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Abstract

Finite element methods have been developed over decades, and to-
gether with the growth of computer power, they become more and more
important in dealing with large-scale simulations in science and indus-
try. The objective of this thesis is to develop high-performance finite
element methods, with two concrete applications: computational fluid
dynamics (CFD) with simulation of turbulent flow past a vertical axis
wind turbine (VAWT), and computational diffusion magnetic resonance
imaging (CDMRI). The thesis presents contributions in the form of
both new numerical methods for high-performance computing frame-
works and efficient, tested software, published open source as part of
the FEniCS/FEniCS-HPC platform. More specifically, we have four
main contributions through the thesis work.

First, we develop a DFS-ALE method which combines the Direct
finite element simulation method (DFS) with the Arbitrary Lagrangian-
Eulerian method (ALE) to solve the Navier-Stokes equations for a ro-
tating turbine. This method is enhanced with dual-based a posteriori
error control and automated mesh adaptation. Turbulent boundary lay-
ers are modeled by a slip boundary condition to avoid a full resolution
which is impossible even with the most powerful computers available
today. The method is validated against experimental data with a good
agreement.

Second, we propose a partition of unity finite element method to
tackle interface problems. In CFD, it allows for imposing slip veloc-
ity boundary conditions on conforming internal interfaces for a fluid-
structure interaction model. In CDMRI, it helps to overcome the dif-
ficulties that the standard approaches have when imposing the micro-
scopic heterogeneity of the biological tissues and allows for efficient so-
lutions of the Bloch-Torrey equation in heterogeneous domains. The
method facilitates a straightforward implementation on the FEniCS/
FEniCS-HPC platform. The method is validated against reference so-
lutions, and the implementation shows a strong parallel scalability.

Third, we propose a finite element discretization on manifolds in
order to efficiently simulate the diffusion MRI signal in domains that
have a thin layer or a thin tube geometrical structure. The method helps
to significantly reduce the required simulation time, computer memory,
and difficulties associated with mesh generation, while maintaining the
accuracy. Thus, it opens the possibility to simulate complicated struc-
tures at a low cost, for a better understanding of diffusion MRI in the
brain.

Finally, we propose an efficient portable simulation framework that
integrates recent advanced techniques in both mathematics and com-
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puter science to enable the users to perform simulations with the Cloud
computing technology. The simulation framework consists of Python,
IPython and C++ solvers working either on a web browser with Google
Colaboratory notebooks or on the Google Cloud Platform with MPI
parallelization.

Keywords: High performance finite element method, computational
diffusion MRI, turbulent flow, vertical axis wind turbine, Cloud com-
puting.
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Sammanfattning

Finita elementmetoder har utvecklats under årtionden, och har, till-
sammans med tillväxten i datorkraft, blivit allt viktigare för att utföra
storskaliga simuleringar inom både akademin och industrin. Målet med
denna avhandling är att utveckla finita elementmetoder med högpre-
standa, med särskilt fokus på två konkreta applikationer; beräknings-
strömningsdynamik (eng. Computational Fluid Dynamics (CFD)) för
simulering av turbulent flöde runt en vindturbin, och beräkningar inom
diffusionsmagnetresonanstomografi (eng. Computational diffusion mag-
netic resonance imaging (CDMRI)). Denna avhandling innehåller bidrag
till ovanstående områden i form av såväl nya numeriska metoder för
högprestandaberäkningsramverk och testad effektiv programvara vilken
publicerats som öppen källkod som del av plattformen FEniCS/FEniCS-
HPC. Mer specifikt presenterar vi fyra huvudbidrag i detta avhandlings-
arbete.

Först utvecklar vi en DFS-ALE-metod som kombinerar Direkt Fini-
ta Elementsimulering (DFS) med den Arbiträra Lagrange-Eulermetoden
(ALE) för att lösa Navier-Stokes ekvationer för en roterande turbin.
Vår metod är en förbättrad variant med dualbaserad a posteriori fel-
kontroll och automatiserad adaptering av beräkningsnätet. Turbulenta
gränsskikt modelleras med ett slip-randvillkor för att undvika full upp-
lösning av problemet, vilket är omöjligt även med de mest kraftfulla
datorer som finns att tillgå idag. Metoden valideras mot experimentell
data, med god överensstämmelse.

Därnäst föreslår vi en enhetspartitions finita element metod för att
tackla interfaceproblem. Inom CFD möjliggör detta att påtvinga ett
sliprandvillkor på konforma inre interface för en fluid- strukturinter-
kationsmodell. Inom CDMRI bidrar det med att överkomma svårighe-
terna med att påtvinga mikroskopisk heterogenitet av den biologiska
vävnaden, och möjliggör effektiv lösning av Bloch-Torrey ekvationen i
heterogena domäner. Metoden gör det enklare att göra en rättfram im-
plementering i FEniCS/FEniCS-HPC. Metoden valideras mot referens-
lösnignar, och implementationen visar på stark parallel skalning (eng.
strong parallel scaling).

Sedan föreslår vi en finita elementdisktretisering på mångfalder för
att effektivt kunna simulera diffusions-MRI-signaler i områden med en
tunn geometrisk struktur. Metoden bidrar med att signifikant reducera
simuleringstiden, minnesåtgång och svårigheter associerade med genere-
ringen av beräkningsnät, utan att påverka precisionen i beräkningarna.
Detta öppnar för möjligheter att simulera komplicerade strukturer till
låg kostnad, för att bättre förstå diffusionsmagnettomografi i hjärnan.
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Tilll sist föreslår vi ett effektivt portabelt simuleringsramverk som
integrear nya avancerade tekniker inom både matematik och datave-
tenskap för att möjliggöra för användaren att utföra simuleringar med
datormolnberäkningsteknologin. Simuleringsramverket består av Pyt-
hon, IPython och C++-lösare som används tillsammans antingen i en
webbläsare med Google Colaboration notebooks eller på Google Cloud-
plattformen med MPI-parallellisering.

Nyckelord: högprestanda finita elementmetod, beräkningsdiffusions-
magnetresonanstomografi, turbulent flöde, vertikalaxlad vindturbin, dator-
molnberäkning



vii

Acknowledgements

Working at KTH Royal Institute of Technology was an excellent experience in
my life. I had a good chance to study the most recent advanced technologies in
scientific computing which would be very helpful for my future career. In ad-
dition to the enhancement of my research ability, I could see my improvements
in many soft skills like teaching courses and presenting scientific works. I have
a better sense about collaboration, commercialization, research impacts, and
especially sustainable developments. For all, I would like to thank everyone
who contributes for this great university.

Then, I would like to send special thanks to my supervisors Johan Hoffman
and Johan Jansson for giving me a great chance to work with several interest-
ing research topics. I learned a lot of CFD through the wind-turbine project. I
also had a lot of freedom to drive the diffusion MRI project. As a developer of
FEniCS-HPC, I could develop necessary skills for the software development in
high-performance computing environment. The MOOC-HPFEM project gave
me a better sense how to apply modern technologies like Cloud computing to
efficiently transfer the knowledge to a large number of learners.

This thesis work could not be finalized without good collaborations. So, I
would like to thank all collaborators who gave vital contributions to this work.
Jing-Rebecca Li, you helped me a lot to form the rigorous criticism in science
and I thank you for your continuous support during the past nine years. I am
thankful to Anders Goude and Victor Mendoza from Uppsala University who
gave experimental data and useful advice in the wind-turbine project. I would
like to thank Demian Wassermann for offering me a good visit to INRIA.
I am also very thankful to Niyazi Cem Degirmenci and Jeannette Spühler
for their enthusiastic help with the FEniCS-HPC platform, to Massimiliano
Leoni and Tamara Dancheva for their supports with the Cloud technology, to
Barbel Janssen, Thomas Frachon and Sara Zahedi for sharing their knowledge
on CutFEM. Fangkai Yang, we were working hard together to classify the
neurons. Although the work could not finish with publishable results, I learned
a lot from that.

I would like to thank all other friends: Ezhilmathi Krishnasamy, Frida
Svelander, Dana Akhmetova, Sergio Rivas Gomez, and Himangshu Saikia for
sharing a lot of useful daily life experience, scientific comments, and for ev-
erything.

Teaching is one of the most interesting activities of my time at KTH. I
would like to thank responsible teachers: Atsuto Maki, Linda Kann, Christo-
pher Peters, Alexander Baltatzis, Iolanda Leite, Pawel Herman, Marcus Di-
cander, and Erik Fransén for nice collaborations. I like working with you so



viii

much, everything went smoothly all the time. A special thank is sent to those
who gave me references during the job-searching period.

Finally, I would like to thank all my students and my family, especially
my wife Bich Loan for her encouragement to help me overcome some difficult
periods.

This research was supported by the European Research Council, the Swedish
Energy Agency, the Basque Excellence Research Center (BERC 2014-2017)
program by the Basque Government, the Spanish Ministry of Economy and
Competitiveness MINECO: BCAM Severo Ochoa accreditation SEV-2013-
0323, the ICERMAR ELKARTEK project of the Basque Government, the
Projects of the Spanish Ministry of Economy and Competitiveness with refer-
ence MTM2013-40824-P and MTM2016-76016-R. I acknowledge the Swedish
National Infrastructure for Computing (SNIC) at PDC – Center for High-
Performance Computing for awarding me access to the supercomputer re-
source Beskow.

Van-Dang Nguyen
Stockholm, November 1, 2019



Preface

This thesis consists of introductory chapters, four peer-reviewed journal arti-
cles, one conference paper, and one technical report which are listed below.

1. V. D. Nguyen, J. Jansson, A. Goude, J. Hoffman, Direct Finite
Element Simulation of the Turbulent Flow Past a Vertical Axis
Wind Turbine, Renewable Energy, Volume 135, May 2019, Pages 238-
247.
The author of this thesis implemented the method, performed simulations
and prepared the manuscript.

2. V. D. Nguyen, J. Jansson, J. Hoffman, J.-R. Li, A partition of unity
finite element method for computational diffusion MRI, Jour-
nal of Computational Physics, Volume 375, 15 December 2018, Pages
271-290.
The author of this thesis developed ideas, implemented the proposed
method, performed simulations and prepared the manuscript.

3. V. D. Nguyen, J. Jansson, H. T. A. Tran, J. Hoffman, J.-R. Li, Dif-
fusion MRI simulation in thin-layer and thin-tube media using
a discretization on manifolds, Journal of Magnetic Resonance, Vol-
ume 299, February 2019, Pages 176-187.
The author of this thesis partly developed ideas, implemented the pro-
posed method, performed simulations and prepared the manuscript.

4. V. D. Nguyen, J. Jansson, T. Frachon, N. C. Degirmenci, J. Hoff-
man, A fluid-structure interaction model with weak slip veloc-
ity boundary conditions on conforming internal interfaces, Pro-
ceedings of the 6th European Conference on Computational Mechanics
(ECCM), 7th European Conference on Computational Fluid Dynamics
(ECFD 7), 1115 June 2018, Glasgow, UK, 2018.

ix



x

The author of this thesis investigated the method in literature, imple-
mented it based on an existing framework, designed the benchmark prob-
lems and prepared the manuscript.

5. V. D. Nguyen, M. Leoni, T. Dancheva, N. C. Degirmenci, J. Jansson,
J. Hoffman, D. Wassermann, J.-R. Li, Portable simulation frame-
work for diffusion MRI, Journal of Magnetic Resonance, Volume 309,
December 2019.
The author of this thesis partly investigated the Cloud infrastructure to-
gether with N. C. Degirmenci, M. Leoni, T. Dancheva, developed the
frameworks, and prepared the manuscript.

6. V. D. Nguyen, J. Jansson, A. Goude, and J. Hoffman, Comparison
of direct finite element simulation with actuator line models
and vortex models for simulation of turbulent flow past a ver-
tical axis wind turbine, Technical Report, Arxiv, 2019.
The author of this thesis implemented the method, performed simula-
tions, compared to the other methods and prepared the manuscript.



Contents

Contents xi

1 Introduction 1
1.1 Research objectives . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.2 Background and state of the art . . . . . . . . . . . . . . . . . . 4

1.2.1 Simulation of VAWT . . . . . . . . . . . . . . . . . . . . 4
1.2.2 Computational diffusion MRI . . . . . . . . . . . . . . . 7
1.2.3 High-performance computing . . . . . . . . . . . . . . . 13
1.2.4 Software packages . . . . . . . . . . . . . . . . . . . . . 14

1.3 Thesis Organization . . . . . . . . . . . . . . . . . . . . . . . . 16

2 Proposed methods 19
2.1 The DFS-ALE method for VAWT solution . . . . . . . . . . . . 19

2.1.1 A Galerkin least-squares finite element method . . . . . 19
2.1.2 Automated adaptivity with do-nothing error control . . 20

2.2 An HP-PUFEM for interface problems . . . . . . . . . . . . . . 21
2.2.1 HP-PUFEM for the fluid structure interaction model . . 21
2.2.2 HP-PUFEM for computational diffusion MRI . . . . . . 23

2.3 A simulation method of diffusion in thin media . . . . . . . . . 24
2.4 Cloud-based simulation framework . . . . . . . . . . . . . . . . 28

3 Summary of results 31
3.1 The DFS-ALE method for VAWT solution . . . . . . . . . . . . 31
3.2 HP-PUFEM for interface problems . . . . . . . . . . . . . . . . 32
3.3 Simulation method for diffusion in thin media . . . . . . . . . . 34
3.4 Cloud-based framework . . . . . . . . . . . . . . . . . . . . . . 36

4 Conclusions and Future Work 41

xi



xii CONTENTS

Bibliography 43

A Included Papers 53



Chapter 1

Introduction

To understand how things in the universe actually work, human beings es-
tablished a systematic and logical approach called “science” which can be
categorized as observational, experimental, and theoretical sciences. The dis-
covery of electronic computers opens a new era of computer simulations and
contributes an additional pillar to modern science.

Computational science is an intersection of three disciplines which are
applied science, computer science, and mathematics (see Fig. 1.1). We have
witnessed a rapid growth of computational science in recent years due to
strong collaborations between researchers in different fields. It has played a
key role in solving complex problems, ranging from science to industry, that
have not been done before.

The physics behind the applications can often be mathematically described
as partial differential equations (PDEs). The complexity of realistic applica-
tions means that one needs to solve these equations using numerical methods.
Finding numerical solutions of PDEs is usually challenging since a huge com-
putational resolution of the physical phenomenon is needed in both time and
space. Among the numerical methods that have been proposed to solve PDEs,
the finite element method (FEM) has emerged as a general method with a solid
mathematical foundation.

FEM has been implemented for standard serial computers since long. To
save time and enable more complex simulations, computer scientists have ag-
gregated computer power to deliver much higher performance, in massively
parallel computer systems. A simulation lasting months or weeks can be re-
duced to days, hours or even becomes a real-time simulation. These systems
are powerful but unfortunately, very expensive. So, computer scientists have

1
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Applied Science

Computer
Science Maths

Computational
Science

Figure 1.1: Computational science is an intersection of three disciplines: ap-
plied science, computer science, and mathematics.

worked together to share computing resources rather than having local servers
or personal devices. It has shaped a new area called Cloud computing which
significantly reduces the cost due to hardware investments. It also saves us
from spending too much time for software installations. With an image using
Cloud technologies, developers can package everything needed for the simula-
tions. The users, therefore, have much more time for creating new products
or inventions. It also stimulates the collaboration due to a straightforward
propagation of the developed methods throughout the scientific community.
It speeds up the research activities since the published results are more easily
reproducible and confirmed. Recently, there has been a big leap forward to
bring the computational science to the Cloud. It becomes more and more
important in transferring modern knowledge and technology. Many big com-
panies such as Amazon Web Services (AWS), Microsoft, Google, IBM, Oracle,
and Alibaba are very active in the field.

1.1 Research objectives

The areas of computational science are constantly and rapidly expanding.
They include well established applications such as Computational Fluid Dy-
namics (CFD) and emerging applications such as Computational Biology.
However, researchers from different fields do not always “see” each other.
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This thesis is an effort to build a bridge between them, at least within the
focused applications, starting from proposing finite element methods in high-
performance computing (HPC) frameworks, to implementing and sharing them
through the Cloud platforms. In this thesis, two applications are under com-
prehensive considerations:

• First, turbulent flow past a vertical axis wind turbine (VAWT) can be
modeled by the Navier-Stokes equations with appropriate boundary con-
ditions. This is a challenging problem in CFD in which we compute
numerical approximate solutions of the equations for rotating VAWT.
Then, we can calculate forces acting on the turbines used to determine
the efficiency and the load on the turbine.

• Second, we take into account a biomedical application in the form of
computational diffusion magnetic resonance imaging (CDMRI). Since
the transverse magnetization can be modeled by the Bloch-Torrey equa-
tion, we can compute numerical solutions in heterogeneous computa-
tional domains, to derives the MRI signal. The MRI signal can tell
us the diffusion characteristics of the water molecules in the computa-
tional domain. The diffusion characteristics can be used to detect the
properties of biological tissue.

For simulation of VAWT, the objective is to take advantage of previous de-
velopments of simulation methods for turbulent flow, to adapt to this specific
application. Validations against experimental data will be taken into account.
More specifically,

1. As a start, the Direct Finite Element Simulation (DFS) is coupled with
the arbitrary Lagrangian-Eulerian method (ALE) [1] in order to compute
approximate solutions of the Navier-Stokes equations for high Reynolds
numbers on moving meshes.

2. The simulated forces acting on the turbine are validated against the
experimental data.

3. A fluid-structure interaction model is developed to study the bending
and vibration of the turbine blades.

For CDMRI, the objective is to develop an efficient HPC method which over-
comes the drawbacks of the state of the art methods to become a powerful
tool to uncover diffusion in complicated biological tissues. The following steps
are taken:
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1. Tackle the interface problems by developing an efficient numerical method
which adapts well to the HPC framework.

2. Implement the proposed method in the FEniCS/FEniCS-HPC software
framework.

3. Propose an efficient method to simulate diffusion inside thin media.

4. Verify the accuracy and efficiency of the methods.

Finally, we integrate the proposed methods with the Cloud computing to make
them portable. The demonstrations are performed through Google Colab and
Google Cloud Platform.

1.2 Background and state of the art

1.2.1 Simulation of VAWT
The interest in harvesting renewable energy, especially wind energy, in offshore
as well as in the urban environment has increased significantly in recent years
[2, 3, 4, 5]. Vertical axis wind turbines (VAWTs) get more and more attention
since they are able to capture the wind from any direction, they are easy to
install, easy to transport, cheaper to build and maintain, and they are quite
safe to humans and birds. They are especially suitable for urban areas or areas
with extreme weather. However, they are less efficient than horizontal axis
turbines because only one blade is active at a time, and VAWTs also generate
a relatively high degree of vibration and noise pollution. These are some of
the issues that researchers address to make VAWTs more popular, see e.g. [6].

Detailed computational fluid dynamics (CFD) simulations of the flow around
VAWT may give new insights, and provide guidance for design improvements.
Fluid dynamics is governed by the Navier-Stokes equations, and the balance
of viscous and inertial effects is determined by the Reynolds number (Re),

Re = ρU L
µ

= U L
ν
, (1.1)

where ρ is density, µ dynamic viscosity, U a characteristic velocity scale, L
a characteristic length scale, and ν kinematic viscosity ν = µ/ρ. For high
Re the flow is turbulent, which corresponds to chaotic particle trajectories
and vortices on a range of scales. The main challenge of CFD is to model
turbulent flow, which typically is always present in the flow around a VAWT
at operational conditions.
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1.2.1.1 Numerical methods for turbulence

Simulation of turbulence is challenging due to the complex mixing of spatial
and temporal scales. The industry standard has long been RANS, where a
statistical average of the flow is simulated, using turbulence models to model
the effect of the fluctuating components of the flow. Large Eddy Simulation
(LES) was developed based on the idea of approximating a filtered solution of
the Navier-Stokes equations, with the effect of unresolved scales modeled in a
subgrid model. LES is very expensive but is still a viable alternative to RANS
in some applications. The main problem with both LES and RANS is that
the subgrid and turbulence models may be problem-dependent, so that model
parameters must be tuned to the particular problem at hand. Direct numerical
simulation (DNS) is based on a full resolution of the Navier-Stokes equations,
without any turbulence model or subgrid model, but with a computational
cost so high that a VAWT simulation would exceed even the most powerful
computers of today. We refer to the following VAWT studies for examples of
LES [7, 8, 9], RANS [10, 11], and a coupled LES-RANS approach [12].

1.2.1.2 The Navier-Stokes equations

The Navier-Stokes equations (NSE) have become the heart of fluid flow mod-
eling and can be used to model turbulent flows. They have been used to
describe the motion of fluids with conservation principles of mass, momen-
tum, and energy. For an incompressible flow, NSE reads

u̇+ u · ∇u− ν∆u+∇p = f in Ω× I,
∇ · u = 0 in Ω× I,
u(·, 0) = u0 in Ω,

(1.2)

where

u unknown velocity
p unknown pressure
f given body force
Ω ∈ R3 spatial domain
I = [0, T ] time domain

In a moving domain with a mesh velocity β, the Lagrangian-Eulerian
(ALE) method [1] can be used. The convection term is then modified and the
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Navier-Stokes equations become
u̇+

(
(u− β) · ∇

)
u− ν∆u+∇p = f in Ω× I,

∇ · u = 0 in Ω× I,
u(·, 0) = u0 in Ω.

(1.3)

1.2.1.3 A fluid-structure interaction model

The unified continuum fluid-structure interaction model [13, 14] on a com-
posed spatial domain Ω = Ωf ∪Ωs and time domain I, in the ALE coordinates
with a mesh velocity β reads:

ρ
(
u̇+

(
(u− β) · ∇

)
u
)

+∇ · σ = f in Ω× I,

∇ · u = 0 in Ω× I,

Φ̇ +
(

(u− β) · ∇
)

Φ = 0 in Ω× I,

u(·, 0) = u0 in Ω,

(1.4)

where
Ωf fluid domain, Ωs structure domain
u the velocity, p the pressure
ρ the density, σ the Cauchy stress tensor.

The discontinuous phase function Φ defines the structure and fluid domains

Φ(x, t) =
{

1 if x ∈ Ωf

0 if x ∈ Ωs.
(1.5)

For a Newtonian fluid and an incompressible Neo-Hookean solid, the stress σ
is computed as follows

σ = −σD + p I,
σD = Φσf + (1− Φ)σs,
σf = 2µf ε(u),
σ̇s = 2µsε(u) +∇uσs + σs∇uT ,

(1.6)

where I is the identity matrix with the same size as σ.
On the fluid-structure interface Γfs = Ωf ∩ Ωs either the no-slip

JuK = 0, (1.7)
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or the slip velocity boundary condition

Ju · nK = 0 (1.8)

is imposed, where J·K denotes the jump over the interface. We also need to
assure the force balance condition at the interface, i.e

Jσ · nK = 0. (1.9)

1.2.1.4 Boundary layer model

Since it is not feasible to compute a full resolution of the boundary layer
at high Reynolds numbers with current computational resources, appropriate
boundary conditions need to be chosen to model turbulence. The general form
of the slip with friction and penetration with resistance boundary condition
for a boundary is [15]

u · n+ αnTσn = 0,
u · τk + β−1 nTσ τk = 0,

(1.10)

where n and τk are normal and tangential vectors (k = 1, 2) respectively, α
is a penetration parameter, β is the skin friction and σ is the stress tensor.

The no-slip condition u = 0 corresponds to (α, β) → (0,∞) and the slip
condition u · n = 0 corresponds to (α, β)→ (0, 0).

It has been shown in [16] that the slip boundary condition can be used to
model the turbulent boundary layer.

1.2.2 Computational diffusion MRI
Discovered in 1944 by Isidor Isaac Rabi, diffusion nuclear magnetic resonance
(NMR) has rapidly become a powerful tool to probe the diffusion charac-
teristics of molecules in micro-structures. Diffusion is encoded by the use
of external magnetic field gradients. Diffusion NMR is used to measure the
average diffusion distance of the molecules in liquids non-invasively.

One of its applications is diffusion magnetic resonance imaging (MRI)
which is used to study diffusion characteristics of water molecules inside bi-
ological tissues, notably in the brain. There are many medical applications
such as to detect stroke in its acute phase, brain tumors, white matter disease,
breast cancer and many other clinical applications (see a review in [17]).

Diffusion MRI is based on the fact that when a sample is magnetized by
an external gradient field B(x, t) =

(
Bx(x, t), By(x, t), Bz(x, t)

)
, the nuclei
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(spins) will absorb and re-emit electromagnetic radiation. This response is
expressed through the nuclear magnetization which is a vector field rotating
in space

M(x, t) =
(
Mx(x, t),My(x, t),Mz(x, t)

)
.

The change in nuclear magnetization over time obeys the Bloch equations [18]

∂Mx

∂t
= γ

(
My Bz −Mz By

)
−Mx

T2
,

∂My

∂t
= γ

(
Mz Bx −MxBz

)
−My

T2
,

∂Mz

∂t
= γ

(
MxBy(t)−My Bx

)
−Mz −M0

T1
,

(1.11)

where γ is the gyromagnetic ratio with γ = 2.67513×108 rad s−1T−1 for water
protons, T1 = T1(x), T2 = T2(x) are longitudinal and transverse relaxation
times respectively, andM0 is the steady state nuclear magnetization as t→∞.
Here the relaxation time is a time period needed for an excited magnetic state
to return its equilibrium state.

The magnetization can be classified into transverse magnetization Mxy

and longitudinal magnetization Mz by introducing complex numbers Mxy =
Mx + iMy and Bxy = Bx + i By from which one obtains

∂Mxy

∂t
= −iγ

(
Mxy Bz −Mz Bxy

)
−Mxy

T2
,

∂Mz

∂t
= i γ

2

(
Mxy Bxy −Mxy Bxy

)
−Mz −M0

T1
,

(1.12)

where Axy indicates the complex conjugate of Axy, i.e Axy = Ax − i Ay and
i2 = −1 is the complex unit.

The spatial encoding of the signal is obtained by applying magnetic fields
in the z− direction that vary linearly in space, i.e Bx = By = 0 and Bz =
gim(t) · x. Here gim(t) is called the imaging gradient. Assume that T1 is
infinitely long, the Bloch equation for u = Mxy is simplified to

∂u(x, t)
∂t

= −i γ gim(t) · xu(x, t)− u(x, t)
T2(x) , (1.13)

which has the following solution

u(x, t) = I(x, t) exp
(
−i γ k(t) · x

)
,
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where k(t) =
∫ t

0
gim(s) ds and I(x, t) is the image contrast which is deter-

mined by the initial transverse magnetization (spin density) ρ(x) and the
T2−relaxation,

I(x, t) = ρ(x) exp
(
− t

T2(x)

)
.

The transverse magnetization produces a voltage signal which is a small
electrical current induced in the receiver coil during resonance. This is a
manifestation of Faraday’s Law of Induction,

S(t) =
∫
Ω

u(x, t) dx. (1.14)

The conversion between the image and the MRI signal is done by a well-known
technique called k−space formalism [19, 20]. Eq. (1.14), in fact, is a Fourier
transform of the image I(x, t), i. e

S(t) =
∫
Ω

I(x, t) exp
(
−i γ k(t) · x

)
dx,

and the inverse Fourier transform would re-produce the image

I(x, t) =
+∞∫
−∞

S
(
k(t)

)
exp
(
i γ k(t) · x

)
dk. (1.15)

1.2.2.1 The Bloch-Torrey equation

In 1956, H. C. Torrey generalized the Bloch equation by adding a diffusion
term and a diffusion gradient that allows for the transfer of magnetization by
diffusion. The generalized equation is called the Bloch-Torrey equation [21].
For the transverse magnetization u, it takes the following form

∂u(x, t)
∂t

= −i γ ga(t) · xu(x, t)− u(x, t)
T2(x) +∇ ·

(
D(x)∇u(x, t)

)
, (1.16)

where D(x) is the diffusion tensor, the gradient ga now has two components
which are the imaging gradient gim and the diffusion gradient gdf ,

ga(t) = gim(t) + gdf (t).
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The imaging gradient is useful for the image conversion but its effects to the
dMRI signals are either neglectable compared to the diffusion gradient or
minimized to be so [22]. The diffusion gradients enhance the image contrast
and are proportional to the temporal profile f(t), gdf = f(t) g. The temporal
profile f(t) can vary for different applications and the most commonly used
diffusion-encoding sequence is called the pulsed-gradient spin echo (PGSE)
sequence [23]. For this sequence, one can write f(t) in the following way:

f(t) =


1, 0 ≤ t ≤ δ,
−1, ∆ < t ≤ ∆ + δ,

0, otherwise.
(1.17)

The quantity δ is the duration of the diffusion-encoding gradient pulse and ∆
is the time delay between the start of the two pulses.

The MRI signal is measured at the echo time T by Eq. (1.14). Neglecting
T2-relaxation, one could show that the signal of diffusion inside a free space
with the intrinsic diffusion coefficient D, and the Dirac delta for the initial
condition is [24]

S(T ) = exp(−bD),
where the b−value is well-known in diffusion MRI and calculated by

b = γ2‖g‖2
T∫

0

(
F(t)

)2
dt, F(t) =

t∫
0

f(s) ds. (1.18)

For heterogeneous domains, one also expresses the signal in terms of the
b−value

S(T ) = exp(−bADC).
Here ADC indicates the apparent diffusion coefficient which is smaller than
the intrinsic diffusion coefficient D. In general, the signal is usually plotted
against the gradient strength q = ‖g‖ or b-value.

Microscopic heterogeneity inside the imaging voxel is modeled by inter-
faces inside the simulation domain, where a discontinuity in the magnetization
across the interfaces is produced via the imposition of a permeability condi-
tion. For simplicity we consider a medium composed of two compartments:
Ω = Ω0 ∪ Ω1. We note that each compartment may contain disconnected
parts.

On the interface Γ = ∂Ω0 ∩ ∂Ω1 the magnetization is allowed to be dis-
continuous via the use of a permeability coefficient κ:

D0(x)∇u0(x, t) ·n0 = −D1(x)∇u1(x, t) ·n1 = κ
(
u1(x, t)−u0(x, t)

)
(1.19)
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where x ∈ Γ and nk is a normal vector pointing outward from Ωk.
Let JaK = a0−a1 and {a} = a0 + a1

2 , the jump conditions on Γ (Eq. 1.19)
can be expressed as r

D∇u · n0

z
= 0,{

D∇u · n0

}
= −κ JuK.

(1.20)

There are two commonly used techniques to impose the exterior boundaries
∂Ω. One is placing the spins to be simulated sufficiently away from ∂Ω and
impose simple boundary conditions on ∂Ω such as homogeneous Neumann
conditions. This supposes that the spins do not have time to arrive the domain
boundary ∂Ω during the diffusion experiment. This option is straightforward
to implement but it can require more computational efforts.

Another option is to place the spins anywhere desired, but to assume that
the fluxes entering and leaving Ω are equal. In other words, Ω is repeated
periodically in all space directions to fill Rd, for example, Ω =

∏d
k=1[ak, bk].

For most applications, it is sufficient to apply the periodic boundary condi-
tions. However, the applied magnetic gradients make the local magnetization
increments dependent on location. So, after some time, neither the magneti-
zation at the boundaries nor the magnetization fluxes across the boundaries
are predictable. To avoid such the effect, the periodic boundary conditions
were revised to the so-called pseudo-periodic boundary conditions [25],

um = usei θk(t),

D∇um · n = D∇us · n ei θk(t),
(1.21)

where
um = u(x, t)|xk=ak

, us = u(x, t)|xk=bk

∇um · n = ∇u(x, t) · n
∣∣∣∣
xk=ak

, ∇us · n = ∇u(x, t) · n
∣∣∣∣
xk=bk

and θk(t) is the term used to correct the local magnetization,

θk(t) := γ gk (bk − ak)F(t), k = 1, · · · , d.

Here we use ‘m’ and ‘s’ to indicate master and slave components of the pseudo-
periodic boundary conditions. The master-slave method corresponds to the
standard implementation of the conditions.
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1.2.2.2 Numerical methods for diffusion MRI

Solving the complete model, i.e., Eqs. (1.16, 1.20, 1.21), is challenging and
many efforts have been made. In [26, 27, 28] a simplifying assumption called
the narrow pulse approximation was applied, where the pulse duration δ was
assumed to be much smaller than the delay between pulses ∆. This assump-
tion allows the solution of the diffusion equation instead of the more compli-
cated Bloch-Torrey equation. More generally, numerical methods to solve the
Bloch-Torrey equation with arbitrary temporal profiles have been proposed in
[25, 29, 30, 31]. The computational domain is discretized either by a Carte-
sian grid [25, 32, 29] or finite elements [26, 27, 28, 30, 31]. The unstructured
mesh of a finite element discretization appeared to be better than a Cartesian
grid in both geometry description and signal approximation [30]. For time
discretization, both explicit and implicit methods have been used. In [28] a
second order implicit time-stepping method called the generalized α−method
[33] was used to allow for high frequency energy dissipation. An adaptive
explicit Runge-Kutta Chebyshev (RKC) method of second order was used in
[29, 30]. It has been theoretically proven that the RKC allows for a much
larger time-step compared to the standard explicit Euler method [34]. There
is an example showing that the RKC method is faster than the implicit Euler
method in [30]. Recently, the Crank-Nicolson method (CN) was used in [31]
to also allow for second-order convergence in time.

The jump conditions (Eq. 1.20) were treated differently in previous works.
An average diffusion coefficient was introduced to approximate the permeabil-
ity condition at the interfaces in [29]. The matrices for jump conditions were
explicitly calculated and imposed directly in the stiffness matrix for linear
finite elements in [30]. It was generalized to allow higher orders in [31]. Al-
though these techniques are efficient in serial computation, they are less inter-
esting in terms of parallelization due to complicated communications needed
over different partitions. Local treatments with the jump conditions at the
interfaces make it hard to maintain and automate when being implemented.

To mimic the phenomenon where the water molecules can enter and exit
the computational domain, the pseudo-periodic boundary conditions were im-
plemented in [25, 29, 30]. The boundary conditions are strongly enforced
on specially generated meshes where the nodes on the opposite faces should
match each other. To generalize such an approach to more realistic problems
is challenging due to several reasons. First, generating periodic unstructured
meshes for biological tissues is difficult in general, given that often the bi-
ological cells themselves cut the exterior boundaries in a non-periodic fash-
ion. Therefore, to simulate on more realistic geometries, the pseudo-periodic
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boundary conditions must be able to be imposed on non-periodic meshes. The
weak imposition of the periodic boundary conditions for flow problems was
considered in [35, 36, 37] where either the Lagrange multipliers are discretized
with piecewise polynomials or the displacement is interpolated by polynomi-
als. This allows for imposing the periodic boundary conditions on arbitrary
meshes. Although these methods are efficient, the finite element matrices need
to be constructed in a special way in the implementation. Thus, they are less
interesting in terms of parallelization.

1.2.3 High-performance computing

The interest in parallel computing dates back to the late 1950’s when the first
commercial machine with floating-point hardware capable of approximately
5 kFLOPS was introduced. The most obvious motivation is to significantly
reduce computational time, and to take advantage of modern computer archi-
tectures. Also, parallel computing allows for large-scale problems in climate
simulations, computational biology, computational fluid dynamics, etc, and
contribute to improvements in modern devices used in everyday life.

In parallel computing, a large problem will be divided into smaller tasks
and they will be solved simultaneously. Parallelization is a process to convert
a serial code into a parallel code and it can be performed in different forms
such as task parallelism and data parallelism. In contrast to data parallelism
in which different data components of the same task will be executed at the
same time, the task parallelism executes different tasks simultaneously.

Many parallel programming models have been proposed but the most com-
monly used are the shared memory model and the distributed memory model
which can be represented by OpenMP and Message Passing Interface (MPI)
respectively. Distributed memory is a memory of a multiprocessor computer
system in which each processor has it own private memory. Tasks will be
performed independently on different processors and communications need to
be set up between processors if they share the same data. On the contrary,
shared memory can be simultaneously accessed by multiple programs.

To measure the performance of the parallelization, the speedup ratio and
parallel efficiency were introduced. The speedup ratio is the ratio between
timing for serial execution Tserial and timing for parallel execution Tparallel,
i.e

S(p) = Tserial
Tparallel(p)

, (1.22)

where p is the number of MPI processes used in the parallel execution.
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The ideal speedup is Sideal(p) = p, i.e when p MPI processes are used, the
parallel execution will be p times faster than the serial execution.

The parallel efficiency E is computed by

E = S
p
. (1.23)

1.2.4 Software packages
We summarize here some software packages used to develop our simulation
frameworks. They are PDE solving environments such as FEniCS and FEniCS-
HPC; and Cloud infrastructures such as Docker, Singularity, Google Colab and
Google Cloud platform.

FEniCS [38, 39, 40] was started in 2003 as an umbrella for open-source
software components with the goal of automated solution of Partial Differ-
ential Equations based on the mathematical structure of the Finite Element
Method. It provides automated evaluation of variational forms given a high-
level description in mathematical notation. It is available in C++ and Python
for different operating systems such as Linux, OS X, Unix, and Windows. The
core components of FEniCS are:

• UFL allows for defining discrete variational forms and functionals which
are close to mathematical notations.

• FIAT is a Python package for automated generation of finite element
basis functions.

• FFC is a compiler converting UFL files to UFC files needed for the C++
interface.

• UFC is a C++ interface with low-level functions.

• INSTANT is a Python module for inclining C++ code in Python.

• DOLFIN manages mesh representation, automated assembly and inter-
faces with external libraries such as PETSc.

FEniCS-HPC [41, 42, 43] is a C++ branch of FEniCS optimized for mas-
sively parallel architectures with the core components DOLFIN-HPC - a Prob-
lem Solving Environment (PSE) and Unicorn - an adaptive unified continuum
modeling framework [44, 45]. As in FEniCS, DOLFIN-HPC also handles mesh
representation and automated assembly of weak forms but relies on external
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libraries for solving the linear systems, i.e PETSc. The mesh is fully par-
titioned by element-based partitioning algorithms. Each processing element
(PE) executes a local mesh and the matrix assembly is done locally. The
overlaps between two PEs are represented by ghosted entities. Therefore, the
data dependency is minimized and good parallel scalability has been shown.
The Unicorn solver framework was developed based on stabilized FEM, i.e
cG(1)cG(1) with duality-based adaptive error control, parameter-free turbu-
lence modeling for flow and fluid-structure interaction in an ALE moving
mesh framework. It shows strong linear scaling up to thousands of cores
[46, 47, 48, 49, 44, 45].

For the Cloud deployment, two container technologies are considered:
Docker [50] and Singularity [51]. We choose Docker for the IPython note-
books and Singularity for the deployment on HPC infrastructure.

The simulation frameworks can be seamlessly integrated with Cloud com-
puting resources such as Google Colaboratory notebooks (working on a web
browser) or with Google Cloud Platform with MPI parallelization.

Google Cloud Platform (https://cloud.google.com) is a suite of Cloud
computing services that runs on the same infrastructure that Google uses
internally for its end-user products, such as Google Search and YouTube.
We verify the parallel performance of the framework with 12-month free trial
platform. For this end, FEniCS and FEniCS-HPC are built as Singularity
images.

Google Colaboratory (https://colab.research.google.com) [52] is a
free Jupyter notebook environment that requires no setup and runs entirely
in the Cloud. It can connect to either a hosted runtime provided by Google
Cloud or a local runtime. The hosted runtime allows us to access free re-
sources for up to 12 hours at a time and the current one, used to obtain the
results presented in this paper, has the following configuration:

• Operating system: Ubuntu 18.04.2 LTS

• Processors: 2 x Intel(R) Xeon(R) CPU @ 2.30GHz

• RAM: 13 GB

Fig. 1.2 shows a typical structure of our Google Colaboratory notebooks
where the simulations can run directly since the setup of the FEniCS environ-
ment is done within the notebook.

https://cloud.google.com
https://colab.research.google.com
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Figure 1.2: A typical Google Colaboratory notebook for diffusion MRI simu-
lation.

1.3 Thesis Organization

The thesis is organized as follows. We first introduce in Chapter 1 the research
objectives which consist of development and implementation of HP-FEM with
two concrete scientific applications: diffusion MRI and simulation of turbu-
lent flow past a VAWT. We also recall the background and the state of the
art of these two problems. In Chapter 2, we briefly describe three numerical
methods and a portable simulation framework. First, it is about a DFS-
ALE method which couples the Direct finite element simulation (DFS) with
an Arbitrary Lagrangian-Eulerian method (ALE) to solve the Navier-Stokes
equations for a rotating turbine. Turbulent boundary layers are modeled by
a slip boundary condition to avoid a full resolution which is impossible even
with the most powerful computers available today. The method is validated
against experimental data with good agreements. Second, it is about a general
method based on a partition of unity finite element method to tackle interface
problems. In CFD, it allows for imposing slip velocity boundary conditions
on conforming internal interfaces for a fluid-structure interaction model. In
CDMRI, it helps to overcome the difficulties that the standard approaches
have when imposing the microscopic heterogeneity of the biological tissues
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and allows for efficient solutions of the Bloch-Torrey equation in heteroge-
neous domains. The method facilitates a straightforward implementation on
the FEniCS/FEniCS-HPC platform. The method is validated against ref-
erence solutions, and the implementation shows a strong parallel scalability.
Third, it is about a finite element discretization on manifolds in order to effi-
ciently simulate the diffusion MRI signal in domains that have a thin layer or
a thin tube geometrical structure. The method helps to significantly reduce
the required simulation time, computer memory, and difficulties associated
with mesh generation, while maintaining the accuracy. Thus, it opens the
possibility to simulate complicated structures at a low cost, for a better un-
derstanding of diffusion MRI in the brain. Fourth, it is about an efficient
portable simulation framework that integrates recent advanced techniques in
both mathematics and computer science to enable the users to perform simu-
lations with the Cloud computing technology. The simulation framework con-
sists of Python, IPython and C++ solvers working either on a web browser
with Google Colaboratory notebooks or on the Google Cloud Platform with
MPI parallelization. Main results are summarized in Chapter 3 to emphasize
the robustness of the proposed methods. Chapter 4 consists of discussion and
future works. The thesis is finalized with included papers in the Appendix.





Chapter 2

Proposed methods

We here describe three numerical methods and a portable framework devel-
oped during this thesis work. Three numerical methods are (1) the DFS-ALE
method for VAWT simulation, (2) HP-PUFEM for interface problems, and (3)
a simulation method of diffusion in thin media. The portable framework can
be considered as an umbrella of the proposed methods using FEniCS/FEniCS-
HPC containers working with Cloud computing.

2.1 The DFS-ALE method for VAWT solution

In [53, 54], we present a DFS-ALE method for simulation of the turbulent flow
past a VAWT, which is validated by experimental measurements. The method
consists of a Galerkin least-squares finite element method, coupled with an
arbitrary Lagrangian-Eulerian method in order to allow us to compute high
Reynolds number turbulent flow on moving meshes.

2.1.1 A Galerkin least-squares finite element method

A Galerkin least-squares space-time finite element method (GLS) [15] is used
to discretize the flow around the VAWT. Let 0 = t0 < t1 < · · · < tN = T be a
time partition associated with the time intervals In = (tn−1, tn] of length kn =
tn − tn−1. We denote the finite element space of continuous piecewise linear
functions by Qh, with the derived spaces Qh,0 = {q ∈ Qh : q(x) = 0, x ∈ Γ}
and Vh = [Qh,0]3. The DFS-ALE method with least-squares stabilization is

19
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stated as: For all time intervals In, find (Unh , Pnh ) ∈ Vh ×Qh such that(Unh − Un−1
h

kn
+
(
(Ūnh − βh) · ∇

)
Ūnh , vh

)
+
(
ν∇Ūnh ,∇vh

)
−
(
Pnh ,∇ · vh

)
+
(
∇ · Ūnh , qh

)
+Lδ

(
Ūnh , P

n
h ; vh, qh

)
=
(
fnh , vh

)
,

for all [vh, qh] ∈ Vh ×Qh. Here (·, ·) denotes the inner product

(ah, bh) =
∫

Ωh

ah · bh dx,

βh is the mesh velocity, and Ūnh = Un
h +Un−1

h

2 . Lδ is the stabilization term
defined by the following formula

Lδ(Ūnh , Pnh ; v, q) :=
(
δ1

((
Ūnh−βh

)
·∇Ūnh+∇Pnh−fnh

)
,
(
Ūnh−βh

)
·∇vh+∇qh

)
+
(
δ2∇ · Ūnh , ∇ · vh

)
,

and δ1, δ2 are given stabilization parameters:

• δ1 = C1

(
k−2
n + |Un−1

h − βh|2h−2
n

)−1/2
,

• δ2 = C2 |Un−1
h |hn.

We note that under CFL condition, i.e kn ≈ hn

|Un−1
h
−βh|

, δ1 is simplified to

δ1 = C1
hn

|Un−1
h
−βh|

.
The method is enhanced with do-nothing error control to optimize the

computational mesh.

2.1.2 Automated adaptivity with do-nothing error control
The adjoint problem of the Navier-Stokes equations is a linear convection-
diffusion-reaction problem where the convection acts backward in time and in
the opposite direction of the primal flow velocity u [55, 56, 57].

−ϕ̇−
(

(u− β) · ∇
)
ϕ+∇UTh ·ϕ+∇θ = Ψ in Ω× I,

∇ ·ϕ = 0 in Ω× I,
ϕ(·, T ) = 0 in Ω,

(2.1)
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where (∇UTh ·ϕ)j = (Uh), j ·ϕ, ϕ̂ = (ϕ, θ) is the dual solution corresponding
to the primal solution û = (u, p), and Ψ ∈ L2(Ω) is a given weight function
used to define the quantity of interest of û for a choice of suitable boundary
conditions

M(û) = (û,Ψ).

It follows that

|M(û)−M(Û)| = |(R(Û), ϕ̂)| = |
∑
K∈Tn

(R(Û), ϕ̂)K |. (2.2)

Here R(û) is the residual of the Navier-Stokes equations (Eq. 1.2):

R(û) =
(
R1(û), R2(û)

)
,

R1(û) = u̇+
(

(u− β) · ∇
)
u− ν∆u+∇p− f ,

R2(û) = ∇ · u.

(2.3)

The do-nothing error indicator is defined element-wise as

eKN = (R(Û), ϕ̂h)K , (2.4)

where ϕ̂h is a numerical approximation of the adjoint problem.

2.2 An HP-PUFEM for interface problems

We develop a high performance computing framework for large-scale simula-
tions of interface problems in CFD and CDMRI based on a partition of unity
finite element method (PUFEM) [58, 59], developed for interface problems
having interface curves arbitrarily located on a fixed background mesh. As
we will see later, the HP-PUFEM formulas allow for imposing the interface
conditions weakly. Thus, no explicit parallel implementation is needed to im-
pose the permeability condition. It also allows for an easy generalization to
arbitrary order finite elements and facilitates very well for automation.

2.2.1 HP-PUFEM for the fluid structure interaction model

For the fluid-structure interaction model (1.4), we develop a PUFEM which
allows for imposing weak slip velocity conditions Eq. (1.8, 1.9).
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We recall the least-squares finite element method coupled with the Trapezio-
dal method for the FSI model [13, 14] as the following: Find ûh = [unh, pnh]
with unh ∈ Vh ≡ [Q0

h]3 and pnh ∈ Qh such that(
ρ
(

(unh − un−1
h )k−1

n + ((umh − βh) · ∇)umh
)
,vh

)
+Φ
(

2µf ε(umh ), ε(vh)
)

+ (1− Φ)
(
Ss,∇vh

)
−
(
pnh,∇ · vh

)
+
(
∇ · umh , q

)
+Lδ(ûmh , v̂h),

∀ v̂h = [vh, qh] ∈ Vh ×Qh (2.5)

where umh = 1
2

(
unh + un−1

h

)
. The least-squares stabilization term is

Lδ(ûh, v̂h) :=
(
δ1 ρ

(
(uh−βh) ·∇uh+∇ph−fh

)
, ρ(uh−βh) ·∇vh+∇qh

)
+
(
δ2∇ · uh , ∇ · vh

)
(2.6)

where δ1 = C1 ρ
−1
(
k−2
n + |un−1

h − βh|2h−2
n

)−1/2
, δ2 = C2 ρ |un−1

h |hn and Ss
is the numerical solution of the Neo-Hookean solid equation.

It is worth emphasizing that the no-slip velocity Eqs. (1.7, 1.9) are im-
plicitly imposed through the model.

Based on the above model, we apply the PUFEM method to impose
the slip velocity conditions (Eqs. 1.8, 1.9). It is then stated as: Find
[unh0,u

n
h1, p

n
h0, p

n
h1] with unhi ∈ Vh ≡ [Q0

h]2 and pnhi ∈ Qh, i = 0, 1 such that(
ρ
(

(unh−un−1
h )k−1

n +(umh −βh)·∇umh
)
,vh

)
Ω0∪Ω1

+Φ
(

2µf ε(umh ), ε(vh)
)

Ω0∪Ω1

+ (1− Φ)
(
Ss,∇vh

)
Ω0∪Ω1

−
(
pnh,∇ · vh

)
Ω0∪Ω1

+
(
∇ · umh , qh

)
Ω0∪Ω1

+ η
(
Jumh · nK, Jvh · nK

)
Γ
+L̂δ(ûnh, v̂h) + anstab(ûnh, v̂h) =

(
fh,vh

)
Ω0∪Ω1

,

(2.7)

for all test functions [v0,v1, q0, q1] with [vi, qi] ∈ Vh ×Qh.
Here (

ah, bh

)
Ω0∪Ω1

=
∫
Ω0

(1− Φ) ah0 bh0 dx+
∫
Ω1

Φ ah1 bh1 dx,

L̂δ(ûh, v̂h) = (1− Φ)Lδ(ûh0, v̂h0) + ΦLδ(ûh1, v̂h1),
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where Lδ(·, ·) is calculated by Eq. (2.6), and η is the penalty parameter
η ∼ O(1/h).

A Nitsche’s stabilization is added to control the condition number of de-
rived matrices [59].

anstab(ûh, v̂h) = εu h
3

(
µ0

〈
Jn · ∇uh00K, Jn · ∇vh00K

)
Γ
+µ0

(
Jn · ∇uh01K, Jn · ∇vh01K

)
Γ

+µ1

(
Jn · ∇uh10K, Jn · ∇vh10K

)
Γ
+µ1

(
Jn · ∇uh11K, Jn · ∇vh11K

)
Γ

)

+εp h3

(
µ−1

0

(
Jn · ∇ph0K, Jn · ∇qh0 K

)
Γ
+µ−1

1

(
Jn · ∇ph1K, Jn · ∇qh1 K

)
Γ

)
(2.8)

here we assume uhi = (uhi0, uhi1), i = 0, 1.
An alternative stabilization term based all volume integrals was proposed

in [60]

anstab(ûh, v̂h) = β

((
u0,v0

)
Ω1

+
(
p0, q0

)
Ω1

+
(
u1,v1

)
Ω0

+
(
p1, q1

)
Ω0

)
(2.9)

where β is a small positive parameter.
The approximation of [u, p] is [ūnh, p̄nh] where

ūnh = (1− Φ)uh0 + Φuh1

p̄nh = (1− Φ) ph0 + Φ ph1

2.2.2 HP-PUFEM for computational diffusion MRI
For CDMRI, the PUFEM method solves the Bloch-Torrey equation (1.16) and
allows for a weak imposition of the jump conditions Eq. (1.20) on confirming
meshes. Let Vh = [Q0

h]2 denote the standard finite element subspaces of
continuous piecewise linear polynomials, then the PUFEM corresponding to
the θ−method for Eq. (1.16) with jump conditions Eq. (1.20) is stated as:
Find [Un0 , Un1 ] ∈ Vh such that(Unh − Un−1

h

kn
, vh

)
=
(
−i γf(t) g · xUθh , vh

)
−
(
D∇Uθh ,∇vh

)
−κ
〈
JUθh

y
, Jvh

y〉
(2.10)
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for all [vh0 , vh1 ] ∈ Vh. Here kn is the time-step size, Uθh = (1− θ)Un−1
h + θ Unh ,

and (
Uh, vh

)
=
∫

Ω
(1− Φ)U0 v0 dx+

∫
Ω

ΦU1 v1 dx,

JUhK = U0 − U1, {Uh} = U0 + U1

2 ,
〈
Uh, vh

〉
=

∫
Γ
Uh vh dS,

and the phase function Φ is defined as

Φ(x) =
{

0 if x ∈ Ω0

1 if x ∈ Ω1

The approximation we need to search for is Ūh = (1− Φ)U0 + ΦU1.

2.3 A simulation method of diffusion in thin media

In the brain, the micro-structure is extraordinarily complicated: cells such as
neurons and glials cells crowd together, leaving a tortuous extracellular space
(ECS). Simulation of diffusion MRI in neurons and ECS is usually memory-
demanding and time-consuming due to their thin structures. So, we propose
a finite element discretization on manifolds for robust simulations [61].

The three-dimensional domain of simulation, Ω ⊂ R3, is assumed to be
described by a lower dimensional manifold Γ (of dimension two in the case
of the ECS, of dimension one in the case of the dendrite tree) and a variable
cross section V, in other words :

Ω = {(x̃+ x̂) , x̃ ∈ Γ, x̂ ∈ V(x̃)}.

In the case of ECS,
Γ ⊂ R2,V(x̃) ⊂ R1

whereas in the case of dendrite trees,

Γ ⊂ R1,V(x̃) ⊂ R2.

Let Q = H1(Ω) be a Sobolev space, i.e.

H1(Ω) =
{
v : Ω→ C

∣∣∣∣∣
∫
Ω

v2 + |∇v|2 dx <∞
}
.
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Assume that T2 →∞, to construct the weak form of Eq. (1.16) we multiply
both sides with a test function v ∈ Q and integrate over Ω, we then have∫

Ω

u̇ v dΩ = −
∫
Ω

i γf(t)G(x)u v dΩ +
∫
Ω

∇ ·
(
D∇u

)
v dΩ.

After applying the Green’s first identity to the diffusion term, we obtain∫
Ω

u̇ v dΩ = −
∫
Ω

i γf(t)G(x)u v dΩ +
∫
∂Ω

D∇u · n v ds−
∫
Ω

D∇u · ∇v dΩ.

The homogeneous Neumann boundary conditions on ∂Ω cancel out the bound-
ary term and give∫

Ω

u̇ v dΩ = −
∫
Ω

i γf(t)G(x)u v dΩ−
∫
Ω

D∇u · ∇v dΩ. (2.11)

We denote the surface triangulation of Γ by T =
⋃
iEi. Assume we have

available the cross-section V(x̃) at each node x̃ of T . Specifically, for the ECS,
let x̃1, x̃2, x̃3 be the three nodes of the triangle Ei, then the six points:{

x̃1 + α1n(x̃1), x̃2 + α2n(x̃2), x̃3 + α3n(x̃3)
}

where n(x̃j), j = 1, 2, 3 is perpendicular to Γ at x̃j , and

α1 ∈ [a1, b1], α2 ∈ [a2, b2], α3 ∈ [a3, b3], [ak, bk] ⊂ R

make up the volume element Ei. In Fig. 2.1 we show the typical finite element
for the ECS (Fig. 2.1b) and the dendrite tree (Fig. 2.1a).

Since our main interest is in performing diffusion simulations where the
diffusion distance is large compared to the size of V, we choose to enforce the
following constraints on the solution:

u (x̃+ x̂) = u (x̃) , x̃ ∈ T , x̃+ x̂ ∈ Ω. (2.12)

In other words, the solution is constant on V(x̃). Using the above con-
straint, we can simply solve for the values of the FEM solution at x̃ ∈ T .

We choose a continuous Galerkin discretization Qh associated with a vol-
ume mesh ofN nodes {xk}k=1...N and use standard basis functions {ϕk}k=1...N
to give rise to the following representations:

uh =
N∑
k=1

Ukϕk, Gh uh =
N∑
k=1

GhkUkϕk. (2.13)
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(a) (b)

Figure 2.1: In case the element is a tapered cylinder, the basis functions are
defined on the edge Ē connecting two center points of circular bases (a). In
case the element is a triangle prism, the basis functions are defined on the
triangle Ē formed by midpoints of edges perpendicular to the middle surface
(b).

where Uk and Ghk are discretized values of uh and Gh at the mesh node xk.
On each element E ∈ Ωh, Eq. (2.11) becomes∫
E

u̇h vh dE = −
∫
E

i γf(t)Gh uh vh dE+
∫

∂E\∂Ω

D∇uh·n vh ds−
∫
E

D∇uh·∇vh dE.

(2.14)
Note that the boundary term is automatically canceled due to the flux con-
servation ∑

E′

∫
∂E′\∂Ω

D∇uh · n vh ds = 0, (2.15)

here E′ indicates the elements sharing the same boundary ∂E.
Choose vh = ϕj , j = 1 . . . N and substitute Eq. (2.13) to Eq. (2.14), we

obtain the following discrete equation

N∑
k=1

(
U̇k

∫
E

ϕk ϕj dE+i γ f(t)Ghk Uk
∫
E

ϕk ϕj dE+DUk

∫
E

∇ϕk ·∇ϕj dE

)
= 0.

(2.16)
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Since {ϕk} is defined on T , the integral on E is decomposed and Eq. (2.16)
becomes

N∑
k=1

(
U̇k

∫
Ē

ϕk ϕj ηk dĒ + i γ f(t)Ghk Uk
∫
Ē

ϕk ϕj ηk dĒ

+DUk

∫
Ē

∇Ēϕk · ∇Ēϕj ηk dĒ

)
= 0 (2.17)

where ηk is the cross-section area ηk = |V(xk)| and ∇Ē denotes the projection
of the gradient operator on Ē. For simplicity, from now on we use ∇ to denote
∇Ē .

Let η(x) = |V(x)| be the continuous function of the thickness and Ē′

indicate the elements sharing the same boundary ∂Ē, the flux conservation
Eq. (2.15) becomes ∑

Ē′

∫
∂Ē′

D∇uh · n v η ds = 0 (2.18)

which is implicitly imposed through the implementation of Eq. (2.17). The
signal attenuation is now computed by

Sm(g) =
(∫

Γ

η(x) dΓ
)−1∫

Γ

uh(TE) η(x) dΓ. (2.19)

In case η is constant, Eq. (2.19) is simplified to [62]

Sm(g) = 1
|Γ|

∫
Γ

uh(TE) dΓ. (2.20)

We also note that Eq. (2.17) allows solving the equation on surface meshes
and the thickness is added to the equation analytically. The space-time dis-
cretization of Eq. (2.17) with the θ−method (used also in [31, 63]) reads

N∑
k=1

(
Un+1
k − Unk

∆t

∫
Ē

ϕk ϕj ηk dĒ + i γ Ghk F(Un+θ
k )

∫
Ē

ϕk ϕj ηk dĒ

+DUn+θ
k

∫
Ē

∇ϕk · ∇ϕj ηk dĒ

)
= 0 (2.21)
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where θ ∈ [0, 1],∆t = tn+1 − tn, and

Un+θ
k = θ Un+1

k + (1− θ)Unk ,

F(Un+θ
k ) = θ f(tn+1)Un+1

k + (1− θ) f(tn)Unk .

The explicit Forward Euler and implicit Backward Euler methods correspond
to θ = 0 and θ = 1. Here, we use θ = 1

2 to have an implicit, unconditionally
stable, and second-order method referred to as a Crank-Nicolson method.

2.4 Cloud-based simulation framework

We already developed efficient numerical methods for simulation of VAWT
and diffusion MRI and implemented them in FEniCS/FEniCS-HPC. The re-
maining concern is about the accessibility. With a good accessibility, it will
help to speed up method developments and stimulate research collaborations.
This problem can be solved entirely by the use of Cloud computing technolo-
gies and was first addressed for diffusion MRI in [64]. The same approach can
be applied for simulation of VAWT.

For software portability, we consider two container technologies which are
Docker [50] and Singularity [51]. They allow for bundling the whole collection
of software packages that a user needs in a single file, that can be shared and
used by collaborators. This would make a huge impact in scientific applica-
tions, where reproducibility is a core concern [65]. In particular, this enables
us to develop software that other users can easily test. A software update
reduces to a matter of downloading the newest version of a single file and dif-
ferent versions can coexist next to each other for easy consistency checks. We
choose Docker for the IPython notebooks and Singularity for the deployment
on HPC infrastructure. They follow the same workflow as described below.
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Setting the working environment

Pre-processing the meshes and other input parameters

Solving the PDE

Post-processing

The workflow is carried out in the main workspace which is either web-based
Jupyter notebooks or a script-based interface.

Python notebooks

With Google Colab, the workspace can be deployed directly on the web-based
interface. The installation of FEniCS is quite straightforward in the hosted
runtime. The command lines are just the same as the installation on Ubuntu.
!apt -get install software -properties -common
!add -apt -repository ppa:fenics -packages/fenics
!sudo apt -get update
!apt -get install --no-install -recommends fenics
from dolfin import *; from mshr import *

For longer executions, it is more convenient to connect to the local runtime.
To this end, one can execute the following command lines to create a local
runtime to which the notebook can connect. This command creates a Docker
container from the latest stable FEniCS version at the time of writing, given
with the fenics_tag variable. Inside this container, we install a Jupyter exten-
sion developed by Google Colaboratory’s developers and then run a Jupyter
notebook from within the container on port 8888.
fenics_tag =2019.1.0. r3 # version of FEniCS image
docker run --name notebook -local -w /home/fenics -v $(pwd):/home/

↪→ fenics/shared -ti -d -p 127.0.0.1:8888:8888 quay.io/
↪→ fenicsproject/stable:${fenics_tag} "sudo␣pip␣install␣
↪→ jupyter_http_over_ws;␣sudo␣apt -get␣install␣-y␣gmsh;␣jupyter
↪→ ␣serverextension␣enable␣--py␣jupyter_http_over_ws;␣jupyter -



30 CHAPTER 2. PROPOSED METHODS

↪→ notebook␣--ip =0.0.0.0␣--NotebookApp.allow_origin=’https ://
↪→ colab.research.google.com ’␣--NotebookApp.port_retries =0␣--
↪→ NotebookApp.allow_root=True␣--NotebookApp.
↪→ disable_check_xsrf=True␣--NotebookApp.token=’’␣--
↪→ NotebookApp.password=’’␣--port =8888"

Script-based interface

FEniCS can be executed in Docker by a Docker Quickstart Terminal (MacOS
or Windows), or a standard terminal (Linux) following the command below.
docker run -ti -p 127.0.0.1:8000:8000 -v $(pwd):/home/fenics/

↪→ shared -w /home/fenics/shared quay.io/fenicsproject/stable:
↪→ current

However, in the HPC context, Singularity is preferable to Docker due to the
security, the accessibility, the portability, and the scheduling issues [51]. For-
tunately, it is straightforward to build a Singularity image from a Docker
image and for our framework, the command lines are as follows
wget https:// raw . githubusercontent .com /van - dang /DMRI -FEM - Cloud /

↪→ singularity_images / Singularity_recipe_FEniCS_DMRI
sudo singularity build -w writable_fenics_dmri.simg

↪→ Singularity_recipe_FEniCS_DMRI

The workspace for diffusion MRI is available in the link below.

https:
//github.com/van-dang/DMRI-FEM-Cloud/blob/master/GCloudDmriSolver.py

Users can pre-process the inputs for one- and multi-compartment domain by
respectively using the functions implemented in the links below.

https://github.com/van-dang/DMRI-FEM-Cloud/blob/master/
PreprocessingOneCompt.py

https://github.com/van-dang/DMRI-FEM-Cloud/blob/master/
PreprocessingMultiCompt.py

The instruction to set up the workspace for VAWT simulation is available
in the link below.

https://github.com/van-dang/VAWT-Cloud.

https://github.com/van-dang/DMRI-FEM-Cloud/blob/master/GCloudDmriSolver.py
https://github.com/van-dang/DMRI-FEM-Cloud/blob/master/GCloudDmriSolver.py
https://github.com/van-dang/DMRI-FEM-Cloud/blob/master/PreprocessingOneCompt.py
https://github.com/van-dang/DMRI-FEM-Cloud/blob/master/PreprocessingOneCompt.py
https://github.com/van-dang/DMRI-FEM-Cloud/blob/master/PreprocessingMultiCompt.py
https://github.com/van-dang/DMRI-FEM-Cloud/blob/master/PreprocessingMultiCompt.py
https://github.com/van-dang/VAWT-Cloud


Chapter 3

Summary of results

The thesis presents contributions in the form of both new numerical meth-
ods for high-performance computing frameworks and efficient, tested software,
published open source as part of the FEniCS/FEniCS-HPC platform. Specif-
ically, the thesis has four main contributions which will be summarized in the
following sections.

3.1 The DFS-ALE method for VAWT solution

The results of the DFS-ALE method are stable with respect to the mesh
refinement and the general shape of the force curve is well captured. More
importantly, the simulation curves lie within the shaded region representing
the measurement error, except they are slightly out at two peaks.

The slow-rotation strategy is more efficient than the angle-wise strategy in
terms of computational time, since the force coefficients are valid only when
the flow is fully developed. The waiting time to reach developed flow in the
second case needs to be represented for each angle, whereas in the first case it
is done only once. The manual local refinement is, however, less reliable than
the automated mesh adaptation used in the angle-wise strategy. We also note
that in the angle-wise strategy some important local extrema can be missed
since we only sample a subset of angles and interpolate in between.

Fig. 3.1 shows a comparison of force coefficients between simulation and
experiment. The method works well and we capture well the shape of the
experimental curves in both the fixed case and rotating case with the tip
speed ratio of λ = 3.44.

31
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(a) (b)

Figure 3.1: A comparison of force coefficients between simulation and experi-
ment versus wind directions for the fixed case (a) and rotating case with the
tip speed ratio of λ = 3.44 (b).

3.2 HP-PUFEM for interface problems

An HP-PUFEM was proposed to address the implementation of interface con-
ditions with some interesting features. First, the interface conditions are im-
posed weakly. It significantly simplifies the implementation and minimizes the
communications in parallelization. Second, the method was straightforwardly
implemented and maintained in the FEniCS/FEniCS-HPC platform with a
few command lines and it can be easily implemented for other FEM software
packages. The method is expected to be easily extended for different interface
problems beyond this application.

In [66], we show some preliminary results of using PUFEM for CFD. For
the stationary incompressible Navier-Stokes equations,

u · ∇u− ν∆u+∇p = f

∇ · u = 0,
(3.1)

we show that the method gives an optimal convergence in Fig. 3.2, for slip
velocity constraints (Eqs. 1.8, 1.9) on the cylinder boundary.

Also in this paper, the PUFEM for the FSI model (Eq. 2.7) has been
implemented in FEniCS to simulate a 2D Euler flow past a rigid structure.
The rigid body has the stiffness of µs = 10N/m and is fixed at its center.
Since there is no mesh movement in this example, the mesh velocity β is set
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(a) (b) (c)

Figure 3.2: Reference pressure (a), reference velocity (b) and the conver-
gence rate (c) of the PUFEM for the solution of the stationary incompressible
Navier-Stokes equations (Eq. 3.1) with slip velocity constraints (Eqs. 1.8,
1.9) on the cylinder boundary.

to 0. Fig. 3.3 shows the velocity approximation with slip BCs imposed at the
internal interface. The result gives a qualitative indication that the PUFEM
correctly implements the slip boundary conditions for the Euler flow.

Figure 3.3: Euler flow approximated by a stabilized finite element method
with slip boundary conditions.

In [63], we investigate the method in more details for the diffusion MRI
application. Fig. 3.4 shows signals for different time-step sizes, ∆t = 510, 102,
and 51 ms on a three-layered sphere, in comparison with the reference solution
proposed in [67]. We see that the signals computed by our method converge
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to the reference signals. At ∆t = 51ms, they match very well the reference
solution for a wide range of gradient strengths.

(a) Three spherical layers (b) Signals for three spherical layers

Figure 3.4: The signals for different time-step sizes, ∆t = 510, 102, and 51ms,
in comparison with the reference solution proposed in [67] (b) with ∆ = 50 δ =
50,000ms for three-layered sphere of radii R = [5, 7.5, 10]µm (a).

Fig. 3.5 shows the timing, speedup ratio and parallel efficiency on the
Beskow supercomputer for the MRI application implemented in FEniCS-HPC.
The serial computation costs about 40 hours and the parallel computation
with 256 MPI processes only costs 17 minutes (Fig, 3.5a). The speedup ratio
is nearly optimal (Fig. 3.5b) and the efficiency is more than 40% (Fig. 3.5c).

Fig. 3.6b shows diffusion in a pyramidal neuron embedded in a large box
which was meshed with 1.5M vertices and 8.5M tetrahedrons. The simulated
results reflect correctly the physics for different permeabilities between the
neuron and the extra-cellular space. More details are presented in [63].

3.3 Simulation method for diffusion in thin media

In [61], we propose an efficient finite element discretization for the diffusion
MRI simulation of thin layer and thin tube domains. By transferring the vari-
able thickness to the variational form on a manifold, our proposed approach
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(a) (b) (c)

Figure 3.5: Timing, speedup ratio and parallel efficiency on the Beskow for
an MRI application implemented on FEniCS-HPC.

(a) (b)

Figure 3.6: A pyramidal neuron of an adult female mouse downloaded from
http://neuromorpho.org and embedded in the center of a computational box
(a) which was meshed with 1.5M vertices and 8.5M tetrahedrons. The neuron
itself needs small elements to describe accurately small dendrites and its mesh
consists of 131,996 vertices and 431,326 tetrahedrons. The signals were aver-
aged over the three principal directions for different membrane permeabilities
(b). The vertical segment at each marker indicates the signal variation. The
signals decay faster for higher membrane permeabilities.

approximates the full 3D model much better than the previous manifold model
[62].

Fig. 3.7 shows the convergence of the proposed method to the full 3D
model and there is a linear relationship between the maximum of relative

http://neuromorpho.org
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errors R and ηmax/MSD where ηmax is the thickness of the media and MSD
is the mean squared displacement of the water protons.

Figure 3.7: The relative error R goes to zero linearly with ηmax/MSD.

In Table 3.1 we summarize the accuracy and the computational efficiency
of our proposed method compared to the full 3D model. It shows that the
computational timing on the manifolds is significantly reduced compared to
the full 3D models. The 1D manifolds give the largest benefit since two
topological dimensions were removed and it can run thousands of times faster.
The improvement of the 2D manifold is less significant but the computation
is still 20 times faster.

3.4 Cloud-based framework

We unlocked the accessibility to our proposed methods by the use of the
Cloud technologies including Docker [50] and Singularity [51]. Together with
FEniCS/FEniCS-HPC, we developed a cloud-based framework for the two
applications.

The DFS-ALE solver developed in FEniCS-HPC [53, 54] is now available
at

https://github.com/van-dang/VAWT-Cloud

where users can set up simulations on Google Cloud platform with a Singu-
larity image. The instruction is available at

https://github.com/van-dang/VAWT-Cloud/blob/master/README.md

https://github.com/van-dang/VAWT-Cloud
https://github.com/van-dang/VAWT-Cloud/blob/master/README.md
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Sample Sequence tD MSD Rmean Rmax Speedup
(thickness η) ms ms µm (%) (%) (times)

Tree PGSE(1, 5) 4.7 9.2 3.8 12.5
(0.2-2µm) PGSE(1, 10) 9.7 13.2 2.5 6.8 > 9000

PGSE(1, 40) 39.7 26.7 1.0 4.5
PGSE(1, 200) 199.7 60 1.0 3.0
OGSE(20) 2.5 6.7 4.7 15.5
OGSE(40) 5 9.5 2.2 5.0

Neuron PGSE(5, 10) 8 12 1.0 4.0 > 800
1µm PGSE(20, 80) 73 36 1.0 3.0

PGSE(20, 500) 493 94 1.0 2.5
OGSE(10) 1.3 4.7 4.1 15.7
OGSE(30) 3.8 8.2 2.3 7.9
OGSE(50) 6.3 10.6 1.9 5.4

ECS PGSE(1, 40) 40 27 4.3 17.2 > 20
(0.3-0.9µm) PGSE(1, 200) 200 60 4.5 9.4

PGSE(1, 500) 499.7 94.8 0.5 2.0

Table 3.1: The relative error R gets smaller as η/MSD gets smaller and a
huge speedup is obtained by the manifold model over the full 3D model.

For CDMRI, we proposed a portable simulation framework for compu-
tational diffusion MRI [64] that works efficiently in the cloud with specific
demonstrations in Google Colab, Google Cloud Platform and Tegner (PDC-
KTH). They are available at

https://github.com/van-dang/MRI-Cloud

We support many features of computational diffusion MRI by the use of ad-
vanced finite element methods for both single- and muti-compartment do-
mains with or without permeable membrane and periodic boundaries. Com-
pared to Monte-Carlo simulations our framework is much faster and more
accurate.

Our framework uses Click-To-Run basis on Google Colab. It allows for
using either the hosted server or a local machine. With the hosted server
provided freely by Google, users do not need to install anything before doing
the simulations.

With the Singularity image, the timing of the simulations on the realistic
neuron was shown in Fig. 3.8. Fig. 3.8a shows a moderate-scale simulation

https://github.com/van-dang/MRI-Cloud
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on the neuron 04b_pyramidal7aACC with the mesh size of 0.6M vertices (2.5M
tetrahedrons) and Fig. 3.8b shows a large-scale simulation on the sample
sample presented in Section 7.6 [63] with the mesh size of 1.5M vertices and
8.5M tetrahedrons. It is twice faster with the FEniCS-HPC image for the first
case and three times faster in the latter case compared to the FEniCS image.
For the large-scale simulation with 500 processors it costs about 20 minutes
per b−value with ∆t = 200ms with FEniCS whereas it costs 7 minutes with
FEniCS-HPC.

The strong parallel scaling is shown in Fig. 3.8c. Ideally, one expects that
the timing is reduced by half when the number of the processors is doubled.
Assume that we start with p0 processors and measure the timing Tp0 . Then,
we increase the number of the processors to p (p ≥ p0) and measure the timing
Tp. In general, the ideal scaling (the blue curve in Fig. 3.8c) is

Tp0

Tp
= p

p0
.

We now compare between the realistic scaling of our framework and this ideal
linear scaling for p0 = 8, 100 on Tegner and p0 = 2 on Google Cloud. The
strong scaling on Tegner is good both on one node (32 CPUs) and multi-node
(scaling up to 500 CPUs). For a small number of cores (2, 4, 6, 8) on Google
Cloud, the scaling is less good. It is because the workload and data partition
per process are greatly exceeding the ideal work and data per process ratio
with the mesh size of 2.5M tetrahedrons.
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(a) Timing for 04b_pyramidal7aACC (b) Timing for neuron embedded in a box

(c) Strong parallel scaling

Figure 3.8: Timing of the simulations on the neuron 04b_pyramidal7aACC with
the mesh size of about 0.6M vertices (2.5M tetrahedrons) (a) and the sample
sample presented in Section 7.6 [63] with the mesh size of 1.5M vertices and
8.5M tetrahedrons (b). It is about twice faster with the FEniCS-HPC image
than the FEniCS image for the first case and it is about three times faster in
the latter case. The strong scaling on Tegner is good both on one node (32
CPUs) and multi-node (scaling up to 500 CPUs) (c). For a small number of
cores (2, 4, 6, 8) on Google Cloud, the scaling is less good. It is because the
workload and data partition per process are greatly exceeding the ideal work
and data per process ratio with the mesh size of 2.5M tetrahedrons.





Chapter 4

Conclusions and Future Work

In this thesis, we proposed three numerical methods and a cloud-based frame-
work for simulation of VAWT and computational diffusion MRI.

The DFS-ALE is efficient to simulate the turbulent flow past VAWTs at
slow and moderate rotating speed. The method combines powerful techniques
to simulate turbulent flow such as the least-squares stabilized finite element
method, the ALE method for a rotating frame of reference and the dual-
based error control for automated mesh adaptivity. The method was validated
against experimental data with a good agreement in drag coefficients.

The PUFEM is efficient in modeling the interface conditions in heteroge-
neous domains. The method appears to be promising to implement the slip
velocity conditions in the fluid-structure interaction. In CDMRI, it is espe-
cially efficient. The accuracy of the method has been verified by numerous
examples and the implementation has been shown to have a good parallel
scalability.

The manifold-based simulation method is very efficient to simulate diffu-
sion in thin structures. Compared to the standard finite element method, this
method is hundred times faster.

The methods were implemented in the FEniCS and/or FEniCS-HPC plat-
forms. Especially, we integrated our proposed method with the cloud tech-
nology to unlock the accessibility to a larger number of users.

The DFS-ALE, however, needs further investigations for the high tip speed
ratio λ. In [68], we compared the DFS-ALE with actuator line models and
vortex models. Fig. 4.1 shows the simulated radial forces in comparisons
with the experimental data and the Actuator Line Models and Vortex models
[69]. Our strategy for the DFS-ALE is minimizing the stabilization terms
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and maximizing the time step sizes. We see that at λ = 2.55, the DFS-ALE
matches very well the experimental curve and it is far better than the other
approaches. The approximation is less good for higher λ and with λ = 4.09
the simulated curve does not capture the experimental data well. It is also
not better than the other approaches.

(a) λ = 2.55 (b) λ = 3.44

(c) λ = 4.09

Figure 4.1: The normal forces for different tip speed ratios: λ = 2.55 (a),
λ = 3.44 (b), λ = 4.09 (c).

In this thesis, we mainly focused on the space discretization and the mid-
point method is used for the time-stepping. However, it was shown that with
the adaptive time-stepping methods, Matlab solver SpinDoctor is faster and
more accurate than the Python solver. So, we should integrate the adaptive
ODE solvers with the Cloud-based framework.



Bibliography

[1] J. Donea, A. Huerta, J.-P. Ponthot et al., “Arbitrary lagrangian eulerian
methods,” Encyclopedia of Computational Mechanics, 2004.

[2] M. Islam, S. Mekhilef, and R. Saidur, “Progress and recent
trends of wind energy technology,” Renewable and Sustainable
Energy Reviews, vol. 21, pp. 456 – 468, 2013. [Online]. Available:
http://www.sciencedirect.com/science/article/pii/S1364032113000312

[3] A. Tummala, R. K. Velamati, D. K. Sinha, V. Indraja, and V. H. Krishna,
“A review on small scale wind turbines,” Renewable and Sustainable
Energy Reviews, vol. 56, pp. 1351 – 1371, 2016. [Online]. Available:
http://www.sciencedirect.com/science/article/pii/S1364032115014100

[4] J. Pitteloud and S. Gsänger, “Small wind world report summary,” 2016.

[5] B. Blocken, “50 years of computational wind engineering: Past,
present and future,” Journal of Wind Engineering and Industrial
Aerodynamics, vol. 129, pp. 69 – 102, 2014. [Online]. Available:
http://www.sciencedirect.com/science/article/pii/S016761051400052X

[6] M. Casini, “Small vertical axis wind turbines for energy efficiency of build-
ings,” Journal of Clean Energy Technologies, vol. 4, no. 1, 2016.

[7] C. Li, S. Zhu, Y. lin Xu, and Y. Xiao, “2.5d large eddy simulation of
vertical axis wind turbine in consideration of high angle of attack flow,”
Renewable Energy, vol. 51, pp. 317 – 330, 2013. [Online]. Available:
http://www.sciencedirect.com/science/article/pii/S0960148112005770

[8] S. Shamsoddin and F. PortÃľ-Agel, “Large eddy simulation of vertical
axis wind turbine wakes,” Energies, vol. 7, no. 2, pp. 890–912, 2014.
[Online]. Available: http://www.mdpi.com/1996-1073/7/2/890

43

http://www.sciencedirect.com/science/article/pii/S1364032113000312
http://www.sciencedirect.com/science/article/pii/S1364032115014100
http://www.sciencedirect.com/science/article/pii/S016761051400052X
http://www.sciencedirect.com/science/article/pii/S0960148112005770
http://www.mdpi.com/1996-1073/7/2/890


44 BIBLIOGRAPHY

[9] ——, “A large-eddy simulation study of vertical axis wind turbine
wakes in the atmospheric boundary layer,” Energies, vol. 9, no. 5, 2016.
[Online]. Available: http://www.mdpi.com/1996-1073/9/5/366

[10] M. Nini, V. Motta, G. Bindolino, and A. Guardone, “Three-dimensional
simulation of a complete vertical axis wind turbine using overlapping
grids,” Journal of Computational and Applied Mathematics, vol. 270, pp.
78 – 87, 2014, fourth International Conference on Finite Element Methods
in Engineering and Sciences (FEMTEC 2013). [Online]. Available:
http://www.sciencedirect.com/science/article/pii/S037704271400106X

[11] A. Rezaeiha, I. Kalkman, and B. Blocken, “Cfd simulation of
a vertical axis wind turbine operating at a moderate tip speed
ratio: Guidelines for minimum domain size and azimuthal increment,”
Renewable Energy, vol. 107, pp. 373 – 385, 2017. [Online]. Available:
http://www.sciencedirect.com/science/article/pii/S0960148117300848

[12] S. H. Hezaveh, E. Bou-Zeid, M. W. Lohry, and L. Martinelli, “Simulation
and wake analysis of a single vertical axis wind turbine,” Wind Energy,
vol. 20, no. 4, pp. 713–730, 2017, wE-15-0121.R3. [Online]. Available:
http://dx.doi.org/10.1002/we.2056

[13] J. HOFFMAN, J. JANSSON, and M. STÖCKLI, “Unified continuum
modeling of fluid-structure interaction,” Mathematical Models and
Methods in Applied Sciences, vol. 21, no. 03, pp. 491–513, 2011. [Online].
Available: https://doi.org/10.1142/S021820251100512X

[14] J. Jansson, N. C. Degirmenci, and J. Hoffman, “Adaptive unified
continuum fem modeling of a 3d fsi benchmark problem,” International
Journal for Numerical Methods in Biomedical Engineering, vol. 33,
no. 9, p. e2851, 2017, e2851 cnm.2851. [Online]. Available: https:
//onlinelibrary.wiley.com/doi/abs/10.1002/cnm.2851

[15] J. Hoffman and C. Johnson, Computational turbulent incompressible
flow, ser. Applied mathematics body and soul. Berlin: Springer, 2007.
[Online]. Available: http://cds.cern.ch/record/1644577

[16] J. Hoffman, J. Jansson, N. Jansson, and R. V. D. Abreu, “Towards
a parameter-free method for high reynolds number turbulent flow
simulation based on adaptive finite element approximation,” Computer
Methods in Applied Mechanics and Engineering, vol. 288, no.
Supplement C, pp. 60 – 74, 2015, error Estimation and Adaptivity

http://www.mdpi.com/1996-1073/9/5/366
http://www.sciencedirect.com/science/article/pii/S037704271400106X
http://www.sciencedirect.com/science/article/pii/S0960148117300848
http://dx.doi.org/10.1002/we.2056
https://doi.org/10.1142/S021820251100512X
https://onlinelibrary.wiley.com/doi/abs/10.1002/cnm.2851
https://onlinelibrary.wiley.com/doi/abs/10.1002/cnm.2851
http://cds.cern.ch/record/1644577


BIBLIOGRAPHY 45

for Nonlinear and Time-Dependent Problems. [Online]. Available:
http://www.sciencedirect.com/science/article/pii/S0045782514004836

[17] V. Baliyan, C. J. Das, R. Sharma, and A. K. Gupta, “Diffusion
weighted imaging: Technique and applications,” World Journal of
Radiology, vol. 8, no. 9, pp. 785–798, 09 2016. [Online]. Available:
http://www.ncbi.nlm.nih.gov/pmc/articles/PMC5039674/

[18] F. Bloch, “Nuclear induction,” Phys. Rev., vol. 70, pp. 460–474, Oct 1946.
[Online]. Available: https://link.aps.org/doi/10.1103/PhysRev.70.460

[19] S. Ljunggren, “A simple graphical representation of fourier-based
imaging methods,” Journal of Magnetic Resonance (1969), vol. 54, no. 2,
pp. 338 – 343, 1983. [Online]. Available: http://www.sciencedirect.com/
science/article/pii/0022236483900604

[20] D. B. Twieg, “The k-trajectory formulation of the nmr imaging process
with applications in analysis and synthesis of imaging methods,”
Medical Physics, vol. 10, no. 5, pp. 610–621, 1983. [Online]. Available:
https://aapm.onlinelibrary.wiley.com/doi/abs/10.1118/1.595331

[21] H. C. Torrey, “Bloch equations with diffusion terms,” Phys. Rev.,
vol. 104, pp. 563–565, Nov 1956. [Online]. Available: https:
//link.aps.org/doi/10.1103/PhysRev.104.563

[22] A. Ozcan, “Minimization of imaging gradient effects in diffusion tensor
imaging,” IEEE Transactions on Medical Imaging, vol. 30, no. 3, pp.
642–654, March 2011.

[23] E. O. Stejskal and J. E. Tanner, “Spin diffusion measurements: Spin
echoes in the presence of a time-dependent field gradient,” The Journal
of Chemical Physics, vol. 42, no. 1, pp. 288–292, 1965. [Online].
Available: http://dx.doi.org/10.1063/1.1695690

[24] V. Kenkre, E. Fukushima, and D. Sheltraw, “Simple solutions of
the torrey-bloch equations in the nmr study of molecular diffusion,”
Journal of Magnetic Resonance, vol. 128, no. 1, pp. 62 – 69, 1997.
[Online]. Available: http://www.sciencedirect.com/science/article/pii/
S1090780797912167

[25] J. Xu, M. Does, and J. Gore, “Numerical study of water diffusion in
biological tissues using an improved finite difference method,” Physics
in Medicine and Biology, vol. 52, no. 7, Apr. 2007. [Online]. Available:
http://view.ncbi.nlm.nih.gov/pubmed/17374905

http://www.sciencedirect.com/science/article/pii/S0045782514004836
http://www.ncbi.nlm.nih.gov/pmc/articles/PMC5039674/
https://link.aps.org/doi/10.1103/PhysRev.70.460
http://www.sciencedirect.com/science/article/pii/0022236483900604
http://www.sciencedirect.com/science/article/pii/0022236483900604
https://aapm.onlinelibrary.wiley.com/doi/abs/10.1118/1.595331
https://link.aps.org/doi/10.1103/PhysRev.104.563
https://link.aps.org/doi/10.1103/PhysRev.104.563
http://dx.doi.org/10.1063/1.1695690
http://www.sciencedirect.com/science/article/pii/S1090780797912167
http://www.sciencedirect.com/science/article/pii/S1090780797912167
http://view.ncbi.nlm.nih.gov/pubmed/17374905


46 BIBLIOGRAPHY

[26] H. Hagslatt, B. Jonsson, M. Nyden, and O. Soderman, “Predictions
of pulsed field gradient NMR echo-decays for molecules diffusing
in various restrictive geometries. simulations of diffusion propagators
based on a finite element method,” Journal of Magnetic Resonance,
vol. 161, no. 2, pp. 138–147, Apr. 2003. [Online]. Available:
http://www.sciencedirect.com/science/article/pii/S1090780702000393

[27] N. Loren, H. Hagslatt, M. Nyden, and A.-M. Hermansson, “Water
mobility in heterogeneous emulsions determined by a new combination
of confocal laser scanning microscopy, image analysis, nuclear magnetic
resonance diffusometry, and finite element method simulation,” The
Journal of Chemical Physics, vol. 122, no. 2, pp. –, 2005. [Online].
Available: http://scitation.aip.org/content/aip/journal/jcp/122/2/10.
1063/1.1830432

[28] B. F. Moroney, T. Stait-Gardner, B. Ghadirian, N. N. Yadav, and
W. S. Price, “Numerical analysis of NMR diffusion measurements
in the short gradient pulse limit,” Journal of Magnetic Resonance,
vol. 234, no. 0, pp. 165–175, Sep. 2013. [Online]. Available:
http://www.sciencedirect.com/science/article/pii/S1090780713001572

[29] J.-R. Li, D. Calhoun, C. Poupon, and D. L. Bihan, “Numerical
simulation of diffusion mri signals using an adaptive time-stepping
method,” Physics in Medicine and Biology, vol. 59, no. 2, p. 441, 2014.
[Online]. Available: http://stacks.iop.org/0031-9155/59/i=2/a=441

[30] D. V. Nguyen, J.-R. Li, D. Grebenkov, and D. L. Bihan, “A finite
elements method to solve the bloch-torrey equation applied to diffusion
magnetic resonance imaging,” Journal of Computational Physics, vol.
263, no. Supplement C, pp. 283 – 302, 2014. [Online]. Available:
http://www.sciencedirect.com/science/article/pii/S0021999114000308

[31] L. Beltrachini, Z. A. Taylor, and A. F. Frangi, “A parametric
finite element solution of the generalised bloch-torrey equation
for arbitrary domains,” Journal of Magnetic Resonance, vol. 259,
no. Supplement C, pp. 126 – 134, 2015. [Online]. Available:
http://www.sciencedirect.com/science/article/pii/S1090780715001743

[32] G. Russell, K. D. Harkins, T. W. Secomb, J.-P. Galons, and T. P.
Trouard, “A finite difference method with periodic boundary conditions
for simulations of diffusion-weighted magnetic resonance experiments in

http://www.sciencedirect.com/science/article/pii/S1090780702000393
http://scitation.aip.org/content/aip/journal/jcp/122/2/10.1063/1.1830432
http://scitation.aip.org/content/aip/journal/jcp/122/2/10.1063/1.1830432
http://www.sciencedirect.com/science/article/pii/S1090780713001572
http://stacks.iop.org/0031-9155/59/i=2/a=441
http://www.sciencedirect.com/science/article/pii/S0021999114000308
http://www.sciencedirect.com/science/article/pii/S1090780715001743


BIBLIOGRAPHY 47

tissue,” Physics in Medicine and Biology, vol. 57, no. 4, p. N35, 2012.
[Online]. Available: http://stacks.iop.org/0031-9155/57/i=4/a=N35

[33] J. Chung and G. M. Hulbert, “A time integration algorithm for structural
dynamics with improved numerical dissipation: The generalized-Îś
method,” Journal of Applied Mechanics, vol. 60, no. 2, pp. 371–375, Jun.
1993. [Online]. Available: http://dx.doi.org/10.1115/1.2900803

[34] J. G. Verwer, W. H. Hundsdorfer, and B. P. Sommeijer, “Conver-
gence properties of the runge-kutta-chebyshev method,” Numerische
Mathematik, vol. 57, no. 1, pp. 157–178, Dec 1990. [Online]. Available:
https://doi.org/10.1007/BF01386405

[35] F. Larsson, K. Runesson, S. Saroukhani, and R. Vafadari, “Compu-
tational homogenization based on a weak format of micro-periodicity
for rve-problems,” Computer Methods in Applied Mechanics and
Engineering, vol. 200, no. 1, pp. 11 – 26, 2011. [Online]. Available:
http://www.sciencedirect.com/science/article/pii/S0045782510001908

[36] V.-D. Nguyen, E. Béchet, C. Geuzaine, and L. Noels, “Imposing periodic
boundary condition on arbitrary meshes by polynomial interpolation,”
Computational Materials Science, vol. 55, pp. 390–406, 2012.

[37] C. Sandstöm, F. Larsson, and K. Runesson, “Weakly periodic boundary
conditions for the homogenization of flow in porous media,” Advanced
Modeling and Simulation in Engineering Sciences, vol. 1, no. 1, p. 12, Aug
2014. [Online]. Available: https://doi.org/10.1186/s40323-014-0012-6

[38] T. Dupont, J. Hoffman, C. Johnson, R. Kirby, M. Larson, A. Logg, and
R. Scott, “The fenics project,” Chalmers Finite Element Center Preprint
2003-21, Chalmers University of Technology, 2003.

[39] A. Logg, K.-A. Mardal, and G. N. Wells, Automated solution of differen-
tial equations by the finite element method : the FEniCS book. Springer
Verlag, 2012, xIII, 723 s. : ill.

[40] FEniCS, “The fenics project,” http://www.fenicsproject.org, 2003.

[41] FEniCS-HPC, “Fenics-hpc,” http://www.fenics-hpc.org, 2003.

[42] N. Jansson, J. Jansson, and J. Hoffman, “Framework for massively par-
allel adaptive finite element computational fluid dynamics on tetrahedral
meshes,” SIAM Journal on Scientific Computing, vol. 34, no. 1, pp. C24–
C41, 2012.

http://stacks.iop.org/0031-9155/57/i=4/a=N35
http://dx.doi.org/10.1115/1.2900803
https://doi.org/10.1007/BF01386405
http://www.sciencedirect.com/science/article/pii/S0045782510001908
https://doi.org/10.1186/s40323-014-0012-6


48 BIBLIOGRAPHY

[43] J. Hoffman, J. Jansson, and N. Jansson, “FEniCS-HPC: Automated Pre-
dictive High-Performance Finite Element Computing with Applications
in Aerodynamics,” in Parallel Processing and Applied Mathematics: 11th
International Conference, PPAM 2015, Krakow, Poland, September 6-9,
2015. Revised Selected Papers, Part I. Cham: Springer International
Publishing, 2016, pp. 356–365.

[44] J. Hoffman, J. Jansson, N. Jansson, and M. Nazarov, “Unicorn: A unified
continuum mechanics solver,” in Automated Solutions of Differential
Equations by the Finite Element Method. Springer, 2011. [Online].
Available: http://www.fenicsproject.org/pub/documents/book/

[45] J. Hoffman, J. Jansson, N. Jansson, C. Johnson, and R. V.
de Abreu, “Turbulent flow and fluid-structure interaction,” in Automated
Solutions of Differential Equations by the Finite Element Method.
Springer, 2011. [Online]. Available: http://www.fenicsproject.org/pub/
documents/book/

[46] J. Hoffman, J. Jansson, R. V. de Abreu, N. C. Degirmenci, N. Jansson,
K. Müller, M. Nazarov, and J. H. Spühler, “Unicorn: Parallel adaptive
finite element simulation of turbulent flow and fluid-structure interaction
for deforming domains and complex geometry,” Computers and Fluids,
2012.

[47] J. Hoffman, J. Jansson, C. Degirmenci, N. Jansson, and M. Nazarov,
Unicorn: a Unified Continuum Mechanics Solver. Springer, 2012, ch. 18.

[48] N. Jansson, J. Hoffman, and J. Jansson, “Framework for Massively Par-
allel Adaptive Finite Element Computational Fluid Dynamics on Tetra-
hedral Meshes,” SIAM J. Sci. Comput., vol. 34, no. 1, pp. C24–C41,
2012.

[49] R. C. Kirby, FIAT: Numerical Construction of Finite Element Basis
Functions,. Springer, 2012, ch. 13.

[50] B. Bashari Rad, H. Bhatti, and M. Ahmadi, “An introduction to docker
and analysis of its performance,” IJCSNS International Journal of Com-
puter Science and Network Security, vol. 173, p. 8, 03 2017.

[51] G. M. Kurtzer, V. Sochat, and M. W. Bauer, “Singularity: Scientific
containers for mobility of compute,” PLOS ONE, vol. 12, no. 5, pp.
1–20, 05 2017. [Online]. Available: https://doi.org/10.1371/journal.pone.
0177459

http://www.fenicsproject.org/pub/documents/book/
http://www.fenicsproject.org/pub/documents/book/
http://www.fenicsproject.org/pub/documents/book/
https://doi.org/10.1371/journal.pone.0177459
https://doi.org/10.1371/journal.pone.0177459


BIBLIOGRAPHY 49

[52] G. Inc., “Google colaboratory,” https://github.com/jupyter/
colaboratory, 2014.

[53] V. D. Nguyen, J. Jansson, M. Leoni, B. Janssen, A. Goude,
and J. Hoffman, “Modelling of rotating vertical axis turbines
using a multiphase finite element method,” in MARINE 2017 :
Computational Methods in Marine Engineering VII15 - 17 May 2017,
Nantes, France, 2017, pp. 950–960, qC 20170629. [Online]. Available:
http://congress.cimne.com/marine2017/frontal/Doc/Ebookmarine.pdf

[54] V.-D. Nguyen, J. Jansson, A. Goude, and J. Hoffman, “Direct
finite element simulation of the turbulent flow past a vertical axis
wind turbine,” Renewable Energy, vol. 135, pp. 238 – 247, 2019.
[Online]. Available: http://www.sciencedirect.com/science/article/pii/
S0960148118314174

[55] J. Hoffman, J. Jansson, N. Jansson, R. V. de Abreu, and C. Johnson,
Computability and Adaptivity in CFD. Encyclopedia of Computational
Mechanics (Ed. E. Stein, R. de Borst and T.J.R. Hughes), John Wiley
and Sons, in preparation (2016).

[56] J. Hoffman and C. Johnson, “Stability of the dual navier-stokes
equations and efficient computation of mean output in turbulent flow
using adaptive dns/les,” Computer Methods in Applied Mechanics and
Engineering, vol. 195, no. 13, pp. 1709 – 1721, 2006, a Tribute to Thomas
J.R. Hughes on the Occasion of his 60th Birthday. [Online]. Available:
http://www.sciencedirect.com/science/article/pii/S0045782505003038

[57] J. Jansson, J. Hoffman, and C. Degirmenci, “Adaptive error control in
finite element methods using the error representation as error indicator,”
KTH, High Performance Computing and Visualization (HPCViz), Tech.
Rep., 2013, qC 20131118.

[58] J. Melenk and I. Babuska, “The partition of unity finite element method:
Basic theory and applications,” Computer Methods in Applied Mechanics
and Engineering, vol. 139, no. 1, pp. 289 – 314, 1996. [Online]. Available:
http://www.sciencedirect.com/science/article/pii/S0045782596010870

[59] P. Hansbo, M. G. Larson, and S. Zahedi, “A cut finite element
method for a stokes interface problem,” Applied Numerical Mathematics,
vol. 85, no. Supplement C, pp. 90 – 114, 2014. [Online]. Available:
https://doi.org/10.1016/j.apnum.2014.06.009

https://github.com/jupyter/colaboratory
https://github.com/jupyter/colaboratory
http://congress.cimne.com/marine2017/frontal/Doc/Ebookmarine.pdf
http://www.sciencedirect.com/science/article/pii/S0960148118314174
http://www.sciencedirect.com/science/article/pii/S0960148118314174
http://www.sciencedirect.com/science/article/pii/S0045782505003038
http://www.sciencedirect.com/science/article/pii/S0045782596010870
https://doi.org/10.1016/j.apnum.2014.06.009


50 BIBLIOGRAPHY

[60] E. Wadbro, S. Zahedi, G. Kreiss, and M. Berggren, “A uniformly
well-conditioned, unfitted nitsche method for interface problems,” BIT
Numerical Mathematics, vol. 53, no. 3, pp. 791–820, Sep 2013. [Online].
Available: https://doi.org/10.1007/s10543-012-0417-x

[61] V.-D. Nguyen, J. Jansson, H. T. A. Tran, J. Hoffman, and
J.-R. Li, “Diffusion mri simulation in thin-layer and thin-tube
media using a discretization on manifolds,” Journal of Magnetic
Resonance, vol. 299, pp. 176 – 187, 2019. [Online]. Available:
http://www.sciencedirect.com/science/article/pii/S1090780719300023

[62] D. V. Nguyen, J. R. Li, D. S. Grebenkov, and D. L. Bihan, “Modeling
the diffusion magnetic resonance imaging signal inside neurons,” Journal
of Physics: Conference Series, vol. 490, no. 1, p. 012013, 2014. [Online].
Available: http://stacks.iop.org/1742-6596/490/i=1/a=012013

[63] V.-D. Nguyen, J. Jansson, J. Hoffman, and J.-R. Li, “A partition of
unity finite element method for computational diffusion mri,” Journal of
Computational Physics, vol. 375, pp. 271 – 290, 2018. [Online]. Available:
http://www.sciencedirect.com/science/article/pii/S0021999118305709

[64] V.-D. Nguyen, M. Leoni, T. Dancheva, J. Jansson, J. Hoffman,
D. Wassermann, and J.-R. Li, “Portable simulation framework for
diffusion mri,” Journal of Magnetic Resonance, vol. 309, p. 106611,
2019. [Online]. Available: http://www.sciencedirect.com/science/article/
pii/S1090780719302502

[65] E. National Academies of Sciences and Medicine, Reproducibility and
Replicability in Science. Washington, DC: The National Academies
Press, 2019. [Online]. Available: https://www.nap.edu/catalog/25303/
reproducibility-and-replicability-in-science

[66] V. D. Nguyen, J. Jansson, T. Frachon, C. Degirmenci, and
J. Hoffman, “A fluid-structure interaction model with weak slip velocity
boundary conditions on conforming internal interfaces,” 2018, qC
20190215. [Online]. Available: http://www.eccm-ecfd2018.org/Admin/
Files/FilePaper/p643.pdf

[67] D. S. Grebenkov, “Pulsed-gradient spin-echo monitoring of restricted
diffusion in multilayered structures,” Journal of Magnetic Resonance,
vol. 205, no. 2, pp. 181 – 195, 2010. [Online]. Available: http:
//www.sciencedirect.com/science/article/pii/S1090780710001199

https://doi.org/10.1007/s10543-012-0417-x
http://www.sciencedirect.com/science/article/pii/S1090780719300023
http://stacks.iop.org/1742-6596/490/i=1/a=012013
http://www.sciencedirect.com/science/article/pii/S0021999118305709
http://www.sciencedirect.com/science/article/pii/S1090780719302502
http://www.sciencedirect.com/science/article/pii/S1090780719302502
https://www.nap.edu/catalog/25303/reproducibility-and-replicability-in-science
https://www.nap.edu/catalog/25303/reproducibility-and-replicability-in-science
http://www.eccm-ecfd2018.org/Admin/Files/FilePaper/p643.pdf
http://www.eccm-ecfd2018.org/Admin/Files/FilePaper/p643.pdf
http://www.sciencedirect.com/science/article/pii/S1090780710001199
http://www.sciencedirect.com/science/article/pii/S1090780710001199


BIBLIOGRAPHY 51

[68] V.-D. Nguyen, J. Jansson, A. Goude, and J. Hoffman, “Technical
report – comparison of direct finite element simulation with actuator
line models and vortex models for simulation of turbulent flow
past a vertical axis wind turbine,” 2019. [Online]. Available:
https://arxiv.org/abs/1909.01776

[69] V. Mendoza and A. Goude, “Validation of an actuator line and vortex
model using normal forcesmeasurements of a straight-bladed vertical axis
wind turbine,” Renewable energy.

https://arxiv.org/abs/1909.01776




Appendix A

Included Papers

53


	Contents
	Introduction
	Research objectives
	Background and state of the art
	Simulation of VAWT
	Computational diffusion MRI
	High-performance computing
	Software packages

	Thesis Organization

	Proposed methods
	The DFS-ALE method for VAWT solution
	A Galerkin least-squares finite element method
	Automated adaptivity with do-nothing error control

	An HP-PUFEM for interface problems
	HP-PUFEM for the fluid structure interaction model
	HP-PUFEM for computational diffusion MRI

	A simulation method of diffusion in thin media
	Cloud-based simulation framework

	Summary of results
	The DFS-ALE method for VAWT solution
	HP-PUFEM for interface problems
	Simulation method for diffusion in thin media
	Cloud-based framework

	Conclusions and Future Work
	Bibliography
	Included Papers

