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Abstract
The goal of this project is to develop virtual surgical simulation software in
order to simulate the suturing and knot tying processes associated with surgi-
cal thread. State equations are formulated using Lagrangian mechanics, which
is useful for the conservation of energy. Solver methods are developed with
theory based in Differential Algebraic Equations (DAEs) which concern gov-
erning Ordinary Differential Equations (ODEs) that are constraint with Alge-
braic Equations (AE). An implicit integration scheme and Newton’s method is
used to solve the system in each step. Furthermore, a collision response pro-
cess based on the Linear Complementarity Problem (LCP) is implemented to
handle collisions and measure their forces.

Models have been developed to represent the different types of objects. A
spline model is used to represent the suture and mass-spring model for the
tissue. They were both selected for their efficiency and base on real physical
properties. The spline model was also chosen as it is continuous and can be
evaluated at any point along the length. Other objects are also defined such as
rigid bodies.

The Lagrangian multiplier method is used to define the constraints in the
model. This allows for the construction of complex models. An important
constraint is the suturing constraint, which is created when a sufficient force is
applied by the suture tip on to the tissue. This constraint allows only a sliding
point along the suture to pass through a specific point on the tissue.

This results in a virtual suturing model which can be built on for use in
surgical simulations. Further investigations would be interesting to increase
performance, accuracy and scope of the simulator.





Sammanfattning
Härdning i kirurgiska simuleringar

Det här projektet syftar till att utveckla mjukvara för virtuell simulering av
kirurgi som involverar knytande av suturtråd. Lagranges ekvationer används
för att härleda energibevarande tillståndsekvationer. Lösningsmetoderna grun-
dar sig i teori från området Differential-Algebraiska Ekvationer (DAEer), som
avser att kontrollera Ordinära Differentialekvationer (ODEer) med algebraiska
bivillkor. Ett implicit integrationsschema och Newtons metod används för att
lösa systemet i varje steg. Utöver det så implementeras en kollisionsrespons-
process baserad på det linjära komplementaritetsproblemet (LCP) för att han-
tera kollisioner och mäta deras krafter.

Modeller har utvecklats för att representera olika typer av objekt. En
spline-modell används för att representera suturtråden och ett mass-fjäder
system för vävnaden. Valet baserades på deras höga prestanda samt starka
anknytning till objektens fysiska egenskaper. Spline-modellen valdes också
då dess kontinuitet innebär att den går att evaluera för en godtycklig punkt
inom dess domän. Andra objekt, såsom stela kroppar, finns också definierade.

Lagrangemultiplikator används för att definiera bivillkor i modellen. Det-
ta tillåter konstruktionen av komplexa modeller. Ett viktigt bivillkor är sutur-
bivillkoret som uppstår när tillräcklig kraft från spetsen på den kirurgiska nå-
len appliceras på vävnaden. Detta bivillkor tillåter att endast en glidande punkt
längsmed suturen passerar genom en specifik punkt på vävnaden.

Detta resulterar i en virtuell modell för stygn som kan byggas vidare på
för användning i kirurgiska simulationer. Det vore intressant med ytterligare
undersökningar för att förbättra prestandan, precisionen och simulatorns om-
fattning.
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Chapter 1

Introduction

1.1 About the Company
SenseGraphics AB (logo at Figure 1.1) is a Swedish company based in Kista,
near Stockholm, Sweden. It was founded in 2004 and has around 20 employ-
ees. SenseGraphics offers cutting edge medical simulator software that is used
in the field of surgical simulation. This has a wide range of applications, with
the technology being used in areas such as robotic surgery, eye surgery, ul-
trasound interpretation, dentistry, minimally invasive interventions and anaes-
thetics. The simulators are used to train surgeons in a realistic environment
without ever putting a patient at risk.

Figure 1.1: SenseGraphics AB logo. [Courtesy of SenseGraphics AB]

More specifically, SenseGraphics develops software for the modelling of
the physics, the 3D rendering and the haptic feedback of these applications.
One example is shown in Figure 1.2. The models are very realistic and versa-
tile, and are simulated in real-time.

1.2 Problem
An important part of most surgeries is the use of surgical thread to stitch tissues
together. In the medical field, this is called suturing. In order for surgeons to

1



2 CHAPTER 1. INTRODUCTION

practice suturing in robotic surgery, a suturing model must be implemented
in SenseGraphics’ virtual simulator. This model should provide a realistic,
real-time simulation of suturing that can be reliably used as a training tool. In
order to achieve this, numerical modelling techniques must be used.

There are a wide array of suture types available, being made of different
materials and with different geometric properties such as diameter and resting
configuration. Furthermore, different stitching techniques are used, that can
either be continuous or interrupted, and of varying depths. One example of
a stitching technique is shown in Figure 1.3. Different types of needles are
also used. These can be straight or curved to different degrees, and of differ-
ent diameters. Therefore the suturing model must be very flexible in order to
account for these possibilities.

Another important part of the suturing process is the tying of knots in the
suture. The knot is used to bind the suture to itself, while also binding the
tissue. Once tightened, it should remain tight [2]. An example of a common
knot used in surgery is shown in Figure 1.4. The simulation of knots is a highly
complex problem, with many complex interactions and numerous constraints.
The suturing model must therefore be robust enough to handle them in a real-
time simulator.

1.3 Aim and Objectives
The aim of this project is as follows:

The design, development and implementation of a complete su-
turing simulation model.

In order to achieve this aim, the following objectives were set:

• Develop a method to solve problems of constrained motion in physical
space using theory from Differential Algebraic Equations (DAEs).

• Design and implement a spline model for the suture.

• Design and implement a model for the tissue.

• Implement a constraint-handling method for the models.

• Design and implement a model for suture knots (ligatures).

• Build example models and evaluate the implementation.
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Source: SenseGraphics https://sensegraphics.com/

Figure 1.2: Real-time virtual simulation of a laparoscopic surgery. [Courtesy
of SenseGraphics AB]

Source: Clinical and Experimental Otorhinolaryngology https://www.e-ceo.org/

Figure 1.3: Diagram of a Connell Suture [1]. [Reproduced in accordance with
the Budapest Open Access Initiative definition of open access for scholarly,
educational purposes]
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Source: Springer https://link.springer.com/

Figure 1.4: Diagram of a slip knot conversion from Garber and Sackier [3].
The locking square knot is first changed to a slip knot (A). The knot is then slid
down (B,C). The slip knot is then reconverted to a locking square knot. (L-left
hand; R-right hand). [Reproduced with permission from Springer Nature]
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This report details the process of following these objectives, with the re-
sults and the evaluation of the results.

In the next section, Chapter 2: Background, previous work in the field
is investigated and assessed. Motivations for their inclusion or exclusion in
this project are given. Following that, Chapter 3: Method outlines the proce-
dure and content of the approach used to solve the problem. The underlying
mathematical procedure and engineering-related contents are described. Next,
Chapter 4: Implementation gives a practical description of how the method
was applied prorgramatically. Chapter 5: Results describes the qualitative and
quantitative results of the degree project. In Chapter 6: Discussion, the pos-
itive effects and the drawbacks are investigated, and the results of the degree
project are evaluated. Finally Chapter 7: Conclusion summarises the work
and achievements, and offers direction for future work.





Chapter 2

Background

2.1 Medical Application
Robot–assisted surgery is being used increasingly in the medical world lead-
ing to fewer complications and faster recovery times [4] [5]. A study from
Elhage et al. [6] compared robot–assisted surgery (RAS) with the more tradi-
tional approaches of open–surgery (OS) and laparoscopic surgery (LAP) per-
formed without robot assistance. Six surgeons were tasked with performing
an in vitro simulated vesico–urethral anastomosis using each technique, and
were assessed along several metrics. The results showed that RAS combines
the best aspects of OS and LAP. Like OS, it has a short procedure time, pro-
duces a low number of errors and a low level of discomfort was reported. LAP
on the other hand has a prolonged task time, and was the method which pro-
duced the highest number of errors and highest level of reported discomfort.
Like LAP however, RAS has the advantages of minimally invasive surgery,
resulting in lower complication rates and lower blood loss [4] [7]. Because
of the relative increased cost of the equipment for these procedures, they are
often used for more specialised surgeries where the patient is at greater risk
of complications, but they are commonplace in hospitals around the globe and
more cost–effective robotic platforms are on the horizon [5].

In order for surgeons to practice using these machines they can either use
the robot on real physical test pieces, or they can practice in a virtual environ-
ment that simulates a real surgical procedure. One of the most famous robots
used in robotic surgery is the da Vinci (Si and Xi) from Intuitive Surgical 1.
SenseGraphics technology was used to build the da Vinci Skills Simulator (see

1Intuitive | Robotic Assisted Systems | da Vinci Robot https://www.intuitive.
com/en-us/productsâĂŞand-services/da-vinci/systems

7
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Figure 1.2), which comes bundled in this robot. This simulator is an example
of a virtual reality tool used to train surgeons in a safe environment directly on
the console itself.

Studies show that improvements from practising in a virtual test environ-
ment are similar to those of using a physical, dry–lab, test environment for sim-
ple skills training [8]. Advantages of the simulated training environment how-
ever include its flexibility, no requirement for disposable one–time–use parts
and almost limitless possibilities for different scenarios. The use of a physics
engine, such as PhysX, can provide certain advantages such as allowing for
a method of force feedback for simulation on haptic–enabled robots [9] [10].
On the other hand, building the physics engine from scratch enables greater
flexibility in the implementation, greater optimisation for real–time calcula-
tions, and more scope to use different types of mathematical models to build
the system as opposed to what “comes in the box”. A virtual training environ-
ment can also provide performance metrics to the trainee. It has been shown
that by using these metrics trainees can improve substantially, even if there is
no mentor guiding the process [11], so the potential for self–improvement and
self–skills–learning is huge.

2.2 Related Work

2.2.1 Suture Models
The modelling of medical sutures for virtual simulations has been attempted
using many different approaches. All of these implementations fall under the
broader topic of the simulation of 1D Deformable Objects (ODDOs), and can
be grouped into five main categories. They are as follows:

1. Geometric chain models

2. Mass–spring models

3. Beam models

4. Cosserat models

5. Spline models

In actuality the termODDO is somewhat of amisnomer as almost all suture
models account for the thickness and therefore volume of the object. However
it is still useful to think of it in these terms as the suture is often defined along
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its length with forces applied to it in various directions. By thinking about it
in these terms, it can be said that it is in fact defined in one dimension, with
deformations applied in normal and cross–sectional directions.

In this section the five approaches listed above will be examined. An early
paper is presented to give an idea of how themethod works, then an example of
a specific implementation in suturing simulations, or similar, is presented and
evaluated. These implementations also have different methods of handling
body interactions and model constraints, however these are discussed in the
section which follows.

Geometric Chain Model

This is an efficient approach that is widely used, however it relies only on ge-
ometric information and no physics is directly modelled. It was first proposed
by Brown, Latombe, and Montgomery [12] who present an algorithm called
“Follow the Leader” (FTL) which is used to update the position of a simulated
rope in each time step.

This model assumes no stretching, as only non–elastic ropes are consid-
ered. The discretised rope is composed of n straight rigid links connected by
n+ 1 spherical joins (nodes), forming a kinematic chain. The joints allow for
two degrees of rotational freedom, and the links are all of the same unit length.
Furthermore, each node may only move a maximum of δ in each step, so by
ensuring δ is less than the radius, lagging is reduced.

(a) (b)

Figure 2.1: Example of FTL with (a) forced movement of grasped node 2, (b)
update of position for nodes 1 and 3, and then node 4, and then node 5 [12].
[Reproduced with permission from Springer Nature]
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This approach introduces the FTL algorithm, where movement applied to
one node propagates throughout the rest of the nodes, working in the following
way. If, during a given time step, a grasped node, Ni, is displaced from a
position xoldi to xnewi , then its neighbouring node, Ni+1, with initial position
xoldi+1, is moved along the line connecting xnewi and xoldi+1, such that the two
neighbouring nodes are still unit distance apart from each other. The motion
is propagated in both directions until the new positions of N0 and Nn have
been computed. This is shown in Figure 2.1. Note that bending and torsion
effects are not modelled.

This approach has been used more recently by Müller, Kim, and Chen-
tanez [13] for use in real–time hair simulation. This model improves the FTL
algorithm by introducing a velocity correction, and is called “Dynamic Follow
the Leader” (DFTL).

Instead of only considering moving nodes to a new position in such a way
that only the distance from its original position is minimised, this paper adds
a dynamic element. The corrected direction for node Ni is calculated by sub-
tracting the change in position for node Ni+1, as shown in Figure 2.2.

(a) (b)

Figure 2.2: Example of DFTL with (a) standard static FTL (b) velocity cor-
rection and resulting state [14]. [Reproduced with permission from the Asso-
ciation for Computing Machinery]

This model is a better candidate for the dynamic simulation of hair strands,
but it is only reliant on the position and velocity of the nodes. There are no
physical laws that are balanced, or energies modelled.
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Another implementation of a geometric model is that of Umetani, Schmidt,
and Stam [15], which can simulate bending and twisting deformation effi-
ciently using the framework of position based dynamics. This is a step closer to
modelling the real physics of ODDOs as elastic properties are included in the
model. Although the model is very simple, motion appears visually realistic
and physically plausible. For this reason it is often used in surgical simulators
as it frees up resources for more complex tasks. Despite this, some fundamen-
tal problems exist as the method does not derive from the understood physical
behaviour.

Although this model is efficient, it is not a mathematically accurate model
of the underlying physics. Therefore physics–based approaches should be con-
sidered over this approach. Physics–based approaches allow for the modelling
of processes with a complexity and accuracy that is impossible to achieve with
a purely geometric approach [16].

Mass–Spring Model

The first of the physics based models is the mass–spring model. An early
implementation of the mass–spring model for ODDOs is that of Rosenblum,
Carlson, and Tripp III [17], the diagram for which is depicted in Figure 2.3.

Figure 2.3: Example of mass–spring model [17]. [Reproduced with permis-
sion from John Wiley and Sons]

The figure shows point masses, with each pair of successive point masses
connected by springs. The compression and extension of the spring connecting
two masses determines the force on the masses, and is found using Hooke’s
law. The equation is as follows.

Fspring = kspring(d− d0)

where Fspring is the magnitude of the force on each point mass, kspring is the
spring constant (which controls the resulting strength of the force), d is the
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current distance between the two point masses and d0 is the initial distance (or
the distance at rest) between the two point masses. If the spring is stretched
then the force vectors at each mass point towards each other, and if the spring
is compressed then the force vectors point away from each other. Furthermore,
simple damping scheme is used by introducing a damping coefficient, Dspring,
so the equation becomes

Fspring = kspring (d− d0)−Dspring (kspring (d− d0))

Figure 2.3 also shows hinges at the interior point masses. The force due to
the hinge element is calculated in a similar way, resulting in the following
equation.

Fhinge = khingeθ −Dhinge (khingeθ)

whereFhinge is the magnitude of the hinge force on the point mass in a direction
that would straighten the ODDO, a direction perpendicular to the two neigh-
bouring point masses, khinge is a hinge stiffness coefficient, Dhinge is the hinge
damping coefficient and θ is the angular displacement of the hinge.

Finally the force due to gravity and an approximate aerodynamic drag force
are included using the following equations.

Fgravity = mg

Fdrag = vDdrag

where Fgravity is the magnitude of the force due to gravity in the direction of
gravity, m is the mass of the point in question, g is acceleration due to grav-
ity (9.8m/s2), Fdrag is the force due to drag acting in the opposite direction
to the velocity of the point mass, v, and Ddrag is a drag damping coefficient.
Additional hinge springs can be used to model torsion and provide bending
resistance [18].

Once the forces have all been evaluated, the acceleration, a, of each point
mass at a given time is calculated using the following equation.

a = F/m

where F is the sum of all forces acting on the point mass. This is then used to
update the velocity of the point mass, and to calculate its new position for the
next time step.

One example of this type mass–spring model being used to model sutures
is by LeDuc, Payandeh, and Dill [19]. Suture models of varying complexities
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are presented. The most complex of which includes point masses connected
by longitudinal springs, dampers between the masses, torsion springs, torsion
dampers and viscous damping effects. Ultimately, the authors chose a simpler
model composed only of point masses connected by undamped longitudinal
masses. A quasi–static integration method was used to update the positions
of the nodes, and numerical viscous damping was used without increasing the
complexity of the model or slowing down the calculation.

A second example fromWang et al. [18] models a higher level of complex-
ity of the four degree of freedom (DoF) model. Three positional DoFs, x1, x2,
x3, determined by force, F , and one torsional angle DoF, q, determined by tor-
sion force, τ . The forces modelled are as follows: stretching and compression,
bending, twisting, dissipative friction force and contact forces (from the en-
vironment or self–collisions), while stretch and friction are used to define the
torsional forces. Euler integration is then used to define themotion of all nodes
at each time step, as follows, producing a realistic and efficient simulation.

(xi, qi) (t+ dt) = p (Fi, τi)

An example of the mass–spring model implemented for knot tying is by
Phillips, Ladd, and Kavraki [20]. This will be analysed deeper in the con-
straints section.

The mass–spring model is straightforward to implement and computation-
ally is rather efficient and easily parallelisable, as nodes rely only on their
neighbours. However the model is still a big over–simplification of reality and
is often composed of large discretisations. High curvature bending is only
possible with a very fine decomposition. Furthermore, complex models, with
many interconnected mass–springs, often suffer from low stability and high
amounts of oscillations with insufficient damping. And finally Moore and
Molloy [16] argue that the propagation of forces throughout the ODDO is de-
layed, however this is not the case if an implicit numerical solver is used. A
method such as the Störmer–Verlet could be used, which is computationally
efficient.

Beam Model

A simple implementation of modelling ODDOs using linked beam elements
has been used for hair simulations by Anjyo, Usami, and Kurihara [21]. The
hair strand is represented by an originally straight cantilever beam, discretised
into k segments as shown in Figure 2.4.

The beam segments, si, are connected by nodes, pi, and are all of length
d. Any external global force, g, is distributed uniformly along the beam at
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Figure 2.4: Example of cantilever beam model [21]. [Reproduced with per-
mission from the Association for Computing Machinery]

the nodes as gi. Assuming elastic deformation, the following equation defines
bending.

∂2y

∂x2
= −M

EI

where the x–axis is along the resting beam direction and the y–axis is perpen-
dicular to that. M is the bending moment at each node and EI is the flexural
rigidity, which is the product of the material’s Young’s modulus, E, and the
beam’s second moment of inertia, I . So here we can see that the material
properties are used directly, however only bending momentum deformation is
modelled, and shearing force deformation is ignored. The moment at each
node is calculated using the following equation.

Mi = −‖g‖ d
∑k−i+1

p=2 pi +
∑k−i

p=1 pi

2

= −‖g‖ d (k − i+ 1)2

2

From this the displacement, yi, for node pi can then be evaluated using the
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following equation.

yi = −1

2

(
Mi

EI

)
d2

This is done successively from node p1 to pk with the deflection being relative
to the tangent of the previous segment.

Dequidt et al. [22] present a much more advanced implementation of the
beam model for simulating medical catheters based on the original work of
Przemieniecki [23]. Guébert [24] applies the method used by Dequidt et al.
[22] to medical sutures. This model takes into account bending, torsion and
elongation by representing each element with an elementary stiffness matrix,
K̄e, of size 12×12 which has all of the required equations for the different de-
formations. The global transformation matrix, Λ, is used to convert from local
coordinates, K̄e, to global coordinates, Ke, using the following relationship.

Ke = ΛT K̄eΛ

Note that the full stiffness matrix,K, is a banded matrix due to the geometric
structure of the model. This global stiffness matrix is assembled by collecting
each beam element and summing their contributions, Ke. This leads to the
following equilibrium equation.

Mẍ+Dẋ+Kx = f (2.1)

where M is the mass matrix, which is diagonal due to the assumption of
lumped masses at the nodes, D is the damping matrix, which is calculated
from the Rayleigh damping equation, D = αM + βK, and f is the external
forces applied to the suture.

To solve the system of equations, an Euler implicit method is used to inte-
grate the equilibrium equation. Since the beam model results in a tridiagonal
block structure, an optimised inverse method is used to solve the system of
equations. This method is efficient due to the optimisations, but these are
reliant on the tridiagonal structure. With this method, the solvability is not
dependent on the diagonal dominance of Ke. The solution is then computed
with order O(n) instead of O(n3).

This method is more similar to a corotational approach [25], as opposed
to the incremental approach presented by Cotin et al. [26], who initially intro-
duced themodel for catheters. Cotin et al. [26]’s method of invertedmechanics
uses the substructure of the stiffness matrix, K, to calculate u = K−1f with-
out having to compute K−1 in its entirety. This method has that advantage
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that it does not make the tridiagonal assumption, however it cannot represent
geometric non-linearities, while the method from Dequidt et al. [22] can.

The beam approach is relatively straightforward for simple models and
rather efficient, as [22], [24] and [26] show. However it is often a complex
procedure to implement torsional stiffness. The approach has a high accuracy
but it requires intensive calculations for more complex models.

Cosserat Model

The Cosserat rod model was first introduced by the brothers Cosserat and
Cosserat [27], and is a special case of a more general theory of Cosserat con-
tinua which includes surfaces and points. Pai [28] was the first to implement
this model in surgical simulations, and even computer graphics in general.
Here, the configuration is described by the space curve r(s) and a coordinate
of frame “directors” at each point on the curve, as shown in Figure 2.5.

Figure 2.5: Example of a 2–segment Cosserat beam model [29]. [Reproduced
under the terms of the Creative Commons CC BY license]

Each di is a vector, with d3 along the tangent, and d1, d2 normal, such that
d1 = d3×d2. Collectively, these vectors are known as the Frenet–Serret frame.
These directors are assembled in the coordinate frame E(s) = [d1 d2 d3 r] (s).
Deriving this along the abscissa results in the kinematic differential equation.

E ′ =
dE

ds
=

[
[u] v

0 0

]
where u is the Darboux vector representing angular velocity, and v repre-
sents linear velocity. The Darboux vector is the result of differentiating the
Frenet–Serret frame by the parametric abscissa, s. It must be noted that the
linear and angular velocities are taken space–wise and not time–wise.
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Note that the 3 × 3 matrix [u] is the skew–symmetric matrix of the
cross product, u×. Constraints are handled by the stresses at s, defined
by ξ =

(
mT , nT

)T , where m and n are the transmitted torque and force per
cross–section area of the rod respectively. Deriving this along the abscissa
results in the applied torque, τ , and the force, f , per unit length. Taking “′”
to solely denote differentiation in relative coordinates results in the identity
equation 2.3.

dξ

ds
= η =

(
τT , fT

)T (2.2)

= ξ′ +

[
[u] [v]

0 [u]

]
ξ (2.3)

Combining these two leads to the stress differential equation.

ξ′ = η −
[
[u] [v]

0 [u]

]
ξ

By using director vectors to calculate bending and torsion global displace-
ments are modelled directly and nonlinear deformation effects can also be
taken into account. Pai [28] only implements simple constitutive laws as fol-
lows, however it is possible to use the same idea for more complex models.

m = K (u− û)

n = L (v − v̂)

where û and v̂ are the strains at rest, which could be straight or represent a
coiled suture. For example Spillmann and Teschner [30] use the Finite Ele-
ment Method (FEM) to model strain energy, and Bergou et al. [31] use the
centreline for a discrete bending and twisting energies. Note that with Pai
[28], the representation of the centreline is only implicit, which complicates
the handling of collisions. Xu and Liu [29] combine the complexity of these
approacheswith Position-BasedDynamics (PBD) and a unified particle frame-
work to create an accurate yet efficient simulation.

Kirchhoffmodels are related to Cosserat models, however they assume that
there is no shear or tensile strain along the beam, meaning that the length re-
mains constant (no stretching) and that the cross-section is always orthogonal
to the centreline. Comparing the two approaches, the methods diverge with an
increased cross-sectional area of the rod and for larger forces acting on it [32].
Material properties only have minimal effect on the discrepancies. So for thin
ODDOs, subject to only small loads, both approaches produce similar results,
and therefore the simpler Kirchhoff model can be considered.
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Wang et al. [33] implement a thin Kirchhoff rod model to simulate surgi-
cal thread in an efficient way. It can operate as fast as 1ms per frame and is
able to output axial forces, which can be used in haptic system. A geometric
variational integration scheme is used that conserves energy and momentum.

Cosserat models produce realistic results and deform in a way that rep-
resents the actual behaviour of a suture with known properties. However, it
is a particularly computationally expensive model, and due to its complexity
it is difficult to constrain it away from its end points. This is largely due to
coordinate parametrisaiton.

Spline Model

Splines present a precise and computationally lightweight approach in com-
parison to previous methods. With relatively few control points, a curve can be
defined by interpolating between themwith piece-wise polynomial basis func-
tions, as it is defined continuously. The properties of any given point along the
curve can be computed precisely, therefore it can be discretised into as many
points as required without increasing the degrees of freedom of the model.
This results in a more precise representation without the added complexity.

A spline curve, C, has its degrees of freedom stored in the vector xS . This
vector contains all positional information. Assuming the spline is defined by
n+1 control points, each control point selects from xS to get its properties, pi,
which are the x, y and z space coordinates for that specific control point. The
spline curve can then be defined with piece-wise polynomial basis functions
as follows.

C =

{
P (xS, u) =

n∑
i=0

Ni (u) pi

∣∣∣∣∣∀u ∈ [begin, end]

}
(2.4)

where u is the parametric abscissa along the curve andNi is the basis function
for a given control point. The basis functionsNi, and limits of u are dependent
on the spline type. For example, a uniform B-spline would have the range
u ∈ [degree, n + 1] (and a cubic uniform B-spline would have the range u ∈
[3, n+1]). The curve shown in Figure 2.6 is in fact a parametric spline and not
a B-spline, however it does show the fact that the curve need not coincide with
a particular control point in space. One simply interpolates between them. A
difference is that uniform B-splines would not connect to the end nodes.

So even though the degrees of freedom are finite, the spline represents a
continuous model.

An early implementation of dynamic splines in computer graphics was by
Terzopoulos et al. [35], where they are used to describe general models in
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Figure 2.6: Parametric cubic spline [34]. [Reproduced under the Creative
Commons Attribution-Share Alike 3.0 Unported license]

3d space that can undergo elastic deformation. This is done by solving their
underlying differential equations. In the case of 1D models, the deformation
energy is the strain energy, which is defined by three terms: the resistance
of the curve to stretching, α, bending, β, and twisting, γ. It is formulated as
follows.

ε (r) = ε (s, κ, τ) =

∫ L

0

α (s− ŝ)2 + β (κ− κ̂)2 + γ (τ − τ̂)2 du

with r representing the position of the curve, s, κ and τ representing the cur-
rent stretching, bending, and twisting, and ŝ, κ̂ and τ̂ representing the resting
stretching, bending, and twisting. Note that all of these terms are dependent
on r (t), which is the position of the curve at time, t. The motion of the curve is
then determined by representing the governing equations in Lagrangian form,
which allows for the next state to be evaluated using a semi-explicit numerical
integration scheme. The three terms of this represent the inertial force (due
to the model’s mass), the damping force (due to dissipation of forces) and the
elastic force (due to deformation) as shown with the equation

∂

∂t

(
µ
∂r

∂t

)
+ γ

∂r

∂t
+
∂ε (r)

∂r
= f (r, t)

where r (t) is the current position of the curve at time, t, µ is the mass density,
γ is the damping density, and f (r, t) is the external forces acting on the curve.

When presented as a constraint-free dynamic system, it takes the following
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form. M 0 0

0 M 0

0 0 M

ẍxẍy
ẍz

 =

FxFy
Fz

 (2.5)

where ẍi represents acceleration degrees of freedom in a given axis, F repre-
sents the sum of forces acting on the model and the generalised mass matrix,
M , formed by Mij = m

∫
R
Ni(s)Nj(s)ds, where Ni(s) is the spline’s basis

function for control point i at the parametric abscissa s, and massm.
To encode the forces in themodel, Lenoir et al. [36] considers twomethods,

one using springs to produce an efficient simulation, while another provides a
strain energy by considering the continuity of the spline [37]. The paper [38]
uses the method from the former to determine stretching, bending and twisting
energies. Constraints are defined and added via the Lagrange multipliers tech-
nique. The system is then solved in each step with an implicit Euler numerical
integration method.

Theetten [39] presents a comprehensive implementation for splines which
is extremely rigorous in representing the underling mechanics, while also be-
ing flexible enough to be applied in many different problems with various con-
straint types, and efficient due to optimisation. A later paper [40] summarises
the approach in English. Forces and moments are applied locally to the model
by describing stretching, bending and twisting using the exact properties of
the suture. Configurations are then described in terms of displacements and
rotations. Furthermore, both elastic and plastic deformations are modelled.
The plastic region is treated as perfectly plastic, in that it does not undergo
any further elasticity. Finally the model breaks at a given yield stress. [40]
also explores how the system can be constructed for efficiency.

2.2.2 Suture Constraints
Depending on the type of model chosen to represent the suture, different ap-
proaches must be taken to add constraints. Some models only allow for very
rudimentary constraints, while others allow for any generic constraint depen-
dent on position or velocity. In this section constraints relevant to splines will
be examined.

Building from equation 2.5, Lenoir et al. [38] present a more rigorously
defined spline model for suturing. Integrating the Lagrange multiplier method
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for constraints into the model results in the following system.
M 0 0 −LTx
0 M 0 −LTy
0 0 M −LTz
Lz Ly Lz 0



ẍx
ẍy
ẍz
λ

 =


Fx
Fy
Fz
E


where ẍi represents the acceleration of degrees of freedom in a given axis,
L = (Lx, Ly, Lz) is the constraint matrix, F represents the sum of forces
acting on the model, E encodes the intensity of the violation of the constraint,
and the generalised mass matrix, M , formed by Mij = m

∫
R
Ni(s)Nj(s)ds,

where Ni(s) is the spline’s basis function for control point i at the parametric
abscissa s, and massm.

Lenoir et al. [38] present implementations of three constraints: the sliding
point (allowing the spline to slide through a specific point in space), the sliding
direction constraint (to ensure the suture is orthogonal to the organ at the point
of entry) and the friction on sliding point constraint. The suture is simulated
separately from the organ, therefore its constraints are simpler to handle. How-
ever for better results the whole system should be evaluated simultaneously.

In this approach, the position of the sliding constraint is determined by
evaluating a new “free variable”, s, which represents a parametric abscissa
along the spline that, in turn, represents the position along the spline that is
undergoing suturing. This free variable is added to the system with a small
epsilon representing a fictitious inertial term, ε, to make the system simpler to
solve. This adds artificial stiffness in order to reduce the differentiation index
therefore the stability index also (see Section 3.4.3 for further understanding
of this). As we will later see, this intentionally added error is not necessary
for solving the system, however it is used in this case. The system could then
be expanded to be as follows.

M 0 0 0 −LTx
0 M 0 0 −LTy
0 0 M 0 −LTz
0 0 0 ε −LTp
Lz Ly Lz Lp 0



ẍx
ẍy
ẍz
s̈

λ

 =


Fx
Fy
Fz
0

E

 (2.6)

The update each step, however, is actually evaluated in two parts: once for
the “tendency” (how the model would update without constraints) and once
for “correction” (the effects of the constraints). A better solution would be to
evaluate the change in state with the constraints by considering it as a Differ-
ential Algebraic Equation (DAE).
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Since updates to the position in space of the organ is computed before the
suture, then the point in space through which the suture must pass is known.
Therefore, the position constraint, g for the suture is defined as follows.

g(q, q̇, t, s) = P (s, t)− P0 (2.7)

where q is the current state of all of the positional degrees of freedom for
the suture, q̇ is their current velocity, s is the relevant parametric abscissa for
suturing, P (s, t) is the relevant point along the suture and P0 is the point on
the organ through which the suture must pass. Next, the tangent of the suture
is also fixed by using two unit vectors, u and v, that represent the normal of
the plane of the organ, at the location of suturing. This is defined by two new
constraints, e1 and e2, which ensure the dot product of these unit vectors with
the tangent of the suture at point P , T (s, t) = ∂P

∂s
(s, t), is equal to zero.

e1(q, q̇, t, s, u) =
∂P

∂s
(s, t) · u = 0 (2.8)

e2(q, q̇, t, s, u) =
∂P

∂s
(s, t) · v = 0 (2.9)

Theetten andGrisoni [41] present a development on this ideawhich ismore
robust, and allows for a wider range of constraint types. A set of Lagrangian
constraints for 1-dimensional models are proposed which cover a large range
of cases. These take the same general form of g(. . . ) = 0, however are repre-
sented slightly differently in the full system. The structure of the full system
is as before [

K JT

J 0

] [
∆n+1X

−λ

]
=

[
F

E

]
(2.10)

where K is a stiffness matrix, F is the system force vector, ∆n+1X is the
displacement vector between the current state and the following one, E is the
violation vector of the constraints, λ is the Lagrange multiplier vector and J
is the derivative of the constraint vector equations, g = 0, with respect to
the coordinates, also called the Jacobian of the constraints, i.e. J = ∂g

∂xi
. In

order to build this system, the differentiation of the constraint equations by
the degrees of freedom must be determined for each constraint. This is done
for all of the constraint types presented in the paper. Next, the magnitudes
corresponding to the constraint forces, λ, must be determined, by efficiently
using the violation, E.

Once all of the constraints have been added to the system in equation 2.10,
the system is reordered as a banded matrix using the Cuthill-McKee algorithm
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in order to reduce its bandwidth. So the overall improvements of this method
include solving the tendency and corrections together and the use of a smart
reorganisation of the matrix structure. This leads to very accurate results as
well as an interactive simulation time, showing its suitability for real-time ap-
plications.

2.2.3 Tissue Model
As stated by Golec [42] in her PhD thesis, it is uncommon in existing methods
of tissue simulation for high accuracy in simulating deformable bodies and
real-time performance to go hand-in-hand. Therefore compromises are often
made on some level either on the resolution or on the behaviour to make ap-
proximations that ensure real-time performance. This can range from large
approximations such as pre-rendering deformations, to smaller ones such as
assuming linear elastic deformations. However the simulation of deformable
bodies is a broad field with many approaches.

Mass-Spring

The idea of constructing a Mass-Spring-based tissue model is to create often
very complex geometry using point masses and connecting them together with
springs, each given a certain stiffness. This simulates the elastic behaviour
of soft tissue. Similarly to mass-spring sutures, configurations can be set to
account for stretching, bending and twisting of the tissue.

In order to define the model with n points, the position of all points must
be set, qi, as must the mass of all points,mi, the resting length of each spring
connecting two masses, li, could be determined from the initial distance of
the two masses, however the spring stiffness, ki, must be set for each spring.
Then any change to the length of the spring, δ, can be used to determine the
deformation energy transferred to the spring as potential energy.

Epot(δ) = −1

2
kδ2

As can the force due to the deformation.

F (δ) = −
∂Epot(δ)

∂δ
= kδ

Problems with the mass-spring model include its susceptibility to wrin-
kling and buckling instabilities under compressive forces, which are especially
pronounced for more complex models, and high amounts of oscillations. An
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implementation by Golec [42] overcomes a lot of these issues to produce a
highly accurate yet efficient mass-spring soft tissue model. The approach is a
hybrid of correction force methods which is generic and produces physically
accurate deformations. This shows that there is scope for using mass-spring
systems in simulating soft tissue.

Finite-Element Model

The Finite-Element Method (FEM) is the most widely used approach for high-
precision scientific applications. The idea is to numerically evaluate approx-
imations of the real solutions of the model’s underlying Partial Differential
Equations (PDEs) which represent its physical behaviour such as elasticity
and viscosity. They are the dynamic equations of motion and are build up
with basis functions. When the model is treated as continuous this leads to a
very high level of precision. Sifakis and Barbič [43] go into a lot of detail of
how this can be achieved.

SOFA is a simulation frameworks that is widely used in medical simula-
tions [44] [45]. Several implementations of FEMs are defined with certain
variations, allowing the user to model objects including soft tissues. This has
been used in many medical applications.

Others

Many other approaches to simulating soft tissue have been used, including Po-
sitional Based Dynamics [46], Meshless Deformations [47] and Unified Par-
ticle Framework [48] however they are beyond the scope of this project, as the
focus is on the suturing aspect. The purpose of the preliminary tissue model
is to be used to validate the suturing model.

2.2.4 Needle Model
In most suturing models, the needle tends to have the same underling model
as the suture, but with different material properties of course. One example
is by Guébert [24] who details the precise behaviour expected of the needle.
This is based on previous work with Duriez et al. [49] where the behaviour of
a needle during insertion is established, and a model is proposed to simulate
this behaviour with constraints.

Another approach is to simulate the needle and the suture as two separate
objects, and to simply link them with a constraint. The disadvantage here is
that a new constraint must be added, which adds another condition that must
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be resolved in each step. However the advantage of this method is that the two
parts can be made very discontinuous in terms of material properties, without
adding extra complexity or stiffness to the system.

2.2.5 Needle/Tissue Interaction
The paper [49] describes how the puncturing forces, the precise path of the
needle tip due to steering and the resulting friction are all precisely modelled
for beam elements. The constraints are formulated as with Lagrangian multi-
pliers, using the synthetic formulation for the needle, n, and the tissue, t.

Mnv̇n = pn − F (qn, vn) +HT
n λ (2.11)

Mtv̇t = pt − F (qt, vt) +HT
t λ (2.12)

where q is the vector of generalised degrees of freedom,M is the mass matrix,
v is the velocity vector, F is the vector of forces resulting from internal visco-
elastic properties, p is the external forces, λ is the Lagrangian multiplier vector
representing the constraint forces whenmultiplied byHT (see Section 3.4.2 for
more details). First the unconstrained system is computed. Next the constraint
forces, λ, are computed for the violation by solving the constraint laws. Finally
the model is corrected such that the system described by equation 2.11 and
equation 2.12 holds.

The amount of correction required is calculated in each step by solving the
constraint laws. In order to find the constraint force value a method similar
to the Gauss-Seidel algorithms is used. In each iteration of the algorithm al-
ternating constraints are visited to compute new values of λi. This leads to a
unique solution of λ when the correction required falls below a certain thresh-
old. This approach of solving constraints was later integrated into SOFA [45].

This model resulted in a simulation of needle insertion into soft tissue that
is capable of representing complex behaviour. By validating it against the
physical model of the needle and tissue, Moreira et al. [50] found only a small
difference in behaviour. This lead to the conclusion that it is a feasible option
to be used in surgical simulations.
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Method

3.1 Underlying Physics
In order to build a model to simulate real world physical behaviour, certain
choices must be made with regards to the underlying physics. The formula-
tion of the laws of mechanics will determine choices later on about how to im-
plement different features. The system needs to be capable of modelling both
rigid body and soft body dynamics. Therefore the Newton and the Newton-
Euler formulations of mechanics are insufficient for this purpose.

Lagrangian mechanics is essentially another way of interpreting Newton’s
laws of motion, however it describes evolution based on energies (kinetic, po-
tential...). It is a more general, flexible and mathematically sophisticated for-
mulation than Newton and Euler’s. It is flexible enough to model rigid body
and soft body dynamics. For this case, it was therefore decided to use La-
grangian mechanics as the formulation for the physical laws of the system.

3.1.1 Lagrangian Mechanics
The fundamental formula of Lagrangian mechanics for a system with no ex-
ternal forces is as follows.

d

dt

(
∂L

∂q̇j

)
=
∂L

∂qj
for all j ∈ {0, ..., n} (3.1)

with the Lagrangian, L, (defined by the energies of the system), n+ 1 degrees
of freedom, qj , which are also known as “generalised coordinates”. These
coordinates can represent anything from angles and positions, to control points
for a spline (points that don’t belong to the object) [51].

27
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The idea of the Euler-Lagrange (EL) formulation is to split the external
forces into a sum of potential and non-potential forces.

L = Ekin − Epot (3.2)

Hamilton’s principle of least action dictates that the integral of this quantity
is invariant with time. This quantity is known as the action, S. Mathematically
expressed, this is stated as follows.

S =

∫ t1

t0

(Ekin − Epot) dt→ stationary! (3.3)

This is true at all times. The action does not change value throughout trajectory
through state space, and can therefore be used to define this trajectory. This is
shown in Figure 3.1, where the system takes the most efficient path between
two states.This definition can be used to derive both the weak and the strong
form of the equations of motion.

Figure 3.1: Hamilton’s Least Action Principle [52]. [Reproduced under the
Creative Commons CC0 1.0 Universal Public Domain Dedication]

In order to use this the kinetic energy and potential energy must be well-
defined for the model either for the whole model (strong form) or at the in-
finitesimal scale (weak form). The kinetic and potential energy are both, of
course, dependent on the degrees of freedom. Once they have been defined,
the model can then be determined to be complete. Note that constraints in
the model must be holonomic, meaning they can be described on the position-
level, and independently defined. Next these definitions are inserted into equa-
tion 3.1. Note that by definition potential energy is only dependent on posi-
tional information, so ∂Epot

∂q̇j
goes to zero. If there are any external forces acting
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on the model, these are added to the system asQj to the corresponding degree
of freedom. The system is presented as follows.

d

dt

(
∂L

∂q̇j

)
− ∂L

∂qj
= Qj (3.4)

d

dt

∂Ekin
∂q̇j

− ∂Ekin
∂qj

+
∂Epot
∂qj

= Qj (3.5)

Finally, the degrees of freedom are collected into a system of equations
that can be solved using a numerical solver method to update the system for
the next step.

Potential Energies

Over the course of a simulations, energy will be transferred to objects in a way
that deforms them. To model this, elastic deformations can be modelled by
using the amount of deformation usingHooke’s law. For example, the potential
energy stored in a spring can be defined using the amount of deformation from
its rest state, x. Hooke’s law tells us that the force required to stretch the spring
will be directly proportional to the amount of stretch.

fdeformation = −kx

where fdeformation is the force required for the deformation, x is the amount of
deformation and k is the spring stiffness. Therefore the change in potential
energy is defined by the work done to stretch the spring by x. The potential
energy is therefore defined by integrating the force required over the stretching
distance as follows

Epot, spring =

∫ x

o

kρ dρ

Assuming that the spring is perfectly elastic, the definition becomes

Epot, spring =
1

2
kx2

Similarly, a pointmass can have potential energy due to gravity. Bymoving
a point mass, m, a distance h in the y-direction (opposite to the direction of
gravitational acceleration, g) the potential energy gain is

Epot, gravity = mgh
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Kinetic Energies

The definition for the kinetic energy for each object in the model follows the
standard definition for kinetic energy.

Ekin =
1

2
mv2

The precise definition will be dependent on the model. Differentiating this
with respect to the velocities of the degrees of freedom, q̇i, and then with re-
spect to time, t, leads to the first term of equation 3.5. The second term of
equation 3.5 is found the same way as with the potential energy, by differenti-
ating Ekin by the degrees of freedom, qi.

3.2 Models
First the different models were designed and constructed. Each followed a
rigorous mathematical model which was based on the analysis of other ap-
proaches. First the models of the objects in the system are described. These
are also called “bodies” in the world of computer graphics.

3.2.1 Suture
Geometry

From the available choices of ODDOs the spline, as described in Section 2.2.1,
was selected as the model for the suture. This was due to being highly precise
and continuous wile being modelled by a relatively low number of control
points. This means that it requires a low number of degrees of freedom when
compared to other models.

The uniform cubic B-spline was chosen as the implementation to be able
to model the suture so that it is defined up to the third derivative. By using
equation 2.4 as the definition for the uniform cubic B-spline, it can be updated
as follows by blending together the values of the four neighbouring control
points, with the weight given by the basis functions.

C =

{
P (xS, u) =

n∑
i=0

Ni (u) pi (xS)

∣∣∣∣∣∀u ∈ [3, n+ 1]

}

where u is the parametric abscissa along the curve, the properties of the control
points, pi, are taken directly from the degrees of freedom, xS , and the basis
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functions,Ni, are those for the uniform cubic B-spline. The basis function for
the cubic B-spline can be derived from the the Cox-de Boor [53] recurrence
relation for B-splines. It starts with the definition for order-1 B-splines, k = 1,
which is used to define the higher-order splines, k > 1. For a non-decreasing
sequence of knots, {t0, t1, · · · , tn+k}, the basis functions for order-1 B-splines
are defined by

Ni,1(u) :=

{
1 if u ∈ [ti, ti+1)

0 otherwise

For higher-order B-splines, k > 1, the basis functions are defined by

Ni,k(u) :=

(
u− ti

ti+k−1 − ti

)
Ni,k−1(u) +

(
ti+k−1 − u
ti+k − ti+1

)
Ni+1,k−1(u)

Note that for any given order of B-spline, these basis functions all satisfy∑
i

Ni,k(u) = 1 ∀u ∈ [3, n+ 1] (3.6)

Uniform cubic B-splines have a uniform knot sequence, so the knot se-
quence becomes

{t0, t1, · · · , tn+k} = {0, 1, · · · , n+ k}

By using this along with the recurrence relation for B-splines, the defini-
tion for a basis function for the cubic uniform B-spline becomes

Ni,4(u) =

1

6



(u− i)3 for u ∈ [i, i+ 1)

(u−i)2(i+2−u)+(u−i−1)2(i+4−u)+(u−i)(u−i−1)(i+3−u) for u ∈ [i+ 1, i+ 2)

(i+3−u)2(u−i)+(i+4−u)2(u−i−2)+(i+3−u)(i+4−u)(u−i−1) for u ∈ [i+ 2, i+ 3)

(i+ 4− u)3 for u ∈ [i+ 3, i+ 4)

0 otherwise

For example, the region defining the start of the spline (between nodes 3
and 4) is defined by four basis functions as follows.

Ni,4(u)

∣∣∣∣
u∈[3,4)

=
1

6


(1− u)3

4− 6u2 + 3u3

1 + 3u+ 3u2 − 3u3

u3


for i = 0

for i = 1

for i = 2

for i = 3
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Figure 3.2: Uniform Cubic B-Spline Basis Functions.

Figure 3.3: Uniform cubic B-splines basis functions forming a cubic spline
[54]. [Reproduced under the Creative Commons Attribution-ShareAlike 4.0
International License]
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which are shown in Figure 3.2.
Figure 3.3 shows how these basis functions combine to form a continuous

curve, given that the coordinates of each control point are known.
The tangent of the curve can be found using the first derivative with respect

to the parametric abscissa, u. This is defined by the following equation.

∂uC = τC =

{
P ′ (xS, u) =

n∑
i=0

N ′i (u) pi (xS)

∣∣∣∣∣∀u ∈ [3, n+ 1]

}
It is important to note that P ′ (xS, u) is not a unit vector as it also encodes
stretching. |P ′ (xS, u) | determines the amount of stretching (or “extension”)
at a given parametric abscissa, u, and therefore dividing by this quantity gives
the unit tangent at u. By extension the rth derivative can be determined with
the following equation.

∂urC = τC =

{
P (r) (xS, u) =

n∑
i=0

N
(r)
i (u) pi (xS)

∣∣∣∣∣∀u ∈ [3, n+ 1]

}

Degrees of Freedom

The suture is defined by n+ 1 control points, which each have four degrees of
freedom, stored in the vector qi. This vector contains the x, y and z coordinates
of the point, plus an angle which controls the twist of the spline. The full vector
containing the degrees of freedom of the spline, xS , therefore has the following
form.

qi =
[
pi pθi

]
=
[
pxi pyi pzi pθi

]
xS =

[
px0 py0 pz0 pθ0 px1 py1 pz1 pθ1 . . . pθn

]
=
[
x0 x1 x2 x3 x4 x5 x6 x7 . . . x4n+3

]
Kinetic Energy

As the simulation is evaluated using Lagrangian mechanics, the correct en-
ergies in the model must be determined. The kinetic energy of the model is
defined as follows.

Ek =

∫∫∫ n+1

3

1

2
ρv2|p′|+ 1

2
Izω

2|p′| du ds1 ds2

with material properties ρ, the mass density in [kg · m−3], and Iz, the polar
momentum of inertia in [m4]. Furthermore, the definition relies on the para-
metric abscissa along the spline, u, and the curvilinear abscissae the directions
of the cross sectional plane, s1 and s2.
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Assuming a constant, orthogonal cross-section of radius, r, and that the
mass density and inertia are also invariant along the curve, the kinetic energy
can be simplified as follows. Note that |p′| can be taken out of the integral as
L0, i.e. the initial total length of the suture.

Ek = πr2 L0

(
ρ

∫ n+1

3

1

2
v2 du+ Iz

∫ n+1

3

1

2
ω2 du

)
Since the cross section has been defined, Iz can now be entirely evaluated

and therefore be considered constant, assuming that the cross section remains
constant along the curve.

This leads to a definition for the first term of the Lagrangian equation,
which is as follows, separating the positional degrees of freedom from the
rotational degrees of freedom.

d

dt

(
∂Ek
∂q̇i

)
=

πr2 L0 ρ
∑n

j=0

(∫ n+1

3
Ni(u)Nj(u) du

)
p̈j(t)

πr2 L0 Iz
∑n

j=0

(∫ n+1

3
Ni(u)Nj(u) du

)
θ̈j(t)



=
n∑
j=0

πr2 L0

(∫ n+1

3

Ni(u)Nj(u) du

)
ρ 0 0 0

0 ρ 0 0

0 0 ρ 0

0 0 0 Iz


 q̈j(t)

= Mq̈

where q̈ is the degrees of freedom’s acceleration vector. From this we can
determine the mass matrix, M , which is of size 4(n + 1) × 4(n + 1). This
matrix is composed of 4× 4 blocks which have the following configuration.

M
(4×4)
ij =


Mposition 0 0 0

0 Mposition 0 0

0 0 Mposition 0

0 0 0 Mrotation


where

Mposition = πr2 L0 ρ

∫ n+1

3

Ni(u)Nj(u) du

Mrotation = πr2 L0 Iz

∫ n+1

3

Ni(u)Nj(u) du
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Potential Energies and Internal Forces

In order to properly define the deformation energies of the suture, they must
be formulated from its physical parameters. In order for them to be used in
the Lagrange equations, they must then be differentiated by the degrees of
freedom. The choice here was to use the definitions of the suture’s internal
forces in the Frenet frame to build the model. This is due to the fact that while
being proportional to stresses, they are easier to compute. These are, in turn,
defined by deformations.

The stretching, εs, bending , εb, and twisting, εt, deformation strains can
be defined for any point along the curve of a suture and at any time by using
the following definitions.

ε =


εs = 1− ‖r′‖
εb = k = ‖r′×r′′‖

‖r′‖3 = C
‖r′‖3

εt = θ′ + τ

where ‖r′‖ is the norm of the local tangent vector, κ is the local curvature and
τ is the geometric torsion of the curve, as defined by the Frenet frame.

A useful linear relationship which relates small stresses, σ, and strains, ε
is from Hooke’s law. It is stated as follows.

σ = Ēε

where Ē is the 4th order tensor called the stiffness tensor. This can be reduced
to only two terms, the Young’s modulus, E, and the Poisson’s ratio, ν, from
assuming that the suture’s material is isotropic. Using the definition of the
shear modulus, G, a relationship linking the longitudinal and transversal rates
can be defined.

G =
E

2 (1 + ν)

The stresses can then be related to the strains with the following matrix.

σ =

EA 0 0

0 EI 0

0 0 GJ

 ε (3.7)

= Hε (3.8)

with Young’s modulus, E, cross sectional area, A, cross sectional moment of
inertia, I , and cross sectional polar moment of inertia, J . So now the energy
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of the system can be defined at any point along the curve, and at any point in
time.

Ep =
1

2
εTσ

If it is assumed that the model starts with some strain, σ0 6= 0, then this
leads to the following relationship.

Ep =
1

2

(
ε− ε0

)T
H
(
ε− ε0

)
The potential deformational energies are independent from each other, as

can be seen from the block diagonal structure of equation 3.7, therefore it can
be separated into stretching, Es

p, bending, Eb
p, and torsion, Et

p.

Ep = Es
p + Eb

p + Et
p

Each of the deformation energies can be determined by integrating along the
spline’s arc length.

Es
p(t) =

1

2
EA

∫ L

0

(
εs − ε0s

)2
ds

Eb
p(t) =

1

2
EI

∫ L

0

(
εb − ε0b

)2
ds

Et
p(t) =

1

2
GJ

∫ L

0

(
εt − ε0t

)2
ds

From this, the deformation forces can be evaluated.

f si (t) = −
∂Es

p(t)

∂qi
= −EA

∫ L

0

(
εs − ε0s

) ∂εs
∂qi

ds

f bi (t) = −
∂Eb

p(t)

∂qi
= −EI

∫ L

0

(
εb − ε0b

) ∂εb
∂qi

ds

f ti (t) = −
∂Et

p(t)

∂qi
= −GJ

∫ L

0

(
εt − ε0t

) ∂εt
∂qi

ds

Finally, the deformation stiffnesses can also be evaluated, as follows.

Ks
ij(t) = −∂f

s
i (t)

∂qj
= EA

∫ L

0

(
∂εs
∂qi
⊗ ∂εs
∂qj

+
(
εs − ε0s

) ∂2εs
∂qi∂qj

)
ds

Kb
ij(t) = −∂f

b
i (t)

∂qj
= EI

∫ L

0

(
∂εb
∂qi
⊗ ∂εb
∂qj

+
(
εb − ε0b

) ∂2εb
∂qi∂qj

)
ds

Kt
ij(t) = −∂f

t
i (t)

∂qj
= GJ

∫ L

0

(
∂εt
∂qi
⊗ ∂εt
∂qj

+
(
εt − ε0t

) ∂2εt
∂qi∂qj

)
ds
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Note that instead of integrating over the length of the spline with s, the
parametric abscissa, u, can also be used by using the relation ds = |p′|du,
and changing the limits of the integral to those defined by the choice of spline
function. The numerical integration method used to evaluate these forces and
stiffnesses could be the trapezoidal method or a Gaussian quadrature for more
precision.

Apart from deformation forces, it is possible to have other types of forces
acting on the model. A major one is the gravitational force, which acts on all
masses.

fg = Mg

with the generalised gravity vector, g, for each of the degrees of freedom. Any
other forces can be directly added to the model in this manner also.

A widely-used method of applying viscosity is with Rayleigh damping. It
is defined as follows.

fv = − (αM + βK) v

with the velocity of the degree of freedom, v, mass matrix, M , stiffness ma-
trix, K, Rayleigh mass coefficient, α, and Rayleigh stiffness coefficient, β.
Rayleigh damping attenuates displacements proportionally to velocity and in-
ertia. Low frequency vibrations are filtered with the mass coefficient, α, while
high frequency vibrations are filtered through the stiffness coefficient, β.

3.2.2 Tissue
In order to simulate tissue for suturing, a mass-spring model was used. This
was largely due to convenience, as much of what was required to build a mass-
spring tissue model was available for use. Furthermore, the assumption of
linear elasticity locally reduces complexity. The model is nonlinear geometri-
cally as the strain is based on a distance. For this reason the force and stiffness
is not constant over time, meaning they need to be re-evaluated in each step.

The development of a Finite Element Model (FEM) for tissue within SG-
Physics would have taken much longer, as much of the work required for
the mass-spring model was already complete. However, an FEMmodel would
also have allowed for a more generalisable and versatile solution. Importing
an FEM class from another package in the public domain, such as SOFA [45],
goes against the design philosophy of SGPhysics, which is designed with
the goal of having independence from external packages for flexibility and
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architectural purposes. Furthermore, many of the lower-level features of pack-
ages such as SOFA are not available in the open-source version.

In order to construct an FEM class, base elements would have to be de-
fined. 2D elements that sustain loading under bending stresses are plates,
while elements that sustain tensile loading under in-plane stresses are mem-
branes. The elements which encompass both are shells, and would be the
appropriate choice for this application. By using 2D elements to construct a
3D model, one of the three dimensions is neglected in the modelling.

A mass-spring model still allows for a thorough investigation into simulat-
ing suturing and still provides physically-based behaviour while also being an
interesting model to solve.

Figure 3.4: Schematic drawing of a mass-spring-model. The black dots rep-
resent mass points, the jagged lines between the dots are springs.

The tissue model is composed of point masses connected by springs in
a way similar to Figure 3.4, but with a more rigorous structure. For a two-
dimensional piece of tissue, point masses were laid out in a grid. Next, springs
were added to connect neighbouring points, affecting longitudinal stretching.
Next, springs were added to points diagonally adjacent to each other, which af-
fects shearing. Finally springs were added to points that were two places away
from each other (i.e. connecting every other point), which affects bending.
From this, a complete model for a 2D section of tissue was defined.

The tissue therefore has the following material properties: mass (at each
node), longitudinal stiffness, diagonal stiffness and bending stiffness. By ad-
justing these properties, the model can be made to represent different types of
soft bodies with their own material properties.



CHAPTER 3. METHOD 39

Degrees of Freedom

Once the material properties have been defined and the model approximates
a real tissue, then the only things that are variables that must be updated are
the positions in space of the mass points. If the model is in 3D space, then
each of these points will have three degrees of freedom, i.e. their x, y and z
coordinates. So a tissue with n+1 mass points will have the following degrees
of freedom stored in the matrix xT .

qi =
[
pi
]

=
[
pxi pyi pzi

]
xT =

[
px0 py0 pz0 px1 py1 pz1 . . . pxn pyn pzn

]
=
[
x0 x1 x2 x3 x4 x5 . . . x3n x3n+1 x3n+2

]
Geometry

The geometry of the tissue is described as resulting from its underlying phys-
ical definition. It is essentially described by a set of 3D points and therefore
triangles can be drawn connecting the points to form a complete surface. In
order to refer to a point on this surface, the ID of a point can be used to refer
to a specific defined point.

If an arbitrary point on the surface is required then barycentric coordinates
can be used. In this case a point, P , on the surface of the tissue can be entirely
defined from its three points (ABC) forming the triangle belonging to it and
their respective weights, as shown in Figure 3.5. This weight is inversely pro-

Figure 3.5: Point P defined from barycentric coordinates of the triangle ABC.

portional to the area formed by the point P and the opposite two points. This
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influence is measured with two quantities, α and β, which when kept constant
keep the relative position of P fixed to the surface of the tissue. It is defined as
follows.

P = (1− α− β)A+ αB + βC

Note that for a given point, if the following properties hold,

0 ≤ α ≤ 1 (3.9)
0 ≤ β ≤ 1 (3.10)

0 ≤ (1− α− β) ≤ 1 (3.11)

then the point is inside the triangle.

3.2.3 Tools
In a given model tools could be built up using rigid body object types. That
is, a geometric shape with position and rotation as its degrees of freedom. Po-
sition, as before, is described using x, y and z Cartesian coordinates, while
rotations are described using quaternionic coordinates, q =

[
qi qj qk qr

]
.

The rigid body therefore has seven degrees of freedom. The DoF time deriva-
tive is indirectly the set of linear and angular velocities. The angular velocities
are the speeds of rotation about the x, y and z axes, therefore there are only
six degrees of freedom in velocity.

Rigid bodies can be used as building blocks to create any kind of tool or
other articulated object in the simulation. They can be combined together
into systems of articulated rigid bodies. These bodies are attached to each
other with joints, which are a type of constraints. Joints can be defined in
a number of different ways, which differ by degrees of freedom or relative
motion allowed.

The dynamics of a rigid body can be defined by combining the force and
torque equations for each single rigid body, which are as follows.

Fi = miai

Ti = [IR]i αi + ωi × [IR]i ωi

i ∈ [1, n]

for a system of n rigid bodies, where Fi is the force, Ti is the torque, α is
the angular acceleration in vector form and ω is the angular velocity in vector
form.
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This leads to the Newton-Euler equation of motion for a rigid-body system
with respect to the centre of mass.[

F

τ

]
=

[
mI3 0

0 Icm

] [
acm
α

]
+

[
0

ω × Icmω

]
where F is the total force on the centre of mass, τ is the torque about the centre
of mass,m is the mass, I3 is the 3× 3 identity matrix, acm is the acceleration
of the centre of mass, Icm is the moment of inertia about the centre of mass, ω
is the angular velocity and α is the angular acceleration.

3.3 Constraints
In order to model interactions between the bodies, specific constraints were
developed. These range from simple constraints such as fixing parts of two
models to be coincident at all times, to more complex such as the suturing
process between the suture thread and the tissue. More generally, a constraint
is a relation between a subset of the degrees of freedom, which must always
hold. Here the process for creating these constraints is described.

3.3.1 Fixed Points
In order to start defining the limits and constraints of the model, a good first
start is the constraint to fix two points together. For example, if one of the
points is an arbitrary point in space and the other is part of an object, then this
will fix that point of the object to that point in space. In certain cases, it may be
useful for the distance to be non-zero, such as in the case of the pendulum. The
pendulum could however be modelled as a single rigid body with a rotation
constraint at one end and a point mass added to the other.

The basic constraint has the following form.

g (x0, x1) = x0 − x1 = 0

where x0 and x1 are the respective points. If a point is defined by an object,
or “body”, then its definition is completely dependent on the body type. If
it is a tissue, for example, then the point could be defined by the position of
a specific node. It could also be defined by using barycentric coordinates to
interpolate the relative position between multiple points. If the body were a
suture, on the other hand, then the parametric abscissa, u, would be required
to define a point along the spline.
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3.3.2 Fixed Tangent
Fixed Tangent and Extension

Following from the logic of the previous constraint, it would seem logical to
define a fixed tangent direction constraint in the same manner. The constraint
for the suture could then be defined as follows.

g (xt) = τ (xt)− τ0 = 0

where τ (xt) is the tangent vector at the specified abscissa and τ0 is the ini-
tial, or desired, value to fix the tangent vector to. The problem with this, as
discussed in Section 3.2.1, is that this value also encodes the amount of stretch-
ing. So in order to fix the tangent without affecting stretching, then this tangent
must be normalised by the amount of stretching. However a more elegant so-
lution is to use the dot product to ensure that the angle formed with another
vector remains constant.

Fixed Tangent Direction Only

In many cases, the vector of the tangent which the suture must be constrained
to is not directly known but must be determined from a plane. This is the case
with a suture entering tissue. The tissue is defined by points and therefore it
is simple to map normal vectors along its surface. A fixed tangent constraint
based on orthogonal vectors thus seems reasonable.

g (xt) =

{
τ (xt) · u0 = 0

τ (xt) · u1 = 0

where τ , u0 and u1 are orthonormal. The vectors u0 and u1 each define a
plane. This constraint definition ensures the tangent of the curve exists on
both of these planes. That is, the tangent, τ , is normal to both u0 and u1, form-
ing 90°angles. For a different fixed angle (i.e. a non-90°angle), the section
concerning the full suturing constraint, Section 3.3.4, goes into more detail.

3.3.3 Joints
Joins are constraints that only allowmotions parallel to certain axes, or restricts
themovement of bodies to specific rotations. They can be defined using the dot
product for 1-degree-of-freedom joints (i.e. parts that can only rotate about a
single axis) or a fixed zero distance for 3-degrees-of-freedom joints (i.e. joints
such as a ball-in-socket joint where two parts are joined at a specified point).
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3.3.4 Suturing: Sliding Point and Fixed Tangent
The most important constraint type for this project is the actual suturing con-
straint. This is the suture passing through a point on the tissue, sliding through
a specific point. This is therefore related to a fixed-point-in-space constraint
between the suture and the tissue. The model becomes more complex however
when we consider that this point actually slides along the suture over time. To
resolve this, a new “free variable” is added to the model, u, which represents
the parametric abscissa at which the suturing constraint is defined. This vari-
able can be determined by solving the system as a whole, with the constraints
correctly defined in the system. The position in space of the spline at u can
then be evaluated by interpolating between the spline’s piecewise functions for
u, as follows.

P (xS, u) =
n∑
i=0

Ni (u) pi (xS) (3.12)

for u in the correct range, u ∈ [degree, n + 1], where there are n + 1 control
points, and the properties of the control points, pi, are given by the degrees of
freedom, xS , and the piece-wise polynomial basis functionsNi are defined by
u, and the choice of spline function (in this case, uniform cubic B-spline).

The suturing constraint is defined as follows.

g (xT , xS, u) =


P (xS, u)− T (xT ) = 0
AB(xT )
|AB(xT )| ·

P ′(xS ,u)
|P ′(xS ,u)| = α0

AC(xT )
|AC(xT )| ·

P ′(xS ,u)
|P ′(xS ,u)| = α1

(3.13)

where P (xS, u) is the position on the spline at the parametric abscissa, u.
T (xT ) is the point in the tissue where the suturing is occurring, as defined by
positions of the point masses of the tissue, xT . Lines 2 and 3 of this constraint
will be explained below.

This first line of equation 3.13 ensures that the specified point along the
suture and the specified point on the tissue are coincident. As previously de-
scribed, the point along the suture is defined from a given parametric abscissa,
u, which is initialised when suturing is activated to correspond to the tip of
the suture. This occurs when the contact force of the suture tip on the tissue is
above a specified threshold (see Section 3.4.7 on collision response for more
information). At this point in time, the point on the tissue is also defined. As
Figure 3.6 shows, only a section of the tissue is considered - that is, the 3 points
forming the triangle in contact with the suture: A, B and C.
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Figure 3.6: Suturing constraint. The active triangle of the tissue is shown in
black, and the thread undergoing suturing is shown in red. They are coincident
at point P, with the green arrow showing the unit tangent of the suture at this
point, and the orange arrows showing the unit tangent at the surface of the
tissue.
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The location on the triangle of the suture tip can be defined from the three
points using barycentric coordinates, as follows

T (xT ) = (1− α− β) pA + αpB + βpC

where pA, pB and pC are the points of the triangle, andα and β are the constants
that define the relative effect of the points on defining the suture point. α and
β are kept as constant for the whole of the suturing process so that the suturing
point on the tissue is constant relative to the defining triangle. The constraint
can then be defined as the difference of these two points equals zero for the x, y
and z directions. Therefore the first line of equation 3.13 is actually composed
of three instances for the x, y and z directions respectively.

Now that the point has been fixed, the tangent of the suture must also be
fixed. This is defined by lines 2 and 3 of equation 3.13, where AB (xT ) is
the line connecting point A and point B of the triangle as defined by positions
of the point masses of the tissue, xT , likewise for AC (xT ). P ′ (xS, u) is the
tangent of the spline at u, with control points defined by coordinates in 3D
space, xS . Similarly to equation 3.12, it is defined by

P ′ (xS, u) =
n∑
i=0

N ′i (u) pi (xS)

which is the first derivative of equation 3.12 with respect to the parametric
abscissa, u. Note that P ′ (xS, u) is not in fact a unit vector, but the length
|P ′ (xS, u)| defines how stretched/elongated the curve is for any given para-
metric abscissa, u. Therefore in order to get the unit vector tangent direction
at u, P ′ (xS, u) must be divided by |P ′ (xS, u)|, as shown in equation 3.13.

The direction of this vector must be kept constant with respect to the tri-
angle. The simplest way to define the direction in 3D space of the triangle
is to use the points that are already defined. These are the points A, B and
C. The unit normal vectors along the surface of the triangle can then be de-
fined, as shown in figure 3.6, to be AB

|AB| and
AC
|AC| , as defined in the three space

dimensions.
In order to define and fix the relative angle between the vectors, the dot

product is used. When the suturing constraint is initialised, the dot product of
the unit suture tangent is taken with each of the tissue surface tangents, and
the resulting constant values are evaluated and stored as α0 and α1. These
values are stored in the constraint and used to ensure that the angle formed by
the suture and the tissue is kept constant for the duration of the suturing. This
matches the observed physical behaviour of sutures passing through tissue,
and also ensures a logical continuity between each step of the simulation.
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Note that the new degree of freedom variable, u, is added to the system
when the constraint is added. The side of the suture which has pierced the
tissue is known, so therefore u is initialised to be the parametric abscissa which
defined that end of the suture. For now, u̇ is initialised to zero, but it could be
estimated using a combination of the force at the suture tip, and the velocity of
the point on the tissue where suturing is occurring (determined using the three
points of the triangle, and the point’s barycentric coordinates). If u is outside
of the acceptable range then this means that the suture has completely passed
through the hole. Therefore the constraint is destroyed and the variable u is
removed from the system.

3.3.5 Knot
A knot occurs when a suture interacts with itself forming a particular structure.
This can be detected using self-collisions of sections of the thread.

Self-collisions of the suture are called edge-edge collisions. Once two edge
sections of the suture are determined to be in close-enough proximity in space,
then a continuous collision detection algorithm is used by comparing the con-
figuration in consecutive time steps. Then a collision response approach is
used to resolve the collisions (see Section 3.4.7).

3.4 Mathematical Approach

3.4.1 Ordinary Differential Equations
In order to reduce the 2nd order ODE

Ma = F

to a 1st order ODE, the terms are re-written using a state vector, Y

Y =

[
x

v

]
where x is the positional state of all of the variables of the objects in the system
(with the size of this referred to as xDoF, or “positional degrees of freedom”),
and ẋ is the time derivative of that, i.e. the change in state of all of the variables
of the objects in the system. More specifically, v is the velocity and its size is
referred to as vDoF, or “velocity degrees of freedom”). It can be assumed in
most cases that v ≡ ẋ however this is not the case for all models (such as rigid
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bodies). Due to the fact that for some cases v 6≡ ẋ, a transformation function,
Fx, is used in the general case, using the following equation

ẋ = Fx (x, v)

however as this is not the case for the suture and tissue models, it will be as-
sumed throughout that v ≡ ẋ. Therefore the use of the transformation function
will be ignored. On the other hand, rigid multi-body systems are defined by
seven xDoF (three positional degrees of freedom, and four quaternionic de-
grees of freedom), and six vDoF (three for the linear velocity, and three for the
angular velocirty). Therefore the transformation function is required. How-
ever this type of problem is left to a future project.

The governing equation and the constraints combined into one larger sys-
tem, which can be written as:

M̄ · Ẏ = F
(
t, Ȳ
)

(3.14)

which is a more general way of writing[
I 0

0 M

] [
ẋ

v̇

]
=

[
v

F

]
(3.15)

where F represents the forces acting on the model.
This is the simplest formulation of a multi-body system, which is in fact

an unconstrained system. The addition of certain types of rheonomous (time
dependent) and scleronomous (time independent) constraints will lead to con-
straint forces applied to the system, as shown in Section 3.4.2. This simple
formulation is nothing but the Newton equation, which states that force equals
mass times acceleration.

3.4.2 Lagrange Multipliers
The constraints defined in Section 3.3 each define a manifold of allowed free
motion. The addition of these constraints to the unconstrained systemwill pro-
duce forces, known as constraint forces, which are responsible for ensuring the
constraints are satisfied. Once these constraints are added to the unconstrained
system shown in Equation 3.14, the system extends to the following.

M̄ · Ẏ = F
(
Ȳ
)
− Fc

(
Ȳ , λ

)
0 = g

(
Ȳ
) }
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where g
(
Ȳ
)
is a vector-valued function that describes the nc constraints in the

system, and Fc
(
Ȳ , λ

)
are the additional forces on the system.

The existence of the additional forces ensures that the solution exists on
the constraint manifold, and act in a direction orthogonal to the manifold, as
shown by the d’Alembert principle. This leads to the following definition for
the constraint forces.

Fc (x, v, λ) = G (x, v)T λ

where

G (x, v) := Dxg (x, v) =
∂

∂x
g (x, v)

is the differentiation matrix (Jacobian matrix) of g with respect to x, and λ is
known as the Lagrange multiplier, which is of size nλ.

The system shown in Equation 3.15 can also be expressed in matrix form
with the constraints added, as shown here.I 0 0

0 M GT

0 0 0

ẋv̇
λ

 =

 v

F (x, v)

g (x, v)

 (3.16)

For holonomic constraints, the third line of the system described in equa-
tion 3.16 can be derived with respect to time twice and remain approximately
equivalent [55]. The reason for this is explained in Section 3.4.3. If it is de-
sired to have a symmetrical matrix on the left hand side of the equation, it is
possible to do that by separating the constraint into the part that resembles, or
is equal to G, and then the rest of it, ξ.

g(x) = 0 (3.17)
ġ(x) = G(x)ẋ = G(x)v = 0 (3.18)

g̈(x) = G(x)v̇ +

(
d

dt
G(x)

)
v = 0 (3.19)

=: G(x)v̇ + ξ (x, v) (3.20)

When added to the system, this becomesI 0 0

0 M GT

0 G 0

ẋv̇
λ

 =

 v

F (x, v)

−ξ (x, v)

 (3.21)

Note that equation 3.3 can also be updated to include the constraint forces
acting on the system. It is as follows.

S =

∫ t1

t0

(
Ekin − Epot −GTλ

)
dt→ stationary!
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3.4.3 Differential Algebraic Equations
General Formulation

The ODE formulation of the problem is useful for evaluating the change of
state over time, but they do not account for state restrictions. These state re-
strictions are usually algebraic equations (AEs). Examples of these are given
in Section 3.3.
Ordinary Differential

Equations

ẋ = 2x+ 3y

ẏ = 4x− y

“Change of state over time”

Differential Algebraic
Equations

ẋ = 2x+ 3y

0 = 4x− y

“Both!”

Algebraic Equations

2x+ 3y = 0

4x− y = 0

“State restrictions”
DAEs are a special class of problem which use ODEs to describe the

change in state over time, and uses AEs to describe how the state is restricted.
In other words, DAEs are systems of equations that contain ODEs and AEs.

A Differential Algebraic Equation is a system of equations containing dif-
ferential equations and algebraic constraints.

More rigorously, the general form of a DAE is defined as follows.

F (t, x, y) = 0 (3.22)

where y(x) = ẋ

with F : I× Dx × Dy → Cm

where I = [ t, t̄ ], I ⊆ R
and Dx,Dy ⊆ Cn are open
andm,n ∈ N

Note:
f ′ = ∂f

∂x

ḟ = ∂f
∂t

The trick we want is to find these values of position and velocity for a given
time. By thinking of the problem this way we run into an issue. In reality one
actually solves the equationF (t, x, ẋ) = 0 instead of equation 3.22. This is the
difference between a function definition and an equation. Here ẋ is ambiguous
as it is at once a derivative of a differentiable function x→ Cn with respect to
it’s argument t ∈ I, and also used as an independent variable of F . This arises
from wanting F to determine a function x that solves the system of equations,
with the idea of the system being:

F (t, x(t), ẋ(t)) = 0
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for all t ∈ I. By thinking of problems like this we begin to get into the mindset
for solving DAEs.

Example

One of the main fields of research for DAEs has been its application to multi-
body physics. Multi-body physics describes dynamic behaviour of intercon-
nected rigid or flexible bodies, each of which may undergo large translational
and rotational displacements. One of the simplest problems in multi-body
physics is that of the 2D pendulum, shown in Figure 3.7.

`

m · g

F

x

y

g

Figure 3.7: Pendulum example, with x and y axis directions, g as acceleration
due to gravity, m as the point mass at the tip of the pendulum, ` as the length
of the pendulum, and F as the restoration force.

For any given moment in time the motion is independent of the mass, m.
The pendulum can thus be described with a DAE of the form:

ẍ = −2xλ

ÿ = −g − 2yλ

}
← State equations from

Lagrangian Mechanics

0 = x2 + y2 − `2 ← Position constraints

with
λ, Lagrange multiplier (constraint forces)
g, gravity
`, length of pendulum
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The top two equations are the state equations are are derived from the La-
grangian formulation of the laws of mechanics. This is a formulation based
around the idea of conservation of energy. The symbol λ is the Lagrangian
multiplier, and can be thought of as the forces on the model that arise from the
constraints.

The bottom equation, on the other hand, is the position constraint. It de-
fines the limited region in which the end-point of the pendulum can exist. This
is defined using the pendulum’s x and y components, and Pythagoras’ Theo-
rem.

By looking at the system, we can see a few things about it:

• 2nd order differential equation: This is from the second derivatives of
position (acceleration) being present in the state equations

• nonlinear constraints: The position variables in the constraint equation
have a squared term

• semi-explicit: Expressed in two separate parts, one with a function of
position describing derivatives of the position (the state equations) and
another function of position which equals zero (the algebraic equations)

Indexes

In order to properly analyse DAEs, many index concepts have been developed
that assist with questions of existence, uniqueness and stability of solutions,
and to suggest approaches to find a solution. What follows is a list of the
most commonly used index types, however only the first three will be explored
briefly here.

• Differentiation index

• Strangeness index

• Perturbation index

• Nilpotency index

• Geometric index

• Tractability index

• Structural index

• ...
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One can think of the index as an integer reflecting the complexity of the
internal structure of the system [56].

For a better overview of different index types, see Mehrmann [57].
The Differentiation Index, ν, is the number of times all or part of the

system must be differentiated in order to determine ẋ in terms of t and x as a
continuous function. With this definition, a derivative array can be built such
that the solution x is uniquely defined for all initial values with ` = ν.

F`(t, x, ẋ, ..., x
(`+1)) =


F (t, x, ẋ)
d
dt
F (t, x, ẋ)

...(
d
dt

)`
F (t, x, ẋ)

 = 0

This new formulation is known as the “inflated system” which represents
the “underlying ODE”. For instance, the pendulum example described in Sec-
tion 3.4.3 has ν = 3. The major drawback of this definition is that it requires
unique solvability.

Once the derivative array has been formed, then the following Jacobians
can be defined.

M`

(
t, x, ẋ, ..., x(`+1)

)
= F`;x,ẋ,...,x(`+1)

(
t, x, ẋ, ..., x(`+1)

)
N`

(
t, x, ẋ, ..., x(`+1)

)
= −

(
F`;x

(
t, x, ẋ, ..., x(`+1)

)
, 0, ..., 0

)
So for a linear DAE of the form Eẋ − Ax = f , this leads to the inflated

differential algebraic equation:

M`ż` = N`z` + g`
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where

(z`)j = x(j), for j = 0, ..., `

(g`)j = f (j), for j = 0, ..., `

M` =


E

Ė − A E

Ë − 2A 2Ė − A E
... . . . . . .

E(`) − `A(`−1) · · · · · · `Ė − A E



N` =


A 0 · · · 0

Ȧ 0 · · · 0

Ä 0 · · · 0
...

...
...

A` 0 · · · 0


The Strangeness Index, µ, is a generalisation of the differentiation index

for over- and underdertermined systems. It indicates the number of global
transformations required to reformulate the DAE into two parts:

• one part which states all constraints

• another part which describes the dynamical behaviour

For instance, the pendulum example described in Section 3.4.3 has µ = 2.
It can be thought of like how an algorithm to solve faces of a Rubik’s Cube

must be doneX times. OnceX global transformations have been done on the
(inflated) system of equations, then the system is strangeness-free, so the com-
bined Jacobian is nonsingular and a solution can be determined. The original
formulation has strangeness µ = X . For a more formal, mathematical de-
scription of strangeness see Kunkel and Mehrmann [58], p74.

The Perturbation Index, κ, is a measure of sensitivity of solutions with
respect to perturbations of the problem [58]. κ is the smallest number such
that the perturbation η, defined by

F (t, x̂, ˙̂x) = η

satisfies

‖x̂− x‖ 6 C
(
‖x̂− x‖∞ + ‖η‖+ ‖η̇‖+ ...+

∥∥η(κ−1)
∥∥)

with a constant C independent of x̂.
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Specific Formulation

Constraints of the following form are introduced into the ODE system.

g (t, x) = 0

The system is now defined as{
M (t, x) · ẍ+G (t, x)T · λ = f (t, x)

g (t, x) = 0
(3.23)

where

G (t, x) = Dxg (t, x)

is the Jacobian matrix of g (t, x) with respect to x. One may think of it akin to
∂
∂x
.
Equation 3.23 can alternatively be formulated as follows.[

M GT

G 0

] [
v̇

λ

]
=

[
F

g

]
(3.24)

This formulation will be useful for later.

Definition 3.4.1. Hessenberg DAE of index ν: [58] A DAE is of Hessenberg
from of index ν ≥ 2, if has the following form

ẋ1 = f1(x1, . . . , xν−1, xν)

ẋ2 = f2(x1, . . . , xν−1)

ẋ3 = f3(x2, . . . , xν−1)

...
ẋν−1 = fν−1(xν−2, xν−1)

0 = fν(xν−1)

with
∂fν
∂xν−1

· ∂fν−1

∂xν−2

. . .
∂f2

∂x1

· ∂f1

∂xν

nonsingular for all relevant points (x1, . . . , xν). Furthermore, a DAE of the
from

ẋ = f(x, y)

0 = g(x, y)

is a Hessenberg DAE of index 1, provided that the Jacobian, ∂g(x,y)
∂y

, is nonsin-
gular.
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Reducing the Index of DAEs

A small perturbation index, κ, reduces the sensitivity of the system. Further-
more this ensures only small iteration errors in Newton’smethod, and therefore
the robustness of the solvers. Problems can be reformulated to reduce the in-
dex before computation leading to robust and efficient dynamic simulation of
constrained systems. For instance, instead of solving a multi-body systemwith
constraints on the position level (with differentiation index-3, ν = 3) in each
step, the problem can be reduced to an index-1 problem first, with constraints
described on the acceleration level. This is done to reduce the degree of ill
conditioning.

The system of equations governing a constrained multi-body physics can
be expressed in the following form, with constraints on the position level.

ẋ = v

M(x) +G(x)Tλ = F (x, v)

g(x) = 0

were the mass matrix M(x) is symmetric and positive definite, and the con-
straints are (locally) independent such that the Jacobian matrix G(x) has full
row rank. Setting x1 = v, x2 = x and x3 = λ leads to the following formula-
tion

ẋ1 = f1(x1, x2, x3) = M(x2)−1
(
F (x2, x1)−G(x2)Tx3

)
ẋ2 = f2(x1, x2) = x1

0 = f3(x2) = g(x2)

which is a Hessenberg DAE of index 3.
Now if the system of equations is written as in 3.14, with constraints on

the position and velocity levels (by differentiating the constraint equations),
the system is as follows.

M̄ · ˙̄Y = F
(
Ȳ
)

ḡ
(
Ȳ
)

= 0

This is clearly a Hessenberg DAE of index 1.
In order to connect the reduction of the differentiation indexwith the reduc-

tion of the perturbation index, a more formal definition of the the perturbation
index is required, as it was first defined by Hairer, Roche, and Lubich [59].
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Definition 3.4.2. Perturbation Index: [58] The DAE

F (t, x, ẋ) = 0

with solution x, has a perturbation index κ along x on [ t, t̄ ] if κ is the smallest
number such that for all functions x̃ satisfying the perturbed DAE

F (t, x̃, ˙̃x) = δ(t)

the defect δ(t) is satisfied by the estimate

‖x̃− x‖ ≤ c

(
‖x̃0 − x0‖+ max

t≤τ≤t̄
‖δ(τ)‖+ · · ·+ max

t≤τ≤t̄

∥∥δ(κ−1)(τ)
∥∥)

for a constant c independent of x, for all t ∈ [ t, t̄ ].
A DAE is said to have a perturbation index, κ = 0 if the estimate

‖x̃− x‖ ≤ c

(
‖x̃0 − x0‖+ max

t≤τ≤t̄

∥∥∥∥∫ τ

t

δ(s)ds

∥∥∥∥)
holds. The perturbation index shows the sensitivity of the system to instabili-
ties. In other words, the lower the perturbation index on the system, the lower
the error resulting from numerical inaccuracies.

Differentiating the final equation of the Hessenberg DAE, fν(xν−1), j
times, leads to the following formulation.

ẋ1 = f1(x1, . . . , xν−1, xν)

ẋ2 = f2(x1, . . . , xν−1)

ẋ3 = f3(x2, . . . , xν−1)

...
ẋν−1 = fν−1(xν−2, xν−1)

0 = g(j)(xν−i−j, . . . , xν−1)

and this DAE would have perturbation index κ = ν − j. Hence, by reducing
the differentiation index, the perturbation index is also reduced, which leads to
a more stable mathematically equivalent formulation. This new formulation,
however, permits additional solutions for given a initial state. By integrating
to get back up to the position level, numerical errors are introduced. Therefore
a projection or stabilisation step is used to ensure all constraints are satisfied.
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Drift-Off

The disadvantage of using these index-reduction techniques is the appearance
of the drift-off effect. This is due to large constraint residuals, g (x), which
increase as time, t, increases.

The analytical solution to the index-2 formulation of the problem actually
satisfies g (x) for all t, however due to discretisation and round-off errors, the
numerical solution is bounded by a small constant, ε, which grows linearly
with time, t.

‖ĝ (tn, x)− g (tn, x)‖ ≤ ‖ĝ (t0, x)− g (t0, x)‖+

∫ tn

t0

ε dt = ε · (tn − t0)

The numerical solution to the index-1 formulation therefore suffers from a
quadratic error growth.

‖ĝ (tn, x)− g (tn, x)‖ ≤ ε · (tn − t0)2

The solution, x, therefore drifts from the solution manifold where the con-
straints are satisfied. In Section 3.4.6 the method to resolve this issue is de-
scribed. This is the use of a projection method in each time step.

3.4.4 ODE Integration Schemes
As an overview of different methods, the main first order integration schemes
are reviewed here. These are the most fundamental methods of simulating
a dynamic model in each step. Higher order methods were considered but
required a much larger overhaul of the existing software architecture.

Explicit Euler Scheme

This approach uses only known quantities of the previous step. The next step
is computed using the following explicit formula.

vn+1 = vn + hf(xn, t)

xn+1 = xn + hvn

where h is the time step size. Note that changing derivatives are not taken into
account. However, computational efficiency arises from only being required
to compute f in each step.
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Semi-Explicit Euler Scheme

Instead of taking the velocity of the previous time step, the semi-explicit Euler
approach is to first compute the velocity for the current time step, vn+1, and
use that to compute the position at the current time step, xn+1.

vn+1 = vn + hf(xn, t)

xn+1 = xn + hvn+1

An advantage of this method is that the energy of the system is much closer
to being conserved. Like the explicit Euler scheme, however, a small time step
must be used to ensure stability.

Implicit Euler Scheme

In this approach, the system is updated using ∆x = xn+1 − xn and ∆v =

vn+1 − vn. The constraint-free system then becomes

∆v = hf(xn+1, vn+1, tn)

∆x = hvn+1

where f is evaluated using Newton’s method. This can be done by linearising
the problem. The solution then results from finding the root.

f(xn+1, vn+1, tn) ≈ fn +
∂f

∂x
∆x+

∂f

∂v
∆v (3.25)

The system can thus be evaluated as a numerical linear algebraic system
of the form

A∆v = b

which can be solved with an LU decomposition of a matrix with complete
pivoting, leading to a highly-accurate factorisation result, or with an approx-
imated method (which can be computed to a desired accuracy) such as con-
jugate gradient, which can be parallelised to reduce computation time. Fur-
thermore, implicit Euler schemes are unconditionally stable. This means that
an arbitrary time step can be used, while explicit schemes are only stable for
small time steps. Smaller time steps are still important however for reducing
the number of iterations required to converge and exhibiting dynamical phe-
nomena such as vibrations and oscillations.
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3.4.5 Linearisation of the Equations of Motion
Referring to the process of linearisation from Eich-Soellner and Führer [55],
the system is built using the time dependent functions F and g, which are
the applied forces and constraints respectively. The time-dependency of the
applied forces is described using an input/forcing function u(t), and time-
dependency of the constraints is described by an adaptive kinematic excitation,
z(t), such that the system becomes

ẋ = v (3.26)
M(x)v̇ = F (x, v, u(t))−G(x)Tλ (3.27)

0 = g(x)− z(t) (3.28)

It is assumed that u(t) and z(t) are small deviation from their nominal
values, which are assumed to be zero.

uN(t) = 0

zN(t) = 0

The nominal solutions, xN(t), vN(t) and λN(t), have initial values xN(0),
vN(0) and λN(0). Then set the following.

x(t) = xN(t) + ∆x(t)

v(t) = vN(t) + ∆v(t)

λ(t) = λN(t) + ∆λ(t)

This allows the system described by equations 3.26 - 3.28 to be expanded in a
Taylor series around the nominal solution and around u(t) and z(t). Assuming
that all products of changes of variables (i.e. variables with a∆) are negligible,
this leads to the following.

∆ẋ = ∆v (3.29)
M(t)∆v̇ = −K(t)∆x−D(t)∆v −G(t)λ+B(t)u(t) (3.30)

0 = G(t)∆x− z(t) (3.31)

with the mass matrix,M(t), the stiffness matrix,K(t), damping matrix,D(t),
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constraint matrix, G(t), and input matrix, B(t), where

M(t) := M(xN(t)) (3.32)

K(t) :=

(
v̇TN

∂

∂x
M(x)− ∂

∂x
F (x, vN(t), 0) +

∂

∂x
G(x)TλN

)
x=xN (t)

(3.33)

D(t) := −
(
∂

∂v
F (xN(t), v, 0)

)
v=vN (t)

(3.34)

G(t) :=

(
∂

∂x
g(x)

)
x=xN (t)

(3.35)

B(t) :=

(
∂

∂u
F (xN(t), vN(t), u)

)
u=0

(3.36)

where ∂F
∂x

is the Jacobian in terms of positions and ∂F
∂v

is the Jacobian in terms
of velocities.

By merging a lot of the excess notation, this can be written more simply
as follows.

ẋ = v (3.37)
Mv̇ = −Kx−Dv −GTλ+Bu (3.38)
Gx = z (3.39)

3.4.6 Solving Differential Algebraic Equations
By examining the structure of the matrix equation 3.24, some useful properties
emerge. Using the bordering method (which is a special case of the usual
method for block inversion), then a matrix of the form[

S HT

H 0

]
(3.40)

has the following inverse, assuming that S is invertible[
S HT

H 0

]−1

=

[
S−1 − S−1HTV HS−1 S−1HTV

V HS−1 −V

]
(3.41)

with

V =
(
HS−1HT

)−1
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Therefore the inversion of the left-hand matrix in equation 3.24 leads to
the following solution:[

v̇

λ

]
=

[
M−1 −M−1GTV GM−1 M−1GTV

V GM−1 −V

] [
F

g

]
with

V =
(
GM−1GT

)−1

Alternatively, the mass matrix can be kept on the left-hand side as a fac-
tor of the velocity term. This keeps the formulation in the form of forces =

mass × acceleration, or F = ma. This leads to the following solution for-
mulation.[

M 0

0 I

] [
v̇

λ

]
=

[
I −M−1GTV GM−1 GTV

V GM−1 −V

] [
F

g

]
(3.42)

with

V =
(
GM−1GT

)−1

DAE Projection Method

This is one simple method for solving the DAE system of equations. It involves
solving the the system as an ODE on the acceleration level and then projecting
the solution onto the position and velocity constraint manifold. More sophis-
ticated methods are presented in the following sections.

At this point it is useful to define the following matrices that are constant
for a given state.

A = I −HT
(
GM−1GT

)−1
GM−1

B = GT
(
GM−1GT

)−1

Therefore the new formulation of the governing ODE (which has the con-
straints on the acceleration level) to solve is[

I 0

0 M

] [
ẋ

v̇

]
=

[
v

AF (x, v) +Bg̈ (x, v)

]
which can be solved using a simple backward Euler method[

I 0

0 M

] [
x(t+ dt)− x(t)

v(t+ dt)− v(t)

]
= h

[
v(t+ dt)

AF (x(t+ dt), v(t+ dt)) +Bg̈ (x(t+ dt), v(t+ dt))

]
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where dt is the size of the time step. For the full system, this is equivalent to

M̄ · (Y (t+ dt)− Y (t)) = hF (Y (t+ dt))

This is a non-linear equation in Y (t + dt) which is solved using a Newton-
Raphson method, taking the following form.

FNR (y) = M · (y − Y (t))− hF (y) = 0

This is done by calculating a series of yk with y0 = Y (t), as shown below.
Note that y0 is the solution to the system if and only if there are no forces acting
in the model, therefore there is no motion and the state need not be updated.

FNR (yk + ∆yk) = FNR (yk) +
dFNR

dy
(yk) ∆yk = 0

∆yk = −
(
dFNR

dy
(yk)

)−1

FNR (yk)

with

FNR (yk) = M · (yk + Yk)− hF (yk)

dFNR

dy
(yk) = M · (yk)− h

dF

dy
(yk)

Next, the solution is projected onto the solution space for the position and
velocity constraints, as described by Cline and Pai [60]. This is the “post-
stabilisation” step. The solution has been solved on the acceleration-level
(index-1), so it still requires correction on the position and velocity levels due
to numerical integration being used to get these values. The system to solve
after integration is as follows.[

M GT

G 0

] [
v̇

λ

]
=

[
Fv
g̈

]
which leads to

∆Y = M−1GT
(
GM−1GT

)−1
(−g (Y ))

can be used to update the state using

Yk+1 = Yk + h ·∆Yk+1

Now as many constraints are dependent on the interaction of two bodies
(withmassmatricesM0 andM1 respectively) andwith two types of constraints
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(one on position, g(x), and one on velocity h(v)), the system to solve after
integration can be written in the following form.

I 0 0 0 G0
T
x H0

T
x

0 M0 0 0 0 H0
T
v

0 0 I 0 G1
T
x H1

T
x

0 0 0 M1 0 H1
T
v

G0x 0 G1x 0 0 0

H0x H0v H1x H1v 0 0





∆x0

∆v0

∆x1

∆v1

−λX
−λV

 =



0

0

0

0

−g (x0, x1)

−h (x0, v0, x1, v1)


For a two-body system, this is obtained using the following.

M−1 =


I 0 0 0

0 M−1
0 0 0

0 0 I 0

0 0 0 M−1
1


G =

[
G0x 0 G1x 0

H0x H0v H1x H1v

]

GT =


G0

T
x H0

T
x

0 H0
T
v

G1
T
x H1

T
x

0 H1
T
v



M−1GT =


G0

T
x H0

T
x

0 M−1
0 H1

T
v

G1
T
x H1

T
x

0 M−1
1 H1

T
v



GM−1GT =

G0xG0
T
x +G1xG1

T
x G0xH0

T
x +G1xH1

T
x

H0xG0
T
x +H1xG1

T
x

H0xH0
T
x +H0vM

−1
0 H0

T
v

+H1xH1
T
x +H1vM

−1
1 H1

T
v


DAE Solver: BDF1, index1, without lambda variable

Amore sophisticated method would be to solve the constraint’s second deriva-
tive at the same time as the ODE, i.e. g̈. Note that after differentiating the
constraints twice the constraint can be separated and expressed similarly to
the method for equation 3.21.

g̈ = Av̇0 +Bv̇1 − ξ (x0, v0, x1, v1) = 0 (3.43)
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This leads to the following extended formulation for multi-body systems.
I 0 0 0 0

0 M0 0 0 0

0 0 I 0 0

0 0 0 M1 0

0 A 0 B 0



ẋ0

v̇0

ẋ1

v̇1

λ̇



=



Fx0

Fv0 −
(
dFx0

dv

)T
GT
x0
λ

Fx1

Fv1 −
(
dFx1

dv

)T
GT
x1
λ

ξ (x0, v0, x1, v1)



=



dFx0

dx0

dFx0

dv0
0 0 0

dFv0

dx0

dFv0

dv0
0 0 −

(
dFx0

dv

)T
GT
x0

0 0
dFx1

dx1

dFx1

dv1
0

0 0
dFv1

dx1

dFv1

dv1
−
(
dFx1

dv

)T
dξ
dx0

dξ
dv0

dξ
dx1

dξ
dv1

0





x0

v0

x1

v1

λ


which can be described as an implicit DAE in the form of

F (y, ẏ) = 0

This method is an attempt to solve the implicit DAE by first embedding the
constraint into the acceleration, which leads to the following ODE.

M0 0

0 M1

A B

[v̇0

v̇1

]
=


Fv0 −

(
dFx0

dv

)T
GT
x0
λ

Fv1 −
(
dFx1

dv

)T
GT
x1
λ

ξ (x0, v0, x1, v1)

 (3.44)

=


dFv0

dx0

dFv0

dv0
0 0 −

(
dFx0

dv

)T
GT
x0

0 0
dFv1

dx1

dFv1

dv1
−
(
dFx1

dv

)T
GT
x1

dξ
dx0

dξ
dv0

dξ
dx1

dξ
dv1

0



x0

v0

x1

v1

λ


(3.45)
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Equation 3.45 can alternatively be reduced to be in terms of v̇0, v̇1 and λ,
as follows.

M0 0
(
dFx0

dv

)T
GT

0x

0 M1

(
dFx1

dv

)T
GT

1x

G0x
dFx0

dv
G1x

dFx1

dv
0



v̇0

v̇1

λ

 =


Fv0

Fv1

ξ

 (3.46)

As the matrix here is of the same from as 3.40, then its inverse has the form
of 3.41. Therefore the solution to this linear system is as follows. Note that
the mass matrices have been kept on the left hand side of the equation, as with
equation 3.42, and only the first two rows are computed (the upper block), as
lambda is not used here.[

M0 0

0 M1

] [
v̇0

v̇1

]
=
[
I −HT

(
HS−1HT

)−1
HS−1

] [Fv0
Fv1

]
+
[
S−1HT

(
HS−1HT

)−1
] [
ξ
]

(3.47)

where

S =

[
M0 0

0 M1

]
H =

[
G0x

dFx0

dv
G1x

dFx1

dv

]
In order to simplify notation, here the following matrices are defined in a

manner that supersedes equation 3.43.[
A00 A01

A10 A11

]
= A =

[
I −HT

(
HS−1HT

)−1
HS−1

]
[
B0 B1

]
= B =

[
S−1HT

(
HS−1HT

)−1
]

Note that A is a 2 × 2 block matrix, and that B is a 1 × 2 block matrix since
S is a 2 × 2 block matrix, and that H is a 1 × 2 block matrix. So by taking
these definitions, and permuting the rows such that the positions are together
and the velocities are together, this leads to the following system.

I 0 0 0

0 I 0 0

0 0 M0 0

0 0 0 M1



ẋ0

ẋ1

v̇0

v̇1

 =


Fx0
Fx1

A00Fv0 + A01Fv1 +B0ξ

A10Fv0 + A11Fv1 +B1ξ
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This ODE is then solved using Backward Euler.
I 0 0 0

0 I 0 0

0 0 M0 0

0 0 0 M1



ẋ0 (t+ dt)− ẋ0 (t)

ẋ1 (t+ dt)− ẋ1 (t)

v̇0 (t+ dt)− v̇0 (t)

v̇1 (t+ dt)− v̇1 (t)



= h



Fx0 (x0 (t+ dt) , v0 (t+ dt))

Fx1 (x1 (t+ dt) , v1 (t+ dt))

A00Fv0 (x0 (t+ dt) , v0 (t+ dt))

+ A01Fv1 (x1 (t+ dt) , v1 (t+ dt))

+B0ξ (x0 (t+ dt) , v0 (t+ dt) , x1 (t+ dt) , v1 (t+ dt))

A10Fv0 (x0 (t+ dt) , v0 (t+ dt))

+ A11Fv1 (x1 (t+ dt) , v1 (t+ dt))

+B1ξ (x0 (t+ dt) , v0 (t+ dt) , x1 (t+ dt) , v1 (t+ dt))


This is a nonlinear problem, however the problem is linearised by using
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successive linearisation in each step, as follows.
I 0 0 0

0 I 0 0

0 0 M0 0

0 0 0 M1



ẋ0 (t+ dt)− ẋ0 (t)

ẋ1 (t+ dt)− ẋ1 (t)

v̇0 (t+ dt)− v̇0 (t)

v̇1 (t+ dt)− v̇1 (t)



= h



Fx0 (x0 (t) , v0 (t)) +
dFx0

dx0
∆x0 +

dFx0

dv0
∆v0

Fx1 (x1 (t) , v1 (t)) +
dFx1

dx1
∆x1 +

dFx1

dv1
∆v1

A00

[
Fv0 (x0 (t) , v0 (t)) +

dFx0

dx0
∆x0 +

dFx0

dv0
∆v0

]
+ A01

[
Fv1 (x1 (t) , v1 (t)) +

dFx1

dx1
∆x1 +

dFx1

dv1
∆v1

]
+B0ξ

[
(x0 (t) , v0 (t) , x1 (t) , v1 (t))

+ dξ
dx0

∆x0 + dξ
dv0

∆v0 + dξ
dx1

∆x1 + dξ
dv1

∆v1

]
A10

[
Fv0 (x0 (t) , v0 (t)) +

dFx0

dx0
∆x0 +

dFx0

dv0
∆v0

]
+ A11

[
Fv1 (x1 (t) , v1 (t)) +

dFx1

dx1
∆x1 +

dFx1

dv1
∆v1

]
+B1ξ

[
(x0 (t) , v0 (t) , x1 (t) , v1 (t))

+ dξ
dx0

∆x0 + dξ
dv0

∆v0 + dξ
dx1

∆x1 + dξ
dv1

∆v1

]
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I − hdFx0

dx0
0 −hdFx0

dv0
0

0 I − hdFx1

dx1
0 −hdFx1

dv1

−hX(000) −hX(010) M0 − hX(000) −hX(010)

−hX(101) −hX(111) −hX(101) M1 − hX(111)




∆x0

∆x1

∆v0

∆v1



= h



Fx0 (x0(t), v0(t))

Fx1 (x1(t), v1(t))

A00Fv0 (x0(t), v0(t)) + A01Fv1 (x1(t), v1(t))

+B0ξ (x0(t), v0(t), x1(t), v1(t))

A10Fv0 (x0(t), v0(t)) + A11Fv1 (x1(t), v1(t))

+B1ξ (x0(t), v0(t), x1(t), v1(t))


where

X(ijk) = Aij
dFxj
dxj

+Bk
dξ

dxj

which is

M ·∆Y
h

= F (Y ) +
dF

dY
·∆Y

⇔
[
M − hdF

dY

]
= h · F (Y )

DAE Solver: BDF1, index1, with lambda variable

If instead of taking equation 3.44 and reducing it to its top block (as done in
equation 3.47), it is kept in full, in terms of ẋ0, ẋ1, v̇0, v̇1 and λ̇ then this can
be expressed as implicit DAE of the form

FNR

(
Y, Ẏ

)
= 0

or as a semi-explicit DAE

FNR

(
Y, Ẏ

)
= M (Y ) · Ẏ − F (Y ) = 0

TheBDF of order 1 is a Backward Eulermethodwhich solves the following
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non-linear problem.

FNR

(
Y,
Y − Yi
h

)
= M (Y ) · ∆Y

h
− F (Y ) = 0

dFNR

dY
=
M

h
− dF

dYn

The non-linear solver will iteratively solve the following in each step.

FNR (Yn) = 0

⇔ FNR (Yn−1) ·∆Y = 0

⇔ dFNR

dY
·∆Y = −FNR (Yn−1)

So the update to the state in each step for the implicit Euler can be com-
puted using

∆Y = −
(
M − dt · dF

dY

)−1

(M · (Yk − Y0)− dt · F )

3.4.7 Collision Response
In order to solve collision responses and ensure contacts are correctly handled,
a Linear Complementarity Problem (LCP) is solved [61]. This is a method of
solving problems with complementarity conditions. That is, problems of the
following form: given M ∈ Rn×n and q ∈ Rn, find w = wj ∈ Rn and
z = zj ∈ Rn satisfying

w −Mz = q (3.48)
w, z ≥ 0 (3.49)
wT z = 0 (3.50)

Equation 3.50 gives the name to this class of problem, and means that at least
one of the pairwj , zj must be equal to zero. This very much applies to the case
of collisions, as when there is no collision the distance between two objects is
greater than zero, the collision response force force must be zero. Furthermore
when there is a collision the distance between the two objects is zero and the
collision response force must be positive.

The LCP is obtained after the linearisation of the model on either one or
both of the position level and the velocity level. The problem takes the follow-
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ing form.

x ⊥ Ax+ b

x ≥ 0

Ax+ b ≥ 0

where A = HM−1HT , whereM is the system-level mass matrix, containing
the mass matrices of all bodies in the system, and H is determined by the
contact between respective bodies.

For the position level the contact constraint is

(x0 − x1) · n ≥ 0

where x0 and x1 are the positions of bodies 0 and 1, and n is the contact normal
for the two bodies. Similarly, for the velocity level the contact constraint is

(v0 − v1) · n ≥ 0

where v0 and v1 are the velocities of bodies 0 and 1.

3.5 Procedure for Analysing
In each time step there may be several iterations of solving the complete sys-
tem. This is both in the DAE state and constraint solver and in the colli-
sion response solver. These calculations are terminated once convergence has
been achieved, or once the maximum number of allowed iterations has been
reached.

Due to the use of implicit Euler integration, the following approach was
used to solve for the error in each iteration.

ε = M(Yk − Y0)− hF

where ε represents the error for the whole system. This error can be divided
into the error on the ODE level, εsystem, and the error on the algebraic constraint
level, εconstraint. This is done by simply extracting the values of ε that refers to
each of the two.

As the solver is working with the index-1 formulation of the problem, the
constraint violation can also be evaluated on the acceleration level. This is
done by evaluating g̈ with the current state.

εviolation = g̈ (Yk)
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The model is said to have converged for the time step when the norm of
each of these errors have fallen below pre-defined thresholds.

The collision response solver is set up to terminate either once all collisions
have been solved (that is, the model had been updated to ensure there are no
collision violations) or once a certain number of iterations has been reached.

3.6 Evaluation
In order to evaluate the success or otherwise of the method, several keymetrics
were investigated by building different test cases.

The main test is to investigate whether this is a physically accurate simula-
tion therefore a comparison to real-world behaviour would validate the design.

Secondary metrics include how generalisable the implementation is, and
how computationally efficient the solver method is. Generalisability is a use-
ful goal in programming as it allows for further development to progress much
more easily without much restructuring. Eventually this model is expected to
run in real-time on surgical simulator equipment. Therefore, another goal is to
have a simulation that can solve a standard system on the scale of hundredths
of a second. This goal is also secondary to the main goal of building a physi-
cally and mathematically accurate simulation as this is the first iteration of this
work.





Chapter 4

Implementation

4.1 SGPhysics
SGPhysics is a brand new physics engine developed internallywithin Sense-
Graphics in order tomeet the back-end needs of themedical simulators without
relying on tools developed externally. Its development coincided with this the-
sis project, so both projects were worked on in parallel, complementing each
other. This approach allowed for flexibility on both sides to experiment with
different approaches for particular problems, and to allow for points of com-
parison. It also allowed for a more structured and formal organisation of the
different parts of each project, which is often not the case when using com-
mercial physics engines.

4.2 Programmatic Implementation
There were many aspects of the implementation that were worked on over the
course of this project. These can be grouped into several key areas which are
described below.

• Solvers: methods of formulating the system and calculating its solution

• Models: methods of defining the objects in the simulation

• Constraints: methods of defining the constraints in the simulation

• Runtime: the organisation of the software as a whole

For the implementation part of this project, several tools and languages
were used. Although there were few restrictions on what could be used, the

73
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convention was to continue using the tools that were already being used by the
SenseGraphics team.

• C++ programming language: a language that is widely used in the field
of numerical computing as it can be extremely fast while offering many
features and tools through libraries or otherwise.

• Python programming language: this language was used while experi-
menting with DAE solver methods due to its flexibility as a higher-level
language than C++.

• Eigen library: a C++ library for linear algebra, matrix and vector op-
erations and numerical solvers. It was relied on for implementing the
mathematical processes outlined in Section 3.

• Visual Studio 2017 using Microsoft Visual C++ compiler (MSVC): this
IDE was used to assist in writing the code. By default MSVC is used to
compile the code.

• OpenGL: this API was used to visualise the output of the simulations
and to build a GUI to interact with the model.

• Apache Subversion (SVN): this revision control system was used to
manage code updates between all members of the team.

• CMake: this tool was used to build the software independently of the
compiler for use after changes to the code.

• LATEX: used for writing reports and creating presentations.

4.2.1 System and Solvers
There are several variations in different implementations of the DAE solver.
Therefore a generic approach is used such that the user can pick how the sys-
tem should be built and solved. These include formulating the system with a
differentiation index of 1, 2 or 3. Furthermore certain functions related to the
constraints, such as λ, can appear on the left or right hand side of the equation.
This flexible approach is so that they can be compared to test the theory.

The generic implementation meant that there was flexibility in the choice
of method, even for different constraints within the same model. It also meant
that the different variations could be easily compared.

The system is then solved using the Implicit Euler method described in
Section 3.4.6.
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4.2.2 Models
As before, a generic class is used to define the bodies. The bodies themselves
are defined in different ways, as described in Section 3.2.

The DoF (position and velocity) information for all bodies is stored in a
generalised state vector, Y . Each body contains IDs and size information that
allows very easy access to its DoF information from Y . This makes it both
simple to understand the current state of a given body.

Each body also has all the necessary information to build its mass matrix,
M and the force vector, F , for a given state, Y . Furthermore the Jacobian ma-
trices ∂F

∂x
and ∂F

∂v
are defined for each body since they appear in the formulation

of the problem described by equation 3.29 to equation 3.36.

4.2.3 Constraints
There were many different types of constraints that were designed and built, as
described in Section 3.3. The implementation style of the constraints also took
several iterations of development. These different implementations ranged in
their level of flexibility, generalisability and complexity.

The final implementation was to define constraints described in Section 3.3
in terms of “part constraints”, which are different depending on the body. For
example, the fixed points constraint requires two points as inputs. Therefore
the “part constraints” would be the way of defining this point for the particular
body. The point on a suture, for instance, could be defined from its parametric
abscissa, or the point on a section of tissue could either be defined from a point
ID for a node or from barycentric coordinates to define an arbitrary point on
the surface.

For each constraint, several objects must be defined so that they can be
used by different solver methods. Only some are used by each method. The
main definitions are as follows:

g, ġ, g̈,

∂g

∂x
,

∂ġ

∂x
,
∂ġ

∂ẋ
,

∂g̈

∂x
,
∂g̈

∂ẋ
,
∂g̈

∂ẍ
,

ξ
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where g is the constraint formulated on the position level, and ξ is as defined
in equation 3.20.

Another useful definitions is

∂ ∂g
∂x

T

∂x
· u

which is a tensor-vector product, for a given vector multiplier, u, and tensor,
∂ ∂g

∂x

T

∂x
. In order to define this more easily, tensor theory can be used to decom-

pose the tensor-vector product and then rebuild it.
Note that a matrix-vector product can be written using Einstein notation as

A · v := [A]ab : [v]b (4.1)

whereA is amatrix with dimensions in a and b, while v is a vector in dimension
b. This results in a matrix described along dimension a. For example, if matrix
Awere of size 3×7, and vector v were of size 7×1, then the value 3 represents
the size of A along dimension a, and the value 7 represents the size of both A
and v along dimension b. Since bothA and v are of the same size in dimension
b, the dot product can take place and the resulting vector will be of size 3× 1

as this is the size of A along dimension a.
Starting with the definition of the constraint, g, in dimension a

[g]a

and its derivatives with their new dimensions[
∂g

∂x

]
ab[

∂g

∂x

T]
ab =

[
∂g

∂x

]
ba[

∂ ∂g
∂x

T

∂x

]
bac

The target to reach is the following, but the dimension in which λ is defined
is not known at this point. [

∂ ∂g
∂x

T

∂x

]
bac

: [λ]?
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however from the matrix-vector product, defined by equation 4.1, it can be said
that [

∂g

∂x

T]
ab

: [λ]a

therefore [
∂ ∂g
∂x

T

∂x

]
bac

: [λ]a

Now that the correct dimension has been determined, its size must also be
determined. This can be derived from the tensor. The dimension of all DoF
of the model is of size n, and the size of all the model’s constraints is c.

g → size c
∂g

∂x
→ size c× n

∂g

∂x

T

→ size n× c

∂g

∂x

T

: λ→ size n

so λ must be of size c.
Therefore [

∂ ∂g
∂x

T

∂x

]
→ size n× c× n[

∂ ∂g
∂x

T

∂x

]
bac

: [λ]a → size n× n

So in order to build the matrix resulting from this tensor-vector product,
the following should be described analytically

∂g

∂x

T

λ

then

∂ ∂g
∂x

T
λ

∂xi

are the rows of the matrix, with xi as the degree of freedom for that row.
Once all of these objects have been defined for each of the constraints then

they can be used by different solver methods.
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4.2.4 Runtime
The execution of the simulation takes place in several stages. First the model
must be set up, and all its contents defined. The first step is to instantiate all
bodies in the model with all of their physical properties and other informa-
tion such as colour, gravity and damping coefficients. Next the required “part
constraints” are defined before defining the full constraints. Finally the initial
state, Y0, is defined for the model. This gives the initial position and velocity
for all bodies in the system.

Once the initialisation method has been called, the collision meshes are
updated. This makes it simpler to access the information required to assess
collisions and collision responses. Next the “advance scene” loop is started
with dt as the time step. This loop starts by running the chosen solver method.
Once the method has run, using the required members of the bodies and con-
straints, the state is updated. Next a post stabilisation step occurs to negate
drift-off, and the collision response method is called to resolve any undesired
intersections. Note that any constraints that are created on-the-fly, such as the
suturing constraint, are added as required.

Visualisation of the system is handled by OpenGL, which can also be used
as an interface to interact with the model by moving parts of the model around.
OpenGL provides a framework to visualise the model and act as a GUI.

4.3 Creation of Examples
Many scenarios were defined and analysed. They ranged from simple models
for validation purposes, to more complex suturing models. Examples for these
are shown in Chapter 5, Results.



Chapter 5

Results

5.1 Kinematic Analysis
In order to test if the models were reasonable, many were created with dif-
ferent configurations and constraints. These ranged from simple models such
as structures built from connected rigid bodies, to more complex tissue and
suture structures. Figure 5.1 shows some of these structures.

Of course, if the system is ill-defined then this will not lead to a well-
defined structure. However it is tested and confirmed that the models tested
were correctly defined.

It was found that when the simple models where correctly defined they
behaved as expected, remaining correctly constrained and bodies did not pen-
etrate each other when they were not supposed to.

5.2 Dynamic Simulation
In order to test how system behaves with time, forces are defined for the re-
quired parts of the model. These include external forces such as gravity. Once
again, the behaviour of all of the simple models were validated as they behaved
as expected.

As stated in the method, the dynamic simulation was carried out for the
problem formulated with constraints on the position, velocity and acceleration
level. The error after using the Newton method to solve the system is shown
in Table 5.1. It shows that formulating the problem as an index-1 problem is
much more stable, and actually only a small amount of post-stabilisation is
required to correct any drift-off.
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(a) (b)

(c) (d)

Figure 5.1: Structures built for testing the model. (a) Closed loop of rigid
bodies. (b) Quadruple pendulum. (c) Suspended suture. (d) Suspended tissue
section.

(a) (b) (c)

Figure 5.2: Suturing simulation of a surgical thread being forced through a
point in the tissue.
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Table 5.1: Error analysis for system formulated on index-3 (position), index-
2 (velocity) and index-1 (acceleration). The systems were solved with the
Newton-Raphson non-linear solver, NR, and then projected back onto the
constraint manifold using the Lagrange multiplier method in a projection step,
PS.

process
[iteration] ‖g‖ ‖ġ‖ ‖g̈‖

Index-3

Step 0 NR [3] 1.388e-17 1.076e-06 3.229e-03
PS [6] 1.132e-05 1.241e-14 1.251e-11

Step 9 NR [7] 1.593e-10 106.557 160622
PS [9] 6.020e-02 40.4938 38853.7

Index-2

Step 0 NR [2] 1.076e-09 1.579e-10 2.152e-03
PS [6] 3.179e-13 5.085e-05 4.66e-11

Step 9 NR [5] 1.400e-02 6.708e-12 71088.2
PS [9] 1.119e-14 16.4895 9.535e-10

Index-1

Step 0 NR [4] 3.229e-09 2.152e-06 3.579e-13
PS [4] 3.197e-11 4.690e-12 1.030e-06

Step 200 NR [4] 7.313e-06 2.025e-04 1.753e-12
PS [4] 5.207e-13 7.073e-12 3.045e-03

An important example of a dynamicmodel is shown in Figure 5.2. It shows
three snapshots of the suturing process.

The suture behaves as expected, passing through a single point in the tissue.
The tissue, on the other hand, has certain instabilities which causes it to deform
in unrealistic and nonphysical ways.

5.3 Performance
The emphasis of this project was not on performance, but rather on how the
simulations function. It was, however, evaluated along two main metrics: the
time taken to update to a new frame, and the rate of convergence in each step.
Note that because of the approach taken, any degree of error could be chosen
as the desired accuracy.
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5.3.1 Refresh Times
The time step was varied and the consequences of this was examined. It was
found to have an effect on the speed of the program. Table 5.2 shows the
recorded times between frames of the simulation in release mode, which was
for convergence to machine precision. It is clear that the addition of the sutur-
ing constraint greatly affected the amount of time required between frames. In
both cases the time to calculate the state at the next step was greater than the
actual size of the time step.

Table 5.2: Mean times between frames of the simulation with standard devia-
tion, σ, for C++ implementation.

dt [s] no suturing [s] σ suturing [s] σ

0.001 0.107 0.006 0.459 0.045
0.005 0.186 0.030 0.588 0.061
0.010 0.188 0.012 0.596 0.033

5.3.2 Convergence Rates
Figure 5.3 shows the convergence rate of the DAE solver when a suturing con-
straint was not active, while Figure 5.4 shows the convergence rate of the DAE
solver when a suturing constraint was active. The residual and violation are
computed from

residual = ‖M · (Yk − Y0)− dt · F‖ (5.1)
violation = ‖g̈ (Yk)‖ (5.2)

In both cases convergence was with a rate of approximately εn, with n
iterations.
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Figure 5.3: Convergence of solving the system in each step when suturing is
not occurring for dt = 0.001 at step n, where tn is the current time.

Figure 5.4: Convergence of solving the system in each step when suturing is
occurring for dt = 0.001 at step n, where tn is the current time. The different
plots show the convergence for different frames in the simulation.





Chapter 6

Discussion

There are many aspects of this project and its outcome that deserve further
reflection. These include positive effects and drawbacks, and an overall eval-
uation on the results of the degree project.

6.1 Existence and Uniqueness of Solutions
Themodels all provided numerically stable solutions for all of the simple cases
shown previously in Figure 5.1. Solutions were found, providing existence and
uniqueness of solutions to the system. One of these conditions was the initial
condition must meet constraint equations and their time derivatives. This was
very important in the setup of the model. If this were not the case then the
system would be ill-defined and there would be no desirable solution in ex-
istence. So the initial values cannot be chosen arbitrarily, and must meet the
conditions. If these conditions are met, then the model is consistent.

Let

E :=

I 0 0

0 M 0

0 0 0

 (6.1)

A :=

 0 I 0

−K −D −GT

G 0 0

 (6.2)

where E and A are square matricies. Then the system described by equa-
tions 3.37 to 3.39 can be described as a linear constant coefficient DAE as
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follows.

Eẋ(t) = Ax(t) + f(t) (6.3)
x(t0) = 0 (6.4)

The system can now be solved by model transformation (i.e. computing eigen-
values and eigenvector pairs).

6.1.1 Case 1: E nonsingular
This means that E is invertible, and the following can be computed. Let

Ã = E−1A (6.5)

then the system can be expressed as

ẋ = Ãx+Bu (6.6)
x(t0) = 0 (6.7)

which has the solution

x(t) = eÃ(t−t0)x0 +

∫ t

t0

eÃ(s−t)Bu(s)ds (6.8)

where the matrix exponential function is defined in terms of the infinite series

eAt := I +
∞∑
i=1

(At)i

i!
(6.9)

6.1.2 Case 2: E singular, A nonsingular
Here the solution can be transformed as follows.

A−1Eẋ(t) = x(t) + A−1f(t) (6.10)

Let J be the Jordan canonical form of the singular matrix A−1E

A−1E = TJT−1 (6.11)

with

J =

[
R 0

0 N

]
(6.12)

with R representing the Jordan blocks with non-zero eigenvalues, and N the
zero eigenvalue blocks. Therefore R is nonsingular and N is nipotent.
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Definition 6.1.1. Nilpotency Index: [55] The nilpotency index of the DAE, ν,
is defined as the index of nilpotency of N , i.e.

ν = ind(N) (6.13)

This is due to ν being the smallest number withN ν = 0 (and thereforeN ν−1 6=
0) being identical to the size of the largest Jordan block of N .

Using the coordinate transformation x̄ = T−1x and premultiplying 6.10
by T−1 leads to [

R 0

0 N

] [
˙̄x1

˙̄x2

]
=

[
x̄1

x̄2

]
T−1A−1f =

[
x̄1

x̄2

]
f̄ (6.14)

which can be decoupled into

R ˙̄x1 = x̄1f̄1 (6.15)
N ˙̄x2 = x̄2f̄2 (6.16)

By rearranging the system and differentiating equation 6.16, the underlying
ordinary differential equation (UODE) can be determined.

˙̄x1 = R−1
(
f̄1 + x̄1

)
(6.17)

˙̄x2 = −
ν−1∑
i=0

N if̄
(i+1)
2 (6.18)

Backtransformation of equation 6.18 at t0 give the conditions required for
the initial conditions in order to be called consistent.

x (t0) = T x̄ (t0) = T

[
(T−1x (t0))1

−
∑ν−1

i=0 N
if̄

(i+1)
2 (t0)

]
(6.19)

Note that for this to hold, f̄2 must be differentiable ν − 1 times, which may be
different for each component. The space of solutions to the UODE is larger
than that of the original DAE due to the loss of information from integration
constants.

6.1.3 Case 3: E singular, A singular
The solvability of this case is closely tied to the regularity of the matrix pencil,
(µE−A), withµ ∈ C. This is called a regular pencil if d(µ) := det(µE−A) is
not identically zero. The solution can then be computed by solving the Drazin
form of the system, or by converting it to state space form as described by Eich-
Soellner and Führer [55]. These approaches may lead to a more numerically
stable formulation of the problem than the methods investigated here.
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6.1.4 Newton’s Method
Since the models were usually nonlinear, the Newton method was used. This
method is heavily dependent on the solvability of the Jacobian, ∂F

∂x
, and ensur-

ing the solution can be linearised in each step. It is precisely the computation
of this Jacobian which was the one of most costly parts of each step, however
computing the linearisation step is also very costly.

Convergence of Newton’s Method is given by the Newton Convergence
Theorem [62] [63].

6.2 Suturing Behaviour
As shown in Figure 3.6 the overall behaviour of the suture was as expected.
Inspection of the parametric abscissa, u, and its time derivative, u̇, showed
sensible behaviour. The suture passed through the point on the tissue where
the piercing force threshold had been met.

There were however certain instabilities in the tissue, especially as the sim-
ulation progressed longer in time. Often the tissue underwent unusual and
unexpected deformations. For instance, when the suture was initialised in a
vertical position, and passed through orthongonally to the tissue, with a small
ε as the piercing force threshold, parts of the tissue would deform even without
frictional forces. This may be due to the structure of the tissue, which may be
resolved by the use of a FEM model instead. A greater damping coefficient
may also reduce the likelihood of these instabilities, however consideration
must be taken to ensure the material properties still reflect real tissue.

6.3 Definitions of Constraints
Due to the large number of different approaches used to solve the models,
many members of the constraint classes had to be created which described
the constraint differentiated by different quantities. Depending on the process
employed, some of these definitions would be used and not others. The for-
mulation of these members may be difficult for more complex constraints. For
instance, a dot product constraint has a single value as the result, however the
part constraints are composed of three coordinates that define a vector. The
implementation must therefore be flexible enough to handle this type of be-
haviour.
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6.4 System Index
Index-2 and index-1 formulations tend to suffer from drift-off, thus requiring
greater stabilisation each step on the position-level, as the position constraint
is no longer included. However, these formulations have lower perturbation
errors and are easier to solve. Table 5.1 shows how the reduction of the prob-
lem from position level constraints to acceleration level constraints makes the
problem more similar to an ODE, so that problems can be solved straightfor-
wardly by any ODE time integration method.

There will always be perturbations in the system arising from discretisa-
tion and truncation of values, and as shown in Section 3.4.3, formulating the
system with lower index also reduces the perturbation index, as this system is
a Hessengerg DAE. Therefore the benefits for formulating the system in this
form outweigh the costs. Furthermore, the choice of a smaller step size reduces
the violation of the constraint on the position level.

6.5 Step Size
The choice of the size of the time step had a great effect on the resulting be-
haviour of the simulation. This was the main reason an implicit method was
employed, however caution was still required in the selection of the time step.

A time step that is too small risks simulation overruns, i.e. when the cal-
culation time for a step forwards takes longer than the step itself. A time step
that is too large may lead to lower accuracy and lower robustness, however this
can be improved by choice of solver. Only a first-order implicit method was
used here. A higher order method would be more robust and allow for larger
time steps for the same stability. However, if the time step is too large then the
simulation may not capture complexities such as oscillations or fine user input
from the haptic devices.

The instabilities in the model may have been overcome with a higher-order
method that was more stable for the same step size. This would involve re-
taining information about the state from previous steps. However, this could
be avoided by using Runge-Kutta-type multi-stage methods. Furthermore, the
implementation of an adaptive time stepwould allow for larger time stepswhen
changes in the state are low, while allowing for smaller time steps when higher
rates of change are detected. This makes the simulation less expensive to run
overall, while maintaining accuracy when required.
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6.6 Performance
As Table 5.2 shows, the simulation had relatively slow and sub-real-time per-
formance. Since a direct LU decomposition of amatrix with complete pivoting
was used to compute ∆Y in each step, parallelisation was not taken advantage
of. A method such as conjugate gradient or steepest descent could lead to a
solution that is just as accurate (or at least accurate enough) in a much shorter
amount of time. Furthermore, mostly dense matrices were used during com-
putations. This is due to there being no single matrix class in Eigen that can
handle both dense and sparse matrices. Switching to a method taking advan-
tage of sparse matrix capabilities would not only yield better memory use but
also better compute time. The choice of a solver method such as the Modified
Newton method could also result in an increase in performance.

The successive linearisation method with LU-decomposition did however
provide good convergence in each step, as shown by Figure 5.3 and Figure 5.3.
In both cases the error seems to be descending with εn, with n iterations.

6.7 Project Scope
The aim of this project was to investigate both suturing and knot tying, however
as it went on the focus was mainly on the suturing aspect. This was due to time
and resource constraints, however out of the two areas of study suturing pro-
vides more areas of investigation from the perspective of physics simulation.
Once the suture is in a knot-like configuration, a toolbox for knot detection,
SGKnots, which was developed by Buchert [64], could be used to determine
which type of knot had been tied, however this was not implemented.
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Conclusion

7.1 Summary of Achievements
As robot-assisted surgery becomes more advanced, so too does the demand for
surgical simulators. These are software tools that allow a surgeon to practice
complex operations in a realistic virtual environment without the need to have
any patient present or the use of physical props. SGPhysics is a new physics
engine in development. It is designed to meet the needs of simulating these
virtual surgical procedures. Currently it does not include amodel for suturing -
the process of passing surgical thread through tissue in order to join it together.
The development of a complete suturing simulation for SGPhysics was the
goal of this project.

Different models were analysed and assessed for their suitability for the
purpose of real-time virtual surgical simulations. The spline model was deter-
mined to be most suitable for representing sutures due to being mathematically
very precise with only a few degrees of freedom. Amass-spring model was se-
lected for the tissue for its efficiency. Other models were used to define rigid
bodies which are also useful in surgical simulations. Each of these models
were built into the physics engine SGPhysics.

The physics of the model were defined using Lagrangian mechanics in or-
der to guarantee conservation of energy and due to its suitability in describing
dynamic systems. Several solver methods were designed and built with the
basis of DAE theory. They were analysed analytically and also tested against
each other for verification. The most suitable method from the ones tested was
to formulate the problem with the constraints defined on the acceleration level
and to solve the system with Newton’s method. By defining the system con-
straints on the acceleration level, this converted the system from an index-3 to
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and index-1 system, which reduces the effect of perturbances on this type of
stem.

A range of constraints were designed and implemented. They were defined
using Lagrangian multipliers and added to the system. Because the system
is defined using multibody DAE theory, constraints can be added directly to
the system. The solution can then be computed, solving both the dynamic
mechanics and the constraints simultaneously. This method is more stable than
solving both separately, and means that the projection step has only minimal
corrections tomake. Furthermore, a collision response schemewas developed,
based on the LCP, in order to handle collisions between bodies and measure
the forces between objects.

Importantly, a suturingmodel was developed to simulate the behaviour of a
suture passing through tissue as part of a surgery. This is a dynamic constraint
that is created once a sufficient force is applied between the suture tip and
the tissue. The creation and initial behaviour of the constraint was exactly
as expected, however certain instabilities arose in the tissue which may be
attributed to the choice of model for the tissue. Other models such as the rigid
multibody systems could be defined and behaved as expected.

Overall the suturing model met the requirements although performance-
wise the model could be improved. The Newton method for solving the system
was accurate and stable, and the use of a direct solver instead of an iterative
solver was probably justified due to the relatively lower number of variables.
An iterative solver could exploit parallelisation, but this would only really be
advantageous with systems of over 1000 or even 10,000 variables, while the
systems used here are in the hundreds. In the end, the goal of creating a sutur-
ing simulation was achieved and optimisation is left as a future task.

7.2 Future Work
As discussed above, an area of investigation is an optimisation task to ensure
that the evaluation of the solution is occurring on the scale of tenths of a sec-
ond. This could be partially achieved by using a method capable of paralleli-
sation such as conjugate gradient or steepest descent. Similarly the numerical
integration method could be expanded to allow for higher order methods. This
would allow for solving more complex and stiff problems, and help avoid in-
stabilities.

From amore practical perspective, the expansion of the program to include
more types of bodies and constraints would make it possible to build more
complex models. A very useful inclusion would be to develop a FEM model
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for the tissue in order to accurately model physical behaviour such as elasticity
and viscosity. It would also be interesting to investigate other suturing models
such as the Cosserat model, as it is a physically-based continuous model, and
to compare the differences in behaviour.

Finally, from an integration perspective, there are a number of different
projects that could combine well with this one. Integration of SGKnots into
SGPhysics would allow for detection and identification of knots based on
the configuration of a suture. Integration of SGPhysics and Robotic
Surgery would expand the number of devices that could run and interact
with SGPhysics to include medical devices. These tasks, which are beyond
the scope of this research thesis, would open up the work produced here to be
used in medical simulators and expand their capabilities.
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