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Abstract
Additive interaction can be of importance for public health interventions
and it is commonly deﬁned using binary exposures. There has been expansions of the models to also include continuous exposures, which could lead
to better and more precise estimations of the effect of interventions. In this
paper we deﬁne the intervention for a continuous exposure as a monotonic
function. Based on this function for the interventions we prove that there is
no model for estimating additive interactions with continuous exposures for
which it holds that; (i) both exposures have marginal effects and no additive
interaction on the exposure level for both exposures, (ii) neither exposure
has marginal effect and there is additive interaction between the exposures.
We also show that a logistic regression model for continuous exposures will
always produce additive interaction if both exposures have marginal effects.
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1

Introduction

For some diseases and traits, a combination of factors is required for the diseases to occur,
and factors can also modify each others effect, and signiﬁcantly increase or decrease in
strength. In epidemiological and social science research much work has been focused on
ﬁnding and estimating such effects [20, 28, 32]. For example smoking combined with the
genotype HLA-DRB1 SE substantially increases the risk for Rheumatoid Arthritis [11].
However, the exact mechanisms and potential mechanistic interactions are in general hard
to deﬁne and impossible to estimate from data. This is referred to as biological, or sufﬁcient
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cause, interaction among others, and does not necessarily imply that some mechanisms
behind the factors are directly interacting, such as a chemical reaction [20, 28].
Statistical interaction on the other hand has a clear deﬁnition, it is when the effect from
one exposure depends on the level of another exposure [20, 28]. Statistical interactions are
scale dependent and different scales can lead to different conclusions. An example is the
interaction between smoking and asbestos on the risk of lung cancer where the risk from
asbestos is higher for nonsmokers than for smokers on the ratio scale, however the opposite
is true on the additive scale [20].
For public health it can be argued that the additive scale is the preferred scale as it
leads to the most effective interventions when choosing which group to intervene upon
[1, 4, 20, 21, 23, 33]. The additive scale is also connected to the sufﬁcient-cause model,
where the presence of interaction on the additive scale implies interaction in the sufﬁcientcause model, and thereby that both factors are involved in the causal pathway [28, 30, 32–
34].
Most research on additive interaction have focused on binary exposures with few papers in the literature related to additive interaction using continuous exposures [3, 12, 13,
29, 31]. Instead of dichotomizing the continuous exposures, as in [3, 29], in the ideal case
the ideal model would use the continuous exposures directly. Such an approach could improve the models and lead to new insights, as dichotomizing can cause a loss of information
[22].
We will show in this paper that there is no model for additive interaction with continuous exposures that met the criteria for a suitable model. Our result also implies that the
models with continuous exposures for additive interaction in [12, 13, 31] are ﬂawed.
In Section 2 we summarize some of the background for interaction when the exposures
are binary. Then in Section 3 we will deﬁne interventions and interaction for continuous
exposures. In that section we also show the main result; that there is no model that can
meet the criteria for a suitable model.

2

Interaction with Binary Exposures

We are going to start with a summary of the background for additive and multiplicative
interaction with binary exposures. Let D denote a binary outcome, e.g., disease, and let
X and Y be two binary exposures. We assume that there is adjustment for confounding, and that after the adjustment there is no confounding, this is know as the conditional
exchangeability assumption [28].
Using the potential outcomes model [8, 25], and with exposure levels set to X = x
and Y = y let
px,y = P (D = 1|X = x, Y = y).
(2.1)
We make two additional assumptions; First, for the causal effects to be identiﬁable we
require the positivity assumption to be true, i.e., that no px,y is either zero or one [17, 28].
Second, the effect of the exposures needs to be consistent for all individuals [18, 28];
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Formally, if we would intervene upon an exposure for an individual the effect on D would
be the same as if the individual would have had that exposure level in the ﬁrst place [18].
To make it easier to interpret and to be able to estimate the additive interaction in casecontrol studies relative risks (RR) and odds ratios (OR) are used instead of the probabilities.
The relative risks can be approximated with odds ratios either if case-control data is used
and the rare disease assumption is met or if certain study designs are used [14]. Note
that the rare disease assumption applies to the risk in all stratas studied, and not only the
prevalence in the general population as a rare disease in the general population might not
be rare in some speciﬁc strata.
The relative risks and odds ratios for the exposures X = x and Y = y with the
reference group ref are
px,y
RRref
(2.2)
x,y =
pref
and
ORref
x,y

=

px,y
1−px,y
pref
1−pref

.

(2.3)

We now deﬁne what interventions on binary exposures are based on previous literature
[20].
Deﬁnition 2.1: Intervention on binary exposure
We deﬁne the intervention on the binary exposures X and Y as changing the population’s
exposures with some binary values xd and yd respectively from the reference level x0 , y0 .
Then
px0 +xd ,y0 +yd − px0 ,y0
is the effect of the intervention.

(2.4)
�

As mentioned in the Introduction, interactions are scale dependent, and the two most
common scales are multiplicative (ratio scale) and additive. As the name suggests, in the
multiplicative model for interaction there is interaction if the effect for the doubly exposed group does not follow multiplicative scaling, while in the additive model there is
interaction if the effect does not follow additive scaling. The main criticism against multiplicative interaction is that it is not connected to any actual interaction on the biological
level [20, 31]. However one could make similar arguments against additive interaction, as
even if additive interaction implies sufﬁcient cause interaction, sufﬁcient cause interaction
does not imply any chemical or biological interaction [20]. Additive interaction can occur
without interaction, for instance from competition between exposures, e.g., an individual
can not die from cancer if they died in a car crash [6]. It is recommended that both additive
and multiplicative measures are estimated in studies [15, 31].
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2.1

Multiplicative Interaction

The multiplicative interaction measure between two exposures is deﬁned as the following
[20, 31].
Deﬁnition 2.2: Multiplicative interaction
The multiplicative interaction measure for two exposures is
M=

p11 p00
.
p10 p01

(2.5)
�

If the measure is one then there is no multiplicative interaction. Expressed using relative risks, multiplicative interaction is
M=

RR11
.
RR10 RR01

(2.6)

The reference group for the relative risks are cancelled out so the choice of reference does
not matter, and the value of the measure also is the same as when probabilities are used.

2.2

Additive Interaction

Additive interaction can be derived based on interventions [20]. If we would intervene on
Y by setting Y = 1, for either the individuals with X = 0 or with X = 1, in which
group would the intervention have the most effect? The effect for X = 0 is p01 − p00
and the effect for X = 1 is p11 − p10 ; thus the difference between these two effects is
(p01 − p00 ) − (p11 − p10 ). Rearranging leads to the interaction contrast (IC),
IC = p11 − p10 − p01 + p00 .

(2.7)

IC measures the amount of additive interaction: if there is no difference between the
effects (i.e., no additive interaction) then the contrast is zero. If there is interaction on
the additive scale then IC represents the effect that is lost (or gained) by intervening on
the wrong (or correct group). Negative IC is referred to as subadditive interaction while
positive IC is referred to as superadditive interaction [30]. An interesting note is that it
does not matter whether the intervention is considered on X or Y , or if the intervention is
to set the exposure to zero or one, the value of IC is the same, only its sign changes.
Additive interaction can also be derived from the sufﬁcient cause model and different
inequalities using IC can also imply various types of sufﬁcient cause interaction, such as
synergism between X and Ȳ [20, 28, 32]. IC �= 0 implies the presence of interaction, but
is not a necessary condition, as there can be interaction in the true underlying sufﬁcient
cause model even if IC = 0 [20].
Using relative risks for additive interaction the following measures of additive interaction can be derived from the IC [20].
00
00
RERI = RR00
11 − RR10 − RR01 + 1
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RERI
RR00
11

(2.9)

RERI
RR00
11 − 1

(2.10)

AP =
AP∗ =

The interpretation of the relative excess risk due to interaction (RERI) is similar to that
of IC. RERI measures how much more, or less, risk there is in the doubly exposed group
compared to if there was no additive interaction [20]. The attributable proportion(AP) is
the proportion of the disease in the group with both exposures that is due to the interaction,
while AP∗ is the proportion of the effect that is due to interaction [27]. In other words
the two AP measures tells us what proportion of the outcome is caused by the interaction.
Similar measures can also be calculated for the exposures themselves, e.g., how much of
the disease is caused by exposure to x alone [10, 27].
The measures are deﬁned using p00 as the reference group and the exposures as harmful. In the case any exposure is protective the reference group needs to be switched so that
all the relative risks are risk ratios, otherwise the interaction measure can be incorrect and
misleading [16].

2.3

Modeling Relative Risks and Odds Ratios

There are several possible ways to model the probabilities, relative risks or odds ratios. Following [5] with some changes and some abuse of notation we deﬁne two possible forms for
the models. With r(x) as a risk, rate, odds or similar, the additive form and multiplicative
form of the model are
r(x) = α + xβ
(2.11)
and
r(x) = α(1 + xβ).

(2.12)

The difference between the models is the effect of the parameters; if r(x) changes in
an additive way (ﬁrst equation), or multiplicative way (second equation). Note that the
additive form of the model in Equation 2.11 is the one implied by “no causal interaction”
in Rothman’s model for causality [5, 20]. Under certain conditions, depending on the
covariates, models of the multiplicative form can be used to make inferences even if the
true model’s form is additive [5].

Logistic Regression
Odds ratios are often modeled and adjusted for confounding by using logistic regression
with the model shown below [2, 9, 20, 31].
�
�
px,y
= α + β1 x + β2 y + β3 xy
ln
(2.13)
1 − px,y
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The logistic regression model is a multiplicative model since the logarithmic transformation means that the coefﬁcients have a multiplicative effect on the odds. With the
logistic model the corresponding measures, with the unexposed group as reference, for
additive interaction are:
RERILR = eβ1 +β2 +β3 − eβ1 − eβ2 + 1
APLR =

eβ1 +β2 +β3 − eβ1 − eβ2 + 1
eβ1 +β2 +β3

(2.14)
(2.15)

eβ1 +β2 +β3 − eβ1 − eβ2 + 1
(2.16)
eβ1 +β2 +β3 − 1
Testing for the presence of additive interaction using logistic regression can not be
directly done by testing the interaction coefﬁcient, β3 , since β3 = 0 does not have to
imply that interaction on the additive scale is not present [9, 24]. Instead other methods
such as the delta method [9], bootstrap methods [2] or MOVER [39] can be used. It is
worth noting that methods using the delta method have shown worse accuracy for the
conﬁdence interval in simulations than other methods [2, 39]. Also, the logistic model
can have problems when including covariates without also including the interaction terms
between the exposures and the covariates. If this is the case, it implies there is additive
interaction between the exposures and the covariates [7, 24].
AP∗LR =

Linear Odds
The linear odds model, Equation 2.17, is an alternative to logistic regression, which is
additive instead of multiplicative. The linear odds model uses the odds instead of the log
odds like the logistic model,
px,y
= a + b1 x + b2 y + b3 xy.
1 − px,y

(2.17)

The linear odds model is useful for assessing additive interaction since when used
together with AP∗ the additive interaction measures does not have the problems of misspeciﬁcation and uniqueness [24]. However, the downside is that this model can lead to
negative odds and fail to converge [24, 37, 38]. Furthermore, the maximum likelihood
estimators can have problems when used with continuous covariates [37].
With the linear odds model, and the unexposed group as reference, the additive interaction measures are:
b3
RERILO =
(2.18)
a
b3
(2.19)
APLO =
a + b1 + b2 + b3
AP∗LO =
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The presence of additive interaction in the measures only depend on b3 . Testing b3 �= 0
is simple since the coefﬁcients are normally distributed and the test can be done with a Wald
test or using bootstrap methods [19, 24, 36].

3

Interaction with Continuous Exposures

For this section we will be using the continuous exposures G and E instead of the binary
exposures X and Y as in the previous section. As we will see multiplicative interaction
is largely the same as in the binary case. However, we will show later in the section 3.2
that for additive interaction there is no suitable model for the probabilities when using
continuous exposures.

3.1

Multiplicative Interaction

The extension of multiplicative interaction to also cover continuous variables is straightforward. We are going to use logistic regression, since the multiplicative interaction is
independent of the covariates. Adapting Equation 2.6 with the logistic regression model
with the continuous exposures leads to
Mg,e =
=

eβ1 (g1 −g0 )+β2 (e1 −e0 )+β3 (g1 e1 −g0 e0 )
eb1 (g1 −g0 )+b3 e0 (g1 −g0 ) eb2 (e1 −e0 )+b3 g0 (e1 −e0 )
eβ3 (g1 e1 −g0 e0 )

(3.1)

eβ3 (e0 (g1 −g0 )+g0 (e1 −e0 ))

=eβ3 (g1 −g0 )(e1 −e0 ) .
Mg,e only depends on β3 assuming that g1 − g0 �= 0 and e1 − e0 �= 0 Mg,e . Therefore,
the presence of interaction and its direction can be tested with a Wald test or bootstrap
methods. Assuming that (g, e) is not random then because β̂ ∼ N (µβ , Σβ ) the conﬁdence
interval with conﬁdence level α for ln(Mg,e ) is:
CIln(Mg,e ) = (g1 − g0 )(e1 − e0 )(β̂3 ± λα/2 ŝβ3 ),

(3.2)

where the parameters, β̂3 , ŝβ3 are estimated from the data, and λα/2 is the normal quantile
for the conﬁdence level α. Since the exponential function is strictly increasing it follows
that
CIMg,e = e(g1 −g0 )(e1 −e0 )(β̂3 ±λα/2 ŝβ3 ) .

(3.3)

The conﬁdence interval is the smallest when the point g1 , e1 is close to the reference
point and increases exponentially as it moves away from the reference point.
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3.2

Additive Interaction

Additive interaction for continuous exposures can be derived in a similar manner as for
the binary case. However, the connection with the sufﬁcient cause model no longer holds,
since the sufﬁcient cause model is undeﬁned for continuous exposures [32].
We start by deﬁning the interventions on the exposures, which now have to be more
general instead of just setting the exposure to 1 or 0.
Deﬁnition 3.1: Intervention on continuous exposures
The intervention on the continuous exposures G and E are functions, IG (g) and IE (e), that
transforms the exposures for all individuals in the population. Let g0 , e0 be the individual’s
exposure levels. The effect of the intervention is then deﬁned as
pIG (g0 ),IE (e0 ) − pg0 ,e0 .

(3.4)
�

If G and E are binary then this would be equivalent to the binary deﬁnition since
the only two possible functions are to either remove the exposure, or expose everyone.
In the continuous case, a possible function for IG (g) and IE (e) could for instance be
that the intervention on X = x0 for some constant xd is IX (x0 ) = x0 − xd as used in
[12, 13, 31]. In this paper we will unless otherwise noted, set the interventions as some
strictly decreasing function.
Before deﬁning additive interaction for continuous exposures we will also deﬁne the
marginal effect of an intervention.
Deﬁnition 3.2: Marginal effect
The marginal effect from an intervention, IG (g0 ), on a continuous exposure G is deﬁned
as
pIG (g0 ) − pg0 .
(3.5)

An intervention, IG (g), has no marginal effect if

∀g0 ∈ R pIG (g0 ) − pg0 = 0.

(3.6)
�

Just as in the binary case we can derive the IC for the continuous case as the effect
difference between intervening on G on either the groups deﬁned by E = eA or E = eB ,
or intervening on E on the groups deﬁned by G = gA or G = gB . Formally
ICIG (g0 ),eA ,g0 ,eB = (pIG (g0 ),eA − pg0 ,eA ) − (pIG (g0 ),eB − pg0 ,eB )

(3.7)

ICgA ,IE (e0 ),gB ,e0 = (pgA ,IE (e0 ) − pgA ,e0 ) − (pgB ,IE (e0 ) − pgB ,e0 ).

(3.8)

and

However, in contrast to the binary case the additive interaction measure is no longer
unique, since instead of choosing between intervening on two different groups, based on
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a binary exposure, the scale is now continuous and there are multiple ways to deﬁne the
groups. Hence, there are several possible types of additive interaction.
We will start with the simplest case; the case when there is no additive interaction for
some single value of the exposure intervened upon. In other words, for that value of the
exposure it does not matter for the intervention what value to the other exposure takes.
Deﬁnition 3.3: Single additive interaction
There is single additive interaction for G = g0 with the intervention IG (g) if
∃eA , eB ∈ R ICIG (g0 ),eA ,g0 ,eB �= 0,

(3.9)

and for E = e0 with the intervention IE (e),
∃gA , gB ∈ R ICgA ,IE (e0 ),gB ,e0 �= 0.

(3.10)

With no single additive interaction being the opposite,

and

∀eA , eB ∈ R ICIG (g0 ),eA ,g0 ,eB = 0,

(3.11)

∀gA , gB ∈ R ICgA ,IE (e0 ),gB ,e0 = 0.

(3.12)
�

If there, for all values of the exposure is no single additive interaction we say that there
is no exposure additive interaction for that particular exposure.
Deﬁnition 3.4: Exposure additive interaction
There is exposure additive interaction for G with the intervention IG (g) if
∃g0 , eA , eB ∈ R ICIG (g0 ),eA ,g0 ,eB �= 0,

(3.13)

and for E with the intervention IE (e),
∃gA , gB , e0 ∈ R ICgA ,IE (e0 ),gB ,e0 �= 0.

(3.14)

So there is no exposure additive interaction for G if

and for E if

∀g0 , eA , eB ∈ R ICIG (g0 ),eA ,g0 ,eB = 0,

(3.15)

∀gA , gB , e0 ∈ R ICgA ,IE (e0 ),gB ,e0 = 0.

(3.16)
�

For the binary model both deﬁnitions correspond to absence of additive interaction.
Exposure additive interaction is what we would consider closest to being equivalent to the
intuitive idea of additive interaction with binary exposures, namely that the effect of the
intervention on an exposure does not depend on the level of another exposure no matter
what the levels of the ﬁrst and second exposures are.
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Existence of a Suitable Model for the Probabilities
So far with the continuous exposures we have not deﬁned any model for the probabilities,
pg,e . In this section we are going to show the main result of this paper, Theorem 3.4, which
shows that there is no model for the probabilities that can fulﬁll the criteria we consider
required for the model.
We propose the following two criteria that the model should be able to fulﬁll:
i. There exist some values for the model parameters for which both exposures have
marginal effects and no additive interaction on the exposure level for both exposures.
ii. There exist some values for the model parameters for which there are no marginal
effects and there is additive interaction between the exposures.
which, formally based on the deﬁnitions of marginal effect and exposure additive interaction, and with interventions IG (g0 ), IE (e0 ), is given in the following deﬁnition.
Deﬁnition 3.5: Suitable model
A suitable model meet both of the following criteria:
i. There exist some values for the model parameters, K1 , for which all of the following
statements hold:
(3.17)
∃g0 ∈ R pIG (g0 ) − pg0 �= 0
∃e0 ∈ R pIE (e0 ) − pe0 �= 0

(3.18)

∀gA , gB , e0 ∈ R ICgA ,IE (e0 ),gB ,e0 = 0

(3.20)

∀g0 , eA , eB ∈ R ICIG (g0 ),eA ,g0 ,eB = 0

(3.19)

ii. There exist some values for the model parameters, K2 , for which all of the following
statements hold:
(3.21)
∀g0 ∈ R pIG (g0 ) − pg0 = 0
∀e0 ∈ R pIE (e0 ) − pe0 = 0

(3.22)

∃gA , gB , e0 ∈ R ICgA ,IE (e0 ),gB ,e0 �= 0

(3.24)
�

∃g0 , eA , eB ∈ R ICIG (g0 ),eA ,g0 ,eB �= 0

(3.23)

Note that the model need to fulﬁll both criteria to be considered as suitable, but not
with the same values for the model parameters. E.g., if for some model ki is the parameter
for the interaction, then criterion (i) means that ki = 0, while criterion (ii) implies that
ki �= 0.
We will now show that with the intervention functions as strictly decreasing there is
no model for the probabilities such that both criteria can be fulﬁlled. To prove this result in
Theorem 3.4 we ﬁrst require some additional lemmas. To start with we are going to derive
alternative conditions for the conditions in Deﬁnition 3.3 and 3.4.
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Lemma 3.1: There is no single additive interaction for IG (go ) if
∀e ∈ R :

∂p(g0 , e)
∂p(IG (g0 ), e)
=
,
∂e
∂e

(3.25)

∂p(g, e0 )
∂p(g, IE (e0 ))
=
.
∂g
∂g

(3.26)

and correspondingly for IE (eo ),
∀g ∈ R :

Proof: Proving the case with intervention on G. The condition ICIG (g0 ),eA ,g0 ,eB = 0 can
be written as
pIG (g0 ),eA − pg0 ,eA = pIG (g0 ),eB − pg0 ,eB ,
(3.27)
which means that since the condition in Deﬁnition 3.3 is for all eA , eB for some constant
α we can instead write the condition as
∀e ∈ R pIG (g0 ),e − pg0 ,e = α.

(3.28)

Then since pIG (g0 ),e − pg0 ,e is a constant function of e its derivative has to be
∀e ∈ R

∂
(pI (g ),e − pg0 ,e ) = 0,
∂e G 0

(3.29)

∂p(IG (g0 ), e)
∂p(g0 , e)
=
∂e
∂e

(3.30)

which leads to
∀e ∈ R :

as a condition equivalent to Equation 3.11.

�

Lemma 3.2: There is no exposure additive interaction for G if
∀e, g0 ∈ R :

∂p(g0 , e)
∂p(IG (g0 ), e)
=
,
∂e
∂e

(3.31)

∂p(g, e0 )
∂p(g, IE (e0 ))
=
.
∂g
∂g

(3.32)

and correspondingly for E,
∀g, e0 ∈ R :

Proof: The result follows directly from using the the deﬁnition of exposure additive interaction with the proof in Lemma 3.1.
�
Based on the above lemmas we can derive the form which the model for pg,e must
have to be able to show no exposure additive interaction.
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Theorem 3.3: Let ke and m be constants, h some function of G, and f (g, e) is the interaction function and ki is the parameter for the interaction. For the model to be able
to show no exposure additive interaction for an exposure G = g relative to some other
exposure E = e it is required that the model can be written on the form
p(g, e) = m + ke e + h(g) + ki f (g, e).

(3.33)

If and only if ki = 0 then there is no additive interaction on the exposure level.
Proof: For Equation 3.31 in the proof of Lemma 3.2 to hold it must be true that for a
constant, ke ,
∂p(g, e)
= ke .
(3.34)
∂e
Then with constants ke , m and function h(g), the model for p(g, e) can be written on the
form of
(3.35)
p(g, e) = m + ke e + h(g).
More generally and since we want to model the interaction there could be some parameter for an interaction function that is zero. I.e., with ki as the parameter for the function f
which represents the interaction, p(g, e) can be written as
p(g, e) = m + ke e + h(g) + ki f (g, e).

(3.36)

From Lemma 3.2 we know that for there to be no additive interaction on the exposure
level, then ki must be 0.
�
From these results it also follows that for two exposures with both being able to show
no exposure additive interaction the model’s form has to be
p(g, e) = m + kg g + ke e + ki f (g, e).

(3.37)

Using the form of the model above that is required for the model to be able to meet
criterion (i) we will now show that the model can not also fulﬁll criterion (ii).
Theorem 3.4: Let the intervention functions be strictly decreasing, then there is no model
which can fulﬁll both of the criteria in Deﬁnition 3.5.
Proof: We prove the theorem by showing that the combination of critera (i) and (ii) leads
to a contradiction. Assume that the model meet both criteria (i) and (ii). From the ﬁrst
criterion we know from Theorem 3.3 that the model has to have the form of Equation 3.37.
From Deﬁnition 3.1 the marginal effects for g and e are,
pIG (g0 ),e − pg0 ,e = kg (IG (g0 ) − g0 ) + ki (f (IG (g0 ), e) − f (g0 , e)),

(3.38)

pg,IE (e0 ) − pg,e0 = ke (IE (e0 ) − e0 ) + ki (f (g, IE (e0 )) − f (g, e0 )).

(3.39)

and
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No marginal effects for an exposure means that the effect from the intervention on that
exposure is zero,
∀g0 , e : pIG (g0 ),e − pg0 ,e = 0,

(3.40)

∀g, e0 : pg,IE (e0 ) − pg,e0 = 0.

(3.41)

and
We will be focusing on the exposure G in the next part, but the result also holds for
E. Criterion (ii) requires that there is interaction, formally, ki �= 0 and ∃g, e : f (g, e) �= 0.
Then Equation 3.38 have to depend on the interaction function, unless it holds that
∀g0 , e : f (IG (g0 ), e) − f (g0 , e) = 0.

(3.42)

If Equation 3.42 is true then it implies that the value of g does not matter for f (g, e)
for some given e. The function f (g, e) can then not represent the interaction, since the
deﬁnition of statistical interaction requires that the effect from one exposure depends on
the level of another exposure. This in turn implies that p(g, e) has no interaction. However,
this is a contradiction since criterion (ii) states that there is interaction.
�

Model Example: Logistic Regression
In [12] the authors investigated additive interaction with continuous exposures by modeling
RERI with logistic regression. The intervention on an exposure G with some constant gd
was deﬁned as IG (g0 ) = g0 + gd . The logistic model was
pg,e
= eα+β1 g+β2 e+β3 ge ,
1 − pg,e

(3.43)

and their RERI, based on the intervention, was derived as
β1 gd +β2 ed +β3 ((g0 +gd )(e0 +ed )−g0 e0 )
RERILR
g,e = e

− egd (β1 +β3 e0 ) − eed (β2 +β3 g0 ) + 1.

(3.44)

Let us now examine this model for continuous additive interaction using Theorem
3.3. Using the rare disease assumption then for the requirements of Theorem 3.3 to be met
Equation 3.43 has to be able to be written in the form of Equation 3.37. This is not possible
since exponential functions are multiplicative. It then follows that the model can not show
no exposure additive interaction if there are marginal effects, i.e., β1 �= 0 and β2 �= 0.
The model can also not fulﬁll criterion (ii) since with β1 = 0, β2 = 0 the odds ratio
for the marginal effect depend on β3 , for instance the marginal effect for G is:
β3 gd e0
0
ORgg00 ,e
+gd ,e0 = e

(3.45)
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Model Example: Linear Odds
A model that does fulﬁll the requirements for criterion (i) is the linear odds model,
pg,e
= a + b1 g + b2 e + b3 ge.
1 − pg,e

(3.46)

In contrast to the logistic model the linear odds model can be written on the form of Equation 3.37, meaning that it can show no exposure additive interaction with no interaction
∗LO
corresponding to b3 = 0. The linear odds model leads to RERILO
g,e and APg,e as:
RERILO
g,e =
AP∗LO
g,e =

b3 (IG (g0 ) − g0 )(IE (e0 ) − e0 )
a + b1 g0 + b2 e0 + b3 g0 e0

b3 (IG (g0 ) − g0 )(IE (e0 ) − e0 )
b1 (IG (g0 ) − g0 ) + b2 (IE (e0 ) − e0 ) + b3 (IG (g0 )IE (e0 ) − g0 e0 )

(3.47)
(3.48)

The presence or direction of interaction in this model can be tested by testing if b3
deviates from 0. However, as shown in Theorem 3.4, models of the form in Equation
3.37 will have issues with criterion (ii), that is no marginal effects and the presence of
additive interaction at the same time. In the linear odds model we can see this by setting
the coefﬁcients corresponding to the marginal effects to zero, i.e., b1 = 0, b2 = 0, for
AP∗LO
g,e which becomes
AP∗LO
g,e =

(IG (g0 ) − g0 )(IE (e0 ) − e0 )
.
(IG (g0 )IE (e0 ) − g0 e0 )

(3.49)

For there to be only interaction effects and no marginal effects then it should be true
that AP∗LO
g,e = 1 for all values of g and e, which is clearly not true unless IG (g0 ) =
IE (e0 ) = 0 or g0 = e0 = 0. It also holds if the intervention functions are IG (g) =
IE (e) = 0 for all g and e, which would mean that the interventions removes the exposures,
and the linear odds model with these interventions does fulﬁll both criteria.

4

Discussion

The purpose of this paper is to explore models for additive interaction with continuous
exposures. We have shown that with the intervention deﬁned as a monotonic function
there is no model that can fulﬁll both of the following criteria:
i. There exist some values for the model parameters for which both exposures have
marginal effects and no additive interaction on the exposure level for both exposures.
ii. There exist some values for the model parameters for which there are no marginal
effects and there is additive interaction between the exposures.
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Our ﬁnding means that the previously suggested methods in the literature ([12, 13,
31]) for additive interaction and continuous exposures do not work in practice, since those
methods are based on logistic regression and are unable to fulﬁll any of the two criteria. If
there are marginal effects, those model’s estimates will always conclude there is additive
interaction, given that there is sufﬁcient statistical power.
Note that the results are dependent on the deﬁnition of the intervention on the continuous exposures. The deﬁnition of the intervention is more complicated than in the binary
case. Partially because the groups that can be intervened upon can be more complex, and
partially because the interventions themselves can be modeled in more detail, and what
an intervention is can also have different implications. In this paper we deﬁned the intervention as a monotonic function on the exposure, other deﬁnitions could lead to different
conclusions. In the linear odds example in Section 3.2.3 with the intervention deﬁned as
setting the exposure to zero both criteria do hold.
However, our results do not change the fact that the risk differences are an important
part of causal inference and that the IC is the measure of interest when comparing interventions on different groups. With the correct context and model for the estimation of the
odds or probabilities, the IC is still be useful.
Mechanistic interpretations of interaction with continuous exposures is different though,
and would require a different causality model than the sufﬁcient cause model, since the sufﬁcient cause model is binary and there is no obvious way to extend the model that is not
simply a transformation from continuous to binary. A continuous deterministic causality
model will always have some corresponding binary sufﬁcient cause model, since a deterministic continuous causality model can always be transformed into a binary sufﬁcient
cause model given the cutoffs for the transformation from continuous to binary is set properly, such as done in [3, 35]. The most trivial model transformation is to use the same
function as for the continuous model itself, i.e., the new binary variable is set so that it is
one for all values of the continuous exposures where the outcome is one in the continuous causality model and zero for all other areas. However, such a model is not trivial to
estimate in practice since the true cutoffs are unknown [3, 35] Another motivation is that
a deterministic model could not fulﬁll some of the properties that would be useful to take
advantage of the extra information provided by the continuous exposures, e.g., a model
where the probability increases proportionally with the exposure. However, this continuous non-deterministic causality model is not the same kind of stochastic model used in
[3, 32, 35] since the exposures themselves do not have a random effect on the outcome in
those models.
An investigator in a study about additive interaction with continuous exposures would
need to be careful about the choice of model for the probabilities or odds, since both the
aforementioned criteria can not be true for the same model. For instance if the interest of
the study is masking effects then criterion (ii) is important since it tells us that one effect is
masking the other.
Even though the linear odds model does fulﬁll criterion (i), it can be unsuitable in
practice because convergence problems as explained in Section 3.2, or because a linear
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increase of the risk might be unrealistic. However, in some cases a linear risk model can
be realistic. One example is the linear no-threshold model for cancer induced by radiation
which models the cancer risk as proportional to the amount of radiation [26].
With more general interventions, and also possibly comparisons between different possible intervention functions, since no model can give a simple answer as in the binary case
using decision theory could be useful for ﬁnding the best intervention and which group to
target, although to a large extent such methods would likely depend on the study’s context.
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