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Abstract

Fatigue analysis of the printed circuit boards (PCBs) of an avionic instrument
has been analyzed. The natural frequency and transmissibility has been es-
timated through analytical approach and finite element approach with Solid-
Works and experimentally. Fatigue analysis damage has been obtained with
three methods: Steinberg Stress approach, Steinberg Relative Displacement
approach and Dirlik method. The analysis indicates that the solder that holds
the CPU on the control unit is critical for the fatigue life. The results show that
each method is far from the critical CDI value of 0.7 and therefore the design
could be optimized.
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Sammanfattning

En utmattningsanalys har utförts av ett kretskort (printed circuit board” PCB)
i en avioniskt kronograf, kallad Stratotimer. Egenfrekvenser och överföring
har uppskattats analytiskt, nummeriskt med finita element i Solid Works samt
experimentellt. Utmattningsrisk har predikterats med tre metoder: Steinbergs
spänningskriterium, Steinbergs relativa förskjutningskriterium och Dirlikme-
tod. Analysen indikerar att den lödning som håller fast CPUn på kontrollenhe-
ten är kritisk för utmattningslivet. Resultaten från de ollika metoderna skiljer
sig något men samtliga metoder indikerar en stor marginal till det kritiska de-
sign indexet (CDI) på 0,7. Därmed bör det finnas utrymme för optimering av
Stratotimern.
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Chapter 1

Introduction

1.1 Scope

The scope of the study is to determine a set of ground rules to develop airborne
products which need to be compliant with vibration requirements according
to aviation standards.

1.2 Stratotimer Description

The Stratotimer (ST3) is a digital multifunction clock, designed to be easily in-
stalled in an instrument panel of an aircraft. Time and timer functions are dis-
played on a thin film transistor display, with light digits on a dark background.
The different display options can be changed using an on-screen menu with
four push-buttons and a push/turn control knob. The brightness of the display
can be either adjusted automatically with two light sensors or adjusted manu-
ally. An internal battery makes sure that the ST3 continues to keep time when
aircraft power is not available. The battery can be easily replaced by removal
of a battery holder at the rear of the ST3. Capacitors make sure that the ST3
continues to function during momentary power disruptions.
The case of the ST3 is made of Aluminium 6061-T6 while the printed circuit
boards (PCBs) are made from copper and FR4, which is a composite material
of E-glass fiber and epoxy resin.
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Figure 1.1: Stratotimer 3ATI

1.3 Environmental Conditions and Test Pro-
cedures for Airborne Equipment

Any electronic aviation product must withstand vibrations during its life time.
The requirements which need to be fulfilled are described in RTCA DO-160G
section 8 for civil aircraft and MIL-STD-810G for military aircraft, [1] [2].
The main purpose of vibration tests is to check if the instrument will fail for
fatigue. The test duration is defined using theMiner-Palmgren hypothesis (1.1)

t2
t1

=
[G1

G2

]m
(1.1)

where t1 is the equivalent test time, t2 the in-service time for specified condi-
tion,G1 is the g-level at test condition,G2 is the g-level at in-service condition
and m is a value based on the slope of the S-N curve of the material consid-
ered. In this way, it is possible to reproduce the damage of many years in just
a few hours.
There are two main types of tests: sinusoidal and random. They have differ-
ent input parameters depending on the type of airplane or helicopter. Often
random vibrations are the cause of fatigue failure and they will be analyzed
in more detail in a next section [3]. Airplanes and helicopters have to with-
stand different loads due to a different vibration environment: the former have
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a broadband frequency range from around 10 Hz to 2000 Hz while the latter
have a bigger impact in lower frequency range (up to 500Hz). Both present a
broadband spectrum of frequency but propeller airplanes and helicopters are
characterized by few tonal frequencies associated to the angular speed of the
rotor and number of blades.
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Figure 1.2: Random input for different
types of airplanes
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Figure 1.3: Random Input for different
types of helicopters

Fig.1.2 and fig.1.3 show the envelope for civil and military standards for dif-
ferent categories of aircraft.
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Methods

2.1 Estimation of Young’s Modulus of PCB

Printed circuit boards (PCBs) can be considered as symmetrical sandwich
plates which are composed by alternating layers of copper and the insulator
FR4 (Flame Retardant). In this paper FR4 will be considered as an isotropic
material, [4], and according to [5], the average Young Modulus and average
density can be calculated respectively as (2.1) and (2.2)

EPCBh
3

12
=

2

3

∑
k

Ek(d
3
k+1 − d3k) (2.1)

ρ =
2

h

∑
k

ρk(dk+1 − dk) (2.2)

where ρ is the density, dk+1 is the distance from the top side of the kth layer
to the middle line of the sandwich and dk is the distance from the bottom side
of the kth layer to the middle line of the sandwich. The symmetric laminate
considered is 1.6mm thick and composed by 8 layers: 4 layers of insulator and
4 of Copper each of thickness equal to 17.8µm, fig 2.1.

Copper FR4 PCB
Young’s Modulus E [GPa] 107.9 18.6 24.1

Poisson’s Ratio ν 0.3 0.3 0.3
Density ρ [Kg/m3] 8900 1900 2000

4
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Figure 2.1: Half Laminate: bottom side of FR4 is coincident with middle line

2.2 Modal Analysis

The first natural frequency has been obtained using three different approaches:

• Analytical approach

• Finite Element Analysis (FEA) with SolidWorks

• Experimental Approach

2.2.1 Analytical Approach

Beam Approximation

A first estimation of the first natural frequency has been derived through an
analytical procedure. In first approximation, the PCB can be considered as
a clamped beam using the average Young Modulus estimated in the previous
section. The second moment of inertia I can be obtained from (2.3)

I =
bh3

12
(2.3)

where b is the width of the PCB and h its thickness. According to [6], the first
natural frequency can be calculated from (2.4)

fn =
π

2

√
EI

ma3
(2.4)

where m is the total mass of the PCB, E is the Young Modulus and a is the
length of the PCB.
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Plate Approximation

PCBs can also be modelled as a plate with different boundary conditions: each
edge can be free, simply supported or clamped, [7]. In the Stratotimer, PCBs
are all fixed with 4 screws near the corner and linked to the internal aluminium
bracket. A simply supported plate is the most accurate approximation com-
pared to all other boundary conditions.

fn =
π

2

√
Eh2

12ρ(1− ν2)

[( 1

b2

)
+
( 1

a2

)]
(2.5)

where E is the Young Modulus, ρ is the density, ν is the Poisson’s ratio, a is
the length of the plate, b is the width and h is the thickness.

2.2.2 Finite Element Analysis (FEA)

The second method used to estimate the natural frequencies of the Stratotimer
is through a Finite Element Method (FEM) with SolidWorks Simulation 2018
[8],[9], [10], [11], [12].

Model Simplification, Mesh element and Convergence

The first step is to reduce the complex model to a simpler one in order to
reduce the computational cost of the analysis. The Stratotimer is composed of
approximately 1000 components, therefore only the most significant ones have
been selected for the analysis. Furthermore, those parts have been simplified
by removing small holes and fillets.
The aluminium structure has been discretized using second order tetrahedral
solid elements while PCBs has been modelled using second order triangular
shell elements. The main differences between first order and second order
elements are:

• Linear elements have straight edges and flat faces after the deformation

• Linear elements have linear displacements

Assuming small displacements the strain can be approximated as the first deriva-
tive of the displacement [13]. As a consequence, for a first order element strain
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field and the stress field are constant while are linear for a second order ele-
ment. Furthermore, second order elements can better approximate curved sur-
faces and as a consequence are usually preferred for simulations.
Simulations have been run for different mesh size in order to check the con-
vergence of the natural frequencies to a certain value. This can be observed in
fig.2.2.
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Figure 2.2: Convergence First Resonance Frequency

Eigenfrequencies & Eigenvectors

The Eigenfrequencies of a undamped system can be found by solving a gener-
alized eigenvalue problem, [14].

(
[K]− ω2[M ]

)
Φ = 0 (2.6)

where [K] is the stiffness matrix, [M ] is the mass matrix, ω is the vector of
eigenfrequencies and Φ is the vector of eigenvectors.
Due to the fact that the system is lightly damped the natural frequencies will
be very similar to the damped frequencies of the system. The problem can
be solved with several methods which can be divided in two main categories:
direct and iterative methods. The iterative method used by SolidWorks for the
solution of the linear system is the efficient preconditioned gradient method
(PCG).



8 CHAPTER 2. METHODS

Figure 2.3: 1st&11th Mode Comparison

Octave Rule

The octave rule is an important rule of thumb used in order to avoid the cou-
pling between the chassis and the printed circuit boards [6].
In order to check the decoupling, the first frequency related to the chassis has
been obtained which is around 2700[Hz] and is more than two times the first
frequency of the system composed by chassis+PCBs. As a consequence, the
cumulative fatigue damage ratio can be estimated with the three-band tech-
nique as it will be seen in the next section.

2.2.3 Experimental Analysis

The main purpose of qualification tests is to see if the instrument complies
with the durability requirements. The inputs are different depending on the
type of aircraft, the position on the aircraft and the type of equipment [1]. In
order to declare the equipment compliant with standard regulations, all func-
tionality must work after all the tests.

The ST3 has been subjected to:
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Figure 2.4: Stratotimer 3ATI

• sinescan (0.5 g, 1 oct/min, from 10-2000 Hz)

• random vibrations U2 - F - 10 minutes

• random vibrations U2 - F1 - 180 minutes

• random vibrations U2 - F - 10 minutes

• sinescan (0.5 g, 1 oct/min, from 10-2000 Hz)

and to:

• sinescan (0.5 g, 1 oct/min, from 10-2000 Hz)

• random part of DO-160G in fig.1.3 - 180 minutes

• sinescan (0.5 g, 1 oct/min, from 10-2000 Hz)

Sinusoidal Input

The aim of the sinescan test is to find the resonant frequencies of the instrument
in order to compared them with the analytical and FEA results. The amplitude
of the sinusoidal curve is 0.5g, the logarithmic sweep rate needs to be lower or
equal to 1 oct/min in order to give to the system the necessary time to reach the
real amplitude. The range of frequency of interest is from 10 Hz to 2000 Hz
and therefore the frequency of the platformwhere the instrument is fixed needs
to have at least a resonant frequency of 4000 Hz in order to avoid couplings
between the equipment and the shaker table (fig. ST3 on shaker table before
test). The first peak in fig(sinescan) corresponds to the first natural frequency
of the instrument.
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Description U2 - Vibration Test for Helicopters

Category testU2 correspond to an unknown random input. The power spectral
density profile is different depending on the type of test as can be seen in fig.
2.6. The performance test is run for at least 10minutes while the endurance test
for 180 minutes. F1 input is used to test equipment on helicopters fuselage,
instrument panel, and tail boom to random input.

Test Level Grms
Performance F 3.37
Endurance F1 4.76
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Figure 2.6: F1 input RTCA DO-160G
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2.2.4 Comparing Transmissibility

An important parameter for fatigue analysis, apart from the lowest natural fre-
quency of the system, is the trasmissibility calculated as the ratio between the
output and the input acceleration.

Fig. 2.7 shows the comparison between the output obtained from the experi-
ment and a single DoF approximation. Since the accelerometer has been fixed
at a mid point between the center and the side of the control board the trasmis-
sibility of the output is not the maximum. In order to obtain the maximum
trasmissibility, it has been multiplied by a factor of 4.1 leading to maximum
Q = 28.4.
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Figure 2.7: Estimation of Transmissibility

2.3 Fatigue Analysis of Random Vibrations

2.3.1 Random Vibrations Theory

As already mentioned in the introduction of this paper, random vibrations rep-
resent the best approximation of real vibration environments where electronic
equipment has to operate. They are characterized by the power spectral den-
sity (PSD) which is defined as the root mean square (RMS) divided by the
frequency range leading to a dimension of g2/Hz [15] [2] [3]. An example of
PSD input can be seen in fig.1.2.
The fatigue behaviour is highly complicated due to:
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• The phenomenon is not completely understood but it consist of two dif-
ferent phases: crack initiation and propagation.

• The phenomenon is influenced by temperature, residual stresses, surface
finish, etc.

• There is variability in failure data obtained from controlled experiments.

• Stress processes are usually non stationary

The fatigue analysis is limited to stationary time history with Gaussian distri-
bution and the effect of the mean stress is neglected.
One important difference between sinusoidal and random vibrations, apart
from the non-periodicity of the input, is that for the latter all frequencies are
excited simultaneously and therefore objects with different natural frequency
can reach their maximum displacement at the same moment increasing the
chance of a possible collision.

2.3.2 Steinberg’s Assumptions

The first natural frequency is an important parameter because it corresponds
to the maximum relative displacement of the PCB. According to [6], bending
is the main reason for the generation of strain in components on electronic
boards. Steinberg assumed that the fatigue life of components is related to the
relative displacement between the board and the component.

Figure 2.8: Lead bending due to PCB movement

Consider Z as the displacement at the center of the PCB which corresponds to
a fatigue life of approximately 20 million stress reversal. The correspondent
3σ-level displacement Z3σ is obtained from (2.7)

Z3σ =
0.00022B

Chr
√
L

(2.7)
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Where , B[in] is the length of the PCB edge parallel to the component, L[in]

is the length of the electronic component, h[in] is the PCB thickness, r is a
relative position factor for the component mounted on the board and C is a
constant related to the type of electronic components and can assume values
between 0.75 < C < 2.25, [6].

Limitations

According to [16], there are several limitations due to the mentioned assump-
tions:

• Electronic component’s service life may be very different from the 20
million cycles assumed.

• Random vibrations can be non-stationary and with a non-Gaussian dis-
tribution. As a consequence, the relative displacement of the component
is not described by (2.7).

• The component is assumed as a single degree of freedom (DoF) but it
will likely behave as a multiple DoF system with higher modes con-
tributing to the fatigue damage.

2.3.3 Steinberg Fatigue Life Estimation

There are two approaches to estimate the the fatigue life of a component:

• Using Alternate Stress - cycles (S-N curve)

• Using Relative Displacements - cycles (RD-N curve)

Both are using the Basquin’s equation and the Three-Band Technique.

Gaussian Distribution & Basquin’s Equation

One assumption made is about the normal distribution of the instantaneous
acceleration in time domain and therefore the peaks fit the Rayleight distribu-
tion. As a consequence, the probability of not exceeding a value of accelera-
tion which corresponds to the 1σ is 68.3%. Similarly, the probability of not
exceeding the 2σ and 3σ values are 95.4% and 99.73% respectively.

Basquin’s equation consist in approximate the S-N curve using (2.8)
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Nf

Nu

=
[Su
Sf

]q
(2.8)

The curve is totally defined by two parameters: the ultimate flexural strength
Su of the material and the slope q.
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Figure 2.10: S-N Curve of Soldering Balls (63Sn37Pb)

From fig.2.10 can be seen that the curve is approximated by two parts: low
and high stress cycle curve. The former consist in a plateau meaning that the
ultimate stress is independent from the number of cycles while the latter is
approximated by a decreasing straight line.
The critical part of the PCB has been identified as the CPU which is soldered
to the board using soldering balls. The values used are: Su = 270.45MPa

and q = 4, [17].
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Three-Band Technique using Stress

Miner’s cumulative damage theory has been used assuming the damage cumu-
lative [18] [19]. The number of cycles to fail, Nk where k = 1 : 3, has been
derived for each σ-level from (2.9)

Nk = Nu

(
Su

k × Sb

)q

(2.9)

where Sb = M×c
I

andM is the RMS bending moment, c is the distance from
the neutral axis and I is the moment is inertia.
The number of cycles n can be derived knowing the natural frequency fn and
the exposure time T from (2.10)

nk = pkfnT (2.10)

where p = [0.683, 0.271, 0.0433] and k = 1 : 3 correspond respectively to the
3 different sigma levels.
Finally the cumulative fatigue damage ratio equation has been estimated from
(2.11)

CDI =
n1

N1

+
n2

N2

+
n3

N3

(2.11)

If CDI = 1 means that the PCB failed for fatigue and therefore this index can
quickly give an idea about how far the board is from the failure. Typical value
for critical life-cycle electronics is CDI ≤ 0.7.

Three-Band Technique using Relative Displacements (RDs)

An alternative way is to use relative displacement instead of stress. The cumu-
lative fatigue damage ratio has been estimated using the Steinberg’s assump-
tions and using (2.7),(2.11).
The RD-N curve has been derived from (2.12) knowing the slope and the Z3σ

value [16].

log
(RD
Z3σ

)
=

6.32− log(N)

q
(2.12)
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Where RD is the relative displacement. According to Steinberg assumption
the low cycle part of the graph follows the assumption that the maximum rela-
tive displacement for shock is 6 times the 3σ limit value for 20 million cycles.
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Figure 2.11: RD-N Curve of electronic components

Z3σ is estimated considering the most critical PCB into the ST3 which is the
CPU board. The number of cycles are obtained using (2.9) where instead of
the stress the relative displacement has been used.
Cumulative fatigue damage ratio calculated from relative displacements is less
conservative compared to being obtained with stress [20].
Steinberg’s method is used especially for narrow-band signals but it still can
be used also for more realistic broad-band signals even though it becomes
conservative. As a consequence, new methods have been developed, such as
the widely used Dirlik’s empirical method.

2.3.4 Dirlik’s Fatigue Life Estimation

Traditionally, fatigue analysis has been performed in time domain where cy-
cles are obtained from the rainflow cycle counting process. In 1985 Dirlik
introduced a more accurate empirical method to estimate the rainflow range
probability density function based on a rainflow range count directly from PSD
and the Monte Carlo method [21] [22] [23]. The Dirlik’s approach is still lim-
ited to Gaussian signals but provide a probability distribution of ranges. The
number of bins used in this paper is 400 instead of the 3 used with the Stein-
berg’s approach. If the integral of the probability density function is close to 1

the number of bins is acceptable. Furthermore, instead of considering a max-
imum acceleration equal to the 3σ-level a more conservative choice has been



CHAPTER 2. METHODS 17

made using the 8σ-level. Dirlik’s empirical equations are given by (2.13) and
(2.16)

ni(R) = νPTpi(R) (2.13)

Where ni(R) is the number of response cycles of range R expected in time
T [s] and νP is the expected number of peaks obtained by (2.14)

νP =

√
m4

m2

(2.14)

Wherem4 andm2 are the 4th and 2th moment of area of the PSD respectively.
mn is defined as (2.15)

mn =

∫ ∞
0

fnPSD(f)df (2.15)

pi(R) =

D1

Q
exp
(
−Zi

Q

)
+ D2Zi

R2
0
exp
(
− Z2

i

2R2
0

)
+D3Ziexp

(
−Z2

i

2

)
2
√
m0

Zi =
R

2
√
m0

;D1 = 2
(xm − γ2)

1 + γ2
;D2 =

1− γ −D1 +D2
1

1−R0

D3 = 1−D1 −D2;Q = 1.25
γ −D3 −D2R

D1

R0 =
γ − xm −D2

1

1− γ −D1 +D2
1

; γ =
m2√
m0m4

;xm =
m1

m0

√
m2

m4

(2.16)

If the stress response is in the Basquin’s form NSq = A, then the Relative
fatigue damage index from amplitude is obtained from (2.17)

RelativeDamage = D =

∫ ∞
0

(Range/2)bd(Range/2) (2.17)

CDI =
1

A

∫ ∞
0

SbdS (2.18)
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Results and Discussion

The lowest natural frequency of the system is determined by a bending mode
of the control board and its Young’s modulus is obtained approximating the
PCB as a laminate made of copper and FR4 insulator layers. The analytical
approach using beam theory shows a frequency underestimation of 33% while
approximating the board as a simply supported beam leads to a more accu-
rate result (+5.8%). In the case of PCBs being not fixed by screws but with a
one-sided clamping method, beam theory would predict the frequency more
accurately. FEM approximates the first mode with an error of approximately
1%, see Table 3.1 and fig. 3.1.

First Frequency [Hz] Error %
Beam Theory 546 -33.0%
Plate Theory 862 +5.8%

FEM SolidWorks 820 +0.6%
Experimental 815 -

Table 3.1: First Natural Frequency Estimation

The relative damage does not say how far the instrument is from failure, but
it useful to make comparisons between similar components. Table 3.2 shows
that the relative damage from the experiment is higher compared to the 1 de-
gree of freedom approximation leading to an underestimation of the failure.
The FEM approximation considering 15 modes leads to an underestimation
of the damage but the result is closer to the experimental one compared to the

18
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Figure 3.1: Response to Random Input

single degree of freedom approximation.

Relative Damage D
SDoF 4.962e+12

FEM SolidWorks 2.500e+14
Experimental 3.083e+14

Table 3.2: Relative Damage

Table 3.3 shows the cumulative damage index, with results lower than 0.7 for
all cases considered. The relative displacement approach is the more conser-
vative even though there are situations where the access on the PCBs is lim-
ited and using a laser measurement is the best solution. According to [6], the
trasmissibility can be approximated as Q = 2

√
fn for electronic boards with

a natural frequency higher than 600Hz. Since from the experiment Q = 28.4

which is
√
fn, this value has been used to calculate the CDI. The CDI value

using Steinberg method would be 0.61 which is still lower than the limit. The
VonNeumann PSD output (fig. 3.2) is obtained fromFEMapproximationwith
SolidWorks and probably is an underestimation of the stress and therefore the
CDI calculated using (2.18) could also be an underestimation.
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Figure 3.2: Von Neumann Stress obtained from FEM

Cumulative Damage Index CDI
Steinberg Stress Approach 0.15

Steinberg Relative Displacement Approach 0.29
Dirlik Stress Approach 0.05

Table 3.3: Cumulative Damage Index



Chapter 4

Conclusions

The paper showed that the study of fatigue can be analyzed with different tech-
niques where some aremore conservative and other are less. It has been proved
that the Stratotimer has a very conservative design which could be improved by
reducing the overall weight, dimensions and time of production. Nevertheless,
the methods used have limits due to unsteady signals, couplings between the
three dimensions and the inherent stochastic behaviour of the phenomenon.
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