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Abstract— We consider a closed-loop control problem where
a fully observable stochastic linear scalar-valued plant modeled
as a time-invariant Gauss-Markov process is connected to a
controller via a communication link that includes an {encoder,
additive Gaussian noise (AGN) channel, decoder}. We examine
the impact of the communication link on the performance
of the closed-loop system when the decoder is allowed to
have access to some causal side information (CaSI) which is
modeled an impair measurement of the state process and the
performance criterion is the linear quadratic cost. We use
the separation principle between the control and estimation
to obtain the following results: i) lower bounds on the optimal
linear quadratic cost when the CaSI model at the decoder of
the communication link is accessible without delay or with fixed
unit delay; ii) the optimal policies that achieve these lower
bounds; iii) a comparison between the newly developed bounds
and the known result that does not assume CaSI at the decoder.

I. INTRODUCTION

Tatikonda et al. in [1] studied the performance analysis
and synthesis of a multidimensional closed-loop control
system where a communication link intervenes between a
stochastic linear time-invariant plant and a controller whereas
the performance criterion is the LQG control cost. First,
they gave sufficient conditions for their problem to ensure
the control-theoretic separation between the feedback con-
troller and the state estimation when the channel is either
noiseless digital or noisy (AGN channel). Then, provided
that these conditions hold, they showed that the optimal
cost of control can be cast by two parts, a full-knowledge
cost and a distortion (communication) cost obtained by a
Gaussian sequential rate distortion function (RDF) defined
by minimizing a variant of directed information [2] subject to
a MSE distortion constraint, a definition that is attributed to
Gorbunov and Pinsker in [3]. If the channel is noiseless, the
optimal communication cost for any quantization (coding)
scheme is very hard to find and for this reason lower and
upper bounds have been proposed in the literature, see, e.g.,
[4]–[6]. On the other hand, if the channel is noisy, i.e.,
AWGN channel, then, the optimal cost of control is achieved
if the Gaussian sequential RDF operates at the capacity of
the AGN channel, otherwise, the solution is a lower bound
on the optimal control cost. Unfortunately, this condition is
very hard to be established for vector-valued processes (it
holds under certain conditions) and is known to be feasible
for scalar-valued processes, see, e.g., [7, Remark 11.2.1.],
[8].
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For scalar-valued processes, the closed-loop control prob-
lem of [1] subject to an LQG control cost (with some
target value on the quadratic cost criterion) was furthered
studied in [9] when at the communication link the decoder
has access to a synchronized CaSI modeled as a linear
time-invariant scalar-valued Gaussian process correlated to
the state process. The authors therein used the separation
principle between control and estimation to derived a lower
bound on the optimal rate-cost tradeoffs.

Notation: We let R = (−∞,∞), Z={. . . ,−1, 0, 1, . . .},
N0 = {0, 1, . . .}, Nn0 = {0, 1, . . . , n}, n ∈ N0. A RV defined
on some probability space (Ω,F ,P) is a map x : Ω 7−→
X , where (X ,B(X )) is a measurable space. We denote
a sequence of RVs by xtr , (xr,xr+1, . . . ,xt), (r, t) ∈
Z × Z, t ≥ r, and their values by xtr ∈ X tr , ×tk=rXk,
with Xk = X , for simplicity. If r = −∞ and t = −1,
we use the notation x−1

−∞ = x−1, and if r = 0, we use
the notation xt0 = xt. The distribution of the RV x on X is
denoted by P(dx). We denote the set of such distributions by
M(X ). The conditional distribution of RV y given x = x
is denoted by P(dy|x). Such conditional distributions are
equivalently described by stochastic kernels [10] and the set
of such distributions by Q(Y|X ). We denote the expectation
operator by E{·}. RG(D) denotes the Gaussian version of
a specific RDF.
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Fig. 1: System model for fixed d ∈ {0, 1}.

A. Our Setup

We consider the setup of Fig. 1. The information plant (P)
is modeled as a linear time-invariant scalar-valued Gauss-



Markov process as follows:

xt+1 = αxt + βut + wt, t ∈ N0, (1)

where x0 ∼ N (0;σ2
x0

), ut ∈ R is the controlled process,
(α, β) ∈ R are non-random coefficients, with α 6= 0, β 6=
0, wt ∈ R ∼ N (0;σ2

w), σ2
w > 0, is an independent

Gaussian process, independent of x0. The AWGN channel
(C) is modeled by a sequence of conditional distributions
{P(dbt|at) ∈ Q(Bt|At) : t ∈ N0} with a memoryless
realization given by

bt = at + vct , t ∈ N0, (2)

where {vct : t ∈ Nn0} is an i.i.d. Gaussian process such that
vct ∼ N (0;σ2

vc). The input symbols {at : t ∈ N0} satisfy
the power constraint E|at|2 ≤ P , ∀t. Therefore, the channel
capacity, at each time t, is given by

C(P ) =
1

2
log (1 + SNR) , (3)

where SNR , P
σ2
vc

. The controller (Ut) at each time
instant t is modeled by the sequence of conditional dis-
tributions {P(dut|yt) ∈ Q(Ut|Yt) : t ∈ N0}.The en-
coder (Ft) and the decoder (Dt) at each time instant
t are modeled by the sequence of conditional distribu-
tions {P(dat|xt, zt−d, at−1, bt−1, yt−1, ut−1) ∈ Q(At|X t×
Zt−d × At−1 × Bt−1 × Yt−1 × U t−1) : t ∈ N0} and
{P(dyt|yt−1, bt, zt−d, ut−1) ∈ Q(Yt|Yt−1 × Bt × Zt−d ×
U t−1) : t ∈ N0}, respectively, for fixed d ∈ {0, 1}, and
become delta measures for deterministic policies. Without
loss of generality, we can assume that the encoder policies
are linear because for Gaussian statistics these strategies lead
to optimality of a linear control law [11]. We consider the
CaSI to be correlated to the state process, and be modeled as
a linear time-invariant scalar-valued Gaussian process given
by

zt−d = cxt−d + nt−d, t ∈ N0, (4)

for fixed d ∈ {0, 1}, where z−1 = 0, c ∈ R is a deterministic
coefficient, and nt−d ∈ R ∼ N (0;σ2

n), σ2
n ≥ 0, is an i.i.d.

Gaussian process, independent of (x0, {wt : t ∈ N0}). Note
that if d = 0 the CaSI {zt : t ∈ N0} is accessible at the
decoder concurrently to the output of the AWGN channel
bt. Otherwise, if d = 1 it means that the CaSI appears with
fixed unit delay at the decoder.

Define the performance criterion in Fig. 1 as the asymp-
totic linear quadratic cost as follows:

LQG∞ , lim
n−→∞

1

n+ 1

n∑
t=0

(
qE|xt|2 + rE|ut|2

)
, (5)

provided the limit exists, where q > 0, r > 0, are non-
random coefficients that are used as design parameters to
penalize the state variables or the control signals.
For a given plant (1), a CaSI modeled as in (4) with fixed
d ∈ {0, 1} and a AWGN channel modeled as in (2), the

performance analysis and synthesis of the network in Fig. 1
is characterized by the following optimization problem:

LQG∗∞ = min
{Ft, Ut, Dt}∞t=1

LQG∞. (6)

B. Contributions

In this paper, we use the separation principle between the
control and estimation in which the controller {Ut : t =
0, 1, . . .} is a certainty equivalence control law [12], to
establish the following results.

(R1) Lower bounds on the optimal solution of (6) when
d = {0, 1} and the corresponding optimal design of
{Ft, Dt : t = 0, 1, . . .} that achieve these lower
bounds.

(R2) Comparison of the system’s performance (in terms of
the linear quadratic cost) between the newly developed
bounds and the non-CaSI case derived in [1, §IV].

Note that the analytical solutions of the estimation problems
derived herein via a generalized sequential RD framework
can be used to extend the result obtained in [9] to CaSI
models that may be either deterministic or accessible with
fixed unit delay to the decoder. It should also be noted that
our results are obtained by generalizing the methodology that
was first introduced in [13]. The advantage of [13] is that it
uses mean square estimation theory, optimization and system
identification methods to “learn” the mathematical modelling
of a jointly Gaussian dynamical system.

II. SEPARATION BETWEEN CONTROL AND ESTIMATION

In this section, we state the fundamental result derived in
[1, §III] in which the classical separation principle between
control and estimation holds for linear encoding policies.
This separation result applies in our setup in Fig. 1.

Lemma 1: (Separation principle of control/estimation)
The optimal control law that minimizes (5) is given by

ut(yt) = −Lyt, (7)

where {yt : t ∈ N0}, is the state process of the controller,
L ∈ R is the optimal LQG control (feedback) gain obtained
as follows:

L =
K

r + β2K
αβ, (8)

and K > 0 is obtained using the backward recursions:

K = q + α2 rK

r + β2K
. (9)

Moreover, this controller achieves a cost of

LQG∗∞ = σ2
wK︸ ︷︷ ︸
(a)

+ (α2K −K + q) lim
t−→∞

E|xt − yt|2︸ ︷︷ ︸
(b)

,

(10)

where term (a) is the cost due to the full state observation
and (b) is the communication (distortion) cost that solely
depends on an asymptotic MMSE state estimation problem
(á la Kalman filtering) assuming limt−→∞E|xt−yt|2 <∞



(provided the limit exists) obtained by a sequential RDF
with information rates operating at C(P ) given by (3).

If in Lemma 1, the distortion cost obtained by the se-
quential RDF does not operate at C(P ), then, we get a
lower bound on LQG∗∞. Such a lower bound without CaSI
at the decoder, denoted hereinafter by LQGno−CaSI

∞ was first
derived in [1, §V]. Herein, we leverage Lemma 1 to derive
new lower bounds on LQG∗∞ when CaSI is available at the
decoder of the communication link with or without fixed unit
delay. We denote these lower bounds by LQGCaSI−d

∞ .

III. GENERALIZED SEQUENTIAL RD THEORY

In this section, we introduce a sequential RD framework
that can be used to compute the communication cost in (10)
when the decoder of the communication link has access to
CaSI that is available with or without fixed unit delay.

We consider a source that randomly generates sequences
xt = xt ∈ Xt, t ∈ Nn0 and a correlated CaSI that randomly
generates sequences zt−d = zt−d ∈ Zt−d, t ∈ Nn0 , with fixed
d ∈ {0, 1}, both induced by a joint process {(xt, zt−d) : t ∈
Nn0}, with fixed d ∈ {0, 1}, and we wish to reproduce yt =
yt ∈ Yt, t ∈ Nn0 , subject to a pointwise MSE distortion
constraint defined by

E|xt − yt|2 ≤ Dt, ∀t, (11)

where Dt ∈ [Dmin, Dmax] ⊆ [0,∞].
Correlated Source and CSI. Consider a fixed d ∈ {0, 1}.
Then, the source distribution satisfies conditional indepen-
dence

P(dxt|xt−1, zt−d, yt−1) , P(dxt|xt−1), t ∈ Nn0 ,

and the CaSI distribution satisfies conditional independence

P(dxz−d|zt−d−1, xt, yt−1) , P(dzt−d|xt−d), t ∈ Nn0 .

Note that by Bayes’ rule, we obtain P(dxn) ,∏n
t=0 P(dxt|xt−1) and

−→
P(dzn−d|xn−d) ,∏n

t=0 P(dzt−d|xt−d). At t = 0 we assume
P(dxt|x−1) = P(dx0) and if t = d, then P(dz0|x0).
The joint process {(xt, zt−d) : t ∈ N0} with fixed
d ∈ {0, 1}, induces the joint distribution:

P(dxn, dzn−d) =

n∏
t=0

P(dxt, dzt−d|xt−1, zt−d−1)

=

n∏
t=0

P(dxt|xt−1)⊗P(dzt−d|xt−d).
(12)

To avoid any confusion on the time-ordering of the joint
process {(xt, zt−d) : t ∈ Nn0}, with fixed d ∈ {0, 1},
let us assume that d = 1. This means that the joint
process {(xt, zt−1) : t ∈ Nn0} evolves as follows,
x0, x1, z0, x2, z1, . . ..
Reproduction or “test-channel”. Suppose the reproduction
yt = yt, t ∈ Nn0 of (xt, zt−d) is randomly generated,
according to the collection of conditional distributions

{P(dyt|yt−1, zt−d, xt) : t ∈ Nn0}. (13)

Again, at t = 0, we assume that P(dy0|y−1, z−d, x0) =
P(dy0|x0, z

−d) which further simplifies to P(dy0|x0, z0) if
d = 0 or P(dy0|x0) if d = 1. We can uniquely define
the family of conditional distributions on Yn parametrized
by (xn, zn−d) ∈ Xn × Zn−d by

−→
Q(dyn|zn−d, xn) ,∏n

t=0 P(dyt|yt−1, zt−d, xt), and vice-versa. Further, from
(12)-(13), we can uniquely define the joint distribution of
{(xt, zt−d, yt) : t ∈ Nn0} by

P(dxn, dzn−d, dyn) = P(dxn, dzn−d)⊗
−→
Q(dyn|zn−d, xn).

(14)

From (14), we can also define the Yt−marginal
distribution parametrized by zt−d ∈ Zt−d as
follows P(dyt|yt−1, zt−d), t ∈ Nn0 , and by Bayes’
rule the conditional distribution

−→
P(dyn|zn−d) =∏n

t=0 P(dyt|yt−1, zt−d). At t = 0, we have
P(dy0|y−1, z−d) = P(dy0|z−d) which further simplifies to
P(dy0|z0) if d = 0, or P(dy0) if d = 1.

For the above construction of distributions, we introduce
the following variant of causally conditioned directed infor-
mation [14]:

I(xn;yn||zn−d)=
n∑
t=0

E

{
log

(
P(·|yt−1, zt−d, xt)

P(·|yt−1, zt−d)
(yt)

)}
=

n∑
t=0

I(xt;yt|yt−1, zt−d), fixed d ∈ {0, 1}. (15)

Next, we use (15) to formally introduce an information
theoretic sequential RDF optimization problem.

Definition 1: (Causally conditioned sequential RDF) For
the given joint distribution (12) and the pointwise MSE
distortion of (11), the following holds.
(1) The finite-time causally conditioned sequential RDF is
defined by

RCaSI−d
na,[0,n] (D0, . . . , Dn)

, inf
P(dyt|yt−1,zt−d,xt): t∈Nn

0

E|xt−yt|2≤Dt

I(xn;yn||zn−d). (16)

(2) The asymptotic limit of (16) is defined by

RCaSI−d
na (D) = lim

n−→∞

1

n+ 1
RCaSI−d

na,[0,n] (D0, . . . , Dn). (17)
Next, we remark a few comments and state some proper-

ties related to Definition 1.
Remark 1: (1) The definition in (16) can be seen as

a generalization of the sequential or nonanticipative RDF
introduced in [3] because it corresponds to problems with
either synchronized or delayed CaSI at the decoder.
(2) The optimization problem in (16) is convex with respect
to the test channel (see, e.g., [15]), for D ∈ [Dmin, Dmax] ⊆
[0,∞).
(3) For fixed d ∈ {0, 1}, the optimal minimizer in (16) can
be found recursively, backward in time using a generalization
of the approach of [15, Theorem 4.1]. Moreover, it can
be shown that the optimal reproduction is of the form
{P∗(dyt|yt−1, zt−d, xt) : t ∈ Nn0}. Furthermore, if the joint
process {(xt, zt−d) : t ∈ N0}, for fixed d = {0, 1}, is



jointly Gaussian, then, I(xt;yt|yt−1, zt−d), is minimized at
each t ∈ N0, if {(xt, zt−d, yt) : t ∈ N0} for fixed d =
{0, 1}, is also jointly Gaussian, i.e., the corresponding opti-
mal reproduction distribution {P∗(dyt|yt−1, zt−d, xt) : t ∈
Nn0}, for fixed d = {0, 1} is conditionally Gaussian.
(4) The limit in (17) always exists due to the sub-additivity
property of RCaSI−d

na,[0,n] (D0, . . . , Dn) although the limit may
be infinite.

IV. MAIN RESULTS

In this section we derive our main results.
First, note that from Remark 1, (3), for fixed d = {0, 1},

then, (16) simplifies to

RCaSI−d
na,[0,n] (D0, . . . , Dn)

, inf
P(dyt|yt−1,zt−d,xt)

E|xt−yt|2≤Dt, t∈Nn
0

n∑
t=0

I(xt;yt|yt−1, zt−d). (18)

Further, we can construct a jointly Gaussian distribution
P(dxn, dzn−d, dyn), induced by the jointly Gaussian pro-
cess {(xt, zt−d) : d = {0, 1}, t ∈ Nn0} and the reproduction
process {yt : t ∈ Nn0} defined by the recursion

yt = htxt + gtzt−d + rt(z
t−d−1,yt−1) + vt, (19)

where z−1 = 0, y−1 = 0, rt(z
t−d−1,yt−1) ,

gT
t−1z

t−d−1 + γT
t−1y

t−1, P∗(·|yt−1, zt−d, xt) ∼ N (htxt +
gtzt−d + gT

t−1z
t−d−1 + γT

t−1y
t−1;σ2

vt
), with (ht, gt) be-

ing deterministic scalars and (gT
t−1, γ

T
t−1) are determinis-

tic vectors of appropriate dimensions. Moreover, vt ∼
N (0;σ2

vt
), σ2

vt
≥ 0,∀t ∈ Nn0 is an independent sequence of

Gaussian RVs independent of x0 and (nt−d,wt), for fixed
d = {0, 1}, and any t ∈ Nn0 .

A. Synchronized CaSI at the decoder: d=0

We start by deriving the following lemma.
Lemma 2: (Realization of the optimal minimizer) Since

the joint process {(xt, zt,yt) : t ∈ Nn0} is jointly Gaussian,
the following statements hold.
(1) Any candidate of the optimal reproduction distribution
{P∗(dyt|yt−1, zt, xt) : t ∈ Nn0} is realized by the recursion

yt = ht
(
xt − x̂t|t−1

)
+ gt

(
zt − ẑt|t−1

)
+ x̂t|t−1 + vt

= (ht + gtc)
(
xt − x̂t|t−1

)
+ x̂t|t−1 + gtnt + vt,

(20)

where ẑt|t−1 = E{zt|zt−1,yt−1} , cx̂t|t−1, x̂t|t−1 ,
E{xt|zt−1,yt−1}, and {vt ∼ N (0;σ2

vt
) : t ∈ Nn0} is an

independent Gaussian process independent of {(nt,wt) :
t ∈ Nn0} and x0, and {(ht, gt) : t ∈ Nn0} are time-varying
deterministic scalars.
(2) Define x̂t|t , E{xt|zt, yt} and Σt|t , E{(xt−x̂t|t)2|zt,
yt}. Then, {x̂t|t−1,Σt|t−1 : t ∈ Nn0} satisfy the following

scalar-valued filtering recursions:

x̂t|t−1 = αx̂t−1|t−1,

Σt|t−1 = α2Σt−1|t−1 + σ2
w,

x̂t|t = x̂t|t−1 + ktIt,

kt = Σt|t−1(ht + gtc)(σ
2
It)
−1, (Kalman Gain)

Σt|t = Σt|t−1 − Σ2
t|t−1(ht + gtc)

2(σ2
It)
−1,

(21)

where {It : t ∈ Nn0} denotes the innovations process,
defined by

It , yt −E
{
yt|zt−1,yt−1

}
= yt − x̂t|t−1

= (ht + gtc)
(
xt − x̂t|t−1

)
+ gtnt + vt, (22)

with It ∼ N (0;σ2
It

), σ2
It

= (ht + gtc)
2Σt|t−1 + g2

t σ
2
n + σ2

vt

and Σt|t−1 , E
{

(xt − x̂t|t−1)2|zt−1,yt−1
}

.
Proof: (1) Since {P ∗(dyt|yt−1, zt, xt) : t ∈

Nn0} is conditionally Gaussian, then, we have the
orthogonal realization in (19). For such realization,
I(xn;yn||zn) =

∑n
t=0 I(xt;yt|yt−1, zt) does not de-

pend on rt(·, ·), ∀t ∈ Nn0 . Since E
{
|xt − yt|2

}
=

E
{
|(1− (ht + gtc))xt − rt(zt−1,yt−1)|2

}
+
(
g2
t σ

2
n + σ2

vt

)
,

then, by mean-squared estimation theory, a smaller aver-
age distortion occurs when rt(z

t−1,yt−1) = (1 − (ht +
gtc))x̂t|t−1, ∀t ∈ Nn0 . (2) This follows from the discrete-
time Kalman filtering equations.

In the next corollary, we characterize
RCaSI−d,G

na,[0,n] (D0, . . . , Dn) when d = 0.
Corollary 1: (Characterization for d = 0) The charac-

terization of (18) for Gaussian processes and pointwise
MSE distortion denoted by RCaSI−d=0,G

na,[0,n] (D0, . . . , Dn) is as
follows.
(1) If in (4), we assume that nt ∼ N (0;σ2

n) where σ2
n > 0,

then

RCaSI−d=0,G
na,[0,n] (D0, . . . , Dn)

= inf
ht∈R, gt∈R

σ2
vt
≥0, Σt|t≥0, t∈Nn

0

1

2

n∑
t=0

[
log

(
var{xt|zt,yt−1}

Σt|t

)]+

,

s.t.
(
(1− (ht + gtc))

2Σt|t−1 + g2
t σ

2
n + σ2

vt

)
≤ Dt

(23)

where var{xt|zt,yt−1} =
σ2
nΣt|t−1

c2Σt|t−1+σ2
n

, for Dt ∈
[Dmin

t , Dmax
t ] ⊆ [0,∞), and [x]+ , max{0, x}.

(2) If in (4), we assume that nt ∼ N (0;σ2
n) where σ2

n = 0,
then

RCaSI−d=0,G
na,[0,n] (D0, . . . , Dn)

= inf
ht∈R, gt∈R

σ2
vt
≥0, Σ̂t|t≥0, t∈Nn

0

1

2

n∑
t=0

[
log

(
v̂ar{xt|zt,yt−1}

Σ̂t|t

)]+

,

s.t.
(

(1− (ht + gtc))
2Σ̂t|t−1 + σ2

vt

)
≤ Dt

(24)

where v̂ar{xt|zt,yt−1}, Σ̂t|t−1, Σ̂t|t, are to be determined,
for Dt ∈ [Dmin

t , Dmax
t ] ⊆ [0,∞).



Proof: (1) This follows from Lemma 2 because

I(xn;yn||zn) =

n∑
t=0

E

{
log

(
P(·|zt, yt)

P(·|zt, yt−1)
(xt)

)}
, (25)

where P(dxt|zt, yt) ∼ N (x̂t|t; Σt|t) is computed by the
Kalman filter recursions, and P(dxt|zt, yt−1) is condition-
ally Gaussian computed by the recursions

P(dxt|zt, yt−1) =
P(dzt|xt)P(dxt|zt−1, yt−1)

P(dzt|zt−1, yt−1)
, t ∈ Nn0 ,

(26)

where P(dzt|xt) ∼ N (cxt;σ
2
n) and P(dxt|zt−1, yt−1) ∼

N (x̂t|t−1; Σt|t−1), P(dzt|zt−1, yt−1) ∼ N (ẑt|t−1; c2Σt|t−1

+σ2
n) are computed from Kalman filter recursions. The

minimum MSE distortion E{|xt − yt|2} is computed from
the conditional variances obtained by the Kalman filter
recursions and the realization (20).
(2) First note that in the realization (20), nt = constant
with probability one (it can be set equal to zero without
loss of generality) and similarly in the innovations’ process
(22). This means that compared to the characterization in
(23), the resulting characterization is of the form (24) where
v̂ar{xt|zt,yt−1}, Σ̂t|t−1, and Σ̂t|t are conditional variances
computed based on some conditionally Gaussian distribu-
tions with well-defined probability density functions, induced
by a jointly Gaussian process {(x′t, z′t, y′t) : t ∈ Nn0}
defined on alphabet spaces of lower dimension compared
to var{xt|zt,yt−1}, Σt|t−1, and Σt|t. The latter conditional
variances cannot be determined because {(xt, zt, yt) : t ∈
Nn0} is no longer jointly Gaussian as some distributions are
degenerated distributions, i.e., without probability density
function, hence they are determined by delta functions. This
completes the proof.

The next theorem gives the solution of (23), (24).
Theorem 1: (Time-varying solution of (23), (24)) Con-

sider the uncontrolled version of (1) and the CaSI process
in (4) with d = 0. Moreover, define λt , Σt|t−1, δt , Σt|t.
Then, the following hold.
(1) (i) If in (4), we assume that nt ∼ N (0;σ2

n) where
σ2
n > 0, then, the optimal minimizer that achieves (23) is

realized by

yt = htxt + gtzt + (1− (ht + gtc))αyt−1 + vt, (27)

with y−1 = 0, and

ht , 1− δt
var{xt|zt,yt−1}

, gt ,
δtc

σ2
n

, σ2
vt

, htδt, (28)

where var{xt|zt,yt−1} =
σ2
nλt

c2λt+σ2
n

, and λt = α2δt−1 +

σ2
w, λ0 = σ2

x0
, t ∈ Nn1 . Further, the above realization

implies that P∗(dyt|yt−1, zt, xt) = P∗(dyt|yt−1, zt, xt),
I(xn;yn||zn) =

∑n
t=0 I(xt;yt|yt−1, zt).

(ii) If in addition to (i), we assume c = 0, then, the optimal
minimizer that achieves (23), is realized by

yt = htxt + (1− ht)αyt−1 + vt, (29)

with y−1 = 0, and

ht = 1− δt
λt
, gt = 0, σ2

vt
= htδt. (30)

Further, the above realization implies that
P∗(dyt|yt−1, zt, xt) = P∗(dyt|yt−1, xt), I(xn;yn||zn) =∑n
t=0 I(xt;yt|yt−1) ≡ I(xn;yn).

(2) If in (4), we assume that nt ∼ N (0;σ2
n) where σ2

n = 0,
then, the optimal minimizer that achieves (24) is realized as
in (29), with scalings given by (30).
(3) The solution of RCaSI−d=0,G

na,[0,n] (D) is

RCaSI−d=0,G
na,[0,n] (D0, . . . , Dn) =

n∑
t=0

RCaSI−d=0,G
na,t (Dt)

=


1
2

∑n
t=0 log

(
σ2
nλt

(c2λt+σ2
n)Dt

)
, if c 6= 0, σ2

n > 0

1
2

∑n
t=0 log

(
λt

Dt

)
, if σ2

n = 0 or if c = 0, σ2
n > 0

,

(31)

where Dt ∈ (0, Dmax
t ] for each t, with

Dmax
t =

{
σ2
nλt

c2λt+σ2
n
, if c 6= 0, σ2

n > 0

λt, if σ2
n = 0 or if c = 0, σ2

n > 0.
(32)

Proof: See Appendix I.
Note that in Theorem 1 we do not claim that the chosen

values of the parameters (ht, gt, σ2
vt

) are unique. However,
if other values for these parameters exist, then, these should
necessarily correspond to the same optimal realization that
achieves (23), (24), otherwise the solution is sub-optimal.

Next, we restrict the results of Theorem 1 to the infinite
time horizon.

Theorem 2: (Asymptotic solution of (23), (24))
Suppose that P∗(dyt|yt−1, zt, xt) is time-invariant and
P∗(dxt|zt, yt−1) is also time-invariant. Then, the following
statements hold.
(1) If

RCaSI−d=0,G
na (D) = lim

n−→∞

1

n+ 1
RCaSI−d=0,G

na,[0,n] (D) <∞,
(33)

i.e., the limit exists and it is finite, then, it is given by

RCaSI−d=0,G
na (D) =

{
1
2 log

(
σ2
nλ

(c2λ+σ2
n)D

)
, if c 6= 0, σ2

n > 0,

1
2 log

(
λ
D

)
, σ2

n = 0, or c = 0, σ2
n > 0,

(34)

where D is the time-invariant value of Dt, ∀t ∈ N0, with
D ∈ (0, Dmax] where

Dmax =

{√
υ2+4α2c2σ2

nσ
2
w−υ

2α2c2 , a 6= 0, c 6= 0, if σ2
n > 0,

λ, if σ2
n = 0, or c = 0, σ2

n > 0,

(35)

and υ = c2σ2
w + (1− α2)σ2

n.
(2) The asymptotic limit of P∗(dyt|yt−1, zt, xt) is realized
by

yt = hxt + gzt + (1− (h+ gc))αyt−1 + vt, (36)



if c 6= 0 and σ2
n > 0, and

yt = hxt + (1− h)αyt−1 + vt, (37)

if σ2
n = 0 or if c = 0, σ2

n > 0. Moreover, in (36), (37)
vt ∼ N (0;σ2

v), and (h, g, σ2
v) are the corresponding time-

invariant values of (ht, gt, σ2
vt

), obtained in (28) and (30),
respectively, with δ = D.

Proof: (1) Recall that from the sub-additivity prop-
erty of the sequential RDF (see Remark 1, (4)), the limit
RCaSI−d=0,G

na (D) always exists although it may be infinite.
If RCaSI−d=0,G

na (D) = ∞ there is nothing to prove. How-
ever, if we restrict the distributions P∗(dyt|yt−1, zt, xt) and
P∗(dxt|zt, yt−1) to be time-invariant, and the limit is finite,
i.e., (33) holds, then, its solution is given by (34). Note that in
(35) if σ2

n > 0, then, Dmax is the positive solution obtained
from a quadratic equation of the form:

c2α2D2
max +Dmax(c2σ2

w − (1− α2)σ2
n)− σ2

nσ
2
w = 0.

(2) This follows from (1) and Theorem 1. This completes
the proof.

It should be noted that when (4) is driven by the Gaussian
noise process nt ∼ N (0;σ2

n), σ2
n > 0, then, our solution

coincides with the solution obtained in [9, Eq. (98)].

B. Delayed CaSI at the decoder: d=1
Similar to §IV-A we first derive the following theorem.
Lemma 3: (Realization of the optimal minimizer) Since

the joint process {(xt, zt−1,yt) : t ∈ Nn0} is jointly
Gaussian, then, the following statements hold.
(1) Any candidate of the optimal reproduction distribution
{PG(dyt|yt−1, zt−1, xt) : t ∈ Nn0} is realized by the
recursion

yt = ht
(
xt − x̂t|t−1

)
+ gt

(
zt−1 − ẑt−1|t−1

)
+ x̂t|t−1 + vt,

(38)

where z−1 = 0, ẑt−1|t−1 = E{zt−1|zt−2,yt−1} ,
cx̂t−1|t−1, x̂t|t−1 , E{xt|zt−2,yt−1}, and {vt ∼
N (0;σ2

vt
) : t ∈ Nn0} is an independent Gaussian process

independent of {wt, nt−1 : t ∈ Nn0}, where n−1 = 0, and
x0, and {(ht, gt) : t ∈ Nn0} are time-varying deterministic
scalars.
(2) Define x̂t|t , E{xt|zt−1,yt}, Σt|t ,
E{(xt − x̂t|t)

2|zt−1,yt} and Σt|t−1 ,
E
{

(xt − x̂t|t−1)2|zt−2,yt−1
}

. Then, {x̂t|t−1,Σt|t−1 :
t ∈ Nn0} satisfy the following modified scalar-valued
filtering recursions:

x̂t|t−1 = αx̂t−1|t−1,

Σt|t−1 = α2Σt−1|t−1 + σ2
w,

x̂t|t = x̂t|t−1 + ktIt, (39)

kt = (αh̄tΣt−1|t−1 + htσ
2
w)(σ2

It)
−1, (Kalman Gain) (40)

Σt|t = Σt|t−1 − (αh̄tΣt−1|t−1 + htσ
2
w)2(σ2

It)
−1, (41)

where h̄t , htα + gtc and {It : t ∈ Nn0} denotes the
innovations process, defined by

It , yt −E
{
yt|zt−2,yt−1

}
= yt − x̂t|t−1

= h̄t
(
xt−1 − x̂t−1|t−1

)
+ htwt−1 + gtnt−1 + vt, (42)

with It ∼ N (0;σ2
It

), σ2
It

= h̄2
tΣt−1|t−1+h2

tσ
2
w+g2

t σ
2
n+σ2

vt
.

Proof: This follows similar to Lemma 2.
In the next corollary, we characterize

RCaSI−d,G
na,[0,n] (D0, . . . , Dn) when d = 1.
Corollary 2: (Characterization for d = 1) The charac-

terization of (18) for Gaussian processes and pointwise
MSE distortion denoted by RCaSI−d=1,G

na,[0,n] (D0, . . . , Dn) is as
follows.
(1) If in (4), we assume that nt ∼ N (0;σ2

n) where σ2
n > 0,

then,

RCaSI−d=1,G
na,[0,n] (D0, . . . , Dn)

= inf
ht∈R, gt∈R

σ2
vt
≥0, Σt|t≥0, t∈Nn

0

1

2

n∑
t=0

[
log

(
var{xt|zt−1,yt−1}

Σt|t

)]+

,

s.t.
(
(α− h̄t)2Σt−1|t−1 + (1− ht)2σ2

w + g2
t σ

2
n + σ2

vt

)
≤ Dt

(43)

where

var{xt|zt−1,yt−1} =
α2σ2

nΣt−1|t−1

c2Σt−1|t−1 + σ2
n

+ σ2
w, (44)

for Dt ∈ [Dmin
t , Dmax

t ] ⊆ [0,∞).
(2) If in (4), we assume that nt ∼ N (0;σ2

n) where σ2
n = 0,

then,

RCaSI−d=1,G
na,[0,n] (D0, . . . , Dn)

= inf
ht∈R, gt∈R

σ2
vt
≥0, Σ̂t|t≥0, t∈Nn

0

1

2

n∑
t=0

[
log

(
v̂ar{xt|zt−1,yt−1}

Σ̂t|t

)]+

,

s.t.
(

(α− h̄t)2Σ̂t−1|t−1 + (1− ht)2σ2
w + σ2

vt

)
≤ Dt

(45)

where v̂ar{xt|zt−1,yt−1}, Σ̂t−1|t−1, Σ̂t|t are to be deter-
mined, for Dt ∈ [Dmin

t , Dmax
t ] ⊆ [0,∞).

Proof: See Appendix II.
The next theorem gives the solution of (43), (45).
Theorem 3: (Time-varying solution of (43), (45)) Con-

sider the uncontrolled version of (1) and the CaSI model in
(4) with d = 1. Moreover, define λt , Σt|t−1, δt , Σt|t,
δt−1 , Σt−1|t−1. Then, the following hold.
(1) (i) If in (4), we assume that nt ∼ N (0;σ2

n) where
σ2
n > 0, then, the optimal minimizer that achieves (43) is

realized by

yt = htxt + gtzt−1 + (α− (htα+ gtc))yt−1 + vt, (46)

with y−1 = 0, z−1 = 0, and

ht , 1− δt
var{xt|zt−1,yt−1}

, σ2
vt

, htδt,

gt ,
αcδtδt−1

α2σ2
nδt−1 + σ2

w(c2δt−1 + σ2
n)
,

(47)

where var{xt|zt−1,yt−1} is given by (44).
Further, the above realization implies that
P∗(dyt|yt−1, zt−1, xt) = P∗(dyt|yt−1, zt−1, xt),
I(xn;yn||zn) =

∑n
t=0 I(xt;yt|yt−1, zt−1).



(ii) If in addition to (i), we assume that c = 0, then, the
optimal minimizer that achieves (43) is realized by

yt = htxt + (1− ht)αyt−1 + vt, (48)

with y−1 = 0, and

ht , 1− δt
λt
, gt , 0, σ2

vt
, htδt, (49)

where λt = α2δt−1 + σ2
w. Further, the above realization

implies that P∗(dyt|yt−1, zt−1, xt) = P∗(dyt|yt−1, xt), and
I(xn;yn||zn) =

∑n
t=0 I(xt;yt|yt−1) ≡ I(xn;yn).

(2) (i) If in (4), we assume that c 6= 0 and nt ∼ N (0;σ2
n)

where σ2
n = 0, then, the optimal minimizer that achieves

(45) is realized by

yt = htxt + gtzt−1 + vt, (50)

with

ht , 1− δt
σ2
w

, gt ,
αδt
cσ2

w

, σ2
vt

, htδt. (51)

Further, the above realization implies that
P∗(dyt|yt−1, zt−1, xt) = P∗(dyt|zt−1, xt), and
I(xn;yn||zn−1) =

∑n
t=0 I(xt;yt|zt−1).

(ii) If in addition to (i), we also assume that c = 0, then,
the optimal minimizer that achieves (45) is realized by (48)
with the scalings of (49).
(3) The solution of RCaSI−d=1,G

na,[0,n] (D) is

RCaSI−d=1,G
na,[0,n] (D0, . . . , Dn) =

n∑
t=0

RCaSI−d,G
na,t (Dt)

=


1
2

∑n
t=0 log

(
α2σ2

nDt−1

(c2Dt−1+σ2
n)Dt

+
σ2
w

Dt

)
, if c 6= 0, σ2

n > 0,

1
2

∑n
t=0 log

(
λt

Dt

)
, if c = 0 and σ2

n ≥ 0,

1
2

∑n
t=0 log

(
σ2
w

Dt

)
, if c 6= 0 and σ2

n = 0,

(52)

where Dt ∈ (0, Dmax
t ] for each t, with

Dmax
t =


α2σ2

nDt−1

c2Dt−1+σ2
n

+ σ2
w, if c 6= 0, σ2

n > 0,

λt, if c = 0 and σ2
n ≥ 0,

σ2
w, if c 6= 0, σ2

n = 0.

(53)

Proof: The proof is similar to Theorem 1.
Similar to Theorem 2, we do not claim in Theorem 4 that
the values of the parameters (ht, gt, σ

2
vt

) are unique.
Next, we restrict the results of Theorem 3 to the infinite-

time horizon.
Theorem 4: (Asymptotic solution (52)) Suppose

that P∗(dyt|yt−1, zt−1, xt) is time-invariant and
P∗(dxt|zt−1, yt−1) is also time-invariant. Then, the
following statements hold.
(1) If

RCaSI−d=1,G
na (D) = lim

n−→∞

1

n+ 1
RCaSI−d,G

na,[0,n] (D) <∞,
(54)

i.e., the limit exists and it is finite, then, it is given by

RCaSI−d=1,G
na (D) =


1
2 log

(
α2σ2

n

c2D+σ2
n

+
σ2
w

D

)
, if c 6= 0, σ2

n > 0,

1
2 log

(
λ
D

)
, if c = 0, σ2

n ≥ 0,
1
2 log

(
σ2
w

D

)
, if c 6= 0, σ2

n = 0,

(55)

where D is the time-invariant value of Dt, ∀t ∈ N0, with
D ∈ (0, Dmax] where

Dmax =


√
τ2+4c2σ2

nσ
2
w−τ

2c2 , if c 6= 0, σ2
n > 0,

λ, if c = 0, σ2
n ≥ 0,

σ2
w, if c 6= 0, σ2

n = 0,

(56)

and τ = (1− α2)σ2
n − c2σ2

w.
(2) The asymptotic limit of P∗(dyt|yt−1, zt−1, xt) is realized
by

yt = hxt + gzt−1 + (α− (hα+ gc))yt−1 + vt, (57)

if c 6= 0 and σ2
n > 0,

yt = hxt + (1− h)αyt−1 + vt, (58)

if c = 0 and σ2
n ≥ 0, and

yt = hxt + gzt−1 + vt, (59)

if c 6= 0 and σ2
n = 0. Moreover, in (57)-(59), vt ∼ N (0;σ2

v),
and (h, g, σ2

v) are the corresponding time-invariant values of
(ht, gt, σ2

vt
), given by (47), (49), and (51), respectively, with

δ = D.
Proof: This follows similarly to Theorem 2.
Design of the optimal ED policies: Using the optimal

realizations obtained for the asymptotic regime in Theorems
2, 4, we can design the optimal linear encoders and decoders
that achieve RCaSI−d,G

na (D) in the MSE sense, when d =
{0, 1}. We only provide the pictorial view of the realizations
in (36), (57) when c 6= 0 and σ2

n > 0 (see Fig. 2). The rest
follows similarly.

C. System’s performance with or without CaSI

In this subsection, we compare the system’s performance
in Fig. 1 in terms of the linear quadratic cost, with or without
synchronized or delayed CaSI available at the decoder.

First, we recall the solution of the Gaussian nonanticipa-
tive or sequential RDF, see, e.g., [3, Eq. (1.43)], [1, Eq.
(14)] that was used to derive analytical lower bounds on the
optimal LQG control cost without CaSI at the decoder given
by

RGna(D) ≡ 1

2
log

(
λ

D

)
=

1

2
log

(
α2 +

σ2
w

D

)
, D ≤ Dmax,

(60)

with Dmax = λ = α2D + σ2
w if |α| > 1, i.e., the state

process (1) is unstable, or Dmax =
σ2
w

1−α2 if |α| < 1, i.e., the
state process (1) is stable.
Next, we use (60) to derive the following data-rate bounds.



Gauss-Markov 
source   

Unit 
Delay 

t-1yc



α


Causal Side 
Information

g

h yt
xt

MMSE  Decoder





 ~v 0;hDt

zt

Encoder

(a) Realization of {P∗(dyt|yt−1, xt, zt) : t ∈ N0}.
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(b) Realization of {P∗(dyt|yt−1, xt, zt−1) : t ∈ N0}.

Fig. 2: Illustration of the optimal policies (with feedback)
that achieve RCaSI−d,G

na (D), d = {0, 1}, for c 6= 0, σ2
n > 0.

Theorem 5: (Data-rate bounds) Suppose that D > 0.
Then, the following hold.
(1) For (α 6= 0, c, σ2

n > 0, σ2
w) we obtain

RCaSI−d=0,G
na (D)

(a)

≤ RCaSI−d=1,G
na (D)

(b)

≤ RGna(D), (61)

where (a), (b) hold with equality if c = 0.
(2) For (α 6= 0, c, σ2

n = 0, σ2
w) we obtain

RCaSI−d=1,G
na (D)

(c)

≤ RCaSI−d=0,G
na (D) = RGna(D), (62)

where (c) holds with equality if c = 0.
Proof: We sketch the proof due to space limita-

tions. (1) Inequality (b) can be obtained by subtracting
RCaSI−d=1,G

na (D) from RGna(D). Then, it is clear that the
inequality holds with equality if c = 0. Similarly it can
be shown that RGna(D) ≥ RCaSI−d=0,G

na (D). Inequality
(a) can be obtained by comparing RCaSI−d=0,G

na (D) and
RCaSI−d=1,G

na (D). It can be shown that (a) is always true if
c 6= 0 and λ ≥ D. The latter is always true because otherwise
RGna(D) is not well defined. Clearly, if c = 0, then, (a) holds
with equality. (2) This follows from (60), (34) and (55).

In Fig. 3 we perform a simulation experiment where
we illustrate and compare the information rates obtained
in §IV assuming that CaSI at the decoder is driven by a
Gaussian noise process with a positive variance and the
known result derived in [3, Eq. (1.43)], [1, Equation (14)]. In
our experiment we consider a source process modeled as an
unstable time-invariant Gauss-Markov process, i.e., |a| > 1,
and some random values of (c, σ2

n > 0, σ2
w). As expected,

the rates are in accordance to the results of Theorem 5, (1).
Clearly, from Theorem 5, one can draw conclusive results

regarding the bounds on the optimal linear quadratic cost of
the closed-loop system in Fig. 1. These are summarized next
as a corollary.

Corollary 3: (Lower bounds on the performance of the
system in Fig. 1) The following lower bounds on (10) hold.
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Fig. 3: Comparison of RGna(D), RCaSI−d=1,G
na (D),

RCaSI−d=0,G
na (D) for a certain model of CaSI in (4).

(1) For (α 6= 0, c, σ2
n > 0, σ2

w), we obtain

LQGCaSI−d=0
∞

(a)

≤ LQGCaSI−d=1
∞

(b)

≤ LQGno−CaSI
∞ ≤ LQG∗∞,

(63)

where (a), (b) holds with equality if c = 0.
(2) For (α 6= 0, c, σ2

n = 0, σ2
w), we obtain

LQGCaSI−d=1
∞

(c)

≤ LQGCaSI−d=0
∞ = LQGno−CaSI

∞ ≤ LQG∗∞,
(64)

where (c) holds with equality if c = 0.
Proof: This follows trivially from Lemma 1 and

Theorem 5 (by finding the distortion rate functions of
RCaSI−d=1,G

na (D), RCaSI−d=0,G
na (D), RGna(D)).

Discussion of the results. Corollary 3, (1), demonstrates two
cases. First, if in (4) we have c 6= 0 and σ2

n > 0, then, CaSI
improves the performance of the communication cost in (10)
compared to the non-CaSI case because there is an additional
information about the state process at the decoder/estimator.
This means better lower bounds on LQG∗∞ (see (10)). In par-
ticular, the system performs better when CaSI at the decoder
is available without any delay rather than with unit delay
because additional information about the state process is
available quicker to the decoder/estimator. Interestingly, from
Theorem 5, (1), we can easily see that RCaSI−d=1,G

na (D)
and RCaSI−d=0,G

na (D) have always a Dmax beyond which
their value is zero as opposed to the well-known RGna(D)
in (60) that for unstable plants is always lower bounded
by log2 |α| (see, e.g., [6], [16], [17]). If in (4) we have
c = 0 and σ2

n > 0, then, CaSI does not improve the
communication cost compared to the non-CaSI case because
the additional information at the decoder is independent of
the state process. On the other hand, if the decoder has access
to a CaSI process with a deterministic value, then, Corollary
3, (2), reveals two possible scenarios. First, if in (4) we have
c 6= 0 and σ2

n = 0, then, the communication cost induced
by CaSI with fixed unit delay outperforms the one induced
by either CaSI without delay or the non-CaSI case. This is
because it informs the decoder about the memory of the state
process whereas synchronized CaSI provides knowledge of
an already existing information at the decoder thus it is
useless. If in (4) we have c = 0 and σ2

n = 0, clearly, the
problem simplifies to not having CaSI at the decoder at all.



P(dxt−1|zt−1, yt−1) =

∫
Xt

P(dxt, dxt−1, z
t−1, yt−1)

P(zt−1, yt−1)

=

∫
Xt

P(dzt−1|zt−2, xt, xt−1, y
t−1)P(dxt|xt−1, z

t−1, yt−1)P(dxt−1|zt−2, yt−1)

P(dzt−1|zt−2, yt−1)

(?)
=

P(dzt−1|xt−1)P(dxt−1|zt−2, yt−1)
∫
Xt

P(dxt|xt−1)

P(dzt−1|zt−2, yt−1)

(??)
=

P(dzt−1|xt−1)P(dxt−1|zt−2, yt−1)

P(dzt−1|zt−2, yt−1)

(65)

V. CONCLUSION

We considered a closed-loop control problem where a
linear time-invariant scalar-valued Gaussian system conveys
information via a communication link that consists of an
{encoder, AWGN channel, decoder} and connects the
observer of the linear system to the controller. For this
NCS, we examined how synchronized or delayed CaSI at
the decoder affects the performance of the system compared
to the non-CaSI case when the performance criterion is the
linear quadratic cost.

APPENDIX I
PROOF OF THEOREM 1

(1) (i) From mean-squared estimation theory we know that
the inequality E

{
|xt − yt|2

}
≥ E

{
|xt − x̂t|t}|2

}
≡ Σt|t,

holds ∀yt, t ∈ Nn0 , i.e., for all (ht, gt, σ
2
vt

), t ∈ Nn0 , and
it is achieved if and only if x̂t|t = yt. The choice of (28)
when applied at the distortion constraint in (23) achieves
this lower bound, i.e., a smaller distortion is achieved for a
given rate, and determines the optimal realization in (27).
(ii) If in addition to (i) we assume c = 0, then (29) and (30)
follows trivially from (i). (2) We now have that the inequality
E
{
|xt − yt|2

}
≥ E

{
|xt − x̂′t|t|

2
}
≡ Σ̂t|t, holds ∀yt, t ∈

Nn0 , i.e., for all (ht, gt, σ
2
vt

), t ∈ Nn0 , and it is achieved if and
only if x̂′t|t = yt where x̂′t|t is the á posteriori error estimate
that corresponds to some new Kalman filtering recursions
which are obtained by assuming that a new joint process
{(x′t, z′t, y′t) : t ∈ Nn0} defined on alphabet spaces of lower
dimension is jointly Gaussian. Observe that the scalings

ht = 1−
Σ̂t|t

Σ̂t|t−1

, gt = 0, σ2
vt

= htΣ̂t|t, (66)

when applied at the distortion constraint in (24) achieve
a lower bound on Dt for a given rate and determine an
optimal realization which is precisely the same as in (29).
This means that we can set Σ̂t|t = δt and Σ̂t|t−1 = λt
with v̂ar{xt|zt,yt−1} = λt as the system now reduces to
the same case studied in (1), (ii). This further means that
{(x′t, z′t, y′t) ≡ (xt, yt) : t ∈ Nn0} which is the resulting
jointly Gaussian process.
(3) Using (1), and (2) we can now reformulate

RCaSI−d=0,G
na,[0,n] (D0, . . . , Dn) in (23) and (24) as follows:

RCaSI−d=0,G
na,[0,n] (D0, . . . , Dn) =

min
Dt≥0, t∈Nn

0
δt≤Dt

1

2

n∑
t=0

[
log

(
var{xt|zt,yt−1}

δt

)]+

, (67)

when σ2
n > 0, and,

RCaSI−d=0,G
na,[0,n] (D0, . . . , Dn) = min

Dt≥0, t∈Nn
0

δt≤Dt

1

2

n∑
t=0

[
log

(
λt
δt

)]+

,

(68)

when σ2
n = 0. Clearly, both characterizations in (67), (68)

form convex optimization problems and the optimal solution
occurs on the boundary of the distortion constraint. Thus,
we can immediately obtain (31). Moreover, to ensure a finite
solutions in (31) we need to take Dt > 0, t ∈ Nn0 whereas
(32) is the maximum Dt, beyond which (31) has zero-rate
at each t. This completes the proof.

APPENDIX II
PROOF OF COROLLARY 2

(1) This follows from (18) and Lemma 3. In particular,
the pay-off in (18) can be computed for Gaussian processes
as follows

I(xn;yn||zn−1) =

n∑
t=0

I(xt;yt|yt−1, zt−1)

=

n∑
t=0

hG(αxt−1 + wt−1|zt−1, yt−1)− hG(xt|zt−1,yt)

=
1

2

n∑
t=0

[
log(2πe)

(
α2 var{xt−1|zt−1,yt−1}+ σ2

w

)
− log(2πe)

(
var{xt|zt−1,yt}

) ]
(i)
=

1

2

n∑
t=0

[
log

(
α2

(
σ2
nΣt−1|t−1

c2Σt−1|t−1 + σ2
n

)
+ σ2

w

)
− log Σt|t

]
,

(ii)
=

1

2

n∑
t=0

log

(
var{xt|zt−1,yt−1}

Σt|t

)
, (69)

where (i) follows by noticing that var{xt−1|zt−1,yt−1} is
obtained from the Gaussian distribution P(dxt−1|zt−1, yt−1)
which in turn is computed from the recursions
in (65) where (?) follows by definition and (??)



because
∫
Xt

P(dxt|xt−1) = 1 − a.s.. Observe
that in (65) P(dzt−1|xt−1) ∼ N (cxt−1;σ2

n)
and P(dxt−1|zt−2, yt−1) ∼ N (x̂t−1|t−1; Σt−1|t−1),
P(dzt−1|zt−2, yt−1) ∼ N (ẑt−1|t−1; c2Σt−1|t−1 + σ2

n) are
computed from Kalman filter recursions (see Lemma
3). From (65), we obtain P(dxt−1|zt−1, yt−1) ∼
N
(
σ2
nx̂t−1|t−1+cΣt−1|t−1zt−1

c2Σt−1|t−1+σ2
n

;
σ2
nΣt−1|t−1

c2Σt−1|t−1+σ2
n

)
. In addition,

var{xt|zt−1,yt} = Σt|t by Kalman filtering recursions; (ii)
follows by setting var{xt|zt−1,yt−1} to be equal to (44).
The MSE distortion constraint E|xt−yt|2 is computed from
(38) and the conditional variances computed by Kalman
filtering recursions.
(2) This part follows similar arguments to the one in
the derivation of Corollary 1, (2) thus we omit it. This
completes the proof.
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