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Abstract

This thesis concerns the analysis and numerical simulationof wave propagation problems
described by systems of linear hyperbolic partial differential equations.

A major challenge in wave propagation problems is numericalsimulation of high fre-
quency waves. When the wavelength is very small compared to the overall size of the com-
putational domain, we encounter a multiscale problem. Examples include the forward and the
inverse seismic wave propagation, radiation and scattering problems in computational elec-
tromagnetics and underwater acoustics. In direct numerical simulations, the accuracy of the
approximate solution is determined by the number of grid points or elements per wavelength.
The computational cost to maintain constant accuracy growsalgebraically with the frequency,
and for sufficiently high frequency, direct numerical simulations are no longer feasible. Other
numerical methods are therefore needed. Asymptotic methods, for instance, are good approx-
imations for very high frequency waves. They are based on constructing asymptotic expan-
sions of the solution. The accuracy increases with increasing frequency for a fixed computa-
tional cost. Most asymptotic techniques rely on geometrical optics equations with frequency
independent unknowns. There are however two deficiencies inthe geometrical optics solution.
First, it does not include diffraction effects. Secondly, it breaks down at caustics. Geometrical
theory of diffraction provides a technique for adding diffraction effects to the geometrical op-
tics approximation by introducing diffracted rays. In papers 1 and 2 we present a numerical
algorithm for computing an important type of diffracted rays known as creeping rays. Another
asymptotic model which is valid also at caustics is based on Gaussian beams. In papers 3 and
4, we present an error analysis of Gaussian beams approximation and develop a new numerical
algorithm for computing Gaussian beams, respectively.

Another challenge in computation of wave propagation problems arises when the system
of equations consists of second order hyperbolic equationsinvolving mixed space-time deriv-
atives. Examples include the harmonic formulation of Einstein’s equations and wave equations
governing elasticity and acoustics. The classic computational treatment of such second order
hyperbolic systems has been based on reducing the systems tofirst order differential forms.
This treatment has however the disadvantage of introducingauxiliary variables with their as-
sociated constraints and boundary conditions. In paper 5, we treat the problem in the second
order differential form, which has advantages for both computational efficiency and accuracy
over the first order formulation.

Finally, paper 6 concerns the concept of well-posedness fora class of linear hyperbolic
initial boundary value problems which are not boundary stable. The well-posedness is well
established for boundary stable hyperbolic systems for which we can obtain sharp estimates
of the solution including estimates at boundaries. There are, however, problems which are
not boundary stable but are well-posed in a weaker sense, i.e., the problems for which an
energy estimate can be obtained in the interior of the domainbut not on the boundaries. We
analyze a model problem of this type. Possible applicationsarise in elastic wave equations
and Maxwell’s equations describing glancing and surface waves.
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Preface

This thesis consists of six papers and an introduction.

Paper I: M. Motamed and O. Runborg,“A Fast Phase Space Method for Comput-
ing Creeping Rays”, Journal of Computational Physics, vol. 219, issue 1, pp.
276–295, 2006.
The author of this thesis contributed to the ideas and developing the numerical
algorithm, performed the numerical computations, and wrote parts of the ma-
nuscript.
This paper is also part of the licentiate thesis [44].

Paper II: M. Motamed and O. Runborg,“A Multiple-patch Phase Space Method
for Computing Trajectories on Manifolds with Applicationsto Wave Propaga-
tion Problems”, Communications in Mathematical Sciences, vol. 5, no. 3, pp.
617–648, 2007.
The author of this thesis contributed to the ideas and developing the numerical
algorithm, performed the numerical computations, and wrote parts of the ma-
nuscript.
This paper is also part of the licentiate thesis [44].

Paper III: M. Motamed and O. Runborg,“Taylor Expansion Errors in Gaussian
Beam Summation”, Preprint, 2008.
The author of this thesis contributed to the ideas and formulation and proof of
theorems and lemmas, performed the numerical computations, and wrote parts
of the manuscript.

Paper IV: M. Motamed and O. Runborg,“A Wave Front-based Gaussian Beam
Method for Computing High Frequency Waves”, Preprint, 2008.
The author of this thesis contributed to the ideas and developing the numerical
algorithm, performed the numerical computations, and wrote the manuscript.
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Paper V: M. Motamed, M. Babiuc, B. Szilagyi, H-O. Kreiss and J. Winicour, “Fi-
nite Difference Schemes for Second Order Systems Describing Black Holes”,
Journal of Physical Review D, vol. 73, issue 12, 2006.
The author of this thesis contributed to the ideas, developing the numerical
algorithms and formulation and proof of theorems, performed the numerical
computations in Section 5, and wrote Sections 3 and 5 of the manuscript.

Paper VI: M. Motamed and H-O. Kreiss,“Hyperbolic Initial Boundary Value Prob-
lems which are not Boundary Stable”, Preprint, 2008.
The author of this thesis contributed to the ideas and formulation and proof of
theorems and lemmas, and wrote the manuscript.
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Chapter 1

Introduction

Many physical problems are formulated as systems of partialdifferential equations
(PDEs). Accurate treatment of such problems requires a careful combination of ana-
lysis and computation. The existence of solution to PDEs is investigated by theoret-
ical studies. For most PDEs it is however not possible to derive explicit formulas for
solutions. Numerical studies are therefore needed to compute approximate solutions.

In the theoretical study of PDEs, a fundamental concept iswell-posedness. A
given problem for a PDE is said to be well-posed if it has a solution, the solution is
unique and the solution depends continuously on the data given in the problem. Well-
posedness is a desirable requirement for physical problems. The first two conditions
are minimal requirements for a reasonable problem, and the last condition ensures
that small perturbations, such as small errors in measurements or interpolation of
data, do not change the solution unduly. A second important concept isrobustness. A
PDE is said to be robust if the qualitative behavior of the solution is unaffected by the
addition of lower-order terms in the equation or by small changes in the coefficients.
The robustness property is important because almost all PDEs modeling physical
processes are derived based on some simplifying assumptions and ignoring certain
effects. We want this simplification to not affect the conclusions of the analysis.

Numerical studies of PDEs concern the construction and implementation of ac-
curate and efficient numerical algorithms for computing approximate solutions. A
PDE is usually solved by first discretizing the equation on a grid or mesh, bringing it
into a finite dimensional subspace, and then solving the resulting system of equations
in this finite dimensional space. The first stage is usually done by the finite differ-
ence method, the finite element method or the finite volume method. The most basic
property that a numerical algorithm must have is that its solutions approximate the
solution of the corresponding PDE and that the approximation improves as the grid

1



2 CHAPTER 1. INTRODUCTION

spacings or the size of elements tend to zero. Such an algorithm is calledconver-
gent. Usually, it is not easy to verify convergence for a given algorithm. However,
there are two related concepts that are easier to investigate,consistencyandstability.
Consistency implies that the solution of the PDE, if it is smooth, is an approxim-
ate solution of the numerical scheme. Stability, on the other hand, implies that the
numerical solution is bounded in some sense. A fundamental theorem of numerical
analysis, known as the Lax-Richtmyer equivalence theorem,states that a consistent
approximation to a well-posed linear problem is convergentif and only if it is stable.
In solving PDEs, the primary challenge is therefore to construct algorithms which
are numerically stable.

This thesis concerns mainly some challenging problems in the analysis and com-
putation of wave propagations described by systems of linear hyperbolic equations.
A major challenge is numerical simulation of high frequencywaves. When the
wavelength is very small compared to the overall size of the computational domain,
we encounter a multiscale problem. Examples include the forward and the inverse
seismic wave propagation, radiation and scattering problems in computational elec-
tromagnetics and underwater acoustics. In direct numerical simulations, the accuracy
of the approximate solution is determined by the number of grid points or elements
per wavelength. The computational cost to maintain constant accuracy grows al-
gebraically with the frequency, and for sufficiently high frequency, direct numerical
simulations are no longer feasible. Other numerical methods are therefore needed.
Papers 1-4 concern geometrical optics and Gaussian beams which are computation-
ally much less costly models based on asymptotic approximations of the equations.

Another challenge in computation of wave propagation problems arises when
the system of equations consists of second order hyperbolicPDEs involving mixed
space-time derivatives. Examples include the harmonic formulation of Einstein’s
equations and wave equations governing elasticity and acoustics. The classic com-
putational treatment of such second order hyperbolic systems has been based upon
reducing the systems to first order differential forms. Thistreatment has however
the disadvantage of introducing auxiliary variables with their associated constraints
and boundary conditions. Paper 5 treats the problem in the second order differential
form, which has advantages for both computational efficiency and accuracy over the
first order formulation.

Finally, Paper 6 concerns the concept of well-posedness fora class of linear hy-
perbolic initial boundary value problems which are not boundary stable. The well-
posedness is well established for two classes of problems: symmetric systems with
maximally dissipative boundary conditions and boundary stable hyperbolic systems.
For the first class of problems, an energy estimate can be derived using integration by
parts. For the second class, the mode analysis and symmetrizer technique are used to
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obtain sharp estimates of the solution including estimatesat boundaries. Existence of
such estimates imply that the problem is boundary stable. There are, however, prob-
lems which are not boundary stable but are well-posed in a weaker sense, i.e., the
problems for which an energy estimate can be obtained in the interior of the domain
but not on the boundaries. We analyze a model problem of this type. Possible applic-
ations arise in elastic wave equations and Maxwell’s equations describing glancing
and surface waves.





Chapter 2

Linear Hyperbolic Equations

Hyperbolic partial differential equations are in general interpreted as equations sup-
porting “wave-like” solutions. In this chapter we briefly review the definition and
properties of linear hyperbolic equations and address somechallenging problems in
theory and numerics of such equations which are topics of thepapers in this thesis.

2.1 Initial Value Problems

The simplest hyperbolic equation is the one-way wave equation

ut + a ux = 0, (x, t) ∈ R × R+, (2.1)

wherea ∈ R is a constant,t > 0 denotes time,x ∈ R represents the spatial variable,
andu : R × R+ → R is the unknown,u = u(x, t). We specify the initial condition

u(x, 0) = f(x), (2.2)

where the functionf : R → R is given. Equation (2.1) together with (2.2) is called
an initial value problemor Cauchy problem. It is easy to show that the solution to
this initial value problem is

u(x, t) = f(x − at),

and can be regarded as a wave that propagates with speeda without any change of
shape. The solution at(x, t) depends only on the value ofξ = x − at. The lines in
the(x, t) plane for whichx−at is constant are calledcharacteristics. The solution is
constant along characteristics. In general, whena is not constant, characteristics are
curves and give important information about the solution ofhyperbolic equations.

5



6 CHAPTER 2. LINEAR HYPERBOLIC EQUATIONS

Another hyperbolic equation involving second-order derivatives is the scalar wave
equation

utt − ∆u = 0, (x, t) ∈ R
n × R+, (2.3)

where the Laplacian∆ is taken with respect to the spatial variablesx = (x1, . . . , xn).
Forn = 1, 2, the wave equation (2.3) is a simplified model for a vibratingstring and
a membrane, respectively. In these physical interpretations, u(x, t) represents the
displacement of the pointx at timet. We augment (2.3) with the initial data

u(x, 0) = f(x), ut(x, 0) = g(x), (2.4)

where the functionsf andg are given. Forn = 1, the wave equation can be rewritten
in the form

(

∂

∂t
+

∂

∂x1

) (

∂

∂t
−

∂

∂x1

)

u = 0,

or as a system of two equations

vt + vx1
= 0,

ut − ux1
= v,

which are one-way wave equations. The solution to this initial value problem consists
of two waves that propagate with finite speeds and is given by d’Alembert’s formula,
[14],

u(x1, t) =
1

2
[f(x1 + t) + f(x1 − t)] +

1

2

∫ x1+t

x1−t

g(y)dy.

Many practical problems in science and engineering are described by systems of
differential equations, not only by a single equation. One important class of such
systems consists of linear first-order equations which is a natural generalization of
the one-way wave equation (2.1),

ut +

n
∑

j=1

Aj(x, t)uxj
= f(x, t), (x, t) ∈ R

n × R+, (2.5)

subject to the initial condition

u(x, 0) = g(x). (2.6)

The unknown isu : Rn × R+ → Rm, u = (u1, . . . , um)⊤, and the functions
Aj : Rn × R+ → Rm×m, f : Rn × R+ → Rm, andg : Rn → Rm are given.
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Definition 1. The system of PDEs (2.5) is called hyperbolic if the symbol

P (x, t; ω) :=

n
∑

j=1

Aj(x, t)ωj ,

has real eigenvalues and is uniformly diagonalizable for eachx andω = (ω1, . . . , ωn)
in R

n and t ≥ 0. The system is called strictly hyperbolic if the eigenvalues of the
symbol are real and distinct.

Another important class is the system of second-order hyperbolic equations,

utt−

n
∑

j,k=1

Ajk(x, t)uxjxk
+

n
∑

j=1

Bj(x, t)uxj
+C(x, t)u = f(x, t), (x, t) ∈ R

n×R+,

(2.7)
with the initial condition

u(x, 0) = g(x), ut(x, 0) = h(x). (2.8)

Such systems can be seen as natural generalization of the wave equation (2.3).

Definition 2. The system of PDEs (2.7) is called hyperbolic if there is a positive
constantδ such that

n
∑

j,k=1

Ajk(x, t)ωj ωk ≥ δ|ω|2 I,

for all x andω = (ω1, . . . , ωn) in Rn and t ≥ 0. Here,I is them × m identity
matrix.

We now quantify the concept of well-posedness introduced inthe introduction.
For two C∞-functionsu, v : Rn → Cm which are 1-periodic inx, we define the
L2-inner product and norm by

(u, v) =

∫ 1

0

. . .

∫ 1

0

< u(x), v(x) > dx1 . . . dxn, ||u|| = (u, u)1/2,

where

< u, v > =
m
∑

j=1

ūj vj .

Consider the initial boundary value problem (2.5), (2.6) with C∞-coefficients and
data which are 1-periodic in every spatial dimension.
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Definition 3. The initial boundary value problem (2.5), (2.6) is well-posed if:

(1) for every 1-periodic andC∞ dataf, g, there exists a unique solutionu(x, t) ∈
C∞(x, t), which is 1-periodic in every spatial dimension;

(2) for eachT > 0, there is a constantK(T ), independent off andg, such that

||u(., t)||2 ≤ K(T )

(

||g(.)||2 +

∫ t

0

||f(., τ)||2dτ

)

. (2.9)

In order to motivate the above definition, we change the initial data (2.6) to

ũ(x, 0) = g(x) + δ h(x), 0 < δ ≪ 1, ||h(.)|| = 1.

The differencew(x, t) = ũ(x, t)−u(x, t) is then a solution of (2.5) withf ≡ 0 and
initial data

w(x, 0) = δ h(x).

If the estimate (2.9) holds, then

||ũ(., t) − u(., t)||2 ≤ K(T ) δ2 ||h(.)||2 = K(T ) δ2.

Therefore, (2.9) guarantees that for any finite time interval 0 ≤ t ≤ T , small per-
turbations of the initial data results in small changes in the solution, i.e, the solution
depends continuously in the initial data.

By reducing second-order systems to first-order systems, similar to reducing the
wave equation to two one-way wave equations, we can also define well-posedness
for second order systems. From the theory of linear hyperbolic systems, [14, 37], it
is well known that the initial value problems for first and second order hyperbolic
systems are well-posed. Moreover, the wave solutions have finite propagation speed
in the sense that the solution at a given point(x0, t0) depends only on the data in
(x, t) ∈ Ω, whereΩ is a finite region of space and time. In other words, we can
change the data outside the regionΩ without affecting the solution at(x0, t0).

2.2 Boundary Conditions

Most physical applications of partial differential equations involve domains with
boundaries, and interesting phenomena frequently occur near these boundaries. The
formulation of boundary conditions therefore play an important role. The problem
of determining a solution to a partial differential equation when both initial data and
boundary data are present is called aninitial boundary value problem. One fun-
damental question is then how to impose proper boundary conditions such that the
problem becomes well-posed.
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In the case of hyperbolic equations, the characteristics play an important role in
determining correctly posed boundary conditions. To illustrate this, we consider the
one-way wave equation

ut + a ux = 0,

in the strip0 ≤ x ≤ 1, t ≥ 0. If a > 0, the characteristics in this region propagate
from the left to the right. The solution must therefore be specified on the boundary at
x = 0, in addition to the initial data, in order to be defined for alltime. Moreover, no
data need to be supplied at the other boundary atx = 1, since otherwise the solution
will be overdetermined. In general, values for the ingoing characteristic variables
must be provided at the boundaries.

Consider the initial boundary value problems for (2.5) withinitial conditions
(2.6) in the half-space

R0 = {x |x1 ≥ 0, −∞ < xj < ∞, j = 2, . . . , n}, (2.10)

and boundary conditions, atx1 = 0,

S u(0, x−, t) = h(x−, t), x− = (x2, . . . , xn), (2.11)

whereS ∈ Rr×m is a rectangular matrix, withr being the number of ingoing char-
acteristic variables.

Definition 4. Let f ≡ g ≡ 0. We call the half-space problem (2.5), (2.6), (2.11)
boundary stable if for all smooth boundary datah, there is a unique solutionu, and
in each time interval0 ≤ t ≤ T there is constantKT independent of the data such
that

∫ t

0

||u(0, x−, τ)||2R
−

dτ ≤ KT

∫ t

0

||h(0, x−, τ)||2R
−

dτ.

Here,||.||R
−

denote theL2-norm over the space

R− = {x− | −∞ < xj < ∞, j = 2, . . . , n}.

The theory of linear hyperbolic initial boundary value problems is well developed
in the case when the problem isboundary stable, i.e., when there exist proper estim-
ates of the solution based on the data at the boundaries. In the general theory, the
following concept of well-posedness is introduced.

Definition 5. Letg ≡ 0. The half-space problem (2.5), (2.6), (2.11) is called strongly
well-posed in the generalized sense if for all smooth compatible data,f andh, there
is a unique solutionu, and in each time interval0 ≤ t ≤ T , there is a constantKT

independent of the data such that
∫ t

0

||u(x, τ)||2R0
+||u(0, x−, τ)||2R

−

dτ ≤ KT

∫ t

0

||F (x, τ)||2R0
+||g(0, x−, τ)||2R

−

dτ.
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We then have

Theorem 1. Assume that the half-space problem is boundary stable. Thenit is
strongly well-posed in the generalized sense.

There are, however, problems which are not boundary stable but are well-posed
in a weaker sense. Examples include surface waves and glancing waves in electro-
magnetic and elastic wave propagation problems described by Maxwell’s equations
and elastic wave equations with certain types of boundary conditions. It is therefore
necessary to develop a theory for such types of problems. In paper 6, [46], we con-
sider a model problem which may not be boundary stable and extend the theory of
boundary stable problems to this case. We consider (2.5) with n = m = 2 and

A1 =

(

1 0
0 −1

)

, A2 =

(

0 −1
−1 0

)

, (2.12)

in the half-space (2.10). We augment this system with the initial condition (2.6) and
the boundary condition atx1 = 0,

u1(0, x2, t) = α u2(0, x2, t) + h(x2, t), α ∈ C. (2.13)

Hereu(x1, x2, t) = (u1, u2)
⊤ is a vector-valued function, and the dataf, g, h are

assumed to be compatible smooth functions with compact support. Different values
of α in the boundary condition result in different behavior of the problem. Here, we
summarize the result, [46]:

1) if |α| < 1, then the problem is boundary stable and therefore stronglywell-
posed in the generalized sense.

2) if |α| = 1, then the problem is not boundary stable but is well-posed inthe
sense that there are proper energy estimates inside the domain, but not at the
boundary.

3) if |α| > 1, α ∈ R, then the problem is ill-posed in the sense that the solution
“looses” one derivative at each reflection from the boundary.

4) if |α| > 1, α /∈ R, then the problem is ill-posed in the sense that there are
solutions which grow exponentially, arbitrarily fast.

We formulate a theorem for this model problem and conjecturethat the theorem holds
also for the more general initial boundary value problem (2.5), (2.6), (2.11), which
is the topic of future work.
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2.3 Numerical Methods

For most hyperbolic initial boundary value problems, it is not possible to derive expli-
cit formulas for solutions. Numerical methods are employedto compute approximate
solutions. There is a wide range of different methods for solving linear hyperbolic
problems. The most commonly used numerical methods includethe finite difference
method, the finite volume method, the finite element method, spectral methods and
the boundary element method.

The finite difference method, [19, 61] is one of the oldest numerical methods. In
this method, the PDE is discretized on a grid by approximating the derivatives of the
solution in terms of the values of the solution on a set of discrete grid points. This
gives a large algebraic system of equations which needs to besolved. For systems
of first-order hyperbolic equations, upwind-type methods based on the direction of
characteristics are frequently used. For second-order hyperbolic systems, leapfrog
schemes on staggered grids are more attractive. For example, a widely used class
of this type is the finite difference time-domain method (Yeescheme) for solving
Maxwell’s equations of electromagnetics, [74].

In the finite volume method, [39], instead of calculating thesolution at discrete
grid points, the total integral of the solution is approximated over grid cells which
are small volumes surrounding each grid point. It is based onthe integral form of the
PDE. Finite volume methods are particularly useful for solving nonlinear hyperbolic
problems. One advantage of these methods is that they are easily formulated to
allow for unstructured grids. We should emphasize that the computational treatment
of nonlinear PDEs is more difficult than that of linear equations, due to possible
discontinuity and non-uniqueness of the solutions. For such problems essentially
non oscillatory (ENO) and weighted essentially non oscillatory (WENO) schemes
are employed, [60].

The finite element method, [13], is based on discretizing theweak form of the
boundary value problem in a finite dimensional space. This method is particularly
useful for solving PDEs over complex domains. The domain is decomposed into
small elements, which may be simply triangles or more complicated curvilinear poly-
gons. The solution obtained by the finite element method is a linear combination of
basis functions that are nonzero only over small subdomains. Two classes of finite
element methods which are widely used for hyperbolic problems are the discontinu-
ous Galerkin method, [7], in which there is no continuity restriction on the interface
of the elements, and the streamline diffusion method, [28],in which the basis func-
tions are modified to produce a small amount of artificial diffusion in the direction of
streamlines. These methods are particularly useful for problems with discontinuous
solutions.

In spectral methods, [5], the solution is first written as itsFourier series. This
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series is next substituted into the equation and a system of ordinary differential equa-
tion (ODE) is obtained. The ODEs are then solved using an ODE solver. The spec-
tral method is similar to the finite element method in approximating the solution as
a linear combination of basis functions. However, in contrast to the finite element
method, the basis functions are continuous and nonzero overthe whole domain. As a
result of this, the spectral method usually works better when the solution is smooth.
Moreover, it can only be applied to problems with simple computational domains,
such as cubes.

In the boundary element method, [18], the PDE is rewritten asa boundary in-
tegral equation defined on the boundary of the domain using the Green’s theorem.
Therefore, only the boundary of the domain needs to be discretized, which in turn
results in reducing the dimension of the problem at least by one. This is beneficial
from computational complexity point of view. However, in contrast to the finite dif-
ference or the finite element method where the resulting system of linear equations
has a sparse structure, here we get a dense system. Moreover,the boundary element
method is applicable to problems for which Green functions can easily be calculated,
for instance when the speed of wave propagation is constant.

It is beyond the scope of this thesis to study all these numerical methods for
wave propagation problems. We only note that each numericalmethod is applicable
for a certain type of problem. In order to choose a proper numerical algorithm, one
usually considers the accuracy and efficiency of the method.A major part of the
thesis focuses on developing accurate and efficient algorithms for some challenging
wave propagation problems.

One challenging computational problem, which is treated inpaper 5, [45], is
when the system of equations consists of second order hyperbolic PDEs, involving
mixed space-time derivatives. For instance, the harmonic formulation of Einstein’s
equations is a system of ten nonlinear second order hyperbolic equations with mixed
space-time derivatives. After linearizing and reducing tofirst order form, we obtain
a system of about sixty first order equations. This results ina notable increase in
the computational complexity. As a better alternative, theproblem can be treated in
the second order form without any order reduction. Althoughthe discretization of
the second order system involves more subtle analysis because of numerical stability
issues which are not present in first order formulations, this approach has advantages
for both computational efficiency and accuracy over the firstorder formulation. The
main difficulty in treating such second order systems is due tothe presence of mixed
space-time derivatives. For instance, if we simply use central difference approxima-
tions for both time and space derivatives, the scheme will not be stable for particular
choices of the coefficients in the equations.

As a model problem with similar properties, we consider the initial value problem
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for the second order hyperbolic system (2.7) with constant coefficientsAjk andBj ≡
C ≡ f ≡ 0, and the initial conditions (2.8). In order to introduce mixed derivatives
into the equations, we use a shifted coordinate

x = x̃ + β t, x̃ = (x̃1, . . . , x̃n) ∈ R
n, β = (β1, . . . , βn) ∈ R

n
+,

and obtain the shifted system

utt = 2P1(∂/∂x̃)ut − P 2
1 (∂/∂x̃)u + P0(∂/∂x̃)u, (2.14)

with the operators

P1(∂/∂x̃) =

n
∑

j=1

βj
∂

∂x̃j
, P0(∂/∂x̃) =

n
∑

j,k=1

Ajk
∂

∂x̃j

∂

∂x̃k
.

The shifted system (2.14) is an important model for describing black holes in nu-
merical relativity. The study of this system also provides afirm basis for solving the
harmonic Einstein system of equations, because of the existence of the mixed space-
time derivatives which are essential features of the Einstein equations. This type
of systems also arises in acoustic wave propagation in a medium with nonuniform
macroscopic motion.

We use the method of lines and reduce the system of partial differential equations,
in their second-order form, to a system of ordinary differential equations in time on
a spatial grid. We then apply the energy method and Fourier-Laplace transformation
to analyze and establish stable approximations.

Another challenging problem is numerical simulation of high frequency waves,
which is the subject of papers 1-4. We discuss such numericalmethods in the next
chapter in more detail.





Chapter 3

High Frequency Waves

Simulation of high-frequency wave propagation is important in many engineering
and science fields. Examples include radar and sonar technology, wireless commu-
nication, seismic tomography, medical imaging and non-destructive testing.

In this chapter, we study the numerical simulation of waves at high frequencies
and the underlying mathematical models used. For simplicity we will mainly discuss
the linear scalar wave equation,

utt − c(x)2∆u = 0, (x, t) ∈ R
n × R+, (3.1)

wherec(x) is the local speed of wave propagation of the medium. We comple-
ment (3.1) with initial data that generate high-frequency solutions. The exact form
of the data will not be important here, but a typical example would beu(x, 0) =
A(x) exp(iωk · x) where|k| = 1 and the frequencyω ≫ 1. With slight modifica-
tions, the techniques we describe will also carry over to systems of wave equations,
like the Maxwell equations and the elastic wave equation. See, for instance, [24]
where the linear Schrödinger equation is treated. We also define theindex of refrac-
tion asη(x) = c0/c(x) with the reference velocityc0 (e.g. the speed of light in
vacuum). For simplicity we will henceforth letc0 = 1.

3.1 Time-harmonic Helmholtz equation

We consider time harmonic waves of typeu(x, t) = v(x) exp(iωt) with ω fixed.
Inserting it into the time-dependent wave equation (3.1), we get the Helmholtz equa-
tion

c(x)2∆v + ω2v = 0. (3.2)

15
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When the wave frequency is high and the wavelength is short compared to the
size of the computational domain, we encounter a multiscaleproblem with a highly
oscillatory solution. Direct simulations based on the standard wave equations are
very expensive, since a large number of grid points is required to resolve the wave
oscillations. It is, therefore, a difficult computational problem, and computations are
a major challenge.

In general, numerical methods for high-frequency wave problems can be classi-
fied into three categories:

• Direct methods: One class of direct methods is based on the standard wave
equations. The accuracy of the solution is then determined by the number of
grid points or elements per wavelength, and the computational cost for a fixed
accuracy increases with increasing frequency. The computational complexity
is at leastO(ωn). Another class is based on integral equations. Given a bound-
ary condition, and a constant speed of propagation, the problem can be formu-
lated as an integral equation on the boundary. Therefore only the boundary
needs to be discretized instead of the whole domain, and the effective dimen-
sion isn − 1. Standard methods for solving the boundary integral equations
include the method of moments [21] and finite element methods[73, 55]. Us-
ing a fast iterative solver such as the fast multilevel multipole technique [9, 72],
the complexity of these methods will be almostO(ωn−1). There are, however,
efforts to find robust algorithms of complexityO(1), [17].

• Asymptotic methods: These methods are based on constructing asymptotic
expansions of the solution which are valid whenω → ∞. The accuracy in-
creases with increasing frequency for a fixed computationalcost. Most asymp-
totic techniques rely on geometrical optics equations withfrequency independ-
ent unknowns. Among other asymptotic methods are wave optical methods
(physical optics and physical theory of diffraction) and Gaussian beam meth-
ods.

• Hybrid methods: They combine direct and asymptotic techniques [43, 20].
Direct methods are applied on the regions where the geometric variations or
the variations inc(x) are of the same scale as the wavelength, and asymptotic
methods are applied elsewhere. In some cases a linear combination of both
methods are used.

In what follows, we will briefly review variants of geometrical optics approxim-
ations. Instead of the oscillating wave field the unknowns instandard geometrical
optics are the phase and the amplitude, which typically varyon a much coarser scale
than the full solution. Hence, they should in principle be easier to compute numer-
ically. The main drawbacks of the infinite frequency approximation of geometrical
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optics are that diffraction effects at boundaries are lost,and that the approximation
breaks down at caustics, where the predicted amplitude is unbounded. For these situ-
ations more detailed models are needed, such as the geometrical theory of diffraction
[31], which adds diffraction phenomena by explicitly taking into account the geo-
metry of Ω and boundary conditions. The solution’s asymptotic behavior close to
caustics can also be derived, and a correct amplitude for finite frequency can be com-
puted [36, 42, 22]. Numerically this can for instance be donewith Gaussian beams
[53, 2].

3.2 Geometrical Optics

In order to solve the Helmholtz equation (3.2) for large values ofω, we seek solutions
of the form

v(x) = a(x, ω)eiωφ(x), x ∈ R
3. (3.3)

The real-valued phase functionφ(x) is independent ofω, and the amplitude function
a(x, ω) is assumed to be expanded in inverse powers ofω,

a(x, ω) ≈

∞
∑

k=0

ak(x)(iω)−k =

n
∑

k=0

ak(x)(iω)−k + O(ω−n). (3.4)

It means that the series is an asymptotic expansion ofa asω → ∞. It is known as
the asymptotic WKBJ expansion, [22]. Geometrical optics (GO) only considers the
leading term of the series (k = 0), which is called the the geometrical optics term.
Putting (3.3) with the leading term of (3.4) into (3.2) and canceling the phase factor
eiωφ, we get

|∇φ|2 = η(x)2, (3.5)

2∇φ · ∇a0 + a0∆φ = 0. (3.6)

Equation (3.5) is theeikonal equation, which is a first order non-linear PDE for
φ(x). Equation (3.6) is thetransportequation, which is a linear PDE with variable
coefficients fora0, onceφ is known.

GO can also be formulated in terms of ODEs. We first note that the eikonal equa-
tion is a nonlinear Hamilton-Jacobi equation with HamiltonianH(x, p) = |p|/η(x) ≡
1, wherep = ∇φ is theslownessvector. We let(x(t), p(t)) be a bi-characteristic
related to this Hamiltonian. SinceH is constant along them,H(x(t), p(t)) =
H(x0, p0), we get the so calledray equations,

dx

dt
= ∇pH =

1

η2
p,

dp

dt
= −∇xH =

∇η

η
. (3.7)
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There are also ODEs for the amplitude, [11].
There is yet another formulation for GO based on a kinetic viewpoint. Con-

sidering rays as trajectories of particles (photons) and introducing the phase space
(t, x, p), we note that the evolution of these particles in the phase space is given by
the ray equations (3.7). We letf(t, x, p) be a particle density function. It will then
satisfy theLiouville equation,

ft + ∇pH · ∇xf −∇xH · ∇pf = 0, (3.8)

where∇pH and∇xH are given by (3.7).
There are different numerical techniques based on the threedifferent mathemat-

ical models of GO:

1. Numerical methods based on theray equations (3.7) includeray tracing[8, 29,
38]. In this method the ODEs (3.7) together with the ODEs for the amplitude
are solved with standard ODE solvers such as 2nd or 4th order Runge-Kutta
methods, giving the phase and amplitude along the rays. The solution at a
desired point is then interpolated from the solutions alongthe rays. This can be
rather difficult in the regions where ray tracing produces diverging or crossing
rays. Moreover, ray tracing is only of interest for problemsinvolving a small
number of source points. For problems with many source points, ray tracing
may be computationally expensive.

2. Numerical methods based on theeikonalequation (3.5) are Hamilton-Jacobi
methods. They solve the eikonal and transport equations on auniform Eulerian
grid to control the error everywhere. Different types of numerical techniques
have been proposed to compute the unique viscosity solutionof the eikonal
equation, including upwind methods of ENO or WENO type [69, 68, 52], fast
marching method [66, 58, 59, 54], group marching method [32]and sweeping
method [57, 33, 65]. However, since the eikonal equation is anonlinear equa-
tion for which the superposition principle does not hold, these methods fail
to capture multivalued solutions corresponding to crossing rays. Among the
methods proposed for computing multivalued solutions are adomain decom-
position based method by detecting kinks [15], big ray tracing [3, 1] and slow-
ness matching method [62, 63]. The multivalued solutions, in these methods,
are constructed by putting together the solutions of several eikonal equations.
Nevertheless, finding a robust technique to compute multivalued solutions is
still a computational challenge.

3. Numerical methods based on thekinetic equation (3.8) are so called phase
space methods. The Liouville equation, like ray equations,benefits from the
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linear superposition principle. Moreover, its solution can be computed on a
fixed Eulerian grid. There is, however, a drawback with directly solving the
Liouville equation. Because of introducing the phase spaceand increasing the
number of independent variables, a direct simulation will computationally be
very expensive. There are two different approaches to overcome this draw-
back; wave front methods and moment-based methods. In the former, special
wave front solutions are computed, and the later is based on transforming the
Liouville equation to a system of conservation law equations for moments of
f in the reduced space(t, x). See, for instance, [40, 6, 10, 56]. The clas-
sical wave front methods include Lagrangian front tracking, wave front con-
struction [70], the segment projection method [12, 64] and level set method
[51, 41, 27, 26, 25]. Related methods are the fast phase spacemethod [16] and
the phase flow method [76].

See [11, 4] for a survey of geometrical optics approximations.

3.3 Geometrical Theory of Diffraction

There are two deficiencies in the GO solution described above. First, it does not
include diffraction effects. Secondly, it breaks down at caustics, wherea0 is unboun-
ded. To overcome the first deficiency, in addition to the incident and reflected rays of
GO, new classes of rays, namelydiffracted rays, should be introduced to construct
the full asymptotic expansion of the solution.

Geometrical theory of diffraction (GTD), developed by J. Keller [31], provides
a technique for adding diffraction effects to the geometrical optics approximation.
GTD is often used in scattering problems in computational electromagnetics, where
boundary effects are of major importance, for example in radar cross section calcu-
lations and in the optimization of base station locations for cell phones in a city.

There are various kinds of diffracted rays. One type of diffracted rays is generated
when there is a discontinuity in the scatterer surface, suchas edges, tips or changes
in material properties. At these singular points an infiniteset of diffracted rays are
produced which obey the usual geometrical optics equations. The amplitude of each
diffracted ray is proportional to the amplitude of the ray hitting the corner and a
diffraction coefficientD. The coefficientD depends on the directions of the inducing
and diffracted rays, the frequency, the local boundary geometry and the shape of the
incident wave front. In Figure 3.1 (left), the incident ray hitting the tip of a wedge
generates a reflected ray, another ray that continues past the tip, and infinitely many
diffracted rays in all directions.
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Figure 3.1: Diffraction by discontinuous and smooth scatterers. Left figure shows
diffraction of an incident fielduinc by a wedge. The incident ray hitting the tip
of the wedge generates a reflected ray, another ray that continues past the tip, and
infinitely many diffracted raysud in all directions. Right figure shows a creeping
ray uc induced by the incident fielduinc at the north pole of a perfectly conducting
cylinder, where the incident direction is orthogonal to thesurface normal. As the
creeping ray propagates on the boundary, it continuously emits surface-diffracted
raysud with exponentially decreasing initial amplitude.

One typical improved expansion adds diffracted rays to GO byadding extra cor-
rection terms to the asymptotic solution (3.3-3.4),

v(x) = a(x, ω)eiωφ(x) + b(x, ω)eiωφd(x), b(x, ω) ≈
∞
∑

k=0

bk(x)(iω)−k− 1

2 ,

(3.9)
whereφd(x) andbk(x) are the phase and amplitudes associated with diffracted rays.
More elaborate expansions must sometimes be used, such as those given by theuni-
form theory of diffraction(UTD), [35].

Another type of diffraction is generated even for smooth scatterers. When an
incident field hits a smooth body there will be a shadow zone behind it and the geo-
metrical optics solution will again be discontinuous. There is a curve (point in 2D)
dividing the shadow part and the illuminated part of the body. Along thisshadow
line (shadow point in 2D) the incident rays are tangent to the bodysurface. The
shadow line will act as a source forcreeping rays, that propagate along geodesics on
the scatterer surface, if the surrounding medium is homogeneous,η ≡ 1. The creep-
ing ray carries an amplitude proportional to the amplitude of the inducing ray. At
each point on a convex surface with perfectly conducting material, the creeping ray
sheds surface-diffracted rays in the tangential direction, with its current amplitude.
The amplitude decays exponentially along the creeping ray’s trajectory. In three di-
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mensions, the amplitude also changes through geometrical spreading on the surface.
The diffracted rays follow the usual geometrical optics laws. A 2D example is shown
in Figure 3.1 (right). The incident ray hitting the north poleof a perfectly conduct-
ing circular cylinder generates a creeping ray propagatingon the cylinder boundary
and shedding diffracted rays along its way. Note that another creeping ray will be
generated by the incident ray hitting the south pole.

The diffracted rays generated by discontinuities and shed by creeping rays obey
the usual geometrical optics equations. The main computational task is thus based
on the standard GO approximation discussed in Section 3.2. However, computing
creeping ray contribution to the field involves more technicalities, and one needs to
find geodesics on the scatterer surface as well. We assume that the scatterer surface
can be represented by a regular parameterizationx = X̄(u), wherex = (x, y, z) ∈
R3 is the coordinate in3D physical space, and the parametersu = (u, v) belong to
a setΩ ⊂ R2. Let the scatterer be illuminated by incident rays in a certain direction,
and assume that the shadow lineu0(s) is represented by a curve in parameter space,
with s being the arc length parameterization. A wave field, associated to the creeping
rays, is generated on the surface

vs(u) = a(u)eiωφ(u), (3.10)

whereφ(u) anda(u) are surface phase and amplitude. The creeping rays are related
to (3.10) in the same way as the standard GO rays are related tothe leading term of
the series (3.3-3.4). Like in GO, the surface wave field can beformulated as a system
of either ODEs or PDEs. In the ODE formulation, we obtain a system of equations
known assurface rayequations. In the PDE formulation, we getsurface eikonaland
surface transportequations. See [30, 44]. Based on these two formulations, there
are different numerical techniques for computing creepingrays. Lagrangian tech-
niques are based on surface ray equations. The simplest and most common method
is standard ray tracing which solves these ODEs on triangulated surfaces [23]. As-
suming the geodesic paths are given by piecewise linear curves, it is possible to find
the linear ray path on each triangle, analytically. This method gives the surface phase
and amplitude solutions along creeping rays. Interpolation must then be applied to
obtain the solution everywhere. But, in regions where rays cross or diverge this can
be rather difficult. However, the interpolation can be simplified by using wave front
methods [71, 20] in which, instead of individual rays, an interface representing a
wave front is evolved. Nevertheless, for some problems, such as radar cross section
(RCS) computations, where creeping rays from all illumination angles must be com-
puted, Lagrangian methods can be computationally expensive. Eulerian techniques
are based on surface eikonal and surface transport equations. These PDEs are discret-
ized on fixed computational grids, and there is no problem with interpolation [34].
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However, these equations only give the correct solution when it is a single wave. In
the case of crossing waves, more elaborate schemes have beendevised to capture
multivalued solutions, [47, 75].

In paper 1, [47], we present an adaptation of the fast phase space method, [16], for
standard geometrical optics to computation of creeping waves. This method is based
on a new PDE formulation of creeping rays given by so calledescape equations.
The escape PDEs solutions contain information about all possible creeping rays in
all directions. To extract properties like phase and amplitude for a ray family, post-
processing of the solution is needed.

This method requires one fixed parameterization of the scatterer. It has however
been modified in paper 2, [48], for more complex scatterer surfaces which cannot be
represented by a single non-singular explicit parameterization. The surface is split
into several simpler surfaces with explicit parameterizations. These multiple patches
collectively cover the scatterer surface in a non-singularmanner. The escape PDEs
are solved in every patch, individually. The creeping rays on the scatterer are then
computed by connecting all individual solutions through a fast post-processing. The
inter-patch boundaries are treated by the continuity of creeping rays.

3.4 Gaussian Beams

Close to caustics the amplitude grows rapidly in the geometrical optics approxima-
tion and blows up at the caustic itself. In reality the amplitude remains bounded, but
increases with the frequencyω. The error in the standard series expansion (3.3-3.4)
is thus unbounded around caustics. To capture the actual solution behavior there are
better expansions that have small errors uniformly inω, derivede.g.by Ludwig [42]
and Kravtsov [36]. The expansions are different for different types of caustics. For
a fold caustic there are two ray families meeting at the caustic, with phasesφ+ and
φ−. Letting ρ = 3

4 (φ+ − φ−) a more suitable description of the solutionu in this
case is

u(x) = ω1/6 eiωφ(x)

(

Ai(−(ωρ(x))2/3)

∞
∑

k=0

Ak(x)(iω)−k

+ iω−1/3Ai ′(−(ωρ(x))2/3)
∞
∑

k=0

Bk(x)(iω)−k

)

,

where Ai is the Airy function. The dominant term close to the caustic,|ρ|ω ≪ 1 is of
the orderO(ω1/6) with an error ofO(ω−1/3). Away from the caustic, on the convex
side whereρ > 0, we can use the fact that|Ai(−x)| ∼ x−1/4 and|Ai ′(−x)| ∼ x1/4
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for largex, to conclude that the dominant term is of the orderO(1) with an error of
O(ω−1), i.e. the standard situation for geometrical optics.

We will now discuss the Gaussian beam method for computing the wave field at
caustics. The Gaussian beam method is an asymptotic method for computing high-
frequency wave fields in smoothly varying inhomogeneous media. It was proposed
by Popov [53], based on an earlier work of Babic and Pankratova [2]. Gaussian
beams are closely related to ray tracing, but instead of viewing rays just as character-
istics of the eikonal equation, Gaussian beams are fatter rays: They are approximate
high frequency solution to the wave equation or the Helmholtz equation which are
concentrated on a standard ray. Contrary to standard GO rays, Gaussian beams ac-
cept complex valued phase functions. The main advantage of this construction is that
Gaussian beams give the correct solution also at caustics where standard geometrical
optics breaks down.

We now review the governing equations. We first note that because of the con-
straintH(x, p) = 1, or |p| = η(x), the dimension of the phase space(x, p) can
actually be reduced by one. For example in two dimensions, with x = (x, y), by
settingp = η(cos θ, sin θ) and usingθ as a dependent variable in (3.7) instead ofp,
we get the reduced equations,

dx

dt
= c(x, y) cos θ, (3.11a)

dy

dt
= c(x, y) sin θ, (3.11b)

dθ

dt
=

∂c

∂x
sin θ −

∂c

∂y
cos θ. (3.11c)

We consider a ray in a two-dimensional Cartesian coordinatesystemx, y given by
the ray tracing system (3.11). In orthogonal ray-centered coordinates(t, q), whereq
is the axis perpendicular to the ray at pointt with the origin on the ray, the paraxial
Gaussian beam solution closely concentrated about the central ray is given by

u(t, q, ω) = A(t, q) exp {iωφ(t, q)}. (3.12)

Here the complex-valued amplitudeA and the phaseφ are given by the eikonal and
transport equations with complex initial data forφ of the typeφ(0, q) ∼ iq2 to give
u(0, q) a Gaussian profile. They are approximated by Taylor expansions. For first-
order Gaussian beams, for instance, we have

A ≈ A(t, 0) =
√

c(x(t), y(t))/Q(t), (3.13)

φ ≈ φ(t, 0) + qφq(t, 0) +
q2

2
φqq(t, 0) = t +

q2

2

P (t)

Q(t)
. (3.14)
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The complex-valued scalar functionsP andQ satisfy thedynamic ray tracingsystem

dQ

dt
= c2 P,

dP

dt
= −

1

c
(cxx sin2 θ − 2cxy sin θ cos θ + cyy cos2 θ)Q.

(3.15)

As initial data for (3.15), we may choose

Q(0) = Q0 > 0, P (0) = i.

One can show that this choice will guarantee that two important conditions are satis-
fied along the ray:Q(t) 6= 0 andIm(P (t)/Q(t)) > 0. The first condition guarantees
the regularity of the Gaussian beam (with finite amplitudes at caustics). The second
condition guarantees the concentration of the solution close to the ray. Note that for
higher order Gaussian beams, we need to include more terms inthe Taylor expan-
sions and in the WKBJ expansion.

In the Gaussian beam summation method, the initial/boundary condition for the
wave field is decomposed into initial conditions for Gaussian beams. Individual
Gaussian beams are computed by solving the ray tracing and dynamic ray tracing
systems (3.11,3.15). The contributions of the beams concentrated close to their cent-
ral rays are determined by the approximations (3.13,3.14) entered in (3.12). The
wave field at a receiver is then obtained by a superposition ofthe Gaussian beams
situated close to the receiver, [67].

In paper 3, [49], we study the accuracy of Gaussian beam summation method
and derive error estimates related to the Taylor expansionsfor beams of any order.
For first-order beams, for example, we show that the error is of orderO(ω−1). In
fact, because of error cancelation effects between the beams, the error is smaller than
O(ω−1/2) which a simple analysis would indicate. Moreover, we investigate the
effect of beam widths on the accuracy when the speed of propagation is constant.
It has been proposed that the optimal choice of the initial parameters,Q(0) and
P (0), produce Gaussian beams of minimum width at a receiver point, see [67] for
instance. The main motivation for this choice is that for wide beams the Taylor
expansion error should be large. Moreover, from the computational point of view, it
is more convenient to work with beams which are as narrow as possible, because in
the case of variable speed of propagation, where the centralrays can bend, at some
distance from the rays the phase may become non-smooth and therefore the Gaussian
beam approximation may break down. However, we show that this choice will not
necessarily give the minimum error in the case of constant speed of propagation.
The optimal choice of the parameters should minimize the error and is still an open
question.
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In paper 4, [50], we construct a wave front method based on Gaussian beams.
The method tracks a front of Gaussian beams with only two particular initial values
(Q1(0), P1(0)) = (1, 0) and(Q2(0), P2(0)) = (0, 1), where(Q1, P1) and(Q2, P2)
solve (3.15). This allows direct recreation of any other beam propagating from the
initial front into the computational domain at no extra cost.Therefore, optimization,
based on the minimization of either the beam width or the error is possible in the
algorithm.





Chapter 4

Summary of Papers

4.1 Paper I: A Fast Phase Space Method for Computing
Creeping Rays

In this paper, we consider creeping ray contributions to high frequency scattering
problems. We assume that the scatterer surface can be represented by a single para-
meterization and present a new Eulerian formulation for theproblem. Following
the discussions in Section 3, we derive a set ofescapepartial differential equations
in a three-dimensional phase space. The equations are then solved on a fixed com-
putational grid using a version of first-order accurate fastmarching algorithm. The
solution to the escape equations contain information aboutall possible creeping rays.
This information includes the phase and amplitude of the rayfield, which are extrac-
ted by a fast post-processing.

We consider an application to mono-static radar cross section problems where
creeping rays from all illumination angles must be computedand present the numer-
ical results of the fast phase space method.

This paper is published in Journal of Computational Physicsand has entry [47]
in the bibliography.

4.2 Paper II: A Multiple-patch Phase Space Method for
Computing Trajectories on Manifolds with Applications to
Wave Propagation Problems

In this paper, we present a multiple-patch phase space method for computing tra-
jectories on two-dimensional manifolds possibly embeddedin a higher-dimensional

27
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space. The dynamics of trajectories are given by systems of ordinary differential
equations (ODEs). We split the manifold into multiple patches where each patch
has a well-defined regular parameterization. The ODEs are formulated asescape
equations, which are hyperbolic partial differential equations (PDEs) in a three-
dimensional phase space. The escape equations are solved ineach patch, individu-
ally. The solutions of individual patches are then connected using suitable inter-patch
boundary conditions. Properties for particular families of trajectories are obtained
through a fast post-processing.

We apply the method to two different problems: the creeping ray contribution
to mono-static radar cross section computations and the multivalued travel-time of
seismic waves in multi-layered media. We present numericalexamples to illustrate
the accuracy and efficiency of the method.

This paper is published in Communications in Mathematical Sciences and has
entry [48] in the bibliography.

4.3 Paper III: Taylor Expansion Errors in Gaussian Beam
Summation

In this paper, we study the accuracy of Gaussian beam summation method and derive
error estimates related to the Taylor expansion of the phaseand amplitude off the
center of the beam. Unlike standard geometrical optics, Gaussian beams compute the
correct solution of the wave field also at caustics. We show that in the case of using
odd order beams, the error is smaller than a simple analysis would indicate because
of error cancellation effects between the beams. Since the cancellation happens only
when odd order beams are used, there is no remarkable gain in using even order
beams. Moreover, in the case of constant coefficient equations, i.e. when the speed
of propagation is constant, the local beam width is not a goodindicator of accuracy,
and there is no direct relation between the error and the beams width. We present
numerical examples to verify the error estimates.

This paper has entry [49] in the bibliography.

4.4 Paper IV: A Wave Front-based Gaussian Beam Method for
Computing High Frequency Waves

In this paper, we present a wave front method based on Gaussian beams for com-
puting high-frequency wave propagation problems. The method tracks a front of
Gaussian beams with two particular initial values for widthand curvature which al-
lows the direct recreation of any other beam propagating from the initial front into
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the medium. This is used to approximate the field with different, optimally chosen,
beams in different points on the front. The performance of the method is illustrated
with two numerical examples.

This paper has entry [50] in the bibliography.

4.5 Paper V: Finite Difference Schemes for Second Order
Systems Describing Black Holes

In this paper, we construct stable finite difference algorithms for second order hy-
perbolic systems arising in numerical relativity. We treatequations in second-order
differential form without reducing them to first-order form. We apply the algorithms
to a model black hole space-time consisting of a spacelike inner boundary excising
the singularity, a timelike outer boundary and a horizon in between. These algorithms
are implemented as stable, convergentnumerical codes and their performance is com-
pared in a 2-dimensional excision problem.

This paper is published in Journal of Physical Review D and has entry [45] in the
bibliography.

4.6 Paper VI: Hyperbolic Initial Boundary Value Problems
which are not Boundary Stable

In this paper, we extend the theory of boundary stable hyperbolic problems to a model
problem which is not boundary stable. The Kreiss symmetrizer technique gives sharp
estimates of the solution of hyperbolic initial boundary value problems including es-
timates at the boundaries. In this case, the problem is called boundary stable. There
are, however, problems which are not boundary stable but arewell-posed in a weaker
sense, i.e., we can obtain energy estimates in the interior of the domain. These types
of problems are important in many applications, including seismic, optical and grav-
itational waves. We consider a model problem which may not beboundary stable
depending on the choice of boundary conditions. We show thatthe general theory of
hyperbolic systems can be extended to this case, and the symmetrizer technique can
be used to derive estimates of the solution off the boundary.

This paper has entry [46] in the bibliography.
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