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Abstract 
Flow and transport properties of fractured crystalline rock are of great interest for different 
geotechnical applications, such as storage of carbon dioxide, extraction of geothermal energy, 
or geologic storage of hazardous waste. For the long-term safety assessment of geological 
storage of hazardous waste, the understanding of flow and transport properties through the 
network of fractures is essential. The flow and transport behaviour can be explored using 
numerical models to investigate what parameters that affect the results. In this work single 
realistic fractures are generated using fractal theories that are sheared using a semi-analytical 
algorithm. The aperture field is calculated from the void that a 1 mm displacement of the 
sheared surfaces generates. The flow field through the aperture field is solved using Reynolds 
lubrication equation in linear triangular finite elements. The transport properties, travel length, 
travel time, transport resistance and flow-wetted surface, are calculated in a Lagrangian 
framework using 10,000 particles for each flow field. Using these four metrics it is concluded 
that an increase in normal stress generally results in longer travel paths, longer travel times, 
higher transport resistance and larger flow-wetted surface while an increase of initial 
roughness will generally result in longer travel paths, shorter travel times, lower transport 
resistance and smaller flow-wetted surface. However, more comprehensive studies are needed 
to investigate more aspects as well as comparing the numerical results with results from 
shearing of large real fractures. 
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Key points:  

• Fracture shearing will generate spatial aperture correlation structures difficult to 
generate using geostatistical methods. 

• Increased normal stress generally results in longer travel times, longer travel paths, 
higher transport resistance and larger flow-wetted surface. 

• Increased initial roughness will generally result in shorter travel times, longer travel 
paths, lower transport resistance and smaller flow-wetted surface. 

• The normal stress and roughness affect the flow and transport properties in the 
direction of the shearing more than in the direction transverse to it. 

 
1. Introduction 
Flow and transport properties of fractured crystalline rock are of great interest for different 
geotechnical applications. Typically such applications include storage of carbon dioxide; 
extraction of geothermal energy; or geologic storage of hazardous waste such as mercury or 
radioactive waste (Neuman, 2005).  For the long-term safety assessment of geological storage 
of hazardous waste, the understanding of flow and transport properties through the network of 
fractures is essential. The fracture network is made up of many single fractures and, hence, 
the understanding of the flow and transport behaviour through the single fractures is the 
foundation for understanding the flow and transport through the network. There are different 
approaches to numerically calculate the flow and transport through a fracture. A simple and 
widespread approach is to assume that a fracture is the void between two parallel plates where 
the transmissivity is calculated using the cubic law (e.g. Witherspoon et al., 1980; 
Zimmerman and Bodvarson, 1996). This simplification may work for the calculation of bulk 
flow through the fracture and may describe some channelling effects through a network of 
fractures. However, it will neglect the internal heterogenic aperture distribution and hence 
overlook the fact that flow will follow the paths of least resistance through the fractures. The 
channel network concept (Gylling et al., 1999; Dessirier et al., 2018), the chequerboard 
concept (Hartley et al., 2012; Hartley et al., 2017), the geostatistical aperture concept 
(Frampton et al., 2018; Frampton et al., 2019) and scanning real fracture surfaces (e.g. Zou et 
al., 2015; Zou et al., 2017a; Zou et al., 2017b) are different approaches to account for the 
channelling in the fractures, which will yield different flow and transport properties compared 
to the simple parallel plate approach. 
The surfaces bounding rock fractures are self-affine and mono-fractal over at least six orders 
of magnitude (Mandelbrot, 1985; Russ, 1994; Den Outer et al., 1995; Renard et al., 2006; 
Candela et al., 2009; Brodsky et al., 2011; Candela et al., 2012). This can be used to 
determine the fractures’ roughness from exposed fracture surfaces or fracture traces, if the 
surfaces or traces are representative samples of the fractures (Stigsson and Mas Ivars, 2018; 
Stigsson 2015). Knowing the in situ fracture roughness and that most fractures in old 
crystalline rockmasses have been subjected to shear at least once during their existence 
(Munier and Talbot, 1993; Viola et al., 2009; Saintot et al. 2011; Mattila and Viola, 2014; Scheiber 
and Viola, 2018) it is possible to generate realistic synthetic fractures by numerically shearing 
of fractal surfaces. Numerical shearing is usually both time and computer intensive using for 
example bonded particles (Itasca, 2014a;) or discrete elements (Itasca, 2013; Itasca, 2014b;). 
A semi-analytical method recently developed by Casagrande et al. (2018) uses force 
equilibrium of slip and breakage of asperities to calculate the peak shear strength. The method 
is fast and has shown to provide relevant results for soft rocks (Casagrande et al., 2018) as 
well as harder rocks as long as the normal stress on the contact areas is less than the fractures’ 
JCS (Stigsson and Johansson, 2019). Shearing fractures will result in an offset in the direction 
of the mean fracture plane and a dilation perpendicular to the plane. The amount of dilation 
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and area in contact is dependent on the normal force acting on the fracture and the initial 
roughness of the bounding surfaces. This synthetic shear will hence create a correlation 
structure for the apertures that mimics these of real fractures. The advective transport in 
fractures is preferably studied using a Lagrangian framework which can quantify the 
channelling of the fractures (Cvetkovic et al., 1999, 2004). 
Hence, the aim of this study is to contribute to the understanding of how flow and transport 
behaviour, of sheared synthetically generated fractures, changes as normal stress and initial 
roughness of fractures varies. 
 
2. Methods 
The work flow in this study is 1) generate multiple fractures with different roughness; 2) 
Shear the fractures under different normal stresses; 3) Offset the resulting surfaces and 
calculate the aperture field; 4) Solve the flow through the fracture using global head gradient 
parallel and perpendicular to the shear direction; 5) Calculate the transport parameters and 6) 
Calculate the channelling factor. Each method in the work flow is described below. 
 
2.1 Generating synthetic fractures 
Fractures are self-affine mono-fractal surfaces over at least six orders of magnitude 
(Mandelbrot, 1985; Russ, 1994; Den Outer et al,. 1995, Renard et al., 2006; Candela et al., 
2009; Brodsky et al., 2011; Candela et al., 2012). Self-affine fractals need two parameters to 
be fully defined, the fractal dimension and a scaling factor (e.g. Stigsson and Mas Ivars 2018). 
The dimension is a real number between the topological and Euclidian dimension of the 
object to have a physical meaning. This means that the dimension of a self-affine surface is a 
real number between 2 and 3 (a fracture is topologically a plane, a two-dimensional object, 
defined in a Euclidean three-dimensional space) to have a physical meaning. The fractal 
dimension is often substituted with the Hurst exponent, H, (Hurst 1957, Russ 1994, Stigsson 
and Mas Ivars 2018). The relationship between H and the fractal dimension, Dsurface, is (Russ, 
1994)  
 

3 SurfaceH D= −  (1) 
 
As Dsurface varies between 2 and 3, H varies between 0 and 1. The Hurst exponent steers the 
persistence of the asperities i.e. the long range correlation, and divide fractal surfaces into 
three groups. If H > 0.5 the fracture surface has a positive long range correlation while a 
fracture surface with H < 0.5, if such exists, has a negative correlation. A special case is when 
H = 0.5, then there is no correlation at all and the surface is described by random walk. 
 
The scaling parameter is commonly defined as the standard deviation of height differences 
located at a specific distance, Δl, denoted σδh(Δl) (Brown, 1987; Malinverno, 1990; Odling 
1994; Hong-Fa, 2002; Renard et al., 2006; Candela et al., 2009; Johansson and Stille, 2014; 
Stigsson, 2015; Stigsson and Mas Ivars 2018)  
 
These two fractal parameters can be evaluated from digitised fracture surfaces or fracture 
traces and used as input for generating synthetic fractures with equal statistics (Stigsson and 
Mas Ivars 2018). The two parameters may also be obtained from Joint Roughness Coefficient, 
JRC, (Barton 1973), using the relationship developed by Stigsson and Mas Ivars (2018) 
 

( )4.3 54.6 1 4.3JRC h mm Hσδ= − + ⋅ + ⋅  (2) 
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A fast and accurate method to generate synthetic fractures with desired properties is through 
inverse fast Fourier transform of a power spectrum (Saupe, 1988; Gallant et al., 1994; Russ 
1994). According to Stigsson and Mas Ivars 2018, the intercept of the power spectrum cI is 
calculated as 
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where σδh(1v) is the standard deviation of height differences of adjacent vertices, f is the 
frequency, i.e. number of waves per trace length, N is the number of vertices of the fractal line 
and H the Hurst exponent. The relationship between the slope of the power spectrum , β, and 
H is (e.g. Russ 1994, Stigsson and Mas Ivars 2018):  
 

2 1Hβ = +  (4) 
 
Using cI and β the power spectrum of frequencies are generated. This power spectrum 
together with a random phase shift is used as input to the inverse fast Fourier transform 
algorithm to generate a fracture with realistic properties. 
 
2.2 Shearing the fractures 
Most fractures are created in tensile mode and will hence be perfectly mated if a normal force 
closes the fracture without any shear displacement. Such fracture does not have any aperture, 
but is still a discontinuity of the rockmass. However, if a shear force, large enough, is acting 
on the discontinuity a fracture with void will be created. A vast majority of old fractures in 
crystalline rock has been subjected to shear at least once during it existence (Munier and 
Talbot, 1993; Viola et al., 2009; Saintot et al. 2011; Mattila and Viola, 2014; Scheiber and 
Viola, 2018). Hence, the creation of synthetic fractures could be done by shearing fractal 
surfaces. Numerical shearing can be done using different methods such as bonded particles or 
discrete elements (Itasca, 2013; Itasca, 2014a; Itasca, 2014b). However, these methods are 
very computationally costly. A fast, semi analytical, alternative has been developed by 
Casagrande et al. (2018) where perfectly mated rough surfaces are sheared. The method 
developed makes use of force equilibrium between shearing resistance and sliding resistance. 
The force to resist shearing, Fshear, is calculated according to: 
 

( )( )tanshear Ncf
F a c f ϕ= ⋅ + ⋅∑  (5) 

 
where cf denotes the contributing facets, a is the area of the facet projected on the horizontal 
plane, c is the cohesion of the rock, fN is the normal force acting on the facet and φ is the 
friction angle of the intact rock. The force to resist sliding, Fslide, is calculated according to: 
 

( )tanslide N bcf
F f ϕ β= ⋅ +∑  (6) 

 
where φb is the basic friction angle of the intact rock and β is the slope of the facets 
contributing to the slide resistance.  
The flow chart of the algorithm is visualised in Figure 1. In brief, the coordinates of the 
perfectly mated fracture are first read, together with the normal stress acting on the fracture 
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and the properties of the rock. Thereafter, the geometry is analysed and the facets with the 
steepest slope in the direction of the shearing are collected to create a set of contributing 
facets. Using this set of contributing facets, the resistance to slide and resistance to shear 
asperities are calculated according to eq. 5 and eq. 6. If sliding resistance is not smaller than 
shearing resistance, the forces acting on the fracture surface can be assumed to be large 
enough to shear off the steepest asperities. This shearing implies that the geometry of the 
fracture surface changes accordingly. This new topography is used to find the new set of 
contributing facets and new resistance forces are calculated. This loop continues until the 
sliding resistance is less than the shearing resistance. At this point, sliding is expected to occur 
and output parameters, including the topography of the damaged surface, are saved. 
Casagrande et al. (2018) showed that the algorithm is good at predicting peak and residual 
shear strength for relatively soft rock fractures. The method though has a limit in the sense 
that the rockmass is assumed rigid. This will result in too high contact stresses for hard rocks. 
Stigsson and Johansson (2019) have though shown that the method gives reasonable results 
for hard rocks, such as granites, if conditioned so that the contact stress does not exceeds the 
joint compressive strength, JCS. 
 

 
Figure1. Flow chart of the simplified shear algorithm by Casagrande et al. (2018) 
 
2.3 Aperture filed 
During the shearing algorithm the damaged fracture surface gets different geometry than the 
original pristine fracture surface. This damaged fracture surface is used to create the aperture 
field of the fracture by letting the upper surface slide an arbitrary distance on the lower 
surface. Since different normal stress during the force equilibrium iteration will generate 
different geometry, the aperture field will be different for different normal stresses, see 
Figure 2.  
The upper and lower bounding surfaces will not be parallel after the shearing and hence the 
calculation of the representative aperture for each element is delicate. Here, the aperture of 
each finite element is calculated as the distance between the upper and lower surface along the 
vector, normal to the midplane (not the average plane) going through the centre of gravity of 
the mid plane element, see Figure 3. Elements with aperture less than the size of a water 
molecule, 2.75 Å, is regarded as being in contact. 
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Figure 2. Resulting aperture distribution due to different normal stresses.  
 
 

 
Figure 3. Definition of aperture, 2t, of a finite element 
 



7 
 

2.4 Fracture flow 
Under the assumption that 1) fractures are infinite parallel plates 2) water is a Newtonian 
fluid, 3) there is no-slip between fluid and boundary, 4) Darcy’s law is valid, and  5) steady 
state conditions prevails, the transmissivity of a fracture have an analytical solution 
(Zimmerman and Bodvarsson, 1994; Gustafson 2012). This analytical solution, known as the 
cubic law, CL, can be expressed as 
 

3

12
g aT ρ
µ

= ⋅  (7) 

 
Where T is the transmissivity, ρ the density, g the gravitational acceleration, μ the viscosity 
and a the aperture of the slot. 
 
Now, fractures are indeed not limited by two infinite parallel plates but instead is the void 
between two finite rough surfaces, which violates two of the assumptions for the analytical 
solution. Even if a rough walled fracture is divided into subpieces where the Local Cubic 
Law, LCL, is applied the sub-pieces are not parallel as shown in Figure 2 and Figure 3. There 
are many studies (e.g., Brush and Thomson 2003; Yeo and Ge 2005; Lee et al., 2014; Wang et 
al., 2015; Zou 2017a) showing that the LCL overestimates the flow through a rough-walled 
fracture. Instead of presuming that LCL does not perform well, Oron and Berkowitz (1998) 
made a thorough review of the conditions when the LCL approximation is adequate. They 
came to the conclusion that the approach may be reasonable if the local plane is large 
compared to the aperture; the variance in asperities is small within the element; and Reynolds 
number, Re, is small. They also suggested that the opening angle should be moderate to make 
the simplification valid. Zou (2017a) showed that the effective transmissivity of a fracture 
stabilised when Re become less than about 4. At depth, under natural gradients, the flow 
velocity will be small resulting in small Re; the nature of fractals is that the small scaled 
roughness will be less the smaller the window resulting in smaller variance of asperities as the 
element gets smaller; and flow will preferentially flow along paths of large aperture resulting 
in small changes in opening angle. However, the preference of finding large apertures might 
violate the criteria of aperture being small compared to the size of the elements. This is 
compensated for as the shearing will create large channels on the leeside of the ridges in the 
direction of the shear, see Figure 2, where the extension will be greater than the thickness. 
Well aware of the overestimation of flow through a synthetic fracture using LCL assumption 
compared to solving the full Navier-Stokes equation, the former is used due to its simplicity 
and that the absolute numbers are of minor interest compared to the relative flow and 
transport parameters. The flow is numerically solved using linear triangular finite elements 
under stationary conditions by the computer code MAFIC (Golder Associates 2001). MAFIC 
uses a Galerkin finite element solution scheme to approximately solve the volume 
conservation equation for two dimensions. 
 
2.5 Transport parameters 
Presuming that the conditions for LCL are fulfilled, a single fracture can be divided into 
several small local elements with different transmissivities assigned according to the local 
aperture, see Figure 3. These local elements can be used as finite elements for solving the 
flow through the fracture, using e.g. a Galerkin finite element scheme. By assigning boundary 
conditions to the fracture, the hydraulic head can be solved for the corners of all the local 
elements. Knowing both the hydraulic head of the corners and the geometry of the local 
element, the head gradient vector, ie, acting on the element can be calculated. This head 
gradient vector can be used to calculate the velocity vector, ve, of the element as: 
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where a is the aperture of the local element, ρ is the density of the fluid, g is the gravitational 
acceleration and μ is the viscosity of the fluid. This specification of the flow field represents 
the Eulerian flow field, i.e. the flow is a function of position and time, expressed as: 
 

( ),tv x  (9) 
 
where v is the velocity at location x and time t.  
It has been proposed that the Lagrangian specification of the flow field is better suited to 
handle the advection-dominated transport in fractures (Dagan et al., 1992; Cvetkovic et al., 
1999). The Lagrangian specification of the flow field follows the fluid along the flow path in 
time and space, and is expressed as: 
 

( )0 ,tX x  (10) 
 
where X is the location at time t and x0 is the location at some initial time t0. The Lagrangian 
flow field can be obtained by conducting advective particle tracking for indivisible, non-
interacting particles with density equal to that of the fluid. Following such particles through 
one of the local finite elements, which has constant properties, the advective residence time, 
Δτ, spent in the local element can be expressed as: 
 

τ∆ =
l
v

 (11) 

 
where l is the length of the flow path in the element and v is the velocity of the liquid flowing 
through the element. The total residence time, τ, in the fracture is simply the sum of all 
residence times along the flow path of the fracture, calculated as: 
 

i
i

i E i E i

τ τ
∈ ∈

= ∆ =∑ ∑ l
v

 (12) 

 
where i is an element number of the set of local elements, E, visited along the flow path.  
To incorporate reactive exchange processes along the advective paths, an additional segment 
variable, the transport resistance, β, is needed (Cvetkovic et al., 2004). The transport 
resistance for a local element, Δβ, which has constant properties, is described by: 
 

b
β∆ =

⋅
l

v
 (13) 

 
where b is the half aperture of the element, i.e. a/2. As for the total residence time, the total 
transport resistance, β, can be calculated by adding together the local transport resistances: 
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There is hence a perfect correlation between the residence time and the transport resistance if 
the half aperture, bi is constant, as for the parallel plate approach: 
 

1
b

β τ=  (15) 

 
where 1/b is the definition of specific surface area or flow-wetted surface (Moreno and 
Neretnieks, 1993; Wels et al., 1996). The flow-wetted surface is hence the total fracture area 
with which a volume of liquid is in contact. However, for a rough fracture the aperture is not 
constant, but varies for each local element along the flow path. For such a path, an effective 
specific surface area, ω, can be calculated as (Cvetkovic and Frampton, 2012; Cvetkovic and 
Gotovac, 2013): 
 

βω
τ

=  (16) 

 
The distributions of travel length, τ, β and ω are used to show how the flow and transport 
properties of sheared fractures change due to normal stress and roughness. 
 
3. Model setup 
To investigate how the flow and transport properties changes due to stress and roughness a 
square 1m2 fracture is used with element resolution of 1 mm, i.e. each fracture consists of 
2·106 triangular finite elements of 0.5 mm2. To extract such synthetic fracture the original 
generated surface must be at least four times as large to avoid the most obvious edge effects, 
such as the repetitive behaviour of Fourier series. Thus, fractures of 2049 by 2049 vertices are 
constructed using the inverse fast Fourier transform. The fractures are generated with three 
different roughnesses corresponding to JRC 4, 7 and 10 calculated according to eq. 2 
(Stigsson and Mas Ivars, 2028), see Table 1. Using Monte Carlo realisations 128 fractures are 
generated for each roughness to get stable mean value of the investigated metrics. To get 
stable variances for the metrics many more realisations would be needed due to the surfaces’ 
being fractal and hence result in the fat tails being very volatile. 
 
Table 1. Parameters used to generate the rough walled fractures 

JRC 
( - ) 

H 
( - ) 

σδh(1 mm) 
(mm) 

4 0.9 0.0811 
7 0.8 0.1440 
10 0.7 0.2068 

 
The properties of the rock mass are taken from the site investigations performed by SKB at 
Forsmark (SKB 2008), see Table 2. 
 
Table 2. Properties of rockmass surrounding the synthetic fracture 
Parameter Value Unit Reference 
Friction angle, φ 60 º Table 7-3, SKB (2008) 
Basic friction angle, φb 30 º Table 4-13, Glamheden et al. (2007) 
Cohesion, c 28 MPa Table 7-3, SKB (2008) 
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Using the parameters in Table 2 the joint compressive strength, JCS, is 209 MPa when 
calculated as (Barton 1973) 
 

( )
( )

2 cos
1 sin

c
JCS

ϕ
ϕ

⋅ ⋅
=

−
 (17) 

 
where c denotes cohesion of the intact rock and φ is the friction angle of the intact rock. 
 
From the 2049 by 2049 vertices surfaces, squares of 1025 by 1025 vertices are extracted and 
sheared according to the algorithm developed by Casagrande et al. (2018), Figure 1 under five 
different normal stresses; 0.2, 2.0, 5.0, 10.0 and 20.0 MPa.   
 
Now, when the rock is competent, as a granite, sliding will occur on steep facets, despite high 
normal loads, due to the assumption in the shearing algorithm that the rock is rigid. The 
normal stresses on the contributing facets can hence be larger than JCS, which is not possible 
for a real rock. To compensate for the damage and count for the elastic and plastic 
deformation, the internal friction angle of the rock is lowered at the contact areas until 
reasonable normal stresses are achieved, i.e. σN < JCS, on the contributing facets. This results 
in a stress dependent friction angle according to Table 3. As seen JCS decrease as the friction 
angle decrease, but the area of contributing facets increases faster as JCS decreases, and 
hence, σN becomes less than JCS 
 
Table 3. Stress dependence of friction angle 
Normal stress (MPa) Φ (º) JCS (MPa) 
0.2 60 209 
2.0 50 153 
5.0 45 135 
10.0 40 120 
20.0 30 97 
 
After the shear algorithm is run the upper rock surface is shifted one element along the shear 
direction to produce the void of the facture, see Figure 2. From this 1024 by 1025 vertices 
surface a square fracture of 1001 by 1001 vertices (I.e. 1000 by 1000 times 2 finite elements) 
is extracted by calculating the average surface for each finite element, Figure 3. All elements 
are then assigned the aperture using the perpendicular aperture in the centre of gravity of the 
mid-plane, and transmissivity is calculated according to cubic law, eq. 7. The flow and 
transport of particles are solved for global unit gradient in two directions: 1) global gradient is 
parallel to the shear direction and 2) global gradient is perpendicular to the shear direction. 
The upstream boundary is given a 1 m larger head than the downstream boundary and the 
other two sides of the surface is not given any boundary condition, which equals a no flow 
boundary. As the basis for the Lagrangian transport, 10,000 particles are released flux 
weighted on the upper boundary. 
  
4. Results 
The numerical shearing of the realistic synthetic fractures give rise to different aperture 
distributions depending on the roughness of the bounding surfaces and the applied normal 
force, see Figure 4. When the normal stress is increased the apertures decrease. The median 
aperture gets smaller but the variance of the aperture field keeps about constant. Under a low 
stress the aperture distribution conforms to a normal distribution, but as the normal stress 
increases, and thereby the area of contact, the distribution becomes more truncated. The 
roughness of the fracture will alter both the variance of the aperture distribution and the 
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median. As the roughness of the bounding surfaces increases both the median and the 
variance of the aperture field increase. There is also a slight change in the distribution type 
where the rougher surfaces get longer tails for the aperture distribution than a normal 
distribution will yield.  
 

 

 

 
Figure 4. The change in aperture distribution depending on stress and roughness. (top) 
0.2 MPa, (middle) 2.0 MPa and (bottom) 20 MPa normal stress. (red) smooth, (purple) 
intermediate and (blue) rough initial bounding surfaces. 
 
It is not only the aperture distribution itself that is important for flow and transport but even 
more so the correlation structures of the aperture that arise.  Shearing the bounding surfaces 
will result in a correlation structure where elements of a similar aperture are being close. This 
correlation is anisotropic, usually elongated perpendicular to the direction of the shear. These 
areas, or channels, arise behind the ridges in the direction of shear, i.e. on the leeside. On the 
push side the bounding surfaces of the fracture will be in contact or have small apertures, see 
Figure 5. 
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Figure 5. Aperture distribution of the sheared fractures using different initial roughness and 
normal stress. (Upper row) 0.2 MPa, (Lower row) 20 MPa, (Left column) JRC 4 and (right 
column) JRC 10. Observe that the z-axis is scaled 2.25 times the x and y axes. 
  
The pattern of the particle traces will differ depending on the correlation structure where 
fractures with rougher bounding surfaces and higher normal stress will have more tortuous 
paths than smoother fractures and fractures subjected to less stress. When the fracture is 
smooth, JRC 4, and under a low pressure, 0.2 MPa, the traces will be almost straight lines 
from upstream to downstream boundary, see upper left in Figure 6. When the fracture is 
rough, JRC 10, and under large stress, 20 MPa, there will be many paths that are 
perpendicular or even opposite to the global gradient of the fracture, see lower right in Figure 
6. These different behaviours are investigated using a Lagrangian framework using 10,000 
particles released on the upper flow boundary. Despite a finite element solver and sometimes 
complex geometry of the fracture surface the average recovery of particles for each parameter 
combination varies between 100% and 96.5%. The lower recovery relates to rougher fractures 
subjected to higher normal stress. 
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Figure 6. Traces (white) from 100 of the 10000 particles flowing through the fractures of 
different initial roughness and normal stress. (Upper row) 0.2 MPa, (Lower row) 20 MPa, 
(Left column) JRC 4 and (right column) JRC 10. Observe that the z-axis is scaled 2.25 times 
the x and y axes. 
 
4.1 Travel paths 
The travel length for any particle released on the upstream boundary of a square 
homogeneous fracture, i.e. a parallel plate, will result in a travel distance equal to the length 
of the fracture, in this case 1 m. As soon as the geometry and aperture field have a variance, 
the flow paths will find the route of least flow resistance from the starting position on the 
upstream boundary to the outlet at the downstream boundary (Figure 6). This will result in a 
distribution of path lengths. Depending on the spatial distribution of areas in contact and areas 
of low conductance, the paths will be more or less tortuous. This is clearly apparent in Figure 
6 to Figure 8. For global flow in the direction of shear (Figure 7), the traces are longer the 
rougher the fracture and the larger the normal force applied. It can also be seen that the 
variance increases between different realisations as the roughness and normal stress increase. 
It is also seen that the difference between shortest paths and longest paths increase as 
roughness and normal stress increase. This pattern is also apparent in the case of flow 
perpendicular to the shear direction, but less pronounced (Figure 8). There is one major 
difference, however. The shortest paths for flow perpendicular to the shear direction were all 
less than 1.1 m, irrespective of the uncertainty in roughness or stress, while there was a clear 
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difference in the shortest paths in the case of flow parallel to the shear direction, due to 
roughness and normal stress. The median travel length, for flow parallel to shear direction, 
was about 15% larger as roughness increases and about 55% as normal stress increases. The 
corresponding numbers for flow perpendicular to shear is 3% and 10% respectively.  
The explanation of the short paths when global gradient is perpendicular to the shear direction 
is that the shearing creates continuous large aperture channels behind the ridges of the fracture 
surface where the particles can easily travel (Figure 5). When the global gradient is aligned 
with the shear, the particles will use the same channels to find their way around obstacles such 
as areas of low aperture or contact. This means that the particles take long paths perpendicular 
to the global flow direction to find channels that bypass the obstacles, and hence the travel 
length becomes much longer. 
 

  

 

  
Figure 7. CDF and CCDF of travel length. Global gradient parallel to shear direction. Red line 
is average of 128 realisations, black lines are 2σ spread, and blue lines are values for 
equivalent parallel plate. (Upper row) 0.2 MPa, (middle row) 2 MPa, (lower row) 20 MPa, 
(Left column) JRC = 4, (right column) JRC = 10. 
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Figure 8. CDF and CCDF of travel length. Global gradient perpendicular to shear direction. 
Red line is average of 128 realisations, black lines are 2σ spread, and blue lines are values 
for equivalent parallel plate. (Upper row) 0.2 MPa, (middle row) 2 MPa, (lower row) 20 MPa, 
(Left column) JRC = 4, (right column) JRC = 10. 
 
4.2 Travel times 
The flow field was numerically solved using a global gradient equal to unity. Such gradient is 
not anticipated to exist at great depth in rock masses under natural conditions and it results in 
unrealistic flow velocities and residence times in the fracture. The gradient is no problem 
when solving the flow using Reynolds lubrication equation, since the velocity and travel times 
scale linearly to the gradient. Using a Navier-Stokes solver, however, such a gradient would 
severely affect the results due to the formation of eddies.  
The distributions of travel times are shown in Figure 9 for global gradient parallel to shear 
direction and Figure 10 for global gradient perpendicular to shear direction. The travel times 
for flow along the shear direction were about one and a half order of magnitude larger for the 
fastest particles (1st percentile); more than three orders of magnitude larger for the slow 
particles (99th percentile); and about 50 times larger for the median when the normal stress 
was increased 100 times, no matter the roughness (Figure 9). Increasing the roughness, the 
travel time decrease about a factor 2 for the fast particles, is about the same for the median, 
and increase about a factor 2 for the slowest particles, i.e. there is a larger spread between fast 
and slow particles when roughness increases. 
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For the cases with global gradient perpendicular to the shear direction the travel times for 
flow along the shear direction were about five to ten times larger for the fastest particles; 
about three orders of magnitude larger for the slow particles; and ten to fifteen times larger for 
the median when the normal stress was increased 100 times (Figure 10). The effect of 
increasing roughness is not very distinct, but there is a decrease of about half an order of 
magnitude in travel time for the fast and median particles, and for the slow particles there is 
an increase or decrease of about a factor 2. This means that the rough fractures have more 
high-speed channels, but also more channels that take a longer time to go from upstream to 
downstream. Despite the flow paths of the rougher fractures being longer than the flow paths 
of the corresponding smoother fractures, the fastest travel times are lower. This can be 
explained by the rougher surfaces on average having larger apertures with longer correlation 
length, i.e. the fast channels are more persistent and more conductive. The longer tail is 
explained by the longer paths together with more areas in contact or with small apertures. The 
variance in travel time, due to realisation, for fast particles is much larger for rough fractures 
when global gradient is in the shear direction, but less so for global gradient perpendicular to 
shear. This indicates that continuous highly conductive channels do not occur in every 
realisation when global gradient is aligned with the shear direction.  
 

  

  

  
Figure 9. CDF and CCDF of travel time. Global gradient parallel to shear direction. Red line 
is average of 128 realisations, black lines are 2σ spread, and blue lines are values for 
equivalent parallel plate. (Upper row) 0.2 MPa, (middle row) 2 MPa, (lower row) 20 MPa, 
(Left column) JRC = 4, (right column) JRC = 10. 
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For slow particles, there was not much difference regarding the extremely large variance in 
the tail above about 99th percentile. This indicates that, irrespective of the input parameters, 
there might be very long traces or not present. It may also be an artefact of the limited number 
of realisations in combination with fractal surfaces. 
The travel times for the equivalent parallel plate calculations were in the same range as for the 
fastest particles through the fractures with rough bounding surfaces when the global gradient 
was in the direction of the shear (see blue lines in Figure 9). This is explained by the long 
paths that the particles have to travel through the fractures with rough bounding surfaces and, 
even if they find sub-paths with high conductivity, the particles still have to pass through 
areas of low conductance, slowing them down. When the global gradient is perpendicular to 
the shear direction (Figure 10), continuous paths behind the ridges are well connected and 
hence there are many large aperture paths that are well connected between the boundaries. 
This implies that the smallest travel times for global gradient perpendicular to shear direction 
will be much smaller for fractures with rough bounding surfaces than the travel time for an 
equivalent parallel plate (blue lines in Figure 10). For the roughest fractures subjected to 
highest normal stress about 50% of the particles have lower residence time compared to an 
equivalent plate approach. 
 

 

 

 
Figure 10. CDF and CCDF of travel time. Global gradient perpendicular to shear direction. 
Red line is average of 128 realisations, black lines are 2σ spread, and blue lines are values 
for equivalent parallel plate. (Upper row) 0.2 MPa, (middle row) 2 MPa, (lower row) 20 MPa, 
(Left column) JRC = 4, (right column) JRC = 10. 
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4.3 Transport resistance  
The transport resistance is, as the travel time, dependent on the gradient applied and hence the 
absolute values are of minor importance, unless scaled using realistic heads. The CDF and 
CCDF for the transport resistance is shown in Figure 11 (global gradient parallel to the shear 
direction) and Figure 12 (global gradient perpendicular to the shear direction) for different 
roughness and normal stress. 
When the normal stress increases from 0.2 MPa to 20 MPa, the median transport resistance 
increases 200 times for JRC 10 and up to 600 times for JRC 4 for the case where the gradient 
is parallel with the shear direction. The difference for the fast particles is about a third, i.e. 60 
to 200 times. Due to the very long tails the slow particles may have more than 6 orders of 
magnitude larger transport resistance when the normal stress is increased 2 orders of 
magnitude. Changing the roughness, the median transport resistance decreases with increased 
roughness. The change is small from about 1.5 times to about 5 times for low normal stress 
respectively high normal stress. For the fast particles the corresponding change is between 2 
to 4 times.  
 

  

 

 
Figure 11. CDF and CCDF of transport resistance. Global gradient parallel to shear direction. 
Red line is average of 128 realisations, black lines are 2σ spread, and blue lines are values 
for equivalent parallel plate. (Upper row) 0.2 MPa, (middle row) 2 MPa, (lower row) 20 MPa, 
(Left column) JRC = 4, (right column) JRC = 10. 
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For the slow particles the pattern is ambiguous. In the case of 0.2 MPa normal stress there is 
almost no difference between JRC 4 and 10, but with a dip for JRC 7. When normal stress 
increases to 2 MPa there is a trend that transport resistance increases when JRC increases. The 
increase is about 30 times. However, when the normal stress is 20 MPa the transport 
resistance decreases 10 times as roughness increase from JRC 4 to JRC 10. If this is an effect 
of fat tails or a real physical phenomenon needs to be further investigated. 
The transport resistance when the global head gradient is perpendicular to the shear direction 
follow the same pattern as the case when the head gradient is parallel to the shear direction, 
but less pronounced. The fractures with higher JRC generally have lower transport resistance 
but larger variation in the lower end than the smoother fractures. This is explained by the 
rougher fractures having a greater probability of developing paths with more persistent large 
apertures. In the high end, the difference ambiguous and the results indicate that paths with 
large transport resistances might develop by mere chance.  
 

  

  

  
Figure 12. CDF and CCDF of transport resistance. Global gradient parallel to shear direction. 
Red line is average of 128 realisations, black lines are 2σ spread, and blue lines are values 
for equivalent parallel plate. (Upper row) 0.2 MPa, (middle row) 2 MPa, (lower row) 20 MPa, 
(Left column) JRC = 4, (right column) JRC = 10. 
 
The transport resistance for the equivalent parallel plates are always to the right of the lowest 
values for the fractures with rough bounding surfaces, more so as normal stress and JRC 
increase. This indicates that the parallel plate will, by some amount, overestimate the 
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minimum possible transport resistance, particularly for the case with global gradient 
perpendicular to shear direction due to the more connected large aperture paths in that 
direction. 
 
4.4 Flow-wetted surface 
The flow-wetted surface is the available fracture surface area per volume of water, i.e. the 
inverse of the half-aperture in a parallel plate approach. For a rough fracture in a Lagrangian 
framework it is dependent on the half-apertures along the flow paths. The mean and 2σ spread 
in flow-wetted surface of the 128 Monte Carlo generated fractures are shown in Figure 13 for 
global head gradient aligned with the shear direction, and Figure 14 for global head gradient 
perpendicular to the shear direction. 
 

  

  

  
Figure 13. CDF and CCDF of flow-wetted surface. Global gradient parallel to shear direction. 
Red line is average of 128 realisations, black lines are 2σ spread, and blue lines are values 
for equivalent parallel plate. (Upper row) 0.2 MPa, (middle row) 2 MPa, (lower row) 20 MPa, 
(Left column) JRC = 4, (right column) JRC = 10. 
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particles but to a less extent. For the slowest particles the flow-wetted surface increases about 
3 orders of magnitude when the normal stress is increased from 0.2 MPa to 20 MPa. The 
change in flow-wetted surface for the slowest particles when the roughness is increased is 
ambiguous. There is almost no difference when normal stress is 0.2 MPa, the flow-wetted 
surface increases about 15 times when normal stress is 2 MPa, but decreases about 3 times 
when normal Stress is 20MPa. 
For the case where the global head gradient is perpendicular to the shear direction the median 
flow-wetted surface increase 3 to 7 times when stress is increased; the smoother the fracture 
the larger the increase. The decrease in flow-wetted surface due to increased roughness is 
between 1.3 to 3 times, where the largest decrease is related to the highest normal stress. For 
the fastest particles the corresponding numbers are 2 to 3 times when stress is increased and 
1.5 to 2 times as JRC is decreased. The slowest particles once again show an ambiguous 
behaviour where the flow-wetted surface increases with increased JRC for all different normal 
stresses except for 20 MPa where the opposite yield. There is however a clear increase in 
flow-wetted surface as the normal stress increases. 
 

  

  

  
Figure 14. CDF and CCDF of flow-wetted surface. Global gradient parallel to shear direction. 
Red line is average of 128 realisations, black lines are 2σ spread, and blue lines are values 
for equivalent parallel plate. (Upper row) 0.2 MPa, (middle row) 2 MPa, (lower row) 20 MPa, 
(Left column) JRC = 4, (right column) JRC = 10. 
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The increase in flow-wetted surface due to increased normal stress is natural since the 
aperture distribution shifts the median towards smaller apertures when normal stress is 
increased, see Figure 4. It is also natural that the flow-wetted surface decreases as the 
roughness increases, since the mean of the aperture distribution increases, as well as the 
variance. Why the opposite yield for the slowest particles under low normal stress is not fully 
understood, but it might be that a few particles are stuck in narrow channels. 
The equivalent parallel plate approach severely overestimates the flow-wetted surface, 
especially when the global gradient is aligned with the shear direction, the normal stress is 
low and the roughness is large. This is explained by the flow paths striving towards channels 
with large aperture and high conductivity. Hence the factor 1/b in eq. 15 becomes smaller for 
the elements visited by the flow paths than the average 1/b of the equivalent parallel plate. 
 
5. Discussion 
The model for shearing synthetic fractures is simple, but it seems to well capture the overall 
behaviour for real fractures (Casagrande et al. 2018; Stigsson and Johansson 2019). Also the 
flow solver is simple using triangular linear 2D finite elements solving Reynolds lubrication 
equation. The advantage of using these two models is that rather large problems might be 
solved using standard computers and that it is possible to run several Monte Carlo realisations 
of each fracture within reasonable time frames. In this study 128 fractures of each parameter 
combination were generated and in each fracture 10,000 particles were released to get stable 
mean values. However, for some parameter combinations the variance did not become stable, 
especially above the 99th percentile, due to fat tails. The fat tails might be a result of the 
generated fractures being fractal which affects the aperture distribution and correlation 
structure when sheared. The aperture field that arise from the shearing of the fractal surfaces 
will consist of areas with large apertures on the leeside of the shear direction and areas of 
contact or small apertures on the push side. Those areas will be elongated perpendicular to the 
shear direction, and hence generate high conductive channels perpendicular to shear direction 
surrounded by low conductive areas. This correlation structure will generate fast relatively 
straight ways for flow and particles when the global head gradient is perpendicular to the 
shear direction. When the global head gradient is parallel to the shear direction the areas of 
low conductance will force the flow and particles to follow these channels perpendicular to 
global head gradient to find the paths of least resistance to bypass. 
The relative behaviour is usually similar for the low percentiles up to about the 90th percentile, 
but above that there are sometimes a reverse behaviour compared to the lower percentiles. If 
this is a real effect or just by chance due to the fat tails needs further investigation. Analysing 
the coherent results from the percentiles below the 90th percentile shows that increased normal 
stress results in longer travel times, longer travel paths, higher transport resistance and larger 
flow-wetted surface while increased initial roughness results in shorter travel times, longer 
travel paths, lower transport resistance and smaller flow-wetted surface. This is expected 
since a higher normal load will decrease the aperture, Figure 4. A smaller aperture gives 
smaller transmissivity (eq. 7) and thereby smaller velocity which extends the time it takes for 
a particle to travel through the fracture. Larger normal stress will also increase the areas in 
contact and hence force the flow around these obstacles resulting in longer travel paths. As 
both the aperture and velocity decrease with increased normal stress the denominator in eq. 13 
becomes smaller and hence the quotient larger for a constant element length. This together 
with more elements visited by the particles, eq. 14, will naturally increase the transport 
resistance when the normal stress is increased. The flow-wetted surface mainly reflects the 
area that a volume of water may interact with along the flowing path. As the aperture 
decreases the volume of water between the bounding surfaces decreases as well, which leads 
to a larger flow-wetted surface if the travel time is constant, eq. 16. Now, the travel time is not 
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constant, but increases with increased normal stress, and hence, counteracts the effect of 
larger transport resistance. However, the transport resistance in the numerator increases faster 
than the travel time in the denominator and hence the flow-wetted surface increases as the 
normal stress increases. The increased travel length due to increased initial roughness is an 
effect of the rougher fracture having larger Hurst exponent and thereby longer correlation for 
the asperity distribution, i.e. larger areas with similar topography will emerge. As the areas of 
low conductance gets larger the travel path to bypass them will hence be longer. However, the 
same effect will also yield for the channels of high conductance that will become more 
persistent. These persistent channels, though longer, will be more transmissive and hence the 
travel times will be smaller as the roughness increases. The explanation to the transport 
resistance decreasing with increased roughness also relies on the development of persistent 
channels on the leeside of the fracture surface’s ridges, i.e. the rougher fractures have larger 
probability of developing paths with more persistent large apertures. The decrease in flow 
wetted surface is an effect of the rough fractures having more elements of large aperture 
attracting the flow. 
The results from the investigated high resolution fractures may be used to map properties to 
flow and transport models using a channel network approach. By such approach the channels 
may get probabilistic properties from high resolution studies such this. However, first the 
results need to be confirmed using large real fractures. Thereafter more comprehensive studies 
using other fractal parameters for the fractures need to be accomplished. Another issue that 
needs to be solved is the behaviour of the intersections of the fractures; are they highly 
conductive conduits, or is there no correlation at all between the aperture field of the 
interacting fractures? 
 
6. Conclusions 
Generating realistic fractures using fractal theories in combination with numerical shearing, 
the flow and transport behaviour of rough fractures can be studied under different normal 
stress and different roughnesses. The methods used here include the generation of fractures, 
shearing the fractures, calculating the aperture field, solving the flow field and track particles 
through the fractures. The main conclusions are that the shearing of the fractures will result in 
a spatial aperture correlation structures that might be difficult to generate using geostatistical 
methods. Other conclusions are that an increase in normal stress will generally result in longer 
travel times, longer travel paths, higher transport resistance and larger flow-wetted surface 
while an increase in initial roughness will generally result in shorter travel times, longer travel 
paths, lower transport resistance and smaller flow-wetted surface. These effects will be more 
pronounced when the global head gradient is aligned with the shear direction compared to the 
direction transverse to it. The study also shows that using parallel plate will often be too 
optimistic compared to the fastest particles and sometimes even too optimistic compared to 
the median particles. 
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