
Annals of Nuclear Energy xxx (xxxx) xxx
Contents lists available at ScienceDirect

Annals of Nuclear Energy

journal homepage: www.elsevier .com/locate /anucene
Stochastic-deterministic response matrix method for reactor transients
https://doi.org/10.1016/j.anucene.2019.107103
0306-4549/� 2019 The Author(s). Published by Elsevier Ltd.
This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

⇑ Corresponding author.
E-mail address: mickus@kth.se (I. Mickus).

Please cite this article as: I. Mickus, J. A. Roberts and J. Dufek, Stochastic-deterministic response matrix method for reactor transients, Annals of N
Energy, https://doi.org/10.1016/j.anucene.2019.107103
Ignas Mickus a,⇑, Jeremy A. Roberts b, Jan Dufek a

aKTH Royal Institute of Technology, Division of Nuclear Engineering, AlbaNova University Center, 10691 Stockholm, Sweden
bDepartment of Mechanical and Nuclear Engineering, Kansas State University, 3002 Rathbone Hall, Manhattan, KS 66506, USA
a r t i c l e i n f o

Article history:
Received 20 June 2019
Received in revised form 1 October 2019
Accepted 3 October 2019
Available online xxxx

Keywords:
Monte Carlo
Time-dependent
Reactor transient analyses
Response matrix method
a b s t r a c t

Presented is a stochastic-deterministic, response matrix method for transient analyses of nuclear sys-
tems. The method is based on the response matrix formalism, which describes a system by a set of
response functions. We propose an approach in which these response functions are computed during a
set of Monte Carlo criticality calculations and are later used to formulate a deterministic set of equations
for solving a space-time dependent problem. Application of the response matrix formalism results in a set
of loosely connected equations, which leads to a favourable linear scaling of the problem. The method
offers a simplified approach compared to previously proposed response matrix methods by avoiding
phase-space expansions in sets of basis functions. We describe the method starting with the fundamental
neutron transport considerations, provide a demonstration on two absorber movement transients in a
3 � 3 assembly PWR mini-core geometry, and compare the solutions against time-dependent Monte
Carlo simulations.
� 2019 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND

license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

Time-dependent Monte Carlo methods have been recently
developed and implemented into established reactor physics
codes, such as Serpent 2 (Levinsky et al., 2019), TRIPOLI-4
(Faucher et al., 2018) and MCNP5 (Hoogenboom and Sjenitzer,
2013). These methods offer first-principle solutions by explicitly
tracking prompt neutrons, precursors of delayed neutrons and
delayed neutrons in time and space of a nuclear reactor. Neverthe-
less, Sjenitzer and Hoogenboom (2013) observed that the fission
chain branching process and the time-scale differences between
the prompt and delayed neutrons introduce a relatively large sta-
tistical error into the results. Consequently, a very significant com-
puting cost is required to reduce the statistical error to an
acceptable level (Faucher et al., 2018; Sjenitzer et al., 2015).

The computing cost of time-dependent simulations may be
reduced while retaining the general benefits of Monte Carlo
methods by considering a hybrid stochastic-deterministic calcula-
tion approach. One such approach called the Transient Fission
Matrix (TFM) method was proposed by Laureau et al. (2015).
The TFM method is an extension of the fission matrix-based
Monte Carlo method (Dufek and Gudowski, 2009) with time
dependence; the method describes the space-time behaviour of
the system by a set of fission and time matrices which can be
calculated by Monte Carlo codes. The matrices are then used in
formulating kinetics equations for neutron and precursor popula-
tions. These equations can then be solved deterministically. The
TFM method was demonstrated on a variety of reactor physics
problems (Laureau et al., 2017; Laureau et al., 2017; Laureau
et al., 2018).

A feature common to many implementations of the TFM and
other fission matrix-based methods is the use of matrices com-
puted using a spatial mesh superimposed over the system geome-
try that consists of a number of nodes. Elements in these matrices
describe the neutron production in each node of the system due to
a neutron born in every other node of the system (Carney et al.,
2014); therefore, the sizes of the matrices generally grow as the
square of the number of nodes. Moreover, the fission matrix is,
by definition, a dense matrix where most of the elements may be
small but not strictly equal to zero. Only a sub-set of this matrix
can be tallied in a Monte Carlo simulation when the overall num-
ber of matrix elements exceeds the number of simulated neutron
histories. The number of tallied non-zero elements does grow as
more neutrons histories are simulated, though the small matrix
elements have a low probability to be tallied anyway. Although
capabilities to store large fission matrices using sparse format were
demonstrated (Brown, 2016), handling of large fission matrices
may become problematic with the growing number of tallied
non-zero elements.

An alternative approach, known as the Response Matrix Method
(RMM) (Lindahl and Weiss, 1981) has been developed and applied
uclear
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in hybrid calculation schemes in work as early as Sicilian and Pryor
(1975) and much more recently by Zhang and Rahnema (2012).
Similarly to the fission matrix methods, the RMM also superim-
poses a spatial mesh over the system geometry and calculates neu-
tron propagation rates using the mesh. However, unlike the fission
matrix methods, the RMM computes only a number of parameters
(response functions) for each node. The response functions com-
puted for a given node represent the probabilities with which neu-
trons entering a node through a surface, or born in the node,
propagate through the node to other surfaces of the same node.
This way, each node is coupled only to the neighbouring nodes
and the size of the problem scales linearly with the number of
nodes chosen.

While significant development work was carried out for the
static RMM (Moriwaki et al., 1999; Hino et al., 2010; Roberts
and Forget, 2014; Zhang and Rahnema, 2012), time-dependent
RMMs are less mature (Sicilian and Pryor, 1975; Rahnema and
Pounders, 2014; Roberts, 2015). Moreover, the existing methods
compute the response functions for several unique nodes in a
series of fixed-source Monte Carlo simulations. In order to
ensure that the final results reflect the correct source distribu-
tions and neutron energy spectrum in the nodes, these methods
approximate the phase-space dependence of the neutron flux
and surface currents through an expansion in a set of orthonor-
mal basis functions for each phase-space variable. The response
functions are then defined in terms of the selected expansion
basis. An appropriate set of basis functions and expansion
orders must be selected for each problem, which can complicate
the application of the method and may introduce errors into
results.

In a recent publication, Leppänen (2019a) has demonstrated a
static RMM, where the response functions for all nodes in the sys-
tem are calculated during a single Monte Carlo criticality calcula-
tion. Since the correct fission source distribution and neutron
energy spectrum are established during the calculation (note that
significant errors may be caused if the k-eigenvalue method is used
to model thermal systems far from critical (Cullen et al., 2003)), the
expansions of responses in orthonormal basis functions are not
required. The author has applied the method to the fission source
convergence acceleration problem in Monte Carlo criticality
calculations.

In this paper, we extend the latter approach to include time-
dependence. Here we propose a hybrid stochastic-deterministic,
Time-Dependent Response Matrix (TDRM) method for reactor
physics problems. In the TDRM method, the responses are
pre-calculated during Monte Carlo criticality calculations and
then are used to formulate a set of equations for the space-
time behaviour of neutron sources, currents and precursor con-
centrations, similarly to the TFM method. However, due to the
favourable scaling properties of the RMM, the new method
can overcome the scaling problem inherent in fission matrix
methods. Moreover, the proposed method weighs the responses
on the flux established in a Monte Carlo criticality calculation;
consequently, the phase-space approximations applied in the
previous work on time-dependent RMMs are avoided. The pre-
sent work intends to explore a potential middle-ground
approach between full Monte Carlo and deterministic solutions,
using the response matrix formalism, and provide a proof-of-
concept demonstration.

This paper is structured in the following way. First, we provide a
formal derivation of the response equations starting from the fun-
damental neutron transport considerations, using the Green’s
function formalism, and describe the TDRM method in Section 2.
In Section 3, we describe a 3 � 3 assembly mini-core model and
we specify the test calculations. The results are presented in Sec-
tion 4. Finally, we give conclusions in Section 5.
Please cite this article as: I. Mickus, J. A. Roberts and J. Dufek, Stochastic-deter
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2. Methods

2.1. Response formalism

Consider the time-dependent transport equation

1
v
@w
@t

þHwðr; X̂; E; tÞ ¼ sðr; X̂; E; tÞ; ð1Þ

where the loss operator H is defined by

Hw � rwðr; X̂; E; tÞ þ RtðE; tÞwðr; X̂; E; tÞ

� 1
4p

Z 1

0

Z
4p

Rsðr; X̂0 ! X̂; E0 ! E; tÞ�
�

wðr; X̂0; E0; tÞdX0dE0
�
;

ð2Þ

and the source term s includes any contributions from external
sources, fission, and delayed-neutron precursors.

The responsematrix solution of Eq. (1) is based on the decompo-
sition of a global spatial domain V into a set of N disjoint subvol-
umes (nodes) Vi that satisfy V ¼ V1 [ V2 [ � � � [ VN . Local particle
balance is represented by relating partial currents incident on and
generated in a subvolume to the partial currents leaving from or
absorbed in that subvolume via a set of coefficients usually called
response functions. Global particle balance is then defined by a
set of equations relating the outgoing partial currents from one sub-
volume to the partial currents incident on another subvolume. The
resulting system of equations is loosely connected because the
transport within a subvolume Vi depends only on information from
adjacent subvolumes. In contrast, balance equations defined
directly from the integral transport equation (including those based
on the fission matrix) lead to formally dense systems.

Let wG represent the solution to Eq. (1), and let jG ¼ X̂wG repre-
sent the corresponding angular current. For simplicity (and with-
out loss of generality), assume the global volume is decomposed
into a three-dimensional Cartesian mesh. Balance over a subvol-
ume Vi bounded by the surfaces @Vik ; k ¼ 1 . . .6 can be represented
by the local transport equation

1
v
@w
@t

þHwðr; X̂; E; tÞ

¼ sðr; X̂; E; tÞ þ
X6
k¼1

n̂ik � jGðr; X̂; E; tÞHð�X̂ � n̂ik Þdðr� rkÞ

þ 1
v wGðr; X̂; E;0ÞdðtÞ; r 2 Vi; rk 2 @Vik ; ð3Þ

where n̂ik is the outward normal of @Vis ;H is the Heaviside step
function, and d is Dirac’s d-function. Here, note that w represents
the local flux driven by a local source (if any) and the global incident
currents and initial condition.

The Green’s function corresponding to this local problem is
defined by

1
v
@G
@t

þHGðr0; X̂0; E0; t0 ! r; X̂; E; tÞ
¼ dðr� r0ÞdðX̂� X̂0ÞdðE� E0Þdðt � t0Þ; r; r0 2 Vi: ð4Þ

Thus, for an arbitrary source sðr; X̂; E; tÞ, one may define

wðr; X̂; E; tÞ ¼
Z
r02Vi

Z
4p

Z 1

0

Z t

�1
sðr0; X̂0; E0; t0Þ
�

� Gðr0; X̂0; E0; t0 ! r; X̂; E; tÞd3r0dX0dE0dt0
�
: ð5Þ

To simplify the notation of Eqs. (4) and (5) somewhat, let

qi � ðri; X̂; EÞ ð6Þ
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represent the non-temporal phase space for r 2 Vi. Then, Eq. (5) can
be written in the compact form

wðr; X̂; E; tÞ ¼ wðq; tÞ ¼
Z t

�1
hsðq0; t0ÞGðq0; t0 ! q; tÞiq0

i
dt0; ð7Þ

where h�iq0
i
indicates integration with respect to q0 over the local

phase space of Vi as indicated in Eq. (5).
The solution to Eq. (3) can, therefore, be decomposed as

wðq; tÞ ¼ wsðq; tÞ þ
X6
k¼1

wck
ðq; tÞ þ w0ðq; tÞ; ð8Þ

where contributions from volume sources are defined as

wsðq; tÞ ¼
Z t

�1
hsðq0; t0ÞGðq0; t0 ! q; tÞiq0

i
dt0

�
Z t

�1
hsðq0; t0ÞRs

sðq0; t0 ! q; tÞiq0
i
dt0; ð9Þ

contributions from initial values are defined as

w0ðq; tÞ ¼
Z t

�1
hv�1wGðq0;0ÞdðtÞ;Gðq0; t0 ! q; tÞiq0

i
dt0

¼ hwGðq0;0Þ;Rs
0ðq0 ! q; tÞiq0

i
; ð10Þ

and contributions from incident currents are defined as

wck
ðq; tÞ ¼

Z t

�1
hn̂ik � jGðq0; t0ÞHð�X̂0 � n̂ik Þ � dðr� rik ÞGðq0; t0

! q; tÞiq0
ik

dt0 �
Z t

�1
hj�Gðq0; t0ÞRs

ck
ðq0; t0 ! q; tÞiq0

ik

dt0; ð11Þ

where h�iq0
ik

indicates integration over the local phase-space on the

surface @Vik for k ¼ 1 . . .6.
In Eqs. (9)–(11), the various R terms replace G and are called

response functions. The subscript indicates the origin of neutrons
and includes s for a volumetric source, ck for a current incident
on the kth surface, and 0 for an initial condition. The superscript
indicates the class of neutron produced. In addition, j� ¼ n̂ik � j rep-
resents an incident, partial current. Likewise, the outgoing, partial
current can be defined directly from the angular flux, e.g., the par-
tial current leaving surface k of volume i is

jþik ðq; tÞ ¼ n̂ik � jðq; tÞ ¼ n̂ik � X̂ wsðq; tÞ þ
X6
k0¼1

wck0
ðq; tÞ þ w0ðq; tÞ

 !
;

ð12Þ
for r 2 @Vik .

2.2. The time-dependent response matrix method

As written, Eqs. (8) and (12) remain formally exact but intract-
able. The traditional simplification used in response matrix meth-
ods is to represent the dependence of w and j� on the phase space
ðq; tÞ by an expansion in some set of orthogonal functions Piðq; tÞ,
i.e., wðqÞ ¼P1

i¼0aiPiðq; tÞ, where Piðq; tÞ may be formed by tensor
products of traditional polynomials or other, possibly physics-
based functions in each phase-space variable (Lindahl and Weiss,
1981; Roberts and Forget, 2014; Reed and Roberts, 2015;
Roberts, 2015). By limiting this expansion to a finite number of
terms, a set of equations for the expansion coefficients is produced.
Once these coefficients are determined, any desired quantity (e.g.,
the fission rate within some subvolume) can be reconstructed by
using appropriate, auxiliary response functions.

In contrast, here it is assumed that the global solution wG is
known (at least approximately), or, equivalently, that the Green’s
Please cite this article as: I. Mickus, J. A. Roberts and J. Dufek, Stochastic-deter
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function can be evaluated directly within a set of steady-state
Monte Carlo criticality calculations corresponding to different sys-
tem states. Alternatively, correlated sampling may be used during
a single criticality calculation (Laureau et al., 2017). Such on-the-
fly evaluation of the Green’s function drives the Transient Fission
Matrix method (Laureau et al., 2015; Laureau et al., 2017) and
the use of the response matrix method for both acceleration of
fission-source convergence in Monte Carlo criticality calculations
(Leppänen, 2019a) and variance reduction in fixed-source Monte
Carlo calculations (Leppänen, 2019b).

In early work by Sicilian (1975), the response functions were
defined in a way that included generation from both prompt and
delayed sources. However, because the time scale characteristic
of delayed neutrons is so much larger than that of prompt neu-
trons, the response functions exhibited long ‘‘tails” and were diffi-
cult to use numerically. In subsequent work by Sicilian and Pryor
(1975), the source was divided into an external term and a precur-
sor term. In other words, prompt neutrons were treated implicitly
through the definitions of the response functions, while delayed-
neutron precursors were tracked as separate quantities. This
treatment led to responses with short tails that facilitated the
discretization of the underlying equations with appropriately small
time steps.

Here, a similar approach has been adopted, but, in contrast to
Sicilian and Pryor (1975), the prompt source is also explicitly rep-
resented while external sources are omitted. As will be shown, by
treating the prompt and delayed sources explicitly, the local (and,
eventually, global) balance of neutrons can be defined in terms of
these sources and boundary currents.

In other words, the total, time-dependent source is

sðq; tÞ ¼ spðq; tÞ þ sdðq; tÞ; ð13Þ
where the prompt-neutron source is defined as

spðq; tÞ ¼ 1
4p

Z
4p

dX
Z 1

0
dE0f pðq0 ! q; tÞwðr;X; E0; tÞ; ð14Þ

and

f pðq0 ! q; tÞ ¼ 1
4p

vpðr; EÞmpðr; E0; tÞRf ðr; E0; tÞ: ð15Þ

Furthermore, the delayed-neutron source is defined as

sdðq; tÞ ¼ 1
4p
XL
l¼1

klclðr; tÞvdl
ðr; EÞ; ð16Þ

and delayed-neutron precursor concentrations are defined by

dcl
dt

¼ �klclðr; tÞ þ blðrÞ

�
Z
4p

Z 1

0
dXdE0mdðr; E0; tÞRf ðr; E0; tÞwðr;X; E0; tÞ; ð17Þ

where bl is the fraction of delayed neutrons emerging in the lth pre-
cursor group, i.e.,

P
lbl ¼ 1.

Substitution of Eq. (8) (and the corresponding definitions in Eqs.
(9) and (10) into Eq. (14) followed by integration over the local,
non-temporal phase space leads to

hspðq; tÞiqi
¼
Z t

0
h½spðq0; t0Þ þ sdðq0; t0Þ��� hf pðq0 ! q; tÞRs

sðq0; t0

! q; tÞiqi
iq0

i
þ
X
k

hj�k ðq0; t0Þ � hf pðq0

! q; tÞRs
ck
ðq0; t0

! q; tÞiqi
iq0

ik

þ hwðq0;0Þ

� hf pðq0 ! q; tÞRs
0ðq0 ! q; tÞiqi

iq0
i

o
dt0: ð18Þ
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Now, a number of reduced, time-dependent response function are
defined. For instance, let

Rp
pðt0 ! tÞ ¼

hspðq0; t0Þhf pðq0 ! q; tÞRs
sðq0; t0 ! q; tÞiqi

iq0
i

hspðq0; t0Þiq0
i

; ð19Þ

which represents the expected contribution to the prompt source at
time t from an average prompt neutron born at time t0, all within
subvolume Vi. As noted above, it is assumed that all of the integrals
in this and similar expressions can be approximated during a
steady-state Monte Carlo calculation, the details of which will fol-
low. Furthermore, one can define the precursor group-dependent
response function

Rp
dl
ðt0 ! tÞ

¼
hclðr0; t0Þh

vdl ðr
0 ;E0 Þ

4p f pðq0 ! q; tÞRs
sðq0; t0 ! q; tÞiqi

iq0
i

hclðr0; t0Þiq0
i

; ð20Þ

and the incident-current response function

Rp
ck
ðt0 ! tÞ ¼

hj�k ðq0; t0Þhf pðq0 ! q; tÞRs
ck
ðq0; t0 ! q; tÞiqi

iq0
ik

hj�k ðq0; t0Þiq0
ik

: ð21Þ

With

�spðtÞ ¼ hspðr0; t0Þiq0
i
; ð22Þ

�clðtÞ ¼ hclðr0; t0Þiq0
i
; ð23Þ

and

�j�k ðtÞ ¼ hj�k ðq0; t0Þiq0
ik
; ð24Þ

the sub-volume, prompt-neutron source in volume Vi can be
described over time as

�spðtÞ ¼
Z t

0

�
Rp
pðt0 ! tÞ�spðt0Þ:þ

X
l

klR
dl
p ðt0 ! tÞ�clðt0Þþ

X
k

Rp
ck
ðt0 ! tÞ�j�k ðt0Þ

�
dt0:

ð25Þ
Note that initial conditions are implicitly incorporated by definite
values of �spð0Þ; �clð0Þ, and �j�k ð0Þ.

A similar procedure can be performed for the precursor concen-
trations within a subvolume and for the partial currents incident
on the subvolume. First, let

f dl ðq; tÞ ¼ blðr; tÞmdðr; E; tÞRf ðr; E; tÞ: ð26Þ
The substitution of this definition and Eqs. (8)–(10) into Eq. (17) fol-
lowed by integration of the result over subvolume Vi leads to

d�cl
dt

¼ �kl�clðtÞ þ
Z t

0
g
�
h½spðq0; t0Þ þ sdðq0; t0Þ��:hf dl ðq; tÞR

s
sðq0; t0 ! q; tÞiqi

iq0
i

þ
X
k

hj�k ðq0; t0Þ � hf dl ðq; tÞR
s
ck
ðq0; t0 ! q; tÞiqi

iq0
ik

�
dt0: ð27Þ

Next, define

Rdl
p ðt0 ! tÞ ¼

hspðq0; t0Þhf dl ðq; tÞR
s
sðq0; t0 ! q; tÞiqi

iq0
i

hspðq0; t0Þiq0
i

; ð28Þ

Rdl
dl0
ðt0 ! tÞ ¼

hcl0 ðr0; t0Þh
vdl0

ðr0 ;E0 Þ
4p f dl ðq; tÞR

s
sðq0; t0 ! q; tÞiqi

iq0
i

hcl0 ðr0; t0Þiq0
i

; ð29Þ

and

Rdl
ck
ðt0 ! tÞ ¼

hjkðq0; t0Þhf dl ðq0 ! q; tÞRs
ck
ðq0; t0 ! q; tÞiqi

iq0
ik

hjkðq0; t0Þiq0
ik

: ð30Þ
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The total, group-l delayed-neutron precursor concentration in vol-
ume Vi can then be described over time as

d�cl
dt

¼ �kl�clðtÞ þ
Z t

0

 
Rp
dl
ðt0 ! tÞ�spðt0Þ:

þ
X
l0
kl0R

dl
dl0
ðt0 ! tÞ�cl0 ðt0Þþ

X
k

Rdl
ck
ðt0 ! tÞ�j�k ðt0Þ

!
dt0: ð31Þ

What remains are similar expressions for the outgoing currents
induced by prompt, delayed, and incident neutrons. As before, sub-
stitute Eqs. (8)–(10) into Eq. (12) and integrate the result over the
subvolume surface @Vik to obtain

�jþk ðtÞ ¼ hjþk ðq; tÞiqik

¼
Z t

0

�
h½spðq0; t0Þ þ sdðq0; t0Þ��:hn̂ik � X̂Rs

sðq0; t0 ! q; tÞiqik
iq0

i

þ
X
k0
hj�k0 ðq0; t0Þ � hn̂ik � X̂Rs

ck
ðq0; t0 ! q; tÞiqik

iq0
ik0

�
dt0 ð32Þ

Then let

Rck
p ðt0 ! tÞ ¼

hspðq0; t0Þhn̂ik � X̂Rck
s ðq0; t0 ! q; tÞiqi

iq0
i

hspðq0; t0Þiq0
i

; ð33Þ

Rck
dl
ðt0 ! tÞ ¼

hclðr0; t0Þh
vdl ðr

0 ;E0 Þ
4p n̂ik � X̂Rck

s ðq0; t0 ! q; tÞiqi
iq0

i

hclðr0; t0Þiq0
i

; ð34Þ

and

Rck
ck0
ðt0 ! tÞ ¼

hjk0 ðq0; t0Þhn̂ik � X̂Rck
ck0
ðq0; t0 ! q; tÞiqik0

iq0
ik

hjk0 ðq0; t0Þiq0
ik

: ð35Þ

Finally,

�jþk ðtÞ ¼
Z t

0

 
Rck
p ðt0 ! tÞ�spðt0Þ:þ

X
l

klR
ck
dl
ðt0 ! tÞ�clðt0Þ

þ
X
k0
Rck
ck0
ðt0 ! tÞ�j�k0 ðt0Þ

!
dt0: ð36Þ

Eqs. (25), (31), and (36) represent the balance in time of neutrons in
subvolume Vi and, moreover, form the basis for the time-dependent
response matrix equations used in the TDRM method.

If the prompt sources, delayed-neutron precursors, and incident
currents for all subvolumes are collected into a vector, then one
can relate all time-dependent quantities via the matrix equations

spðtÞ ¼
Z t

0
Rp

pðt0 ! tÞspðt0Þ
�

þ Rp
dðt0

! tÞkcðt0ÞþRp
c ðt0 ! tÞj�ðt0Þ	dt0 ð37Þ

dc
dt

¼ �kcðtÞ þ
Z t

0
Rd

pðt0 ! tÞspðt0Þ
�

þ Rd
dðt0

! tÞkcðt0ÞþRd
c ðt0 ! tÞj�ðt0Þ

�
dt0 ð38Þ

j�ðtÞ ¼
Z t

0
M Rc

pðt0 ! tÞspðt0Þ
�

þ Rc
dðt0

! tÞkcðt0ÞþRc
cðt0 ! tÞj�ðt0Þ	dt0; ð39Þ

where M is a ‘‘connectivity” or ‘‘topological” matrix that directs the
outgoing current from one subvolume as the incident current to
another.
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2.3. Approximation in time

To facilitate the numerical solution of Eqs. (37)–(39) some
treatment of the time domain is necessary. Several models based
on orthogonal expansion were previously proposed for this pur-
pose (Rahnema and Pounders, 2014; Roberts, 2015). Here, we
choose to apply a simple approach originally proposed in the work
of Sicilian and Pryor (1975). First, a set of discrete times
t0 ¼ 0; t1; t2; . . . ; tn, at which the state variables spðtÞ; j�ðtÞ and cðtÞ
will be evaluated, is selected. Then let sp;n � spðtnÞ; j�n � j�ðtnÞ and
cn � cðtnÞ. Next, the partial currents, j�ðtÞ, are assumed to vary lin-
early between the time points, i.e.,

j�ðtÞ ¼ j�n � ðj�n � j�n�1Þ
Dtn

ðtn � tÞ; ð40Þ

where Dtn ¼ tn � tn�1. The same is applied for the source rates, spðtÞ,
while the precursor concentrations cðtÞ are assumed to remain con-
stant between the successive time points. The error associated with
these assumptions reduces when reducing the time step size.

These assumptions are used to treat the time integrals in Eqs.
(37)–(39), together with an exponential transformation and a for-
ward difference applied to the time derivative in Eq. (38). This way,
we obtain the discretized equations, which for node i, surface k and
precursor group l are

spi ;nþ1 ¼
X
k

ðcck ;p0i
� cck ;p1i

Þj�ik ;nþ1 þ cck ;p1i
j�ik ;n

� �
þ ðcp;p0i

� cp;p1i
Þspi ;nþ1

þ cp;p1i
spi ;n þ

X
l

klc
dl ;p
0i

cil ;n ð41Þ

jþik ;nþ1 ¼
X
k0

ðcck0 ;ck0i
� cck0 ;ck1i

Þj�ik0 ;nþ1

�
þcck0 ;ck1i

j�ik0 ;n
�

þ ðcp;ck0i
� cp;ck1i

Þspi ;nþ1 þ cp;ck1i
spi ;n þ

X
l

klc
dl ;ck
0i

cil ;n ð42Þ

cil ;nþ1 ¼ e�klDtn cil ;n þ
1
kl
ð1� e�klDtn Þ

�
X
k

ðcck ;dl0i
� cck ;dl1i

Þj�ik ;nþ1 þ cck ;dl1i
j�ik ;n

� �(

þ ðcp;dl0i
� cp;dl1i

Þspi ;nþ1þcp;dl1i
spi ;n þ

X
l0
kl0c

dl0 ;dl
0i

cl0 ;n

)
: ð43Þ

Here cx;y0i
denotes the zeroth moment

cx;y0i
¼
Z Dtn

0
Ry
xðtn � t0 ! tnÞdt0 ð44Þ

and cx;y1i
denotes the first moment

cx;y1i
¼ 1

Dtn

Z Dtn

0
Ry
xðtn � t0 ! tnÞt0dt0; ð45Þ

where x and y are substituted in place of the different types of
responses. If properties of the node are fixed within the time step,
the zeroth moments in Eq. (44) are equivalent to the total (static)
responses.

Eqs. (41)–(45) constitute the final set of the time-discretized
balance equations used in the TDRM method. After scoring the
moments given by Eqs. 44,45 in a Monte Carlo criticality calcula-
tion, we can directly or iteratively solve the linear system formed
by Eqs. (41)–(43).

2.4. Implementation

We have developed an in-house Monte Carlo solver for method
testing. The solver contains methods for criticality (k-eigenvalue)
Please cite this article as: I. Mickus, J. A. Roberts and J. Dufek, Stochastic-deter
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and Time-Dependent Monte Carlo (TDMC) simulations in 3D
geometry. Both criticality and time-dependent simulation modes
utilize analogue neutron tracking within continuous energy. The
time-dependent simulation methods are based on those previously
published and verified (Faucher et al., 2018; Sjenitzer and
Hoogenboom, 2013). The cross-section data are read from .ace for-
mat libraries; we have used the ENDF/B-VII library for all calcula-
tions described in this work.

Both the stationary RMM (Leppänen, 2019a) and the TDRM
method (see Section 2) were implemented in our Monte Carlo sol-
ver. We scored the response functions or, more precisely, the zer-
oth and the first moments as given by Eqs. 44,45 during Monte
Carlo criticality calculations. The moments were then used in the
stationary and time-dependent response solvers. We used a
block-Jacobi iterative scheme for solving the TDRM equations,
while the solution algorithm described by Leppänen (2019a) was
used in the stationary RMM method. The stationary response sol-
ver was used to provide the initial conditions for the TDRM solver.
We used the TDMC simulations for comparison with the TDRM
solutions.

To simplify the implementation somewhat, we have applied
two approximations to Eqs. (41)–(43). First, we have imposed the
same delayed neutron energy spectrum for all precursor groups,
vdl

¼ vd. Second, we have assumed spatially-independent
delayed-neutron fractions, i.e., blðr; tÞ ¼ blðtÞ. Specifically, in the
example problem we have treated all precursors as coming from
235U fission both in response sampling during the Monte Carlo sim-
ulation and in the TDRM solution. Consequently, bl can be removed
from the integral in Eqs. (28)–(30). Because all scoring is performed
during a steady-state calculation, the spatial dependence of the
precursors is independent of the group l and, as a result, the
precursor-group-dependent responses can be evaluated as a single,
group-independent response, which greatly reduces the number of
necessary response functions. Therefore, we assumed

Rp
d � Rp

dl
; blR

d
d � Rdl

dl0
;Rck

d � Rck
dl
; blR

d
p � Rdl

p ; blR
d
ck
� Rdl

ck
, and accordingly

cd;p0i
� cdl ;p0i

;cd;ck0i
� cdl ;ck0i

;blc
d;d
0i

� cd
0
l ;dl

0i
;blc

p;d
0i

� cp;dl0i
;blc

p;d
1 � cp;dl1i

;blc
ck ;d
0i

�
cck ;dl0i

, and blc
ck ;d
1i

� cck ;dl1i
; we expect the bias introduced this way to

be small. Eqs. (41)–(43) then become
spi ;nþ1 ¼
X
k

ðcck ;p0i
� cck ;p1i

Þj�ik ;nþ1 þ cck ;p1i
j�ik ;n

� �
þ ðcp;p0i

� cp;p1i
Þspi ;nþ1

þ cp;p1i
spi ;n þ cd;p0i

X
l

klcil ;n ð46Þ
jþik ;nþ1 ¼
X
k0

ðcck0 ;ck0i
� cck0 ;ck1i

Þj�ik0 ;nþ1

�
þcck0 ;ck1i

j�ik0 ;n
�

þ ðcp;ck0i
� cp;ck1i

Þspi ;nþ1 þ cp;ck1i
spi ;n þ cd;ck0i

X
l

klcil ;n ð47Þ
cil ;nþ1 ¼ e�klDtn cil ;n þ
bl

kl
ð1� e�klDtnÞ

�
X
k

ðcck ;d0i
� cck ;d1i

Þj�ik ;nþ1 þ cck ;d1i
j�ik ;n

� �(

þ ðcp;d0i
� cp;d1i

Þspi ;nþ1þcp;d1i
spi ;n þ cd;d0i

X
l0
kl0cl0 ;n

)
: ð48Þ

We superimposed a Cartesian response mesh over the simula-
tion geometry to score the response functions during a Monte
Carlo criticality calculation. The zeroth and first moments as given
by Eqs. 44,45 were scored by counting the events contributing to
each response, individually for each node in the mesh. Because
ministic response matrix method for reactor transients, Annals of Nuclear
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the zeroth moments are equivalent to the static (total) response,
they were scored in the same way as previously explained by
Leppänen (2019a) and Moriwaki et al. (1999).

To give an example, consider a static current-to-current
response which describes the passage of neutrons through a node,
i.e., neutrons exiting node i through surface k after entering the
same node through surface k0. Such a response is called the ‘‘trans-
mission probability” by Moriwaki et al. (1999) and the ‘‘current
transfer coefficient” by Leppänen (2019a). We score the response as

cck0 ;ck0i
¼ jþk0!k

j�k0
; ð49Þ

where jþk0!k counts the neutrons exiting the node through surface k
after entering through surface k0, and j�k0 counts all neutrons that
enter the node through surface k0. This can be implemented in a
Monte Carlo simulation by recording the entry and exit surface
indexes during every node crossing, for each neutron being tracked.
For a Cartesian node, cck0 ;ck0i

is an element of a 6� 6 matrix. Other
static responses are scored by applying a similar logic; current-to-
source responses (called ‘‘neighbour-induced production probabil-
ity” by Moriwaki et al. (1999), ‘‘response coefficients” by
Leppänen (2019a)) and source-to-current responses (called ‘‘escape
probability” by Moriwaki et al. (1999), ‘‘source coefficients” by
Leppänen (2019a)) form a 1� 6 vector, while source-to-source
responses (called ‘‘self-induced production probability” by
Moriwaki et al. (1999), ‘‘source-to-response coefficients” by
Leppänen (2019a)) result in scalar quantities for each node. Here,
a detailed discussion is avoided for the sake of brevity, and the
reader is referred to the respective publications.

The integrals in the equations for the first moments (Eq. (45))
are scored in the same way as the zeroth moments, except each
score (consider the numerator of Eq. (49) as an example) is multi-
plied with ti, where ti is an ‘‘internal” neutron clock. The internal
clock counts the time a neutron had spent in the i-th node of the
response mesh before contributing to a response by either causing
fission or exiting the node. The clock is set to zero at neutron birth,
or when the neutron leaves the i-th node and enters a new node.
The ti value is increased each time the neutron free flight distance
is sampled.

Distinction between prompt and delayed neutrons is necessary
for solving a time-dependent problem. Consequently, the TDRM
equations we derived in Section 2 (Eqs. (41)–(43)) separate the
current-to-source, source-to-source, and source-to-current
moments according to the type of neutrons contributing to each
response. In a Monte Carlo simulation this is achieved by flagging.
Fig. 1. Radial (left) and axial (right) cuts of the 3� 3 PWR assembly mini-core model us
fuel rods (green) surrounded by a water moderator (blue); the center assembly is populat
to scale. (For interpretation of the references to colour in this figure legend, the reader
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When a delayed neutron is sampled following a fission event, the
‘‘delayed” flag is set and the energy of such neutrons is sampled
from the delayed neutron spectrum vd. The flag is then checked
when scoring a response. For example, consider a source-to-
source response – when a delayed neutron induces fission in the
same node, the sampled number of prompt (mp) and delayed (md)
neutrons is scored to the source-to-source responses Rp

d and Rd
d

(and the corresponding moments cd;p0=1i
; cd;d0=1i

) respectively; the same
logic is applied to the current-to-source and source-to-current
responses. This way, the responses are weighted on prompt (or
delayed) neutron spectra vp=d and/or production mp=d, similarly to
the approach applied in scoring different fission matrices in the
work of Laureau et al. (2015).
3. Description of numerical tests

3.1. Test model

We have evaluated the TDRM method using a 3� 3 assembly
mini-core model. The model is based on the Monte Carlo perfor-
mance benchmark of a Pressurised Water Reactor (PWR)
(Hoogenboom et al., 2011). We have adopted the 17� 17 fuel pin
assembly geometry from the benchmark model to compose a
mini-core, consisting of nine such assemblies, as shown in Fig. 1.
The centre assembly contains a bank of absorber rods, which can
be moved up and down to change the state of the core. The nine
assemblies are radially surrounded by a water reflector layer which
is one assembly thick. Vacuum boundary conditions are applied on
all external surfaces of the model. The main specifications of the
model are summarised in Table 1.
3.2. Test cases

To score the response moments, we have superimposed the
simulation geometry with a response mesh consisting of 36 nodes
in the z (axial) direction. The responses were scored for three states
of the mini-core: (I) critical, (II) delayed super-critical, and (III)
sub-critical. The parameters for the three states are summarized
in Table 2. The different states were obtained by axially moving
the absorber bank (see Section 3.1). The response moments were
scored during separate Monte Carlo criticality calculations
for the three states, each tracking 5� 108 neutron histories. The
calculations were repeated 10 times using different random num-
ber generator seeds.
ed in the test calculations, showing nine fuel assemblies each consisting of 17� 17
ed by a movable absorber bank (white). The axial cut shown in the right figure is not
is referred to the web version of this article.)
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Fig. 2. Evolution of relative core power during the absorber bank withdrawal
transient. The Time-Dependent Response Matrix (TDRM) solution is superimposed
on a Time-Dependent Monte Carlo (TDMC) solution.

Table 1
Main specifications of the mini-core model.

Total height 366 cm
Total width 107:1 cm
Number of fuel assemblies 9 (3� 3)
Fuel assembly lattice square, 17� 17
Fuel assembly dimensions 21:42� 21:42 cm
Fuel material UO2

Fuel pellet radius 0:410 cm
Absorber material B4C
Boron fraction in water 1300 ppm
Cladding material Zr
Cladding radius 0:475 cm
Model boundary conditions vacuum
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We have simulated two transients to evaluate the TDRM
method. The simulations considered transitions between the criti-
cal and the super-critical, and the critical and the sub-critical
states. During the first 2 s of the simulation, the set of responses
calculated for the critical state of the mini-core was used in the
TDRM solution; then, at t ¼ 2 s the set of responses was step-
wise changed to the one calculated for states (II) or (III). The tran-
sients were simulated until t ¼ 10 s.

Two Time-Dependent Monte Carlo (TDMC) simulations were
performed for comparing the TDRM solutions. During the first 2 s
the system was in the critical state, then at t ¼ 2 s a step-wise per-
turbation was imposed by moving the tip of the absorber bank to
the positions specified in Table 2. The TDMC results were obtained
by tracking 105 neutrons, using a 0:2 ms time step for population
control.

All results presented in Section 4 are given as mean values, with
error bars corresponding to two standard errors in both directions.
The statistical error in the TDMC calculation was evaluated by cal-
culating statistics between independent batches of particles; we
have split the 105 neutrons into 500 batches of 200 neutrons each,
due to memory limitations per single CPU core. The statistical error
in the TDRM solutions was evaluated by repeating the calculations
using independent sets of responses obtained in Monte Carlo crit-
icality simulations with different random number seeds; the mean
value and the standard error of the TDRM solution were then cal-
culated form results of the independent solutions.
4. Results and discussion

The evolution of the relative core power during the absorber
bank withdrawal transient is shown in Fig. 2. The results of the
TDRM solution are superimposed over the TDMC solution. Initially,
the system was in a critical state during the first 2 s of the simula-
tion; then the transient was induced by a step-wise change of the
absorber position from 186 cm to 276 cm at t ¼ 2 s in the TDMC
calculation. To replicate this transient in the TDRM simulation,
the responses for all nodes of the system were step-wise changed
from the responses calculated for the critical state to the responses
calculated for the super-critical state. Both the TDMC and TDRM
Table 2
Specifications of the three investigated mini-core states.

Parameter Critical (I)

Absorber tip position (from core bottom) 186 cm
Number of repetitions (MC criticality) 10
Simulated neutron histories (MC criticality) 5� 108

Estimated keff (MC criticality �1r) 0:99989� 0:00006
Estimated keff (stationary RMM �1r) 0:99990� 0:00005
Estimated beff (MC criticality �1r) 746� 1 pcm
Estimated Keff (MC criticality �1r) 33:9� 0:1 ls
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solutions display a prompt jump immediately after the perturba-
tion was applied, followed by exponential growth of relative core
power with a period of approximately three seconds. The result
of the TDRM calculation is within the statistical uncertainty of
the TDMC calculation.

Fig. 4 (left) shows the TDRM solution of the relative power dis-
tribution along the axial dimension of the mini-core. The distribu-
tion is plotted at several time instances during the simulation.
Initially (curve corresponding to t ¼ 1:00s) the shape of the curve
displays a bottom-peaked profile with the maximum at approxi-
mately 140cm from the bottom of the core. Following the pertur-
bation (t ¼ 2:01s), the shape of the source rate distribution
promptly redistributes to a profile with the maximum at approxi-
mately 200cm. The remaining two curves in Fig. 4 (left) show the
source rate distributions at t ¼ 2:5 s and t ¼ 3:0 s; a slight shift of
the peak from approximately 200 cm to approximately 210 cm
can be observed between t ¼ 2:01 and t ¼ 2:50 s, while between
t ¼ 2:50 and t ¼ 3:00 s the source rate continues to grow in
amplitude.

Differently from rapid changes in the power distribution, the
distribution of precursors changes slowly as it is shown in Fig. 4
(right). The curves display the sum over all precursor families;
the error bars are not visible on the curves at earlier time instances.
After 1 s following the perturbation, the distribution displays a
profile which is close to the initial shape (see curves at t ¼ 1:00 s
and t ¼ 3:00 s) due to accumulation of precursors with longer life-
times. Later in the transient (see t ¼ 5:00 s and t ¼ 7:00 s curves),
the precursor distribution slowly relaxes to the shape of the fission
source distribution, as the longer-lived precursors decay in the
lower part of the core and build-up in the upper part of the core.

Fig. 3 shows the evolution of relative core power during the
absorber bank insertion transient with both TDMC and TDRM
Super-critical (II) Sub-critical (III)

276 cm 96 cm
10 10

5� 108 5� 108

1:00410� 0:00007 0:98350� 0:00006
1:00413� 0:00008 0:98347� 0:00007
746� 1 pcm 749� 1 pcm
33:8� 0:1 ls 34:3� 0:1 ls
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Fig. 3. Evolution of relative core power during the absorber bank insertion
transient. The Time-Dependent Response Matrix (TDRM) solution is superimposed
on a Time-Dependent Monte Carlo (TDMC) solution.

Fig. 4. Evolution of relative fission source rate distribution (left) and the relative precurs
tip was moved from 186 cm to 276 cm (from the bottom of the core), at t ¼ 2 s. The TDRM
the absorber.

Fig. 5. Evolution of relative fission source rate distribution (left) and the relative precurs
was moved from 186 cm to 96 cm (from the bottom of the core), at t ¼ 2 s. The TDRM so
absorber.
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curves superimposed. At t ¼ 2:0 s the position of the absorber tip
was step-wise changed from 186 cm to 96 cm in the TDMC simu-
lation, while the set of responses was step-wise changed to the
responses calculated for the sub-critical state in the TDRM simula-
tion. As in the previous transient, the system initially was in a crit-
ical state. Both curves initially show a negative prompt jump and
then an exponential power reduction driven by precursor decay.
Again, both curves agree within the statistical error; the statistical
error in the TDRM solution is negligible.

The distributions of the relative source rate and precursor con-
centration during the sub-critical transient are shown in Fig. 5. The
peak of the source rate distribution promptly shifts to approxi-
mately 70 cm after the perturbation was applied. The precursor
distribution retains the initial shape, while the amplitude is
decreasing throughout the transient due to decay of precursors.

The computing time required to obtain the TDMC results with
the statistical error (2r), shown in Fig. 2 (average of 22% relative
to the mean value) and Fig. 3 (average of 5% relative to the mean
value), was approximately 5000 CPU hours each. Scoring of
responses during Monte Carlo criticality calculations for the two
or distribution (right) during the absorber bank withdrawal transient. The absorber
solutions of the distributions are shown at different times before and after moving

or distribution (right) during the absorber bank insertion transient. The absorber tip
lutions of the distributions are shown at different times before and after moving the
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core states in each transient took approximately 1000 CPU hours
(including 10 repetitions). Accordingly, the ratio of the computing
cost between the TDMC and the TDRM methods was approxi-
mately five for the results presented earlier. Here we would like
to note that the computing times were obtained using unoptimized
proof-of-principle implementations, including 10 repetitions of the
criticality solver. Hence, the observed computational performance
may not be representative of a production-level implementation.
The computing time for the deterministic calculation in the TDRM
method was negligible compared to the time required for the
stochastic Monte Carlo calculation.

5. Conclusions and outlook

In this paper, we have described and demonstrated a Time-
Dependent Response Matrix (TDRM) method for reactor physics
applications. The TDRM method deterministically calculates the
space-time behaviour of the fission source, precursors and intra-
nodal currents, using the response functions calculated with a
Monte Carlo method. We have derived the method from the
first-principle neutron transport and precursor concentration
equations assuming that the response functions can be evaluated
during a set of Monte Carlo criticality calculations, similarly to
the approach applied in the Transient Fission Matrix (TFM) method
(Laureau et al., 2015; Laureau et al., 2017). The beneficial proper-
ties of the response matrix formalism result in a set of loosely con-
nected equations, in contrast to the dense systems obtained
through a fission matrix approach. This leads to a more favourable
linear scaling of the problem, compared to the quadratic scaling in
methods which employ the fission matrix.

We have compared the TDRM method to the Time-Dependent
Monte Carlo (TDMC) method by simulating two absorber assembly
movement transients in a PWR mini-core. The results were consis-
tent between the TDRM and TDMCmethods. Therefore, we can con-
clude that the TDRM method can capture the behaviour of the
studied system during transients with changes of the power profile.

Further work is necessary to explore the method and to imple-
ment the method into an established Monte Carlo code. This will
allow a more rigorous benchmarking against other methods for
both integral and distributed quantities, and available experimen-
tal data. Even though the statistical uncertainty was considered in
this work, only qualitative conclusions were drawn. Therefore, an
in-depth study on the effects of mesh size and Monte Carlo statis-
tics per response mesh node is merited, together with a formal
accuracy assessment of the method. Furthermore, other challenges
may be foreseen, such as parametrization of the response functions
with respect to various state variables and interpolation of the
response functions for dynamic problems. Here it may be interest-
ing to explore the correlated sampling and the fission matrix inter-
polation methods developed for time-dependent problems
(Laureau et al., 2017).
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