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Abstract
Determining suitable controllers for the process of evaluating dynamic per-
formance of multiple versions of an aircraft’s aerodynamical, geometric and
propulsive properties in its conceptual stage is an expensive task.

In this report a proposition is made to utilize a generalized feedback lin-
earizing controller that offers the aircraft designer valuable insight into the
manoeuvre performance of their aircraft. This is carried out by first estab-
lishing fundamental requirements for a controller capable of treating a generic
airframe, and formulating the resulting control laws.

It is shown in this report, that with a sufficiently simple aerodynamic and
propulsive model explicit feedback linearization is possible with satisfactory
performance and robustness. Whereas it would be necessary to implement
INDI if explicit inverse mappings are not obtainable. Which in turn would
introduce additional tuning parameters.

Robustness verification is performed in two stages, firstly by introducing
a high model uncertainty within the flight control system and showing, via
simulation, that the control system successfully performs desired multi-axial
manoeuvres whilst managing to maintain the induced side slip below 0.1◦.
Secondly by disturbing the aircraft with a discrete side slip. Critical side slip
disturbance angle was found to be considerably larger than that for regular
aircraft entailing that the used case study may be somewhat over dimensioned
with respect to yaw control authority.
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Chapter 1

Introduction

Since its inception, Nonlinear Dynamic Inversion (NDI) has proven to be a
valuable tool for flight mechanics adaptation [1]. The concept of including
either the total model or a simplified version of it within the flight control
system (FCS) makes much intuitive sense. The concept is of particular interest
here as it shows great promise in that a generalized control structure can be
conceived for an FCS at the end of a concept design cycle to conceiving one
without actually knowing too much regarding the aircraft’s physical properties
a priori.

In [2], it becomes evident that in order to assess the performance of many
different versions of agile aircraft, design cycles are needed to be cut short. It
is clear that this must also include the aircraft’s control system.

In the flight mechanics context it can be regarded somewhat outdated to
only perform linearized state space analysis of a system, although a consid-
erable amount of established theory in control engineering allows for deter-
mining stability and performance of the system. This is the case since if the
linearized aircraft dynamics around a certain stationary state is found to be un-
stable, it is sufficient to infer that the same holds for the true, nonlinear system
[3]. However stable linearized dynamics does not necessarily entail any stable
nonlinear dynamics1. A possible solution to this lies within the range of NDI
capabilities.

In order to handle a generic type aircraft, some rigorous assumptions must
be made as well as reformulating the physical properties in order to produce
control system - aircraft compatibility in a broad sense [1]. In [4], they exam-
ine NDI as a control algorithm for a pilot by scheduling the controlled output

1With the latter, for our purposes, describing the best representation of true physics of
flight.
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2 CHAPTER 1. INTRODUCTION

variable based on the magnitude of pilot input. Issues such as handling qual-
ities and pilot-aircraft interaction whilst both minimizing loss of aircraft per-
formance and simultaneously ensuring robustness are of vital interest. This
report, however, mainly focus on controlling the aircraft states without much
regards to pilot behaviour as the main objective is to offer an aircraft designer a
testbed for possible aerodynamic, structural and propulsive concepts, without
having to redesign the entire control system between design cycles or having
to bother with the time consuming task of gain scheduling to obtain dynamic
performance of a satisfactory region of flight envelop.

It is shown in [5] that robustness can be achieved of an unmanned aerial
vehicle (UAV) with simplified aerodynamics. A case is made to explore the
asymptotic stability of the control system by enforcing some limitations on the
Moore-Penrose Pseudo Inverse of the system matrices derived for each of the
subsystems. In this report a more heuristic approach is taken with regards to
the system stability.

In related research of Incremental Nonlinear Dynamic Inversion (INDI)
control as possible FCS [6], [7] INDI regulators have proven to be particu-
larly robust in coping with actuator faults and large model uncertainties. In
[6], sensitivity to sensor delay is examined and mitigated via a predictive fil-
ter superimposed on the INDI control law in order to control angular body
rates. Their results show promise in the resulting predictive incremental non-
linear dynamic inversion controller (PINDI) as a case can be made that sensor
ineffectiveness is the critical limiting factor for the capabilities of INDI.

In [8] backstepping control laws seem to perform well in providing nonlin-
ear control for zero side slip attitude manoeuvres but implies that we require
a somewhat rigid structure for the aircraft’s aerodynamic model. Moreover in
[9] a case is made that although block backstepping may provide a more robust
and high performing controller, it comes at a cost of having to tune much more
parameters in between design cycles.

In summary; the mission statement of ascertaining a general robust con-
troller is reduced to performing the trade-off in reliance of the physical mod-
elling and cautiousness to the bias it may bring with it.

The report is structured as follows; in the "Modelling" section we shall see
some scope of the resulting first order differential equations. Subsequently
a general case of the NDI-algorithm will be presented and a number of key
concepts are explained before the algorithm is applied to formulate necessary
control laws for aircraft attitude control. The control structure is then tested
for step responses in lateral and longitudinal control of an UAV. A verification
of its robustness is then performed.



Chapter 2

Methods

2.1 Modelling
In the modelling work, the following main assumptions are made:

1. Rigid body mechanics, no aeroelastic phenomena are modelled.

2. Contribution to linear and rotational momenta are strictly generated by
aerodynamic and propulsive forces acting at the aircraft center of mass.

3. The nominal control signals are a minimization of normalized control
efforts such that the control surface deflections uδ = [δa δe δr] are, in a
sense, optimally allocated to their respective degree of freedom a priori.

4. The aerodynamic forces and moments are described as Taylor series ex-
pansions in some neighbourhood1(x0,u0) ∈ D0 ⊂ Rm+n.

5. The earth surface curvature is infinitesimal, and the earth surface is non-
rotating.

2.1.1 Rigid Body Equations of Motion
The state representation of the aircraft is partitioned into more suitable blocks
with regards to their respective time scales

xv = [V χ γ] , ˙̃xv = [−χ̇ sin γ γ̇ χ̇ cos γ]

xw = [µ α β] , Ωb = [p q r] , xpos,e = [xe ye ze]
(2.1)

1This comes at a loss of accuracy in modelling the true physics of flight as phenomena
such as lift hysteresis can not be modelled with this assumption.

3



4 CHAPTER 2. METHODS

Figure 2.1: Reference axes for of mass located atOB,W,V shifted by the vector xpos,e from
OE . The airspeed direction in the W-frame is defined by rotations of the angles α and β from
the aircraft’s symmetry axes in the B-frame.

The definition of each state block is given by Figure 2.1 and Figure 2.2 the
dynamics of each state block is given according to

ẋv = diag{1, 1

V cos γ
,− 1

V
} [TvbAb + Tvege] (2.2)

ẋw = Q(α, β)−1
[
−Tbv

˙̃xv + Ωb

]
(2.3)

Ω̇b = J−1 [Mb −Ωb × JΩb] (2.4)
ẋpos,e = V [cosχ cos γ sinχ cos γ − sin γ] (2.5)

The notation is given such that subscript b denotes the body frame, subscript
e denotes the earth frame, subscript w denotes the wind frame and lastly sub-
script v denotes the velocity frame. Furthermore, the transformation matrices
T rotate vectors in their right subscript to vectors in their left subscript. Such
that the matrix Tvb for example, transforms a vector with coordinates in the
B-frame to a vector with coordinates in the V-frame [10]. The nominal con-
trol authority in the system described by Equation (2.2) to Equation (2.5) is
contained in the aerodynamic and propulsive moments, Mb = [Mx My Mz]

and the transversal accelerations due to aerodynamics and propulsive forces
Ab = [Ax Ay Az] all of which given with respect to the rigid body’s center
of mass. Furthermore we are only concerned with the non redundant con-
trol problem. In other words that each degree of freedom is controlled by no
more than necessary signals. The moment coefficients need to be given with
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Figure 2.2: The V-system has its origin shifted to the origin of the B-frame by xpos,e. The
x-axes of any reference frame should not be confused with state vectors in Equation (2.2) to
Equation (2.5), the reader is urged to keep eq. (2.1) in mind to avoid such confusions.

respect to the aircraft center of gravity. If the moment coefficients are taken
with respect to another point in the aircraft, e.g. the aerodynamic center, which
would be a natural choice from an aerodynamics point of view, the last term in
the moment equation for body angular rates becomes non-zero, and controlla-
bility conditions of the aircraft are negatively affected with a desired control
architecture. Processing the aerodynamics data wisely entails that the general
expressions for the moments exerted on the aircraft,

Mb = Ma + Mδ + (rcg − rac)× Fa, (2.6)

can be simplified into
Mb = Ma + Mδ. (2.7)

With the justification that if rcg is varying with time the moments and forces
can be corrected for by choosing rac = rcg ∀ t. We shall not bother with
resolving this explicitly, instead it is assumed that resolving this can be done
without much problem, and we let rcg be constant with time.

2.1.2 Actuator dynamics
All actuator dynamics are modelled as first order delays of their commanded
settings uc such that the dynamics for the control actuators are given by

u̇ = diag{τth, τa, τe, τr} [uc − u] (2.8)

Moreover the control surfaces are limited according to conventional saturation
functions

sat(uδ) = sign(uδ)min{|uδ|,ub,δ}, (2.9)
sat(u̇δ) = sign(u̇δ)min{|u̇δ|, u̇b,δ} (2.10)
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in both position and their rates. The ’min’ operator here means elementwise
selecting a minimum between the current control signal, uδ,i and a prescribed
bound ub,i, of that signal ∀ i ∈ {a, e, r}. Note that the throttle actuators are
intentionally slowed down and placed in another time scale than the control
surface actuators. This may be regarded as necessary when later designing
the control laws in order to not let the slow dynamics directly interact with the
fast rotational dynamics.

2.2 Control Theory
In the subsequent section some relevant control theory algorithms are intro-
duced.

2.2.1 Nonlinear Dynamic Inversion
Suppose the dynamics of a system are given by

ẋ = f(x) + g(x)u

y = h(x)
(2.11)

such that ẋ is the state vector dynamics, u is the control vector and y is the
measured output vector and f(x) : Rn → Rn, g(x) : Rn → Rn×m and
h(x) : Rn → Rm are all continuous and sufficiently differentiable func-
tions. The considered tracking problem can be simply formulated as achiev-
ing ey = y − yc → 0 as t → ∞ for some commanded output yc. Now, the
dynamic inversion approach to solve this problem lies in finding an explicit
formulation for y in terms of u and choose some u such that it both matches
the nonlinearities in the system and simultaneously achieves some prescribed
dynamics with the remaining control authority. The algorithm can thus be
broken down into three main tasks;

1. Identify the output on control affine form.

2. Invert the output relation to the control signal in order to formulate the
feedback linearizing control law, u.

3. Formulate a suitable linear auxiliary control law, ν.

We shall examine how this is accomplished in the following paragraph.
Assuming that h(x) isn’t explicit in u already2, the main approach in order

2In the event that h(x) already is explicit and/or affine in u, only the task of inversion
remains.
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to obtain an output on control affine form is achieved by differentiating the
measurable output vector,

ẏ =
d

dt
h(x) =

∂h(x)

∂x
ẋ (2.12)

which, if written in terms of the system dynamics in eq. (2.11), gives

ẏ =
∂h(x)

∂x
[f(x) + g(x)u] . (2.13)

Here, it becomes relevant to invent some simpler notation for vector valued
function multiplications, let

Lf h(x) =
∂h

∂x
f(x) (2.14)

Lgh(x) =
∂h

∂x
g(x) (2.15)

Where, Lf h(x), Lgh(x) are known as the first Lie derivatives of h(x) on the
directions f(x) and g(x) respectively [3]. It is of vital interest to evaluate the
vector function Lgh(x) : Rn → Rm, as this renders the relative degree of y.
Particularly it can be said that the output

ẏ = Lf h(x) + Lgh(x)u (2.16)

has relative degree r = 1, if

Lgh(x) 6= ~0, ∀ x ∈ D ⊂ Rn (2.17)

Hence y is input to output linearizable with the control law

uNDI = [Lgh(x)]−1 (ν − Lf h(x)), (2.18)

which could be controlled by the closed loop linear system

ẏ = ν = −Key (2.19)

with respect to an auxiliary control signal, ν and the output y. In the event
that Lgh(x) ≡ 0 for some region3 x ∈ D ⊂ Rn, further differentiation of the
expression given by Equation (2.13) is necessary. Specifically until

y(η) = Lηf h(x) + LgL
η−1
f h(x)u, LgL

η−1
f h(x) 6= ~0, (2.20)

3In a flight mechanics context such a region correspond to a sufficiently large part of the
flight envelop.
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where y(η) denotes the η derivative of the output vector. Now the feedback
control law is obtained in much the same manner as before, that is

uNDI =
[
LgL

η−1
f h(x)

]−1
(ν − Lηf ), (2.21)

implying that the relative degree of the output in eq. (2.20) is r = η.
Note that the input to output linearizability claim can be made using the

implicit function theorem. Where the invertibility of the system doesn’t nec-
essarily require differentiability of f(x),g(x) and h(x) [11][12]. This result
is of interest as it shows that the feedback linearizing control law doesn’t nec-
essarily have to contain f(x),g(x) and h(x), although a method other than
by differentiation to find the inverse mapping isn’t directly obtained by the
implicit function theorem.

Moreover it must be mentioned that if η < m the closed loop system is po-
tentially subjected to uncontrolled dynamics, in literature known as internal
dynamics [3]. This makes sense intuitively, since if the inverse mapping via[
LgL

η−1
f h(x)

]−1 is nonsingular for some η < m, the stable auxiliary control
signal, ν will only be concerned with those outputs, leaving the m − η inter-
nal states uncontrolled. The issue is treated by careful choice of a necessary
relative degree when making a control allocation. For the final control system
we shall see that this requires allocating input to output by relative degree one
in a two-loop cascaded system.

2.2.2 Time Scale Separation
Roughly summarizing the concept of time scale separation (TSS) it can be said
that for the fastest dynamics in eq. (2.11) all other states seem constant with
time, as the fast subsystem response time is considerably shorter than that of
the others.

Fast dynamics in a subsystem allows whatever variable that’s driving it4 to
assume that the faster dynamics will have either fully or partially converged
before the slower dynamics can can ask for new convergence(s).

Fundamentally the time scale separation in classical flight mechanics con-
text becomes separation of the eigenvalues of the linearized system. In the
longitudinal case, the aircraft’s short period mode may be regarded as activa-
tion of fast dynamics, involving the aircraft’s pitch rate whereas the phugoid
specifies the longitudinal slow dynamics, i.e. the interaction of the velocity
vector’s magnitude and orientation. Conversely, in the lateral case the fast

4preferably the closest one(s) in response time(s).
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dynamics consist of the dutch roll, actuating the aircraft’s yaw and roll rates,
whereas the spiral defines deviation of the velocity vector with respect to the
horizontal plane [13].

Consequently TSS becomes a very strong concept in conjunction with NDI
when designing aircraft control laws. One might even argue that it’s a neces-
sary concept in order to break down the considerably harder problem of in-
verting the dynamics for the full state space simultaneously into achieving the
same thing by inverting dynamics for multiple control loops that operate in
separate time scales.

2.2.3 Discrete Time Incremental Dynamic Inversion
The clearest candidate version of the classical NDI algorithm is the idea origi-
nally proposed in [1], namely INDI. Assume the more general dynamic system

ẋ = f(x,u)

y = h(x)
(2.22)

Now the vector valued functions map f(x,u) : Rn×m → Rn, and h(x) :

Rn → Rm. By a Taylor series expansion of the output vector around its value
at a previous sampling step, tk−1, we obtain

ẏ(tk) = ẏ(tk−1) +
∂h

∂x

∣∣∣∣
tk−1

δx +
∂h

∂u

∣∣∣∣
tk−1

δu +O(δx2, δu2) (2.23)

With δx = x(tk)−x(tk−1), δu = u(tk)−u(tk−1). Now if a sufficiently small
discretization step when determining the Jacobians are chosen, and the control
signal vector, u operate at a considerably faster time scale than the state vector
x, Equation (2.23) may be simplified into

ẏ ≈ ẏ(tk−1) +
∂h

∂u

∣∣∣∣
tk−1

δu (2.24)

which by inversion and, again, utilizing a virtual control signal to accomplish
ẏ = νy results in the feedback linearizing incremental control law

δu =

[
∂h

∂u

∣∣∣∣
tk−1

]−1

[νy − ẏ(tk−1)]

uINDI = u(tk−1) + δu.

(2.25)

The validity of a possible control allocation is determined by the conditionality

of the Jacobian matrix Ju =
∂h

∂u

∣∣∣∣
tk−1

, verified by its singular value decompo-

sition.



Chapter 3

Results

3.1 Control System
The control architecture proposed in this report aims at constructing a control
system that achieves implicit trajectory control of an arbitrary set point of the
aircraft’s velocity vector, without compromising too much loss of the flight
system’s performance. That is; explicit control of the velocity vector, xv is
neglected by time scale separation and will, for the presented control system,
be assumed nominal.

The main approach to accomplish this means separating the state’s lin-
ear momentum dependencies i.e. the velocity vector attitude dynamics with
respect to the inertial frame, γ̇ and χ̇ to those of angular momentum depen-
dencies i.e. the aircraft’s pure body rotation rates, Ω̇b.

The two subsystems are then linked via their kinematic relations in the
W-frame α, β and µ. This is achieved by inverting the dynamics relating the
angular body rates to the control surface deflections uδ. The separation of lin-
ear and rotational momenta is justified by the time scale separation assumption
as well.

The control laws’ gains are designed heuristically to maximize the nominal
performance of a multiaxial duplet reference signal in the wind states, xc

w. The
robustness of the resulting control scheme is then verified by simulations with
trimmed initial conditions at steady wings level flight.

3.1.1 Angular rates control loop, Ω̇b,d

Consider the dynamics for the angular rates given in the body frame

Ω̇b = J−1 [Mb −Ωb × JΩb] (3.1)

10
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we call for a control law to accomplish control of the output

yΩ = Ωb. (3.2)

Implementing the NDI algorithm, we differentiate the output in search of an
explicit relation to the control signal uδ and obtain

ẏΩ = J−1 [Mb −Ωb × JΩb] . (3.3)

To invert the dynamics an explicit expression of the moments, Mb, with re-
spect to the subsystem input, uδ, is necessary. Specifically ensuring that the
jacobian operator of the external moments with respect to the control deflec-
tions is well defined in the flight envelop, i.e. that

Mb = Ma +
∂Mb

∂uδ
uδ = Ma + Mδuδ (3.4)

produces a matrix, Mδ, with full rank. Thus by inversion of Equation (3.3)
the control law

uc
δ = g−1

Ω [νΩ − fΩ] (3.5)
g−1

Ω = Mδ
−1J (3.6)

fΩ = J−1 [Ma −Ωb × JΩb] , (3.7)

is identified. The auxiliary control signal, νΩ is designed as a PI-control of
the errors in body angular rates to ensure good asymptotic behaviour such that

νΩ = − [kp,Ω ki,Ω]

[
eΩ

∫ t

0

eΩdt

]T
[kp,Ω ki,Ω] ∈ R3×6, νΩ ∈ R3

(3.8)

where the error dynamics in angular body rates are given as

eΩ = Ωb −Ωc
b (3.9)

and the gain matrices, kp,Ω and kp,Ω are both positive definite diagonal matri-
ces in R3×3. These may be specified further using classical design techniques
such as LQ-algorithms with suitable cost indices to comply with robustness
[4][14] or H∞ algorithms if noise or disturbance rejection are critical perfor-
mance criteria. Neither algorithm is implemented in this report, as the system
performance criteria are left unspecified to conserve generality of the control
system. Instead gains are chosen heuristically to accomplish satisfactory re-
sponses in a case study.
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Figure 3.1: The resulting nominal control system of the cascaded dynamic inversion loops
given by Equation (3.5) and Equation (3.11). ’True’ control signal saturation occurs in the
actuator block, before their dynamics are integrated in the A/C block.

3.1.2 Wind states control loop, ẋw,d

In order to control the full attitude dynamics of the aircraft, control of the
state variables µ, α and β is necessary. This is accomplished by applying the
NDI-algorithm to the system

ẋw = Q(α, β)−1
[
−Tbv

˙̃xv + Ωb

]
. (3.10)

As the control surface deflections uδ have been allocated to control of the
body angular rates Ωb, commanded angular rates are used as ’virtual’ control
signals for the wind states, xw. Thus inverting eq. (3.10) with respect to the
body angular rate, the resulting control law is

Ωc
b = gw

−1 [νw − fw] ,

gw
−1 = Q(α, β),

fw = −Q(α, β)−1Tbv
˙̃xv

(3.11)

with the auxiliary control signal, νw, designed analogously to that in Equa-
tion (3.8) but with respect to the error states ew and

∫
ew.
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3.1.3 Stability and Robustness
The validity of the suggested control structure is considered by assessing how
the full system performs in the presence of model uncertainty at the point and
disturbances given nominal initial states of the aircraft.

1. Model uncertainty is described by a linear scaling of the ’true’ aero-
dynamics. In other words by giving the aircraft controller an incorrect
system model, robustness with respect to an uncertain model can be ex-
amined. In this case, the airframe dependent part of the aircraft data is
varied by its evaluation at trim according to

fΩ,u = fΩ + εu max{fΩ|x0} (3.12)

where Equation (3.12) is assumed critical for some εu ∈ R3 when

max
t∈T
|β(t)| ≥ 0.1◦. (3.13)

That is, when the combined uncertainty in all three angular rate channels
propagate to a faulty control.

Poorer mitigation of induced side slip than Equation (3.13) is assumed
critical in most cases. It should be arbitrary at which of the two attitude
control loops the model uncertainty is placed as the magnitude of the
uncertainty will be propagated within the entire control system.

2. Disturbance rejection is of interest as this allows for inference regarding
an aircraft’s control authority. Particularly if one is aiming at improving
the nominal system’s performance with respect to some type of manoeu-
vre where disturbances are likely occurring1. There are many ways of
attempting to model such disturbances, we shall bother with what we as-
sume is most critical for the majority of aircrafts, stability in body axes
roll rates when perturbed by a sideslip. Thus the perturbed dynamics
are simply modelled as.

β(t)p = β(t) + εd,β (3.14)

in the time interval t ∈ [t1, t2]. Critical disturbance value occurs when
any observable state manifests undamped oscillation for some value of
εd,β .

1e.g. when in formation flight, aircraft are prone to another’s wake.
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Note that a disturbance model taking the disturbance signal energy in
discrete time,

||εd||2 =

∫ t2

t1

|εd|2dt, (3.15)

into account would provide much more rigorous insight to the stability
verification [15]. The drawback by doing so is that it offers a much
more time consuming interface to stability verification for other design
domains.
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3.2 Simulation Results
In the subsequent section, we shall evaluate the performance of the control
architecture presented in Section 3.1.2 implemented on an airframe originally
presented in [14]. This is achieved by a time simulation of nominal perfor-
mance and subsequently two different robustness simulations2.

In the nominal case3 duplet step responses in αc, µc are examined with the
steady wings level initial values in Equation (A.12).

The choice of examining a multi-axial step response in both the lateral
and longitudinal channel simultaneously is to both ensure good mitigation of
any manoeuvre-induced side slip and find a baseline performance of the full
dynamic system.

A reference signal is introduced to the system at t1, and then reversed in
angle of attack and velocity roll at t2 such that

r(t2 > t > t1) =

αc1βc1
µc1

 =

α0 − 2◦

0◦

3◦

 , r(t > t2) =

αc2βc2
µc2

 =

α0

0◦

0◦

 ,
(3.16)

with the times t1, t2 changing between the nominal performance/ and uncer-
tainty simulations.

The obtained critical robustness parameters in Equation (3.12) and Equa-
tion (3.14) are εd,β = 12.95◦ and

εu =
[
0.811, 0.825, 0.812

]
(3.17)

Furthermore all subsequent simulations are performed with the gain matrices

[kp,Ω ki,Ω] =

10 0 0 5.5 0 0

0 20 0 0 11.5 0

0 0 10 0 0 5.5

 (3.18)

[kp,w ki,w] =

2.75 0 0 1.067 0 0

0 4.5 0 0 2.44 0

0 0 5 0 0 3.05

 (3.19)

The bounds and time delays for the simulated actuators are set as the same for
all control surface actuators as τi = 13 [s−1], ∀i = {a, e, r} and τth = 0.333

[s−1] in Equation (2.8).
2Simulations are carried out mainly by use of Runge-Kutta integrators with adaptive time

steps in MATLAB.
3I.e. nominal aircraft properties with no model uncertainty nor disturbances applied.
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The bounds for the control surface actuators are set at ub,i = 45◦ and
u̇b,i = 120◦ [s−1] in Equation (2.9). It should be noted that these parame-
ters are vital properties for the performance of any aircraft using the control
system presented here and may not be set arbitrarily.
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3.2.1 Nominal Performance Simulation Results

Figure 3.2: Angular rates, Ωb. Simulation results with the duplet step input in αc, µc as
stated in Equation (3.16). The commanded sideslip is constant, βc = 0◦ ∀ t. It is noted
that the response time is considerably faster than that of the wind states, which is in accordance
with the TSS assumption previously made.

Figure 3.3: Aircraft wind states, xw. Simulation results with the duplet step input in αc, µc
as stated in Equation (3.16) with response times of approx. 0.5 s. The commanded sideslip is
constant, βc = 0◦ ∀ t. The control system shows satisfactory mitigation of induced side
slip due to the simultaneous roll and pitch down manoeuvre.



18 CHAPTER 3. RESULTS

Figure 3.4: Control surface deflections, uδ . Simulation results with the duplet step input in
αc, µc as stated in Equation (3.16). The commanded sideslip is constant, βc = 0◦ ∀ t.

Figure 3.5: Auxiliary control signals, ν (nondimensional). Simulation results with the
duplet step input in αc, µc as stated in Equation (3.16). The commanded sideslip is constant,
βc = 0◦ ∀ t. Note the times t1 = 3 s and t2 = 5 s in the nominal performance simulation
for the sake of resolution. These parameters change in the subsequent simulations.
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3.2.2 Model Uncertainty Simulation Results

Figure 3.6: Angular rates, Ωb. Simulation results in the event of model uncertainty in
Equation (3.12) and Equation (3.17). Clearly, maintaining nominal response times.

Figure 3.7: Aircraft wind states, xw. Simulation results in the presence of the model uncer-
tainty in Equation (3.12) and Equation (3.17). Critical values of β can be seen occurring at
t ≈ 0.4 s. The model uncertainty also give rise to poorer zero side slip control yet maintains
nominal performance in the pitch and roll channels at the initiation of manoeuvre at t1 = 15

s.
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Figure 3.8: Surface deflections, uδ . Simulation results in the presence of model uncertainty
in Equation (3.12) and Equation (3.17). The required aileron deflections indicate that the
actuators are operating at their limits to accomplish.

Figure 3.9: Auxiliary control signals, ν. Simulation results in the presence of the model
uncertainty in Equation (3.12) and Equation (3.17).
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3.2.3 Disturbance Rejection Simulation Results

Figure 3.10: Angular rates, Ωb, simulation results in the event of a side slip disturbance
occurring during 17 > t > 15 s. Critically undamped oscillations.

Figure 3.11: Aircraft wind states, xw, simulation results in the event of a side slip distur-
bance occurring during 17 > t > 15 s.
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Figure 3.12: Surface deflections,uδ , simulation results in the event of a side slip disturbance
occurring during 17 > t > 15 s. The results for the aileron deflections clearly indicate that
the actuators are operating at their limits as there is a considerable amount of signal saturation.

Figure 3.13: Auxiliary control signals, ν. Simulation results in the event of a side slip
disturbance given by Equation (3.14). The great increase in magntidude of auxiliary signals
are most likely causing the control surface saturation.
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Discussion

When modelling the dynamic system of aircraft flight it quickly becomes evi-
dent that an aerodynamic bias is always propagated into the flight mechanical
domain i.e. a trade off occurs between obtaining a simulation model that has
a wide range of operation and staying true to the most sound aerodynamical
model.

The gained insight from the results in [6] allows the extrapolation of their
argument for INDI in proposing that that it in most cases should offer the best
description of the dynamics given an anonymous flight system, as it is less
prone to modelling bias particularly if an uncertain method is implemented
in order to obtain the system’s physical characteristics such as aerodynamics,
mass and propulsive properties.

This is the case as the choice of modelling the physical properties tend to
deviate ones results in approximate solutions of the Navier-Stoke equations1
whereas the results representing sensor data in a simulation context are given
by Newtonian and Euler’s relationships and are only prone to machine round-
off errors if the physical representation in terms of aerodynamics and propul-
sion is "perfect".

It is important to acknowledge two important trade-off points. One is the
fact that, the greater the operational region2 of the arbitrary aircraft, the more
sensitive the control system becomes to the final choice in control gains and
possibly increases the chance of underestimating the aircraft performance at
its considered operational limits.

Thus the more specific aircraft and manoeuvre type the control system
1When establishing aerodynamic properties of the system, finding suitable turbulence

models often belong to the domain of engineering art.
2Corresponding to D in eq. (2.20).
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would face, the lesser the chance becomes of underestimating the true system
performance, but invokes necessity on choosing the control system gains with
more rigour.

4.1 Areas for further study
1. The most natural continuation to the work presented here lie in formu-

lating specifications for an outer loop of the NDI-scheme in order to ex-
amine the aircraft’s performance with a more specific question in mind.
Onemight for example be interested in possible optimal trajectories with
respect to some cost constraints e.g. minimizing fuel consumption when
accomplishing some standard manoeuvre.

This would require the expanded control system to handle explicit ref-
erence signals in terms of xpos,e or xv which in turn requires the use of
an incremental control law as formulated in Equation (2.25). Although
choosing INDI as a part of the control system would possibly solve the
inherent problem NDI has with model uncertainty, but it would, how-
ever, introduce noise sensitivity due to the taylor approximation error
[16].

2. There is a state dependent delay in the closed loop control system unac-
counted for. Rigorous methods to establish robustness to delayed ’vir-
tual’ control input is however currently at the research stage.

With that said, two approaches show great promise to compensate for
this flaw in the current control scheme. Either by using prediction states
to compensate for the delays [17] or by using a dynamic anti-windup sys-
tem utilizing a dead-zone function for the delayed virtual control signals
[18].

3. The TSS assumption presents hard limitations on the modelling of the
aircraft. In particular if ones tries to model the contribution to variable
inertias due to internal rotating parts e.g. the rotating engine fan blades
would not be valid with the control system as presented here yet poten-
tially a critical design aspect in the true physics of flight.

4. Increased simulation batch size for robustness verification is a necessary
step to infer a more truthful idea of the performance of chosen gains.

Specifically by increasing the numbers of initial values (x0,u0) from
which each simulation is initiated. These should then provide inference
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regarding the global validity of the control system.

However, this, again, would require for specifications of the control sys-
tem’s critical design aspects, be it noise and/or disturbance rejection or
simply robustness to model uncertainty but foremost; How large part
of the flight envelop should be investigated, and how much should be
left for gain scheduling? Suitable gain design algorithms will thereafter
have to be chosen.



Chapter 5

Conclusions

In the operating region of V ∈ [100, 150] ms−1 and h ∈ [1500, 3000] m, the
cascaded control system manages significant multi channel manoeuvre sub-
jected to hard actuator limits in a case study. Consequently one of the weaker
aspects of NDI, of not excessing the available control authority is successfully
dealt with.

Disturbance rejection proves more than satisfactory as well, whereas the
multi channel uncertainty verification simulation provides less results for in-
ferences to be drawn as the simulations show nominal performance in pitch
and roll channels during the manoeuvre in presence of the uncertainty.
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UAV - A case study

The case specific model concerns aerodynamics, propulsion and geometry.
Consider the aerodynamic model

CL = CL,0 + CL,αα + CL,α2∆α2 + CL,q q̄ + CL,δeδe (A.1)
CD = CD,0 + CD,α2α2 + CD,αα (A.2)
CS = CS,0 + CS,ββ + CS,δrδr (A.3)

where ∆α = α−αr and q̄ is the nondimensional pitch rate. The aerodynamic
coefficients can be found in [14]. Let

Fa,w = q∞Sref

CLCD
CS

 (A.4)

be the transversal aerodynamic vector in the wind frame, with q∞ being dy-
namic pressure andSref , referencewing area. In order towrite these as transver-
sal aerodynamic forces in the body frame a simple transformation is required

Fa,b = TbwFa,w. (A.5)

The thrust vector has an angle εT to the B-frame x-axis, such that the thrust
with respect to the B-frame is

Fp,b =

 cos εT
0

− sin εT

Tmaxδth, δth ∈ [0, 1]. (A.6)

Now the total transversal accelerations in the body frame1 are identified as

Ab =
1

m
(Fa,b + Fp,b). (A.7)

1as is necessary to evaluateEquation (2.2).
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The moment equations are given by the identities

Mb = q∞Srefdiag{b, c̄, b}

CL

CM

CN

+

 0

∆z

0

Tmaxδth (A.8)

with the moment coefficients given by

CL = CL0 + CLδa
δa + CLδr

δr + CLβ
β + . . . (A.9)

CLp p̄+ CLr r̄

CM = CM0 + CMαα + CMδe
δe + CMq q̄ (A.10)

CN = CN0 + CNδa
δa + CNδr

δr + CNβ
β + . . . (A.11)

CNp p̄+ CNr r̄

where p̄ and r̄ are the nondimensional roll and yaw rate respectively. The
aerodynamic coefficients are considered constant around the nominal opera-
tion point, (x0,u0) defined by

h0 = 3000 [m], V0 = 150 [m/s],

α0 = −3.89◦, δe,0 = 5.73◦, δth,0 = 0.520
(A.12)

Resulting in the rest of the initial values being zero.
The second moment of inertia matrix is given by

J =

Ixx 0 Ixz
0 Iyy 0

Izx 0 Izz

 =

 1.86 0 0.113

0 4.14 0

0.113 0 5.83

 · 107 kg m2 (A.13)

The rest of the physical properties of the UAV are listed in Table A.1.
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Table A.1: Dogan and Venkataramanan’s UAV properties [14]
Parameter Value

Total mass,m 2.596 · 104 kg

Wing span, b 59.74m
Reference chord, c̄ 8.32m
Reference area, Sref 511m2

Reference AoA, αr 13◦
Thrust pitch moment arm, ∆z 3.7184m
Thrust deflection angle, εT 1◦
Maximum thrust, Tmax 930 kN



Appendix B

Transformation Matrices

The transformation matrices in eq. (2.2) to eq. (2.5) are identified by

Tvb =

 cosα cos β sin β sinα cos β

sinα sinµ− cosα sin β cosµ cos β cosµ − sinα sin β cosµ− cosα sinµ

sinα cosµ− cosα sin β sinµ cos β sinµ − sinα sin β sinµ+ cosα cosµ


(B.1)

Tve =

cosχ cos γ sinχ cos γ − sin γ

− sinχ cosχ 0

cosχ sin γ sinχ cos γ

 (B.2)

Q(α, β) =

cosα cos β 0 sinα

sin β 1 0

sinα cos β 0 − cosα

 (B.3)
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