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Abstract
A modern view of aircraft performance analysis, is to quantify aircraft ma-
noeuvrability with agility metrics. There are several different agility metrics,
which can be seen as indexing of the aircraft agility performance. The quan-
tified unit is the time it takes for the aircraft to perform a specific manoeuvre
relevant to a given agility metric. In this thesis, estimations are done of two
agility metrics, the CCT (Combat Cycle Time) and the T90 (Time to capture
90◦ bank angle) for the F-18 HARV aircraft.

Estimations of the agilitymetrics were obtained by simulating a six-degree-
of-freedom aircraft model of the F-18 HARV aircraft performing the specific
manoeuvres. To control the aircraft model during the simulation a control sys-
tem was developed based on the NDI (Nonlinear Dynamic Inversion) method
with time scale separation assumption. Themethod uses the feedback from the
controlsystem for linearizing the aircraft system, which results in that simple
linear controllers can be applied to the nonlinear aircraft model.

In this case simple proportional controllers were implemented and in the
case of estimating the T90 agility metric additional gain scheduling as func-
tions of altitude and Mach number was required to extract maximum perfor-
mance. Although the control system was developed for these two specific
agility metrics, results indicates that the NDI method provides an effective
way to implement controllers for complex systems, especially when consider-
ing a high nonlinear flight regime.
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Sammanfattning
Ett modernt synsätt vid utvärdering av prestanda för stridsflygplan är att kvan-
tifiera manövreringsprestanda med den tid det tar att genomföra en specifik
manöver (agility metric). Olika manövrar har utvecklats för att kvantifiera och
studera specifika egenskaper. Genom att indexera data från flera olika manöv-
rar kan ett prestandaunderlag framställas som representerar flygplanets ma-
növreringsbarhet. I detta arbete görs uppskattningar av tidsåtgången för att ge-
nomföra två välkända manövrar, CCT och T90 för flygplanet F-18 HARV.

Estimeringarna av tidsåtgången för att utföra manövreringarna utfördes ge-
nom att simulera en modell av flygplanet med sex frihetsgrader. För att styra
flygplanet under simuleringen utvecklades ett styrsystem med NDI metoden
som är baserad på tillbaka återlinjärisering. Metoden använder återkopplingen
av styrsystemet för att linjärisera flygplansmodellen, vilket medför att enkla
linjära regulatorer kan tillämpas på den ickelinjära flygplansmodellen.

I detta fall implementerades enkla proportionella regulatorer, samt sche-
maläggning av kretsförstärkningen som funktion av höjd och Mach tal vid es-
timering av T90 för att uppnå maximal roll prestanda. Även om reglersystemet
var specifikt anpassat för att utföra dessa två manövrar så indikerar resultaten
att NDI metoden är effektiv vid implementering av styrsystem för flyplansmo-
deller, speciellt om flygregimen innehåller stora ickelinjäriteter, exempelvis
höga anfallsvinklar.
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Chapter 1

Introduction

A classical approach to aircraft performance analysis is based on simplified
equations of motions, where the motion is often reduced to three-degrees-of-
freedom (longitudinal motion). The aerodynamic forces are assumed to be in
a steady state and the analysis is considered static and time independent.

Most of the time during the analysis, the aircraft is assumed to be in level
flight, in a state defined by the altitude and airspeed. At a given state, trim
condition is calculated and based on this the performance of the aircraft can
be quantified in terms of energy such as specific excess power (SEP), which
specifies howmuch additional energy is available that can be used for changing
the altitude or velocity at any instant in time during the manoeuvre.

From these methods, flight envelope, trim for steady level flight, power
curve, roll, and turn rates can be analysed. Further, if the equations of mo-
tions are linearized, some information regarding the static stability can also be
obtained by analysing the rigid body eigen modes.

A more modern view of performance analysis is to quantify the aircraft’s
agility in addition to the classical methods. This is done by analysing the
response of the aircraft due to specific manoeuvres, resulting in a series of
quantities, which are called agility metrics. The quantified unit is time, which
is the time it takes to perform a specific manoeuvre [1].

The reason for this new approach of analysing agility metrics is to obtain a
better estimation of the aircraft’s manoeuvring performance. With new tech-
nological advancements of both modern fighter aircraft’s and weapon delivery
systems, the traditional combat arena has been divided in two significant differ-
ent parts, the beyond visual range (BVR) and the within visual range (WVR).
BVR is considered to be a region in the flight envelope of higher altitudes
and Mach numbers, were WVR is at lower altitudes and Mach numbers. The
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2 CHAPTER 1. INTRODUCTION

agility metrics addresses how well an aircraft can transition between these two
regions [2]. More specifically, the classical type of analysis which are based
on a static assumption do not consider the dynamic transient effects of the
manoeuvre, and provide less information about the true manoeuvring perfor-
mance, especially when considering a short period of the time frame [3].

Several different agility metrics have been developed with corresponding
manoeuvres to be performed. Obtaining the estimation of the metric could be
solved as an optimization problem as is done in the work of Chou [4] and Hoff-
man [5]. The objective of this work is to evaluate how agility metrics can be
estimated by simulating a six-degrees-of-freedom aircraft model performing
the specific manoeuvre relevant to the agility metric under investigation.

The approach in this work is to use a control system in the simulation, with
the objective of controlling and orienting the aircraft duringmanoeuvring. The
manoeuvres are done by issuing set point commands for the control system
which calculates corresponding control surface deflections. Further objec-
tives of incorporating handling qualities are not consider, since these are more
relevant when there is a man-in-the-loop simulation.

An aircraft is a highly nonlinear system with multiple inputs and outputs.
Therefore, the nonlinear control method Nonlinear Dynamic Inversion (NDI)
is used [7, 6]. Using the traditional method of linearizing the equations of
motion before hand leads to a time consuming approach of gain scheduling
and fine tuning of several controllers to cover a large part of the flight envelope.

The NDI method is based on feedback linearization (FBL). A benefit of
FBL is that the system is linearized by cancelling nonlinearities with feedback
thorough the control system. Theoretically this means that the same linearized
model is used for control design over the flight envelope. This reduction of
linearized models leads to a decreased developing time for controllers. One
important assumption for applying NDI on an aircraft system is the time scale
separation assumption. Essentially, with time scale separation the idea is to
split the aircraft dynamics into subsystems of fast and slow dynamics [9, 8],
which simplifies the control system structure.

Since the system is linearized, different linear control methods can be ap-
plied. An example is to apply Linear Quadratic (LQ) control, which is done
in the work of Fer [10] and Escande[11]. Although, in this work simple pro-
portional controllers will be used.

In the end, two agility metrics are estimated: the Combat Cycle Time
(CCT), which is the time it takes for the aircraft to perform a 180◦ heading
turn; and Time to capture 90◦ bank angle (T90), which is the time it takes to
perform and capture a 90◦ bank angle change with a constant angle of attack.
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1.1 Outline
The report is structured as follows:

Chapter 2 contains general information about the notation used throughout
the report.

Chapter 3 describes the general theory of feedback linearization and the more
general method Input-Output Linearization.

Chapter 4 and 5 present the chosen system modelling approach. The com-
plete system is treated as two separate systems, the aircraft system and the
control system. In chapter 4 general modelling of a six-degrees-of-freedom
aircraft is presented. Chapter 5, discusses the modelling for the control sys-
tem and how the control law design is applied to an aircraft model.

Chapter 6 shows results from simulations of CCT and T90 with the control
system applied on the F-18 HARV model.

Chapter 7 summarizes the conclusions of the work.
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thank my supervisors Mats Dalenbring and Fredrik Berefelt for their patience
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guidance and the joyful experience.

I would also like to thank Assistant Professor Raffaello Mariani at the
Aeronautical and Vehicle Engineering department at KTH Royal Institute of
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Chapter 2

Notations

Unit Vector

A unit vector has the notation
êa

where the subscript denotes the direction of the unit vector.

Vector

A vector v which expresses a relationship between frame a relative to frame b
has the notation

vba

Vector in a coordinate system

The above vector is not expressed in any coordinate system. To express the
vector in a coordinate system c the following notation is used,

vcba

where the superscript denotes the coordinate system.

Transformation Matrix

A change of the coordinate system is done with a transformation matrix. The
notation for a change of coordinates, from coordinate system c to coordinate
system d is given by

Rb
c

As an example,
vdba = Rd

cv
c
ba
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Chapter 3

Feedback Linearization

Control theory of linear systems is, in terms of control design for stability and
robustness for linear system, by now very well understood. The methods have
evolved in a mathematical sense, where the controllers (system gains) can be
optimized for a given specification.

The general control problems are often given in the form "input u(t) to
get a desired output y(t)". The concept with feedback linearisation is, as the
name indicates, that the nonlinear system is linearized through feedback. This
is achieved by designing the control law for the control input u(t), so that the
system nonlinearities are cancelled and a linear system is obtained. If this is
achieved then any linear control design technique can be applied to the system.
In simpler terms, feedback linearization provides a path for applying linear
control methods to a nonlinear system and this is the major benefit.

Input - Output Linearization
Let’s assume a model of a real system in control affine form, which means that
the input u is linearly dependent,

ẋ = f(x) + g(x)u

y = h(x)
(3.1)

where x ∈ Rn are the system states, u ∈ Rm is the control input, and y ∈ Rp

is the system output, where f : Rn → Rn, g : Rm → Rn and h : Rn → Rp are
smooth nonlinear functions which model the system dynamics. For simplicity,
it is assumed that the system is squarem = p, and that each output is controlled
by a corresponding input, otherwise some form of control input allocation
would be needed.

5



6 CHAPTER 3. FEEDBACK LINEARIZATION

In a control tracking problem, where a reference signal for the output yref ∈
Rp is given as a function of time, it is desired that the output y(t) tracks the
reference signal. Therefore, a tracking error variable e ∈ Rp can be defined as

e(t) = yref (t)− y(t) (3.2)

The tracking error e(t) is kept small by controlling the output y(t). However, as
it can be noted in the system (3.1), it is only possible to control the output y(t)

implicitly with the control input u(t), through the system states x. Therfore, in
order to control the output y(t), a control law for the control input u(t), which
is based on the system states x, needs to be defined.

In the Input-Output linearization method, the idea is to form an explicit
relationship between the control input u(t) and the derivative of the output
ẏ(t). This is achieved by taking the derivative of the output until the input
u(t) appears,

ẏ =
∂h(x)

∂x
ẋ =

∂h(x)

∂x
(f(x) + g(x)u) (3.3)

By actually controlling the derivative of the output ẏ(t), the output y(t) is
controlled. The derivative of the output thus acts as a virtual control of the
output [12, 13].

Since an tracking formulation has been formed and the error e(t) is depen-
dent on the output y(t), it is possible to extend the above concept and express
a relationship between the tracking error derivative ė(t) and the control input
u(t). By differentiating the tracking error (3.2) and inserting equation (3.3),
the error dynamics is obtained accordingly,

ė = ẏref (t)− ẏ(t) = ẏref (t)− ∂h(x)

∂x
(f(x) + g(x)u) (3.4)

Feedback linearization is achieved by selecting a control law for u(t) so
that the nonlinear terms of the error dynamics in equation (3.4) cancel and a
linear relationship is left. If the control law for the input u(t) is chosen as

u = (
∂h(x)

∂x
g(x))−1(−∂h(x)

∂x
f(x) + ẏref (t) + υ) (3.5)

where υ ∈ Rp is a so called auxiliary input, the nonlinearities are cancelled
and a linear relationship between the error dynamics and the auxiliary input is
obtained [14], as shown in equation (3.6)

ė = −υ(t) (3.6)
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The auxiliary input υ(t) is used to drive the tracking error e(t) to zero. A
control law for the auxiliary input needs to be constructed, but since the rela-
tionship (3.6) is linear any linear control method can be applied. One simple
choice is to use an ordinary proportional control law with the tracking error,

v = Ke(t) (3.7)

whereK = diag(K1, ..., Kp) is a proportional gain matrix. Inserting the con-
trol law (3.7) into equation (3.6) gives, after linearization, the error dynamics

ė = −Ke(t) (3.8)

For a positive definite K, the error dynamics are stable by definition and the
error e(t) will tend to zero, and tracking of the desired output is achieved. The
size of the gains inK determines the response and can be fine tuned to obtain
a response according to a given specification.

With respect to the above, it could be said that the control input u(t) ac-
tually consist of two parts. One part which is used for the linearization and
another, the auxiliary input, which is used for additional control for reducing
the tracking error. In Figure 3.1 the control system is represented as a block
diagram, where the inner loop is the feedback linearization and the outer loop
is the linear tracking control loop.

System(∂h(x)
∂x

g(x))−1

−∂h(x)
∂x

f(x)

K
uυ y

−

yref

Inner loop

Outer loop

Figure 3.1: Block diagram of Input-Output Linearization

Unfortunately FBL is not as straightforward as the above schematic may
imply. As it can be seen in the block diagram, the inner loop incorporates
parts of the system model in the form of the two blocks containing partial
derivatives of the real system. It is of great importance that the models f(x)
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and g(x) of the real system are accurate. Otherwise, wrong nonlinearities are
fed back which can have a counter productive and destabilizing effect.

Problems can arise for systems that have low control effectiveness. Mathe-
matically this means that g(x) is small and that the control input u(t) in equa-
tion (3.4) has a small contribution to the change of the state variables. Low
control effectiveness requires larger control signals, since the control input
u(t) is inversely proportional to g(x), which can be seen in the control law
(3.5).

Problems appear since in reality the control effort and magnitude of the
control input u(t) is often physically limited. For example in an aircraft sys-
tem, the control input could be a control surface deflection, which is obviously
limited to some range of motion. The result is that a conflicting scenario exists,
since some of the control input effort must be used for the feedback lineariza-
tion and some for the outer loop tracking.

Other problems occur when having a non-square system where there are
more states than there are inputs, n > m. In aeronautical terms this could for
example correspond to a flying wing configuration where the rudder actuation
is greatly limited due to the lack of direct rudder input. More emphasis on
control allocation is then needed, otherwise some dynamics can be left un-
controlled. In literature these type of uncontrolled sub dynamical systems are
called internal dynamics [12]. Since the internal dynamics are uncontrolled
the global stability of the system greatly depends on the stability of the internal
dynamics [15].



Chapter 4

Aircraft System

4.1 Reference Frames
The reference frames axis systems for aircraft flight dynamic analysis are shown
in Figure 4.1.

Figure 4.1: Reference frames axis systems.

9
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Earth Axis System

The inertial earth frame is assumed to be a non-rotating flat Earth and it is
denoted with the lower case letter e. The unit vector êXe of the Earth x-axis
is pointing in the north direction, the y-axis unit vector êYe is pointing to east
and the z-axis unit vector êZe is pointing downwards.

Body Axis System

To keep track of the aircraft’s orientation in space, it is appropriate to define a
reference axis system which is fixed to the body. For simplicity, it is assumed
that the reference frame is fixed to the center of mass and it is denoted by
lower case letter b. The unit vector of the body x-axis êXb is pointing towards
the nose of the aircraft, the unit vector of the y-axis êYb is parallel to the right
wing and points to the wing tip, and the unit vector of the z-axis êZb is pointing
downwards.

The orientation of the body frame relative to the earth frame is expressed
with a set of Euler angles for the body frame noted Ωb = [φ θ ψ]. The three
angles φ, θ and ψ, corresponding to the roll, pitch and yaw angles.

The direction-cosine transformation matrix between earth and body frame
is given by three individual rotation matrices, each matrix corresponding to a
rotation around an axis. The matrices are not commutative and the standard
sequence in aeronautics when transforming from body to earth axis is φ, θ, ψ,
which gives the direction-cosine transformation matrix [16]

Re
b =

cosθcosψ sinφsinθcosψ − cosφsinψ cosφsinθcosψ + sinφsinψ

cosθsinψ sinφsinθcosψ + cosφsinψ cosφsinθcosψ − sinφsinψ
−sinθ sinφcosθ cosφcosθ


Wind Axis System

The aerodynamic forces are generated by the relative wind experienced by the
aircraft, and it is assumed that there are no additional wind gusts in the inertial
earth frame. Thus, a wind axis system, denoted by w, can be defined such
that its x-axis unit vector êXw is pointing in the same direction as the aircraft’s
velocity vector, as shown in Figure 4.1.

The orientation of the wind frame relative to the body frame is by definition
only dependent on the two aerodynamic angles, angle of attack α and sideslip
angle β, which can also be seen in Figure 4.1, with the transformation matrix
from body to wind frame defined as [14],
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Rw
b =

 cosα cosβ sinβ sinα cosβ

−cosα sinβ cosβ −sinα sinβ
−sinα 0 cosα


In a similar manner as for the body frame, Euler angles for the wind frame

relative to the earth frame can be defined as Ωw = [µ γ χ] . The wind frame
Euler angles µ, γ and χ, which in aeronautical terms have the names bank
angle, flight path angle and heading angle, are actually the velocity frame Eu-
ler angles. Since it is assumed that there is no additional wind gust in the
modelling, the wind frame and velocity frame are equivalent.

4.2 Aircraft Equations of Motion

4.2.1 Linear Momentum
The model for the aircraft in this work is assumed to be a moving point mass.
The position of the aircraft mass center (body frame) relative to the Earth
frame, can be expressed with a vector reb ∈ R3. The change of the position is
given by the kinematic equation,

ṙeb = veb, (4.1)

where the vector veb ∈ R3 is the velocity vector of the aircraft, relative to the
Earth frame. The change of the velocity vector, is given by Newton’s second
law

v̇eb =
1

m
F (4.2)

wherem ∈ R is the mass of the aircraft and F ∈ R3 is the sum of all external
forces. The derivative in the above equation is taken with respect to the inertial
frame. Often it is more convenient to take the derivative with respect to the
body frame instead, which gives

v̇eb + ωeb × veb =
1

m
F (4.3)

where ωeb ∈ R3 are the angular velocities of the body relative to the Earth
frame.
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4.2.2 Angular Momentum
The change of the body Euler angles are purely kinematic and given by the
kinematic equation

Ω̇b =

1 sinφ tanθ cosφ tanθ

0 cosφ −sinφ
0 sinφ/cosθ cosφ/cosθ

ωeb (4.4)

where the matrix is a rotation rate transformation matrix which relates the
aircraft’s angular rates to the change of the Euler angles.

The angular rates ωeb are generated by the moment acting on the aircraft.
The relation between the moments and angular rates are given by the Euler
equation

M = Jω̇eb + ωeb × Jωeb (4.5)

whereM ∈ R3 are the moments acting on the body and J ∈ R3×3 is the mass
moment of the inertia matrix.

4.3 Aircraft System Dynamics
By solving for the derivatives in the two dynamic equations (4.3) and (4.5),
and combining with the two kinematic expression (4.1) and (4.4), the aircraft
equations of motion can be written as a system of 12 first order differential
equations of the form

ẋAC = fAC(xAC , δs, δT ) (4.6)

where xAC ∈ R12 is the aircraft state vector, δs = [δA δE δR]T are the control
surface deflections, and where δA ∈ R is the aileron deflection, δE ∈ R the
elevator deflection, δR ∈ R the rudder deflection, and δT ∈ R is the throttle
position.

The main components of the aircraft state vector are, in common notation,
shown in equation (4.7)

xAC =

Xe Ye Ze︸ ︷︷ ︸
reeb

u v w︸ ︷︷ ︸
v̇beb

φ θ ψ︸ ︷︷ ︸
Ωb

p q r︸ ︷︷ ︸
ωbeb


T

(4.7)

where Xe, Ye and Ze are the aircraft’s position in the inertial earth axis
system, u, v and w are the aircraft’s normal acceleration in body axis system,
and p, q and r are the roll, pitch and yaw rates.
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4.3.1 Aerodynamics And Propulsion
The aircraft system, defined in (4.6), is mainly parametrized by the aerody-
namic and propulsion forces. The dynamics due to a change of the total mass
are neglected and the mass is assumed to be constant. Further, it is assumed
that the aerodynamic center and the center of mass coincide, thus the lift in-
duced moment due to an offset between center of gravity and aerodynamic
center offset is neglected.

The total external force includes the gravitational forcesmg, where g ∈ R3

is the gravitational acceleration vector, and the applied forces, which are the
aerodynamic forces FA ∈ R3 and the propulsion force FT ∈ R3,

F (xAC , δs, δT ) = FA(xAC , δs) + FT (xAC , δT ) +mg (4.8)

The thrust force is assumed to act along the êXb vector and through the
center of mass, therefore the thrust force does not generate anymoment around
the center of mass, which means that there is only an aerodynamic moment
MA ∈ R3 that affects the aircraft

M(xAC , δs) = MA(xAC , δs) (4.9)

The aerodynamic forces and moment can be split into two parts,

FA(xAC , δs) = FA0(xAC) + FAδs(xAC)δs (4.10)

and
MA(xAC , δs) = MA0(xAC) +MAδs(xAC)δs (4.11)

where FA0 ∈ R3 andMA0 ∈ R3 are the contributions due to the aircraft state,
and FAδs ∈ R3×3, and MAδs ∈ R3×3 are the contributions due to control
surface deflections.

In the body frame, the force contributions are

F b
A0

(xAC) = QSref

CX(xAC)

CY (xAC)

CZ(xAC)

 , (4.12)

F b
Aδs(xAC) = QSref

CXδA(xAC) CXδE(xAC) CXδR(xAC)

CY δA(xAC) CY δE(xAC) CY δR(xAC)

CZδA(xAC) CZδE(xAC) CZδR(xAC)

 (4.13)

where Q is the dynamic pressure, and Sref is the aircraft wing reference area.
The matrices represents the aerodynamic coefficients. The individual aero-
dynamic coefficients are aircraft-specific and are built-up with the so called
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component build method where each contribution to an aerodynamic coeffi-
cient is superimposed [14].

In a similar manner, the moment contributions, which are equivalent in
both wind and body axis system, are

M b
A0

(xAC) = QSref

 brefCl(xAC)

crefCm(xAC)

brefCn(xAC)

 (4.14)

and

M b
Aδs

(xAC) = QSref

 brefClδA(xAC) brefClδE(xAC) brefClδR(xAC)

crefCmδA(xAC) crefCmδE(xAC) crefCmδR(xAC)

brefCnδA(xAC) brefCnδE(xAC) brefCnδR(xAC)


(4.15)

where bref is the reference length for the wing span and cref is the reference
length for the wing chord .

The propulsion model is very simple and is only dependent on the throttle
position δT , and the maximum thrust Tmax ∈ R that the engine can produce at
a given aircraft state.

F b
T (xAC , δT ) =

Tmax(xAC)

0

0

 δT (4.16)



Chapter 5

Control System

When designing a control system for a dynamical system it is important to
determine the objectives. For aircraft systems, control laws can be designed for
various reasons. For example, a stability augmentation system (SAS) is used to
provide control laws which stabilize the system, while a control augmentation
system (CAS), has the objective of incorporating specific handling qualities in
the control laws [14].

As mentioned in the introduction, the objective for this study is to design
a control system which is used to manoeuvre an aircraft model during simu-
lation. An aircraft manoeuvres mainly by changing its orientation, and with
a change of the orientation the direction and magnitude of the aerodynamic
forces are altered, and thus a movement occurs. The orientation of the aircraft
can be controlled in various ways by a pilot or an autopilot, by controlling
some of the aircraft states. These states are called control variables and com-
mand signals of the control variables are set by the pilot and are interpreted
by the control system, which generates a response according to control laws.

In the case of a pilot controlling the aircraft at low dynamic pressures, the
control variables are mainly the angular body rates, such as pitch rate, roll
rate, and yaw rate. However, a modern control systems is very adaptive and
the control variables often alter with dynamic pressure. At higher dynamic
pressure the controlled variables are instead closely linked to the translational
motion such as the angle of attack or load factor [17]. Control variables can
also be a linear combination of different aircraft states. A classical example
is the C∗-star control variable which is a linear combination of the pitch rate
and angle of attack [14].

In this case a simpler approach of non-adaptive control variables is used
which takes inputs as set point commands during the simulation. The main

15
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idea is to control the aerodynamic angles and then have a control system that
generates the corresponding angular rates and control surface deflections. The
reason for this approach is that it is more intuitive to control the aerodynamic
angles in a simulation environment than to directly control the angular rates.

5.1 Control Variables
Longitudinal Control - Angle of attack

For the longitudinal control, the angle of attack α is selected as the control
variable. The main reason for this choice is that the magnitude of the lift has
a strong dependence on the angle of attack. Hence, the curvature of the flight
path trajectory can be increased or decreased by increasing or decreasing the
angle of attack.

Lateral Control - Velocity Vector Bank Angle and Sideslip Angle

For lateral motion there are two-degrees-of-freedom that need to be addressed.
The sideslip angle β is selected as one, as during flight it is always preferred
to keep the sideslip angle to zero in order to reduce unnecessary drag. Two
exceptions are in skidding turns or crosswind landings.

The other control variable for lateral control is the bank angle µ, around
the velocity vector. The reason for this choice is that the direction of the lift
force in the lateral plane can be controlled by the bank angle. The turn rate
and the direction of the flight path curve is determined by the size of the lift
force projection onto the horizontal plane. By increasing the bank angle the
projected forces increases leading to a higher turn rate. Another reason for the
selection is due to the chosen agility metrics for this work. In both cases a
banking with constant angle of attack is performed .

Control System States

Based on the parameters discussed above, the control system states are,

x = [α, β, µ]T . (5.1)

In addition to these control variables, the true airspeed VT is also con-
trolled, although it is treated as a separate system since the propulsion dynam-
ics is much slower in relation to other dynamics.
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5.2 Control System Dynamics
To design control laws for the control system, the dynamics of the control
system states in (5.1) need to be known. The dynamics for the two control
variables α and β can be derived by expressing equation (4.2) in the wind
coordinate system

v̇web + ωwbw × vweb = (1/m)Fw − ωweb × vweb (5.2)

All the elements in equation (5.2) have been defined previously, except ωwbw
which is the angular rotation of the wind frame with respect to the body frame.

From the definition of the wind frame the angular velocity vector ωbw is
given by

ωwbw = −β̇êwwz + α̇êwby = −β̇êwwz + α̇Rw
b ê

b
by =

−α̇sinβ−α̇cosβ
β̇

 (5.3)

Inserting equation (5.3) on the left side of equation (5.2) and applying a
coordinate transformation for the forces and the angular rates on the right hand
side, the dynamics of α, β, and the true airspeed VT can be written in matrix
form as,  V̇T

β̇VT
α̇cosβVT

 =
1

m
Rw
b F

b −Rw
b ω

b
eb × vweb (5.4)

Evaluating the right hand side of the above equation, the dynamics of α
and β can be written in scalar form as

α̇ =
−Xsinα + Zcosα

mVT cosβ
− cosα tanβ p+ q − sinα tanβ r (5.5)

β̇ =
−Xcosα sinβ + Y cosβ − Zsinα sinβ

mVT
+ sinα p− cosα r (5.6)

where X(xAC , δs, δT ), Y (xAC , δs, δT ) and Z(xAC , δs, δT ) are the components
of the total force acting on the aircraft in the body coordinate system. Finally,
the dynamics for the true airspeed is

V̇T = Xcosα cosβ + Y sinβ + Zsinα cosβ (5.7)

Since the bank angle µ is an Euler angle, the dynamics can be expressed
in the same way as in equation (4.4) for the aircraft body Euler angles, by
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expressing the change in the wind frame Euler angles asµ̇γ̇
χ̇

 =

1 sinµ tanγ cosµ tanγ

0 cosµ −sinµ
0 sinµ/cosγ cosµ/cosγ

pwqw
rw

 (5.8)

where pw, qw and rw are the angular velocities of the wind frame. Using the
first and last row of equation (5.8), the dynamics of the bank angle can be
written in scalar form as,

µ̇ = pw + χ̇sinγ (5.9)

The control system dynamics is built up from the dynamic equations (5.5),
(5.6) and (5.9) which can be expressed as a system of the form,

ẋ = f(x, xAC , δs) (5.10)

5.3 Time Scale Separation
As it was shown in chapter 3, in order to apply FBL the system needs to be in
a control affine from. The control system described by equation (5.10) could
be expressed in the control affine form

ẋ = f(x) + g(x)δs (5.11)

However, due to low effectiveness of the control surface on the control variable
states α, β and µ, a time scale separation assumption is postulated [9, 8].

Essentially, time scale separation means that the system in equation (5.11)
is divided into a system of two first order systems,

ẋ = f(x) + g(x)ωeb
ω̇eb = h(x, ωeb) + k(x)δs

(5.12)

where the aircaft’s angular rates ωeb acts as an input for the control variables
x, and the control surface deflections δs are inputs to the angular rates ωeb.

Another very important property which is implied when applying the time
scale separation assumption, is that the dynamics of the angular rates ωeb, de-
scribed by the second system in (5.12), is assumed to be much faster than the
dynamics for the control variables x, described by the first system in (5.12).
The reason is that since the angular rates ωeb are effectively inputs for the con-
trolled variables x, it would be very hard to control a fast system with a slower
control input, as the faster system would be able to change where the response
of the control input would be constantly out of phase. In fact the stability with
the time scale separation assumption depends on this property [18].
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5.4 Control Law Design with NDI
For the control law design, the procedure starts in the same way as for Input-
Output Linearization in chapter 3. A tracking problem is introduced, and the
control variable error is defined as

x̃ = x− xcmd (5.13)

where x̃ is the error and xcmd is the commanded values for the control vari-
ables. Taking the derivative of equation (5.13) and inserting it in the first
subsystem in equation (5.12) gives the error dynamics

˙̃x = f(x)− ẋcmd + g(x)ωeb (5.14)

where the nonlinear functions f(x) and g(x) are obtained from the control
system in equation (5.10) by separating the angular rates. For the states α and
β this is a rewriting of the equations (5.5) and (5.6). In the case of the bank
angle µ, the wind frame roll rate pw needs to be expressed in the body angular
rates ωeb, which is achieved by the following expression,pwqw

rw

 = ωwew = ωweb − ωwbw = Rw
b ω

b
eb − ωwbw (5.15)

Inserting equation (5.3) in the above equation gives,

pw = cosα cosβ p+ sinβ q + sinα cosβ r − α̇sinβ (5.16)

There is a problem with the last term since it contains α̇, which can be ne-
glected for two reasons. The first reason is that β is kept small by the control
system itself, and the second reason is due to the time scale separation assump-
tion. Since the angular rates are assumed to be much faster then α̇, it can be
seen as a constant in this expression. This gives the nonlinear functions f(x)

and g(x) accordingly,

f(x) =

 χ̇sinγ
−Xsinα+Zcosα

mVT cosβ
−Xcosα sinβ+Y cosβ−Zsinα sinβ

mVT

 (5.17)

and

g(x) =

 cosα cosβ sinβ sinα cosβ

−cosα tanβ 1 −sinα tanβ
sinα 0 −cosα

 (5.18)
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In the NDI method some desired dynamic fx̂des(x̃) is postulated for the
error dynamics in (5.14). To achieve the wanted dynamics the aircraft needs
to hold some corresponding angular rates ωebdes , which gives

fx̃des(x̃) = f(x)− ẋcmd + g(x)ωebdes (5.19)

The control law for the needed angular rates ωebdes are obtained by inverting
equation (5.19), in the same way as for Input-Output Linearization in equation
(3.5), resulting in

ωebdes = g(x)−1(−f(x) + ẋcmd + fx̃des(x̃)) (5.20)

Replacing the angular rates in equation (5.14) with the control law given by
equation (5.20) gives

˙̃x = fx̂des(x̃) (5.21)

The desired dynamic fx̂des(x̃) is thus an auxiliary input in the same manner
as υ in equation (3.5), and represents the outer loop error dynamics and the
manner in which the error x̃ is reduced. However, the desired angular rates
ωebdes cannot be realized immediately by the aircraft. Therefore, there exists
an error variable for the angular rates,

ω̃eb = ωeb − ωebdes (5.22)

where ω̃eb is the error between the actual angular rates and the desired ones.
Inserting ω̃eb into equation (5.19) gives

fx̃des(x̃) = f(x)− ẋcmd + g(x)ωebdes + g(x)ω̃eb (5.23)

Comparing equations (5.19) and (5.23), it can be noted that the desired
dynamics fx̃des(x̃) is only achieved if ω̃eb = 0. This can be seen as a secondary
tracking control objective and a control law can be formed in a similar manner
by first taking the derivative of equation (5.22), which gives

˙̃ωeb = ω̇eb − ω̇ebdes (5.24)

Since the time scale separation was based on the assumption that the dynamics
of the angular rates ω̇eb are much faster then the dynamics of the control vari-
ables ẋ, the time scale separation assumption can be extended and it can be
assumed that the dynamics of ω̇ebdes is slow, since it is based on the slower con-
trol variables ẋ. Thus the last term in equation (5.24) can be disregarded and
the change of error ˙̃ωeb can be assumed to be only dependent on the change of
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the aircraft angular rates ω̇eb, were the dynamics is given by the second system
in (5.12),

˙̃ωeb = ω̇eb = h(x, ωeb) + k(x)δs (5.25)

Applying the NDI method of postulating some desired dynamics fω̃des(ω̃)

for the angular rates error ˙̃ωeb, and inverting equation (5.25), gives the control
law for the control surface deflections δs that is needed to achieve the tracking
objectives

δs = k(x)−1(−h(x, ωeb) + fω̃des(ω̃eb)) (5.26)

The functions h(x, ωeb) and k(x) can be obtainedwith equation (4.5) and equa-
tion (4.11), resulting in

h(x, ωeb) = J−1(MA0(x, ωeb)− ωbeb × Jωbeb) (5.27)

k(x) = J−1MAδs(x). (5.28)

The control system is essentially a cascadedNDI, which can be represented
by the block diagram in figure 5.1. A command for the control variables xcmd
is set. The tracking error x̃ is calculated by measuring the current state of the
control variables x. The auxiliary control input to reduce the tracking error x̃
is given by the desired dynamics fx̃des(x̃), and through the first inversion con-
trol law, the desired aircraft angular rates ωebdes required are generated. With
the desired angular rates known, the error of angular rates ω̃eb is calculated,
and in the same way auxiliary inputs for the angular rates are given by the de-
sired dynamic fω̃ebdes (ω̃). Finally, control surface deflections commands are
generated through the second inversion control law, and are fed as inputs to
the aircraft model.

ACNDINDI fω̂des(ω̃)

Second InversionFirst Inversion

ω

x, ω

δS

−

ωebdes
fx̂des(x̃)

x

−

xcmd

Figure 5.1: Block diagram of the cascaded NDI control system.
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For both the control variable error dynamics ˙̃x and the angular rate error
dynamics ˙̃ωeb, the desired dynamics fx̃des(x̃) and fω̃ebdes (ω̃) which determines
the desired responses to a tracking error, have in this case been chosen as first
order systems for simplicity and are shown in equations (5.29)

fx̂des(x̃) = −

Kµ 0 0

0 Kα 0

0 0 Kβ

 (x− xcmd)

fω̂des(ω̃) = −

Kp 0 0

0 Kq 0

0 0 Kr

 (ωeb − ωebdes)

(5.29)

The above equations are equivalent to a proportional controller whereKµ, Kα

and Kβ are the proportional gains for the control variables, and Kp, Kq and
Kr are the gains for the angular rates .

The control of the airspeed VT has not been mentioned, but it is obtained
in the same manner by first writing the dynamics in control affine form

V̇T = fVT (x, xAC) + gVT (x, xAC)δT (5.30)

where the functions fVT (x, xAC) and gVT (x, xAC) are obtained from rewriting
equation (5.7). Following the same procedure as described above a control
law for the throttle position δT can be defined.



Chapter 6

Simulation

6.1 The F-18 HARV Model
Simulations have been performed on the F-18 HARV Model [19]. The ma-
noeuvres were performed without an afterburner, and the control surface de-
flections and rate limits are specified in Table 6.1.

Aileron Elevator Rudder

Rate Limit[deg/s] 100 40 82
Deflection limit[deg] +45, -25 +25,-10 +30,-30

Table 6.1: Control surface limits.

The F-18 HARV has a split elevator configuration which means that the
right and left elevator are able to move independently. In the simulation this
has been neglected and the elevator is assumed to be as one piece. Actuators
for the control surfaces and engine were modelled with a first order differential
equation,

δ̇ =
1

τ
(δcmd − δ) (6.1)

where τ is the time constant. The time constants used in the simulations are
listed in Table 6.2.

Engine Aileron Elevator Rudder

Time Constant 0.02 0.2 0.2 0.2

Table 6.2: Time constants of actuator dynamics for control surface and engine.

23
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6.2 Combat Cycle Time

Figure 6.1: Flight trajectory comparison of two CCT turns at 5km altitude
and Mach 0.9. The trajectory with larger radius ( blue aircraft) is at constant
airspeed and the other with smaller radius (red aircraft) is a high-angle-of-
attack CCT.

A CCT manoeuvre is defined as the time required to perform a 180◦ heading
turn in the horizontal plane. The time is measured from initiating the turn until
the aircraft has performed the turn and reached the same initial speed.

There are many ways to perform a CCT turn. Comparing a selection of
manoeuvres, it apparent that the shortest time for a CCT turn is when the
least amount of kinetic energy is depleted. The reason is that it is very time
consuming to build up the kinetic energy by acceleration at constant altitude.

In Figure 6.1 the flight path trajectories from two different CCT turns are
shown, with the same initial state at 5km of altitude and MACH 0.9. The blue
aircraft path represents a CCT where constant airspeed is held, and the red
aircraft path represents a high angle of attack - short radius CCT.

For the blue aircraft to complete the turn it takes approximately 23 seconds,
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where the red aircraft completes the 180◦ heading change in 12 seconds, which
is seen in Figure 6.2a. At the same time the airspeed has dropped by 100m/s,
which is seen in Figure 6.2b. The time to complete the CCT and reach the
initial airspeed for the red aircraft takes an additional 26 seconds and the total
time for the CCT is 38 seconds.

In both cases altitude is lost, which can be seen in Figure 6.2c. This is due
to how precise the angle of attack commands are set during the simulation. The
commands for the angle of attack and bank angle are issued at the same time,
which can be seen in Figures 6.2d and 6.2e. Due to cross coupling this leads
to induced sideslip, which can be seen in Figure 6.2f. For the high angle of
attack CCT this effect is more noticeable. It can also be noted that the sideslip
reduces at a slower rate after 12 seconds. With a lower dynamic pressure the
rudder has to work harder which can be seen Figure 6.3a where the whole
range of rudder deflection is used.

Aileron actuation at initiation of the turn is comparable for both cases,
which can be seen in Figure 6.3b. For the high angle of attack case, there is
a longer actuation for levelling the aircraft after the turn, where for the con-
stant airspeed case the aileron deflection is the same in magnitude as in the
beginning of the turn but reversed in direction. The elevator deflections can
be seen in Figure 6.3c. In the high angle of attack case a significantly larger
angle of attack is commanded, which in turn requires a larger elevator actua-
tion compared to the constant airspeed case. However, in both cases a small
part of the total range of motion is required. Since the F-18 HARV has a split
elevator configuration, and the elevator are clearly not used to its maximum, it
could be used to generate additional yaw moment and reduce the work load of
the rudder which would provide additional reduction of the induced sideslip.
Another way to reduce the sideslip could be to separate the angle of attack and
bank angle commands, for example by first setting a command for banking and
when the reference value is reached, setting a command for angle of attack.

In Figure 6.3d the throttle position for the engine is seen. Since altitude
is lost during the turn and kinetic energy is gained, the throttle in the constant
airspeedCCT is reduced tomaintain the speed, whichmeans that there is some
room for improving the CCT by just setting the throttle to maximum. In the
high angle of attack case, airspeed is lost and the control system response is to
set the throttle to maximum.
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Figure 6.2: Aircraft states as function of time during for the twoCCT manoeu-
vres. (a) - Heading angle χ. (b) - Airspeed VT . (c) - Altitude h. (d) - Bank
angel µ. (e) - Angle of attack α. (f) - Sideslip angle β.
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Figure 6.3: Control surface deflections δs and throttle position δT as function
of time during the two CCT manoeuvres. (a) - Aileron deflection δA. (b)
Elevator deflection δE . (c) - Rudder deflection δR. (d) Auto-throttle position
δT
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6.3 T90
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Figure 6.4: T90 as a function of Mach number for different flight altitudes.

The T90 agility metric can be described as rolling and capturing a 90◦ bank
angle with a constant angle of attack. In Figure 6.4, the T90 agility metric can
be seen as a function of Mach number for different altitudes. The time differ-
ence decreases with dynamic pressure and the difference between altitudes is
larger at lower Mach numbers. This indicates that manoeuvring performance
at lower speeds is gained by lowering the altitude.

The T90 is not a measurement of how fast the aircraft can roll. A faster roll
would be achieved by first reducing the angle of attack (unloading) and then
performing the roll manoeuvre. In a ideal T90, it is required to perform the
roll in a coordinated way by keeping the sideslip to zero and a constant angle
of attack. Due to aerodynamic reasons and cross coupling, especially between
yaw and roll, there is a limitation of how fast the coordinated banking can be
achieved. The T90 provides a way to explore this limitation and the results can
be used for both performance comparison between different aircraft models
but also for model evaluation during model design.
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To obtain the results, gain scheduling of the bank angle µwas needed. The
reason for this can be seen in Figure 6.5a, where a comparison between a low
gain and high gain ofKµ is done at Mach 0.9 and at altitudes of 1km and 3km.

With a low gain, the same response is achieved as predicted by theory of
feedback linearisation. However it can be clearly seen that this low gain un-
derestimates the roll performance of the aircraft. To get a better understanding
of the roll performance the gain is increased.

Since the aerodynamic forces depend on the dynamic pressure, the gain
increase required to achieve a good response is different at different altitudes
and airspeeds. The solid lines in Figure 6.5a represent the same initial condi-
tion but with an increased gain. At lower altitudes a good response is achieved,
but using the same gain at higher altitude results in an overshoot. Thus, gain
scheduling has been applied to have a good response throughout the flight en-
velope to obtain good estimates of the T90 agility metric. In Figure 6.5b the
gain scheduling used forKµ is shown as a function of altitude and Mach num-
ber. The gain needed at higher dynamic pressures is twice as big compared to
lower dynamic pressures.
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Figure 6.5: (a) - T90 comparison for two altitudes, 1km and 3km at Mach 0.9
for two different gains, Kµ = 1.5 (dotted lines), Kµ = 4.3 (solid lines). (b) -
Gain scheduling mat as a function of altitude and Mach number.

In Figure 6.6 a comparison of some aircraft states during a T90manoeuvre
is shown for two data points at 1km of altitude, from Figure 6.4. The blue
line is at a higher dynamic pressure Mach 0.9 and the red line is at lower
dynamic pressure Mach 0.45. With gain scheduling, the shape of the bank
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angle response is similar, which can be seen in Figure 6.6a. For both cases the
angle of attack is slightly reduced at the moment when the ailerons reverse the
direction to capture the roll, which can be seen in Figure 6.6b. In both cases
sideslip is induced, but still less than 1 degree as can be seen in Figure 6.6c.

At lower speeds, a higher angle of attack is needed for maintaining the lift,
which has an affect on the rudder effectiveness. This effect is natural since
the aircraft fuselage blocks the airflow to the rudder. As previously seen, at
a lower dynamic pressure the rudder has to work harder to maintain a low
sideslip angle, especially in a velocity vector roll where influence from other
states is high due to cross coupling, as can be seen in Figure 6.6d. Specifically,
for the low dynamic pressure case, the control signal for the rudder saturates
immediately.

The required elevator deflections are very small which leads to a good
tracking of the command signal, which can be seen in Figure 6.6e. The overall
limiting factor for a faster T90 is the aileron actuator speed limit. This can be
seen in Figure 6.6f where in both cases the aileron moves at the limited speed
of 100deg/s through the whole manoeuvre.
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Figure 6.6: Aircraft states as a function of time during T90 manoeuvre at 1km
altitude and Mach numbers, 0.4 and 0.9. (a) - Bank angle µ, (b) - Angle of
attack α. (c) - Sideslip angle β. (d) - Aileron deflection δA. (e) - Elevator
deflection δE . (f) - Rudder deflection δR.
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Conclusions

In this thesis work a control system was developed based on the NDI method
for estimating specific agility metrics, namely the Combat Cycle Time (CCT)
and Time to capture 90◦ bank (T90), for the F-18 HARV aircraft model. Esti-
mations were performed and in the case of the CCT two scenarios were com-
pared. Results show that the fastest CCT is the one where the least amount of
airspeed is lost during the manoeuvre. In the case of the T90, a gain scheduling
was required for extracting the maximum banking performance of the aircraft
model, and it can be concluded that the overall limiting factor for better per-
formance for this aircraft model is the aileron actuator speed.

NDI is an effective method for implementing simple control structures to
more complex nonlinear systems, such as an aircraft. The effectiveness comes
from the fact that the linearization is based on cancelling the nonlinear ef-
fects with the equations of motion itself, and pre-linearizations of the model
is not necessary. This is very useful, especially in high nonlinear regimes. For
example, considering the high angle of attack CCT, using traditional method
would have been required to have several different linearized models with cor-
responding controllers to cover the same flight path.

However, since the NDI method relies on the assumption that the control
system linearizes the system, instead of this being done before hand, there is
a general performance loss of the overall manoeuvrability, since some of the
control power is used for linearization, as a result there is a limitation of how
much of the control power can be used for manoeuvring, while maintaining
the linearization. For systems that have low control effectiveness this can be
a very significant limitation, which makes the system slow. In the end, one
could say that the method can be regarded as a trade-off between peak per-
formance and implementation time of the controller. This can be valuable in
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an iterative model developing process, where emphasis is put on fast turnover
time between new model designs and controller implementation, where the
final maximum performance has not been reached.

Building a more general control system for performance evaluation, more
focus needs to be put on the control variables since these greatly affect how
much effort is needed for the linearization and overall control, since there are
various levels of how nonlinear variables are. Another point to consider is
that the NDI method requires that some desired dynamic is postulated and it is
important that proper desired dynamics are used. In this work, only first order
differential systems were used for the desired dynamics. Most natural physical
systems are of second order or higher, including the aircraft. Forcing a second
order system to behave as a first order system requires control actuation, which
may be unnecessarily wasted, instead of letting more of the natural behaviour
through and controlling it as a second order system.

Improvements can be made in various ways, a suggestions is to incorporate
a pilot model instead of the first inversion block in figure 5.1. Handling qual-
ities could be added in the loop as a second step by implementing a reference
model. The reference model would be specified with the handling qualities in
mind, and controlled by the pilot model, the reference model would then in
turn generate the commands to the aircraft model. Another approach could be
to implement trajectory tracking, where instead of commanding specific air-
craft states the commands are generated from a specified trajectory in space.
As a suggestion this could be done with the use of Frenet-Serret formulas.

And to end with a quote regarding feedback linearization in general from
Hassan Kahlil, author of the book Nonlinear Systems

"...there are situations where nonlinearities are beneficial and cancelling
them should not be an automatic choice. We should try our best to understand
the effect of the nonlinear terms and decide whether or not cancellation is
appropriate. Admittedly, this is not an easy task. "
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