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Abstract
Software testing plays a vital role in the software development life cycle. Hav-
ing a more accurate and cost-efficient testing process is still demanded in the
industry. Thus, test optimization becomes an important topic in both state
of the art and state of the practice. Software testing today can be performed
manually, automatically or semi-automatically. A manual test procedure is
still popular for testing in safety critical systems. For testing a software prod-
uct manually, we need to create a set of manual test case specifications. The
number of required test cases for testing a product is dependent on the product
size, complexity, the company policies, etc. Moreover, generating and execut-
ing test cases manually is a time and resource consuming process. Therefore,
ranking the test cases for execution can help us reduce the testing cost and
also release the product faster to the market. In order to rank test cases for
execution, we need to distinguish test cases from each other. In other words,
the properties of each test case should be detected in advance. Requirement
coverage is detected as a critical criterion for test cases optimization. In this
thesis we propose an approach based on a p-Laplacian Spectral Clustering for
detecting the traceability matrix between manual test cases and the require-
ments, in order to find the requirement coverage for the test cases. The fea-
sibility of the proposed approach is studied by an empirical evaluation which
has been performed on a railway use-case at Bombardier Transportation in
Sweden. Through the experiments performed using our proposed method it
was able to achieve an F1-score up to 4.4%. Although the proposed approach
under-performed for this specific problem compared to previous studies, it was
possible to get some insights on what limitations p-Laplacian Spectral Cluster-
ing have and how it could potentially be modified for similar kind of problems.
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Sammanfattning
p-Laplacian Spektralklustring tillämpat på mjukvarutestning

Mjukvarutestning har en viktig roll inom mjukvaruutveckling. Att ha en mer
exakt och kostnadseffektiv testprocess är efterfrågad i industrin. Därför är testop-
timering ett viktigt ämne inom forskning och i praktiken. Idag kan mjukvaru-
testning utföras manuellt, automatiskt eller halvautomatiskt. En manuell test-
process är fortfarande populär för att testa säkerhetskritiska system. För att
testa en programvara manuellt så måste vi skapa en uppsättning specifikatio-
ner för testfall. Antalet testfall som behövs kan bero på bland annat produktens
storlek, komplexitet, företagspolicys etc. Att generera och utföra testfall ma-
nuellt är ofta en tids- och resurskrävande process. För att minska testkostnader
och för att potentiellt sett kunna släppa produkten till marknaden snabbare kan
det vara av intresse att rangordna vilka testfall som borde utföras. För att gö-
ra rangordningen så måste testfallens särskiljas på något vis. Med andra ord
så måste varje testfalls egenskaper upptäckas i förväg. En viktig egenskap att
urskilja från testfallen är hur många krav testfallet omfattar. I det här projek-
tet tar vi fram en metod baserad på p-Laplacian spektralklustring för att hitta
en spårbarhetsmatris mellan manuella testfall och krav för att ta reda på vil-
ka krav som omfattas av alla testfall. För att evaluera metodens lämplighet så
jämförs den mot en tidigare empirisk studie av samma problem som gjordes
på ett järnvägsbruk hos Bombardier Transportation i Sverige. Från de experi-
ment som utfördes med vår framtagna metod så kunde ett F1-Score på 4.4%

uppnås. Även om den metod som togs fram i detta projekt underpresterade
för det här specifika problemet så kunde insikter om vilka begränsningar p-
Laplacian spektralklustring har och hur de potentiellt sett kan behandlas för
liknande problem.
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Chapter 1

Introduction and Background

Today, the desire for improvement still remains in software product develop-
ment process. A vital part of achieving this is by improving software testing
phase [1]. Software testing is a major contributor in the software and devel-
opment cycle (SDLC), as it is exemplified in the "Testing" part in Figure 1.1.
There are many aspects of software testing that are researched. One exam-
ple is test effectiveness since there is a demand for a transition from manual
to automated testing. There are still however many problems that make that
transition harder such as human intuition, inductive reasoning and inference
[1].

Figure 1.1: Software development life cycle. Image taken from [2].

Software testing process can be both time and resource consuming (up to
50% of total development costs [1]) thus, the test optimization has received

1



2 CHAPTER 1. INTRODUCTION AND BACKGROUND

considerable attention in recent times. In industry there is a trade off in time
and cost between having automated testing or manual testing. This is because
having an automated testing procedure can sometimes lead to saving time but
the cost of developing and maintaining these tests are much higher than a man-
ual testing procedure.

One way to achieve a more effective testing process is by dividing the test-
ing activities in different levels which in turn makes it easier to detect bugs in
the software [3]. Software testing can be performed into the following levels:

• Unit Testing

• Integration Testing

• System Testing

• Acceptance Testing

However, the integration testing can be considered as a most complex and
time-consuming testing level. In the following sections these concepts are
presented in more details.

1.1 Software Testing
As mentioned earlier, software testing is a way to analyze a software item. A
more formal definition of the process provided by IEEE international standard
(ISO/IEC/IEEE 29119-1) is as follows:

Definition 1. Software testing is the process of analyzing a software item with
the aim to detect the differences between existing and required conditions (hid-
den bugs) and also to evaluate the features of the software item [4].

Software testing can be performed manually, semi-automatically or auto-
matically. In this thesis we just focus on manual testing. Although there needs
to be mentioned that manual and automatic software testing has different ad-
vantages. The trade-off we get between a manual or automatic process is either
a fast testing procedure which we get with an automatic process or a low cost
from development and maintenance which is typically achieved with a manual
process compared to an automatic one.

In a manual testing procedure, testers perform a set of test case specifica-
tions until the expected behaviors are met. So, in the case of testing a product
manually we need to generate a set of test cases. A definition of a test case
specification is the following:
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Definition 2. A test case specification textually describes the main purpose of
a specific test through providing a step-by-step procedure for execution [5].

A typical test case specification usually includes descriptions of inputs,
execution conditions, testing procedures and expected results. An expected
result could be a pass or fail depending if for example the test complies with
some requirement [1].

For a software product the number of test cases can be very large since
there are many factors that have effect on it, e.g. the product size, complexity
and testing maturity.

1.1.1 Integration Testing
As highlighted before, in the software development life cycle (SDLC, see fig-
ure 1.1) it is usual to split up the testing phase into four levels (unit, integration,
system and acceptance). However, some of the mentioned phases can be elim-
inate in some testing projects but the integration testing is performed in most
projects in multi-component systems [1]. On the other hand, in some cases
most of the hidden bugs can only be detected when modules are interacting
with each other [6] in the testing phase. This means in turn according to [7]
integration testing can become quite complex. Integration testing is defined
as follows:

Definition 3. Integration testing is a level of software testing which occurs af-
ter unit testing and before system testing, where individual modules are com-
bined and tested as a group [8].

1.1.2 Test Optimization
It is crucial to optimize the testing process to be able to get it as efficient and
cheap as possible [9]. There are multiple ways of optimizing the testing pro-
cess. The most relevant ways in this project are test case selection and test case
prioritization.

In test case selection one selects and evaluate a subset of generated test
cases to be executed. More formally the goal is to solve the following problem:

Definition 4. Given: The program, P , the modified version of P , P ′, and a
test suite, T .

Problem: To find a subset of T , T ′, with which to test P ′ [10].
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The other way to optimize the testing process is by ranking all the generated
test cases such that test cases with a higher rank (higher importance) should
be prioritized higher in the execution [11]. Test case prioritization can also be
defined as a problem:

Definition 5. Given: A test suite, T , the set of permutations of T , PT and a
function from PT to real numbers, f : PT → R.

Problem: To find a T ∈ PT that maximizes f [10].

There is a distinction between these two ways of optimizing the testing
process. In test case selection there are multiple executions on subsets of the
generated test cases, so the number of test cases in each execution are relatively
small. In contrast for test case prioritization there are executions on different
permutations (based on rankings) of the full set of test cases.

1.1.3 Requirement Coverage
As explained earlier, the number of test cases for testing a product manually
can be very large and thereby time and resource consuming, we need to select
a subset of test cases for execution. Furthermore, this problem is considered
as a multi-criteria multi objective decision-making problem, where test cases
need to be distinguished from each other by their properties (criteria) [1]. The
following test properties are already detected by researchers in state of the art
as the vital criteria for test case selection:

• Dependency between test cases

• Execution time

• Requirement coverage

Requirement coverage refers to the number of requirements (standards)
which are designed to be tested by each test case [1]. In some testing proce-
dures, covering as much as possible requirements is demanded, which means
those test cases that test more requirements need to be tested earlier.

It can be the case that a test case covers several requirements or the other
way around that several test cases are assigned to a single requirement. Exe-
cuting test cases with a higher requirement coverage can be considered as an
advantage for the test optimization purposes. The importance of requirement
coverage is analyzed and shown previously [1].

In order to measure the requirement coverage, we need to know the trace-
ability graph between test cases and their corresponding requirements. In this
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thesis, we propose a deep learning approach for finding the traceability graph
between requirement and test cases. Since both test cases and requirements are
written in a natural text, thus employing natural language processing (NLP)-
based approaches might provide a clue for finding the traceability graph be-
tween them.

1.2 Traceability graph between test cases and
requirements

The traceability graph between test cases and requirements is previously de-
tected by Tahvili et al. [12] through applying a signal analysis approach be-
tween the software modules (see Figure 1.2).

Figure 1.2: Traceability graph between test cases and requirements. Taken
from [12] by permission.

As we can see in Figure 1.2, the requirement coverage for each test case
is detectable. Indeed, counting the number of assigned requirements to each
test case can help us to measure the requirement coverage for each test case.
Moreover, the provided information in Figure 1.2 is utilized as the ground truth
(GT) for evaluating the proposed solution in this thesis.
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1.3 Project Introduction
The feasibility of the proposed approach has been evaluated by studying an
ongoing testing project for the underground subway train in Stockholm, called
BR4901 project, at BT [1]. The units of analysis in this case study are test cases
(test specifications) at the integration testing level for the BR490 project. A
total of 1748 test cases and 6874 requirement specifications which are designed
for testing different functional groups (e.g. brake system, air conditioning,
doors system, battery power supply), have been extracted from the DOORS2

database at BT.

1.4 Research Goal
The main research goal of this thesis can be summarized as follow:

Can the traceability matrix between test cases and the requirements be de-
tected through utilizing semantic text analysis and p-Spectral Clustering?

1.5 Related work
Attempts to solve this problem have been previously done in Tahvili et al.
[13], [14]. In their results they managed get a result of an F1-score of 75%.
Where a score of 100% would mean that the traceability matrix is found as
close to the truth as possible. In their study they used the HDBSCAN and
Fuzzy C-means clustering methods to approach this problem, whereas HDB-
SCAN gave the best results.

1The BR490 series is an electric rail car specifically for the S-Bahn Hamburg GmbH net-
work in production at Bombardier Hennigsdorf facility.

2Dynamic Object-Oriented Requirements System



Chapter 2

The Proposed Approach

In this chapter, we provide the details of the proposed approach for detecting
the traceability graph between test cases and the requirements. Figure 2.1
mirrors the required input, the steps and also the expected output, utilizing the
proposed approach in this thesis.

doc2vec AlgorithmTest Case
Specifications

p-Laplacian Spectral
Clustering

Requirement
Coverage

Requirements
Specifications

Input Step 2Step 1 Output

Figure 2.1: The steps of the proposed approach.

As we can see in Figure 2.1 the required input for using the proposed ap-
proach is test cases and also requirement specifications, which both are written
in a natural text. In the upcoming paragraph, the details for each step is pro-
vided.

• Step 1 (Text analysis): Since the data we get from the test case specifi-
cations and requirement specifications are in a natural text format there
becomes a problem in quantifying similarities between different data
points. To this end we utilize an NLP tool, more specifically doc2vec
which is based on Paragraph Vector algorithms [15, 16]. This method
takes a document (either a test case or requirement) and performs a se-
mantic text analysis on the contents and outputs a real valued high di-
mensional vector, 128 dimensions in our case.

7
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• Step 2 (Clustering): From the previous step we have a large set of high
dimensional vectors where each vector represents either a test case or a
requirement. The goal is to detect the traceability between the test cases
and requirements where it can be the case that multiple test cases are
assigned on a few requirements or vice versa. This means the result we
are looking for are groups of data points that are closely related to each
other. Therefore, we can view it as a clustering problem. Themethod we
are using for clustering is the p-Laplacian Spectral Clustering method
presented by Bühler and Hein [17]. The performance of this method
will be evaluated in this thesis.



Chapter 3

Spectral Clustering

As the name suggests, spectral clustering is a family of clustering algorithms,
which uses information from the eigenvalues (spectrum) of special matrices
built from the data set [18]. Indeed the main difference between spectral clus-
tering to other classic clustering methods is that it uses the eigenvalues of the
similarity matrix from the features of interest instead of only using the sim-
ilarity matrix. Some examples of classical methods are K-means and single
linkage clustering. In this chapter we will present the method called spectral
clustering.

3.1 Definitions and notations for graphs
We define a graph as G = (V,E) where V = {v1, . . . , vn} is a set of vertices
and E = {si,j}i,j=1,...,n is a set of edges between all vertices. Furthermore it
is assumed that G is an undirected graph which carries non-negative weights
wi,j ≥ 0 where if wi,j = 0 then vertices vi and vj are not connected. That
a graph is undirected means that wi,j = wj,i. By these weights an adjacency
matrix can be defined as:

W = (wi,j)i,j=1,...,n. (3.1)

The adjacency matrix is useful to measure properties of subsets of V . Let
A ⊂ V be a subset of vertices and A be its complement. We also let the
notation i ∈ A be short for {i | vi ∈ A}. Then we can define for two not
necessarily disjoint sets A,B ⊂ V :

W (A,B) :=
∑

i∈A,j∈B

wi,j.

9
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Using this we can define two properties of a subset. First off, we define the
cardinality of A as:

|A| := number of vertices in A (3.2)

and secondly the volume of a subset as:

vol(A) :=
∑
i∈A

di (3.3)

where di =
∑n

j=1wi,j is the degree of a vertex vi ∈ V . Both properties are a
way of quantifying the size of a subset.

Another important thing to consider is if a graph is connected. For a given
pair of vertices u and v in a subset A ⊂ V , the pair is considered connected if
all intermediate vertices have an edge between them. Further on, a subsetA is
considered to be connected if all pairs of vertices are connected, given that the
intermediate vertices belongs to A. For a simple visualization of connected
graphs see Figure 3.1.

Figure 3.1: A visualization of a connected graph (Subset A) and a discon-
nected graph (Subset B).

If the subset A is connected and there are also no connections between
vertices in A and A then A is a connected component. And finally, a partition
of a graph is defined as a group of subsetsA1, . . . , Ak that fulfills the following
conditions:

Ai ∩ Aj = ∅, i 6= j
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and
A1 ∪ A2 ∪ . . . ∪ Ak = V.

3.2 Standard Spectral Clustering
A brief formulation of the problem that spectral clustering seeks to solve is
the following. Given a set of feature vectors X = (x1, . . . , xn) the goal is
to group them in separate clusters that are by some distance function similar
to each other. The similarities can be represented using a graph G = (V,E)

where the feature vectors are represented in a set of vertices V andE is a set of
edges that represents the similarity between point xi and xj . These points are
said to be connected if si,j are positive and fulfills some condition [19]. The
main problems that occurs here is the need of a distance function to measure
the similarities in E and how to go on from the point a similarity matrix is
created to perform the clustering. A way of performing clustering on a graph
is to minimize the cut value between the number of clusters needed. Later in
this thesis, the concept of cut value and how it can be used, is presented in
detail.

3.2.1 Graph Cuts
In clustering methods, we are always separating a data set into multiple clus-
ters. Assume again we have a fully connected graph G = (V,E). To per-
form a clustering of V we need a way to partition it into subsets (or clusters)
C1, . . . , Ck such that points in a cluster are similar to each other and dissimi-
lar to the other clusters. A way to create a partition is to perform cuts in the
graph until the graph consists of connected components. The question is how
to decide where to make a cut. So, let us define the cut function of a subset A
and its complement A as:

cut(A,A) =
∑

i∈A,j∈A

wi,j. (3.4)

Since the goal of clustering is to have the weights of the edges between the
clusters to be very low (while weights within the clusters are high) we want
to find a partition of V that fulfills this. One way to approach this is to solve
the mincut problem [19]. This is, for a given number k subsets A1, . . . , Ak,
equivalent to minimizing:

cut(A1, . . . , Ak) :=
1

2

k∑
i=1

W (Ai, Ai). (3.5)



12 CHAPTER 3. SPECTRAL CLUSTERING

In practice the solution of this problem gives in many cases solutions where an
individual vertex gets separated from the graph [19]. To solve this problem, we
need to put some emphasis on the sizes of the subsets in the partition. Using
the cardinality of the subsets we can use the RatioCut [20], which is defined
as:

RatioCut(A1, . . . , Ak) =
k∑

i=1

cut(Ai, Ai)

|Ai|
. (3.6)

Alternatively one can use the normalized cut, NCut [21] which instead
utilizes the volume of the subsets:

NCut(A1, . . . , Ak) =
k∑

i=1

cut(Ai, Ai)

vol(Ai)
. (3.7)

Both (3.6) and (3.7) are types of balanced graph cut criteria. What makes
these more appropriate to minimize is that if a cluster is small in terms of vol-
ume or cardinality the cut value will get higher, hence getting a more balanced
partition of the graph. A slightly more formal explanation of why the clusters
become balanced by minimizing (3.6) and (3.7) is that the functions

∑k
i=1

1
|Ai|

and
∑k

i=1
1

vol(Ai)
are minimized when all |Ai| and all vol(Ai) coincide, respec-

tively.
One major practical disadvantage in solving the mincut with these balanc-

ing conditions is that the complexity of the minimization becomes very high
(NP-hard). In Figure 3.2 we see how the computation time rapidly increases
when attempting to solve the mincut problem. In spectral clustering we use a
relaxation of the minimization to get by this problem.

0 5 10 15 20 25
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Figure 3.2: CPU-time to solve the mincut problem. Evidently the rate of
growth in CPU-time seems to have some factorial relation to the number of
data points.
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3.2.2 Relaxation Using the Graph Laplacian
An essential part of this approximation is the graph Laplacian. The two cases
we need to consider is the unnormalized and normalized graph Laplacian. Let
us start with the unnormalized case. The unnormalized graph Laplacian ma-
trix is defined as:

L = D −W (3.8)

whereD is the diagonal matrix containing the degree values di in its diagonal
entries andW is the adjacencymatrix described in (3.1). There are some prop-
erties from this matrix that is used in spectral clustering. These are described
in [19] as:

1. For every vector f ∈ R we have:

fTLf =
1

2

n∑
i,j=1

wij(fi − fj)2.

2. L is symmetric and positive semi-definite.

3. The smallest eigenvalue in L is 0 with the constant one vector 1 as its
corresponding eigenvector.

4. L has n real non-negative eigenvalues 0 = λ1 ≤ . . . ≤ λn

5. For an undirected graph G with non-negative weights the multiplicity k
of the eigenvalue 0 ofL is equal to the number of connected components
A1, . . . , Ak in G. The eigenspace of this eigenvalue is spanned by the
indicator vectors 1A1 , . . . ,1Ak

.

The proofs of the mentioned properties are presented in [19] for the inter-
ested readers.

The normalized graph Laplacian matrix can be defined in two ways as:

Lsym = D−1/2LD−1/2 = I −D−1/2WD−1/2 (3.9)
Lrw = D−1L = I −D−1W (3.10)

where I is the identity matrix. The reason for their denotations is that Lsym is
a symmetric and Lrw is related to a random walk. These matrices have also
some important properties in spectral clustering that are quite similar to the
unnormalized case. They are:
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1. For every f ∈ R we have:

fTLsymf =
1

2

n∑
i,j=1

wij

(
fi√
di
− fj√

dj

)2

.

2. λ is an eigenvalue of Lrw with eigenvector u if and only if λ is and
eigenvalue of Lsym with eigenvector v = D1/2u.

3. λ is an eigenvalue of Lrw with eigenvector u if and only if they solve the
eigenproblem Lu = λDu.

4. 0 is an eigenvalue of Lrw with the corresponding eigenvector u = 1. 0
is an eigenvalue of Lsym with corresponding eigenvector w = D1/2

1.

5. Lsym and Lrw are positive semi-definite and have n real non-negative
eigenvalues 0 = λ1 ≤ . . . ≤ λk.

6. For an undirected graph G with non-negative weights the multiplicity k
of the eigenvalue 0 of Lsym and Lrw is equal to the number of connected
components A1, . . . , Ak in G. The eigenspace for the 0 eigenvalue is
spanned by the indicator vectors 1A1 , . . . ,1Ak

for Lrw and spanned by
D1/2

1A1 , . . . , D
1/2
1Ak

for Lsym.

These properties are formulated and proved in [19]. For a standard reference
on the graph Laplacian matrix see [22].

The minimization problems we want to solve for some given value k:

min
A1,...,Ak

RatioCut(A1, . . . , Ak) and (3.11)

min
A1,...,Ak

NCut(A1, . . . , Ak). (3.12)

To approximate these problems, we need to reformulate the object functions
using the graph Laplacian matrix. Now let hj = (h1,j, . . . , hn,j)

T be indicator
vectors for subsets A1, . . . , Ak defined as:

hi,j =


1√
f(Aj)

, if vi ∈ Aj

0, otherwise
(3.13)

where f(Ai) = |Ai| or f(Ai) = vol(Aj) for the unnormalized or normalized
case respectively. With the indicator vectors we define the matrix:

H = (hi,j)i=1,...,n; j=1,...,k, ∈ Rn×k (3.14)
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which contains the vectors in its columns. It can be shown (see Luxburg) that:

hTi Lhi = (HTLH)ii =
cut(Ai, Ai)

f(Ai)
(3.15)

and then applying this for the RatioCut we get:

RatioCut(A1, . . . , Ak) =
k∑

i=1

(HTLH)ii = Tr(HTLH) (3.16)

where Tr(·) is the trace of amatrix. Since the indicator vectors are orthonormal
to eachother thenHTH = I . So if we defineH using (3.13) we can formulate
(3.11) as:

min
A1,...,Ak

Tr(HTLH) subject to HTH = I. (3.17)

Though if we letH take arbitrary values in Rn×k we can relax the problem to:

min
H∈Rn×k

Tr(HTLH) subject to HTH = I. (3.18)

The Rayleigh-Ritz theorem tells that the solution to this problem is the matrix
H that contains the first k eigenvectors of L in its columns. Similarly for
the normalized case we get with the substitution K = D1/2H the relaxed
minimization as:

min
K∈Rn×k

Tr(KTD−1/2LD−1/2K) subject to KTK = I. (3.19)

This problem is solved by the matrix K that holds the first k eigenvectors of
Lsym. In turn H = D−1/2K holds the first k eigenvectors of Lrw.

Instead of calculating a cut value for every possible partition of the subsets
we calculate the eigenvalues and eigenvectors of the Laplacian matrix. This
is a much more efficient way of solving the problem in terms of complexity.
In the following example, a comparison between solving the original mincut
problem and the relaxed problem is provided.

Example 1. Assume we generate a similarity matrix W ∈ R2n×2n such that
half the points belongs to class A1 and the other half to A2. This means that
the weights between points within the same class will in general be larger than
weights between points of different classes.

We can cluster the data into two parts by solving the mincut problem and
the relaxed problem. The computation times are presented in Figure 3.3.
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Figure 3.3: Both problems attempt to cluster randomly generated data into two
clusters. It can be observed that the computation time for the mincut problem
explodes while for the the relaxation the CPU-time seems to increase almost
linearly.

These approximate solutions to the mincut problem are quite abstract since
we get a real valued matrix, so we need a way to convert it into a discrete
partition. One way to do this in spectral clustering is to use k-means clustering
on the rows of the resulting matrix containing the first k eigenvectors. Here
each row in the matrix corresponds to a feature (vertex) in the set V .

3.3 Generalized Graph Laplacian
The standard graph Laplacian introduced in the last section can also be defined
as the quadratic operator for a function f : V → R:

(f,∆2f) =
1

2

n∑
i,j=1

wi,j(fi − fj)2 (3.20)

where ∆2 denotes the standard graph Laplacian. So for the unnormalized
graph Laplacian we have ∆

(u)
2 = D−W and for the normalized we get for the

random walk Laplacian ∆
(n)
2 = I −D−1W [17]. To generalize this, we seek

an operator ∆p that can for p > 1 induce the form:

(f,∆pf) =
1

2

n∑
i,j=1

wi,j|fi − fj|p. (3.21)
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To obtain this we define the generalized graph Laplacian, or for short p-Laplacian
∆p. Here we also need to seperate between the unnormalized p-Laplacian∆

(u)
p

and the normalized p-Laplacian ∆
(n)
p . For

φp(x) = |x|p−1sign(x), x ∈ R

we define the p-Laplacian as:

(∆(u)
p f)i =

∑
j∈V

wi,jφp(fi − fj) (3.22)

(∆(n)
p f)i =

1

di

∑
j∈V

wi,jφp(fi − fj) (3.23)

where i ∈ V . Note that these definitions are consistent for the standard case
p = 2 since φ2(x) = x.

3.3.1 Graph Cheeger Cuts
In this section we will also study two other cut criteria which both are similar
to the RatioCut and NCut which was defined in (3.6) and (3.7) respectively.
Let us introduce the Ratio Cheeger cut (RCC) and the normalized Cheeger cut
(NCC):

RCC(A,A) =
cut(A,A)

min{|A|, |A|}
(3.24)

NCC(A,A) =
cut(A,A)

min{vol(A), vol(A)}
. (3.25)

One thing we need to take into consideration is that both Cheeger cuts do not
a have a generally accepted definition for the multipartioned case, i.e. when
we have k number of subsets A1, . . . , Ak.

Similarly, to the standard case we will now also seek to minimize these
graph cuts through a relaxation and we will also study how this relaxation is
related to the eigenvalues and eigenvectors of the p-Laplacian.

3.3.2 Eigenvalues and Eigenvectors
In section 3.2.2 we concluded that the eigenvalues and eigenvectors of the stan-
dard Laplacian could be used for spectral clustering. So, for this generalized
case where the p-Laplacian operator is nonlinear we need to define what an
eigenvalue and eigenvector is. For the sake of simplicity, we will only include
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the results for the unnormalized p-Laplacian since they are quite similar to the
normalized case. In Bühler and Hein [17] the eigenvalue λp for the unnormal-
ized p-Laplacian ∆

(u)
p is defined as following.

Definition 6 (Bühler and Hein [17]). The real number λp is called an eigen-
value for the p-Laplacian ∆

(u)
p if there exists a function v : V → R such that

(∆(u)
p )i = λpφp(vi), ∀i = 1, . . . , n.

The function v is called a p-eigenfunction of ∆
(u)
p corresponding to the eigen-

value λp.

This definition is based on the Rayleigh-Ritz principle. Let us define the
p-norm as ‖f‖pp :=

∑n
i=1 |f |p and the unnormalized p-Laplacian as:

Qp(f) := (f,∆(u)
p f) =

1

2

n∑
i,j=1

wi,j|fi − fj|p. p ≥ 1 (3.26)

If we compare this to a linear operator it will be easier to see how to carry
on to the case with our nonlinear operator. Assume a symmetric matrix A ∈
Rn×n, then by minimizing the Rayleigh-Ritz quotient one can find the smallest
eigenvalue λ(1) and the corresponding eigenvector v(1) which satisfiesAv(1) =

λ(1)v(1). More formally the problem can be formulated as:

v(1) = argmin
f∈Rn

(f, Af)Rn

‖f‖22
.

Similarly by defining the the p-norm as ‖f‖pp :=
∑n

i=1 |fi|p and (3.26) we
define the functional Fp : RV → R :

Fp(f) :=
Qp(f)

‖f‖pp
. (3.27)

Using Fp and Definition 6 one can derive the following theorem.

Theorem 1 (Bühler and Hein [17]). The functional Fp has a criticial point
at v ∈ RV if and only if v is a p-eigenfunction of ∆

(u)
p . The corresponding

eigenvalue λp is given by λp = Fp(v). Moreover, we have Fp(αf) = Fp(f)

for all f ∈ RV and α ∈ R

To prove this one can make use of the condition for Fp(v) being a critical
point, i.e.

∆pv −
Qp(v)

‖v‖pp
φp(v) = 0
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and by utilizing Definition 6. For the full proof see Bühler and Hein [17].
We have a similar property of the p-Laplacian of a graph as for the standard

case that the multiplicity of the first eigenvalue tells us how many connected
components we have in the graph. More formally put:

Proposition 1 (Bühler and Hein [17]). The multiplicity of the first eigenvalue
λ
(1)
p = 0 of the p-Laplacian ∆

(u)
p is equal to the number k of connected com-

ponents A1, . . . , Ak of the graph. The corresponding eigenspace for λ(1)p = 0

is given as {
∑k

i=1 αi1j∈Ai
| αi ∈ R, i = 1, . . . , k}.

Since we assumed earlier that we are working with a connected graph we
have for some c ∈ R that v(1)p = c1. We also have from Proposition 1 that we
need at least the second eigenvector v(2)p to make a partitioning of the graph.
Contrary to the case where p = 2 we do not always have orthogonal eigenvec-
tors so that computing the second eigenvector as:

v
(2)
2 = argmin

f∈Rn

{(f,∆
(u)
2 f)

‖f‖22
| (f,1) = 0

}
(3.28)

cannot be carried over directly to the general case. Since we have the condition
that (f,1) = 0 we have

‖f‖22 =
∥∥∥f − 1

n
(f,1)1

∥∥∥2
2

= min
c∈R
‖f − c1‖22.

Then we can rewrite (3.28) as

v
(2)
2 = argmin

f∈Rn

(f,∆
(u)
2 f)

minc∈R ‖f − c1‖22
. (3.29)

Using this we can define for the general case F (2)
p : RV → R that

F (2)
p (f) =

Qp(f)

minc∈R ‖f − c1‖pp
(3.30)

and state the following theorem regarding the second eigenvector v(2)p of ∆
(u)
p .

Theorem 2 (Bühler and Hein [17]). The second eigenvalue λ(2)p of the graph
p-Laplacian ∆

(u)
p is equal to the global minimum of the functional F (2)

p . The
corresponding eigenvector v(2)p of ∆

(u)
p is then given as v(2)p = u∗−c∗1 for any

global minimizer u∗ of F (2)
p , where c∗ = argminc∈R

∑n
i=1 |u∗i − c|p. Further-

more, the functional F (2)
p satisfies F (2)

p (tu+ c1) = F
(2)
p (u), for all t, c ∈ R.

Again we have a minimization problem to solve, though in this case it is to
solve the nonlinear eigenvalue problem in Definition 6.
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3.3.3 Relaxation of Graph Cut Criteria
We showed in section 3.2.2 that the relaxed problem of RatioCut and NCut
could be solved by using the second eigenvector of the standard unnormalized
or normalized graph Laplacian. It will evidently be the case that the second
eigenvector for the p-Laplacian also gives a solution to the relaxation of the
mincut problem.

To see how the functional F (2)
p in (3.30) relates to RCut and RCC we use

the following theorem.

Theorem 3. For p > 1 and every partition of V into A,A there exists a func-
tion fp,A ∈ RV such that the functional F (2)

p associated to the unnormalized
p-Laplacian satisfies:

F (2)
p (fp,A) = cut(A,A)

∣∣∣∣∣ 1

|A|
1

p−1

+
1

|A|
1

p−1

∣∣∣∣∣
p−1

.

with the special cases,

F
(2)
2 = RatioCut(A,A)

lim
p→1

F (2)
p = RCC(A,A).

Moreover, one has F (2)
p (fp,A) ≤ 2p−1 RCC(A,A). Equivalent statements

hold for a function gp,A for the normalized cut and the normalized p-Laplacian
∆

(n)
p .

For p = 2 we can see that we minimize over all functions in the eigen-
problem for the second eigenvector of ∆

(u)
p and ∆

(n)
p which means that we get

a relaxation of the RatioCut and NCut. Similarly, for p → 1 we get a relax-
ation of RCC and NCC. In the remaining case, i.e. the interval 1 < p < 2, we
can see the eigenproblem as an interpolation between RatioCut /NCut and
RCC /NCC. Note that the value of p can theoretically go to infinity, though
this is not of interest for the scope of this thesis.

In this case we also need a way to use the second eigenvector to partition
the graph. To get a partition of the graph we need to threshold v(2)p in some
way. To get the threshold for the second eigenvector v(2)p for the unnormalized
graph p-Laplacian we need to solve:

argmin
Ct={i∈V |v(2)p (i)>t}

RCC(Ct, Ct) (3.31)
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and for the normalized graph p-Laplacian we solve

argmin
Ct={i∈V |v(2)p (i)>t}

NCC(Ct, Ct). (3.32)

To give a measure of how good the cuts obtained from (3.31) and (3.32)
compared to the optimal Cheeger cut values (denoted by hRCC and hNCC) we
use the following theorem formulated by Bühler and Hein [17].

Theorem 4. Denote by h∗RCC and h∗NCC the ratio/normalized Cheeger cut
values obtained by thresholding the second eigenvector v(2)p of the unnormal-
ized/normalized p-Laplacian via (3.31) for ∆

(u)
p resp. (3.32) for ∆

(n)
p . Then

for p > 1,

hRCC ≤ h∗RCC ≤ p(max
i∈V

di)
p−1
p (hRCC)

1
p ,

hNCC ≤ h∗NCC ≤ p(hNCC)
1
p .

The proof of Theorem 4 is available at [23].





Chapter 4

Implementation andSimulations

The research conducted in this thesis utilized industrial case studies, follow-
ing the proposed guidelines for conducting and reporting case study research
in software engineering by Runeson and Höst [24]. As mentioned earlier, the
given data consists of a set of 1748 test cases and 6874 requirements which
totals 8622 data points. It needs to be mentioned that some of the points in-
cluded in the data set do not exist in the ground truth and vice versa. So, in our
experiments we have only used the points that exists in both the data set and
ground truth to be able to measure the correctness of our results in a reliable
way. This resulted in a data set with 1276 data points where we have 443 test
cases and 833 requirements.

4.1 Ground Truth

To be able to test the performance of the proposed approach the true require-
ment coverage is provided by Tahvili et al. [25]. The ground truth is given
in the form of how a requirement depends on a test case. A requirement can
depend on multiple test cases and a test case can cover multiple requirement.
See the traceability graph between a small sample of test cases and require-
ments in Figure 1.2 to get an understanding of the ground truth. To convert
this to a clustering setting we consider a cluster to be a group of test cases and
requirements that are connected to each other. For instance, if two different
test cases cover the same requirement while one of the test cases covers an-
other requirement as well, then all those four points would belong to the same
cluster. Figure 4.1 illustrates an example.

23
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Figure 4.1: An example to illustrate how a set of test cases and requirements
can be separated in two different clusters.

4.2 Implementation Process
In this section we are going to present in more detail the process of the im-
plemented methods and experiments done in this study. In particular we will
focus on how the p-Spectral Clustering is implemented on the generated data.

The algorithm for the p-Laplacian based Spectral Clustering is provided
by Bühler and Hein [17] as:

Algorithm 1 p-Laplacian based Spectral Clustering
1: Input: Weight matrix W , number of desired clusters K, choice of p-

Laplacian
2: Initialization: Cluster A1 = V , number of clusters s = 1.
3: repeat
4: Minimize F (2)

p : RCi → R for the chosen p-Laplacian for each cluster
Ai, i = 1, . . . , s.

5: Compute optimal threshhold for dividing each cluster Ai via (3.31) for
∆

(u)
p or (3.32) for ∆

(n)
p .

6: Choose to split the cluster Ai so that the total multi-partition cut criterion
is minimized (ratio cut (3.6) for ∆

(u)
p and normalized cut (3.7) for ∆

(n)
p ).

7: s⇐ s+ 1

8: until number of clusters s = K.
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4.2.1 Create a Similarity Matrix
To use this algorithm, wemust first take the generated data and create aweighted
matrix, W . This can be done using some distance/similarity measure. The
data are vectors x1, . . . , xn where xi ∈ R128. In our case the different dis-
tance measures that we chose to create the weight matrix with was the in-
verse of the Euclidean distance wi,j =

1

‖xi − xj‖2
and the Cosine similarity

wi,j =
xi · xj

‖xi‖2‖xj‖2
.

An important property that the predicted clusters should have is that each
cluster must at least contain one test case and one requirement. So to take
this into account we add some bias to the weights inW if wi,j represents the
adjacency between a test case and requirement. This is done by multiplying
the weight by some constant α, in this study we used α = 2. We also know
that each cluster contains test cases and requirements from the same category,
e.g. brake, air supply etc. So, we also multiply with α to weights in W that
represents a pair within the same category. This adds to the sentiment that our
approach is semi-supervised since we use some information from the ground
truth to make our implementation better. Although it can be argued that it is
quite obvious that a test in a system (category) should cover a requirement for
that same system.

FromW we could then construct a similarity graph. In Luxburg [19] there
is presented several ways to do this. Though in our case we only used the k-
nearest neighbor approach which means that for each vertex vi was connected
to its k-nearest neighbors. What is considered as "near" is determined by the
assigned weight between the vertex vi and the other vertices. The final weight
matrix, S that is used as input in Algorithm 1 is the one constructed from the
k-nearest neighbor graph.

4.2.2 Hierarchic Approach
As mentioned earlier we have the condition that each cluster must at least con-
tain one test case and one requirement. The problem that appears for us then is
that Algorithm 1 does not take that into consideration. To solve this practically
we applied the algorithm recursively using the following approach:

Step 1: Cluster the data into two clusters with Algorithm 1, i.e. letK = 2.

Step 2: Check if both clusters fulfills the wanted conditions.
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• If they are fulfilled then repeat from step one for both of the new
clusters.
• If they are not fulfilled then stop clustering and return the cluster
which was used before the current split.

This ensures the wanted conditions but can potentially create other problems.
One extreme example would be if after the first split that one cluster contains
only test cases, then the recursion would stop, and we would only end up with
the whole data set as our final cluster. Therefore, it is important how the matrix
in our input is constructed. Another problem that comes with this approach
is that we cannot control exactly how many clusters we will end up with. So
even if we know from the ground truth how many clusters, we want it is hard
to enforce it with this approach.

To give an idea how the method is carried out in a more practical setting,
see Example 2.

Example 2. [Demonstration of the proposedmethod] Assumewe have a set of
points x1, . . . , x10 that are to be clustered into four parts where each part must
fulfill some arbitrary condition. They are connected according to the graph
shown in Figure 4.2.

Figure 4.2: A similarity graph of the full data set. Edge weights vary between
0 and 1 where 0 would be considered a "weak" connection and 1 a "strong"
connection.

By following the steps presented previously the first step would be to split the
graph into two parts by making appropriate cuts, i.e. in this case cutting the
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edge between point x6 and x7 since the weight of the edge between them is
relatively small. The result of the partitioning is shown in Figure 4.3.

Figure 4.3: Result after making a cut of the original graph into two connected
components.

Now we have two connected components of the graph and let us assume that
both parts fulfill the wanted conditions. This means we can repeat the clus-
tering for the two new parts separately. For the part containing the points
x1, . . . , x6 we make a cut such that we separate x1, x2, x3 and x4, x5, x6 into
to two clusters. Similarly we make a cut such that x7, x8 and x9, x10 are sepa-
rated. See Figure 4.4 for reference.
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Figure 4.4: Final result after implementing the hierarchic method for cluster-
ing an arbitrary data set.

As mentioned earlier we wanted to cluster the data into 4 parts as we have here.
But technically the algorithm could continue make new clusters since we have
not specified how many clusters we want. To solve that problem in this case
could be for example to impose the condition that each cluster should at least
contain two data points.

To relate Example 2 to our specific problem then we want to impose the
condition that each cluster must at least contain one test case and at least one
requirement.

4.3 Evaluation metrics
To evaluate the results of our experiments we calculate theF1-score. This met-
ric is a relation between the precision and recall of the results, more formally:

2
precision · recall
precision + recall

=
2 TP

2 TP + FN + FP
(4.1)

where TP = sum of True Positives, FN = sum of False Negatives and FP =

sum of False Positives. These values need to be defined in someway. By going
through each possible pair (pi, pj) in the data set, check if this pair is connected
to each other in a cluster,Cgt from the ground truth and in if they are connected
in a cluster Csc from the clustering method. A pair is then defined as a:
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• True Positive if ∃i, j : (pi, pj) ∈ Cgt and (pi, pj) ∈ Csc

• True Negative if ∃i, j : (pi, pj) /∈ Cgt and (pi, pj) /∈ Csc

• False Negative if ∃i, j : (pi, pj) ∈ Cgt and (pi, pj) /∈ Csc

• False Positive if ∃i, j : (pi, pj) /∈ Cgt and (pi, pj) ∈ Csc.

Since there are very many possible pairs and a large number of clusters in the
data used for this project the methods used will generate a lot of true negatives.
This means if we would use

Accuracy =
TP + TN

TP + TN + FN + FP

to measure the result, we would get a high value even if we get more false
positives and false negatives than true positives. Hence, the F1 score is more
appropriate to our specific case.





Chapter 5

Results & Discussion

For the presented methods, several experiments were carried out with the goal
of getting the highest possible F1-score (see definition in the previous sec-
tion). The hierarchic approach presented in subsection 4.2.2 was implemented
for our problem with different parameters. The k parameter for the k-nearest
neighbour graph was varied in a range from 1 to 10 while also using the Eu-
clidean distance (L2-normalization) or the cosine similarity as similarity mea-
sures. As for the parameter p in the p-Spectral Clustering algorithm p = 1.2

was used in the majority of the experiments to keep the simulations running
reasonably fast for the setup available. To motivate the choice of p value fur-
ther we did some experiments for a range of p values as well.

5.1 Standard Implementation

Table 5.1 & 5.2 represents precision, recall and F1-score values after using the
L2-normalization and Cosine similarity respectively before implementing the
clustering algorithm. As we can see, the value of F1-score is low for all k.

31
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Table 5.1: F1-score values using L2-normalization

k Precision Recall F1-score Clusters
1 0.042 0.032 0.036 281

2 0.042 0.026 0.032 339

3 0.036 0.024 0.029 351

4 0.033 0.019 0.024 367

5 0.045 0.025 0.032 370

6 0.036 0.031 0.033 357

7 0.041 0.026 0.032 373

8 0.040 0.025 0.031 368

9 0.039 0.025 0.031 377

10 0.044 0.025 0.032 378

Table 5.2: F1-score values using cosine similarity

k Precision Recall F1-score Clusters
1 0.039 0.032 0.035 272

2 0.039 0.028 0.033 310

3 0.018 0.522 0.036 194

4 0.047 0.037 0.041 318

5 0.048 0.041 0.044 303

6 0.050 0.034 0.041 342

7 0.048 0.034 0.040 332

8 0.038 0.041 0.039 327

9 0.042 0.033 0.037 336

10 0.052 0.033 0.040 342

To see how the parameter p affected our some experiments were done by
letting p range between p = 1.1 to p = 2. As we can see from Table 5.3 it
made no notable difference to our results independent on the value of p.
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Table 5.3: Results for experiments letting p range between 1.1to 2. Here we
use k = 5 and are using L2-norm

p Precision Recall F-score Accuracy Clusters
1.1 0.069 0.016 0.027 0.993 521

1.2 0.070 0.016 0.027 0.993 522

1.3 0.073 0.017 0.028 0.993 521

1.4 0.057 0.014 0.023 0.993 512

1.5 0.068 0.016 0.027 0.993 511

1.6 0.067 0.016 0.027 0.993 511

1.7 0.030 0.036 0.033 0.989 467

1.8 0.082 0.019 0.031 0.993 522

1.9 0.074 0.021 0.033 0.993 512

2 0.069 0.019 0.029 0.993 513

5.2 Random Under-sampling

Since the F1-score was low for the previous methods, it was suspected that the
method could not handle the imbalance in the data set i.e. that the difference
in the class sizes is too large. In this case the source of imbalance is that the
number of test cases are much larger than the number of requirements. One
attempt to solve this is by randomly remove n samples from the class with
a majority of the data in hopes of making the cluster sizes more even. The
experiments were done in multiple iterations using the Euclidean distance (L2-
norm) measure for n = 100, 200, 400.

The results from these experiments can be found in Tables 5.4 - 5.6.
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k Precision Recall F1-score Accuracy Number of clusters
1 0.0431 0.0337 0.0378 0.9912 272.2

2 0.0414 0.0278 0.0332 0.9917 325.7

3 0.0405 0.0278 0.0327 0.9916 341.3

4 0.0399 0.0251 0.0308 0.9919 348.1

5 0.0389 0.0237 0.0294 0.9919 350.9

6 0.0393 0.0241 0.0298 0.9919 354.2

7 0.0372 0.0229 0.0283 0.9919 358.9

8 0.0391 0.0217 0.0279 0.9922 366

9 0.0383 0.0236 0.0290 0.9919 365.1

10 0.0384 0.0231 0.0288 0.9920 365.5

Table 5.4: Average results after 10 iterations when removing 100 samples ran-
domly.

k Precision Recall F1-score Accuracy Number of clusters
1 0.0450 0.0348 0.0392 0.9913 267.3

2 0.0410 0.0277 0.0329 0.9917 316.3

3 0.0397 0.0251 0.0306 0.9919 331.6

4 0.0416 0.0242 0.0306 0.9922 336.8

5 0.0410 0.0231 0.0295 0.9922 340

6 0.0408 0.0223 0.0288 0.9923 344.9

7 0.0395 0.0219 0.0282 0.9923 347.2

8 0.0402 0.0222 0.0285 0.9923 351.3

9 0.0364 0.0207 0.0262 0.9922 351.5

10 0.0364 0.0189 0.0248 0.9924 356

Table 5.5: Average results after 10 iterations when removing 200 samples ran-
domly.
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k Precision Recall F1-score Accuracy Number of clusters
1 0.0430 0.0425 0.0418 0.9907 233.4

2 0.0384 0.0283 0.0324 0.9920 271.8

3 0.0431 0.0268 0.0330 0.9925 290.7

4 0.0394 0.0248 0.0304 0.9924 291.4

5 0.0395 0.0235 0.0294 0.9926 296.9

6 0.0380 0.0233 0.0287 0.9925 299.4

7 0.0384 0.0214 0.0274 0.9928 306.1

8 0.0357 0.0208 0.0261 0.9926 306.7

9 0.0403 0.0214 0.0279 0.9929 310

10 0.0384 0.0212 0.0273 0.9928 310.7

Table 5.6: Average results after 10 iterations when removing 400 samples ran-
domly.

5.3 Simulations for troubleshooting

To get a better understanding of why the method performs poorly some addi-
tional simulations were carried out. A first idea was to simplify the problem
by reducing the data set to a fewer number of classes. This way we can see if,
by gradually increasing the number of classes to cluster, can see some trend in
the results. From Figure 5.1, it is clear there is a negative correlation between
the number of classes to cluster and the resulting F1-score. This gives us a rea-
son to believe that our proposed method performs poorly for large multi-class
clustering problems.
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Figure 5.1: The hierarchic approach is implemented in 40 iterations with in-
creasing the number of classes to cluster by 5 for each iteration. We use k = 2

and L2-norm when creating the k-NN graph.



Chapter 6

Summary and Future Work

In this thesis project we carried out an experiment where the p-Laplacian Spec-
tral Clustering algorithm was used to find the dependence between test cases
and requirements in a software testing setting. As indicated by the low (be-
low 0.05) F -Score for all the simulations we have done, the method does not
perform well for this specific problem. There can be multiple reasons why the
method does not give satisfactory results. It could be internal reasons such as
the construction of similarity graph does not represent the data well enough
or an external reason such as the method simply not being able to handle this
kind of data (high dimensional, large number of clusters).

There are some areas that can be further researched to understand more
about the presented method in this thesis and why it performs poorly for this
problem. Let us look closer at some areas that can potentially improve our
understanding of the subject.

6.1 Previously used methods
Other clustering methods have been applied for solving the same problem in
Tahvili et al. [13], [14]. In their results a F1-Score of 0.75 was achieved by
implementing the HDBSCAN clustering algorithm. One difference in their
approach was to compare the results from the clustering to multiple interpre-
tations of the ground truth. In our interpretation we let a set of test cases and
requirements that are connected in any way or distance to be considered to
belong in the same cluster. Whereas in [13] they consider test cases to be in
the same cluster if they are within some maximum distance D to each other
according to a dependency graph constructed from the ground truth. It also
needs to be noted that the interdependence between the test cases and require-
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ments in the same cluster is not taken into consideration in our approach while
it defines the clusters in theirs. By taking this into consideration it can be of in-
terest to investigate further if the problem can be interpreted and constructed
in a similar way as they did or other alternate ways to potentially get better
results from our method.

6.2 Data set complications
One source of error could be that the data used is to some degree incompatible
to our method. Some properties that can be a problem in clustering algorithms
is that the data consists of high dimensional (d = 128) feature vectors and that
the data is imbalanced.

For our method the high dimensionality is handled by using some distance
function to construct the similarity matrix. As the number of dimensions in-
creases the distance between the vectors gets closer to being equidistant since
they spread out in more and more directions. Hence the distance measures
we use becomes less meaningful for vectors with large dimensions. Methods
that are well suited for high dimensional data could therefore be of interest to
implement. In [26], an alternative method based on K-SVD is presented and
could potentially be used for this problem. Also, HDBSCAN and Fuzzy C-
means (FCM) clustering used in [13] evidently works well too for data with
high dimensional feature vectors.

Since the data is imbalanced, we attempted to use random under-sampling
to handle that problem. As realized from the results it did not make our method
to perform better. The Ratio cut and Cheeger cut aims to perform a cut such
that the partitions are balanced, i.e. of similar size. This is a problem for im-
balanced data since we do not want the resulting clusters to necessarily be of
the same size. Hence, it is of interest to look for alternative objective functions
or approaches that are capable to take the imbalance into account. The Parti-
tion Constrained Min-Cut (PCut) have been presented in [27] as an alternative
to the Ratio cut and Normalized cut to tackle the problem with imbalanced
data sets in spectral clustering. This is something that could be relevant to try
for our particular problem.

6.3 Alternative objective functions
In general, for spectral clustering it can be of interest to consider other ob-
jective functions. The challenge here becomes if it is possible to relate the
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objective function to the spectral properties like we did by solving the relaxed
problem for the Ratio cut and Normalized cut. One example of another ob-
jective function is the Soft Cut presented in [28]. This method uses a proba-
bilistic approach to the optimization problem and does supposedly outperform
normalized spectral clustering for multi-class problems.
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