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Abstract

This thesis investigates Monte Carlo methods applied to criticality and
time-dependent problems in reactor physics. Due to their accuracy and flex-
ibility, Monte Carlo methods are considered as a “gold standard” in reactor
physics calculations. However, the benefits come at a significant comput-
ing cost. Despite the continuous rise in easily accessible computing power,
a brute-force Monte Carlo calculation of some problems is still beyond the
reach of routine reactor physics analyses. The two papers on which this the-
sis is based try to address the computing cost issue, by proposing methods
for performing Monte Carlo reactor physics calculations more efficiently. The
first method addresses the efficiency of the widely-used k-eigenvalue Monte
Carlo criticality calculations. It suggests, that the calculation efficiency can
be increased through a gradual increase of the neutron population size sim-
ulated during each criticality cycle, and proposes a way to determine the
optimal neutron population size. The second method addresses the applica-
tion of Monte Carlo calculations to reactor transient problems. While reactor
transient calculations can, in principle, be performed using only Monte Carlo
methods, such calculations take multiple thousands of CPU hours for calcu-
lating several seconds of a transient. The proposed method offers a middle-
ground approach, using a hybrid stochastic-deterministic scheme based on
the response matrix formalism. Previously, the response matrix formalism
was mainly considered for steady-state problems, with limited application to
time-dependent problems. This thesis proposes a novel way of using infor-
mation from Monte Carlo criticality calculations for solving time-dependent
problems via the response matrix.
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Sammanfattning

Denna avhandling undersöker Monte Carlo-metoder som används för kri-
tikalitets- och tidsberoende problem i reaktorfysik. På grund av deras nog-
grannhet och flexibilitet betraktas Monte Carlo-metoder som en ‘gyllene stan-
dard’ i reaktorfysikberäkningar. Fördelarna kommer dock till priset av bety-
dande datorkostnad. Trots den kontinuerliga ökningen av lättillgänglig dator-
kraft är en råstyrka Monte Carlo-beräkningar av vissa problem fortfarande
utanför räckvidden för reaktorfysikaliska rutinanalyser. De två artiklarna som
denna avhandling bygger på försöker ta itu med beräkningskostnadsproblemet
genom att föreslå metoder för att utföra Monte Carlo-reaktorfysikberäkningar
mer effektivt. Den första metoden behandlar effektiviteten för de vitt använ-
da beräkningarna av k-egenvärdet med Monte Carlo. Den antyder att beräk-
ningseffektiviteten kan ökas genom en gradvis ökning av neutronpopulatio-
nens storlek som simuleras under varje kritikalitetscykel, och föreslår ett sätt
att bestämma den optimala neutronpopulationens storlek. Den andra meto-
den behandlar tillämpningen av Monte Carlo-beräkningar för reaktortransien-
ter. Medan beräkningar av reaktortransienter i princip kan utföras uteslutan-
de med Monte Carlo-metoder, tar sådana beräkningar flera tusentals CPU-
timmar för att beräkna flera sekunder av en transient. Den föreslagna meto-
den erbjuder en medelväg, med användning av ett stokastiskt-deterministiskt
hybridschema baserat på responsmatrisformalismen. Tidigare har responsma-
trisformalismen huvudsakligen beaktats för tidsoberoende problem, med be-
gränsad tillämpning på tidsberoende problem. Denna avhandling föreslår ett
nytt sätt att använda information från Monte Carlo-kritikalitetsberäkningar
för att lösa tidsberoende problem via responsmatrisen.
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Chapter 1

Introduction

1.1 Background

Achieving the climate goals given the projected increase in global energy demand
will require the deployment of sustainable energy generation technologies. Ac-
cording to the report by the United Nations Intergovernmental Panel on Climate
Change [1], the share of nuclear power in the primary energy supply should increase
in most scenarios with no or limited overshoot of the 1.5 ◦C global warming target
by the year 2050. However, the projected share varies significantly between the
different scenarios, ranging from an increase of more than 700 % to a decrease of
36 % in several scenarios. Such a large variation is attributed to the fact that the
future deployment of nuclear power can be constrained by societal preferences. To
help address the societal concerns, robust analyses of design, deployment, operation
and decommissioning of nuclear systems are required. Hence, future deployment
of nuclear power is subject to the availability of accurate and efficient methods to
support the analyses.

Most of the existing computational tools in reactor physics analyses are based
on deterministic methods that solve the neutron transport equation. To obtain a
numerical solution, this equation needs to be severely simplified, introducing as-
sumptions to the analyses and taking into account the peculiarities of the modelled
systems. Consequently, deterministic methods become tailored to a specific reac-
tor design. Every modification made to the design, or the assumptions applied in
the analyses, then requires cumbersome altering of computing routines and nuclear
data libraries. Monte Carlo methods are not tailored to a specific reactor design
since these methods simulate the actual collisions of billions of neutrons in any
geometry. Therefore, Monte Carlo methods, due to their versatility and lack of ap-
proximations to neutron transport, are widely applied to research and development
of existing and new nuclear systems.

Computational tools based on Monte Carlo methods are flexible, accurate, but
bare a high computing cost. Because of the stochastic nature, Monte Carlo methods
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2 CHAPTER 1. INTRODUCTION

require a significant computing effort to reduce the statistical error to an acceptable
degree. The increase of available computing power in recent decades enabled the
application of Monte Carlo methods to a wider range of reactor physics problems.
Still, Monte Carlo simulations of some large-scale problems are considered compu-
tationally too expensive for routine analyses. Consequently, ways to use the Monte
Carlo methods more efficiently need to be developed.

1.2 Scope and Objective

This thesis focuses on two areas of Monte Carlo calculations in reactor physics:
Monte Carlo criticality calculations and Monte Carlo methods for reactor kinetics
calculations. The methods proposed in the included papers aim at improving the
efficiency of these calculations.

1.3 Thesis Structure

The thesis is structured as a compilation thesis. Correspondingly, the author’s
main contribution is presented in the included papers, while Chapters 2 and 3
are intended to provide introductory information supporting the included papers.
Chapter 2 provides an introduction to neutron transport, Monte Carlo methods
in reactor physics, and discusses some aspects of the Monte Carlo fission source
convergence, together with a summary of the previous work on the topic. Chap-
ter 3 discusses the application of Monte Carlo methods for solving time-dependent
reactor physics problems. It provides an overview of the time-dependent Monte
Carlo method together with several hybrid stochastic-deterministic schemes previ-
ously proposed for time-dependent problems. The included papers are summarized
in Chapter 4. Finally, conclusions for this thesis together with an outlook for the
future work are given in Chapter 5.



Chapter 2

Criticality Problems

This chapter is intended to provide the background material supporting Paper I.
It starts with a general discussion on neutron transport and the k-eigenvalue for-
mulation of the neutron transport equation. Even though this formalism is not
required for understanding the Monte Carlo procedure in reactor physics calcu-
lations, it is instructive for interpreting the features of Monte Carlo calculations.
The chapter then continues with the discussion of fission source convergence, and
finally overviews the fission matrix, the response matrix and the neutron population
size optimization techniques proposed for improving the efficiency of Monte Carlo
criticality calculations.

2.1 Neutron Transport

One of the central problems in reactor physics is to determine the space, energy
and time distribution of neutrons in a specific geometry, such as the core of a nu-
clear reactor [2]. Other quantities of interest can be derived from this distribution.
The behaviour of neutrons is described by the neutron transport theory, which
characterizes the motion of neutrons undergoing multiple scattering events until
eventually being absorbed, or leaking out of the system.

To describe neutron transport, we need to define several quantities which ad-
equately describe the state of a neutron for reactor analyses. Fist, we need to
introduce the concept of angular neutron density, n [3]:

n(r,Ω, E, t)drdΩdE, (2.1)

which gives the expected number of neutrons in a volume dr about r, moving
in direction Ω in solid angle dΩ, with energies dE about E at time t. Hence,
neutrons as described by the transport theory exist in a seven-dimensional phase-
space (r = x, y, z; Ω = θ, ϕ;E; t). Notice, that the definition includes the term
expected, which means that the transport theory is defined for the average behaviour

3



4 CHAPTER 2. CRITICALITY PROBLEMS

of the neutron population, while the quantities associated with the real population
would fluctuate around the expected values.

A related concept is the angular neutron flux, ψ, which is obtained by multiply-
ing the angular density by the neutron speed (the absolute value of velocity vector),
v [3]:

ψ(r,Ω, E, t) ≡ vn(r,Ω, E, t). (2.2)
The angular neutron flux is simply a mathematical definition used in place of the
product vn(r,Ω, E, t) for convenience when expressing reaction rate densities

f(r,Ω, E, t) = vΣ(r, E)n(r,Ω, E, t) = Σ(r, E)ψ(r,Ω, E, t), (2.3)

where Σ is used to denote the macroscopic cross-section. Definitions of other related
concepts, such as the angular current density j(r,Ω, E, t), and the corresponding
scalar quantities are omitted from this description for the sake of brevity1.

The neutron transport theory further consides balances of various mechanisms
by which neutrons can be gained or lost from an arbitrary phase-space element.
This results in the time-dependent neutron transport equation [3]

1
v

∂

∂t
ψ(r,Ω, E, t) + Ω · ∇ψ(r,Ω, E, t) + Σt(r, E)ψ(r,Ω, E, t) =

qex(r,Ω, E, t) +
∫

4π
dΩ′

∫ ∞
0

dE′Σs(r,Ω′ → Ω, E′ → E)ψ(r,Ω′, E′, t)+

χ(r, E)
4π

∫
4π

dΩ′
∫ ∞

0
dE′ν(r, E′)Σf (r, E′)ψ(r,Ω′, E′, t),

(2.4)

where Σt(r, E), Σs(r, E′) and Σf (r, E′) denote the macroscopic total, scattering
and fission cross-sections respectively, χ(r, E) gives the fission neutron energy dis-
tribution, and ν(r, E′) denotes the average number of neutrons emitted in a fission
reaction induced by a neutron with energy E′. In general, these parameters de-
pend on time, which was suppressed here. The first term on the right-hand side of
Eq. (2.4) describes the change of angular neutron density in time, the second term
describes streaming, the third term describes all interactions which yield neutron
removal from the flux (scattering out from the phase-space element and absorption).
The left-hand side terms describe sources; here the first term describes neutrons
added to the flux by external sources, the second and third terms describe neu-
trons added to the flux due to scattering into the phase-space element and due
to fission respectively. Note, that in Eq. (2.4) all neutrons are assumed to appear
instantaneously at the time of fission. The concept of delayed neutrons, which is
important in solving time-dependent reactor physics problems, will be introduced
in Chapter 3, together with the necessary modifications to Eq. (2.4).

Owing to complex dependencies of parameters, such as continuous variation
of reaction cross-sections with neutron energy, angular dependencies, the geomet-
rical arrangement of materials in a nuclear reactor, and the general form of the

1A detailed description can be found in any textbook on nuclear reactor theory, e.g. [2, 3]
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Eq. (2.4), a direct analytical solution is possible only for several highly simplified
problems. A direct numerical solution of the neutron transport equation is compu-
tationally prohibitive. Therefore various approximate forms are used to formulate
the deterministic solution methods. The approximations include various schemes
for discretization in space, time, energy and angle, application of diffusion theory
or point-kinetics models, flux factorisation, and other [4].

2.2 Monte Carlo Simulation of Neutron Transport

The neutron transport equation is useful for explaining the physical concepts and
is a starting point for deriving various deterministic methods. However, the trans-
port equation is not necessary for solving a problem using Monte Carlo methods.
This leads to one of the common misconceptions in Monte Carlo particle trans-
port — that Monte Carlo methods solve the transport equation [7]. Monte Carlo
methods theoretically duplicate (simulate) the stochastic transport of individual
particles in a system and infer the average behaviour of particles in a real system
from the average behaviour of the simulated particles [8]. The transport equation,
on the other hand, describes the average particle behaviour by definition, as indi-
cated in Section 2.1. Monte Carlo simulation yields the same mean result as the
original problem, i.e. the average neutron behaviour in a Monte Carlo simulation
is described by the neutron transport equation.

Monte Carlo particle transport simulation is conducted by sequentially following
the probabilistic events that constitute histories of individual particles. The events
constituting a history are statistically sampled from probability distributions char-
acterizing the physical phenomena, using random numbers. The characteristics of
the system are then inferred from simulating a large number of particle histories.

Figure 2.1 illustrates a Monte Carlo reactor physics simulation. Monte Carlo
reactor physics codes simulate the histories of individual neutrons2 by following
the neutron’s interaction with matter in a specific geometry, starting from a source
until eventual absorption or leakage out of the system. Quantities of interest are
scored (tallied) during the simulation, together with statistical precision estimates.

Following the history of each neutron by explicitly simulating every event (e.g.
scattering, fission, capture, etc.) would yield an analog Monte Carlo simulation.
The statistical variance of such simulation would correspond to the natural vari-
ance of the simulated process. This means that a very large number of histories
would need to be simulated to collect results with acceptable statistical precision,
especially if the events with a low probability of occurrence are of interest. Hence,
for many reactor physics applications, the analog approach would lead to unaccept-
able computing time requirements. This problem is resolved by applying various
non-analog Monte Carlo methods. These methods, called variance reduction tech-
niques, bias the analog transport process in a way that the events of interest occur

2Some reactor physics codes have capabilities for coupled neutron-photon transport simula-
tions [8, 9]. Monte Carlo photon transport is beyond the scope of this thesis.
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Figure 2.1: Illustration of a Monte Carlo reactor physics simulation. The images
were generated with the Serpent 2 Monte Carlo reactor physics code [5] using the
PWR performance benchmark geometry [6].

more frequently. To assure that the results are not biassed (i.e. the expected value
of a non-analog simulation is equal to that of the analog simulation), each neutron
is assigned a statistical weight which is modified every time the analog transport
process is changed. The results are then scored considering the statistical weight
of each neutron contributing to a specific result.

Monte Carlo calculations in reactor physics can be classified into three broad
categories based on problem formulation: fix source calculations, criticality calcula-
tions, and transient calculations. Fixed source calculations follow neutron histories
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from a user-defined source through a multiplying or a non-multiplying medium. If
the medium is multiplying, the histories are not terminated at fission events, but
rather split into two or more new paths [10]. A steady-state solution for such prob-
lem exists only if the multiplying medium is sub-critical. Fixed source calculations
are used in, among other, shielding problems, dose rate calculations, or analysis of
sub-critical accelerator-driven systems. Criticality calculations are discussed in the
following section, while transient calculations are discussed in Chapter 3.

2.3 Monte Carlo Criticality Calculations

Most Monte Carlo codes that perform criticality calculations simulate the steady-
state k-eigenvalue problem3. The k-eigenvalue problem can be understood by exam-
ining several concepts following from the neutron transport equation. The neutron
transport equation seeks for a time-dependent solution for a given initial neutron
population. Indeed, a non-zero initial neutron population will die out in a sub-
critical multiplying system unless maintained by an external neutron source or
diverge in a super-critical multiplying system. A steady-state (time-independent)
neutron population is possible either in a sub-critical system with an external neu-
tron source, or if the system is exactly critical.

However, such exactly critical systems are practically not attainable neither in
reality nor in a numerical model. Real systems are continuously balanced between
slightly sub-critical and slightly super-critical states by e.g. movement of control
rods. A common way of dealing with this problem in numerical models is to scale
the value of ν(r, E′) by a factor k such that the solution becomes time-independent.
Then, dropping the time derivative term and setting the external source qext to zero
in Eq. (2.4) yields

Ω · ∇ψ(r,Ω, E) + Σt(r, E)ψ(r,Ω, E) =∫
4π

dΩ′
∫ ∞

0
dE′Σs(r,Ω′ → Ω, E′ → E)ψ(r,Ω′, E′)+

1
k

χ(r, E)
4π

∫
4π

dΩ′
∫ ∞

0
dE′ν(r, E′)Σf (r, E′)ψ(r,Ω′, E′).

(2.5)

This modification turns Eq. (2.4) into an eigenvalue equation which has ki eigen-
values together with the associated eigenfunctions ψi, where the largest eigenvalue
k0 has a physical meaning as the effective multiplication factor k0 = keff , and
the associated eigenfunction ψ0 gives the fundamental mode for the distribution
of neutrons in the system. Systems with keff > 1 are super-critical, while sub-
critical systems have keff < 1. Here we should note that Eq. (2.5) is equivalent to
Eq. (2.4) only if keff is strictly equal to one (the system is exactly critical). As
discussed before, such systems practically do not exist, so the k-eigenvalue method

3Some codes such as MCNP support the α-eigenvalue formulation for steady-state problems
[11]. Discussion of the α-eigenvalue formulation is beyond the scope of this thesis.



8 CHAPTER 2. CRITICALITY PROBLEMS

yields solutions with sufficient accuracy only for systems which are close to critical.
For highly sub-critical or super-critical systems, the method can yield considerable
errors and other methods should be used instead [12].

To continue the analysis, it is convenient to re-write Eq. (2.5) in operator nota-
tion as [13]

M · ψ(r,Ω, E) = 1
k

χ(r, E)
4π S(r), (2.6)

where M denotes the net loss operator defined as

M · ψ(r,Ω, E) = Ω · ∇ψ(r,Ω, E) + Σt(r, E)ψ(r,Ω, E)−∫
4π

dΩ′
∫ ∞

0
dE′Σs(r,Ω′ → Ω, E′ → E)ψ(r,Ω′, E′),

(2.7)

and S(r) is the fission source

S(r) =
∫

4π
dΩ′

∫ ∞
0

dE′ν(r, E′)Σf (r, E′)ψ(r,Ω′, E′). (2.8)

It can be further shown [13,14], by applying the Green’s function to Eq. (2.6), that
an eigenvalue equation, equivalent to Eq. (2.6) can be written just in terms of the
fission source

S(r) = 1
k

∫
V

dr0H(r0 → r)S(r0), (2.9)

where the kernel H(r0 → r) is given by

H(r0 → r) =∫∫∫∫
dEdΩdE0dΩ0·ν(E)Σf (r, E)χ(E0)

4π ·G(r0, E0,Ω0 → r, E,Ω).
(2.10)

The kernel H(r0 → r) gives the fission source at r due fission neutrons born at r0.
It corresponds to the Green’s function integrated over energies and angles, weighted
by the initial spectrum and final fission neutron production [14]. Equations (2.9)
and (2.10) can be understood as follows: flux due to fission neutrons born at phase-
space point (r0, E0,Ω0) is transformed to the flux at phase-space point (r, E,Ω)
by the Green’s function G(r0, E0,Ω0 → r, E,Ω); multiplying the result with the
fission cross section and the average number of fission neutrons ν(E)Σf (r, E), and
integrating over the initial and the final energies and angles, as well as the spatial
distribution of the initial fission source r0 gives the new fission source at r.

Finally, introducing an integral fission operator F to the right-hand side of
Eq. (2.9), the source eigenvalue equation can be written as

S = 1
k
FS. (2.11)

Monte Carlo criticality calculation can be understood as an iterative procedure
equivalent to the procedure for determining the fundamental eigenpair of operator
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F in Eq. (2.11), k0 = keff and S0(r). The procedure to find the fundamental
eigenpair of linear eigenproblems such as Eq. (2.11) is commonly adopted as the
power iteration scheme [15]

S(i+1) = 1
k(i)FS

(i), (2.12)

where

k(i) =
∫
V

drFS(i)∫
V

drS(i) . (2.13)

The power iteration is known to always converge to the fundamental eigenpair if
the largest eigenvalues are not of equal magnitude [16].

During each iteration cycle (so-called criticality cycle), Monte Carlo codes sam-
ple m neutrons from the fission sites corresponding to S(i) and simulate their trans-
port through the system to determine the fission sites for the next-generation source
S(i+1). The initial source distribution S(0) and the eigenvalue k(0) are guessed. The
procedure is repeated n times, while h =

∑n
i=0mi gives the total number of neu-

tron histories simulated. Because the source is sampled at a finite number of fission
sites, m, the Monte Carlo equivalent of Eq. (2.12) includes the statistical error term
ε [17, 18], i.e.

S(i+1) = 1
k(i)FS

(i) + ε(i). (2.14)

The statistical error in the fission source is of order O(1/
√
m), while the expected

value of the statistical error is assumed as E[ε(i)] = 0. Since the results from a
Monte Carlo criticality calculation are combined over a number of cycles, the total
error of Monte Carlo results would decrease as O(1/

√
h) after the fundamental

mode has established, if no systematic errors exist. This will be elaborated in the
following section.

2.4 Fission Source Convergence

The fission source, given by Eq. (2.12), can be expressed as a weighted sum of the
eigenfunctions Sj as

S(n) = Fn
∑
j

ajSj =
∑
j

ajk
n
j Sj , (2.15)

where aj are used as arbitrary weighting factors. If the eigenvalues are arranged in
a descending order i.e. k0 > |k1| > |k2| > . . . and Eq. (2.15) is divided by kn0 to
obtain

S(n)

kn0
= a0S0 +

(
k1

k0

)n
a1S1 +

(
k2

k0

)n
a2S2 + . . . , (2.16)

we can see that the power iteration will converge to the fundamental mode S0 at the
limit of n→∞, if k0 6= k1. We can further see that 1 > |k1/k0| > |k2/k0| . . ., so S(n)
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Figure 2.2: Convergence of the fission source in Monte Carlo criticality calculations.

converges to S0 as O((k1/k0)n). This analytical argument following from the basis
of the power method [16,18] was confirmed for Monte Carlo criticality calculations
as well [19]. The ratio k1/k0 is known as the dominance ratio of the system, hence
systems with dominance ratio close to unity exhibit slow fission source convergence.

Monte Carlo criticality simulations are started from some initial guess of the
fission source distribution, which introduces an initial error compared to the fun-
damental mode source distribution. The results collected using this source would
be subject to the initial error as well. Since the initial guess converges to the
fundamental mode as O((k1/k0)n), the initial error decreases at the same rate.
Eventually, after a certain number of iterations, the initial error would decay to an
extent where the fission source may be considered to approximate the fundamental
mode sufficiently well. Such iterations are called inactive cycles; no results are col-
lected during the inactive cycles. The results are collected during the active cycles,
i.e. the cycles when the fission source distribution is assumed to be converged to
the fundamental mode.

Because the Monte Carlo fission source is sampled at a finite number of sites, it
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contains a statistical error of order O(1/
√
m). It was noticed, that error propaga-

tion through the iteration cycles causes the fission source to converge to a biassed
distribution Ŝ0 compared to the fundamental mode distribution S0. The difference
between S0 and Ŝ0 was shown to be O(1/m) [20]. The biassed distribution tends
to underestimate the fission source in the most reactive regions of the system and
overestimate the source in less reactive regions [21]. Hence, the fundamental eigen-
value, keff , estimated from the biassed source is usually smaller than the correct
one.

Fission source convergence is illustrated in Figure 2.2. Here we show the cumula-
tive fission source, i.e. the source combined over all previous simulation cycles. The
figure depicts two cases with the source sampled from the uniform and point initial
distributions. The statistical error can be seen as the noise in the distribution, while
the distribution converges to the fundamental mode with increasing cycle number.
The calculation was performed using the PWR performance benchmark model [6]
and Serpent 2 reactor physics code [5].

2.5 Improving Monte Carlo Criticality Calculations

In the previous section, we established that Monte Carlo criticality calculations
consist of a number of inactive and active cycles where the inactive cycles are
necessary to converge the fission source to the fundamental mode. Since no results
are collected during the inactive cycles, these cycles increase the overall computing
cost of Monte Carlo criticality calculations. Moreover, the fission source may be
subject to bias, which can corrupt the results.

Various approaches were previously proposed to address these issues, such as
the superhistory powering method [20], the Wielandt method [22], as well as a
number of methods driven by deterministic calculations, e.g. [23]. In this section,
we will discuss several methods that aim at improving the efficiency of Monte
Carlo criticality calculations by either providing a better initial estimate of the
fission source distribution through the use of fission or response matrices or by
optimizing the number of neutrons simulated. Subsections 2.5.1 and 2.5.2 establish
the concepts of fission and response matrices, which will be relevant in the discussion
on time-dependent methods in Chapter 3. Subsection 2.5.3 summarizes the previous
work related to the method described in Paper I.

2.5.1 Fission Matrix Methods
Fission matrix corresponds to a space-discretized fission operator F . The k-eigenvalue
problem is discretized into N spatial regions and Eq. (2.9) or Eq. (2.11) is integrated
over the volumes, V , of each initial region j, with r0 ∈ Vj and final region i, with
r ∈ Vi. The fission source in region i can then be expressed as [13,14]

Si = 1
k

N∑
j=1

Fi,j · Sj , (2.17)



12 CHAPTER 2. CRITICALITY PROBLEMS

or in a matrix-vector form as
S = 1

k
F · S, (2.18)

where matrix F is called the fission matrix. The elements of the fission matrix Fi,j
represent the expected number of fission neutrons born in region i due to one fission
neutron starting in region j, which can be formally expressed as [13,14]

Fi,j =
∫

r∈Vi

dr
∫

r0∈Vj

dr0
S(r0)
Sj

·H(r0 → r), (2.19)

with
Sj =

∫
r′∈Vj

S(r′)dr′. (2.20)

The elements of the fission matrix can be estimated during the nth cycle of a
Monte Carlo criticality calculation as [21]

F
∗(n)
i,j = f

∗(n)
i,j /s

(n−1)
j , (2.21)

where f∗(n)
i,j is used to denote the total expected number of fission neutrons in

zone i, during cycle n produced by neutrons originating from zone j, during cycle
n− 1, and s(n−1)

j is the number fission neutrons from cycle (n− 1) in zone j. The
estimation of the matrix elements can then be combined over n simulated cycles
as [21]

F
(n)
i,j = f

(n)
i,j /t

(n−1)
j , (2.22)

where

f
(n)
i,j =

n∑
l=1

f
∗(l)
i,j , (2.23)

t
(n−1)
j =

n∑
l=1

s
(l−1)
j . (2.24)

Fission matrix condenses valuable information about the system, which can
be used in various ways. Initially, it was assumed that the fundamental mode
eigenvector of the fission matrix would converge faster than the Monte Carlo fission
source, hence Monte Carlo fission source convergence acceleration techniques based
on the fundamental mode eigenvector of the fission matrix were proposed [24].
However, stability and convergence problems of these methods were identified [21,
25], while the authors observed that the fission matrix becomes insensitive to errors
in the Monte Carlo fission source if sufficiently small node size is used. Indeed, it was
shown that at the limit of small node size, the fission matrix becomes independent
on the phase-space weighting of the matrix elements [13]. Correlation of errors
between the Monte Carlo fission source and the fundamental eigenvector of the
fission matrix were also studied [26], where it was concluded that the correlation
reduces when the node size is decreased.
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Furthermore, the fission matrix may be used to calculate higher-order forward
and adjoint system eigenpairs [13]. Hence, the fission matrix may be used as direct
means of performing criticality analyses in so-called fission matrix-based Monte
Carlo criticality calculations [21, 27–29]. The method was later expanded to time-
dependent problems [30], which will be discussed in Section 3.3.

2.5.2 Response Matrix Methods
Similarly to the fission matrix methods, the Response Matrix Methods (RMMs)
are based on a variant of the Green’s function approach. However, here a number
of Green’s functions are defined for each sub-volume of the system, differently from
the fission matrix methods where a single, discretized Green’s function is used to
describe the entire system. Specifically, the RMMs discretize a large, global spatial
domain (such as a reactor core) to a number, N , of non-overlapping local sub-
domains (nodes) which are coupled through partial currents [31–33]. Then, the
neutron transport problem is solved by constructing the global solution from a set
of precomputed solutions to the local problems in the sub-domains. Because the
response of a node depends only on the properties of that node, the local problem
needs to be solved only for the unique nodes [34], provided that the boundary
conditions on the node are well represented. Hence, the RMMs become efficient
if many of the nodes constituting the original problem have identical geometrical
shape and material composition [32,34,35].

Response matrix methods relate the partial currents outgoing from node i, j+
i ,

with the partial currents incoming to the node, j−i , through response kernels Ri
as [31]

j+
i (r) =

∫
Si

Ri(r′ → r)j−i (r′)dr′, (2.25)

where the integration is carried over the entire node surface Si and other phase-
space variables (Ω, E) were suppressed for now and will be discussed later. The
discussion of the time variable is left for Section 3.4. The response kernels Ri (i =
1, 2, ..., N) depend only on the properties of node i, and are assumed to be known
from independent solutions of the local problems. The kernels can be calculated by
applying diffusion or transport theories [31,32,36,37], or can be sampled using the
Monte Carlo method [35,38–45].

The individual nodes are then coupled together through partial currents, to
solve the global problem. If the partial currents are expressed as a column vector

J± = [j±1 , j
±
2 , ..., j

±
N ]T , (2.26)

Eq. (2.25) takes a compact form

J+ = RJ−. (2.27)

Here R is a block-diagonal matrix where each block represents the kernel Ri of
node i. Because each node has common boundaries with the neighbouring nodes,
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the outgoing partial currents immediately become incoming partial currents for the
neighbours, so

J− = MJ+, (2.28)

where M is the connectivity matrix, which redirects the outgoing currents to incom-
ing currents of the neighbours and includes the global domain boundary conditions.
Then, combining Eqs. (2.27) and (2.28) leads to the response matrix equations for
the global domain:

J+ = R ·MJ+. (2.29)

Depending on the formulation of the method, fission can be treated either im-
plicitly, using the so-called “direct” RMM, or explicitly, using the so-called “source”
RMM [31, 32, 37]. In the direct RMM formulation, the response kernels are calcu-
lated as functions of the multiplication factor, k, and if no volumetric information
is desired, only surface to surface calculations need to be performed [39]. To solve
a criticality problem, Eq. (2.29) is written as a non-linear eigenvalue equation

λJ+ = R(k) ·MJ+, (2.30)

where λ is the current eigenvalue that represents the global balance of neutron
currents through all nodal surfaces. If the response matrix R(k) strictly maintains
neutron balance, the value of λ approaches unity as k approaches keff [37].

In the source RMM formulation, separate response kernels are defined for the
surface-to-surface, surface-to-volume, volume-to-surface, and volume-to-volume re-
sponses [31,38,40,42,43,45]. The response matrix equations then take the general
form of

J+ = Rss ·MJ+ + J+
f , (2.31)

where Rss contains surface-to-surface responses and J+
f denotes the outgoing partial

currents due to volume sources in the nodes. J+
f can be evaluated knowing the

volume-to-surface response matrix Rvs as

J+
f = RvsQ, (2.32)

were Q denotes the volume sources, which are calculated knowing the volume-to-
volume and surface-to-volume response matrices Rvv and Rsv as

Q = Rsv ·MJ+ + RvvQ. (2.33)

The criticality problem can then be solved using some iterative scheme based on
Eqs. (2.31) and (2.33), and scaling the volume sources by k among iterations.

In Eq. (2.25), the integration was carried over the entire surface of the node.
Assuming each node has n neighbours (e.g. n = 6 in 3D Cartesian geometry), the
node surface Si can be partitioned to n sub-surfaces (faces), Si,k (k = 1, 2, ..., n).
Then, each block of matrix R, Ri, becomes a n × n matrix, where each element
describes the outgoing current response (on n faces), due to incoming currents (on
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n faces). The vectors J± then consist of sub-vectors, which contain the partial
currents on each face of the node, j±i,k.

If the entire system is to be represented by a limited number of local solutions
for the unique nodes, some means are necessary to represent the dependence of the
boundary conditions on the phase-space variables, as Eq. (2.25) takes the form of

j+
i (r,Ω, E) =

∫∫∫
Ri(r′,Ω′, E′ → r,Ω, E)j−i (r′,Ω′, E′)dr′dΩ′dE′. (2.34)

This is achieved by projecting the phase-space variables r, Ω, and E onto various
finite sub-spaces represented by some orthogonal basis, defined on each face of the
node [31, 36, 37]. Assuming that the phase-space w = (r,Ω, E) can be represented
by a basis Pl(w), and the expansion is truncated at some order L, the partial
currents become [37]

j±i,k(wi,k) ≈
L∑
l=0

j±i,k,lPl(wi,k), (2.35)

where j±i,k,l denote the expansion coefficients. The partial currents are then repre-
sented by the expansion coefficients and the global current vector J± becomes of
size N · n · (L+ 1) [31].

The response kernels are expressed using the same basis and each block of the
global response matrix R becomes of size [(L+1)n]×[(L+1)n] [31], where the block
elements rk,li,k′,l′ characterize the l-th order outgoing current response on surface k
due to an incoming l′-th order current on surface k′, of node i [37]:

rk,li,k′,l′ =
∫
j+
i,l′(wi,k)Pl(wi,k′)dwi,k′ . (2.36)

The accuracy of the approximation and the required computing effort depends
on the selected basis functions and expansion orders. Weiss and Lindahl [31] used
Legendre polynomials up to the 4-th order to represent the spatial variables and
argued that the 1-st order expansion is sufficient for practical problems. Forget [39]
used a tensor product of Legendre polynomials in attempt to represent the entire
phase-space (r,Ω,E). Various combinations of expansion orders were tested using
a multi-group energy representation and the author concluded that the low order
expansions give accurate results for 2D problems, but this feature is not retained for
3D problems. In recent publications on the COMET method [35, 44], the authors
use a tensor product of Legendre and Chebyshev polynomials, where Legendre
polynomials are used for the spatial variables (in 2D) and the azimuthal angle, and
the Chebyshev polynomials are used for the cosine of the polar angle; the authors
then argue that expansions up to 4-th order in space and up to 2-nd order in
angle with a multi-group energy representation are sufficient for a wide variety of
reactors, while a direct extension of the method to the continuous energy variable
would require more than 1000-th expansion order and thus is impractical.
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In a recent publication, Leppänen [46] proposed using the response matrix
method for acceleration of fission source convergence in Monte Carlo criticality
calculations. The proposed approach is similar to the fission matrix acceleration
methods; the response kernels for all nodes in the system are estimated during a
Monte Carlo criticality simulation of the entire system, then an improved guess of
the fission source distribution is obtained from the solution of the response matrix
equations. Since the response matrix methods couple each node only to the neigh-
bouring nodes, the approach offers better scaling compared to the fission matrix
methods, where each node is coupled to all other nodes in the system. Moreover,
the response kernels are calculated using the angular flux representative of each
part in the system, so the expansions to represent the phase-space dependence be-
come not necessary, which greatly simplifies the formulation of the response matrix
equations.

2.5.3 Optimization of Neutron Population Size
In the previous two sections, we discussed two fission source convergence acceler-
ation methods that aim to obtain an improved estimate of the fission source dis-
tribution through the use of fission or response matrices. Scoring the information
necessary to provide the improved estimate may, in some cases, be as computa-
tionally expensive as the simulation with no acceleration, because the number of
particles simulated during one cycle (the neutron population size) may need to be
significantly increased. Hence, these methods may indeed reduce the number of in-
active cycles required to obtain a converged fission source, but may not necessarily
reduce the overall computing cost of a Monte Carlo criticality calculation.

Monte Carlo criticality calculations are commonly conducted by simulating a
number of source iteration cycles using a fixed number of source neutrons during
each cycle. The computing cost of such calculations is directly proportional to the
selected number of neutrons and iteration cycles, i.e. the total number of simulated
neutron histories, h. Hence, the calculation efficiency can be expressed in terms of
the figure-of-merit, FOM , defined through h as

FOM = 1
ε2h

, (2.37)

where ε is the error in the results. A more efficient calculation thus can be achieved
by either lowering the error (using methods described before) without significantly
increasing the computing cost (without simulating more neutrons) or reducing the
computing cost (by simulating fewer neutrons) necessary for achieving the same
error value.

In Section 2.4, we discussed that the error in Monte Carlo criticality calculation
results can be decomposed into three components: the initial error of O((k1/k0)n),
the error caused by bias of O(1/m), and the statistical error of O(1/

√
h). Select-

ing a small neutron population size (the number of neutrons simulated per cycle)
could lower the computing cost of Monte Carlo criticality calculations; however,
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a considerable bias could be introduced in the fission source this way. While the
initial error and the statistical error decay over the simulation cycles, the bias does
not decay and eventually may dominate the total error. Therefore, a large neutron
population size is commonly preferred to assure that the results are not affected
by the source bias [47]. On the other hand, large population size increases the
computing time of a single cycle, thus limiting the number of cycles which can be
simulated in certain computing time. Tuttelberg and Dufek [48] recognised this as
a population size optimization problem and proposed a methodology to optimize
the batch size in Monte Carlo criticality calculations.

In subsequent research [49], the authors suggested increasing the population
size throughout the simulation cycles. This way, at any cycle in the simulation,
the neutron population size is kept small enough for efficient source iteration, while
at the same time large enough for limiting the source bias. Since the initial and
the statistical errors dominate the total error at the beginning of a simulation,
large initial population size is unnecessary for assuring a small value of the source
bias; as the errors decay in the successive cycles, the population size is increased,
reducing the source bias. The proposed algorithm divides the calculation into
stages, where at each stage the population size is increased based on the error
estimated using the fundamental-mode eigenvector of a fission matrix. The fission
matrix is scored during the simulation, and the fundamental-mode eigenvector of
the matrix is computed at each simulation stage.

Scoring the fission matrix and calculating the fundamental-mode eigenvector
constitutes additional computing overhead, which may prevent an efficient appli-
cation of the method to large-scale problems, where a fine mesh resolution for the
fission matrix may be required. Then, the computing overhead associated with the
on-the-fly error estimation may reduce the overall efficiency gain. Paper I suggests
a method for determining the batch size using a simple analytical relation. This
way, the overhead associated with tallying the fission matrix and computing the
fundamental-mode eigenvector can be eliminated.





Chapter 3

Time-Dependent Problems

This chapter is intended to provide the background material supporting Paper II.
First, the concepts of time-dependent reactor analyses are introduced. Then,
the recent developments of three Monte Carlo based time-dependent methods are
overviewed: the Time-Dependent Monte Carlo (TDMC) method, the Transient Fis-
sion Matrix (TFM) method, and the Time-Dependent Response Matrix (TDRM)
method. The TDMC method relies exclusively on Monte Carlo techniques, while
the TFM and the TDRM methods use various Green’s functions approaches. In-
formation necessary for the TFM and the TDRM methods can be obtained from
steady-state Monte Carlo calculations.

3.1 Time-Dependent Reactor

The time-dependent transport equation presented in Section 2.1 implies that all fis-
sion neutrons are prompt neutrons emitted instantaneously in fission events. How-
ever, it is known that a small fraction (∼ 0.2 − 0.7 %) of all fission neutrons are
delayed neutrons emitted after a considerable time delay ranging from less than a
second to more than a minute [3]. Emission of delayed neutrons follows the decay
of some of the fission products, known as delayed neutron precursors. The fraction
of delayed neutrons is commonly denoted by β; it depends on the fissioning nuclide
and the energy of the neutron inducing fission.

The presence of delayed neutrons significantly changes the time behaviour of a
nuclear system. Indeed, if only prompt neutrons were present, power in a super-
critical system would increase at a rate proportional to the prompt neutron lifetime
l ∼ 10−7–10−4 s. Effective control of such a system would be complicated at best.
The presence of delayed neutrons considerably prolongs the time-scale associated
with power changes, which ensures that power can be effectively controlled by
mechanical means, such as control rods. The latter holds if the system is so-called
delayed super-critical meaning that the neutrons contributing to increase of power
are delayed neutrons.

19
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For practical purposes, the delayed neutron precursors are commonly divided
into six or eight groups. The expected density of precursors in the jth group is
denoted as Cj(r, t) with a corresponding decay constant λj . The expected rate of
delayed neutron emission from this group is then given by the decay rate of the
precursors in that group, Cjλj . If the delayed neutron fraction coming from the
decay of jth group precursors is denoted as βj , the total fraction of delayed neutrons
is obtained by adding all of the group fractions, β =

∑
j βj . Hence, out of all fission

neutrons, βν neutrons will appear as delayed neutrons and (1− β)ν will appear as
prompt neutrons.

To reflect the presence of delayed neutrons, we modify the fission term and
introduce the delayed neutron term into the transport equation (Eq. (2.4)) to obtain

1
v

∂

∂t
ψ(r,Ω, E, t) + Ω · ∇ψ(r,Ω, E, t) + Σt(r, E, t)ψ(r,Ω, E, t) =

qex(r,Ω, E, t) +
∫

4π
dΩ′

∫ ∞
0

dE′Σs(r,Ω′ → Ω, E′ → E, t)ψ(r,Ω′, E′, t)+

χp(r, E)
4π

∫
4π

dΩ′
∫ ∞

0
dE′(1− β(r, E′))ν(r, E′)Σf (r, E′, t)ψ(r,Ω′, E′, t)+

1
4π
∑
j

λjCj(r, t)χd,j(r, E),

(3.1)

where χ was replaced by χp, which denotes the energy spectrum of prompt neu-
trons, and χd,j denotes the energy spectrum of delayed neutrons born in group j.
Percursor concentrations in Eq. (3.1) can be expressed by considering ballances for
each precursor group Cj as [2]

∂Cj(r, t)
∂t

+ λjCj =∫
4π

dΩ′
∫ ∞

0
dE′βj(r, E′)ν(r, E′)Σf (r, E′, t)ψ(r,Ω′, E′, t),

(3.2)

where the term on the right-hand side describes the expected rate of jth group
precursor production.

The various cross-sections in Eqs. (3.1) and (3.2) are now functions of time
indicating possible changes due to feedbacks, movement of control rods, or changes
in fuel composition. The effects of changes in fuel composition are addressed in
so-called burnup analyses. Fuel burnup occurs over long time intervals, hence the
short-time effects, like that of delayed neutrons, are commonly excluded from such
analyses and the system is assumed to be in steady-state. In this chapter, we will
focus on short-term reactor transients, where the effect of delayed neutrons has
to be considered. Analysis of reactor transients irrespective of the source for the
feedbacks is known as reactor kinetics. In reactor dynamics analyses the sources of
feedbacks are considered explicitly, which requires coupling of neutronics models to
e.g. thermal-hydraulics models for a multi-physics description of the system.
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Solving Equations (3.1) and (3.2) would yield the time behaviour of the angular
neutron flux taking into account the effect of delayed neutrons. However, a direct
numerical solution is prohibitive as discussed in Section 2.1, and various approx-
imations to neutron transport are introduced to simplify the problem. Here, the
problem is complicated further by the presence of two time-scales for prompt and
delayed neutrons. Common deterministic approaches include flux factorisation into
slow and fast-varying components, as in quasi-static and adiabatic methods, use of
the point-kinetics model, or formulation of simplified time-dependent transport or
diffusion models, combined with appropriate numerical techniques to resolve the
two time-scales.

3.2 Time-Dependent Monte Carlo Method

Extension of steady-state Monte Carlo methods to time-dependent methods is con-
ceptually straight-forward since time is implicitly present in a Monte Carlo simu-
lation of a particle history. Correspondingly, the first ideas to apply Monte Carlo
methods to simulate time-dependent neutronics problems were proposed multiple
decades ago [50]. However, development of Time-Dependent Monte Carlo (TDMC)
methods for transient analyses of nuclear systems was limited until fairly recently,
when access to significant computing power required for such analyses became
widely available [51–53]. Currently, various implementations of time-dependent
Monte Carlo solvers are discussed in literature [54–62], with attempts to couple the
Monte Carlo reactor kinetics with thermal-hydraulic feedbacks for solving dynamic
problems [63,64].

TDMC methods rely exclusively on Monte Carlo techniques, thus avoiding the
approximations used in deterministic methods. No simplifications are made to neu-
tron transport; similar to stationary Monte Carlo simulations, each neutron history
is treated by explicitly following the fundamental interaction laws. The phase-space
is not discretized, in contrast to diffusion, Sn, or Pn theories applied in deterministic
methods (see e.g. [2, 33]). Moreover, each neutron within a fission chain is tracked
explicitly in time, differently from Monte Carlo criticality calculations where the
neutrons are tracked cycle-by-cycle from birth to death. This results in no sepa-
ration between space and time, as in quasi-static and other deterministic methods
which rely on factorization techniques (see e.g. [2, 65]).

Simulating nuclear reactor transients by a Monte Carlo process poses challenges
due to presence of delayed neutrons and emission of multiple neutrons during fission
in so-called fission chain branching [4, 53, 54]. Large time-scale differences between
prompt neutron chains and delayed neutron emissions yield considerable delay be-
tween the subsequent delayed neutron-induced fission chains, which in turn results
in a high variance of the results. Branching of neutron chains during fission events
causes a significant spread in the neutron chain lengths and consequently yields
high variance of the results as well.

High variance in TDMC simulations of nuclear reactor transients means that
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a large number of samples has to be collected for acceptable statistical accuracy.
This yields prohibitive computing time, especially for large-scale problems, such as
full-core transient analysis. Computing times ranging from a couple of hundreds of
CPU hours (for small kinetics problems in simple geometries) to multiple thousands
of CPU hours (for problems in assembly and mini-core geometries) were reported [4,
62,63]. Such computing times would extrapolate to multiple CPU years for realistic
large-scale problems with feedbacks. Therefore the TDMC method is primarily
intended to benchmark less computationally expensive tools and for investigating
unique reactor designs and concepts [4, 54], while methods to reduce the required
computing effort are being pursued [4, 62].

Main aspects of the TDMC method are elaborated in the following sections.
First, the procedure of tracking in time is described. Then, several methods pro-
posed for treating the delayed neutrons, performing population control, and vari-
ance reduction are overviewed.

3.2.1 Tracking in Time
The time variable is explicitly present in TDMC calculations, in contrast to crit-
icality or fixed source Monte Carlo calculations where the events are recorded in-
dependently of their time of occurrence. Here, the overall calculation time is split
into time intervals which are used to score the quantities of interest, introduce sys-
tem feedbacks, perform population control, or adjust other calculation parameters
(e.g. weight windows) [54]. The time intervals can be non-uniform, and different
sets of intervals can be used for different tasks, e.g. quantity scoring or population
control [62].

Differently from deterministic methods, where the size of a time step can numer-
ically influence the accuracy of the calculation results, the sizes of the time intervals
in a TDMC calculation only determine the sizes of the tally bins and therefore the
resolution in which the tallied quantity is represented [54]. Here, the bin value
corresponds to the time integral of the corresponding Monte Carlo score [62].

The time variable is treated by simply assigning a time parameter (the “internal
clock”) for each transported particle. The clock is set to zero at the start of the
simulation and is progressively updated during the particle’s history, as

ti = ti−1 + si√
2Ei/m

, (3.3)

where si is the i-th free path length, Ei and m are the energy and the mass of the
particle respectively. If the particle crosses the time interval boundary, it is stopped
exactly at the boundary and a new path length (together with the corresponding
flight time) is sampled with (possibly) updated cross-sections.

Because of the Markovian nature, the simulation of particle trajectories can be
stopped and restarted at the time interval boundaries without changing the statis-
tical features of the transport process [54,62]. The TDMC simulation is performed
on an interval-by-interval basis, where the surviving particles are stored for the
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next time interval. All primary and secondary particles within a time interval will
either die (through absorption and leakage) or survive by crossing the time interval
boundary.

3.2.2 Treatment of Delayed Neutrons
Delayed neutrons can, in principle, be treated in an analog way in a TDMC sim-
ulation [56, 57]; however, different time-scales between the lifetime of a neutron in
a reactor (from 10−7 s in a fast reactor to 10−4 s in a thermal reactor), the life-
time of prompt neutron chains (from 10−5 s to 10−2 s respectively), and emission
of delayed neutrons (from 10−2 s to 102 s for different precursor groups) intro-
duce large variance to the results [4, 53, 54]. Because the number of particles in
a Monte Carlo simulation is always limited (due to limitations in CPU time and
memory), the two different timescales present in the simulation result in long time
intervals with no delayed neutrons to initiate new prompt neutron chains. Hence,
the neutron population significantly fluctuates in time, causing large variance in
the scored quantities. In a real system, this effect is averaged out by a very large
number of delayed neutron precursors and independent concurrent prompt neutron
chains [54].

To overcome this limitation a “forced precursor decay” method was proposed [4,
53,54]. Here, all precursor families are combined into a single “combined precursor”
particle. The decay probability of the combined precursor is then given by

Pc(t) =
∑
i

fiλie−λi(t−t0), (3.4)

where t0 is the time when the precursor was created and fi is the normalized fraction
of delayed neutrons originating from the i-th precursor family,

fi = βi
β
. (3.5)

Then, a part of the combined precursor particle weight is forced to decay during
each time interval, ∆t, of the simulation. The precursor decay time is sampled
uniformly within the time interval from the uniform probability density function

Pd = 1
∆t . (3.6)

The bias introduced by such procedure is compensated by adjusting the statistical
weight of the resulting delayed neutron as

wd = wc
Pc(t)
Pd(t)

= wc∆t
∑
i

fiλie−λi(t−t0), (3.7)

where wc is the initial weight of the combined precursor.
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The energy distribution of delayed neutrons is different from that of prompt
neutrons. Therefore, the energy of a delayed neutron should be sampled from
the energy distribution corresponding to the precursor group which yielded the
delayed neutron. Because all precursor groups are combined into a single combined
precursor particle, the probability of sampling from group i changes with time as

Pi(t) = fiλie−λi(t−t0)∑
j fjλje−λj(t−t0) . (3.8)

The forced precursor decay method ensures that delayed neutrons are present
in each time interval to initiate the prompt neutron chains. After sampling the
emission time within a time interval according to Eq. (3.6), the weight of the de-
layed neutron is calculated according to Eq. (3.7), and the energy is sampled from
the distribution according to the precursor group selected using Eq. (3.8). The
delayed neutron transport is then simulated within the current time interval, and
the precursor is not killed but added to the buffer of particles for the next time
interval.

The forced decay method can be also be applied without combining all precur-
sor families into a single particle and treating each precursor group explicitly as
reported in refs. [61, 64, 66]. The authors in [61] argue for such an approach by
claiming that the way to assign weights to the different groups of precursors is not
unique.

3.2.3 Population Control

In TDMC calculations, the population would either exponentially grow in a super-
critical system or decay in a sub-critical system. Consequently, methods to maintain
the population close to the starting number of particles are desired. Convenient
points in the simulation to perform population control are the time interval bound-
aries. The time intervals used for population control can be non-uniform and may
be different from the time intervals used for scoring the quantities of interest, as
discussed in Sec. 3.2.1. One should also consider that the population might diverge
within a time interval in a super-critical system, or disappear within a time interval
in a sub-critical system. Therefore, while the choice of time intervals is arbitrary
in principle, the population control restricts this choice in practice [62].

Two different populations need to be controlled in TDMC calculations: the
population of precursors and the population of neutrons. Combing method [4, 62]
and Russian roulette/splitting [4,54] techniques were applied for population control
in non-analog simulations, while techniques to discard or double random particles
were applied in analog simulations [56,57].

Application of Russian roulette technique for the neutron population is per-
formed in several steps [4]. First, the desired average population weight is deter-
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mined as

Wav = 1
N

M∑
i=1

wi, (3.9)

where N is the initial number of neutrons, and the summation is over the weights,
wi, of M particles stored at the end of the previous time interval. The Russian
roulette is then applied for all neutrons having the weight lower than the threshold
set as

WRR = wRRWav, (3.10)

where wRR is the relative threshold (wRR values of 0.25 and 0.8 were used in [4]).
Finally, the survival probability is calculated as

Psurv = w

Wav
. (3.11)

If the neutron survives, its weight after the roulette, w′, is set as

w′ = Wav. (3.12)

Using the forced precursor decay method (see Sec. 3.2.2), the precursor popu-
lation will increase over time because all precursors are stored for the next time
interval. On the other hand, the weight of delayed neutrons emitted from the stored
precursors will decrease over time (see Eq. (3.7)). Sjenitzer and Hoogenboom [4,54]
suggest to use the “expected weight” of a delayed neutron for precursor population
control. The expected weight, wn,ex, is the weight of a delayed neutron to be
emitted in the next time interval:

wn,ex = wc
∆t

∫ t1+∆t

t1

∆t
∑
i

fiλie−λi(t−t0)dt

= wc
∑
i

fieλit0(e−λit1 − e−λi(t1+∆t))
, (3.13)

where t1 is the start of the next time interval. The expected weight is used to
set the survival probability and the weight of surviving precursors, w′c. If the
expected delayed neutron weight is below the threshold weight limit WRR, the
Russian roulette is applied on the precursor, with survival probability

Psurv = wn,ex
Wav

. (3.14)

If the precursor survives, it is stored for the next time interval with statistical
weight

w′c = wc
Wav

wn,ex
, (3.15)

where Wav is the survival weight for neutrons (see Eq. (3.9)).
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An alternative to the Russian roulette/splitting based population control in
non-analog TDMC calculations is the combing method. The method normalizes
the number of transported particles to the required number while preserving their
total weight. Combing can be independently applied to both neutron and precursor
populations. For the details of the method, the reader is referred to refs. [4,62,67].

3.2.4 Variance Reduction
Traditional variance reduction techniques used in steady-state Monte Carlo sim-
ulations, such as implicit capture, implicit fission, Russian roulette and splitting,
can be applied in TDMC particle tracking as well. Methods implemented in the
dynamic versions of Serpent and TRIPOLI-4 rely on such techniques [55,62,66].

Differently from static calculations, however, emission of multiple neutrons dur-
ing a fission event causes branching in the simulation. This, in turn, causes fluc-
tuation of the number of particles simulated during a time interval. Specifically,
the chain starting from a single prompt neutron can be terminated after a sin-
gle collision, or it can continue for many generations, producing many branches
with secondary neutrons. The variance in neutron chain lengths causes variance in
the results [4, 54, 68]. In contrast, during Monte Carlo criticality calculations the
particles are simulated generation by generation and no chains are formed.

In an attempt to reduce the variance caused by branching, Sjenitzer and Hoogen-
boom [54] suggested using a branchless collision kernel. According to the method, a
neutron entering a collision will either scatter or create a single new prompt fission
neutron using implicit absorption. Hence, the branching process is changed into a
single-branch process. In the case of scattering, the statistical weight of the neutron
remains unchanged,

w′n = wn, (3.16)
while the energy and the angle of the neutron are changed according to the scat-
tering laws.

In the case of absorption, the weight of the neutron is adjusted as

w′n = wn
νpΣf + Σs

Σt
, (3.17)

where νp is the number of prompt neutrons and Σf , Σs, and Σt are the macroscopic
fission, scattering and total cross-sections respectively. The new neutron energy is
then sampled from the prompt neutron energy distribution and the new angle is
sampled uniformly.

To ensure a fair game, the probability of scattering is modified as

Ps = Σs
νpΣf + Σs

(3.18)

and the probability of absorption changed to

Pc = νpΣf
νpΣf + Σs

, (3.19)
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so that Ps + Pc = 1.
The precursors are sampled in a conventional way. At every sampled collision,

the precursors are generated with probability

Pp = wn
νdΣf

Σt
. (3.20)

Treatment of delayed neutrons as discussed in Sec. 3.2.2 can be considered a
variance reduction methodology as well since the sampling of delayed neutrons
during each time interval is aimed at improving the statistics during the interval.
According to Eq. (3.7), the weight of the emitted delayed neutron is proportional
to the time interval length ∆t. If the time intervals chosen for the simulation are
small, the weights of the emitted delayed neutrons will be small as well. These
neutrons may then be immediately killed by the Russian roulette, thus defeating
the purpose of the forced precursor decay method [62].

To overcome this problem, Faucher et al. [62] introduced a time-dependent im-
portance scheme. According to the scheme, a user-provided importance ratio be-
tween neutrons and precursors Ri = In,i/Ic,i is used. Then, at the beginning of
time interval i, the weights of neutrons, Wn, and precursors, Wc, are rescaled in
such a way that the physical weights are preserved:

W ′n,i+1 = Wn,i+1In,i+1 = Wn,iIn,i; (3.21)

W ′c,i+1 = Wc,i+1Ic,i+1 = Wc,iIc,i; (3.22)

W ′n,i+1 +W ′c,i+1 = Wn,i+1 +Wc,i+1 = Wn,i +Wc,i. (3.23)

The meaning of the importance factors In,i and Ic,i is that one particle (neutron or
precursor respectively) represents In,i and Ic,i physical particles. The population
weights are only adjusted if the importance ratio changes from time interval to
time interval. Faucher et al. reported a figure-of-merit increase by a factor 63, for
a 1ms simulation of a critical system, using time intervals of 20µs and a constant
importance ratio of R = 10−4 [62].

3.3 Transient Fission Matrix Method

Transient Fission Matrix (TFM) method was proposed as a computationally af-
fordable approach to reactor kinetics and dynamics calculations, while retaining
the flexibility of Monte Carlo methods [30, 69–73]. The fission matrix has been
previously applied for solving various problems in stationary Monte Carlo reactor
physics calculations [13, 17, 21, 25–28, 49]. The TFM method extends the use of
the fission matrix to time-dependent problems; here, several variants of the fission
matrix are pre-calculated using a stationary Monte Carlo solver and the database is
then used to deterministically solve time-dependent problems. Because the fission
matrices are sampled during Monte Carlo transport simulations, simplifications to
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neutron transport and cross-section homogenization applied in traditional deter-
ministic methods are avoided.

The TFMmethod was applied for calculating the kinetics and the kinetic param-
eters of Flattop and Jezebel experimental assemblies [30], dynamic 3D calculations
of a Molten Salt Fast Reactor [72], and dynamic calculations of a Sodium Fast
Reactor assembly [69–71, 73]. The authors of ref. [30] discuss two variants of the
TFM method: “direct” and “fast” kinetics methods. The methods differ in the
targeted accuracy and computing costs. The majority of the analyses reported in
the literature were performed using the fast kinetics method [69–73]. Both variants
of the TFM method are discussed further.

3.3.1 Direct TFM Method
For any given fission source distribution, the product of the fission matrix and the
source vector would give the distribution of the next generation fission source,

Sg+1 = F · Sg. (3.24)

The authors of the TFM method [30] utilized this feature and included the time
aspect by introducing a continuous operator Gχp,νp

(t′, t, r′, r) associated to the
time-dependent version of the fission matrix. This operator represents the prob-
ability that a prompt neutron created at t′ in r′ creates a new prompt neutron
at t in r. Subscripts χp and νp are used to denote the emission energy spectrum
and the neutron production per fission used to calculate the operator. Since the
multiplicities, ν, and the emission spectra, χ, are different for prompt and delayed
neutrons, the authors considered four versions of the operator G: Gχp,νp

, Gχp,νd
,

Gχd,νp
, and Gχd,νd

.
Because there is no interaction between the neutrons during transport (the

transport equation is linear), the global response can be obtained by summing
up the local responses. Hence, the prompt neutron source of generation g + 1,
Sg+1(r, t), can be calculated as the convolution of the operator Gχp,νp

and the
source of generation g, Sg(r′, t′) as [30]∣∣Gχp,νp(t′, t, r′, r)|Sg(r′, t′)

〉
=∫∫

t′<t,r′∈R
Gχp,νp(t′, t, r′, r)Sg(r′, t′)dr′dt′ = Sg+1(r, t),

(3.25)

where the integration is carried out over all past times t′ and space R. If the system
is not changing between times t and t′, Gχp,νp can be calculated for one initial time
t′ to all the subsequent times t, i.e. Gχp,νp(t− t′, r′, r).

Furthermore, the total prompt neutron source (in [neutrons/s]) at any time t
can be expressed as the sum over all prompt source generations present at that
time,

S(r, t) =
∞∑
g=1

Sg(r, t). (3.26)
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Then, knowing the total prompt source at previous times t′, the total prompt source
at time t, S(r, t), can be calculated as the convolution of Gχp,νp with the sum of
the previous generations of source neutrons [30],

S(r, t) = |Gχp,νp
(t− t′, r′, r)|S(r′, t′)〉. (3.27)

The same argument can be made for delayed neutrons producing prompt neu-
trons, prompt neutrons producing precursors, and delayed neutrons producing pre-
cursors. Then, using operators for each process, Gχp,νp

, Gχp,νd
, Gχd,νp

, and Gχd,νd

the neutron kinetics can be expressed as [30]

dPf (t, r)
dt

= βf
β

[
|Gχp,νd

(t− t′, r′, r)|S(r′, t′)〉+

|Gχd,νd
(t− t′, r′, r)|

∑
f

λfPf (t′, r′)〉
]
− λfPf ,

(3.28)

S(t, r) = |Gχp,νp(t−t′, r′, r)|S(r′, t′)〉+ |Gχd,νp(t−t′, r′, r)|
∑
f

λfPf (t′, r′)〉. (3.29)

Here Pf (r, t) is used to denote the population of precursors in family f , position
r, and time t; S(r, t) is the prompt neutron source production rate at position r
and time t. The precursor production is split according to the family f using the
normalized delayed neutron fraction βf/β, where∑

f

βf
β

= 1. (3.30)

The operators in Eqs. (3.28)-(3.29) are then discretized in space and time, and
are estimated during a Monte Carlo transport calculation. Let us denote the dis-
cretized operator by G(∆tk), where ∆tk denotes the kth time bin,

G(∆tk) =


g1,1(∆tk) g1,2(∆tk) · · · g1,j(∆tk)
g2,1(∆tk) g2,2(∆tk) · · · g2,j(∆tk)

...
...

. . .
...

gi,1(∆tk) gi,2(∆tk) · · · gi,j(∆tk)

 . (3.31)

Here the indexes i and j are used to denote the volume cells.
The matrix element of the discretized operator, gi,j(∆tk), represents the prob-

ability that a neutron created in cell j during bin time ∆t0 produces a neutron in
cell i during bin time ∆tk. The element can be estimated as [30]

gi,j(∆tk) =
∫
t′∈∆t0

∫
r′∈j

∫
t∈∆tk

∫
r∈i

G(t− t′, r′, r) dt′

∆t0
dr′

Vj
dtdr. (3.32)

The fission neutron generation distribution in time, in cell i, due to a neutron born
in cell j can then be reconstructed by selecting an appropriate time bin size and
number to capture the shape of the pulse.
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Laureau et al. [30] used the fixed-source calculations in MCNP to estimate
the discretized operator and verified the approach by comparing the calculated and
measured α-Rossi observables of Flattop and Jezebel critical assemblies. Agreement
with measured data was reported within the error bounds. The kinetics of Flattop
assembly were then calculated using Eq. (3.29) and benchmarked against a TDMC
calculation using Serpent. The simulated time was 10µs and the delayed neutrons
were ignored. Both approaches were reported to agree within the statistical error.
Time bin sizes of 0.025 ns were used to score the discretized operatorG. The authors
concluded that significant computing effort is required for the direct calculation
using Eqs. (3.28) and (3.29). Therefore a simplified, “fast”, method was introduced.
This method is discussed in the following section.

3.3.2 Fast TFM Method
Instead of treating the full time distribution of the response through operator G(t−
t′, r′, r), the average response time from r′ to r can be expressed through a separate
time operator Tχp,νp(r′, r), defined as [30]

Tχp,νp
(r′, r) =

∫
τ>0Gχp,νp

(τ, r′, r) · τdτ∫
τ>0Gχp,νp

(τ, r′, r)dτ
, (3.33)

where τ = t − t′. Hence, the operator Tχp,νp
corresponds to the first moment of

the time response. The space-discretized version of the operator will be denoted as
Tχp,νp .

In the simplified, fast TFM method, the time aspect is considered only through
the time matrix Tχp,νp

. The time matrix contains the information of the average
time response from cell j to cell i associated with the prompt neutron transport
between the two cells. Stated differently, it describes the average time from a fission
event in cell j to the fission event in cell i.

Because the response time is considered through operator Tχp,νp , the operators
Gχx,νx

are integrated over time,

Ĝχx,νx
(r′, r) =

∫
tGχx,νx

(t− t′, r′, r)dt′, (3.34)

and their discretized versions correspond to traditional fission matrices, which are
scored for different neutron emission spectra (χp or χd) and multiplicities (νp or
νd). These matrices will be denoted as Gχp,νp

, Gχp,νd
, Gχd,νp

and Gχd,νd
. The

authors of [69–73] scored the different versions of the fission matrices and the time
matrix during Monte Carlo criticality calculations.

Further, it is assumeed that the time-dependent behaviour of prompt neutrons
can be described by one effective fission-to-fission time leff , which is calculated
from the time matrix Tχp,νp

as [30,72]

leff =
N∗p(Gχp,νp

· Tχp,νp
)Np

N∗pGχp,νp
Np

, (3.35)
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where (Gχp,νp
·Tχp,νp

) denotes the matrix element-to-element multiplication, which
gives the neutron production associated to the response time from j to i, Np is the
eigenvector of Gχp,νp , and N∗p is the eigenvector of the transposed fission matrix
GTχp,νp

. The transposed matrix describes the backward transport of neutrons, so the
eigenvector N∗p gives the importance map. Therefore, leff can be interpreted as the
adjoint-weighted response time between the successive prompt neutron generations.

Next, first-order balance equations are formulated for the neutron vector N and
precursor vectors Pf [30, 72],

dN(t)
dt = Gχp,νp

N(t) 1
leff

+ Gχd,νp

∑
f

λfPf (t)− 1
leff

N(t), (3.36)

dPf (t)
dt = βf

β

Gχp,νd
N(t) 1

leff
+ Gχd,νd

∑
f

λfPf (t)

− λfPf (t), (3.37)

where f is used to denote the precursor family. Equations (3.36)-(3.37) describe
the neutron balance through production due to prompt neutron-induced fissions
(first term), delayed neutron-induced fissions (second term), and prompt neutron
removal (third term). The precursor balance is expressed through production due
to prompt neutron-induced fissions (first term), delayed neutron-induced fissions
(second term), and precursor decay (third term). Here it is assumed that the
delayed neutron transport time is negligible compared to the precursor decay time.

3.4 Time-Dependent Response Matrix Methods

While a significant amount of literature is available on stationary response matrix
methods [31,32,34–45], the time-dependent response matrix methods appear to be
less mature. Only several publications on aspects of time dependence are available
in the literature [74–78]. Recent publications deal with the fundamentals of time
dependence and solve several simplified problems. Pounders and Rahnema [76]
derived the response equations for a semi-infinite fissile slab, based on the Legendre
series expansion of the time variable. In a later publication [77], the whole phase-
space dependence was addressed. Delayed neutrons were not considered in both
publications. Roberts [78] then showed the equivalence between the latter method
and the methods published more than forty years ago [74,75], generalized the time-
dependent method to arbitrary expansions and expansion orders, included delayed
neutrons, and demonstrated the approach on several infinite homogeneous medium
problems.

The time-dependent response matrix formalism can be understood through ap-
plying the Green’s function to the transport problem (Eq. (3.1)), defined over a
node Vi of a space-discretized system. When the global volume is decomposed into
a three-dimensional Cartesian mesh, then each node Vi is bounded by six surfaces
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∂Vik and the local transport problem can be defined as
1
v

∂ψ(r,Ω, E, t)
∂t

+ Mψ(r,Ω, E, t) = s(rn,Ω, E, t)

+
6∑
k=1

n̂ik · jG(r,Ω, E, t)H(−Ω · n̂ik )δ(r− rk)

+ 1
v
ψG(r,Ω, E, 0)δ(t) with r ∈ Vi, and rk ∈ ∂Vik ,

(3.38)

where n̂ik is the outward normal of ∂Vik , H is the Heaviside step function, δ
is the Dirac’s δ-function, and the loss operator M (see Sec. 2.3) was introduced
to simplify the notation. The source terms on the right-hand side consist of the
volumetric source (first term) which includes contributions from fission, decay of
delayed neutron precursors, and external sources (if any); boundary conditions on
the six node surfaces (second term) which are driven by the global angular current
jG = ΩψG; and the global initial condition (third term).

By defining the Green’s function G to the local problem, like that given by
Eq. (3.38), the solution can be expressed for any arbitrary source S(r,Ω, E, t) as

ψ(r,Ω, E, t) =
∫

r′∈Vi

dr′
∫

4π
dΩ′

∫ ∞
0

dE′
∫ t

−∞
dt′S(r′,Ω′, E′, t′)×

G(r′,Ω′, E′, t′ → r,Ω, E, t).
(3.39)

Consequently, the solution of Eq. (3.38) can be decomposed according to the three
source terms on the right-hand side,

ψ(r,Ω, E, t) = ψs(r,Ω, E, t) +
6∑
k=1

ψck
(r,Ω, E, t) + ψ0(r,Ω, E, t), (3.40)

where ψs, ψck
, and ψ0 are contributions from volume sources, incident currents and

initial values respectively. Each of the contributions can be expressed by convolut-
ing the Green’s function with the respective source term, as in Eq. (3.39). Hence,
the time-dependent response equations would consist of a sum of convolution inte-
grals for various surface or volumetric sources with the respective time-dependent
response kernels defined through the Green’s function.

The equations for outgoing partial currents on each node surface can be defined
directly from the angular flux, e.g. for surface k as

j+
ik

(r,Ω, E, t) = n̂ik ·Ω
(
ψs(r,Ω, E, t) +

6∑
k=1

ψck
(r,Ω, E, t) +ψ0(r,Ω, E, t)

)
. (3.41)

The partial currents are then used to couple the local solutions using the connec-
tivity matrix, obtaining the global solution.

Let us further consider the time variable only (other phase-space variables were
discussed in Section 2.5.2) and limit the discussion to partial currents j±1. The

1Details regarding prompt and delayed volumetric sources are provided in Paper II
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generalized time-dependent response equation is then given by [75]

j+(t) =
∫ t

−∞
R(t′ → t)j−(t′)dt′. (3.42)

Here the kernel R(t′ → t) gives the outgoing partial currents at time t due to a
burst of incoming partial currents at time t′. The analysis is further limited to
t ∈ (0,∞) by introducing initial conditions [75–78], and assuming that the system
does not vary with time within some considered time interval τ , so that the kernels
become functions of τ = t− t′. The integrals, like in Eq. (3.42) are then commonly
treated by looking for a basis to expand the time variable combined with other
phase-space expansions as discussed in Section 2.5.2.

By expanding the time variable on a Legendre polynomial basis [76,77], or basis
consisting of exponential functions [78], the authors show that Eqs. (3.40) and (3.41)
can be reduced to a linear system for the nodal flux and current moments, where
the moments of ψ and j± are expressed as vectors and the nodal response function
moments are expressed as matrices. Computing the moments from the linear system
gives the solution after a time interval τ , over which the time expansion has been
integrated. This solution is then used as the initial condition to calculate the
solution after the next time interval.

The response kernel in Eq. (3.42) consists of multiple components with signif-
icantly different time constants. Sicilian [74] and Pryor [75] explained, that the
fast component results from prompt events, such as the transmission of un-collided
neutrons, the transmission of scattered neutrons, and escape of prompt fission neu-
trons, while the slow component results from the escape of delayed neutrons. If
the emission of the delayed neutrons is implicitly included in the response kernels,
the selected basis functions have to be adequate for capturing the different time
scales [78].

Alternativelly, Pryor [75] suggested to treat the delayed neutron precursors ex-
plicitly. Then, the prompt, Rp, and delayed, Rd, responses can be split into two
integrals as

j+(t) =
∫ t

−∞
Rp(t′ → t)j+(t′)dt′ +

∫ t

−∞
Rd(t′ → t)

∑
i

λiCi(t′)dt′. (3.43)

Note that in this definition the prompt volumetric source is implicitly included in
the current response. The kernels Rp and Rd, now have only the fast component,
since the time delay of the delayed neutron emission is explicitly governed by the
precursor concentration equation, which for group i the author expressed as

dCi
dt = −λiCi + βiνΣfφ(t). (3.44)

More generally, the precursor concentration can be defined by considering the re-
sponse form of Eq. (3.2).
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Similarly to the approach by Prior [75], in Paper II we define the response
functions by explicitly considering the prompt and delayed volumetric sources in
addition to the partial currents. Hence, we obtain three response equations for
the prompt source, the delayed neutron precursor concentration, and the partial
currents. Using such definition the response time-scale becomes of the order of a
neutron lifetime, so we use a simple linear dependence to treat the time variable.
We further eliminate the non-temporal phase-space dependence by weighing the
response kernels on the critical solution. This leads to a method similar to the
fast TFM method discussed in Section 3.3; the response kernels can be estimated
during a set of Monte Carlo criticality simulations and then used to solve the space-
time dependent problem. However, instead of considering a single, space-discretized
Green’s function for the entire system, i.e. the fission matrix, the Green’s functions
in the response equations, i.e. the response kernels, are defined for each source term
and each node of the discretized system. This way the neutron transport in a node
depends only on the information from the neighbouring nodes as compared to the
fission matrix, where each node is coupled with all other nodes in the system.



Chapter 4

Summary of the Included Papers

4.1 Paper I

Paper I proposes a neutron population size control method for Monte Carlo critical-
ity calculations. The method gradually increases the neutron population size during
subsequent criticality cycles. This improves the efficiency of criticality calculations,
as the source can be rapidly (in terms of CPU time) iterated at the beginning
of the calculations using small population size, and as the population size gradu-
ally increases, the fission source bias is prevented from dominating the total error
throughout the calculation. The paper proposes a simple analytical expression for
determining the optimal population size, based on the number of neutron histories
simulated previously. The proposed method was tested on a set of full-core PWR
calculations, where a higher figure-of-merit was observed compared to conventional
Monte Carlo criticality calculations using a fixed neutron population size.

4.2 Paper II

Paper II proposes a stochastic-deterministic time-dependent response matrix method.
The method uses sets of response functions which are pre-computed during Monte
Carlo criticality calculations corresponding to the various states of the analysed
system. The response functions are then used in a set of deterministic equations
describing the space-time evolution of the system. This constitutes a novel ap-
proach to using the information from Monte Carlo criticality calculations for solv-
ing space-time dependent problems. The paper includes an exhaustive description
of the method and provides two demonstrations of kinetic transients in a 3 × 3
assembly PWR mini-core. The time-evolution of the system power obtained with
the proposed method was compared to time-dependent Monte Carlo calculations.
A qualitative agreement was observed between the two methods, while it was in-
dicated that a rigorous benchmarking should be performed after implementing the
method in an established Monte Carlo code.
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Chapter 5

Conclusions and Outlook

This thesis focused on criticality and time-dependent problems in reactor physics.
Monte Carlo methods proposed for solving such problems more efficiently were
overviewed. The included papers address the efficiency issue as well. The first paper
proposes a method aimed at running efficient Monte Carlo criticality calculations
through control of neutron population size. The second paper proposes a new
approach for using the response matrix formalism in time-dependent reactor physics
problems. The proposed methods were tested on several example problems giving
promising results, nevertheless, further investigation is necessary to assess the full
potential of the methods.

The population control method may be tested using a number of representative
geometries, comparing the method with other proposed approaches. Furthermore,
the method may be applied in problems where data from Monte Carlo criticality
calculations are used for coupled solutions, e.g. in Monte Carlo burn-up problems.

The time-dependent response matrix method needs to be better understood as
well. First, insight into how the selection of node size and the statistical error in
the scored responses affect the time-dependent solution is necessary. In addition,
other challenges can be foreseen, such as response parametrization with respect
to state variables, necessary for dynamic problems. To address these questions,
implementation of the time-dependent response matrix method into a robust Monte
Carlo reactor physics code is needed, which would allow for rigorous benchmarking
against other methods thus facilitating the analyses.
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