   N e 
m
 e

if N ≤ N e

(10)

if N ≥ N e

The dependency on the number of cycles to failure is then included in equation 8 forming a
modified version of the weakest link theory, including both the finite life and fatigue limit
regime, equation 11. As seen the threshold stress is omitted, resulting in a reduced number of
parameters in the weakest link model.
m( N )

  σ

dV 
eff
1- exp - 
 if N ≤ N e

∫
Vref 

 V  σ u ( N ) 


pf = 

  σ eff  m dV 
1exp
if N ≥ N e

-∫ 


σ
V
u
ref




V



(11)

Due to the use of symmetry, the stresses provides the probability of failure for one fourth of a
gear. Therefore equation 12 is used, where p section is the probability of failure for the studied
section and N sec =4 the total number of sections.
pfGear = 1- (1- p section )N sec

(12)

The modified weakest link theory can be developed further to include the dependency on
hardness. It has been tested that harder materials show more scatter concerning the fatigue
limit than softer materials [21]. This behavior has been left out because the hardness is the
same at the surface for the different carburizing times, according to the case hardening
simulations.
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6.3 Determination of Weibull parameters
The Weibull parameters were determined by adjusting the parameters of the failure probability
model pfmodel , so that the residual of the total error R is minimized. This is done with the
intention to fit the model in the best way to the experimental data pfexp . The end result will be
that the sum of errors R 2 , is minimized for all the probability models in relation to the
experimental probabilities according to equation 13.
n

R 2 = ∑ ( pfmodel,i - pfexp,i )2

(13)

i

The equation is evaluated for a load and probability level i, at a number of different levels n.
The probability levels were evaluated at the fatigue limit, where the experimental probabilities
for failures pfexp,i was set to 25%, 50% and 75%. Normally gradient methods are used to fit
pfmodel,i to the experimental probabilities, however in this thesis an algorithm called fmin from

the scipy library was carried out in Python. The algorithm minimizes a function using the
downhill simplex algorithm [22].
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6.4 Weakest link evaluation
The weakest link parameters were found by the use of the estimated probabilities of the
experimental data and by minimizing the residual formulated according to section 6.3. The
reference volume was set to the volume of the gear Vref = 364.76 mm 3 . The stress was extracted
from the volume where tooth root failure where assumed to occur. The weakest link
parameters where used in three cases minimizing the residual for all the carburizing times see
table 7.
Calibrated
against
60 min
300 min
660 min

σ ue [MPa]

me

b

Ne

233
182
155

9.5
5.9
5.4

2.7
1.7
2.6

170 000
70 000
300 000

Table 7: Weakest link parameters as a result of minimizing the residual.
The parameters for the carburizing time of 60 min were used with the effective stress for 300
and 660 min. This was done in order to investigate if the model is capable of predicting the
fatigue outcome for the whole interval, ranging from a carburizing time of 60 to 660 min
without performing time consuming testing. The predicted fatigue outcome was then
compared with the individual minimized residual for 300 and 660 min. The yield stress from
table 2 in chapter 2 was used to calculate the force where the yield stress is exceeded. It was
determined to be for a force between 2.7-2.8 kN for all the carburizing times in the finite life
regime.

Figure 32: Minimized residual for a carburizing time of 60 min.
For the carburizing time of 60 min the fatigue limit is calibrated with a smaller Weibull
exponent compared to previous studies [19], thus larger scatter. For the finite life regime the
results are slightly under, increasing at 2.7 kN.
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Figure 33: a) Minimized residual for a carburizing time of 300 min. b) parameters from 60 min used with
stresses from a carburizing time of 300 min.
Minimizing the residual for a carburizing time of 300 min resulted in approximately the same
results as the time of 60 min, except for larger scatter seen in figure 33 a) and in table 7. The
parameters from a carburizing time of 60 min resulted in an under predicted fatigue limit
compared to the raw fatigue data, seen in figure 33 b).

Figure 34: Minimized residual for a carburizing time of 660 min. b) Parameters from 60 min used with
stresses from a carburizing time of 660 min.
The last carburizing time resulted in the same result as the previous carburizing time, a under
predicted fatigue outcome for stresses used with parameters from a carburizing time of 60 min
seen in figure 34 b). The indivudual calibrated resulted in the same fatigue limit as the raw
fatigue data according to figure 34 a).
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7 Conclusions
The optimization of case hardening depth for small gears resulted in a theoretical maximum of
compressive residual stresses at the surface. The fatigue testing resulted in an increase in the
fatigue limit by approximately 20%, with the agreement of the determined maximum for
residual compressive stresses. This agreement was for both the tested and previously tested
gear. The measured hardness from the previously tested gear of a carburizing time of 60 min
indicates that the hardness and residual stresses for the simulated model was accurately
determined. The residual stress measurements can afterwards be seen as untrustworthy, in the
sense that large scatter were observed with few measurements conducted.
Hardness testing showed that the simulations underestimate the hardness for both tested gears,
also that the retained austenite compared to the simulated one is larger, resulting in a drop in
hardness at the surface. This drop in hardness could also be the result of grain boundary
oxidation, which wasn’t examined in this thesis. The hardness testing conducted resulted in
different result depending on what method was used. The manual method was verified before
testing which makes it more trustworthy.
The determined force interval exceeding the yield strength, indicates that plasticity occur. The
mechanical simulations and thus the effective stress used in this thesis is therefore not reliable
for larger forces exceeding the determined interval.
The weakest link model indicates that it isn’t reliable for accurately determining the fatigue
outcome beforehand for the whole interval, with regard to determined fatigue limit. This could
however be the cause of a too low mean stress sensitivity factor.
The weakest link model could in a future implementation use another effective stress method
such as critical plane effective stress. Another future implementation could be to take grain
boundary oxidation into consideration in the case hardening simulation and repeat the
evaluations of the fatigue strength.
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