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Abstract

Most state-of-the-art satisfiability algorithms today are variants of the DPLL
procedure augmented with clause learning. The two main bottlenecks for such
algorithms are the amounts of time and memory used. Thus, understanding
time and memory requirements for clause learning algorithms, and how these
requirements are related to one another, is a question of considerable practical
importance.

In the field of proof complexity, these resources correspond to the length
and space of resolution proofs for formulas in conjunctive normal form (CNF).
There has been a long line of research investigating these proof complexity
measures and relating them to the width of proofs, another measure which has
turned out to be intimately connected with both length and space. Formally,
the length of a resolution proof is the number of lines, i.e., clauses, the width
of a proof is the maximal size of any clause in it, and the space is the maximal
number of clauses kept in memory simultaneously if the proof is only allowed
to infer new clauses from clauses currently in memory.

While strong results have been established for length and width, our
understanding of space has been quite poor. For instance, the space required
to prove a formula is known to be at least as large as the needed width, but it
has remained open whether space can be separated from width or whether the
two measures coincide asymptotically. It has also been unknown whether the
fact that a formula is provable in short length implies that it is also provable
in small space (which is the case for length versus width), or whether on the
contrary these measures are "completely unrelated" in the sense that short
proofs can be maximally complex with respect to space.

In this thesis, as an easy first observation we present a simplified proof
of the recent length-space trade-off result for resolution in (Hertel and
Pitassi 2007) and show how our ideas can be used to prove a couple of other
exponential trade-offs in resolution.

Next, we prove that there are families of CNF formulas that can be proven
in linear length and constant width but require space growing logarithmically
in the formula size, later improving this exponentially to the square root of the
size. These results thus separate space and width. Using a related but different
approach, we then resolve the question about the relation between space and
length by proving an optimal separation between them. More precisely, we
show that there are families of CNF formulas of size O(n) that have resolution
proofs of length O(n) and width O(1) but for which any proof requires space
Omega(n/log n). All of these results are achieved by studying so-called pebbling
formulas defined in terms of pebble games over directed acyclic graphs (DAGs)
and proving lower bounds on the space requirements for such formulas in
terms of the black-white pebbling price of the underlying DAGs.
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Finally, we observe that our optimal separation of space and length is in fact
a special case of a more general phenomenon. Namely, for any CNF formula
F and any Boolean function f:{0,1}^d->{0,1}, replace every variable x in F
by f(x_1, ..., x_d) and rewrite this new formula in CNF in the natural way,
denoting the resulting formula F[f]. Then if F and f have the right properties,
F[f] can be proven in resolution in essentially the same length and width as
F but the minimal space needed for F[f] is lower-bounded by the number of
variables that have to be mentioned simultaneously in any proof for F.
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