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Abstract

The aim of the thesis is to evaluate the effectiveness of stochastic models for
particles distribution in complex turbulent flow. Turbulent two-phase flows exist in
numerous natural phenomena and industrial systems, and remain a very challenging
process to describe. Part of the difficulties originates from the fact that in most
cases is not possible to provide an exact description for the continuous phase alone.
Thus, a fundamental question arises: is it possible to obtain a reasonably accurate
description of a dispersed system when simplified models are employed for the flow?

We consider a wall-mounted cube in a periodic turbulent channel flow with
particles continuously injected after the rear face of the cube. The system is
described through two alternative methodologies. First, accurate time-dependent
numerical simulations are employed to provide reference data. In these simulations,
the flow field is assumed to be exact and it directly and solely affects the particles
dynamics. In the second approach, the flow is described via time-averaged numerical
simulations which require additional ad hoc models introduced to describe the effect
of turbulent fluctuations on the particles motion.
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1 Introduction
Poly-dispersed two-phase flows are common in biological phenomena as well as industrial
processes. Numerical simulations can be a powerful instrument to investigate their
behavior, but the high number of degrees of freedom of such systems often requires the
introduction of models in their description. As I will discuss in this thesis, to develop
reliable ones is a challenging task, even if we focus on particular cases to reduce the
complexity. The difficulties in modeling poly-dispersed flows have three different sources.
First of all, turbulent models usually introduce mean quantities with the final aim of
providing an estimate for the effective dissipation rate due to a certain portion of the
velocity spectra. As the number of degrees of freedom described by the model raises, the
computational cost of the simulation reduces. Unfortunately, even if the model provides a
proper description of the mean effects of a certain range of scales, such a description may
not include enough information in regards to the impact of the same range of scales on the
discrete phase. The second source of difficulties is the nature of the interaction between
the two different phases. For instance, if solid particles of any size and density and with
any volume fraction are considered, one needs to take into account coupling effects as
well. The third source of difficulties to provide an effective model for poly-dispersed
two-phase flows is related to how the mathematical nature of the system change when
a model is introduced. Let assume that for a certain case an exact approach is feasible.
For instance, it is possible to employ a direct numerical simulation for the flow and the
immersed boundary method to describe the interaction between the two phases. In this
case, every single particle is a representation of a physical particle, and it is possible
to collect statistics on particles properties, as in experiments. However, if a model for
the effects of the turbulent fluctuations is introduced, the state variables of the particle
phase are not anymore possible realization of a physical experiment, but rather stochastic
variables. Thus, the corresponding governing equations are stochastic differential equations
and should be treated as such in regard to both modeling and numerical methods. The
main focus of this thesis is on the first and the third of the points listed above.
The document is organized as follows:

• In section 2, I present an overview of the different strategies to perform numerical
simulation of turbulent flows.

• In section 3, I describe the approach I adopted to describe the particle motion.

• In section 4, I present the results.

• In section 5, I discuss my conclusion.
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2 Simulations of Turbulent Flow

2.1 Conservation Laws

2.1.1 Mass conservation

Consider a flow system of volume V (t), the mass of the system, msys is conserved if there
is no chemical reaction or relativistic phenomena (ref. [1]), which means

dmsys

dt
=

d

dt

∫
V (t)

ρ (x, t) dV = 0 (1)

where ρ (x, t) is the density of the system. By applying the Reynolds transport theorem
and choosing an arbitrary fixed control volume which coincides with the system, it is
possible to write:

d

dt

∫
V (t)

ρ (x, t) dV =
∂

∂t

∫
cv

ρ (x, t) dV +

∫
cs

ρ (x, t)u (x, t) · ndA = 0 (2)

where cv and cs are the volume and surface of the control volume, respectively. u (x, t)
is the velocity vector with three components and n is the unit normal to the surface of
the control volume. Equation 2 is an integral form of mass conservation within a control
volume fixed in space. The first term on the right-hand side of equation 2 represents the
rate of increase of mass inside the control volume, while the second one stands for the net
mass flow out of the control volume.
Since the control volume is fixed in space, the limits of integration in equation 2 are
constant and the time derivative ∂/∂t can be moved inside the integral. Applying the
divergence theorem, the surface integral can be expressed as volume integral,∫

cv

[
∂ρ (x, t)

∂t
+∇ (ρ (x, t)U (x, t))

]
dV = 0 (3)

This equation should hold for every control volume, which leads to:

∂ρ

∂t
+∇ · (ρu) = 0 (4)

Equation 4 is called continuity equation and it is the differential form of the mass
conservation. The second term, the divergence of the mass-density flux, is interpreted as
the net loss at a point.
For incompressible flow, for which ρ (x, t) is both constant in time and uniform in space,
the continuity equation becomes,

∇ · u = 0 (5)

that in tensor notation is
∂ui
∂xi

= 0 (6)

2.1.2 Momentum conservation

By applying the Newton’s Second Law of motion (F = ma) on a system with volume V (t)
and surface A(t), it is possible to obtain:

d

dt

∫
V (t)

ρ (x, t)u (x, t) dV =

∫
V (t)

ρ (x, t)gdV +

∫
A(t)

f (n,x, t) dA (7)
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where ρu is the momentum per unit volume, g is the body force per unit mass and f is the
surface force per unit area. By applying the Reynolds transport theorem to an arbitrary
fixed control volume which coincides with the system (ref. [1]), equation 7 becomes:∫

cv

∂(ρ (x, t)u (x, t))

∂t
dV +

∫
cs

ρ (x, t)u (x, t) (u (x, t) · n) dA

=

∫
cv

ρ (x, t)gdV +

∫
cs

f (n,x, t) dA

(8)

Equation 8 is the integral form of momentum conservation within a fixed control volume.
The rate of change of momentum consists of two terms: the rate of change of momentum
due to unsteady flow inside the volume (first term on the left-hand side) and the net rate
of momentum due to flow across the surface (second term on the left-hand side). On the
right-hand side, the body force, ρgdV generally is the gravity and electromagnetic acting
on the masses within the control volume. The surface forces, f , can be investigated by
transforming the surface integral to a volume integral. In order to do that we have to
define the stress tensor, T.

Stress Tensor
A force must be specified by stating both a magnitude and direction. Specifying a stress is
even more complicated and requires stating a magnitude and two directions—the direction
of a force vector and the direction of the normal vector to the plane on which the force
acts. Representing a force in three dimensions requires three numbers, each referenced
to a coordinate axis. Representing the state of stress in three dimensions requires nine
numbers, each referenced to a coordinate axis and a plane perpendicular to the coordinate
axes. Figure 1 shows the surface forces and their components along x1 and x2 coordinate
respectively, the meaning of stress tensor Tij can be interpreted as: the i-component of
surface force on a surface that the normal is in j-direction. And the expression of surface
force fi in terms of the stress tensor is:

fi = Tijnj (9)

The diagonal elements of Tij are the normal stresses and other elements are the shear

(a) surface force components on x2-x3 plane. (b) surface force components on x1-x3 plane.

Figure 1: Definition of surface forces components (ref. [2])

stresses. Also stress tensor is symmetric (ref. [3]), i.e:

Tij = Tji (10)
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Therefore, the stress tensor has only six independent components.
With the same procedure described above for the continuity equation, it is possible to
obtain the differential form of momentum conservation:

∂(ρu)

∂t
+∇ · ρuu = ρg +∇ ·T (11)

If a fluid is under stresses that do not change the volume, the fluid must deform and start
to move. It implies that for fluid at rest only normal stresses are present. The stress
tensor would have to be diagonal in any coordinate frame, otherwise the fluid will not
stay at rest. Hence, the stress is isotropic. By defining a statistic pressure p which is
related to density ρ and temperature T (sometimes p is called thermodynamic pressure),
the stress tensor for static fluid is

Tij = −pδij (12)

where δij is the isotropic second order tensor, and the negative sign is due to the normal
components of Tij is regarded as tension, while positive pressure is considered as com-
pression, see figure 2. For moving fluid, additional stresses occur because of viscosity. A

Figure 2: Pressure on surfaces

general expression of Tij for Newtonian fluids is

Tij = −pδij + τij (13)

where τij is the viscous stress tensor depends on fluid motion. It depends on gradients of
velocity, ∂ui/∂xj.
The velocity gradient ∂ui/∂xj is expressed as a matrix with nine components:

∂ui
∂xj

=


∂u1
∂x1

∂u2
∂x1

∂u3
∂x1

∂u1
∂x2

∂u2
∂x2

∂ui
∂x2

∂u1
∂x3

∂u2
∂x3

∂u3
∂x3

 (14)

This matrix can be decomposed into the sum of a symmetric matrix Sij and a antisymmetric
matrix Ωij, defined as

Sij =
1

2

(
∂ui
∂xj

+
∂uj
∂xi

)
, Ωij =

1

2

(
∂ui
∂xj
− ∂uj
∂xi

)
(15)

Sij is the so-called strain-rate tensor, it describes the rate of deformation, like stretching
and shearing of the control volume. For many fluids in nature such as air and water,
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the relation between τij and ∂ui/∂xj can be considered linear under most circumstances.
Such fluids are called Newtonian. The complete stress tensor for Newtonian fluid is:

Tij = −pδij + 2µSij + λSmmδij (16)

Here, the two scalars µ and λ are dynamic viscosity and bulk viscosity (often = 0). For
incompressible flow, substituting the continuity equation Smm = ∇ · u = 0 into equation
4:

Tij = −pδij + 2µSij (17)

The incompressible version of conservation of momentum equations in tensor notation is

∂ui
∂t

+ uj
∂ui
∂xj

= −1

ρ

∂p

∂xi
+ ν

∂2ui
∂xj∂xj

+ gi (18)

where ν is kinematic viscosity, ν = µ/ρ.

2.1.3 Reynolds number

Most practical fluid flow problems are so complex, geometrically and physically, that the
cost of time and money to solve the problems analytically are sometimes not allowable.
In order to test the practical flow problems of interest by experiment or approximate
by computational fluid dynamics (CFD), we need to find a feasible approach that can
reduce complex physical problems to the simplest and most economical form to obtain a
quantitative results. That is the aim of dimensional analysis.
At the heart of dimensional analysis is the concept of similarity. For a fully understood
problems, we can write down all the governing laws and boundary conditions in math-
ematical form, similarity can be inferred by normalizing all the equations in terms of
specific quantities of that problem and identifying the dimensionless groups that occur in
the resulting equations. A great benefit of dimensional analysis, is that it suggests some
variables can be discarded as few tests will show them to be unimportant, and it often
gives a lot insight into the form of the physical relationship we are studying.
To drain the non-dimensional form of the Navier-Stokes equations, we consider non-
dimensional variables (ref. [2]),

x∗i =
xi
L

t∗ =
tU0

L
u∗i =

ui
U0

p∗ =
p

p0

∂

∂xi
=

1

L

∂

∂x∗i

∂

∂t
=

U0

L

∂

∂t∗
(19)

where ∗ indicates a non-dimensional variable. U0 and L are the typical velocities and
lengths scales of the problem. Introduce these to the incompressible flow continuity and
momentum equations with constant ρ and divide with U 2

0 /L,
∂u∗i
∂x∗i

= 0

∂u∗i
∂t∗

+ u∗j
∂u∗i
∂x∗j

= − p0
ρU 2

0

∂p∗

∂x∗i
+ ν

U0L

∂2u∗i
∂x∗j∂x

∗
j

(20)

define the pressure scale p0 = ρU2
0 and drop the ∗, which will leave the final form of the

non-dimensional incompressible Navier-Stokes equations as
∂ui
∂xi

= 0

∂ui
∂t

+ uj
∂ui
∂xj

= − ∂p
∂xi

+ 1
Re

∂2ui
∂xj∂xj

(21)
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Here, the Reynolds number Re is defined as

Re =
U0L

ν
=

U 2
0 /L

νU0/L2
=

inertia forces
viscous forces

(22)

This dimensionless number, is named after Irish scientist Osborne Reynolds, for discovering
this number can predict fluid flows based on static and dynamic properties: velocity
U0, kinematic viscosity ν, and characteristics L of the fluid (ref. [4]). He conducted the
experiment to study the relation between velocity of the flow and flow motion. The
observation was made by dying the water in the middle of the cross-sectional area. The
experiment results of laminar and turbulence are in figure 3. When the speeds were small
the flow seemed to follow a straight line path, indicating the fluid is moving in parallel
layers. Such orderly smooth flow is called laminar. As the flow speed was increased, the
dyed water would mixed up with the surrounding water at once and passed down to the
rest of the tube. As the flow speed is further increased the dye is blurred and resolve into
distinct curls showing eddies. The chaotic mixing motions took place all over the tube.
Such irregular disordered flow is called turbulent.

Figure 3: Experimental visualization of laminar and turbulent flow

The laminar-turbulent transition, where a laminar flow becomes turbulent, is an extraor-
dinarily complicated process, which at present is not fully understood. For flow in a pipe,
Reynolds found out the transition from laminar to turbulent flow often occurred when
Re = 2000 ∼ 3000, and laminar flow tends to dominate in the fast-moving center of
the pipe while slower-moving turbulent flow dominates near the wall. These transition
Reynolds numbers are also called the critical Reynolds number and different for every
geometry.

2.2 Turbulence

Nearly all the flows in natural phenomena and industrial applications are turbulent. This
kind of flow is not easy to define precisely, despite it has been studied over a century.
Some generic characteristics of turbulent flow can be identified:

• Fluctuations

• Non-linearity:
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• Vorticity

• Dissipation

• Diffusivity

As turbulence is associated with rotational structures of various length scales, where eddies
and their interactions occurred between different length scales, the turbulence has more
effective ability to transport and mix fluid than laminar flows. This can be simultaneously
beneficial and problematic. Therefore, it is vital to develop appropriate methods to predict
and control turbulent flow processes. There have been several different attempts to under-
stand turbulence and different approaches taken to develop predictive models for turbulent
flows. A brief description of some of the concepts relevant to understand turbulence, and
a brief overview of different modeling approaches to simulate turbulent flow are given below.

Energy Cascade
The transfer of kinetic energy in turbulence is explained here based on the analysis in
ref. [1]. An equation for the mean flow’s kinetic energy per unit mass 〈E〉 = 1

2
〈ui〉〈ui〉,

can be obtained by multiplying Reynolds equation (which introduced in below) by 〈ui〉
and averaging, with considering 〈Sij〉 = 1/2(∂〈ui〉/∂xj + ∂〈uj〉/∂xx) the mean strain rate
tensor, the energy-balance or energy-budget equation for 〈E〉 is

∂〈E〉
∂t

+ 〈uj〉
∂〈E〉
∂xj

= −P − ε− ∂〈Tj〉
∂xj

(23)

This equation contains several parts that can be interpreted as follow:

• P : shear production,
it is the product of turbulent stress and the mean strain rate, and represents the
rate at which kinetic energy is transferred from mean flow to turbulence,

P = −〈u′iu′j〉
∂〈ui〉
∂xj

= −〈u′iu′j〉〈Sij〉 (24)

• ε: viscous dissipation,
it represents the direct viscous dissipation of mean kinetic energy via its conversion
into heat.

ε = 2ν〈Sij〉〈Sij〉 (25)

• T : transport term,
this term includes transport of mean kinetic energy by Reynolds stresses, pressure
and viscous stresses.

Tj = 〈1
2
u′iu
′
j〉〈ui〉+

1

ρ
〈p〉〈uj〉 − 2ν〈ui〉〈Sij〉 (26)

The kinetic energy enters the turbulence as the largest scales of motions (mean flows),
and transfer to smaller and smaller scales until the smallest scale (turbulent field), and
the energy is dissipated via viscous stress. As Richardson described in 1922:

Big whirls have little whirls, which feed on their velocity;
And little whirls have lesser whirls, And so on to viscosity.
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The energy cascade is often analyzed in terms of dependence of the turbulence kinetic
energy on Fourier wavenumbers, and in this context each wavenumber is associated with
a turbulent eddy size. Figure 1 shows a energy spectrum of turbulent flow. κe and κd
denote the wavenumbers of energy containing eddies and dissipative eddies, respectively.

Figure 4: Energy spectrum for isotropic turbulence (ref. [6])

Turbulence Length Scales
One of the properties of turbulent flows is the wide range of length and time scales,which
is the reason why it is so difficult to develope a fully satisfactory theory of turbulence.

In general, there are three main sets of scales in a turbulent flow,which are

• the integral scale, where eddies obtaining energy from environment and dissipating
on viscosity are negligible, also called energy-containing range;

• the Taylor microscale, which is intermediate between the largest and the smallest
scales, within the Kolmogorov’s inertia subrange, where the viscosity start to be
dominant.

• the Kolmogorov scale, which is the smallest of turbulence scales, where the turbulent
kinetic energy is dissipated into heat.

For integral scales, they are sometimes connected with a single wavenumber, κe, the one
corresponding to the maximum turbulence energy. The integral length scale can be defined
as

`0 =

(
1

〈u′u′〉

)∫ ∞
−∞
〈u′ (x, t)u′ (x + r, t)〉dr (27)
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where u′ is the velocity fluctuation and 〈·〉 is the spatial average. And the integral scale
Reynolds number, often referred to as turbulence Reynolds number, is

Re`0 =
u′rms`0
ν

(28)

where u′rms is the root mean square of the turbulent fluctuation velocity.
Another important parameter is the turbulence energy dissipation rate, ε, usually given as

ε = 2ν〈SijSij〉 (29)

The units of ε is L2/T 3, so the length scale can be constructed as

`0 =
(u′rms)

3

ε
(30)

For Taylor microscale, the definition is not straightforward, involving flow correlation
functions, and Kolmogorov hypothesis of local isotropy. As given below,

λ2 =
〈u′rms

2〉〈 (
∂u1
∂x1

)2 〉 (31)

while the dissipation rate for isotropic turbulence results in

ε = 15ν〈∂u1
∂x1
〉2 (32)

And the Taylor-scale Reynolds number is

Reλ =
u′rmsλ

ν
(33)

the relation to turbulence Reynolds number Re`0 is

Reλ =

(
20

3
Re`0

)1/2

(34)

It should be noted that the Taylor microscale length is usually of the order of the
Kolmogorov inertial subrange scales. Taylor microscale marks the transition from the
inertia subrange to the dissipation range.
Kolmogorov first derived the expressions for smallest scales of turbulence, under the
assumption

• Kolmogorov’s hypothesis of local isotropy. At sufficiently high Reynolds number, the
small-scale turbulent motions are statistically isotropic.

• Kolmogorov’s first similarity hypothesis. In every turbulent flow at sufficiently high
Reynolds number, the statistics of the small-scale motions (l < `EI) have a universal
form that is uniquely determined by ν and ε.

• Kolmogorov’s second similarity hypothesis. In every turbulent flow at sufficiently high
Reynolds number, the statistics of the motions at a scale l in the range η � l� `0,
have a universal form that is uniquely determined by ε, therefore independent of ν.
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The two physical parameters to describe the flow behavior are the viscosity ν and the
turbulent dissipation rate ε. From a dimensional point of view, the Kolmogorov length
scale is

η =

(
ν3

ε

)1/4

(35)

and the Kolmogorov time scale and velocity scale are

tη =
(ν
ε

)1/2
uη = (νε)1/4

The Reynolds number based on these scales is equal to 1, which reflects the importance of
the viscosity. The size range (l < `EI) is referred to as the universal equilibrium range, `EI
is the smallest energy-containing range, as figure 1 showed. In this range, the timescales
l/u(l) are small compared to `0/u0 so that the small eddies can adapt quickly to maintain
dynamic equilibrium with the energy transfer rate TEI imposed by the large eddies.
It is also remarkable to notice that the length scales and the Reynolds number can be
related. The ratio between the Kolmogorov length scale η, and integral length scale `,
using the definition above, is

η

`0
∼ Re

− 3
4

`0
(36)

The ∼ symbol indicate this result is only derived based on dimensional arguments. Still, it
has important meaning for computation because it reveals the dissipation scales, which is
resolved in DNS (Direct Numerical Simulation), scale like the integral scale Re to the 3/4
power, for each dimensions. For 3-dimensional problem, the computational work will scale
around Re9/4. Since η/`0 decreases with increasing Reynolds number, at high Reynolds
number there will be a range of intermediate scales l which is small compared to `0 and
large compared with η.
As mentioned above, a very commonly useful method to analyze energy cascade is in
terms of wavenumber κ, which is defined as

κ =
2π

l
(37)

The different ranges can be shown as a function of wavenumber, as shown in figure 4.
The turbulent kinetic energy k is defined as

k =
1

2
〈u′iu′i〉 (38)

Distribution of turbulent kinetic energy, k over the eddies of different sizes is often
determined via energy spectrum, E(κ). E(κ) is the energy contained in eddies of size l
and wavenumber κ. By definition, the turbulent kinetic energy k is the integral of E(κ)
over all the wavenumbers,

k =

∫ ∞
0

E(κ)dκ (39)

According to the second similarity hypothesis E(κ) will solely depend on ε and κ. Through
dimensional analysis, it is possible to show that

E(κ) = Ckε
2/3κ−5/3 (40)

where Ck is a universal Kolmogorov constant.
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2.3 Numerical Simulation

2.3.1 DNS

Since turbulent flows possess a wide range of length and time scales, analytical solutions to
even the simplest turbulent flows is hard to obtain. A complete description of a turbulent
flow, where the flow variables (i.e. velocity and pressure) are known as a function of space
and time can therefore only be obtained by numerically solving the Navier-Stokes and the
continuity equations. These numerical solutions are termed direct numerical simulations
(DNS in short). For a successful simulation it is necessary to know what the smallest
length, time and velocity scales are. This data can be acquired by applying Kolmogorov
turbulence theory in advance. This information is crucial in order to ensure the grid be
fine enough to resolve the smallest eddies.
The total number of grid points for uniform spacing can be estimated as:

Nuniform ≈ (100Reτ )
9/4, Reτ =

uτL

ν
(41)

where Reτ is the turbulent Reynolds number, uτ is the frictional velocity, L is the typical
length scale and ν is the kinematic viscosity of the fluid. With similar reasoning, the
number of timesteps is approximately:

Ntime =
∆ttotal

∆t
, ∆t =

0.003√
Reτ

L

uτ
(42)

To understand how severe these restrictions are, the following table 1 lists numerical
parameters for channel flow (ref. [5]). As one can see the biggest problem with DNS is their

Table 1: Grid point and timestep requirements for channel flow

ReL Reτ NDNS Ntimesteps

12300 360 6.7 ∗ 106 32000
30800 800 4.0 ∗ 107 47000
61600 1450 1.5 ∗ 108 63000
23000 4650 2.1 ∗ 109 114000

overwhelming requirement for computer power in a sense of both processor’s speed and
size of the memory for storing intermediate results. For the Reynolds numbers encountered
in most industrial applications, the computational resources required by a DNS would
exceed the capacity of the most powerful computers currently available. However, direct
numerical simulation is a useful tool in fundamental research in turbulence. Using DNS
it is possible to perform "numerical experiments", and extract from them information
difficult or impossible to obtain in the laboratory, allowing a better understanding of the
physics of turbulence. Also, direct numerical simulations are useful in the development of
turbulence models for practical applications, such as sub-grid scale models for large eddy
simulation (LES) and models for methods that solve the Reynolds-averaged Navier–Stokes
equations (RANS).
Figure 5 illustrates the extension of modelling for a certain CFD approach. DNS requires
no modeling, but it demands resolution from the large scales all the way through dissipation
scales. LES requires modeling of part of the inertia subrange and into the dissipation
scales. RANS requires modeling of everything from the integral scales into the dissipation
range — only mean quantities are directly computed.

16



Figure 5: Extend of modelling for certain types of turbulent models

2.3.2 RANS

Statistical analyses of turbulence have been employed implicitly since 1877 by Boussinesq.
The works of Reynolds, Prandtl, Taylor and others emphasized the perceived randomness
of turbulent flows with the implication that statistical approaches were the only possi-
bility for analysis, and this view was dominant during the early years of development of
turbulence modeling procedures necessary when averaging the nonlinear Navier–Stokes
equations.
In a sense, modeling began with the work of Boussinesq, before the Reynolds decompo-
sition. Prandtl’s mixing length theory represents the first turbulence model in a more
modern sense; in particular, it attempts to estimate values of eddy viscosity, introduced
by Boussinesq, to close the Reynolds-averaged Navier–Stokes (RANS) equations.

The Reynolds-averages Navier Stokes Equations
Consider in a flow domain, a quantity 〈u (x, t)〉 defined as the time average:

〈u (x, t)〉 ≡ lim
x→∞

1

T

∫ T

0

u (x, t) dt (43)

Reynolds decomposition is:

u(x, t) = 〈u(x, t)〉+ u′(x, t) (44)

where the velocity u(x, t) is decomposed into its mean 〈u(x, t)〉 and its fluctuation u′(x, t).
It should be noticed that the mean velocity is independent of time, meaning this quantity
must be steady state.
Consider the continuity equation for constant-property Newtonian turbulence,

∇ · u(x, t) = ∇ · (〈u(x, t)〉+ u′(x, t)) = 0, (45)

take the time average of this equation,

∇ · 〈u〉 = 0 and ∇ · u′ = 0 (46)

For the momentum equation, where p = 〈p〉+ p′ and body-forces are not considered:

∂(〈ui〉+ u′i)

∂t
+ (〈uj〉+ u′j)

∂(〈ui〉+ u′i)

∂xj
= −1

ρ

∂(〈p〉+ p′)

∂xi
+ ν

∂2(〈ui〉+ u′i)

∂xj∂xj
(47)
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Here, some terms are equals to zero, like 〈〈u〉 · ∇u′〉. A full detailed derivation can be
found in ref. [1].
Taking the time average, the Reynolds equation is obtained:

∂〈ui〉
∂t

+ 〈uj〉
∂〈ui〉
∂xj

= −1

ρ

∂〈p〉
∂xi

+ ν
∂2〈ui〉
∂xj∂xj

−
∂〈u′iu′j〉
∂xj

(48)

This equation, together with the continuity equation 46, governs the time-averaged prop-
erties of the flow. However, A new term appears, 〈u′iu′j〉, called Reynolds stresses. Closed
equations of its 6 components cannot be found. And due to this, massive efforts and
work have consumed to solve the ’turbulence closure problem’ over a century. Although
the new term 〈u′iu′j〉 is named Reynolds stress, only multiplied by density ρ it has the
dimensions of a stress.
Another thing has to mention here, is a currently-popular procedure termed unsteady
RANS(URANS). In all present formulations of RANS equations, the time derivative
∂〈u〉/∂t is involved, in spite of the fact that 〈u(x)〉 is independent of time. One of the
arguments state that multiple time scales actually needed to obtain reasonably accurate
averages, when long-term periodical oscillations in a turbulent flow should be investigated.
Wilcox in ref. [5] provides a good discussion about it.

Mean Kinetic Energy Equation of the Fluctuation
The kinetic energy of the fluid (per unit mass) is E(x, t) = 1

2
u(x, t) · u(x, t),the mean of

E can be decomposed into two parts, 〈E〉 = 1
2
〈ui〉〈ui〉 the kinetic energy of the mean flow,

and k = 1
2
〈u′iu′i〉 the mean kinetic energy of the turbulent fluctuation.

The equation of the kinetic energy of the turbulent velocity can be constructed from the
subtraction of Reynolds equation from N-S equation, multiplying by u′i and taking the
average,

∂k

∂t
+ 〈uj〉

∂k

∂xj
= P − ε− ∂Tj

∂xj
(49)

where

• P : production,
the rate at which kinetic energy is transferred from mean flow to turbulence,

P = −〈u′iu′j〉
∂〈ui〉
∂xj

(50)

• ε: dissipation,
the rate at which turbulence kinetic energy is converted into thermal energy,

ε = ν
〈∂u′i
∂xj

∂u′i
∂xj

〉
(51)

• T : transport term,
this term includes Turbulent Transport (the triple velocity correlation), Pressure
diffusion (transport of pressure from turbulent fluctuation),and Molecular Diffusion
(diffusion of turbulent kinetic energy by viscous),

Tj = 〈1
2
u′iu
′
iu
′
j〉+

1

ρ
〈p′u′j〉 − ν

∂k

∂xj
(52)

18



Boussinesq Expression for Reynolds Stress
Boussinesq’s eddy-viscosity, which is a significant part of most turbulence models of
practical use today, assumes that, in analogy to the viscous stresses in laminar flows, the
turbulent stresses are proportional to the mean velocity gradient, i.e.

− 〈u′v′〉 = νT

(
∂〈u〉
∂x

+
∂〈v〉
∂y

)
(53)

The νT here is the eddy viscosity. Unlike the viscosity, ν which is a constant property of
the fluid, νT is a property of the flow, νT changes with each flow and in some flow it can
be a tensor. Using a concept similar to the molecular viscosity for molecular stresses, the
concept of eddy viscosity may be used to model the Reynolds stresses. For general flow
situations the eddy viscosity model may be written as

−ρ〈u′iu′j〉 = ρνT
(∂〈ui〉
∂xj

+
∂〈uj〉
∂xi

)
− 2

3
ρkδij

= 2ρνTSij −
2

3
ρkδij

(54)

Since Sij is defined in terms of flow properties, the key to calculate turbulent flow now
is on how to determine νT . Turbulence modelling focuses on the definitions of νT . One
of the classification of RANS models is in terms of the number of additional PDEs that
must solve apart from the Navier-Stokes equations. Thus, there are zero-equation models,
one-equation models, and two-equation models. Most simple models, called zero equation
models, estimate characteristic length scales by previous experiments. Zero-equations
models are very limited in applications as they are incapable of history effects, assuming
turbulence is dissipated where it’s generated, a direct consequence of their algebraic nature.

The Mixing-length Model
The “mixing-length theory” introduced by Prandtl in 1925 was the first attempt to formally
derive a turbulent eddy viscosity model. In analogy to the molecular momentum transport
process, it is assumed that:

νT = l2m

∣∣∣∣∂〈u〉∂y

∣∣∣∣ (55)

and lm is called the mixing length, which is a empirical property. Prandtl also hypothesized
that for flow over solid boundaries the mixing length is proportional to distance from the
surface. This appear to be a reasonably good approximation for a limited turbulent flow.
A more detailed description can be found in ref. [5].
For free shear flows, lm is constant across the layer and proportional to the width of
the layer. The constant of proportio depends on the type of flow. For flow near a solid
boundary, lm can be determined by

lm = κy (56)

where κ is the Karman constant and y is the distance from the wall. However, when it
comes to separated flow, this model is no longer trustworthy. It is hardly to expect that
a turbulence model considering no flow history will provide an accurate description for
separated flow or more complex turbulent flows.

Modeled Turbulent Kinetic Energy Equation
The conventional approach to close the k equation was introduced by Prandtl in 1945, it
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is a term-by-term modelling replacing unknown correlation with closure approximation.
The first assumption made in modeling the k equation is that the Boussinesq eddy viscosity
approximation is valid and that the Reynolds stresses can be modeled as:

− ρ〈u′iu′j〉 = 2ρνTSij −
2

3
ρkδij (57)

The turbulent transport of k , and the pressure diffusion terms, are generally modeled by
assuming a gradient diffusion transport mechanism. It is common to group the pressure
fluctuation term, which is generally small for incompressible flows, with the gradient
diffusion term. With these assumptions the turbulent transport of k and the pressure
fluctuation term are

〈1
2
u′iu
′
iu
′
j〉+

1

ρ
〈p′u′j〉 = −νT

σk

∂k

∂xj
(58)

where σk is a closure coefficient.
The interpretation of the dissipation term can be to consider the rate of energy dissipation
is controlled by the interaction of the largest eddies. The large eddies cascade energy to
the smaller scales, which adjust to accommodate the energy dissipation. Therefore the
dissipation should scale in proportion to the scales determined by the largest eddies.Using
dimensional analysis, in terms of a single turbulent velocity scale, u, and a single turbulence
length scale, l, leads to

ε ∼ u3/l (59)

taking the square root of the turbulent kinetic energy as the characteristic velocity scale,
the dissipation is generally modeled as:

ε ∼ k3/2/l (60)

Combining equation 49-52 and equation 57 and 58, we can write the modeled turbulent
kinetic energy equation as

∂k

∂t
+ 〈uj〉

∂k

∂xj
= P − ε+

∂

∂xj

[(
ν +

νT
σk

)
∂k

∂xj

]
(61)

2.4 k− ω Model

Historically, Kolmogorov in 1942 proposed the first two equation model. Kolmogorov
chose the kinetic energy of turbulence as one of the parameters, while the other parameter
as the dissipation per unit turbulence kinetic energy, ω. The eddy viscosity, turbulence
length scale and dissipation can be determined via dimension analysis:

µT ∼ ρk/ω, l ∼ k1/2/ω, ε ∼ kω (62)

Kolmogorov was able to recognize that there are fairly small number of physical processes
commonly observed in the motion of a fluid. The most common process are unsteadiness,
convection (or named as advection), production, dissipation and diffusion. Combing
physical deduction with dimensional analysis, Kolmogorov suggest the equation for ω as:

∂ω

∂t
+ 〈uj〉

∂ω

∂xj
=

∂

∂xj

(
νTσ

∂ω

∂xj

)
− βω2 (63)

Compare to turbulent kinetic energy equation, there is no production term, which is
consistent with Kolmogorov’s notation that ω is related to the smallest scales, hence it
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has no direct interaction with the mean flow. And there is no molecular diffusion term
meaning this equation can only applied to high Reynolds number flow.
In the following development, the interpretation of ω has been a bit like turbulent fluctua-
tions. A common idea is that ω is regarded as the ration of ε and k, the rate of dissipation
per unit of turbulent kinetic energy. Here we present the model due to Wilcox (ref. [7])
since it has been tested extensively.

• Eddy Viscosity

µt =
ρk

ω
(64)

• Turbulent Kinetic Energy

∂k

∂t
+ 〈uj〉

∂k

∂xj
= P +

∂

∂xj

((
ν +

νT
σk

) ∂k
∂xj

)
− Cµkω (65)

• Specific Dissipation Rate

∂ω

∂t
+ 〈uj〉

∂ω

∂xj
= α

ω

k
P +

∂

∂xj

((
ν +

νT
σω

) ∂ω
∂xj

)
− βω2 (66)

• Closure Coefficient

Cµ = 0.09, α = 5/9, β = 3/40, σk = 2.0, σω = 2.0 (67)

• Other Relations

ε = Cµkω, l = k1/2/ω (68)

An important advantage of k − ω model is that this model is very accurate for two-
dimensional boundary layers with variable pressure gradient (both adverse and favourable).
Through viscous sublayer it is easily integrated.
In addition to the standard k−ω model described above, a variation called the shear-stress
transport (SST) k − ω model is also popular. So named because the definition of the
turbulent viscosity is modified to account for the transport of the principal turbulent
shear stress. It is this feature that gives the SST k − ω model an advantage in terms of
performance over both the standard k − ω model and the standard k − ε model which
we will discuss below. Other modifications include the addition of a cross-diffusion term
in the ω equation and a blending function to ensure that the model equations behave
appropriately in both the near-wall and far-field zones.

2.5 k− ε Model

The most popular two equation model is the k − ε model. Its development stated since
1945 by Chou. The most famous paper is probably by Jones and Launder (ref. [8]), often
refereed as the Standard k − ε model.
In formulating the k− ε model, the idea is to derive the exact equation for ε and analogous
to k equation, where the unknown correlations will be replaced by suitable approximation.
Recall that ε is defined by equation 51, the exact equation for ε is far more complicated than
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the k equation, and includes several new unknowns and triple correlation of fluctuation
velocity, pressure and velocity gradient. A more detailed expression can be found in ref. [5].
The terms in the exact equation for ε are often considered as production of dissipation,
dissipation of dissipation, molecular diffusion of dissipation and turbulent transport of
dissipation. These relations are more or less impossible to measure to any extent, hence
the approximation that we need to make to close the equation seem to be more empirical.
The relation between the modeled equation for ε and exact equation is so tenuous as not
need serious consideration (ref. [5]). The standard k − ε model is as follows.

• Eddy Viscosity

µt = ρCµ
k2

ε
(69)

• Turbulent Kinetic Energy

∂k

∂t
+ 〈uj〉

∂k

∂xj
= P +

∂

∂xj

((
ν +

νT
σk

) ∂k
∂xj

)
− ε (70)

• Specific Dissipation Rate

∂

∂t
ε+ 〈uj〉

∂

∂xj
(ε) = (Cε1

ε

k
)P +

∂

∂xj

[(
ν +

νT
σε

)
∂ε

∂xj

]
− (Cε2

ε

k
)ε (71)

• Closure Coefficient

Cµ = 0.09, Cε1 = 1.44, Cε2 = 1.92, σk = 1.0, σε = 1.3 (72)

• Other Relations

ω = ε/(Cµk), l = Cµk
3/2/ε (73)

The k− ε model is the most widely used two-equation model. It has been applied to many
flow and attained varying degree of success. However, when it comes to flow with adverse
pressure gradient, or boundary layer flow especially through the viscous sublayer, this
model will be difficult to pose accurate solution, since the local isotropy hypothesis may
no longer stand up. Alternative ways can be introducing near-wall function or low-Re
k − ε model. The k − ω model has some advantage over the standard k − ε model for
simulating near-wall flows and flows with strong streamwise pressure gradients.
The Realizable k − ε model was developed by Shih (ref. [9]) and yields improved results
over the standard k − ε model in flow cases involving rotation, vortices, recirculation and
separation (ref. [10]). Comparing with the standard k − ε model, the transport equation
for ε is now derived from the vorticity fluctuations. Also, turbulent viscosity has a new
formulation. Cµ in equation 69 is no longer a constant but connected with empirical
functions. The transport equation for ε is

∂

∂t
ε+ 〈uj〉

∂

∂xj
(ε) = C1

√
2SijSijε+

∂

∂xj

[(
ν +

νT
σε

)
∂ε

∂xj

]
− C2

ε2

k +
√
νε

(74)

where
C1 = max

[
0.43,

η

η + 5

]
, and η =

√
2SijSij

k

ε
(75)
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Eddy viscosity is computed from equation 69, and Cµ is

Cµ =
1

A0 + As (kU∗/ε)
(76)

where
U∗ =

√
SijSij + Ω̃ijΩ̃ij, Ω̃ij = Ωij − 3εijkΩk (77)

Ωij is the mean rate-of-rotation tensor,

Ωij =
1

2

(
∂〈Ui〉
∂xj

− ∂〈Uj〉
∂xi

)
(78)

2.6 LES

The aim of large eddy simulations (LES) is modelling small scale turbulence and solving
large scale turbulence. The behavior of the large-scale eddies depends strongly on the
forces acting on the flow and on initial and boundary conditions, while the small-scale
eddies are close to homogenous and isotropic, almost universal.Compared to DNS, where
nearly all the computational work is spent on the smallest, dissipative motions, while the
energy mainly are stored in larger scale, in LES, large eddies are directly resolved and
small eddies are modeled. The goal is to directly simulate only into the inertia subrange,
and not all the way to the dissipation scales as DNS does. Meanwhile, the LES model only
need to represent the high-wavenumber part of the inertia subrange and the dissipation
scales, in contrast with RANS models which are model everything from integral scales to
dissipation scales. In addition, when discretization step is refined the LES is generally
close to DNS as their solutions can be thought to converge to N-S solutions.
There are by now many different forms of LES just like RANS, the oldest, but yet still
widely used, is the Smagorinsky model, which will be addressed later. The common idea
is to decompose the velocity u(x, t) into the sum of a filtered (or resolved) component
u (x, t) and a residual (or subgrid-scale, SGS) component u′(x, t) by a filtering operation.
The filtered velocity represents the motion of large eddies.
The filtering operation is

ui(x, t) =

∫
V

ui(x
′, t)G(x,x′)dx′ (79)

where G(x,x′) is the generalized filter function. The decomposition of velocity into the
filter and residual is

ui (x, t) = ui (x, t) + u′i (x, t) (80)

where ui is the filtered part and u′i is the residual part. It looks quite like the Reynolds
decomposition, but, the nature of two decomposition is different, hence, there has

u′i (x, t) 6= 0 (81)

ui (x, t) 6= ui (82)

The filtered the Navier-Stokes equations are

∂ui
∂xi

= 0 (83)
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∂ui
∂t

+
∂uiuj
∂xj

= −1

ρ

∂p

∂xi
+

∂

∂xj

(
ν
∂ui
∂xj

)
(84)

Since uiuj 6= uiuj, let uiuj = uiuj + (uiuj − uiuj), and substitute into equation 84 ,

∂ui
∂t

+
∂uiuj
∂xj

= −1

ρ

∂p

∂xi
+

∂

∂xj

(
ν
∂ui
∂xj

+ τRij
)

(85)

where τRij = uiuj − uiuj is defined as residual-stress tensor.
At this moment, the core problem of Large Eddy Simulation is obvious. The satisfactory
model for SGS stresses must be established. Previous data in ref. [11] shows that the
SGS turbulence energy is 29% and 20% for 163 = 4096 and 323 = 32768 grid points,
respectively. This means the subgrid scales take up a important portion of the turbulence
spectrum. Hence, achieving an accurate SGS stress model is of importance.

The Smagorinsky Model
Smagorinsky in 1963 was the first one to bring up a model for the SGS stress. It is
not a particularly good choice for wall-bounded shear flows, but for flows far from solid
boundaries it can be quite adequate, especially if the large scale is well resolved with the
cut-off wavenumber lying fairly deep within the inertia subrange. This model assume, the
SGS stress, similar to molecular motion, is a gradient-diffusion process.

τRij = 2νTSij, Sij =
1

2

(
∂ui
∂xj

+
∂uj
∂xi

)
(86)

the coefficient is the eddy viscosity of the residual motions. Analogous to the mixing
length hypothesis, the Smagorinsky eddy viscosity is

νT = (CS∆)2
√
SijSij (87)

Here, ∆ is the filter width (proportional to grid spacing h), and CS is the Smagorinsky
“constant”.
What should mentioned is, the Smagorinsky eddy viscosity equation is based on isotropic
turbulent energy transport, it is not reasonable to apply this to general turbulent shear
flow, the empirical value for CS is proven to be overestimated for some flows. Additionally,
τRij is supposed to be proportional to the third order of the distance to the wall which is
not satisfied via Smagorinsky model. It is also easily seen that the Smagorinsky model is
completely dissipative, and it is due to this that it performs poorly for wall-bounded flows.
Several modifications have been proposed, one uses a damping function in order to correct
CS, the other one is the dynamic model, which has been proved quite successful (ref. [12]).

The Spalart-Allmaras Model
The Spalart–Allmaras model is a one-equation model which was designed specifically for
aerospace applications, it solves a single transport equation for the turbulent viscosity
νT . The model is targeted for aerodynamic flows, transonic flow over airfoils, including
boundary-layer separation.
The model has four versions, the simplest one targets only to free shear flows at high
Reynolds number, and the most complete version can treat viscous flow past solid body
and with laminar regions, which is written in below (ref. [13]). The variable transported
in the Spalart Allmaras model is ν̃, and its transport equation is

∂ν̃

∂t
+ 〈uj〉

∂ν̃

∂xj
= Pν̃ + Tν̃ −Dν̃ (88)
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Here, Pν̃ is the production term, Tν̃ is the diffusion term and Dν̃ is the destruction of
turbulence viscosity that occurs at the near-wall region due to wall blocking and viscous
damping. The relation between νT and ν̃ is

νT = ν̃fv1 (89)

where
fv1 =

χ3

χ3 + C3
v1

(90)

χ =
ν̃

ν
(91)

and ν is the physical viscosity.

• Pν̃ : production,
Pν̃ = Cb1 (1− ft2) S̃ν̃ + ft1∆U

2 (92)

where
S̃ = S +

ν̃

κ2d2
fv2 (93)

S is a scalar measure of the deformation tensor and fv2 is another damping function.
S was thought to depend only on the vorticity and was expressed in this way:

S =
√

2〈ΩijΩij〉 (94)

where Ωij is the mean rotation rate tensor and defined as

Ωij =
1

2

(
∂〈ui〉
∂xj

− ∂〈uj〉
∂xi

)
(95)

ft2 is an empirical function which suppose to help the model make ν̃ = 0 to be a
stable solution so the predicted transition can still be physical. The last term in
production is the trip term. ∆U is the norm of the difference between the velocity at
the trip (real flow where transition happened, usually zero since the wall is steady)
and that the field point.

• Tν̃ : diffusion,

Tν̃ =
1

σ

[
∂

∂xj
(ν + ν̃)

∂ν̃

∂xj
+ Cb2

∂ν̃

∂xj

∂ν̃

∂xj

]
(96)

This part start with the classical diffusion operator as ∇ ([νT/σ]∇νT ) where σ is a
turbulent Prandtl number. Then add a non-conservative term.

• Dν̃ : destruction, The blocking effect of a wall is felt at a distance through the
pressure term, which acts as the main destruction term for the Reynolds shear stress.
Hence, it is necessary to use a wall parameter in the representation. Additionally,
the skin friction it produces for a flat-boundary layer is underestimated. To fix this,
another non-dimensional function fw is introduced. This function equals to 1 in the
log-layer.

Dν̃ =

[
Cw1fw −

Cb1
κ2

ft2

](
ν̃

d

)2

(97)

d is the distance to the wall, and κ is the Karman constant.
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All the C(...) are model constant, they can be found in ref. [14], with other empirical
functions. Many implementations of this model ignore the ft2 term, which was a numer-
ical fix to make a zero stable solution to the equation with a small basin of attraction.
Some studies have proved that this form only make very little difference compared to
the standard one, at least at reasonably high Reynolds numbers. This model has also
been through many adjustment with correction such as wall roughness, or curvature and
rotation (ref. [13]). However, it has clear limitations as a general model. It has a bad
prediction for the decay of νT in isotropic turbulence for example.

The Spalart-Allmaras model serves also as the basis for the formulation of another
hybrid simulation model, Detached Eddy Simulation (DES), which is a methodology to
RANS in the aid of LES.
LES models have severe limitations when dealing with near-wall regions, and the resources
needed to have reliable prediction of the inner part of the boundary layer is quiet hard to
obtain, especially for industry. Hence, another attempt is to combine the best aspect of
RANS and LES in a single strategy. An example is the detached-eddy simulation (DES)
approach.

DES originated in the late nineteen nineties (ref. [15]) and was intended primarily for
high-Re number, massively separated flows. This way the near-wall grid solution is not
demanding as pure LES and the computational cost cut-off is significant. The model was
originally formulated by replacing the distance function d in the Spalart-Allmaras (S-A)
model with a modified distance function

d̃ = min [d, CDES∆] (98)

where CDES is a constant and ∆ is the largest dimension ∆ = max(∆x,∆y,∆z) of the
grid cell in question. This modification changes the interpretation of the model since the
modified distance function change the model to behave as a RANS model in near-wall
regions, while away from the wall the model behave like LES. However, there is a problem
when the hybrid formulation is switching from RANS to LES as grid is reduced. In the
outer layer region of a thick boundary layer, where the grid may be fine enough, so the
DES solver switch to LES cause sudden decrease in the modelled stresses, giving rise to
separation which is not physical but due to the grid. The phenomenon is termed Grid
Induced Separation (GIS). This issue results in an advancement to the original DES model,
termed Delayed-DES (DDES) (ref. [16]).

The main idea of DDES is to include the molecular and turbulent viscosity informa-
tion into the switching mechanism to maintain RANS behavior in the boundary layer and
also prevent GIS. Although the DDES formalism can be used as Wall-Modelled Large-Eddy
Simulation (WMLES), since the RANS applied to the innermost portion of the boundary
layer can be regarded as a wall model, a new problem occurred – Log-Layer Mismatch
(LLM). The construed RANS model will generate a log-layer and so does LES, these
two log-layers turned out to be not matched and the error is too large to accept. A
further model which combine both DDES and WMLES is called Improved DDES (IDDES)
(ref. [17]).

The formulation of IDDES will not only include both DDES and WMLES function,
but also involve a set of empirical functions to assure a favourable performance of the
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combined model for different flows or different regions in a single simulation with complex
geometry. The first element needs to renew its definition is subgrid length-scale. Since
the SGS model constants are different for wall-bounded flow and free turbulent flow, it is
important to figure out another physically reasonable definition of the subgrid length-scale
∆. Considering the two limits, one is close to the wall with certain distance dw, ∆ should
be the maximum local grid spacing hmax; when in very close vicinity of the wall, ∆ should
depend on the wall-parallel steps only. Between the two limits, the definition of new
subgrid length scale is

∆ = min{max [Cwdw, Cwhmax, hwn] , hmax} (99)

where hwn is the grid step in the wall-normal direction and Cw is an empirical constant,
which does not depend on the specific SGS model.
The performance of the subgrid length-scale (equation 99) was proved quite accurate in
wall-resolved LES and high-Reynolds number DES of channel flow. For flow at moderate
Reynolds-number, only this length-scale is still insufficient, additional empiricism is needed.

The DDES-like functionality of IDDES will be active if the income flow is not tur-
bulent and in particular when a grid of ‘boundary-layer type’ precludes the resolution of
the dominant eddies. The DDES formulation is

lDDES = lRANS − fdmax{0, lRANS − lLES} (100)

Here the delaying function fd is equal to 0 at log-layer and 1 in free shear flow.
The wall-modeled LES branch is intended to be active only when the inflow conditions
include resolved turbulent content, and the grid is fine enough to at least resolve the
largest energy containing boundary layer eddies.

lWMLES = fβ(1 + fe)RANS + (1− fβ)lLES (101)

where fβ is the blending function, varying from 0 (LES mode) to 1 (RANS mode) and
provides a rapid switch between these extremes when the wall distance is between 0.5hmax
and hmax. The second empirical function, fe, is meant to prevent an excessive reduction
of the RANS Reynolds stresses in the vicinity of the RANS/LES interface. This function
was designed to address the log-layer mismatch. Its value will be close to zero in two
cases, one is the grid is sufficient for a wall-resolved LES, and another one is the final
IDDES model effectively performs as the background RANS model.
With a modified version of equation 100,

l̃DDES = f̃dlRANS + (1− f̃d)l̃LES (102)

where the blending function f̃d is defined by

f̃d = max{(1− fdt), fβ} (103)

with fdt = 1 − tanh[(8rdt)
3]. rdt is a marker of the wall region equal to 1 in a log layer

and 0 in a free shear flow.
The IDDES length-scale contains the blending of the DDES scale (equation 102) and
WMLES scale (equation 101) is:

lIDDES = f̃d (1 + fe) lRANS + (1− f̃d)lLES (104)
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The hybrid length scale given by equation 104 provides the desired WMLES behavior
for simulations that contain resolved turbulent content within the boundary layer (since
rdt � 1 ⇒ fdt ≈ 1 so that f̃d = fβ, lIDDES = lWMLES). Conversely, a simulation
without resolved turbulence within the boundary layer leads to DDES (fe ≈ 0 and
fdt ≈ 0⇒ f̃d = 1, lIDDES = lDDES).
The performance of IDDES in WMLES mode, or mixed DDES-WMLES mode or DDES
mode have been tested through a series of tests.
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3 Description of Particle Motion

3.1 Particle Equation of Motion

The dynamic of the motion of a particle is described by the Second Newton Law: the
product of mass and acceleration is equal to the sum of the external forces acting on the
body:

mp
dUp

dt
= Fsurf + Fg (105)

here mp is the particle mass, Up is the particle velocity, Fsurf is the net force induced
by pressure and shear stresses imposed by the continuous phase on the particle surface,
and Fg is the particle body force induced by the gravitational field. For a particle with
density ρp and diameter dp, the body force can be written as

Fg =
1

6
πd3pρpg (106)

where g is the gravity vector. If the number of particle of interest is large, it is impractical
to search for every details of motions around each particle’s surface. A conventional
method is to decompose Fsurf into several independent forces, under the approximation
that the particles are such small compared with the global dimensions of the flow that
it is sufficient to use the continuous-phase properties, such as ui(xi, t) and p(xi, t) at a
single point in space (corresponding to particle center of mass) to describe the force on
the particle. In particular, the decomposition of Fsurf is:

Fsurf = FD + FAM + FPG + FH (107)

where FD is the Stokes steady drag force, FAM is the added mass force which accounts for
that a particle accelerating relative to the surrounding fluid is changing the momentum,
FPG is the pressure gradient force, related to the pressure difference on the opposite sides
of the particle and FH is the ’history’ force due to the boundary layer development around
the particle, commonly referred to as the Basset history term (ref. [18]).

If we start with steady flow around a sphere, consider the flow is inviscid and at high
Reynolds number, the resulting force is zero (D’Alembert’s paradox). For real viscous
flows around a sphere at large Reynolds numbers, the boundary layer separation occurs
at a small angle (around 84◦) for Re ∈ (103, 3× 105). As the Re increased, the position
of separation will move upstream (around 120◦) (ref. [19]).
At low Reynolds number, the flow around a sphere is described as the classic Stokes
solution. In this condition, by applying the no-slip boundary condition to a solid sphere,
it is possible to derive the drag as

FD,i = −3πdpρfν (Us,i − Up,i) (108)

where ρf is the density of the fluid, ν is the kinematic viscosity of the fluid, and Us is
the velocity that the fluid would have had at the location of the particle center,xp, in
other words, the fluid velocity seen by the particle, Us = U (xp (t) , t). For this case, Us

is equal to the velocity of the fluid, U. A correction has been made to the classic Stokes
solution by considering the far field behaviour, resulting in a more general equation:

FD,i = −3πdpρfν (Us,i − Up,i)
(

1 +
3

16
Rep

)
(109)
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where Rep is the particle Reynolds number defined as:

Rep =
dp(Us,i − Up,i)

ν
(110)

An important non-dimensional parameter that used to quantify the drag is called Drag
Coefficient, CD:

CD =
FD

1
2
ρfU2A

(111)

where A is the cross-section area of the body into the flow. For example, for a sphere
A = πr2. The expression of FD in terms of drag coefficient is:

FD,i =
1

2

πd2p
4
ρfCD|Us −Up|(Us,i − Up,i), CD =

24

Rep
(1 +

3

16
Rep) (112)

This equation become invalid if Rep increase enough to generate wake behind the particle
and flow separation on particle surface.

The other forces present in the decomposition above will be taken into account when there
are unsteady relative motions, i,e: either the particle or the fluid or both are accelerating.
There have been several empirical investigation on these forces. See Maxey and Riley
(ref. [20]) and Auton (ref. [21] [22]). Also, for finite Rep conditions with spherical particles,
several experimental and numerical studies (ref. [23–26]) ware performed to investigate
these forces. Here for simplicity, we do not list these forces in therms of detailed expression.

Coupling Effect
Based on the interaction between particles and turbulence, the particle-laden turbulent
flow can be classified into three regimes (ref. [27]):

• fluid → particles
When the concentration of particles in a multiphase flow is small (less than 0.0001%
by volume), the particles have negligible effect on the turbulent flow. Quite accurate
solutions are then obtained by solving a single phase flow for the continuous phase
(perhaps with some slightly modified density) and inputting those fluid velocities
into equations of motion for the particles. This regime is known as one-way coupling.

• fluid ↔ particles
As the concentration of particles is increased, not only particle movement is affected
by the flow, but the flow around the particle is also affected by the presence of
particles. This interaction is called two-way coupling.

• fluid ↔ particles ↔ particles
As the concentration of particles is further increased to above 0.1%, the interaction
between particles such as collisions become important, hence it termed four-way
coupling.

In this thesis, we only consider one-way coupling, and the dominant force will be drag
force.
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3.2 Empirical Approach

A common approach to model the two-phase flow (gas-particles) is the Eulerian-Lagrangian
approach. According to this approach, the particle motion is described by solving the
equation of motion for each particle, or a representative fraction of them, (Lagrangian
formulation) and Navier-Stokes equations are solved for the continuum phase (Eulerian
formulation). Mathematically, the effect of Stokes’ drag force can be expressed as

FD,i = mp(Us,i − Up,i)/τp (113)

where τp is the particle relaxation time. Combined with equation 112, the expression of τp
in terms of CD is:

τp =
ρp
ρf

4dp
3CD|Us −Up|

(114)

Therefore, the equations of motion for heavy particles in Lagrangian formulation are:

dxp,i
dt

= Up,i (115)

dUp,i
dt

= (Us,i − Up,i)/τp (116)

if the initial state for each particle is known, namely xp(t = 0) and Up(t = 0), the particles
motion is determined by the fluid velocity field at the particle position, Us. In numerical
studies, the key question is: How to evaluate Us?

For DNS, the most detailed method, the flow around each particle is resolved, it is
safe to be considered as the fluid velocity evaluated at the particle location.

Us,i = UDNS
i (xp (t) , t) (117)

For LES, filtered fluid quantities are employed. In cases where the particle relaxation time
is large compared to smallest time scales resolved in LES, the subgrid scales in the fluid
velocity do not influence the particle motion significantly. Hence the particle equation of
motion do not need extra model, as assumed in ref. [28, 29].

Us,i = ULES
i (xp (t) , t) ≈ Ũi (xp (t) , t) (118)

For RANS, since this type of simulation only provide the average field as a steady state
solution and the turbulence fluctuations are modelled,

Us,i 6= URANS
i (xp (t) , t)→ Us,i 6= 〈Ui〉 (xp (t) , t) (119)

and additional model is required to take into account the effect of the turbulence on the
particle motion. A first option is to employ a dispersion model, which uses information
from the RANS solution, for instance the Reynolds stress or the turbulent kinetic energy, in
order to estimate the instantaneous fluctuation of the velocity field (ref. [30,31]). A second
option is to model directly the effects of such fluctuations on the particles probability
density function (ref. [32, 33]).
The fluctuations are added to the averaged velocity to give a turbulent fluid velocity
Us = U + U′. Based on the turbulent kinetic energy k , the velocity fluctuations can be
modelled as:

u′ =

√
2

3
k xrnde (120)
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A random factor xrnd reproduces a probability density function with Gaussian distribution
with an expected value µ = 0 and a standard deviation σ =

√
2
3
k. The direction of the ve-

locity fluctuation is specified with the unity vector e. Depending on the model, this vector
either points in a random direction (as in the OpenFOAM model: StochasticDispersion-
RAS ) or in the direction of −∇k (as in the OpenFOAM model: GradientDispersionRAS ).
Both models assume that turbulent fluctuations only affect the particle trajectory if the
particle has been in contact with the fluctuations for a sufficient time. The underlying
idea is that the particle needs to travel through an entire turbulent eddy to be deviated.
A characteristic turbulent time-scale is therefore introduced:

∆tτ = min

[
k

ε
, Cs

k3/2

ε|U|

]
(121)

Where Cs is a model constant.

3.3 Stochastic Process

An alternative approach to describe particles dispersion due to turbulence is a straight-
forward generalization of the Stochastic approach introduced by Pope in ref. [35], which
was originally developed to describe single-phase flow. Consider a turbulent velocity field
u(x, t), the one-point, one-time Eulerian probability density function (PDF) is f(V;x, t),
where V = {V1, V2, V3} is the independent variable in the velocity space. The integration∫

(...) dV below is the abbreviation for the integration over entire velocity space:∫
(...) dV =

∫ ∞
−∞

∫ ∞
−∞

∫ ∞
−∞

(...) dV1dV2dV3 (122)

For any function Q (u(x, t)), its mean is defined:

〈Q (u(x, t))〉 =

∫
Q(V)f(V;x, t)dV (123)

The exact transport equation for f(V;x, t) is derived from Navier-Stokes equations. The
derivation is based on a so-called fine-grained PDF, f ′(V;x, t). The definition of it is

f ′(V;x, t) = δ(u(x, t)−V) (124)

The fine-grained PDF has the following properties:

〈f ′(V;x, t)〉 = f(V;x, t) (125)

〈φ(x, t)f ′(V;x, t)〉 = 〈φ(x, t)|u(x, t) = V〉f(V;x, t) (126)

where 〈...|...〉 is the conditional mean.
The transport equation for f ′(V;x, t):

Df ′

Dt
=
∂f ′

∂t
+ Vi

∂f ′

∂xi
= − ∂

∂Vi

(
f ′
Dui
Dt

)
(127)

and the transport equation for f(V;x, t) is the mean of equation 127,

∂f

∂t
+ Vi

∂f

∂xi
= − ∂

∂Vi

(
f
〈Dui
Dt

∣∣∣V〉) (128)
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Substituting equation 18 without body force term for Dui/Dt, we have:

∂f

∂t
+ Vi

∂f

∂xi
= − ∂

∂Vi

(
f
〈
− 1

ρ

∂p

∂xi
+ ν

∂2ui
∂xj∂xj

∣∣∣V〉) (129)

Considering the Reynolds decomposition for pressure (p = 〈p〉+ p′),〈 ∂p
∂xi

∣∣∣V〉 =
∂〈p〉
∂xi

+
〈 ∂p′
∂xi

∣∣∣V〉 (130)

Note that the conditional mean has no effect on the already averaged fields ∂〈p〉/∂xi.
Hence, the exact transport equation for the Eulerian probability function of the velocity is

∂f

∂t
+ Vi

∂f

∂xi
− 1

ρ

∂〈p〉
∂xi

∂f

∂Vi
= − ∂

∂Vi

(
f
〈
− 1

ρ

∂p′

∂xi
+ ν

∂2ui
∂xj∂xj

∣∣∣V〉) (131)

In this equation, the convection and the mean pressure appear to be closed, while condi-
tional expectation for the fluctuating pressure and viscous term need to be modeled(rhs).
A common closure is the generalized Langevin model (equation 132), modelling the La-
grangian quantities to solve the Eulerian PDF, where the Langevin equation (ref. [37])
provides a model for the velocity of a fluid particle in turbulence. A specific model is
corresponding to a specification of Gij and C0.

∂f

∂t
+ Vi

∂f

∂xi
− 1

ρ

∂〈p〉
∂xi

∂f

∂Vi
= − ∂

∂Vi
[fGij (Vj − 〈uj〉)] +

1

2
C0〈ε〉

∂2f

∂Vi∂Vi
(132)

However, this equation does not provide complete closure since the coefficient 〈ε〉 is not
known in terms of f . A further possible way is to add the model dissipation equation to
this PDF equation can be found in ref. [35].
Instead of solving the transport equation for f , the system can be described by a high
enough number N of statistical fluid particles with state-variables X and U , whose
evolution is described by the governing equations:

dXi = Uidt

dUi = −1

ρ

∂P

∂xi
dt+Gij (Uj − 〈Uj|X〉) dt+

√
C0ε dWi

(133)

It is important to note that X and U are stochastic variables and dW is an infinitesimal
increment in stochastic sense (〈(dW )2〉 ∝ dt). The operator 〈Uj|X 〉 is the conditional
mean of the velocity field at the particles locations.
We can summarize the aforementioned conceptual steps as follows:

1. the attention is moved from the Navier-Stokes equation for the Eulerian velocity field
U (x , t) to the transport equation for the probability density function f(V ; x , t);

2. a closure is introduced by modelling in the transport equation for f(V ; x , t);

3. f(V ; x , t) is described “indirectly”, via the solution of the Langevin equation for a
large number of stochastic (fluid) particles;

4. the Eulerian fields are estimated via averaging the equivalent particle variables.
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This procedure can be extended to describe the properties of two-phase system. In doing
so, a central point is the choice of the particle state vector. In fact, as discussed by Minier
and Peirano (ref. [38]), the particle velocity Up is not directly linked with first principles
but rather it depends on the the fluid velocity seen by the particles Us , which is itself a
random variable. Subsequently, the set Langevin equation which describe the motion of
(solid) stochastic particles assume the form:

dxp,i = Up,i dt
dUp,i = Ap,i dt
dUs,i = As,i(t, xp ,Up ,Us) +Bs,ij(t, xp ,Up ,Us) dWj

(134)

where Ai and Bs,ij represent drift and diffusion effects, respectively, and required to be
modelled. The model which has been implemented in OpenFOAM has been proposed by
Peirano et al. (ref. [39]):

Ap,i =
1

τp
(Us,i − Up,i)

As,i = −1

ρ

∂ 〈P 〉
∂xi

dt+ (〈Up,j〉 − 〈Uj〉)
∂ 〈Ui〉
∂xj

− Us,i − 〈Ui〉
T ∗L,i

B2
s,i = 〈ε〉

(
C0bi

k̃

k
+

2

3

(
bi
k̃

k
− 1

)) (135)

The particle relaxation time, τp, is the same as for a purely deterministic case (equation
114) and it represents the response of a physical particle of given density, radius and
velocity moving in the velocity field Us. The modelling of the drift term takes into account
two different phenomena: the crossing-trajectory effects and the fact that the fluctuations
influence the particle motion with a time scale different then for the mean field, T ∗L. The
model of the diffusion matrix Bs,ij is more complex and we refer to Minier and Peirano
2001 (ref. [38]) for its justification.
The numerical solution of the system (equation 134) needs to take into account the fact
that it is a system of stochastic differential equations. In the present implementation we
follow Peirano, Chibbaro, Pozorsky and Minier, 2006 (ref. [39]), in which the authors
proposed to solve it analytically for constant coefficients at each time step.
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4 Results

4.1 Case Description

The stochastic model for particle dispersion has already been implemented in OpenFOAM
as a part of a previous master study at the department and code named Saturn. In the
present thesis post-processing, we will focus the comparison between the prediction of
different dispersion models and the reference data obtained with an IDDES simulation.
The study case is a wall-mounted cubic obstacle in turbulent channel flow (figure 6).
This case have been investigated in details in 1993 by Martinuzzi and Tropea (ref. [40]),

Figure 6: Sketch of the case geometry

who applied different experimental techniques to obtain information about the flow field
around obstacles. The dimension of the channel are 390cm × 60cm × 5cm (length ×
width × height), and a cubic obstacle of length 2.5cm was placed 52 channel heights
far from the inlet and center of the channel. The side of the cube has been regarded as
characteristic length unit L. The flow inlet is a fully developed flow far before the cube,
showing the parabolic profile of a 2D channel. The initial velocity Uin is taken as constant.
The Reynolds number based on the geometry is

Re =
UinLcube
νair

(136)

Here, we take Re = 105, for which data are available on line.
Since it is convenient to use dimensionless variables as we explained before, the following
description is based on measuring system where:U = U /Uin

x = x/Lcube

⇒

U = L = 1

ν = 1/Re
(137)

And the scaled time will be
t =

t

Uin/Lcube
(138)

The coordinates have x axis as the flow streamwise direction, y axis as the flow span-wise
direction, and z axis as the flow vertical direction. The computational domain employed
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Figure 7: Experimental (dark green) and computational (brown) domain (white is the
cube)

in this thesis is opted by a previous master study. It is smaller than the experimental
domain in ref. [40]. The distance between the inlet and leading edge of the cubic obstacle
is denoted as δXin, the distance between the cubic tailing edge and the outlet is denoted
as δXout and the width of the channel is denoted as δY . As for the height of the channel,
since ratio between the cubic obstacle height and channel height is keeping 0.5 during
the experiment, for the computational domain, it should be completely covered. A direct
comparison of these choices can be seen from table 2 where the data are in scaled units as
explained above, and a graphic illustration is shown in figure 7.

Table 2: Comparison between experimental and computational domain

Domain size δXin δXout δY
Experimental 104 51 24
Computational 4 20 10

4.2 Fluid Simulations

We consider both time-dependent and RANS simulations: the latter are required to
employ the particle dispersion model, and the first to provide reference data. Part of the
time-dependent simulations has been performed during the previous master thesis and are
not described in details. In this study, different IDDESs and LESs with the Smagorinsky
closure were compared, showing good agreement in the region of the domain immediately
surrounding the cubic obstacle. The IDDESs were preferred because they allow to adopt
a coarser resolution in the near-wall region far from the obstacle, thus the Smagorinsky
model is not considered here. Furthermore, a parametric study has been performed in
order to set the proper inlet boundary conditions, which requires both the value of the
turbulent viscosity νt and a proper flow velocity. Due to the relatively short extent of the
domain upstream the cubic obstacle, a synthetic vortex generator is employed in order
to provide a turbulent flow similar to that in the experiment. In figure 8 we show the
comparison between the reference data and the following simulations:

• IDDESs, with two different grid which differ in the refinement level in the region
surroundings the cube – but not in the wall-normal spacing in the near-region.

• RANS simulation with three different turbulent models: k − ε, realizable k − ε and
k − ω.
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The comparison between the two different grids for IDDESs shows that the discrepancy
with the experimental data does not improve significantly when the more refined grid is
employed. Because of this result, we adopted the coarser one for the particle simulation,
in order to reduce the computational cost. The most significant differences appear down-
stream the cube – i.e.: in the region where the grid spacing differs between the two grids.
On the other hand, in the region immediately surrounding the cube, and in particular
near the leading edge of the cube, the agreement between the results obtained with the
two different grids is higher than that with the experimental data. This fact may suggest
that the discrepancy between experimental and simulation at the leading edge is due to
the uncertainties introduced by the turbulence model, while numerical uncertainties are
more relevant elsewhere (for instance, due to the low order numerical schemes).
The discrepancy among numerical and experimental data is often more severe for RANS
simulations, which is to be expected, although it is interesting to note that in several
locations RANS perform not much worse than IDDESs.
In particular, in the area above the cubic obstacle, the degree of agreement between k − ε
and experimental data is overall higher than k − ω, especially near and at the leading
edge, k− ω is not able to provide a good description about the separation. At 1.5 and 2.0
length units behind the leading edge, all simulations give flipped S-shape profiles inline
with the experiment, but the curvature of k − ω is relatively small. At one length unit
further from the leading edge, RANS has predicted separation at the bottom wall which
has not occurred in both IDDESs and experiment.

Another check of symmetry (figure 9) is also considered to provide another aspect of these
models behaviour. Ideally, since the physical geometry of the flow field is symmetric, if
the inlet flow is fully-developed which has been confirmed in our case, the time-averaged
streamwise velocity should also show a symmetric behavior, which the results of RANS
show a good agreement at 0.5L after the trailing edge, while the asymmetry of IDDES
is due to the vortex shedding captured by IDDES in time. But still, a good agreement
between RANS and IDDES results is found of 1.5L after the leading edge. For the
y-component and z-component velocity, k − ω has the least discrepancy with IDDES
compared to other RANS model immediately downstream the cube.
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Figure 8: Comparison of mean velocity (Ux) between three RANS models (red is k − ε,
green is k − ω, blue is Realizable k − ε) and two IDDES models (black dashed line is
IDDES with coarse mesh and black solid line is with fine mesh). Experimental data as
reference (in dots). Samples are taken along vertical symmetry plane at: x = +0.25,
x = +0.75, x = +1.0, x = +1.5, x = +2.0, x = +3.0 (length units) from the leading edge.
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Figure 9: Comparison of mean velocity (Ux, Uy, Uz) between three RANS models (red is
k − ε, green is k − ω, blue is Realizable k − ε) and two IDDES models (black dashed line
is IDDES with coarse mesh and black solid line is with fine mesh). Samples are taken in
yz plane (z = 0.5) at: x = +1.5, x = +4.0 (length units) from the leading edge.
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4.3 Particles Simulations

We consider three particles dispersion models: Stochastic model,StochasticDispersionRAS
and GradientDispersionRAS models. The k−ω model is employed as Reynolds-averaging
approach since it provided a better description of the circulating bubble closely behind
the cube and the reference data is provided by IDDES with coarser grid. The particles are
continuously released by a large number of injectors spread on a plane located at 0.01L
behind the cube (figure 10). Each time unit there will have approximately 106 particles
been injected into the system. Here we consider two extreme cases: one when particle

Figure 10: Particle injection location

inertia effects on the particle distribution are negligible (for particle diameter dp = 20e−6),
another when the particle inertia effects are relevant (for particle diameter dp = 1000e−6).
The first parameter we considered is the particles position distribution, in order to do
that, the evolution of the position of the centre of mass of the particles are selected from
1 time unit to 5 time unit (figure 11 for dp = 20e−6, figure 12 for dp = 1000e−6). In x-axis
position plots we added a line symbolize the particles moving trend without turbulent
interruption as reference. For smaller particles, the simulation results of particle models
have similar trend compared to IDDES, but they are not completely consistent, and there
have obvious differences in Z-direction. More specifically, the Gradient Dispersion model
predicted the particles will gather around the injection area. As the particles diameter
is 1000e−6, it is reasonable that they seem to be a little bit hard to be picked up by
the flow, since in the first two time units their center of mass is moving really slow in
the x-direction. They are more likely to move upwards (in z-axis) due to the z-direction
changes are more notable. The Stochastic Dispersion model has a really good agreement
with the IDDES in x-direction and has the same trend in z-direction. The larger particles
seem to move downwards (in z-axis) after 3 time units which is possible due to inertia
effects, however, this event is not captured by the Stochastic model.
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Figure 11: Comparison of x coordinates (top) and z coordinates (bottom) of the trajectory
of the center of mass of three particle dispersion models (red for Stochastic Dispersion
model, green for Gradient Dispersion model and blue for Stochastic model of interest) for
particle diameter as dp = 20e−6. IDDES as the reference (in black).
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Figure 12: Comparison of x coordinates (top) and z coordinates (bottom) of the trajectory
of the center of mass of three particle dispersion models (red for Stochastic Dispersion
model, green for Gradient Dispersion model and blue for Stochastic model of interest) for
particle diameter as dp = 1000e−6. IDDES as the reference (in black).

Another parameter we considered are the Lagrangian quantities, Up and Us, as shown in
figure 13 for particle diameter dp = 20e−6 and figure 14 for particle diameter dp = 1000e−6.
For particles diameter is 20e−6, the dashed lines (Us) and solid lines (Up) coincide meaning
the particles are going with the flow, which indicates that it is correct that inertial effect
can be ignored. For larger particles, Up and Us are clearly separated, because the moment
when a certain particle passes a certain location as a fluid velocity sampled at that location
affect the motion of the particle, leading to the velocity lag.
Generally speaking, all the dispersion models perform quite poorly close to the cube
(1.0L after the leading edge). This is firstly due to the fact that the description of the
separation above the cube and the recirculation bubble behind the cube is not perfect for
the RANS models. In addition, in this region the flow is dominated by the large coherent
structures which are very far from the isotropy assumption included at various degree in
the dispersion models themselves.
As going further downstream, in the wake of the cube, the circulation bubble is going to
be less important and the agreement between dispersion models and IDDES is better,
however, the difference between the dispersion models are amplified. In particular at
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x=2L downstream the leading edge, the prediction of the Stochastic model is the closest
to the reference data.
The Us is the velocity of the fluid seen by the particles, if the particles are distributed
everywhere in the system, then the Us should be considered as the mean field in RANS
simulation. The fact that the particles are not at the circulation around the cube lead to
Us equals to zero. This discrepancy cannot only due to the imperfect RANS description of
the circulation region but also imply that the dispersion models are not good to capture
the turbulence fluctuation influence on particles distribution.
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Figure 13: Comparison of Up (solid line) and Us (dashed line) for particle dp = 20e−6

between three particle models in OpenFOAM (red is StochasticDispersionRAS, green is
GradientDispersionRAS, blue is Stochastic Model) and one IDDES model (black line).
Samples are taken along vertical symmetry plane (y = 5) at: x = +1.0, x = +1.5,
x = +2.0 (length units) from the leading edge.
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Figure 14: Comparison of Up (solid line) and Us (dashed line) for particle dp = 1000e−6

between three particle models in OpenFOAM (red is StochasticDispersionRAS, green is
GradientDispersionRAS, blue is Stochastic Model) and one IDDES model (black line).
Samples are taken along vertical symmetry plane (y = 5) at: x = +1.0, x = +1.5,
x = +2.0 (length units) from the leading edge.
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5 Conclusions and Further Development
During the present thesis, we studied how the flow around a wall-mounted cubic obstacle
in fully developed turbulent channel flow affects the statistical properties of a cloud of
particles injected in the domain immediately downstream the obstacle. Our main aim is
to assess whether particles dispersion models and RANS simulations are a convenient tool
to describe such a system. We assumed that coupling effects are negligible and thereby
we treated the particles as point-wise objects whose presence does not influence the fluid
phase. We employed two different methodologies, both based on a Lagrangian-Eulerian
description of the system. The first approach consists of time-dependent numerical
simulations, where the turbulent flow is described with a Large Eddy Simulation with the
IDDES turbulent model. In this case, the dynamics of the Lagrangian phase is determined
by the instantaneous values of the fluid velocity which is assumed to be “exact” (within
the uncertainties of the LES). In the second approach, we adopted different RANS models
to describe the Eulerian phase, which requires to introduce a dispersion model to take into
account the effect of turbulent fluctuations over the Lagrangian phase. In particular, we
studied two different cases, which differ in the relevance of particles inertia and we assessed
the effectiveness of three different dispersion models. Three different RANS models have
been evaluated, but only the k − ω was employed with the particles models. This choice
is due to the fact that has a better performance in describing the flow in the recirculating
bubble immediately downstream the cube, near the particles injection location. In the
following we summarise our results, focusing on what is more relevant for the main aim of
the study. The first approach that we adopted gave a precise description of the statistical
properties of the cloud of particles. This is the first time, to our knowledge, that such
analysis is carried out for this study case. The comparison between the two approaches
reveals that:

1. The case under study present severe challenges for RANS models, a fact with
inevitable consequences for the prediction of Us, the fluid velocity seen by the
particles at their location, and therefore over the particles distribution. This is
particularly evident in the region of the domain immediately downstream the cubic
obstacle.

2. The particles distribution for the two approaches present qualitative differences,
which highlight the difficulties of modeling the effects of turbulence diffusion when a
mean field approach is adopted for the fluid. In particular, dispersion models largely
underestimate the chance for the particles to be transported upstream their injection
location, which is likely a consequence of a failure in predicting the diffusion effects
of large turbulent coherent structures.

3. The agreement between dispersion models and LES improves moving further down-
stream to the cube, which is related with the fact that in this region the behavior of
the flow is nearer to the isotropic assumption embedded to a various degree in all
the dispersion models.

4. Particles with negligible inertia (lower Stokes number), whose path are streak-lines
in unsteady turbulent flows, present higher dispersion then particles with strong
inertia (higher Stokes number). For the latter, Up and Us are effectively distinct
stochastic variables because of the relatively higher value of the particle relaxation
time, τp.
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5. The three dispersion models considered here perform quite variously. The Stochastic
model provides a relatively better prediction than the two dispersion models already
implemented in OpenFOAM, although the agreement with the reference data is far
from perfection.

In light of the results presented above, we can suggest possible directions for future work.
In order to provide effective models for the description of poly-disperse systems, it is
needed to answer two key questions:

1. What are the fundamental phenomena of an instantaneous turbulent flow which are
more relevant for particles dispersion?

2. What are the requirements for a dispersion model to reproduce the effects of such
phenomena?

To answer the first question requires to perform high-fidelity numerical simulations and to
employ appropriate tools for data-analysis. On the other hand, the answer to the second
question requires a more carefully evaluation of the impact on the particles distribution of
the simplification introduced in the dispersion models.
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