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Abstract

Advanced manufacturing machinery is a corner stone of essential industries of tech-
nologically developed societies. Their accuracy permits the production of complex
products according to tight geometric dimensions and tolerances for high efficien-
cy, interchangeability and sustainability. The accuracy of advanced manufacturing
machinery can be quantified by the performance measure of positioning accuracy.

Positioning accuracy measures the closeness between a commanded and an at-
tained position on a machine tool or industrial manipulator, and it is ruled by laws
of physics in classical mechanics and thermodynamics. These laws can be applied to
model how much the machinery deflects due to gravity, expands due to a change in
temperature and how much and how long it vibrates due to process forces; hence,
one can quantify how much the accuracy decreases. Thus, to produce machinery
with ever higher accuracy and precision one can design machines which deflect,
expand and vibrate less or one can understand and model the actual behaviour of
the machinery to compensate for it.

This licentiate thesis uses physics-based modelling to quantify the positioning
accuracy of machine tools and industrial robots. The work investigates the potential
increase in positioning accuracy because of the simultaneous modelling of the kine-
matics, static deflections, vibrations and thermo-elasticity as a lumped-parameter
model of the machinery. Consequently the models can be used to quantify the
change of the accuracy throughout the workspace.

The lumped parameter models presented in this work require empirical model
calibration and validation. The success of both, calibration and validation, depends
on the availability of the right measurement instruments, as these need to be able
to capture the actual positioning accuracy of machinery. This thesis focuses on the
importance of measurement instruments in industry and metrology and creates a
catalogue of requirements and trends to identify the features of the measurement
instruments required for the factories of the future. These novel measurement in-
struments shall be able to improve model calibration and validation for an improved
overall equipment effectiveness, improved product quality, reduced costs, improved
safety and sustainability as a result of physics-based modelling and measurement
of advanced manufacturing machinery.

Keywords: Machine tools, Industrial robots, Accuracy, Measurement instru-
ments
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Sammanfattning

Avancerade tillverkningsmaskiner är en hörnsten i viktiga industrier i tekniskt ut-
vecklade samhällen. Deras noggrannhet tillåter produktion av komplexa produkter
enligt snäva geometriska dimensioner och toleranser för hög effektivitet, utbytbar-
het och hållbarhet. Noggrannheten av avancerade tillverkningsmaskiner kan kvan-
tifieras med prestandamåttet för positioneringsnoggrannheten.

Positioneringsnoggrannhet mäter närheten emellan en beordrad och uppnådd
position på en verktygsmaskin eller industriell manipulator, och det styrs av lager i
fysik i klassisk mekanik och termodynamik. Dessa lagar kan tillämpas för att model-
lera hur mycket maskinen avleder på grund av tyngdkraften, expanderar på grund
av en temperaturförändring och hur mycket och hur länge den vibrerar på grund
av processkrafter. Därför kan man kvantifiera hur mycket noggrannheten minskar.
Därefter för att producera maskiner med allt högre noggrannhet och precision kan
man konstruera maskiner som avböja, expandera och vibrera mindre eller så kan
man förstå och modellera maskinens faktiska beteende för att kompensera för det.

Denna licentiatavhandling använder fysikbaserad modellering för att kvantifi-
era positioneringsnoggrannheten för verktygsmaskiner och industrirobotar. Arbe-
tet undersöker den potentiella ökningen i positioneringsnoggrannheten på grund
av den samtidiga modelleringen av kinematiken, statiska avböjningar, vibrationer
och termoelasticitet som en klumpparametermodell för maskinen. Följaktligen kan
modellerna användas för att kvantifiera förändringen av noggrannheten i hela ar-
betsytan.

De klumpade parametermodellerna som presenteras i detta arbete kräver empi-
risk modellkalibrering och validering. Framgången för båda, kalibrering och valide-
ring, beror på tillgången på rätt mätinstrument, eftersom dessa måste kunna fånga
maskinens faktiska positioneringsnoggrannhet.

Denna avhandling fokuserar på vikten av mätinstrument i industrin och metro-
login och skapar en katalog med krav och trender för att identifiera funktionerna
hos de mätinstrument som krävs för framtidens fabriker. Dessa nya mätinstrument
ska kunna förbättra modellkalibrering och validering för att förbättra den totala
utrustningens effektivitet, förbättrad produktkvalitet, minskade kostnader, förbätt-
rad säkerhet och hållbarhet till följd av fysikbaserad modellering och mätning av
avancerade tillverkningsmaskiner.

Nyckelord: Verktygsmaskiner, Industrirobotar, noggrannhet, mätinstrument
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Chapter 1

Introduction

Since the end of the 18th century, manufacturing machinery has increased produc-
tivity per capita as well as product quality at decreasing costs. This is due to the
entrepreneurial and scientific advancements of more than two centuries on a global
scale. Machine tools [1] and industrial robots [2] can be considered some of the most
prevalent embodiments of Advanced Manufacturing Machinery (AMM). Figure 1.1
[3] shows their global market volume from 2009 to 2017. In 2017, it equalled roughly
80 billion USD. The importance of AMM is partly founded in the ability to realize
numerous manufacturing processes accurately while providing modern manufactur-
ing environments with the flexibility to adapt to global trends, e.g. smaller lot sizes
as a result of higher degrees of customisation. Hence, knowledge on AMM’s accuracy
for optimal operation can be critical for the automotive, aeronautical and consumer
electronics industries. AMM can be defined as mechanical apparatus which are typ-
ically used for the rationalisation of human work in the pure value adding process of
transforming constituents into a product and which consist of more than three pris-
matic or rotational joints; e.g. milling machines, lathes and industrial robots. One
key characteristic of the AMM is their accuracy [4]. Accuracy is a qualitative and
quantitative measure of the closeness of agreement between a test result and the
accepted reference value [5]. While colloquially, one tends to talk about something
or someone being accurate as a compliment; in metrology and engineering there
exist several definitions and standards. This work mainly considers positioning ac-
curacy, i.e. the difference between a commanded position and the barycentre of the
attained average of positions [6]. Furthermore, for AMM accuracy is a physics-based
characteristic which depends on system properties derived from classical mechan-
ics and thermodynamics [7]. These system properties are (i) kinematics, "how does
something move?", (ii) statics, "how much does something deflect?", (iii) dynamics,
"how much does something vibrate?" and (iv) thermo-elasticity, "how much does
something expand or contract due to a change in temperature?". This idea is also
visualized in Figure 1.2.

1
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Figure 1.1: Global market volume of machine tools and industrial robots [8, 9].

Thus, in the context of AMM and this work, physics-based modelling of accuracy
is the process of defining mathematical representations that describe the pose, the
combined position and orientation [6], of one or several bodies of the machine tool
or robot with model parameters that relate a commanded to the actual position
considering the effects of the kinematics, thermo-elasticity, statics and dynamics.
In this context, measurement is the multi-level process of experimentally obtaining
data which can be used to identify and implement these model parameters for the
optimized operation of the machinery [10].

1.1 Background

Accuracy and repeatability1 have played crucial roles for the development of several
technological milestones [12]. In the 1780s, John Wilkinson contributed to the 1st
industrial revolution with the boring technology for the pistons of James Watt’s
steam engines; ensuring a circularity of about 2.5 mm. In 1915, Carl Edvard Jo-
hansson contributed to the 2nd industrial revolution by supplying the measurement
artefacts to gauge the interchangeability of the parts on Henry Ford’s assembly
lines; ensuring a parallelity and orthogonality of about 0.01 mm. In the early 1950s,
several works in the USA promoted the development of Computer Numerical Con-
trol (CNC) machine tools which contributed to the 3rd industrial revolution by

1Also called precision: the closeness of agreement between a test result and the accepted
reference value obtained by replicated specified conditions [11].
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Figure 1.2: Physics-based modelling and measurement of advanced manufacturing
machinery’s accuracy.

providing machines which could ensure concentric run-outs of less than 0.01 mm
for the jet engines. Semi-conductor and machine tool industries contributed to the
4th industrial revolution by the development of lithography machines for the pro-
duction of computer chips; ensuring transistor gates sizes in the range of 0.01 µm.
In industrial production, accuracy is important for the design as well as for the op-
eration of AMM. An improved accuracy of AMM can arguably lead to an increased
energy efficiency, e.g. motors with decreased concentric run-outs, a higher degree
of suitability due to reduced scrap, e.g. for AMM with a higher accuracy at invari-
ant Geometric Dimension and Tolerance (GDT) the process capability increases,
and reduced material consumption, e.g. the wall thickness of products such as alu-
minium cans can be further reduced, but this is cost prohibitive due to the GDT
of the dies in the forming process. Manufacturers and customers usually require a
machine accuracy in terms of positioning, pose and path accuracy in the range of
1−50 µm for machine tools and 0.5−5.0 mm for industrial robots [13, 14]. In the
context of this work, the positioning, pose and path accuracy of the sole AMM is
termed machine accuracy [15]. This is not to be confused with machining accuracy;
the "minimal achievable deviation of the actual value of a cutting tool from the tar-
get value set by the NC" considering the interaction with the process, fixtures etc.
[15], cf. Figure 1.3.
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1.2 Motivation

The aim of this thesis is to provide a comprehensive overview of the physics-based
modelling and measurement processes of AMM with a focus on positioning accu-
racy in the context of machine accuracy. This knowledge can be valuable across the
company hierarchy. The process planner can use the knowledge about the accuracy
to optimize the tool trajectories [16] for reduced scrap rates, to make inferences on
health status of components such as bearings or gauge the capability of a machine
for a task knowing its machine accuracy [6, 17]. In the design offices of the Original
Equipment Manufacturers (OEMs), engineers can use this knowledge to validate
and improve their models to decrease the length of the product design phase [18].
The production manager can use the knowledge about the accuracy to derive eco-
nomic Key Performance Indicators (KPIs) such as the operation time or scrap rate
[19] to support the decision making process for reorganisations or changes of value
streams. However, in order to gain knowledge about the machine accuracy of AMM
one needs to model and measure their behaviour.

Hence, this thesis outlines the state-of-the-art of physics-based models for the in-
fluences of the kinematics, statics, dynamics, and thermo-elasticity on the accuracy
of AMM. The thesis focuses on the state-of-the-art of lumped parameter models2.
Lumped parameter models simplify spatially distributed physical characteristics by
agglomerating them in discrete spatial positions. For example Figure 1.2 shows a
compliance model of an industrial robot which assumes the stiffness to be lumped
in the joints instead of being spatially distributed across the links and the joints.
Some advantageous aspects of lumped parameter models are that their model pa-
rameters are relatable. For instance a designer of AMM or an experienced process
planner understands the significance of a Cartesian stiffness of 20 N µm−1 at the
Tool Centre Point (TCP) [17], and they are less computationally intensive which
makes them more suitable for the implementation onto industrial controllers [20].

2Also called lumped element models or lumped component models.
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Furthermore, this thesis provides a comprehensive overview of the combined
effect of the aforementioned error sources. There are several research works, which
focus exclusively on one of the aforementioned error sources and their effects. How-
ever, there exists no comprehensive overview which summarises the available infor-
mation. Consequently, there exists no reliable source of information on the impact
of physics-based lumped parameter models on AMM’s accuracy. This entails that
the limitation of physics-based lumped parameter models cannot be fairly assessed
and that there exists uncertainty about the applicability of the modelling method.
For instance, one cannot claim to certainly know whether a serial industrial ma-
nipulator customised for machining can achieve the true position of a feature of a
workpiece to be within 100 µm using conventional machining.

Additionally, the thesis focuses on measurement instruments. Measurement in-
struments are important as they are required to acquire the data which are used
for the identification of the model parameters. Measurement instruments and pro-
cedures are essential to perform the calibration and validation of models, and to
gain knowledge about the accuracy of AMM.

1.3 Research questions

Based on the preceding discussion on the importance of machine accuracy of AMM,
the following research questions are defined and addressed in this thesis:

RQ. 1. How much can physics-based lumped parameter models improve the abso-
lute positioning accuracy of AMM?

RQ. 2. Which requirements shall contemporary measurement instruments fulfil to
support the calibration and validation of physics-based lumped parameter models
of AMM?

1.4 Research contributions

For a fair assessment of the effect of physics-based lumped parameter models on
the positioning accuracy of AMM, it does not suffice to refer to the state-of-the-art,
which in this context could be considered the best positioning accuracy attained
through physics-based lumped parameter models of AMM. That is due to the fact
that there are too many physics-based lumped parameter models with either limited
transferability or unquantified uncertainties. Variety means that there is not the one
state-of-the-art kinematic lumped parameter model of AMM which yields the best
positioning accuracy. For example, the kinematic model of a 5-axis machining centre
can have 42 to 52 geometric errors [7], and it is inconsequential that the model with
52 parameters is better than the one with 42 parameters. Transferability refers to the
fact that the application of the state-of-the-art procedure does not necessarily yield
exactly the same result, as even for the same type of AMM there exists limited
transferability among one and another [21]. Uncertainty refers to the idea that
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results shall be stated over an interval rather than as a single value. Even in science
this is not always the case. A comparison of two models and their effectiveness
without their uncertainty is incomplete. Hence, to provide a reliable answer to
RQ. 1., this thesis tries to refer to as many as possible research contributions,
which alludes the wrong impression that this compilation thesis builds to a lesser
extent on the author’s scientific contributions than other compilation theses.

Thus, the following section focuses explicitly on the author’s research contri-
butions to the state-of-the-art in the calibration of kinematic, static, and thermo-
elastic lumped parameter models of AMM. The contributions are discussed in a
chronological order from Paper D to Paper A.

Theissen et al., Paper D, introduce the Virtual Machining System Simulator
(VMSS) to quantify and visualize machine tool errors under quasi-static load con-
ditions on the machine tool’s accuracy [22]. The work introduces a generalised
kinematic and static machine tool model. The model expands the idea of gener-
alised machine tool models as used by Fesperman et al. by the static behaviour of
the machine tool [23].

Theissen et al., Paper C, introduce a novel methodology to measure the compli-
ance of articulated serial robots based on customized external wrench vectors under
a closed-force-loop [24]. The methodology proposes to measure robots in use-case
defined configurations of contact applications to increase the effect of the identified
model parameters on positioning accuracy. The published method improves the po-
sitioning accuracy by up to 90% compared to 80% of the state-of-the-art method
[25].

Theissen et al., Paper B [26], introduce a novel calibration of thermo-elasticity
of industrial manipulators for repeatable task programs. This work focuses on the
modelling, measurement and identification of the change of the kinematic chain of
serial articulated industrial robots based on thermo-mechanical deformations due to
self-heating. The work expanded the idea of the calibration procedure established by
Santolaria et al.. Santolaria et al. express the change of the kinematic chain due to
a change of the temperature of the structural members [27]. Theissen et al. express
the change of the kinematic chain due to a change of the temperature coupled to
the motor power of the joints, which increases the applicability and does not require
additional sensors.

Theissen et al., Paper A, summarise good practices for the compliance calibra-
tion of articulated industrial robots and establish a novel methodology to evaluate
the quality of the measured and identified Wrist Centre Point (WCP). The WCP
can be used to decouple the stiffness identification procedure for serial articulated
manipulators [29]. Ambiehl et al. showed that the difference in the magnitude of the
arm and wrist stiffness values complicates the identification of the actual wrist stiff-
ness values [29]. Paper A provides a detailed description on a calibration procedure
which renders the significance of the described observation.

In summary, one important and common aspect of the author’s work is the
creation of customised post-processors that use off-line compensation to increase
the accuracy of AMM. The work was initiated in Paper D. Paper C and Paper
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A expanded the expertise on customized post-processors by the knowledge about
kinematics and compliance of articulated manipulators. Finally, Paper B expanded
the expertise further to include the thermo-elasticity of articulated manipulators.

1.5 Research methodology

Academic research requires a conscious and structured research methodology which
helps the researcher to identify and understand the limitations of the applied theo-
ries, methods and one’s own bias. From the author’s point of view, research method-
ology comprises: (i) a philosophy or epistemology, a preconception on how knowl-
edge is created, (ii) an approach to logical reasoning, a reasonable sequence of
thinking for the verification or falsification of the research questions, (iii) a re-
search method, which is the strategical approach to obtain accurate information
on the subject. These elements are top-down interlinked, i.e. some epistemology,
approaches and methods are mutually exclusive.

The research methodology for this work follows aspects of positivism and post-
positivism using inductive reasoning to scrutinise the reserach questions in combi-
nation with quantitative experimentation to gather data about the positioning ac-
curacy of AMM. The epistemology is a mixture of positivism and post-positivism.
Positivism requires knowledge to be derived from phenomena, which are natural
and perceivable with one’s senses, as well as testable [30]. For this work, this means
that for the quantification of positioning accuracy only research works are cited
that performed experimentation in accordance with international standardisation
and metrology bodies. Further, the author is convinced that theories, background,
knowledge and values of the researcher influence what is observed. This relates to
post-positivism and means that there exists a concious or unconscious bias for the
researcher [31]. The studies of the author have been financed by projects related
to AMM, thus the author might be prone to present the positioning accuracy of
AMM in a biased manner. Hence, to systematically compensate for the bias of the
researcher, falsification needs to be present throughout the research work. Mean-
ing that the potential accuracy improvements presented as results throughout this
work should be questioned with respect to their reliability. Falsification is another
important aspect in the author’s epistemology and an idea of post-positivism de-
veloped by Karl Popper [32]. It questions the idea of the absolute truth, as if a
statement were impossible to falsify it should be considered pseudo-science. The re-
search approach to logical reasoning follows the inductive paradigm, meaning that
the research attempts to infer from a sample to the population, i.e. the formulation
of generalizations based on the observed phenomena. Which in the context of this
work means to question how the author has ensured that the AMM under investiga-
tion is a representative specimen for its kind. While this inductive reasoning may be
persuasive, these arguments are not necessarily valid. Inductive reasoning can yield
a wrong conclusion even if the hypotheses are objectively true. For example, while
all the industrial manipulators presented in this work are Serial Kinematic Mecha-
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nism/Machines (SKMs), they may differ significantly in their design. They may use
different drive trains. Some of which may exhibit non-linear stiffness characteristics,
while others do not. This contrasts with the principles of deductive reasoning, as
only incorrect hypothesis can lead to an incorrect conclusion in deductive reasoning
[33]. The research contribution of this works utilizes experiments, demonstrations
of the cause-effect relationship when systematically varying a particular factor cet.
par., quantitative methods and numerical evaluations of the results of the experi-
ments. Meaning, that by following the procedures of international standardization
and metrology bodies, the author tried to achieve a high degree of error separation
to provide reliable figures. One additional remark, it would be more correct to talk
about apparent positioning accuracy throughout this whole work, because the effect
of the control system has not been quantified.

1.6 Thesis delimitation

Based on the title of this work, Physics-based modelling and measurement of ad-
vanced manufacturing machinery, there exists naturally a wide range of potential
content that a reader may expect. This section intends to outline what is not in-
cluded in this report and why it is not.

The terminology AMM is defined such that it could potentially refer to any kind
of SKM and Parallel Kinematic Mechanism/Machine (PKM); e.g. milling machines,
lathes, industrial robots, grinding machines, presses, 3D printers, lithography sys-
tems, etc. Though the thesis deals exclusively with SKMs and quasi-SKMs, i.e.
combined chains with only one active actuator but otherwise passive components,
e.g. kinematic parallelogram on industrial manipulators. Furthermore, it deals al-
most exclusively with milling machines, with three to five spatial Degree of Freedom
(DOF), as well as with serial articulated industrial robots, with 6 DOF. Neverthe-
less, the term AMM has been chosen as the principles introduced in this work
can potentially be expanded to other types of SKMs. Though not necessarily to
PKMs. The thesis focuses on machine accuracy, not machining accuracy [5], i.e.
not considering the interaction with the process. That there can exist a significant
difference between the machine and machining accuracy is crucial for the quality
of the finished product. This is discussed further in Chapter 3, in the context of
the requirements on measurement equipment for loaded testing. This work presents
solely rigid body lumped parameters models and no investigations using Finite El-
ement (FE) modelling. FE modelling is used for the design of AMM by the OEMs
trying to minimize resources that need to be allocated to prototyping and its mea-
surement [18]. Usually such models or even the model parameters are not available
to the customers. They are not intended for an optimized operation of the AMM.
Thus, they are disregarded in this work, though the models could potentially yield
a higher utility value than rigid body lumped parameter models when used in off-
line compensation. The AMM models focus on physics-based aspects of machine
accuracy; meaning that this work does not elaborate on the importance of control
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strategies and controllers for machine accuracy. The influence of the control systems
is mentioned in Chapter 3 in the context of measurement methodologies. Also, the
thesis does not focus on stochastic models, but only on deterministic models. This
is coined by the epistemology assuming that the repeatability of the system is a
result of effects that are being neglected in the modelling process, however which
are not random in nature and can be described by deterministic models themselves.
In addition to that, the models described in this thesis do not model the Multibody
System (MBS) accuracy as a result on the component level, but as an aggregated
system characteristic. Thus, there is no modelling on component level of gears, bear-
ings, drives or ball screws. Neither does it deal with the modelling of measurement
equipment such as sensors, rotary or linear encoders and their behaviour under
thermal load on the final precision of the machine tool and industrial robot. Also,
the thesis does not explain different measurement procedures nor the identification
and implementation of model parameters which also do have an important effect.

1.7 Thesis outline

This thesis is organized into three main chapters: Chapter 1 Introduction, Chap-
ter 2 Physics-based modelling of accuracy and Chapter 3 Dimensional precision
metrology of AMM. Chapters 2 and 3 are the corpus of this work, as they review
the state of the art of the modelling and measurement of AMM. Chapter 2 starts
with a general definition and introduction to physics-based modelling and discusses
in-depth the fields of kinematics, statics and dynamics from classical mechanics
as well as thermo-elasticity from thermodynamics applied to milling machines and
industrial robots. It discusses the importance of aspects such as Kinematic Singu-
larities (KSs), static stiffness and the difficulties of modelling the thermo-elasticity
of AMM. Chapter 3 outlines the importance of measurements for the calibration
and validation of models as well as metrology and industrial requirements to en-
sure a high utility value of the measurement data. The thesis is concluded by the
Chapters 4 Discussion and conclusion, in which the preceding chapters are sum-
marized to answer the research questions, and Chapter 5 Outlook and future work
in which a plan is proposed to create measurement instruments for the factories of
the future as well as software to utilise the potential of physics-based modelling of
AMM positioning accuracy.
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bration of articulated industrial robots - Good practices for the preparation, mea-
surement and identification of elastostatic compliance. Submitted to Robotics and
Computer-Integrated Manufacturing.
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the idea.
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concept. The idea behind the methodology is to measure serial articulated
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The measurement methodology utilizes the Loaded Double Ball Bar to cus-
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The methodology is exemplified in a case-study on an ABB IRB 1600.
Background and contribution: The author was responsible for the coor-
dination of the research work and in collaboration with the co-authors per-
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Summary: This research presents a novel Virtual Machining System Simu-
lator (VMSS) which quantifies and visualizes the effect of machine tool errors
under quasi-static load conditions on the machine tool’s accuracy. The VMSS
is a generalized machine tool model that incorporates geometric errors and
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Chapter 2

Physics-based modelling of
accuracy

In general, models are simplified representations of originals; objects, ideas or other
models. A model reduces the complexity of the original by including only core char-
acteristics that are important to the investigation. It thus excludes characteristics
which might be important for other investigations and limiting the applicability to
a set of considerations, operational conditions and boundary constraints. Figure 2.1
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Figure 2.1: Pendulum: (a) The original, (b) schematic model, (c) mathematical
model.
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exemplifies the idea of a physics-based model. The original, a mechanical pendu-
lum (a), is reduced to its system properties in the fields of classical mechanics and
thermodynamics. These characteristics are displayed in a schematic representation
(b) and in terms of the governing equations (c), i.e. the mathematical equations
that describe how the values of the dependent variables change as a function of
the independent variables. The latter allows one to calculate the centre of the pen-
dulum’s bob in x and y coordinates in an arbitrary Cartesian coordinate system.
The model describes the kinematics, i.e. the position of the bob over time based
on the angle θ, the static deflections, the deformation of the rod due to a static
or quasi-static load and the stiffness of the rod k, the dynamics, vibrations of the
bob due to its system properties (mass m, stiffness k and damping d) as well as
the thermo-elasticity, the change in length of the pendulum due to a change in the
heat field across the pendulum and its coefficient of thermal expansion α.

However, one may not be able to calculate the centre of the bob accurately due
to the model simplifications: (i) the bob is a point mass and the rod or cord on
which the bob swings is a rigid massless link, (ii) the motion does not lose kinetic
energy due to friction in the suspension or air resistance and (iii) the support is
ideal and does only allow movement in rotation around the z-axis while constraining
all other motions. This model of the mechanical pendulum is a model of a MBS
with rigid bodies and lumped parameters [34].

In mechanics, a MBS is a mechanical system consisting of individual bodies,
also called links, which are coupled by joints and which are subjected to forces.
The model of the mechanical pendulum contains rigid bodies, i.e. there are no
changes in the geometry of the bob as well as in its lumped parameters. Lumped
parameter models treat system properties such as stiffness, damping or temperature
as concentrated in certain links, joints or points of the structure; e.g. only the rod
of the pendulum deflects due to static forces. While in reality the system properties
are spatially distributed about the MBS [35].

This model is based on two fundamental disciplines in physics: classical mechan-
ics (kinematics, statics and dynamics) which describes the motion of objects and
classical thermodynamics (thermo-elasticity) which deals with heat and tempera-
ture as well as their relation to energy, work and properties of matter and objects.
Classical mechanics and thermodynamics constitute the main error sources of AMM
[7, 36].

This chapter expands the modelling applied to the mechanical pendulum to the
field of AMM and the Tool Centre Point (TCP) [37], i.e. the point of anticipated
material removal. The relative movement between the workpiece and the TCP leads
to the creation of features and finally a product. A physics-based model of AMM
machine accuracy can describe the difference between the nominal and the actual
position or pose of the TCP. Pose is the combination of position and orientation
[38]. The positioning accuracy APP equals to the magnitude of the distance of the
difference between a nominal position, also called a commanded position, pppn and
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an actual position, also called the attained position, pppa, cf. Equation 2.1:

APP = ||pppa − pppn||2 =

∥∥∥∥∥∥
xy
z
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(2.1)

The orientation accuracies APα,β,γ equal the differences between nominal orienta-
tions ooon and actual orientations oooa [6], cf. Equation 2.2:APαAPβ

APγ
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There exist also alternative ways to evaluate the pose accuracy. Using a transforma-
tion to the TCP the orientation accuracy can be expressed as a further translation
allowing to express the pose accuracy as a distance, i.e. in terms of one unit [39].
Path accuracy is also a common measure of the same capability [39]. Path accuracy
is essentially a statistical metric which evaluates the pose accuracy over a path;
e.g. the path accuracy in industrial robotics according to ISO9283 is the maximum
positioning accuracy, i.e. the worst error, among all measured points [6].

2.1 Error sources

The machine accuracy is a consequence of kinematic, static, dynamic and thermo-
elastic system properties, the related laws of physics as well as phenomena related
to the design of the AMM. The kinematics, statics, dynamics and thermo-elasticity
together with the control system are commonly referred to as the main error sources
[7]. This section provides an overview over the most common errors for each of the
error sources.

Kinematics is a branch of classical mechanics that focuses on the motion of bod-
ies and systems of bodies without regard to the forces and torques that cause the
motion [40]. In the context of modelling for accuracy, a kinematic model of manu-
facturing machinery describes the relative movement between TCP and workpiece
as a result of geometric errors:

Imperfect geometry the distance by which the actual link deviates from
the ideal link [7].

Imperfect configuration the angular difference by which the actual topol-
ogy of the MBS deviates from the nominal topology [7].

Backlash the amount of available translation or rotation at the output with-
out motion at the input.

Play the amount of unwanted available translation or rotation at zero stiff-
ness at any component due to a lack of geometric constraints [17].



16 CHAPTER 2. PHYSICS-BASED MODELLING OF ACCURACY

Statics is a branch of classical mechanics. It focuses on the analysis of bodies
subjected to forces and torques. However, these forces and torques neither cause an
acceleration nor are they caused by an acceleration, the MBS is in static equilibrium
with its environment [41]:

Static deflections are a result of static loads and the finite stiffness of
the links and joints of the MBS. The stiffness of a mechanical system can
be defined as its capacity to sustain loads, which result in a change of its
geometry [42]. A common example in industrial robotics, is the deflection of
the manipulator due to the torques induced by the gravitational pull on the
links, also referred to as gravity torques.

Hysteresis the linear or angular displacement between two objects resulting
from the sequential application and removal of equal forces or moments in
opposite direction [17]. In general, one might say that hysteresis is the depen-
dence of the state of a system based its preceding state. Hysteresis in it-self
is not the phenomena which causes the deviation, but it is used to describe a
wider range of phenomena which cause this characteristic deviation pattern.

Dynamics is a branch of classical mechanics. Dynamics focuses on the study of
forces and their effects on motion, e.g. required motor torques to perform a re-
quested movement [14]. In dynamics the MBS is not in a static equilibrium with
its environment, forces and torques cause an acceleration of individual components
and the TCP. In the case of AMM, this acceleration is an unwanted movement of
the TCP which is super-imposed to the commanded movement [43]:

Vibrations occur due to dynamic loads and the finite dynamic stiffness
of the MBS. Dynamic stiffness is the capacity to sustain loads of a certain
frequency component. Also, the damping is an important system property
as it is the capacity of a vibrating system to partly transform energy of a
vibratory process during each cycle of vibration into another form of energy.
This is usually heat and noise [42]. Thus, the damping defines how fast the
system returns to the commanded TCP position, because it determines how
long the system oscillates after an excitation.

Friction is the force resisting the relative motion of solid surfaces, fluid
layers, and material elements sliding against each other [34].

Thermo-elasticity Thermo-elasticity is a branch of thermodynamics which fo-
cuses on the study of the relationship between the mechanical properties of a ma-
terial or system and its temperature, e.g. the Young’s modulus as a function of the
temperature [44].

Thermo-mechanical errors describe the change of the kinematics, statics
and dynamics due to a change in temperature of the links and joints of
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the MBS. Important thermo-elastic system properties are the coefficient of
thermal expansion as well as the thermal inertia, which is a system property
derived from the thermal conductivity and the specific heat capacity. These
parameters define how fast a MBS transfers heat (thermal inertia) and how
it changes its geometry as a result of the changed temperature (coefficient of
thermal expansion).

There are further error sources which can lead to a degradation of the accuracy
and repeatability of the MBS. However, they are either outside of the scope of
this work or are generally intended to be dealt with only preventively, i.e. they are
easiest to be avoided through the operation of the machinery in accordance with
the specifications of the OEM.

Controller errors are related to the control system of the AMM. For example,
these can be errors due to numeric truncation as a result of the finite time and
magnitude resolution. In machine tools, these errors occur in the manufacturing of
complex free form surfaces.

Wear describes the loss of functional capability over time due to adequate or inad-
equate usage. The effect of wear on the components can be observed as kinematic
errors or increased friction and subsequently thermo-mechanical errors.

Installation errors describe a difference in the anticipated pose of the Base Coor-
dinate System (BCS) relative to the world frame or inadequate mounting conditions,
e.g. a mount which is more compliant than the AMM.

All the aforementioned physics-based system properties influence the machine ac-
curacy to different extends. The importance of each individual system property
depends significantly on the design of the AMM as well as on the designated manu-
facturing process. The GDT conformity of a workpiece with its design as a result of
the interaction of the AMM with the manufacturing process is termed machining
accuracy. An analysis of machining accuracy can be applied, by coupling the AMM
model with a process model. The process model defines the forces and torques as a
result of the process parameter. The model of the accuracy of the AMM in combi-
nation with the process model can be used to identify which physical phenomena
is paramount for achieving the set GDT, i.e. in order to identify which behaviour
should be modelled and measured to optimize the operation of the AMM. There
are several applications which require the consideration of only one domain due
to its relatively higher impact on the machine accuracy as in the work of Mayer
[45] on the kinematics of machine tools, or the work of Brecher et al. on machine
tool thermo-elasticity [44] or the work of Baur on the dynamics [46]. Nonetheless,
there are also works which focus on several domains at the same time as in the
work of Kamali et al. [47] on elasto-geometric calibration of industrial robots due
to their low kinematic accuracy and low static stiffness or as in the work of Santo-
laria et al. [27]on the impact of the thermo-elasticity on the geometric errors of an
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Arm Coordinate Measurement Machine (CMM). The combined modelling might
be decisive for certain applications such as industrial robots in contact applications
or machine tools for the production of parts with exceptionally tight GDT such as
blade integrated disks.

2.2 Multibody system modelling

In classical mechanics a MBS is a mechanical system consisting of individual bodies
or links (e.g. worktables, axes, housings, suspensions systems, spindles) which are
coupled by joints (e.g. springs, dampers, gears, bearings, motors) and which are
subjected to forces [34]. The bodies or links of the MBS are usually considered to
be the mass bearing components, meaning that their masses, inertias, coefficients
or thermal expansion as well as thermal inertia are considered in the models, while
the joints are massless and mainly their characteristics like allowed travel range,
stiffness, damping, friction, heat generation and heat transfer properties are con-
sidered.

The dynamics of MBS can be modelled using the equation of motion as described
by Newton-Euler using force and torque balances, e.g. the following describes the
equation of motion of an industrial manipulator [14, 43]:

HHH(θθθ)θ̈θθ +CCC(θθθ, θ̇θθ)θ̇θθ + τττg(θθθ) + JJJTWWW = τττ

Or using Lagrange’s formalisms based on the conservation of energy [48] :

LLL(θθθ, θ̇θθ) = KKK(θθθ, θ̇θθ) +PPP(θθθ)

FFF = d

dt

∂LLL(θθθ, θ̇θθ)
θ̇θθ

− ∂LLL(θθθ, θ̇θθ)
θθθ

These equations are explained in Section 2.5 and are only intended as exam-
ples for Newton-Euler and Lagrange formalism. Further important characteristics
of MBS are the topologies of their configuration spaces, i.e. the coordinate repre-
sentation. In short, the topology of the configuration space indicates whether it
is a SKM or PKM. All MBS considered in this work are SKMs or Quasi-SKMs,
because the majority of installed machine tools and industrial robots are SKMs
or Quasi-SKMs [49]. The coordinate representation is linked to the topic of KSs,
i.e. configurations in which the MBS stops moving. More information about KSs is
given in the following sections.

A major task for the modelling of AMM is the combination of large movements
(kinematics) under the consideration of small deformation in the structural compo-
nents due to static, dynamic and thermal loads [50]. Thusly, there exists a variety of
MBS models considering the representation of the error sources and their assumed
importance to the accuracy of the AMM. In general, one can consider or observe
links and joints to either contribute or not contribute to the accuracy of the MBS:
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Links can be considered to have no contribution to the accuracy in which case
they are not modelled. This premise is referred to as rigid bodies. Or they can be
considered to have some contribution, thus their behaviour needs to be modelled,
using either a simplified or a detailed representation based on the significance of
the contribution. This premise is referred to as elastic bodies. The same is true for
the joints. The joints can be assumed to be working ideally not contributing to the
accuracy of the system, namely the rigid joints, or contributing, namely flexible
joints.

There exists a wide variety of different MBS models as MBS consist of sev-
eral complex links and joints and different parties (OEMs, users) are interested in
different aspects of the MBS [34, 51].

Rigid body with rigid joints MBS model with rigid bodies and rigid joints is
equivalent to a pure kinematic representation of the mechanical apparatus. The
bodies of the system are infinitely stiff and the commanded and actual joint values
are the same, e.g. no losses from friction, backlash, compliance etc. This assumption
is usually made when the deformation of the MBS under operation is significantly
smaller than the accuracy that needs to be achieved as a result of the task. There
exists no relative movement between the commanded and the actual movement.
These models are commonly used to calculate the inverse kinematics for machine
tool G-code or robot targets.

Rigid bodies with flexible joints (lumped parameters) A MBS model with
rigid bodies and flexible joints is also called a lumped parameter model. This as-
sumption is usually made when the deformation of the MBS under operation is
not negligible compared to the required accuracy of the task. The links or bodies
of the system are infinitely stiff. However, the joints are considered to introduce a
difference between the commanded and actual coordinate due to losses from fric-
tion, backlash, compliance, etc. The elasticity of the whole MBS is accounted for
in the joints. The total deflection is modelled by a set of deterministic functions
of the joints, i.e. the configurations of the structure. In this case virtual springs or
dampers are placed between the links or bodies of the system to represent the elas-
ticity. These components are also called flexible joints, bushing elements or force
elements. Some commonly found models of that type are models of machine tools
considering the kinematic inaccuracies [52] as well as the static stiffness in machine
tools [53] and industrial robots [54].

Elastic bodies with flexible joints The MBS are represented using elastic bod-
ies with flexible joints to achieve the highest fidelity or degree of similarity repre-
sentation of the original. They are computationally intensive and they are usually
only available to the OEMs, because they are used almost exclusively for the design
of the AMM. Representations with elastic bodies and flexible joints are inaccessible
outside of the OEM’s research and development centres. In addition to that, they
are usually not suitable for the optimized operation of the AMM, as their calcula-
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tions can significantly increase the development cycles of AMM. There are several
approaches to model elastic bodies with flexible joints:

Finite Element Analysis This method decomposes the mechanical links
or bodies into a finite number of smaller elements and it introduces compliant
relations between the nodes of these elements. There exist standard shapes
(pyramids, cubes, etc) for the elements. Dividing the object into meshes with
proper shapes and sizes is an important step, as it essentially sets the degree
of similarity compared to the original. In modern Computer Aided Design
(CAD) software, the above process is fully automated and is integrated with
3D modelling of mechanical structures and mechanisms. An advantage of the
FEA modelling is its high accuracy that is mainly limited by the discretisa-
tion step.

Matrix Structural Analysis This method employs the basic idea of FEA
but operates with rather large compliant elements such as beams, arcs, cables,
etc. and introduces compliant relations between the nodes of these elements.
This obviously leads to the reduction of computational efforts and the fidelity
of the model.

Assumed Modes Models These models are derived from the partial dif-
ferential equation formulation by modal truncation. The assumed modes ap-
proach is used in the context of dynamic substructuring and component
mode synthesis, i.e. investigating the components, so called substructures,
of a MBS separately and to later calculate the assembled dynamics using
coupling conditions.

2.3 Kinematics

As aforementioned, kinematics is a branch of classical mechanics that focuses on
the motion of bodies and systems of bodies without regard to the forces and torques
that cause the motion [40]. The kinematics of AMM describes the relative move-
ment between a workpiece (w) and a tool (t), in terms of the TCP [37], along the
kinematic chain of the AMM. The kinematic chain or the topology of the AMM
describes the arrangement of its axes; i.e. the relative position and orientation of
mechanical components. This arrangement can be expressed using the notations
expressed in Figure 2.2, going from the tool (t) to the workpiece (w) [7]. The same
notation can be adopted for industrial manipulators customized for contact appli-
cations, e.g. deburring, trimming or subtractive machining. The kinematic chains
of AMM consist of rigid bodies and joints. The joints in SKMs connect to two adja-
cent links and enable relative translational and rotational movement in either one
or several spatial DOF. This is highlighted in Figure 2.2. The links are labelled in
blue, the transformations between the links are indicated by vectors highlighted in
red and the joints are highlighted in yellow. All rigid joints of AMM have a single
DOF and can thusly be classified as either prismatic or revolute joints:
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Figure 2.2: Visualisations of kinematic chains of (a) serial d robot (6 DOF) and (b)
a five-axis machining centre (5 DOF).

Prismatic (P) joint one translational DOF joint, colloquially also called sliding
joint. It enables translational linear motion between two links.

Revolute (R) joint one rotational DOF joint, colloquially also called hinge or
pin joint. It enables rotational relative motion between two links.

In terms of the kinematic model, the axis arrangement, i.e. the kinematic chain, is
commonly expressed using Homogeneous Transformation Matrix (HTM). Homoge-
neous coordinates, which are the basis to HTMs, were first introduced by Möbius
in the early 19th century [55]. HTMs describe the pose between two coordinate
systems using a rotation matrix RRR ∈ R3×3 and a position vector PPP ∈ R3×1 For
example, aHTMHTMHTM b ∈ R4×4 describes the transformation from coordinate system b
into a:

aHTMHTMHTM b =
[
RRR PPP
0 1

]
This idea can be expanded by defining the HTMs for each joint and multiplying

them to obtain the pose of the TCP (t) coordinate system in the workpiece (w)
coordinate system and vice versa, cf. Equation 2.3. The concept is visualized in
Figure 2.2; indicated by the purple arrows which represent the transformation from
the TCP coordinate system into the workpiece coordinate system closing the kine-
matic chain. Hence, the representation of the kinematic chain of the serial industrial
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manipulator displayed in Figure 2.2 (a) corresponds to:

wHTMHTMHTM t = wHTMHTMHTMBCS
BCSHTMHTMHTM1

5∏
i=1

iHTMHTMHTM i+1
6HTMHTMHTM t (2.3)

HTMs are an implicit representation of the pose, meaning that they use more
numbers than required to represent a pose. A rigid body has six DOF, while its
HTM has six elements for orientation and three elements for position. This implicit
or redundant representation is not due to the fact that there is no minimal represen-
tation of the orientation; Euler angles would be a suitable minimal representation.
Although, implicit representations require a redundant amount of numbers, they
are usually applied because of other beneficial mathematical properties. HTMs are
usually simpler than their Cartesian equivalents and offer a more readily applicable
symmetry, which allows for a simple multiplication.

The coordinate representation of MBSs can either be implicit, using more num-
bers than required to represent the pose (more than n coordinates for an n dimen-
sional space), or explicit, using exactly the required amount of numbers to represent
a pose (n coordinates for an n dimensional space). An example of this is the rep-
resentation of a point p on the unit sphere. An explicit representation of this point
can be obtained using spherical coordinates p(r, θ, φ). Alternatively, the point p can
be represented using Cartesian coordinates x, y and z and the distance to the centre
r yielding p(x, y, z, r). The seemingly trivial selection of the representation becomes
important when dealing with the continuous movement of the point in the exam-
ple. Assuming that the point moves on the shell of the sphere. Then for the explicit
representation, there are some instances when the point passes over the boundaries
of an octant, such that the representation is associated with a large change in the
coordinates. For the implicit representation the point p can pass smoothly over
the entire surface of the sphere without any large changes in the coordinates. The
large changes in the coordinates are an analogy for a KS. KSs, colloquially referred
to as just singularities, are configurations in which the MBS instantaneously loses
the ability to move in one or more directions [48]. Thus, when talking about MBS
the advantages of using explicit over implicit representation are usually a reduced
computational effort and data storage requirement, while its disadvantages are a
decreased dexterity because of KSs.

Practically speaking, KSs do almost not affect machine tools [56]. This is of
course a simplification. For machine tools with rotary joints there are KSs. When-
ever an A-, B- or C-axis has to over-travel, e.g. in the machining of complex shapes
and free form surfaces, this would result in KSs. However, such exclusive trajec-
tories are reserved for a minority of process planners and the software involved as
well as decades of industrial practice render this a minor difficulty. One might claim
that KSs occur more frequently in industrial robots, due to the multitude of rotary
coordinates, which can experience large changes in their coordinates.

The HTM based kinematic models of AMM are usually explicit models, i.e.
each joint is individually used as a coordinate. Please heed the difference, HTMs
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themselves are an implicit representation of a pose, nevertheless one can build
explicit models using them. For instance, the HTM in Equation 2.3 represents the
pose of the tool in the workpiece coordinate system based on the configuration of
the industrial manipulator, i.e. defining all actuated joint angles

[
q1 ... q6

]
.

While explicit kinematic models are most commonly used, there exist alterna-
tives. Implicit kinematic representations are commonly modelled using the Product
of Exponentials (POE) approach [57]. As mentioned before, the advantage of the
explicit representation is that it requires the minimum number of coordinates, also
called parameters, to describe the kinematics, but may result in KS. The POE
representation is not minimal, but one significant advantage is that the kinematic
parameters in the POE formula vary smoothly due to their implicit representa-
tion with changes in the joint axes [57]. All the same, the POE representation
seems to be less commonly used than the HTM approach. As for now the usage
of the POE seems to be limited to academic works. For more information refer
to the work of Lynch and Park [48]. Besides the discussion on the mathematical
modelling approach, i.e. HTM or POE, there are discussions about the number of
model parameters. In 2002, Mir et al. used a kinematic machine tool model with 42
error parameters [52], or model parameters, for a five-axis machining centre. While
in 2015, Fesperman et al. [23] used 39 error parameters for a five-axis machining
centre. The same can be observed for industrial manipulators. In 2013, Nubiola
and Bonev presented a work using 20 kinematic error parameters for a six axis
articulated industrial robot [58]. While in 2015, Joubair and Bonev used all 24
kinematic error parameters for a six axis articulated industrial robot [59]. Theissen
et al. used all 24 kinematic error parameters in Paper A [28] to separate the kine-
matic from the static deflections. In general it needs to be said that the number of
model parameters is not a quality trademark and it does not imply a relation to the
potential increase in positioning accuracy. Usually, the number of error parameters
reflects the measurement procedure, i.e. not all measurements can capture all error
parameters, and the notation, i.e. not all models require the same number of model
parameters to be equivalent based on the selection of the reference frames to the
bodies. This is further discussed in the following sections.

The kinematic models presented so far contain only rigid bodies and joints,
meaning that the MBS only represents the nominal kinematics. The following sec-
tions deal with the introduction of flexible joints to account for the kinematic errors
mentioned in Section 2.1. The kinematic errors of machine tools and industrial ma-
nipulators are caused by similar phenomena, but their modelling is different. Hence,
for this and each of the subsequent sections the models for machine tools and in-
dustrial manipulators are stated separately.

2.3.1 Machine tools
For machine tools, kinematic errors are categorized as location errors, which are
position independent, and component errors, which are position dependent [7]. They
are also referred to as inter and intra axis errors [60].
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Figure 2.3: Visualisation of the location errors between the C-axis and B-axis of a
five-axis machining centre. In green, the coordinate system as designed, in red the
actual coordinate system.

Location errors express the relative pose between the actual and nominal coordi-
nate system of an axis. This is visualized in greater detail in Figure 2.3. Rotational
axes have five location errors: two position errors (Figure 2.3 indicated in blue),
two orientation errors (Figure 2.3 indicated in yellow) and the zero angular position
(Figure 2.3 indicated in purple). A spindle (which can be individually represented
in the kinematic chain) has four location errors: two position errors, two orienta-
tion errors. There are no zero angular position errors for spindles. Translational
axes have three location errors: two orientation errors and the zero position error.
The number of kinematic errors represented in the model depends on the mod-
elling convention; i.e. each rigid body could have up to six location errors, equal
to the number of DOF; however, based on the convention some of the parameters
are redundant. The location errors can be represented in the kinematic model by
introducing an additional transformation between the rigid links of the MBS. For
the example in Figure 2.3 the location error HTM equals:

BLOCLOCLOCC = TTT (EXOC)TTT (EY OC)RRR(EAOC)RRR(EBOC)RRR(ECOC)

Where TTT is a translation along the axis and RRR is a rotation about the axis indicated
in the first trailing letter of the error denomination; e.g. EXOC translation along the
x̃-axis and EAOC rotation about the x̃-axis. For any kinematic chain the location
errors can be included using the location errors given in Table 2.1 to construct
HTMs.

Component errors describe the actual position and orientation of a component,
e.g. y-axis or a-axis, in the workspace. Component errors are functions of the moving
component. For example, the component error EXY expresses the deviation of the
y-axis into the direction of the x-axis (straightness error) as a function of the target
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position of the y-axis. Thus, the component errors of a single axis are modelled
replacing the rigid joint with a six DOF joint. The mathematical representation for
the six component errors of a single axis becomes:

YCOMCOMCOMX =


1 −ECXECXECX EBXEBXEBX x+EXXEXXEXX

ECXECXECX 1 −EAXEAXEAX EY XEY XEY X
−EBXEBXEBX EAXEAXEAX 1 EZXEZXEZX

0 0 0 1


Please heed, that each of the component errors is not a scalar, but a function
dependent on the target position of the axis. This is illustrated in Figure 2.4.
Furthermore, component errors incorporate characteristics of hysteresis; meaning
component errors are not only dependent on the position but also on the movement
direction. Using the information presented in Table 2.2, the component error HTMs
can be modelled for any kinematic chain.

The full kinematic model of a machine tool can be obtained by the sequential
multiplication of the location and component errors for each joint followed by the
sequential multiplication of each joint:

BCSHTMHTMHTM1 = BCSLOCLOCLOC1
BCSCOMCOMCOM1

A model of the kinematics of a linear three-axis machine tool can have from 24 to
31 geometric error parameters. One representation using 24 kinematic parameters
can represent all component errors as well as the squareness errors of the axes
(2 per axis), while assigning the coordinate systems such that the zero position
errors can be excluded. The representation using 31 geometric error parameters
includes the zero position errors as well as the location of the spindle (2 position
and 2 squareness errors, the zero position error is excluded lying in the axis of
rotation). The kinematic model of a 5-axis machining centre can have between 42
to 52 geometric errors; 30 (5 × 6) component errors, 10 (2 × 5) location errors for

Table 2.1: Location errors of machine tools.

Location errors
Location Zero Position Position Squareness
X axis EX0X - - EB0X EC0X
Y axis EY 0Y - - EA0Y EC0Y
Z axis EZ0Z - - EA0Z EB0Z
A axis EA0A EY 0A EZ0A EB0A EC0A
B axis EB0B EX0B EZ0B EA0B EC0B
C axis EC0C EX0C EY 0C EA0C EB0C

Spindle axis (C1) - EX0(C1) EY 0(C1) EA0(C1) EB0(C1)
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Figure 2.4: Visualisation of measured bi-directional translational component errors
of a machine tool.

Table 2.2: Component errors of machine tools.

Linear errors Angular
Component Positioning Straightness Roll Pitch Yaw

X axis EXX EY X EZX EAX EBX ECX
Y axis EY Y EXY EZY EBY EAY ECY
Z axis EZZ EXZ EY Z ECZ EBZ EAZ
A axis EXA EY A EZA EAA EBA ECA
B axis EY B EXB EZB EBB EAB ECA
C axis EZC EXC EY C ECC EAC EBC
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Table 2.3: Positioning accuracy of machine tools without and with lumped param-
eter kinematic model.

Positioning Accuracy
Without APPW O

With APPW

Author, Year mean in µm max in µm mean in µm max in µm
Mir, 2002 [52] - - - -

Bringmann, 2006 [61] - - - -
Mayer, 2012 [45] 54 94 9 19

Fesperman, 2015 [23] - - <1 -

the rotary axes, 9 (3 × 3) location errors for the linear axes and three location
errors for the spindle [7, 60]. As aforementioned, the number of model parameters
do not imply a potential increase in positioning accuracy. The model of Bringmann
and Knapp for a 5-axis machining center uses 14 model parameters [61] which
reduces the unidirectional circularity from 39 µm and 45 µm to 25 µm and 33 µm
[37], the model of Mayer of a five-axis machine tool contains 13 model parameters
and reduces the mean and maximum error norms of 54 µm and 94 µm to 9 µm and
19 µm [45], the model of Theissen et al. of a 3-axis milling machine contains 19
model parameters and reduced the mean bidirectional circularity from 25 µm to
15 µm Paper D [22], cf. Table 2.3.
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Figure 2.5: Kinematic schema of an articulated industrial manipulator and the
Denavit-Hartenberg convention [14, 48, 62].

2.3.2 Articulated manipulators

The kinematic accuracy of serial articulated industrial robots is modelled in terms
of the actual Denavit-Hartenberg (DH) parameters. The DH convention assigns
coordinate frames to the joints of the robot to express the movement of each joint
relative to one and another [63]. As said, each rigid body has three translational
and three rotational DOF. Thus, an industrial robot has n × 6 DOF, where n is
the number of joints. However, the DH convention defines that the axis of rotation
and the z̃-axis of that link are co-axial and that the origin of the z̃-axis lies in the
x̃-z̃ plane of the robot BCS. Hence, the convention reduces the number of DOF
per joint to four. These four DOF are represented as the DH parameters. The DH
parameters, i.e. the model parameters, are the link length a, i.e. the distance along
the x̃-axis, the link twist α, i.e. the angle about the x̃-axis, the joint offset d, i.e. the
distance along the z̃-axis, and the joint angle θ, i.e. the angle about the z̃-axis. This
is illustrated in Figure 2.5. There exist several different DH conventions. Essentially,
these differ in the definition of the DH parameters, e.g. the joint offset d can be
defined as the distance along the z̃i-axis or z̃i−1-axis.

Due to the DH convention an industrial robot has at maximum a set of 24
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Table 2.4: Positioning accuracy of articulated manipulators without and with
lumped parameter kinematic model.

Positioning Accuracy
Without APPW O

With APPW

Author, Year mean in µm max in µm mean in µm max in µm
Ye, 2006 [64] 960 1,760 470 640

Nubiola, 2013 [58] 980 1,630 290 670
Nubiola, 2014 [65] 870 2,720 480 1,040
Wu, 2015 [66] 540 1,250 100 320

Filion, 2018 [67] - - 200 620

actual DH parameters1. The actual, or calibrated, DH parameters express the actual
kinematics of the manipulator instead of the nominal DH parameters, which express
the design intent. The actual DH parameters are scalars and are used to replace the
scalar nominal DH in the rigid link and joint model of the industrial manipulator.
This results in another rigid link and joint model just with different kinematic
parameters.

Also for the kinematic calibration of articulated manipulators there are differ-
ent modelling approaches with varying numbers of model parameters. The model of
Ye et al. uses 30 kinematic model parameters and achieves an improvement of the
mean and maximum positioning accuracy from 960 µm and 1,760 µm to 470 µm and
640 µm [64]. For a similar calibration procedure Nubiola and Bonev use 20 kine-
matic model parameters and achieve an improvement of the mean and maximum
positioning accuracy from 980 µm and 1,630 µm to 290 µm and 670 µm [58]. For
a different manipulator and calibration procedure, using the same model Nubiola
and Bonev achieve an improvement of the mean and maximum positioning accu-
racy from 870 µm and 2,720 µm to 480 µm and 1,040 µm [65]. Others again, such as
Wu et al. use a different manipulator, calibration procedure and kinematic model
parameters to achieve an improvement of the mean and maximum positioning accu-
racy from 540 µm and 1,250 µm to 100 µm and 320 µm [66]. A further example can
be seen in Filion et al. who uses the same manipulator and model as Nubiola and
Bonev with a different calibration procedure [67]. On average this yields a potential
improvement of the mean positioning accuracy by approximately a factor of three.
These results are summarised in in Table 2.4.

There exist no publications on the modelling of robot kinematics similarly to
machine tools using functions instead of scalars. This might be due to the fact
that the remaining inaccuracy of industrial manipulators depends mainly on static
deflections, vibrations and the repeatability of the manipulator rather than in in-
sufficient level of detail of the kinematic model [68].

1Common best fit models have a set of 18 actual DH parameters [10].
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2.4 Statics

As aforementioned, statics is a branch of classical mechanics that pertains to the
analysis of bodies subjected to forces and torques; however, the forces and torques
neither cause an acceleration nor are they caused by an acceleration [41]. The MBS
is in static equilibrium with its environment. An alternative definition is given by
Rivin, statics is the analysis of bodies subjected to forces and torques for a very slow
loading process under a periodic loading with a frequency lower than 0.5 Hz [42].
Static models of AMM describe the spatial deflections ∆X∆X∆Xstatic of the loaded TCP
compared to the unloaded TCP due to the finite stiffness of the structural members
which are in the flow of forces of static loads.

∆X∆X∆Xstatic =
[
δx δy δz δα δβ δγ

]T
The δi are the uni-dimensional spatial deflections. Hence, this section focuses on
models of static deflections of AMM. Prominent examples for static loads in pro-
duction engineering are: The gravity torques acting on an industrial manipulator
or the static load component of a process force of a manufacturing processes.

The structural components which are in the flow of forces are the links and joints
of the aforementioned kinematic chains. The key characteristic for the analysis of
static deflections of the joints and links is their static stiffness. The stiffness of a
mechanical system can be defined as its capacity to sustain loads, which result in a
change of its geometry [42]. Its inverse is termed compliance. The stiffness of links
and joints is modelled using some form of Hooke’s law [34, 69]:

FFF = KKK∆X∆X∆X

Static stiffness2 is an important capability indicator due to its effect on dynamic
stability, wear resistance, accuracy and efficiency [42]. High stiffness is important
to precisely maintain the pose between the TCP3 with respect to the workpiece
during manufacturing. It directly affects the dimensional and surface accuracy of
the parts, i.e. how closely the part matches the design drawing [70].

It is difficult to achieve a high stiffness at the TCP of MBS, as all or many of
its structural members are in the flow of forces and the lumped system stiffness
depends significantly on its weakest member. This consideration is founded in the
observation that the reaction forces in the links are equivalent in magnitude. Thus,
their lumped MBS compliance 1

keq
is equivalent to the sum of the reciprocal of the

bodies, i.e. equivalent to springs in series [4]:

1
keq

=
n∑
i=1

1
ki

2This work uses the terms static stiffness and stiffness synonymously. Dynamic stiffness is
always referred to as dynamic stiffness.

3Strictly speaking, a point has no orientation. However, using a transformation the transla-
tional deviation caused by the orientation of the End Effector (EE) can be evaluated.
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Figure 2.6: Static stiffness of links as a result of material and geometric properties.
E and G are material and A, I, and IT are geometric properties. [13, 41].

Despite the design intent for high stiffness of the structural machine components,
the presence of joints has a significant effect on the MBS’s stiffness [4]. The static
stiffness of links is a system property and it depends mainly on4: (i) Material
properties such as the Young’s modulus E and Shear modulus G as well as (ii)
geometric properties such as the cross section A, the length L, and the area moment
of inertia I. This is illustrated in Figure 2.6. On the other hand, the static stiffness
of joints depends on material and geometric properties as well as on the interaction
of the unconstrained elements. Generally, it can be considered that the stiffness of a
joint varies due to changes in the contact area between the joint’s contact surfaces.
This is illustrated in Figure 2.7. Figure 2.7 shows different ideas to pretension
spheres in their racetracks as commonly done for linear guides, ball screws and ball
bearings.

The model of static deflections of AMM expands the kinematic model by adding
force elements, i.e. springs, to the links and joints in the flow of forces. There are
different kinds of springs. The types of springs differ based on the type of joint as
well as on the number of DOF:

One DOF linear spring The uni-axial force f is equivalent to linear stiffness k
multiplied by the deflection δl, i.e. one DOF linear Hooke’s law f = kδl.

One DOF torsional spring The uni-axial torque τ is equivalent to rotational
stiffness kr multiplied by the rotational deflection δθ, i.e. one DOF rotational
Hooke’s law τ = krδθ.

These are the simplest force elements and are used for the modelling of the static
deflections of AMM in this work. However, also other force elements are used in
the literature:

4There are factors which can influence these material properties, e.g. many materials experi-
ence a decrease in the Young’s modulus with a temperature increase. Since it becomes easier to
stretch the atomic bonds.
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Figure 2.7: Common machine elements which are used as joints and different kinds
of pretension to affect the interaction of the unconstrained elements [13].

Three DOF linear spring The three-axial forces FFF are equivalent to linear stiff-
ness KKK multiplied by the position deflections ∆pos∆pos∆pos, i.e. three DOF linear Hooke’s
law FFF = KKK∆pos∆pos∆pos.

Three DOF torsional spring The three-axial torques τττ are equivalent to rota-
tional stiffness KrKrKr multiplied by the orientation deflections ∆rot∆rot∆rot, i.e. three DOF
rotational Hooke’s law τττ = KrKrKr∆rot∆rot∆rot.

Six DOF spring 5 The spatial wrenchWWW =
[
Fx Fy Fz τx τy τz

]T is equiv-
alent to Cartesian stiffness matrix Kx ∈ R6×6 multiplied by the pose deflections
∆X∆X∆X =

[
δx δy δz δα δβ δγ

]T , i.e. Hooke’s law for elastic bodies WWW =
KKKx∆X∆X∆X.

One can argue that the selection of the springs depends on the observed physical
phenomena as well as on other considerations such as the availability of data. For
example in 2014, Moberg et al. modelled an articulated industrial manipulator with
18 DOF, i.e. adding a three DOF torsional spring to each joint [71]. Moberg et al.
observed that there is not only one rotation around the centre axis but also tilts
around the other axes, due to the bearings of the joints. Others such as Dumas et al.
use six DOF models for industrial manipulators, i.e. adding a one DOF torsional
spring to each joint of the manipulator [36]. Then others again, such as Klimchik
et al. model the same industrial manipulator, which Dumas uses, with 36 DOF,
i.e. one six DOF spring per joint [25]. There is no clear advantage in terms of the
predicted, or residual, errors for any of the above stated models. This can be seen in
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Paper A [28]. The work of Theissen et al. implies that one can obtain equally good
residual errors for any of the models depending on the whole calibration procedure
of the model. In general, an increase of the amount of introduced DOF might
increase the model accuracy however to a diminishing extent, while the complexity
increases. Additionally, for more complex models the attributed stiffness may not
represent the actual physical quantity due to limitations in observability and error
separation. This may limit the transferability of the information. The same applies
to machine tools as can be seen in the following section. In addition to adding
simple ideal springs, one can also model more complex springs. The springs can be
modelled with hysteresis or with non-linear stiffness.

Before the models of static deflections of machine tools and industrial robots
are presented, the concept of the Jacobian matrix needs to be introduced. In vector
calculus, a Jacobian matrix, or simply Jacobian, of a vector-valued function in
several variables is the matrix of all its first-order partial derivatives [72]. In the
context of this work and kinematics in general the Jacobian matrix relates the
change of pose of a point on the AMM, usually TCP, with respect to the coordinates
of the AMM model, i.e. for the articulated industrial robot displayed in Figure 2.6
the Jacobian JJJ ∈ R6×6 equals:

JJJ =


δx
δθ1

· · · δx
δθ6

...
...

δγ
δθ1

· · · δγ
δθ6


Jacobian matrices are also important in statics, as they can be used to calculate

the torques induced at the joints of the AMM. The torques acting around the rota-
tion axis of the joints of an articulated industrial robot can be calculated according
to [73]:

τττ = JJJTWWW

The joint torques τττ =
[
τ1 τ2 τ3 τ4 τ5 τ6

]
are equivalent to the transposed

Jacobian matrix multiplied by the spatial wrench. HTMs and Jacobian matrices are
closely interlinked, as a Jacobian can be derived from the entries of any HTM. Fur-
ther information this concept and the calculation is available in standard literature
on robotics[14, 48, 73].

All the of the subsequent models express the stiffness at the TCP of the AMM.
The stiffness can also be evaluated in any other point than the TCP. However, as
one is usually interested in the interaction with the manufacturing process using a
process model, e.g. a force prediction model, the evaluation of the stiffness at the
TCP is most representative for the machine accuracy. The TCP of the manipula-
tor and the centre of the turn disc, i.e. the mechanical interface, cannot coincide.
The functional point is situated at the End Effector (EE), i.e. a device specifically
designed for attachment to the mechanical interface [38]. EEs can usually be imple-
mented into the model by either assuming the EE to be an additional rigid body
or by knowing its stiffness.
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The models presented in this work assign one DOF linear springs to each pris-
matic joint and one DOF torsional springs to each revolute joint. As aforementioned,
the number of assigned springs depends on the consideration of the available data
and physical phenomena. Assigning the springs only to the joints, is equivalent to
proposing that the elasticity of the AMM is considered to be exclusively a conse-
quence of the elasticity of the joints. Thus, the models of static deflections of AMM
presented in the following section use rigid links, but elastic joints; i.e. they are
lumped parameter models.

2.4.1 Machine tools
For machine tools the static deflections of a single linear axis, i.e. one prismatic
joint, can be represented using a 1 DOF linear spring, a three DOF linear spring
or a six DOF spring.

The joint elasticities represented to model the stiffness at the TCP of a machine
tool with three prismatic joints, i.e. three linear one DOF springs, can be represented
by a stiffness matrix KKK having only entries on the main diagonal:

KKK =

kxx 0 0
0 kyy 0
0 0 kzz


The cross stiffness terms which would be used in a three DOF linear spring can
be neglected [4]. For machine tools, this modelling consideration is not unconven-
tional. Machine tools are designed to have one DOF per principal axis while the
other DOF are constrained [17]. In 2017 Szipka et al. chose to represent the static
deflections of a machine tool using one DOF linear springs for each prismatic joint.
In addition, the stiffness was expressed as a function dependent on the loading
direction as well as the position in the workspace [74]. The same model of static
deflections has been implemented by Theissen et al. [22]. For machine tools with
linear axes and their models on the level of detail of individual axis there exists no
literature on the coordinate dependency of the static stiffness using laws of physics.
Unlike industrial robots whose Cartesian stiffness depends on the levers created
by the configuration [54], machine tools with solely linear axis do not have such a
deterministic dependency. In the work of Szipka et al. the actual variation of the
stiffness as a function of position and load direction is measured [74].

Then there exists the possibility to include three DOF linear springs for each
prismatic joint. For a machine tool with three linear axes this results in a stiffness
matrix KKK:

KKK =

kxx kxy kxz
kyx kyy kyz
kzx kzy kzz


Based on the conducted literature review, there is no example of such a model. This
seems reasonable from the author’s point of view, since the experimental identifica-
tion of such information is complex and the design of machine tools renders these
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cross terms unimportant. Usually FE models work with three or six DOF springs.
However, when working with FE models one could with a similar ease include six
DOF springs, yielding full Cartesian stiffness matrices for each joint KKKx:

KKKx =
[
KKKtrans KKKcoup

KKKcoup KKKrot

]
The Cartesian stiffness matrix comprises translational KKKtrans, rotational KKKrot and
coupling terms KKKcoup. As said, this kind of elasticity is usually introduced in FE
simulations [75], but has no application for lumped parameter models of machine
tools. Though there are examples for industrial robotics as in the work of Klimchik
et al. [25].

Machining centres with five axes have revolute joints in addition to the pris-
matic joints. The revolute joints may be coupled to the prismatic joints or hold the
workpiece in place.

From industrial robotics according to Chen this relationship can be expressed
according to[76]:

KKKx,rot = JJJ−T (KKKθ −KKKC)JJJ−1

The matrix KKKx,rot is the contribution to the MBS stiffness of the rotary axes. KKKθ

is the diagonal joint stiffness matrix defined as:

KKKθ =
(
kα 0
0 kβ

)
The entries on the main diagonal of KKKθ depend on the kinematic chain of the
machine tool. KC is the complementary stiffness matrix, which using the principle
of virtual work creates an energy conserving relationship [36]:

KC =
[
∂JJJT

∂α WWW
∂JJJT

∂β WWW
]

Also the entries of the complementary stiffness matrix depend on the kinematic
chain. The complementary stiffness matrix accounts for the small change of the
configuration due to the loading of the MBS.

Unfortunately, there are no examples for the potential accuracy improvement
associated with the usage of lumped parameter models of the statics of machine
tools.

Despite the importance of static stiffness of machine tools, it is not common
to find available reported values of static stiffness in literature. However, some
literature states ranges of static stiffness based on the type of machine tool [4]. For
example, general purpose machine tools are designed with a stiffness of 10 N µm−1,
precision machines with 20 N µm−1 and machines for heavy cutting with up to
500 N µm−1.
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2.4.2 Articulated manipulators
For the modelling of the serial articulated industrial manipulators only one rotary
DOF is considered for each joint about the z̃ axis of each joint. The joints can be
represented as linear elastic torsional springs. Each spring has a rotary stiffness.
The links of the robot are assumed to be rigid. The spatial Cartesian stiffness of a
serial robot can be defined by Hooke’s law for rigid bodies:

WWW = KKKx∆X∆X∆X

KKKx is the Cartesian stiffness matrix of the manipulator. As said, this relationship
can be related to the configuration of the robot according to Chen [76]:

KKKx = J(q)J(q)J(q)−T (KθKθKθ −KKKC)J(q)J(q)J(q)−1 (2.4)

KKKθ is the diagonal joint stiffness matrix defined as follows:

KKKθ =

kθ1 · · · 0
...

. . .
...

0 · · · kθn


n is equal to the number of rotary joints. The complementary stiffness matrix KC

equals:
KKKC =

[
∂JJJT

∂θ1
WWW · · · ∂JJJT

∂θn
WWW
]

In 2015, Joubair and Bonev modeled the static deflections of an industrial ma-
nipulator using Equation 2.4 by neglecting KKKC . This is not uncommon, as it fa-
cilitates the identification of the joint stiffness matrix. The same can be found in
several papers, e.g. Paper C [24]. Joubair and Bonev achieve an improvement of the
mean and maximum distance accuracy from 700 µm and 1,320 µm to 150 µm and
270 µm [6] [59]. A similar approach is used by Kamali et al. who achieve a potential
improvement of the mean and maximum positioning accuracy from 2,480 µm and
5,950 µm to 260 µm and 960 µm [47]. Klimchik et al. use a model with six DOF
springs, resulting in a manipulator model with 153 parameters [25]. Klimchik et al.
achieve a potential improvement of the mean and maximum positioning accuracy
from 4,580 µm and 8,180 µm to 220 µm and 450 µm [25]. Theissen et al., Paper C,
achieve a similar potential improvement of the mean and maximum positioning ac-
curacy from 810 µm and 1,270 µm to 70 µm and 190 µm using a simple model with
6 parameters [24]. This equals an average potential improvement of the mean posi-
tioning accuracy by a factor of approximately twelve. These results are summarised
in in Table 2.6.

Despite the importance of static stiffness of industrial manipulators, it is not
common to find available values of static stiffness in literature. Table 2.5 provides
an overview over two types of robots with significantly different payloads:

The most significant difference for machine tools and industrial robots from a
stiffness point of view, is that the transformed Cartesian stiffness at the TCP, differs
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Table 2.5: Joint stiffness values for different industrial manipulators.

Industrial manipulator
ABB IRB 1600

(1450 mm, 10 kg)
Stäubli TX200

(2194 mm, 100 kg)
kθ1 N m rad−1 2.71 · 105 1.70 · 106

kθ2 N m rad−1 4.30 · 105 3.93 · 106

kθ3 N m rad−1 1.41 · 105 0.63 · 106

kθ4N m rad−1 0.11 · 105 0.61 · 106

kθ5 N m rad−1 0.1 · 105 0.1 · 106

kθ6 N m rad−1 0.05 · 105 0.1 · 106

Table 2.6: Positioning accuracy of articulated manipulators without and with
lumped parameter static model.

Positioning Accuracy
Without APPW O

With APPW

Author, Year mean in µm max in µm mean in µm max in µm
Klimchik, 2015 [25] 4,580 8,180 220 450
Joubair, 2015 [59] - - - -
Kamali, 2016 [47] 2,480 5,950 260 960
Theissen, 2019 [28] 810 1,720 70 190

significantly in their magnitude. The static stiffness of industrial manipulators is
significantly lower than for machine tools; e.g. some state one or more than one
order of magnitude [77]. The evaluation of the Cartesian stiffness of an ABB IRB
4600 yields [78]:

KKK =

0.14 0 0
0 0.11 0
0 0 0.3

N µm−1
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2.5 Dynamics

Dynamics is a branch of classical mechanics. The subject of dynamics focuses on the
study of forces and their effects on motion, e.g. what motor torques are required
to perform a desired movement with an industrial manipulator [14]. In general,
dynamic models of AMM describe motion (displacement, velocity, acceleration and
jerk) at the links or joints of the MBS as a result of induced forces and torques or
vice versa. The dynamic accuracy models of AMM describe the deflections of the
TCP due to vibrations of the structural components of the MBS ,which are in the
flow of forces of dynamic loads. The most prominent example of a dynamic load in
production engineering is the process force of a manufacturing process.

The structural components which are in the flow of forces are the links and
joints of the kinematic chain of the AMM. The key characteristics for the analysis
of vibrations of the joints and links are their dynamic stiffness as well as damping.
The dynamic stiffness of a mechanical system can be defined as its capacity to
sustain loads of a frequency component, which result in a change of its geometry. Its
inverse is termed dynamic compliance. Damping is a capacity of a vibrating system
to partly transform energy of a vibratory process during each cycle of vibration
into another form of energy [42]. This other form of energy is usually heat. The
energy dissipation leads to a reduction of the vibration intensity, i.e. the deflection
caused at the TCP. However, also other system properties are important to describe
the vibrations of MBS such as mass, inertia, the centre of mass and friction. The
vibrations of links and joints can be modelled using Newton-Euler equations:

mmmẍxx+ ddd(jω)ẋxx+ kkk(jω)xxx = FFF ext (2.5)

These system properties, the dynamic stiffness k(jω) and the damping d(jω)
are important to understand the dynamic behaviour of MBS. There is a difference
between the static k and dynamic stiffness k(jω). As aforementioned, stiffness is the
capacity to sustain loads. Static stiffness is the capacity to sustain static loads and
dynamic stiffness it the capacity to sustain dynamic loads. While the static stiffness
may be expressed as a scalar quantity the dynamic stiffness is usually expressed as
a function dependent on frequency [13]. Figure 2.8 shows the Frequency Response
Function (FRF) of the dynamic stiffness. FRFs display the relationship between
system properties and frequency.

Vibrations are expressed in the frequency domain due to their periodic nature.
Modal analysis refers to the analysis of MBS in the frequency domain. The repre-
sentation of the continuous Newton-Euler equation of motion in Equation 2.5 can
be transformed using the Fourier transform into [79]:

MMM2xxx(jω)2 +DDDxxxx(jω) +KKKxxxx = FFF (jω)ext

With the imaginary unit j and the angular frequency ω.

ω = 2πf
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Figure 2.8: Exemplary dynamic stiffness as frequency response function.

The ordinary frequency f is measured in Hertz, i.e. the number of occurrences of
a repeating event per unit of time. This formulation can be used to express the
vibration of a system as a consequence of being subjected to an external force of a
certain frequency component and magnitude. For example, the periodic engagement
and disengagement into the workpiece of a cutting tool in a milling operation. This
is an example for so called forced vibrations [80].

Forced vibrations are caused by machining (impact of the tool), asymmetries
of machine tool components (imbalances generating inertial torques) or external
vibrations induced via the machine base [13]. Then there are also self-excited vi-
brations [80]. These are vibrations in which the machine resonates in one or several
eigen-frequencies. Eigen-frequencies, also known as natural frequencies, are the fre-
quencies at which a system tends to oscillate in the absence of any driving or
damping force [34]. Eigen-frequencies are a system property like mass or stiffness.

In the context of AMM, any types of vibration are undesirable. Vibrations
lead to a degradation of the operational performance. While kinematic, static and
thermo-elastic errors are usually mapped in form of GDT non-conformity, dynamic
errors usually lead to a degradation of the surface quality of the workpiece due
to periodic marks [81]. Furthermore, vibrations cause a significant decrease of the
service life of cutting tool inserts [82]. In the cases of machine tools the impact on
the GDT of vibrations is minor, however in industrial robotics it can be considered a
major obstacle for metal cutting [83]. Likewise stiffness, high damping is a desirable
material and system property. The damping capacity of links and joints is described
by the loss factor ψ. The damping capacity of links depends mainly on the alloy
composition, the temperature as well as the mechanical load case [84]. While the
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damping capacity of joints depends on the aforementioned factors as well as the
interaction of the unconstrained elements. While joints decrease the stiffness of a
MBS, they increase the damping due to the higher energy dissipation caused by
friction [85].

The model of vibrations of AMM expands the kinematic and static model by
adding dampers as force elements to the springs at the links and joints in the flow
of forces. Dampers dissipate energy proportional to the velocity of the MBS. The
types of dampers differ based on the type of joint as well as on the number of DOF:
one DOF linear/torsional damper, threeDOF linear/torsional damper and the six
DOF damper. Dampers are analogous to the springs described in the preceding
section.

Before the models of vibrations of machine tools and industrial robots are pre-
sented, the equations for the transformation of the dynamic behaviour for mechan-
ical systems with revolute joints into Cartesian space and their model parameters
are introduced. These equations are used in the subsections on machine tools and
industrial robots to express the dynamics in Cartesian space as a function of the
configuration of the AMM. The equation of motion in joint space equals [14]:

HHH(θθθ)θ̈θθ +CCC(θθθ, θ̇θθ)θ̇θθ + τττg(θθθ) = τττ

The matrix HHH(θθθ) ∈ Rn×n where n is the DOF, or coordinates, of the MBS is the
symmetric, positive-definite Joint-Space Inertia Matrix (JSIM) [14]. The matrix
CCC(θθθ) ∈ Rn×n is a matrix such that CCC(θθθ, θ̇θθ)θ̇θθ yields the velocity product terms. It
takes into account the centrifugal and Coriolis terms. The vector τττg(θθθ) ∈ Rn×1

contains the gravity torques and the external wrenchWWW , i.e. the process force. Due
to the reduced velocities, which are limited by the feed velocities of the process, the
matrix can be neglected [86]:

HHH(θθθ)θ̈θθ + τττg(θθθ) = τττ

The same relationship can be expressed in terms of stiffness and damping as defined
in the work of Wernholt [87]:

KKKθθθθ +DDDθθ̇θθ = τττ

Applying the transformations for the stiffness according to Chen [76] and for the
damping according to Ott [88] for small deflections and forces, the response of the
system to an external wrench WWW can be expressed as:

WWW = J(q)J(q)J(q)−T (KθKθKθ)J(q)J(q)J(q)−1∆X∆X∆X + J(q)J(q)J(q)−T (DθDθDθ)J(q)J(q)J(q)−1 ˙∆X∆X∆X (2.6)

2.5.1 Machine tools
There exist several works which focus on the position-dependent stability of machine
tools. The majority of these works focus on FE models and machine tool design
optimisation. Then there is a limited number of examples of MBS machine tool
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models and hybrids. Hybrids propose the integration of FE and MBS models usually
by integrating nodal bodies into the rigid body/lumped parameter models [50]. This
is usually achieved by sub-structuring approaches, i.e. investigating the components
or substructures separately, as configuration independent parts [89] or by model
reduction techniques, i.e. trying the reduce the number of elements and nodes to
spatially distribute the system characteristics over the elastic links [90].

There are only limited examples of lumped parameter models of MBS dynamic
for machine tools available in the literature. An early example, is the MBS model
presented by Reinhart and Weissenberger in 1999 [91]. The model is build by con-
necting the subsystems, i.e. links, with force elements, i.e. joints, which represent
the principle dynamic behaviour. In 2006, Whalley et al. presented an elaborate
distributed lumped, lead-screw model which expresses the stiffness dependent on
the travel range of the axis. The model considers the distance of the centre of mass
from the bearings, with position dependent tension and torsion models [92]. An
example of a pure lumped parameter model of MBS dynamics was presented by
Lee et al. in 2006 [93]. Lee et al. tested the scaling laws of system dynamics on a
self-developed meso machine tool. This required a representation of the system’s
dynamics. The lumped parameter model provided a sufficient degree of coherence.

Unfortunately, there are no examples of the potential improvement of position-
ing accuracy using dynamic models of AMM.

2.5.2 Articulated manipulators
For the modelling of the serial articulated industrial manipulators only one rotary
DOF is considered for each joint about the z̃ axis of each joint. The joints can be
represented as linear elastic torsional springs which are coupled with one DOF of
freedom rotational dampers. The links of the robot are assumed to be rigid. These
are the same modelling considerations that have been applied in the section about
static stiffness. Thus, applying the transformations for the stiffness according to
Chen [76] and for the damping according to Ott et al. [88] for small deflections and
forces, the response of the system to an external wrench WWW can be expressed as
Equation 2.6.

Unfortunately, there are no examples for the potential improvement of posi-
tioning accuracy using lumped parameter model of the dynamics of articulated
manipulators.

The most significant difference for machine tools and industrial robots from a
dynamics point of view, is that the lower stiffness results in eigen-frequencies at
lower frequencies. The first natural frequency for industrial manipulators can be
expected in the range of 7-10 Hz[71], while the first natural frequency for machine
tools can be expected to occur at around 50-70 Hz [94]. This poses a significant
obstacle for the application of industrial manipulators in contact applications[77].
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Figure 2.9: Power, temperature and thermal steady state measured for an industrial
manipulator.

2.6 Thermo-elasticity

The subject of thermo-elasticity belongs to the field of classical thermodynamics.
Thermo-elasticity deals with heat and temperature as well as their relation to en-
ergy, work and properties of matter and objects [95]. Models of the thermo-elasticity
of AMM can describe a change of the aforementioned kinematic, static and dynamic
models due to a change in temperature of the links and joints in the kinematic chain
of the MBS. This work focuses solely on the effect of the thermo-elasticity on the
kinematics, changes in the static and dynamic models as a result of the change in
temperature are not discussed in this work. Most commonly machine tool spindles
are affected by thermo-elastic changes in stiffness [96]. The operating temperature of
motor spindles is significantly higher than for most other machine tool components.

For example, the link length a of an industrial manipulator can be defined as a
function dependent on temperature T . The dependency of kinematic parameters on
temperature is commonly modelled using exponential functions for both machine
tools [97, 98] and industrial manipulator [99, 100]. This is visualized in Figure 2.9,
displaying the characteristic behaviour of heat expansion measured on an industrial
manipulator.

For several decades, it has been argued that the thermo-elasticity of the machine
tool can have a significant contribution to the accuracy of the AMM [101]. Thermo-
elasticity is a complex field of study. The thermo-elasticity of AMM is complex due
to time horizons of days rather than hours to measure a steady state response [97],
the difficulty to implement sensors effectively to obtain robust measurements, the
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non-linearity of mathematical models as well as the numerous sources which can
cause the change in the heat field [96].

The sources are differentiated into machine internal and machine external, as
illustrated in Figure 2.10. Machine internal sources are only present during the
operation of the machine. Some of the main sources of heat, just in terms of amount
of heat, is the heat stored in the chips, which leads to an increase in temperature
of the machine table and base. Then there is the influence of several process fluids,
among which the cooling lubricants may have the biggest influence. This depends
on the cooling strategy, e.g. using flood cooling, Minimum Quantity Lubrication
(MQL) or dry cutting. Machine external sources are the factory environmental
temperature in the macro scale as well as temperature fluxes due to open factory
gates on the mesoscale. These change the temperature of the AMM over the course
of the day in patterns, which are seldom taken into consideration; e.g. breaks,
sunrise and sunset as well as common delivery times.

Thermo-elasticity is commonly considered by the AMM OEMs. This is due to
the high complexity which usually requires FE models to study the thermal stabil-
ity of the MBS [102] and because the AMM’s thermal stability can be influenced
mainly during the design phase [103]. The designers aim for equal time constants
on all subsystems of the machinery to have a homogeneous heat field and distortion
field, i.e. avoiding thermal bending. Then to reduce the internal (parts with higher
efficiency rate, different lubrication) and external (ambient control) heat sources,
i.e. to avoid thermal expansion.

Important thermo-elastic system properties are the coefficient of thermal ex-
pansion as well as the thermal inertia, which is a system property derived from the
thermal conductivity and the specific heat capacity [84]. These parameters define
how fast a MBS transfers heat (thermal inertia) and how it changes its geometry as
a result of the changed temperature (coefficient of thermal expansion). For simple
systems, these parameters are used in lumped parameter models to express the
thermo-mechanics of nodes, i.e. large parts, thermally conductive parts, of systems
together with the laws of physics for heat transfer (conduction, convection, radia-
tion) [104]. Generally, this is not possible for AMM due to their complexity. How-
ever, one can define lumped parameter models for the thermo-elasticity of AMM
under constraints. As indicated in Figure 2.10 and stated in [97, 101], the majority
of the heat is developed by the internal sources. Thus, the models are reduced to
focus on internal sources. Furthermore, this work excludes the heat coming from
the metal chips, as this heat is supposed to be dealt with using coolant strategies
and as their modelling requires complex FE models [105]. This work couples the
thermo-elasticity of the kinematic parameters to the motor power as well as the
temperature of the joints and links. These models can achieve a good coherence for
repeatable task programs under a stable environmental temperature; as under these
conditions, the thermo-mechanical deformations are mainly due to self-heating and
the heat field can be assumed constant due to the repeatable task [26].
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Figure 2.10: Thermal heat transfer, internal and external heat sources and sinks
and their relationship with AMM [97, 101].

2.6.1 Machine tools
The thermo-mechanical errors change the kinematic chain due to a change of the
heat field of its structural members [106]. In 2004, Brecher et al. presented a thermal
compensation strategy based on the identification of the thermal-deformation at the
TCP as a function of the temperature and of the environmental temperature and
the power consumption of the motors of the components in which the thermo-
mechanical errors change the location and component errors [97]. In 2015, Brecher
et al. proposes to model the volumetric thermo-elastic machine behaviour expressing
the location and component errors dependent on the target position of an axis as
well as the temperature [44]. Thus the location errors equal:

BLOCLOCLOCC(T ) = TTT (EXOC(T ))TTT (EY OC(T ))RRR(EAOC(T ))RRR(EBOC(T ))RRR(ECOC(T ))

The component errors equal:

YCOMCOMCOMX(T ) =


1 −ECXECXECX(T ) EBXEBXEBX(T ) x+EXXEXXEXX(T )

ECXECXECX(T ) 1 −EAXEAXEAX(T ) EY XEY XEY X(T )
−EBXEBXEBX(T ) EAXEAXEAX(T ) 1 EZXEZXEZX(T )

0 0 0 1


As aforementioned, the same approach can be adopted for the location errors out-
lined in Table 2.1 as well as the component errors in Table 2.2. This work adopts
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Table 2.7: Positioning accuracy of machine tools without and with lumped param-
eter thermo-elastic model.

Positioning Accuracy
Without APPW O

With APPW

Author, Year mean in µm max in µm mean in µm max in µm
Brecher, 2004 [97] 59 - 3 -
Brecher, 2019 [98] 21 214 2 79

the approach of expressing the location and component errors as target position
and temperature dependent functions. Brecher et al. supported the usage of the
modelling in 2019 [98] by referring to the general applicability of different mea-
surement equipment. However, for machine tools in repeatable tasks and under a
stable environmental temperature the location and component errors can also be
expressed dependent on the theoretical motor power of the link motor, i.e. com-
bining the approaches from Brecher et al. from 2004 and 2015. Thus, the location
errors equal:
BLOCLOCLOCC(P ) = TTT (EXOC(P ))TTT (EY OC(P ))RRR(EAOC(P ))RRR(EBOC(P ))RRR(ECOC(P ))

The component errors equal:

YCOMCOMCOMX(P ) =


1 −ECXECXECX(P ) EBXEBXEBX(P ) x+EXXEXXEXX(P )

ECXECXECX(P ) 1 −EAXEAXEAX(P ) EY XEY XEY X(P )
−EBXEBXEBX(P ) EAXEAXEAX(P ) 1 EZXEZXEZX(P )

0 0 0 1


Some examples for the potential accuracy improvement associated with the

usage of lumped parameter model of the thermo-elasticity of machine tools can be
seen in Table 2.8.

2.6.2 Articulated manipulators
As aforementioned, the kinematic model accounts for the imperfect geometries and
dimensions of the links as well as the configurations of the joints using a set of
constant actual DH parameters; e.g. the link length, the link twist, the joint off-
set and the joint angle. Thermo-mechanical errors change the kinematic chain due
to a change of the heat field of its structural members [106]. Thus, the thermo-
mechanical errors change the set of actual DH parameters. In 1997, Heisel presented
a thermal compensation strategy based on laser tracker measurements and kine-
matic parameters being linked to the temperature change [100]. In 2006, Poonya-
pak experimentally linked the change of the kinematic parameters to the rotational
velocities of the manipulator [99]. In 2009, Santolaria presented an experimental
approach to express the kinematics of an articulated arm coordinate measuring
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Table 2.8: Positioning accuracy of articulated manipulators without and with
lumped parameter thermo-elastic model.

Positioning Accuracy
Without APPW O

With APPW

Author, Year mean in µm max in µm mean in µm max in µm
Poonyapak, 2006 [99] 147 - 3 -
Santolaria, 2009 [27] - 175 - 75

Yin,2014 [107] 195 441 41 79
Theissen, 2019 [26] 250 - 70 -

machines as functions dependent on temperature [27]. More recently, others such
as Yin [107] and Li [102] presented other approaches to quantify the change of
the kinematic chain due to thermo-mechanical errors using FE models. Theissen
et al., Paper B, define a set of task dependent DH parameters coupled to motor
power of the joints for industrial robots with a known and repeatable task program
under a stable environmental temperature; as under these conditions, the thermo-
mechanical deformations are mainly due to self-heating and the heat field can be
assumed constant due to the repeatable task. Each DH parameter ai, αi, θi and di
(joint referred to as parameter pi ), depends on the temperature as:

pi(T ) = −lbpi
e−tspi

T + ubpi

The parameters lbpi
and ubpi

represent to lower and upper bound for the scalar
value of the DH paramter, e.g. parameter a2 on an ABB IRB 1600 can vary from
149.95 mm to 150.15 mm. The parameter tspi

represents the thermal stability of
the DH parameter.

This licentiate thesis expresses the DH parameters as a function dependent
on the theoretical motor power for neighbouring joints. As said, this approach is
limited to robots in repeatable tasks and under a stable environmental temperature.
Thus, the change of the kinematic structure is due to the amount of heat that is
created in the motors at the axes of the robot, as a result of the transformation of
electrical to mechanical power. For manipulators under these conditions, the heat
field generated from the task will converge to steady state conditions after at most
two days for very big robots, Fanuc M-2000iA. But usually this will happen much
faster, e.g. for small robots one can assume a period of a few hours. For robots in
repeated tasks and under invariant environmental conditions each DH parameter
pi can be expressed as a function of the motor power of separate adjacent joints
PJn :

pi(PJn
) = −lbpi,n

e−(tspi,n
PJn ) + ubpi,n
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Some examples for the potential accuracy improvement associated with the us-
age of lumped parameter model of the thermo-elasticity of articulated manipulators
can be seen in Table 2.8.





Chapter 3

Dimensional precision metrology of
AMM

Dimensional precision metrology can be defined as the science of measurement of
length from 0.1 µm to 10 µm at uncertainty levels of 0.1 µm to 100 µm in AMM[11].
The term length indicates measurements of distance, displacement, position and
orientation. Usually in combination with other dimensions such as time. Figure 3.1
shows measurement ranges, instrumental measurement uncertainty as well as mea-
surement instruments used in dimensional precision metrology for AMM [39]. The
measurement ranges indicate the absolute value of the difference between the ex-
treme quantity values of the measurable interval, e.g. laser trackers are commonly
stated to be able to measure up to a distance of 50 m. Instrumental measurement
uncertainty is the component of measurement uncertainty arising from a measuring
instrument or measuring system [11], e.g. laser trackers are commonly stated to be
able to measure with a base instrumental uncertainty of 15 µm + 6 µm m−1distance
from the instrument. Measurement uncertainty is a non-negative value character-
izing the dispersion of the quantity values being attributed to a measurand [11].

The physics-based models of AMM accuracy require dimensional precision metrol-
ogy for model calibration and validation. Model calibration can be defined as the
process of defining a mathematical model to represent an original, to measure the
actual behaviour of the original, to identify the model parameters and to implement
them to achieve an improved behaviour of the original. In short, the calibration
process consists of four phases; modelling, measurement, identification and imple-
mentation. The modelling phase deals with the determination of suitable model
parameters and the mathematical model that utilizes them to represent the original
as accurately as possible, e.g. a kinematic model of a machine tool. The measure-
ment phase acquires data of the actual behaviour of the original, e.g. the movement
of the x-axis of a machine tool. The actual position pppa and orientation oooa for dif-
ferent target positions i = 1, ..., n can be measured according to ISO230 using a
laser interferometer. Then the kinematic model with rigid body and joints, i.e. the
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Table 3.1: Relevant standards for the measurement of AMM considered in this
thesis.

Machine Tools Articulated Manipulators

Kinematics
Statics

ISO 10791
Part 1:2015
Part 2:2000
Part 3:1998
Part 4:1998
Part 5:1998

ISO 13041
Part 1:2008
Part 2:2008
Part 3:2009
Part 4:2004
Part 8:2004

ISO 230
Part 1:2012
Part 2:2014
Part 4:2005
Part 7:2006

ISO 9283:1998
ISO-TR 13309:1995

Dynamics - -

Thermo-elasticity

ISO 10791
Part 10:2007

ISO 13041
Part 8:2004

ISO 230
Part 3:2007

-
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Figure 3.1: CMMA - CMM Arm, CS - Capacitive Sensor, ECS - Eddy-Current
Sensor, IMU - Inertial Measurement Unit, KGM - Grid Encoder, LI - Laser In-
terferometer, LT - Laser Tracker, LTT - Laser Tracer (R), LVDT Linear Variable
Transducer, P - Photogrammetry.

ideal or nominal kinematics, can be used to calculate the nominal position pppn and
orientation ooon for each target position i to identify the pose differences ∆XXXi:

∆XXXi = XXXa,i −XXXn,i =
[
ppp
ooo

]
a,i

−
[
ppp
ooo

]
n,i

(3.1)

These data are utilized in the identification phase to parametrize the model param-
eters, e.g. define the component errors as a function of the spatial target position.
The implementation phase utilizes the obtained data to improve the behaviour of
the original, e.g. compensate for the anticipated trajectory deviations of a G-code
[10].

The International Bureau of Weights and Measures (BIPM) defines calibra-
tion as an operation that, under specified conditions, in a first step, establishes
a relation between the quantity values with measurement uncertainties provided by
measurement standards and corresponding indications with associated measurement
uncertainties and, in a second step, uses this information to establish a relation for
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obtaining a measurement result from an indication [11]. Thus, calibration can be
applied to models as well as to measurement instruments.

Model validation succeeds model calibration. Model validation checks the accu-
racy of the model’s representation of the original. Referring to the example stated
above, of the target positions of an x-axis, the accuracy of the model can be cal-
culated as the mean (̄∆∆∆Xval) and maximum difference max(∆∆∆Xval) of the actual
positions pppa and orientations pppa for target positions j = 1, ...,m and j 6= i with the
position and orientation of the calibrated kinematic model XXXmodel for the target
positions j:

∆∆∆Xval = XXXa −XXXmodel (3.2)

Please heed, that the target positions used for the validation, target positions j =
1, ...,m, are different from the calibration target positions, i = 1, ..., n, as j 6= i.
This approach to validation is referred to as empirical validation, as it evaluates the
accuracy between measurements and simulations. Then there are other validation
approaches: theoretical validity, i.e. consistency of a model with accepted theories
(e.g. stiffness values are not negative), pragmatic validity, i.e. the capability of
the model to fulfil the desired purpose (e.g. heat transfer is non-linear, however
the linearised model achieves the required accuracy) and heuristic validity, e.g.
the model provides the potential for hypotheses testing for the explanation of the
phenomena and for the discovery of relationships.

In the preceding section, tables stated the potential accuracy improvements
by applying lumped parameter models of AMM. The word potential was selected,
as the stated improvements may be derived from the validation process instead
of an actual implementation of the identified parameters. Many of the proposed
models may not be easily implementable on the controllers of machine tools and
industrial manipulators. Common products and services for the implementation of
the identified model parameters for machine tools include Siemens’s Volumetric
Compensation System (VCS). For industrial manipulators there are kinematic cal-
ibration services. Namely, ABB offers Absolute Accuracy, KUKA offers robots with
High Accuracy, FANUC offers iRCalibration Signature and Hexagon’s RoboDyn.

While, these products and services may use the same model calibration proce-
dure, they may use different models as well as different measurement procedures.
A measurement procedure can be defined as a detailed description of a measure-
ment according to one or more measurement principles and to a given measurement
method, based on a measurement model and including any calculation to obtain a
measurement result [11]. For example, Figure 3.2 displays a simplified measure-
ment procedure for the static deflections of industrial manipulators. The procedure
is simplified in that it neglects important aspects that proceed the actual measure-
ment such as the Design of Experiment (DOE), which ensures the model parameter
observability, as well as aspects related to the safety of the industrial practitioners.
There exists the possibility to employ a wide range of measurement instruments and
measurement procedures to perform model calibration. Table 3.1 gives an overview
of internationally accepted standards on measurement instruments and procedures
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Figure 3.2: Simplified measurement procedure for the identification of the joint
stiffness of an industrial manipulator [24].

for machine tool and industrial manipulators. In addition to standards, there are
also several scientific publications, which define measurement procedures and in-
struments [108].

The subsequent section of the chapter identifies metrological and industrial re-
quirements as well as trends on measurement instruments to support the design of
measurement instruments required for the factories of the future [109]. These novel
measurement instruments shall be able to improve model calibration and validation
for improved asset efficiency, improved quality, reduced costs as well as improved
safety and sustainability as a result of intelligent decision making and the modelling
of accuracy.

3.1 Requirements

Metrology

Traceability is the property of a measurement result whereby the result can
be related to a reference through a documented unbroken chain of calibrations,
each contributing to the measurement uncertainty [11]. A measurement is
traceable if it can be related through the metrological traceability chain to its
primary standard, which usually rests with the National Metrology Institute
(NMI) [110]. In dimensional metrology, this is the metre.
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Every calibration activity further down the traceability chain, i.e. further
away from the primary standard, increases the level of uncertainty. Thus, it
is advisable to keep the chain to a minimum. The uncertainty needs to be
assessed at each step of the traceability chain.

Uncertainty is non-negative parameter characterizing the dispersion of the
quantity values being attributed to a measurand, based on the information
used [11]. Thus, it is a quantity measure describing how the measurement
results are distributed around the measurand, i.e. the quantity intended to
be measured [11].

Calibration is the operation that, under specified conditions, in a first step,
establishes a relation between the quantity values with measurement uncer-
tainties provided by measurement standards and corresponding indications
with associated measurement uncertainties and, in a second step, uses this
information to establish a relation for obtaining a measurement result from
an indication. Calibration quantifies the accuracy and precision of measure-
ment equipment. It is a recurring process, as accuracy and precision have the
tendency to drift over time [110, 111].

Industry

High productivity Improving the speed of measurement to maintain a
high productivity and a low down-time of machinery. Thus, the information
shall be reliable by identifying what needs to be measured, then producing
traceable results to arrive at information which can be used to answer the
questions [112].

Cost The height of the monetary investment into the purchase as well as
expanses for service (re-calibration, maintenance and inspection) and train-
ing.

3.2 Trends

Metrology

Automated uncertainty analysis So far, only CMMs provide reliable in-
formation on the measurement uncertainty. Some others such as laser track-
ers, laser scanners and X-ray CT provide information on instrumental un-
certainty. Measurement uncertainty should be quantified by the instruments
for more generalized measurements using instrument models [113].

Large volume coordinate metrology Interest in large volume coordinate
metrology, i.e. for length greater than 1 km has been observed in recent
years. Applications in aerospace, naval, civil and scientific areas are the main
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drivers. New technologies have been studied, including multilateration, Fre-
quency Scanning Interferometry (FSI) often in combination with multilater-
ation techniques and indoor GPS. A goal in this area is to achieve a fully
traceable Absolute Space, see below [113].

Data density Digital manufacturing is driving demand for vastly higher
point coordinate data density (data collection rates doubling roughly every 18
months)[113]. Scanning CMM probes, CT scanners, structured light systems,
or similar techniques produce massive data sets where interpretation of the
data presents new challenges (as well as data storage and data transmission),
see below [113].

Higher accuracy An ever increasing demand for higher accuracy has been
an ongoing theme of all aspects of dimensional metrology. Emerging needs
include a number of applications spanning a variety of length scales, from
particle accelerators to aerospace applications [113].

Industry

On-machine integration Advanced manufacturing methods such as 3D
printing may ultimately require a new paradigm that incorporates metrol-
ogy into the AMM. This could mean integration of traditional instruments
such as displacement interferometers, which have the capability to calibrate
themselves with traceability to the SI system. Thus, resulting in substantially
shorter traceability chains and reduced calibration requirements to provide
intrinsically traceable metrology [113, 114].

Data fusion Machine tool and industrial manipulators are equipped with
ever more internal and external sensors. The data mined from these sensors
shall be internally processed, synchronized and accessible to allow for data
fusion. The fused data describes the machines better than the individual
measurement due to the improved completeness, resolution and information
generation as well as at a reduced cost as a result of improved error separation
likewise achieving calibration across networks leading to a new interpretation
of traceability throughout a system [114, 115].

Absolute measurement Measurement results shall be expressed in a sin-
gle reference frame to reduce the need for correlations and comparisons. This
is applicable to AMM as well as to buildings such as a hangar or a factory
shop floor. The latter aspect shall bring the needed accuracy for autonomous
industrial robotics.

Smartness Measurement instruments shall be smart to provide informa-
tion for intelligent decision making. This requires the instruments to be self-
reconfigurable, self-condition-monitoring as well as self-optimizing to provide
the instrument with descriptive, predictive, diagnostic and prescriptive ca-
pability [115].
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Connectivity The instruments shall allow real time monitoring of the mea-
surement data at any possible end user device, meaning that the results are
not displayed solely on the PC connected to the control unit, but also on
the web, smart-phones as well as other computers to enable the virtual en-
vironment. Increased computing power and data shall lead to an increased
adoption of multi-scale, multi-physics modelling and simulation, supported
by calibration and validation [114].

User-friendliness Furthermore, the systems shall be maintenance free, re-
calibration free, reprogrammable and shall not require the exchange of bat-
teries.
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Discussion and conclusion

This thesis presented a comprehensive overview of the physics-based modelling and
measurement processes of AMM with a focus on positioning accuracy. It investi-
gated the influences of the kinematics, statics, dynamics, and thermo-elasticity on
the positioning accuracy of AMM.

Chapter 2 addressed RQ. 1.; the impact of physics-based lumped parameter
models on the absolute positioning accuracy was quantified. Potential accuracy
improvements for machine tools and articulated manipulators as the result of several
research works have been identified. Tables 4.1 and 4.2 summarise these potential
improvements. The tables quantify the average potential improvement of the mean
positioning accuracy. The mean positioning accuracy improvement APPImp

equals
the mean of the differences of the positioning accuracy without APPW O

and with
APPW

lumped parameter models:

APPImp
=
∑n
i=1 APPW O

−APPW

n

The mean positioning accuracy improvement can be quantified for each error source
according to the the information stated in Chapter 2. These are referred to as
APPImp,k

for the kinematics, APPImp,s
for the statics, APPImp,d

for the dynamics,
and APPImp,t

for the thermo-elasticity. The resulting Combined Accuracy Improve-
ment (CAI) APPCAI

is expressed as the Euclidean norm of the accuracy improve-
ments of the error sources:

APPCAI
=

∥∥∥∥∥∥∥∥

APPImp,k

APPImp,s

APPImp,d

APPImp,t


∥∥∥∥∥∥∥∥

2

The resulting CAI of the machine accuracy for machine tools due to lumped pa-
rameter models equals roughly 59 µm. The CAI needs to be compared to the an-
ticipated machine accuracy in terms of positioning accuracy which for machine
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Table 4.1: Potential improvement of machine accuracy for machine tools due to
calibrated lumped parameter models.

Positioning Accuracy Improvement
Absolute Relative

Error source mean in µm mean in % No Ref.
Kinematics 45 83 1
Statics - - 0

Dynamics - - 0
Thermo-elasticity 38 93 2

Combined 59

tool ranges from 1 to 50 µm [13] as well as to common GDT, which can be equally
tight [116]. Though one has to say that the credibility of the CAI is diminished
by the low number of available references as well as by the means of realizing its
potential. Though for the error sources of kinematics and thermo-elasticity there
are sufficiently many research works, only few research works state explicitly the
positioning accuracy. Only one research work was considered for the kinematics and
two for the thermo-elasticity. It seems that there are no examples of research works
using lumped parameter models representing the improvement of the positioning
accuracy due to knowledge about static deflections. The same is true for dynamics.
Thus, only four references were cited for the evaluated CAI. Due to the missing
information in the fields of statics and dynamics it can be argued that the CAI
might be greater than the number indicated, though in the opinion of the author
the number is unlikely to exceed roughly 100 µm. Thus, it is apparent that more
research has to be conducted in these fields, because static deflections as well as
vibrations can be crucial in certain applications. On the other hand, this number
is purely theoretical, meaning that in the CAI of the model of the AMM might be
as high as that, but there is a high likelihood that implementation is associated
with an efficiency loss, as also the controller and the AMM’s repeatability have an
impact on the machine accuracy.

The CAI of the machine accuracy for articulated manipulators due to lumped
parameter models equals approximately 1.3 mm. Hence, the absolute CAI for ar-
ticulated manipulators is signifcantly higher than for machine tools. But when
compared to the anticipated machine accuracy of 0.5−5.0 mm [14] for articulated
manipulators, the relative CAI has a similar magnitude. Also the CAI for articu-
lated manipulators requires more scrutiny. Though more research works are avail-
able compared to machine tools. Namely five works in the field of kinematics, three
in the field of statics and further three in the field of thermo-elasticity. These are
not high numbers of examples, decreasing the validity of the indicated CAI. Fur-
thermore, the same considerations for the implementation as outlined for machine
tools are applicable.
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Table 4.2: Potential improvement of machine accuracy for articulated manipulators
due to calibrated lumped parameter models.

Positioning Accuracy Improvement
Absolute Relative

Error source mean in µm mean in % No Ref.
Kinematics 536 65 5
Statics 1170 86 3

Dynamics - - 0
Thermo-elasticity 159 83 3

Combined 1297

In addition to that, one needs to consider that this work solely focuses on SKM.
The CAI for PKM can be expected to be significantly different. By the authors
guess, it should be closer to the one of machine tools, though the extent is un-
clear. Also as stated in Chapter 1, this work focuses on machine accuracy, but the
machining accuracy due to the interaction with the process might be significantly
different, as one might argue that any kind of AMM is designed for an a priori
set of tasks. For example, some authors report on significant difficulties for milling
with industrial robots due to the comparably low first eigen-frequency [77]. Further
crucial, but neglected, factors are time and the controller. As any of the proposed
modelling, calibration, and validation does only capture the positioning accuracy
at one point of time does not account for wear of the AMM. Also, none of these
works quantify the effect of the controller on the positioning accuracy.

Though, the indicated CAIs for machine tools and industrial manipulators are
not fully representative for how much physics-based lumped parameter models can
actually improve the absolute positioning accuracy of AMM, they indicate that
the magnitude is still significant with a couple of tenth of micrometre to less than
a hundred micrometre and several hundred micrometre to around a millimetre
for articulated manipulators compared to the customer requirements. Thus, they
can form a solid base for either on-line, by introducing the models to the AMM’s
controllers for closed-loop control, or off-line, by combining post processing with
process models, compensation for an optimised operation of the AMM.

Chapter 3 addressed RQ. 2.; as the utilization of the improvement requires
AMM calibration and validation. Thus, this work has revisited requirements out-
lined by researchers as well as industrial practitioners on contemporary measure-
ment instruments be able to design the measurement instruments, which support
the calibration and validation of physics-based lumped parameter models of AMM
required for the factories of the future. In summary, the requirements on contempo-
rary measurements instruments for the calibration and validation of physics-based
lumped parameters models of AMM are: on the side of research; traceability, uncer-
tainty and calibration while industry requires a high productivity and low costs. At
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the same the measurement instruments need to be adaptable to cope with metrology
trends such as automated uncertainty analysis, large volume coordinate metrology,
high data density and an ever higher accuracy as well as industry trends such as
on-machine integrability, data fusion, absolute measurement, smartness, connectiv-
ity and user-friendliness. While these requirements are by no means exhaustive and
very detailed they do provide guidelines which contemporary measurement equip-
ment should follow in order to provide a high utility value for the industry and
society. From the pure metrological point of view, the joint set of requirements is
usually mutually exclusive with the metrology requirements, meaning that the re-
quirements and trends from industry usually oppose the ideal conditions for high
precision metrology.
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Outlook and future work

This thesis quantifies the impact of physics-based lumped parameter models of
AMM on positioning accuracy. It has been argued that the impact is considerable
and can lead to added value through off-line and on-line compensation. The foun-
dation described in this thesis as well as in the appended Papers A-D will be used
in the following years of my PhD studies to develop:

Customized post processors to improve the positioning accuracy of calibrated
AMM

Measurement instruments according to the criteria outlined in Chapter 3 to
support the calibration of AMM.

Calibration procedures that yield potentially higher improvements of the posi-
tioning accuracy

For the development of the customized post processors there are several challenges
beyond the difficulties of the calibration and validation procedures. Firstly, one has
to quantify the effect on the machining accuracy to prove the viability in industrial
applications. This will be realized as a part of the Clean, Precise and Defect-Free
Composite Parts Machining Robotic System (COMACH) project. Then there is a
significant amount of required work for the parsing of the G-code to allow oper-
ability across different controllers for AMM. In addition to that, one should aim
for a free software solution, which usually requires some additional work. The same
is true for the development of measurement instruments. Ideally, one would like
to fulfil all the requirements outlined in Chapter 3, but many of the requirements
are diametrically opposed and the simultaneous observation of kinematics, stat-
ics, dynamics and thermo-elasticity makes the error separation difficult. Hence, the
measurement instruments need to be used together with suitable calibration proce-
dures. Also this will require a significant amount of work, as an essential component
to implement these measurement instruments and calibration procedures will be a
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direct communication between the measurement instruments and the controller of
the AMM.
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bration of articulated industrial robots. Good practices for the preparation, mea-
surement and identification of elastostatic compliance, 2019.

Summary: This research outlines good practices for the elastostatic com-
pliance calibration of articulated industrial robots. The article contains rec-
ommendations on how to combine methods for the modelling, measurement
and identification phases of the robot calibration procedure to facilitate a
pragmatic application by industrial robot manufacturers, developers and re-
searchers for an efficient improvement of the accuracy of industrial manipu-
lators in a case study on a Stäubli TX200.
Background and contribution: The author was responsible for the co-
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Abstract

This research outlines good practices for the elastostatic compliance calibration of articulated industrial robots. This work was
inspired by observations that the application of industrial robots in conventional machining processes is modestly successful due
to their comparably lower stiffness than specialized machinery; and that currently, there exists the possibility to employ a wide
range of methods, instruments and models to evaluate the stiffness of robotic joints and links. One essential part of this work is
to outline aspects that need to be considered in the calibration procedure and to subsequently discuss applicable methods as well
as their strengths and weaknesses from a theoretical and practical point of view. The article contains recommendations on how
to combine methods for the modelling, measurement and identification phases of the robot calibration procedure to facilitate a
pragmatic application by industrial robot manufacturers, developers and researchers for an efficient improvement of the accuracy of
the robot based on the implementation of the obtained information. For an exemplification of these practices, the article contains an
elastostatic compliance calibration of a Stäubli TX200 articulated industrial robot. Finally, the paper ends with a discussion about
challenges in the implementation of the model parameters to improve the accuracy of robots.

Keywords: Calibration and Identification, Compliant Joint/Mechanism, Industrial robots, Machining

1. Introduction

The demand for industrial robots [1] is high and has been
increasing steadily, since 2009 [2]. Industrial robots can realize
numerous applications while providing modern manufacturing
environments with the flexibility to adapt to smaller lot sizes in
the future. Additionally, they are cheaper on a basis of price per
unit of work envelope compared with specialized machinery,
e.g. milling machines, lathes or machining centres. This has led
to an integration of industrial robots across important industries
for a wide variety of commodities such as consumer electronics,
industrial machinery or vehicles and in a variety of applications
ever since 1961 [3].

The IFR (International Federation of Robotics) categorizes
robotic applications as: 1. Handling operations/ machine tend-
ing, 2. Welding and soldering (all materials), 3. Dispensing,
4. Processing (Polishing, drilling, riveting), 5. Assembling and
disassembling, 6. Others and 7. Unspecified. Processing, As-
sembling and Disassembling are applications which in general
create high loads, while at the same time the tolerances on the
workpiece are tight. Geometric dimensions and tolerances in
the afore-mentioned industries commonly require an accuracy
better than ±0.25 mm on the location of features. This could be
a reason for the rather modest share of implemented industrial
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robots in these categories. The market share of installed robotic
units in application categories 4. and 5. was approximately
14% in the period from 2010 until 2015, cf. Figure 1. This can
be explained by the most significant disadvantages of industrial
robots when compared to specialised machinery. Namely, their
comparably lower accuracy as well as their comparably higher
complexity.

The lower accuracy is a result of kinematic and non-kinematic
inaccuracies. Kinematic inaccuracies are a result of the imper-
fect geometries and dimensions of the links as well as the con-
figurations of the joints. Non-kinematic inaccuracies can be due
to several sources:
• a. Joint and link compliance the deformation of components

due to their finite stiffness under external loads.

• b. Thermo-mechanical errors a change of the kinematic chain
and or its compliance due to a change in temperature of
its structural members.

• c. Gear backlash the amount of available rotation at the out-
put without motion at the input of the transmission.

• d. Controller errors errors due to numeric truncation as a
result of the finite time and magnitude resolution.

• e. Wear the loss of functional capability over time due to ad-
equate or inadequate usage.

• f. Environmental influences the usage of the robot under a
temperature, humidity and pressure range outside the rec-
ommend operational range or operation by untrained per-
sonnel.

• g. Installation errors a difference in the anticipated pose of
the base coordinate system relative to the world frame or
inadequate mounting conditions, e.g. a compliant mount.

One approach to partly compensate for these inaccuracies
lies in manipulator calibration, as described by Mooring et all.
in 1991 [4]. According to this definition, there are three differ-
ent levels of calibration [5]:

• 1. Joint level inaccuracies due to the difference in the nomi-
nal and actual joint displacement.

• 2. Kinematic level inaccuracies due to the imperfect geome-
tries and dimensions of the links as well as the configu-
rations of the joints.

• 3. Non-kinematic level inaccuracies due to the afore-mentioned
sources A. until G.

Kinematic calibration can be expected to reduce the mean
and maximum positioning inaccuracy [6] of an industrial robot
by a factor of 2-6 respectively 2-7. This assertion can be sup-
ported by the works of several researchers in the last two decade,
cf. Table 1. Five of these examples are open-loop calibrations,
i.e. they utilize external measurement equipment to measure
the system response. The table also features two closed-loop
calibrations. Closed-loop calibrations apply geometrical con-
straints to determine the End Effector’s (EE) position and or

orientation. The EE is a device specifically designed to be at-
tached to the mounting surface at the end of the manipulator
[1].

2. Overview elastostatic compliance calibrations

This article focuses on elastostatic compliance of articu-
lated industrial robots. Elastostatic means that the structure
is deformable by static forces on a linear stress strain domain.
The latter aspect is also referred to as linear-elastic deforma-
tion, which is commonly abbreviated to elastic. It should be
highligthed that in this type of calibration procedure, not only
the force, but also the manipulator is static. The term static
compliance can be defined according to [1] as the ”maximum
displacement of the mechanical interface per unit of load ap-
plied to the mechanical interface” or according to [8] as ”linear
(or angular) displacement per unit static force (or moment) be-
tween two objects, specified with respect to the structural loop,
the location and direction of the applied forces, and the location
and direction of the displacement of interest”. In the following
text the terms compliance and stiffness calibration will be used
synonymously to the term elastostatic compliance calibration.

This subject is frequently discussed in the context of the ex-
ploitation of serial robots in contact applications such as assem-
bling and machining applications for polymers such as Glass
Fiber Reinforced Polymer (GFRP) and soft metals such as alu-
minium. These processes add non-negligible stresses on the
robotic structure. The resulting deformations of the structure
lead to a lower quality of the tool trajectory on the workpiece
[9]. These structural deformations at the EE movement are con-
sidered to be primarily perturbed from the motors and transmis-
sion elements which constitute the joints. In this context, the
EE movement is comarable to the functional point as defined
in ISO 230-1 [8]. Commonly, robot manufacturers consider the
stiffness parameters of the joints and sometimes complete this
model by information about the links thanks to Finite Element
Modelling (FEM) [10]. This approach of elastostatic compli-
ance calibration can be expected to reduce the mean and maxi-
mum inaccuracies by a factor of 3-10 respectively 4-6, cf. Table
2.

The article begins with the focus on the preparation of the
test equipment followed by the phases of the robot calibration
procedure as defined by Mooring and Roth. Section 3. focuses
on aspects such as the start-up cycle of the robot and the se-
lection of manipulator measurement configurations. Section 4.
introduces elastostatic compliance robot models and their pa-
rameters. These models relate the unloaded to the loaded robot
configuration. One of the early models by Salisbury from the
1980s [11] is given by the following equation and is schemati-
cally explained in Figure 2 as well as in Figure 3:

J(q)T
WP ∗W = Kθ ∗ J(q)−1

MP ∗ ∆X (1)

τ = Kθ ∗ ∆θ (2)

Section 5. focuses on the measurement procedure. In section 6
the measurement data is utilized to parametrize the joint stiff-
ness matrix and to analyse the positioning error of the predicted

2



Table 1: Examples of research works on kinematic calibration.

Author, Year Type Robot
Range [mm]/Payload [kg]

Measurement
Instrument

Positioning Accuracy
Bef. Calibration

mean./max. [mm]

Positioning Accuracy
Af. Calibration

mean./max. [mm]

Meggiolaro, 2000 Closed
Schilling Titan II

1920/109 - 44.8/98.5 5.7/15

Ye, 2006 Open
ABB IRB 2400/L

1550/12/20
1 Laser Tracker

Faro Xi
0.96/1.76 0.47/0.64

Gatla, 2007 Closed
Stäubli RX-130

1700/30
1 - - -

Nubiola, 2013 Open
ABB IRB 1600

1450/10
Laser Tracker

Faro ION 0.98/1.63 0.29/0.67

Nubiola, 2014 Open
Fanuc LR Mate 200iC

704/5
Double Ball Bar

QC20-W 0.87/2.72 0.48/1.04

Wu, 2015 Open
Kuka KR-270

2696/270
1 Laser Tracker

Leica AT-901 0.54/1.25 0.1/0.32

Filion, 2018 Open
Fanuc LR Mate 200iC

704/5
Photogrammetry
MaxSHOT 3D 0.87/2.722 0.2/0.47

1 The payload and range may vary
2 Based on [7]

and measured deflections of the EE. One can find a review of
the state-of-the-art in each section. The last section discusses
the utilization of the data, summarizes the content of the paper
and focus on potential for future developments.

3. Preparation

This section focuses on essential steps for the preparation of
the calibration procedure. The steps for the preparation and the
corresponding considerations can be seen in Figure 2.: 1. Anal-
ysis of the robot and the cell, i.e. which are the different restric-
tions on the measurement procedure coming form the manip-
ulator, its controller and the cell’s infrastructure, 2. Selection
of the measurement procedure for the kinematic calibration and
how to identify the base coordinate system (BCS), 3. Selection
of the measurement equipment for the elastostatic compliance
calibration, i.e. how to apply an external load and measure the
resulting deflection, and 4. Selection of measurement config-
urations and their importance for the parameter observability
as well as for the implementation stage. Additionally, the sec-
tion contains information on the effect of start-up cycles on the
robot structure and auxiliary information on the tooling of EE
adapters.

3.1. Analysis of robot and cell
The industrial robot under investigation should comply with

the following set of requirements. The robot cell should be able
to operate in automatic mode, as it significantly decreases the
time for the kinematic calibration, i.e. the identification of the
actual kinematic robot model. The automatic mode is the op-
eration mode in which the robot runs uninterruptedly as pro-
grammed in its task [1]. It is common that a robot can only
exceed a speed limitation of 250 mm/s in automatic mode. The
authors recommend to limit the maximum speed of the TCP at

250 mm/s or lower. The limitation of the speed reduces dy-
namic effects on the measurement of the trajectories. Addition-
ally, this complies with the safety-rated reduced speed accord-
ing to ISO 10218 [12].

For the compliance calibration the manipulator needs to be
static in the measurement configuration, thus it should be op-
erated in manual mode. In the manual mode the robot is oper-
ated via the teach pendant [1]. Table 2 contains only calibration
procedures which relate the change in configuration to a static
external wrench. Measurement procedures which reduce the in-
fluence of dynamic or thermo-mechanical effects were chosen.
Even though, it is arguable that for such low speeds one might
measure and compare full trajectories instead of single config-
urations. At higher speeds, this information might still be used
to gauge the capability of the robotic system. The operation
mode of the robot is important as it determines how fast a cali-
bration procedure can be conducted, which is a crucial aspects
for manufacturers and users.

The robot should be operated with its servos activated and
brakes deactivated as recommended by the ISO standard on per-
formance criteria and related test methods for industrial robots
[6]. Otherwise the effect of the brakes engagement and the in-
terlocking of the mechanical components will be included in
the measured compliance.

The second structure that needs to be investigated in a ma-
chining robotic cell is the worktable and or fixtures; that de-
pends on how the workpiece clamping is devised. It needs to be
ensured that table can be considered rigid, i.e. the measured de-
flection is a result of a deformation of the robot structure (links
and joints). This requirement is similar to the earlier mentioned
installation errors, meaning that the mount for the robot could
be less stiff than the robot it-self. The base of the robot should
not experience any displacement during the tests. For the case
study on the TX200, the worktable has been considered compli-
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Table 2: Examples of research works on elastostatic compliance calibrations.

Author, Year Type
Robot

Range [mm]
Payload [kg]

Measurement
Instrument

-
Loading Device

Positioning Accuracy
Bf. Calibration

mean./max. [mm]

Positioning Accuracy
Af. Calibration

mean./max. [mm]

Zhang, 2005 Open
ABB IRB 6400

2400
120

1

Portable CM Arm
ROMER

-
Weight

-/- -/-

Abele, 2007 Open
RV130HSC

-
130

1
- -/- -/-

Wang, 2009 Open
ABB IRB 4400

1950
60

1

Portable CM Arm
ROMER 3000i

-
Air Cylinder

-/- -/-

Dumas, 2011 Open
KUKA KR240-2

2700
240

1
Laser Tracker

-
Chain Weight

-/- -/-

Guerin, 2014 Open
KUKA KR500 L480-2 MT

2825
480

Laser Tracker
-

Solicitation Effector
-/- -/-

Zaeh, 2014 Open
KUKA KR-240 R2500 prime

2496
240

Laser Tracker
-

Pneumatic Actuator
-/- -/-

Joubair, 2015 Closed
Fanuc LR Mate 200iC

704
5

-
Gravity 0.7/1.32 0.15/0.27

Schneider, 2015 Open
KUKA KR 125

2400
125

Optical CMM
Nikon K600

-
Pulley Weight

- -

Kamali, 2016 Open
ABB IRB 1600

1450
10

Laser Tracker
Faro ION

-
Cable-Driven

2.48/5.95 0.26/0.96

Ambiehl, 2017 Open
KUKA KR-300

2496
300

1

Laser Tracker
Leica AT-901

-
Lever Deadweight

- -

Cordes, 2017 Open
ABB IRB 6660

1900
205

1

Laser Tracker
Leica AT-401

-
Chain Tensioner

- -

1 The payload and range may vary
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Figure 2: On the left a flow chart depicting a pragmatic compliance calibration procedure; on the right a schematic visualizing the concept.
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Figure 3: Measurement Setup for the case study on the TX200. The setup comprises a Stäubli TX200 (1), which has a payload of 100 kg and a range of 2194 mm
[13], the manipulator is customized with a motor spindle (2), which carries three SMR nests (3) for 1.5” SMRs (4) the MPs as well as a cutting tool blank
(5), a laser tracker with a continuous measurement capability, the Leica AT-402 (6) [14], the LDBB as a loading device (7) [15], which is equipped with
an adapter to mount 0.5” SMRs (8/9) for the identification of the WP and a rigid table (10). Additional components, are the robot cell references (11),
which were used as invariant point references to validate the pose of the laser tracker, as well as thermocouple (AMPROBE TMD-56) and the infra-red
camera (FlIR C2) (12).
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ant. Consequently, it has been replaced with a solid steel table
as can be seen in Figure 3.

A robot is qualified for a specific payload. The payload
is a good reference for the maximum loading which could be
applied for the displacement of the EE. The load levels are
preferably homogeneously distributed throughout the payload
range of the manipulator or over the range of expected operating
forces from the task program. Even though the final load on the
joints depends also on the robot configuration and the direction
of the wrench vector, one could consider to exceed the payload
through static loading. For the calibration this might be sensi-
ble, if the required test uncertainty ratio (TUR) does not suffice.
This means a measurand to measurement uncertainty ratio of
10 to 1 for the corresponding measurement procedure. But in
general, one should consider using a robot with a higher pay-
load than the anticipated magnitude of process forces from the
intended application. If one expects higher static forces than the
payload of the robot, it should not be considered for this task.

For compliance calibration it is common to encounter ma-
nipulators which have a customized EE tool. For machining
applications, this can either be a motor spindle [16] or a motor
spindle with a press foot [17]. The customization often requires
that the calibration is conducted prior to the mounting of the
tool or with the mounted tool. In the case of a motor spin-
dle it is advisable to transfer the load directly to the TCP. This
usually requires an additional blank tool as can be seen in [18]
or the case study on the TX200, cf. Figure 3. This ensures a
higher degree of similarity compared with a transfer of the load
to the housing of the motor spindle, which usually also requires
some blank mount. EEs increase the complexity of the mea-
surement, because for measurements directly at the Tool Center
Point (TCP) its effects need to be considered. Common phe-
nomena are hysteresis and dead travel (backlash). One should
consider to load the combination of spindle and blank tool with
a small force to check for dead travel in axial direction. A less
common consideration is that the stiffness of the EE is lower
than the stiffness of the robot; in this case, the EE cannot be
modelled as a link.

Additionally, it should be considered that the robot cell con-
strains the available space for the measurements, particularly
the measurement of the BCS; e.g. using the circle point method
- which requires space [4]. It is recommended to perform the
method with each joint having the maximum lever to the circle
center, such that the error is amplified. This usually requires
to limit the investigation to a reduced joint angle domain or
the usage of auxiliary transformations between different mea-
surement equipment. The case study of the TX200 focused
on the identification of the joint stiffness matrix in an operat-
ing space contrary to a working space identification. Thusly, a
reduced joint angle domain was covered with the circle point
method. This will be discussed in greater detail in section 3.4.
Otherwise, covering the whole joint range requires an invari-
ant reference between the measurement equipment base frame
and the BCS to perform an intermediary transformation. In this
article these invariant references are termed, robot cell refer-
ences. At least three of these reference points are needed to
identify the relative poses which relate the different coordinate

systems. Additionally, it is useful to have these reference to
validate the pose of the measurement equipment, if for exam-
ple the measurement takes significant time. For the calibration
of the TX200 a laser tracker has been used. For the cell ref-
erences to accommodate the targets of the laser tracker a three
point support has been chosen, to guarantee a high repeatability
in the SMR placement. The robot cell references (item 11) can
be seen in Figure 3.

For the compliance calibration, not the free space but the
accessibility and the obstruction of the line-of-sight are more
crucial. Reliable joint stiffness values can be obtained from 12
measured manipulator configurations [19]. Nonetheless, one
should consider to prepare at least 50% more configurations
than considered necessary for the identification to compensate
for potential inaccessibility or obstruction of the line-of-sight.
Thus, the authors recommend to prepare at least 18 manipu-
lator configurations for the measurement of the compliance of
the manipulator. Usually additional configurations for the vali-
dation are required.

3.2. Selection of kinematic calibration

Once, the robotic cell has been prepared, one can proceed
with the measurement of the BCS, as the first step. For the
identification of the stiffness parameters all measured quantities
need to be expressed in the same coordinate system. This is usu-
ally the BCS, as it is invariant to the robot configuration. Ad-
ditionally, it is important to identify the actual kinematic chain
of the robot during the compliance calibration to minimize the
model’s definition uncertainty. That is the incorrect attribution
of cause and effect. Therefore, one should consider the advan-
tages and disadvantages of different measurement methodolo-
gies for the BCS and the kinematic calibration.

In principle there are three different ways to measure and
identify the BCS, 1. the circle point method [4], 2. linear move-
ment along principle axes x̃, ỹ and z̃ and 3. using references
such as locating pins on the manipulator. This enumeration is
also a ranking, where the circle point method is considered to
be the most precise, whereas using references is considered to
be the least precise. This ranking is based on the ability to mea-
sure and identify the BCS and the kinematic chain as well as its
robustness and accuracy.

The circle point method can be used to measure and identify
the pose of the BCS (moving joints 1 and 2), it is independent of
the position of the measurement reference on the manipulator
(e.g. the position of the SMR nest or nests for a laser tracker), it
is free from numerical errors of the robot controller and it can be
expanded to the remaining joints to measure and identify an an-
alytic solution for the actual DH parameters. These arguments
need to be considered in detail and in comparison to the other
methods. The transformation of the measurement parameters
into the BCS requires the pose (combined position and orienta-
tion [1]) of the BCS in the reference coordinate system, e.g. the
laser tracker frame. This information can also be provided by
linear movements (measurement of at least two principle axes)
and references (measurement of at least three references). An
expansion of the circle point method to all joints can be used
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to measure and identify the actual poses of the coordinate sys-
tems attached to these joints, i.e. the actual DH parameters can
be identified [20]. This information cannot be obtained from
linear movements or references. The circle point method is in-
dependent of the position of the reference on the manipulator,
as it relies on the identified centre point and the normal vector
of the resulting circle, rather than the circle it-self. To minimize
measurement noise the distance from the joint to the reference
should be as big as possible. For a linear movement the po-
sition of the reference needs to be considered, whereas for a
reference a measure for the imperfection of the referenced ge-
ometry needs to be considered. Finally, the circle point methods
does not require numerical operations, as articulated manipula-
tors consist only of rotary joints. Numerical interpolation on the
controller is required to obtain linear trajectories in which case
truncation is unavoidable. A combination of these techniques
is also applicable. This is usually the case when the height of
the first link needs to be measured and identified; as, the cir-
cle point method sets the BCS origin in the intersection of joint
axes 1 and 2 and does not account for this link.

Once, the BCS has been measured, one can continue with
the measurement of the kinematic calibration. There exist two
common approaches for this measurement. These are the mea-
surement of various configurations, which enable a later linear
least-square parameter identification [21], or (as mentioned ear-
lier) a continuation of the circle point method, for a subsequent
analytic identification of the parameters. Usually, these meth-
ods require a lumped consideration of two joints of the robot.
For an articualated industrial robot with 6 d.o.f., the measure-
ment of various configurations usually entails that axes 2 and 3
are parallel [22] or for the circle point method that axes 4 and 5
are in the same position.

For the investigation of the TX200 a continuation of the cir-
cle point method has been considered for joints 1-5 Due to the
motor spindle, it was not possible to identify joint 6. The au-
thors recommend to use the theoretical value for the sixth joint,
as the dismounting of the EE tool is usually expensive and time
prohibitive.

As will be elaborated in more detail in section 6. Identi-
fication, one has the option to conduct a decomposed param-
eter identification. That is the procedure of first identifying
the parameters of the arm (links and joints 1-3) and then the
parameters of the wrist (links and joints 4-6) [19]. The De-
composed identification requires to measure the Wrist Centre
Point (WCP), which is the point of intersection of the secondary
axes. The EE tooling in the case study comprises three SMR
nests. Three reference points are mandatory for a decomposed
partial pose identification [19] as well as for an analysis using
translational and rotational data. The first requires three refer-
ence points as it uses trilateration for the identification of the
WCP and the latter due to the identification of the normal to the
EE. The WCP position can be deduced from the position and
movement of the three Measurement Points MPs. The MPs are
the points in which the movements of the manipulator are mea-
sured, see Equation 14. Hence, neither the movement nor the
placement of the MPs is random, as they must provide a reliable
identification of the WCP.

𝑃12
𝑞1

𝑞3

𝑞2 𝑞4
𝑞5

𝑞6

𝑃11

𝑾𝑪𝑷

𝑅0

𝑃13

Figure 4: Construction of the wrist centre point. The coordinate system in the
lower left corner is the base coordinate system.

The authors developed two criteria to evaluate 1. the quality
of the MPs’ movement and 2. the positions of the MPs, to have
a good reconstruction of the WCP based on these points. The
methodology deployed is based on the radii of the circumscribe
and inscribe circles of the triangle defined by the three MPs in
space.

Let’s first consider the criterion for the evaluation of the
quality of the movement of the MPs. The knowledge of PWCP

is realized in a specific configuration of the robot. In this initial
configuration, −→x0 (at the intersection of joint 1 and 2) is co-linear
to −→z6 as can be seen in Figure 4.

The trilateration method requires three reference points P1X

with X = 0, 1, 2 and three sphere radii Radius1X with X =

0, 1, 2. The three radii are identified with the following proce-
dure. One SMR is placed in the nest P1X with X = 0, 1, 2. Joints
4, 5 and 6 are simultaneously rotated on the maximum possible
joint angle domain. This domain is usually limited by the in-
frastructure such as cables for the supply of the motor spindle
as well as the visibility of the MPs; or in the case study, the
SMRs. Then an algorithm for sphere fitting is used to identify
the radii from the WCP point to the SMR nest.

min
r∈R

∑
r2

i −
∥∥∥∥∥∥∥∥


xMPi − xWCP

yMPi − yWCP

zMPi − zWCP



∥∥∥∥∥∥∥∥
2

(3)

The quality of the radius identification depends on the spher-
ical area that is covered by the motion of the SMRs. Figure 5
shows 100 discrete points chosen in a random manner inside a
limited area of a sphere. A dataset with 100 randomly chosen
points inside a limited area is generated. These points are per-
turbed with a normally distributed noise with a unity norm. The
noisy data is used to apply the sphere fit algorithm. The result
can be seen in Figure 6. It shows that the higher the spheri-
cal surface covered in the movement the smaller the error on
the identification of the radii, consequently the position of the
WCP. In order to ensure a good quality of the radii identifica-
tion, the authors recommend to cover an area of above 3e4mm2

during the movement of joints 4, 5 and 6.
Once the radii are known one is able to define two WCPs.

Namely PWCP1 and PWCP2 where the one, closest to the theoret-

7



Figure 5: Spherical surface covered with 100 random points.

ical WCP is chosen:

PWCP1,2 = PMPi +


x ∗ ex

y ∗ ey

±(z ∗ ez)

 (4)

These equations allow to normalize the problem. They de-
fine the intersections of the 3 spheres. The formulae describing
the relationships expressed in Eq. 4 can be found in [19].

It has been explained that the identification of the three radii
should be done carefully in order to avoid errors in the recon-
struction of the WCP. Nonetheless, other parameters as the ac-
cessibility and obstruction of the line-of-sight of the MPs, or in
case of the TX200, the SMR nests need to be considered. The
authors developed a specific criteria to evaluate the quality of
the placement of the MPs to have a good reconstruction of the
WCP based on these 3 points.

For a fixed radius, a portion of a sphere of a 100 units radius
is discretised in a number of points. The points are displaced
inside a sphere of radius 1 around the initial position. These
reference points could be the locations of the MPs, or SMR
nests, with regards to the WCP point placed at the origin. All
sets of possible combinations are perturbed with a uniformly
distributed random noise of norm 1 applied to each point. Each
combination of three points forms a triangle to which an in-
scribed and circumscribed circle can be fitted. The ratio of
the two radii (inscribed circle divided by circumscribed circle)
should always be as close as possible to 0.5. Figure 8 shows
that the decreasing of this ratio is related to a loss of quality in
the WCP reconstruction. Hence, to keep an error of reconstruc-
tion below or at least similar to the one of the acquisition tool
used (laser tracker), the ratio should be as close as possible to
0.5 and always above 0.35.

The simplest pragmatic rule that can be derived from this is
that the MPs should be placed evenly spaced to one and another
to enable a straight forward understanding of the inscribed and
circumscribed circles. As can be seen in Figure 3 the placement
of the SMRs in the case study does not fulfil this requirement,
other requirements such as the obstruction of the line-of-sight
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Figure 6: Error off the identified radius based on the spherical surface covered.

of the SMRs during the compliance calibration was a more pre-
dominant factor. Unfortunately, at the expense of a good WCP
identification.

3.3. Selection of measurement equipment

Based on the identified pre-conditions one has the options
to select from a variety of devices for the loading and the mea-
surement of the deflections of the EE. This usually requires ad-
ditional adapters which need to be mounted onto the EE, as
they serve for the identification of the Wrench Point (WP) and
Measurement Point (MP), see Figure 3. These are the points in
which the loading and the deflections are related to the manip-
ulator and they are important for the model parameter identifi-
cation, cf. section 4.

The measurement methodology is quite simple for the stiff-
ness identification. Because of an external load a deformation
is created. The deformation and the load need to be applied and
identified. One requires a loading device which is fast, precise
and allows a wide variety of external wrenches. Based on the
variety of apparatus used in the literature, it seems that there
exists currently no such commerically available solution. In
the literature it can be found that the mass loading system in
a loose [23] or rigid fashion [21] are the most commonly used
tools. Rigid blank adapters are commonly L shaped cantilever
beams [24]. This is due to the fact, that its WP resembles the
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Figure 7: Target position on partial 100 mm radius sphere.

one of a motor spindle well and depending on the loading sys-
tem it broadens the range of applicable wrenches. Mass loading
systems require the precise measurement of the applied weights
and they do not allow an exertion of torques around the z̃ axis of
the BCS. Thus, not all axes can be identified. To overcome this
obstacle, some researchers use mechanical tensioning as did
Guerin[25] and Cordes [26]. Other reserchers use systems con-
sisting of a pulley and cable guided by an external fixture [16].
From a practical point of view, measuring robots with high pay-
loads can become a big effort when using the afore-mentioned
devices. That might contribute to the research of Zaeh [27] or
Wang [28], who use pneumatic actuators, which offer an effi-
cient variation of the magnitude of the external wrench. Then
there is a variety of dedicated instruments. A cable-driven robot
loading an articulated robot [29], a loaded ball-bar system [30]
and a specifically designed solicitor system [31]. The authors
do not give a recommendation for any instrument, but recom-
mend to use the system which is the most precise and allows
for a high variety of applicable wrenches. For some other users
speed might be a more decisive factor.

Seven of the research works on elastostatic calibration in
Table 2. use laser trackers, so does the presented case study.
Laser trackers allow a fast, precise and usually simple measure-
ment of the EE deflections. However, their prices of around
EUR 160,000 for purchase or expected rental costs of EUR
1,000 per day have inspired several research works that focus
on cost effective solutions such as photographic systems [32]
or closed-loop calibration [33]. Nevertheless, other common
equipment such as Optical CMMs or portable CM Arms also
require a hefty fee. The authors recommend the application of
laser trackers or similar devices, as their application takes usu-
ally less time than other methods, which is particularly impor-
tant for industrial practitioners.

The two main functions of EE adapters in compliance cal-
ibration are the loading of the manipulator and the invariant
placement of the measurement points. Firstly, the adapter needs
to enable the loading of the manipulator. It must be able to

transfer a load from a loading system to the manipulator’s me-
chanical interface, without significantly deforming it-self or with
a known deflection, which can be compensated for.

An important extension of this function is that the invariant
placement of the wrench application point. The WP determines
where the robotic structure is loaded relative to its EE, see Eq.
(14). Theoretically, several wrench application points could be
possible; though it seems uncommon, as robots are usually not
equipped with multi-purpose tools. In general there seem to
be two approaches to express the WP: 1. The four point mea-
surement method or 2. the consideration of a precise adapter.
The four point measurement method is used to identify the tool
transformation manipulating the robot to the same position in
four significantly different configurations to identify the tool
transformation. The consideration of a precise adapter means
that the coordinate of the wrench application point is localised
according to a fixed and known transformation from the robot
flange based on the geometry of the adapter. There exist also
customized solutions for this measurement. The authors’ inves-
tigation of the TX200 uses a combination of a precise adapter
and a measurement by the laser tracker.

There is no clear tendency, which of these methods is prefer-
able, as the uncertainty for the first approach comes mainly
from the visual inspection of the contact establishment of the
two points, which is thus operator dependent; and for the sec-
ond option it comes from the mounting of the robot and the
quality of the part manufactured. Generally it is not possible
to say which method is more precise. However, the uncertainty
associated with the approach 2. can be considered to be more
systematic, as the mount of the robot remains the same. The re-
sults from both approaches can also be merged, for a feasibility
check.

There are also investigations that do not use an adapter mounted
to the EE. These investigations consider the joint torques τ cre-
ated by gravity as in [33]. This procedure does not require to
know a WP, as the joint torques are calculated directly. All other
works cited in this article, see Table 2, have used some sort of
commercial or blank adapter, as the resulting load is the most
similar to the anticipated task, to facilitate the loading and or to
broaden the variety of applicable wrenches.

The second function is the invariant placement of the MP or
MPs. The MP determines where the deformation of the robotic
structure is measured relative to its EE, Eq. (14). It is common
to have one or three measurement application points. This is
due to the fact that, one measurement point yields the transla-
tional deflections, whereas at least three MPs yield the trans-
lational and rotational deflections. Nubiola has shown in 2013
that the usage of more than three MPs is hardly advantageous
[21].

There are three approaches for the measurement of the MPs.
The first two approaches, 1. four points measurement method
and 2. precise adapter, have already been mentioned. The third
approach considers a non-precise adapter in combination with
repeatable and invariant reference positions on the robot struc-
ture. For the measurement the EE needs to be moved to at
least two significantly different configurations and unlike to the
four points measurement method no geometric constrains ap-

9



Figure 8: Error on wrist center point reconstruction according to inscribed and circumscribed circle radius.

ply. This is due to the fact that the positions of MPs are known
in the BCS for each configuration. In that case, the uncertainty
comes from the uncertainty of the measurement setup and the
subsequent numerical optimisation. For the case study on the
TX200 this comprised the placement of SMRs nests on the mo-
tor spindle. In the sub-picture of the spindle housing and the
measurement application points (SMR nests) in Figure 3 one
can see, that this investigation used three SMR nests, that were
mounted to the spindle housing. As the spindle housing has
been made from Aluminium, a non-magnetic metal, the SMR
nests were invariable mounted using a common hot glue pistol.
The invariant placement of the SMR nests has been validated
repeatedly throughout the measurement. The difference in po-
sition had been found to be in the range of the instrument’s
uncertainty.

One does not necessarily need as many SMRs as SMR nests
to conduct such investigations, as the placement uncertainty on
SMR nests is usually negligible. However, care should be exer-
cised in the placement of the SMRs into the nests.

As in the testing of other production machinery, start-up cy-
cles are important to represent the industrial robot in a state,
which is as close as possible to its duty cycle state. Sometimes
the term warm-up instead of start-up cycle is used. However
this term omits one principle idea. The start-up cycle brings the
robot to the correct operational temperature, but it also ensures
a good dispersion of the lubricants in the joints of the system.
Both, the heating and the dispersion of the lubricant, are con-
sidered to create a different engagement behaviour of the speed
reduction gears in the joints.

There have been some publications focusing on thermal ef-

fects on the machining accuracy of industrial robots, as has been
described by Cherif in 2010 [34] and Abele in 2013 [35]. This
paper would like to emphasise the importance of start-up cy-
cles to maintain an equal operation temperature throughout the
calibration procedure and analyse its effect on the stiffness of
industrial robots. For the latter purpose, EE deflections in 12
equal configurations, with nearly equal external wrenches, have
been compared for a Ready Robot, a robot which continuously
undergoes start-up cycles to maintain the operational conditions
as can be seen in Figure 9a, a Semi-Ready Robot, a robot that
has undergone start-up cycles and is now idle, and a Non-ready
Robot, one which has been inactive for a period of over 16 hours
and has not undergone start-up cycles, Figure 9b. The start-up
cycle consists of continuous movement of all joints at a TCP
velocity of 200 mm/s at different accelerations for a 45 min pe-
riod. Then after 30 min of measurements, an additional start-up
cycle has been conducted for 15 min to maintain the tempera-
ture and dispersion of the lubricant.

The mean differences in the magnitude of the measured de-
flections are 30 µm or 4 % for a comparison of the Ready Robot
and the Semi-ready Robot and 12 µm or 2 % for a comparison of
the Ready Robot and the Semi-ready Robot. These results are
within the instrument uncertainty of the laser tracker. Hence,
the start-up cycle did not have a significant impact on the de-
flections measured of the TX200; i.e. on its stiffness.

3.4. Selection of measurement configurations

This section focuses on the importance of the selected mea-
surement configurations. A general purpose manipulator, a robot
with 6 d.o.f., gives one the flexibility to consider not only dif-
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(a) Ready robot, after start-up cycle.

(b) Non-ready robot, after 16 hours of rest.

Figure 9: Effect of the start-up cycle recorded by the infra red camera

ferent portions of the work envelope, but also potentially sev-
eral configurations in which the pose can be attained. Thus,
one needs to select measurement configurations considering the
task emulation (dexterity and process forces) and observability
of the model parameters (sensitivity).

Robot manufacturers are required to have a set of calibra-
tion parameters for the control of the manipulator which are ap-
plicable for the working space, also termed working range. The
working space is the space that can be swept by the WCP point
[1]. This is independent of the type of calibration, e.g. kine-
matic or non-kinematic, and it provides a parametrised model
which is robust and reliable independent of the task. For devel-
opers, researchers and users it is possible to define operational
or operating spaces, that is a task dependent calibration as it
considers the actual space used to for performing the motions
commanded by the task program [1]. There are two main dif-
ferences between the operating and working space approach.
Firstly, a calibration for the working space is less efficient in
its implementation, when the task program spans only a small
part of the working space. Secondly, to conduct a measurement
in the working space can be more complex and time demand-
ing. Due to this, sometimes theoretical values might be used.
Theoretical values are not adjusted to individual manipulators,
which leads to discrepancies between actual manipulator and its
model, which results in a decreased utility value of the parame-
ter. Nonetheless, the operating space calibration would need to
be used for the intended task program, but should not entirely
replace the manufacturer’s calibration for other tasks programs
in different parts of the working space. One usually receives the

set of working space parameters from the calibration conducted
at the facilities of the OEM prior to the commissioning. The
set of operating space parameters is usually obtained on sight at
the customers’ facilities.

Once, it has been decided to proceed with the working or
task space approach, one needs to consider observability and
sensitivity aspects, i.e. does the chosen set of configurations
allows the parametrization of the model parameter under in-
vestigation. Several researchers have worked on this topic. It
evolves around the determination of the parameters of the sen-
sitivity matrix (mainly kinematic calibration) or the parameters
of the information matrix (mainly compliance calibration). The
sensitivity matrix relates the difference in pose to the errors of
the model parameters. In 1991, Borm and Menq have used the
singular value decomposition method to investigate the param-
eter observability to minimise the effect of noise on the param-
eter idententificaiton [36]. The higher the observability value
σ, the higher the attribution of the difference in pose ∆X to a
particular model parameter.

Om =

∏n
i=1 σi

1
n

√
m

(5)

In one of the latest works in 2013, Joubair and Bonev have in-
vestigated the efficiency of observability indices and supported
the works of Borm and Menq[37], see Eq. 5. Where n are the
number of model parameters and m are the numbers of manip-
ulator calibration configurations to be measured. The objective
is to maximize all Om. In practice the DETMAX algorithm can
help with this maximization [38].

The concept of observability has also been formulated for
compliance calibration. In 2012, Wu defined an optimality cri-
terion based on the trace of the information matrix to decrease
the noise on the identification of the stiffness parameters [39].
The sensitivity matrix is derived from the stiffness model of the
robot which is based on Eq. 14 as the product of:

A = J(q)MP ∗ J(q)WP
T ∗W (6)

The next step for the compliance calibration is the consid-
eration of the Complementary Stiffness Matrix (CSM) KC . In
simplified terms, the CSM accounts for the small change of the
manipulator pose under load, i.e. the shift of the MP and the
WP [40]. Researchers such as Alici et all. [41] have shown the
importance of the CSM for the conservation of energy. How-
ever, due to the complexity in the modelling and computation
process, the authors recommend that a pragmatic calibration
should select manipulator measurement configurations in a sys-
tematic manner as in [23] to reduce the importance of the CSM
and simplify the model, Section 4. The preceding considera-
tions apply to working and operating space calibrations. The
following considerations apply only to operating space consid-
erations.

The calibration in operating space for an intended task pro-
gram, should first and foremost consider to measure configura-
tions that are part of the robot task [42].
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Table 3: Actual a and d, and nominal α and θ DH parameters for of the TX200.

Joint. α j in rad d j in mm θ j in rad a j in mm
1. 0 642.25 q1 249.96
2. − π2 0.13 q2 − π

2 949.96
3. 0 −0.05 q3 + π

2 0
4. π

2 800.05 q4 0
5. − π2 −0.01 q5 0
6. π

2 194.07 q6 0

4. Modelling

This section briefly describes different modelling approaches
for the kinematic and compliance modelling of articulated in-
dustrial robots. Different models as well as their parameters
and simplifications are discussed. Cases of quasi-serial kine-
matic chains such as kinematic parallelograms are excluded.

4.1. Kinematics

The movement of an industrial robot is commonly defined
by the successive positions attained by each joint, resulting in
a specific EE pose. It is mainly expressed in term of angles.
One prefers to think in the Cartesian coordinate frame, so the
Denavit-Hartenberg modelling for the forward and inverse kine-
matic model is used to relate joint space to Cartesian space. The
kinematic relations are defined via the Jacobian matrix.

The Jacobian matrix J of the robot express the Cartesian
translational and rotational speed of the EE with regards to the
joint rates q̇. The Jacobian can also be used to express the Carte-
sian displacement for a small change in joint angle. Addition-
ally, these two relations can also be expressed for any point on
the robot structure, not only the EE; e.g. the MPs and the WP.

[
v
w

]
= J(q) ∗ q̇ (7)

v =
[
vx vy vz

]
is the translation speed of the EE expressed

in the BCS coordinate system, w =
[
wx wy wz

]
is the rotation

speed of the EE expressed in the BCS coordinate system, q̇ ∈
R6×1 is the articular speed, J ∈ R6×6 is the geometric Jacobian
matrix.

The Jacobian matrix also links the wrench applied to the EE
of the robot with the torques in each joint.

τ = J(q)T
WP ∗W (8)

With τ ∈ R6×1 =
[
τ1 τ2 τ3 τ4 τ5 τ6

]
, the torque applied to

the joint, J the Jacobian matrix and W ∈ R6×1 =
[
Fx Fy Fz τx τy τz

]

the wrench applied to the Wrench Point (WP). Further infor-
mation on the fundamentals of manipulator kinematics can be
found in [20], [43] or [44].

It is preferable to use the actual DH parameters for the elas-
tostatic compliance calibration, as the parametrisation of the
joint stiffness matrix is sensitive to errors in the identification
of the MPs, WP and WCP. This can lead to a bad conditioning
of their corresponding Jacobian matrices and in the worst case

leads to sign errors, which can lead to negative joint stiffness
values.

Furthermore, there are the analytic Jacobian, also called
task space Jacobian, denoted Ja and the geometric Jacobian,
which is the one most commonly used robotic calibration. This
article uses the terms geometric Jacobian and Jacobian synony-
mously. These two differ in that way that the rotational compo-
nents of Ja are given in a minimal representation to describe the
EE orientation, such as Euler angles [20]:

J(q)a =

[
I 0
0 R

]
∗ J(q) (9)

- Importance of analytic and geometric Jacobian in calibration
Additionally, it is common to express manipulator kinmemat-
ics using the DH or mDH formalism relying on homogeneous
transformation matrices. Both the DH and mDH parameters of-
fer a minimal representation of the kinematic chain due to the
convention of assigning the link frames. There is also the way
to represent this information in terms of the Product of Expo-
nentials, which is non-minimal and requires 6 parameters per
joint, cf. [43].

Furthermore, another important aspect is the difference in
the usage of translational or translational and rotational mea-
surement data. The literature review in this research work, has
not found a single paper, that used solely, rotational measure-
ment data. The reason why this information is already impor-
tant in the modelling phase is that the Jacobian J would need
to be homogenised, cf. [23], by the characteristic length of the
robot [45]. This approach homogenises the difference in the
translational [length] and rotational [degree] units contained in
the Jacobian matrix. This is discouraged by the authors, as the
measurement of the rotational data requires 3 ∗ n data points
compared to the translational data, as the normal vector of the
EE needs to be identified, the identification of the characteristic
length is not trivial and because the obtained results, in terms
of identified joint stiffness and remaining residual is inferior to
the parametrised values from translational data [46].

4.2. Compliance
The elastostatic compliance model relates the loaded to the

unloaded EE pose for a static configuration of the robot un-
der the consideration that a static external force is applied in
a linear stress strain region of the robot; in terms of the de-
formation of the structural loop components due to their finite
stiffness. In general, these models consider joint or joint and
link compliance. This is without the consideration of special
quasi-serial kinematic chains such as robots with gravity com-
pensators. For more information refer to [47, 24]. This work
uses an elastostatic compliance model of the robot based on the
Virtual Joint Method (VJM) [48]. The VJM method is based
on the extension of the rigid kinematic model by adding vir-
tual degrees of freedom in terms of translational and or rota-
tional springs to the structural loop components that are con-
sidered deformable. There are also more models or modelling
methods and approaches such as the Matrix Structural Analysis
or Finite Element Modelling which can represent more phys-
ical phenomena, but these require additional considerations to
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Figure 10: Virtual Joint Modelling scheme for joints 1. and 2. of the TX200,
the shoulder is replaced by two linear torsional springs.

ensure parameter observability in the measurement phase and
are not discussed in this article. For the modelling of the cal-
ibration of the TX200, only one rotary degree of freedom is
considered for each link about the ẑ axis of each joint. The
joints can be represented as linear elastic torsional springs, cf.
Figure 10. Each spring has a rotary stiffness, which is to be
parametrised. This simple stiffness parametrisation lumps to-
gether several non-kinematic sources such as link deformations
as well as motor and gearbox friction as they will affect the
measurement data [49]. In 2007, Abele has applied a clamp-
ing mechanism to reduce the interdependency of these param-
eters. However, he found that this approach yielded less good
results than an un-clamped structure [50]. This is a good ex-
emplification how the measurement methodology needs to suit
the described model; i.e. the elastostatic modelling of a serial
manipulator is valid only valid as long as the premise is ful-
filled that the manipulator is in a quasi-static state in term of the
process wrench applied and the kinematic of the arm, otherwise
additional dynamic terms should be included in the model.

The Cartesian stiffness matrix of a manipulator depends on
the stiffness of the links, the configuration, the stiffness of the
control loop and the actuators’ mechanical stiffness. In this pa-
per, the last three sources of stiffness are considered. The links
of the robot are assumed to be rigid. The spatial Cartesian stiff-
ness of a serial robot can be defined by Hooke’s law for rigid
bodies:

W = Kx.∆X (10)

KX is the 6x6 Cartesian stiffness matrix of the manipulator. This
linear relation ship, is true for elastostatic stiffness and can be
related to the configuration of the robot according to Chen [40]:

Kx = J(q)−T (Kθ − KC)J(q)−1 (11)

J(q)−T W = (Kθ − KC)J(q)−1∆X (12)

Kθ is the diagonal joint stiffness matrix defined as follows:

Kθ =



kθ1 0 · · · · · · · · · 0

0 kθ2

. . .
...

...
. . . kθ3

. . .
...

...
. . . kθ4

. . .
...

...
. . . kθ5 0

0 · · · · · · · · · 0 kθ6



(13)

Dumas et al. [23] highlighted that to facilitate the estimation
of the stiffness identification that Kc must be negligible. They
present that for Kc to be negligible a criterion for the condi-
tioning of the Jacobian matrix must be fulfilled (cf. section
3.4). Additionally, one needs to consider that KC depends on
the external wrench, as it describes the change of the configu-
ration from the unloaded to the loaded case. Thus, small exter-
nal wrenches also reduce the importance of Kc. Fulfilling, the
above mentioned requirements Equation 13. can be simplified
to the following approximation:

Kx ≈ J(q)−T
WPKθJ(q)−1

MP (14)

From the authors’ point of view, it is preferable that Kc is neg-
ligible, as computing Kc in a simple and efficient manner is
non-trivial.

5. Measurement

This section exemplifies the good practices on compliance
calibration, presented in the preceding sections, with a case
study on a Stäubli TX200 conduceted in June 2018 at the fa-
cilities of Ideko S. Coop. As can be seen in Figure 3, the setup
comprises a Stäubli TX200 (1), which has a payload of 100 kg
and a range of 2194 mm [13], the manipulator is customized
with a motor spindle (2), which carries three SMR nests (3) for
1.5” SMRs (4) the MPs as well as a cutting tool blank (5), a
laser tracker with a continuous measurement capability, the Le-
ica AT-402 (6) [14], the LDBB as a loading device (7) [15],
which is equipped with an adapter to mount 0.5” SMRs (8/9)
for the identification of the WP and a rigid table (10). Ad-
ditional components, are the robot cell references (11), which
were used as invariant point references to validate the pose of
the laser tracker, as well as thermocouple (AMPROBE TMD-
56) and the infra-red camera (FlIR C2) (12). The thermocouple
was used to adjust the measurements with the infra-red camera
to a difference of below ±1°C, as the measurements from the
infra-red camera are more precise, if they are adjusted for the
anticipated temperature range.

The good practice calibration includes all seven steps out-
lined in Figure 11. For a regular compliance calibration only
step 6. is necessary as it measured the data necessary for the
identification of the joint stiffness matrix.

As explained in the section 3, first the robot has been brought
to operational conditions using a start-up cycle. The start-up cy-
cle consisted of a continuous movement of all joints at a TCP
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Figure 11: Schematic displaying the measurement and identification steps for
a good practice compliance calibration.
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2. Conduct a kinematic calibration
using the circle point method

➢ Measure and identify the actual DH
parameters: 𝑎, 𝑑, 𝛼, 𝜃

3. Measure and identify the wrist
centre point

• Position transformation relative to the
manipulator’s mechanical interface of the
wrist centre point: 𝑊𝐶𝑃

6. Measure and identify the EE
deflections 𝚫𝒙, the wrench 𝑾 and
the actuated joint angles 𝒒

➢ Calculate the joint stiffness matrix
using a linear least-squares
mapping: 𝐾𝜃

4. Measure and identify the
measurement point or points (MPs)

• Position transformation relative to the
manipulator’s mechanical interface of the
measurement points 𝐽(𝑞)𝑀𝑃

5. Measure and identify the wrench
point (WP)

• Position transformation relative to the
manipulator’s mechanical interface of the
wrench points 𝐽(𝑞)𝑊𝑃

0. Conduct an initial start-up cycle

➢ Ensure that the kinematic chain and the
compliance are invariant throughout the
following procedure

1. Measure and identify BCS using
the circle point method

➢ Position and orientation transformation
into the manipulator’s BCS

velocity of 200 mm/s at different accelerations and decelera-
tions. An initial start-up cycle of 45 min has been conducted.
For a manipulator as big as the TX200, it is recommendable to
consider a start-up cycle of up to 3-4 hours; if one’s intention is
to emulate continuous usage. For the measurement at hand, the
start-up cycle must ensure an invariant degree of similarity for
the kinematic chain of the manipulator.

Then the data for the identification of the kinematic param-
eters, BCS, DH parameters and WCP have been measured. The
BCS has been measured and identified using the circle point
method. This measurement has been expanded until joint 5.
for the measurement and identification of the actual DH pa-
rameters of the manipulator. For the case study, these data have
been measured using all three SMR nests. The SMRs have been
measured using the continuous measurement mode of the laser

tracker. It has been ensured by manual reorientation that the
SMR maintains the correct orientation to the laser tracker. Cau-
tion must be exercised during manual placement of the SMRs
to avoid exerting forces onto the nests, as this could lead to un-
wanted change of the MP. Then the WCP has been measured
moving joints 4, 5 and 6 simultaneously. The same path is
measured three times as the SMRs need to be replaced to the
different MPs; i.e. SMR nests.

After each 30 minutes of measurements an additional con-
tinuous start-up cycle of 15 minutes has been conducted to main-
tain the same temperature and lubrication conditions. Once, the
kinematic parameters have been measured, one can proceed to
the measurement of the MPs and the WP. In the case study, the
MPs were configuration independent, but the WP was config-
uration dependent. Thus, the WP has been measured for each
configuration, similar to as the wrench and the EE deflections.

Then one can continue to the measurement of the compli-
ance parameters. For the parametrization of the compliance
model, the robot is moved to one of the manipulator measure-
ment configurations. The configuration in terms of the actuated
joint coordinates is recorded from the robot controller. It is ad-
visable to get a recording which is as accurate as possible.

Now the compliance measurement is in its initial state, at
this stage the manipulator is unloaded. The following steps
have been repeated three times, as there were three available
MPs. The unloaded configuration is measured using the first
MP, the first SMR nests. Then the loading device is coupled
to the structure and the displacement of the MP is measured at
the predefined load levels. Then the wrench direction and the
WP are identified. The wrench direction is identified using the
adapter on the LDBB to identify the normal in the BCS. The
WP is measured and identified in the BCS from the normal of
the adapter on the LDBB and the calibrated distance to the cen-
tre of the blank cutting tool. The difference in the center-line
of the adapter and the LDBB has been evaluated using a CMM
and the distance from the centre of the sphere of the cutting tool
blank has been evaluated using the laser tracker. This allowed
to exert a wide range of wrenches as well as a good identifica-
tion of the wrench in the BCS. Loads of 10 N, 500 N, 550 N,
600 N, 650 N and 700 N with different directional components
are exerted at the TCP. More detailed information on a similar
measurement can be found in [30].

6. Identification

This section outlines the identified model parameters. Ad-
ditionally, the joint stiffness values are used for a comparison
of measured and calculated positioning accuracy.

The parameter identification uses partial pose measurement
data as described by Wu [46]. In other words, the joint stiffness
values are identified based solely on the measured translational
displacements, without accounting for the rotational displace-
ments. For each tuple consisting of the configuration in terms
of joint angles, measurement point as well as wrench and de-
flection vector, a joint stiffness matrix can be identified; a linear
least-square parametrization is used to optimize the parameters
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Figure 12: Residual positioning of the compensated elastostatic deflections.

over the measured joint angle domain. Using 12 random ma-
nipulator measurement configurations for the identification of
the joint stiffness values yields:

Kθ =



1.70
3.93
0.63
0.61
0.1
0.1



106 Nm
rad

(15)

The data set has been used to calculate and compare the
calculated with the measured positioning error. The position-
ing error due to the elastostatic compliance of the manipulator
has been reduced from 1.72/0.81 mm (mean and maximum) to
0.19/0.07 mm (mean and maximum); applied to a data set of 36
measured manipulator measurement configurations. The Resid-
ual positioning error is visualized in Figure 12.

7. Conclusion

This paper has outlined several practices which can be em-
ployed for elastostatic compliance calibration of articulated in-
dustrial robots. The article discusses the steps which should be
considered for the calibration procedure. The procedure is ex-
emplified on a Stäubli TX200 to identify the joint stiffness val-
ues. The validity of the identified joint values is checked based
on the comparison of calculated and measured positioning er-
rors due to external wrenches. Finally, the authors would like to
state that an identification of the elastostatic stiffness of the ar-
ticulated industrial robots can yield a great variability based on
the applied methodology, thus a standardized calibration proce-
dure would be helpful to facilitate the comparison of different
robots, such that the correct selection for a robot to the intended
application can be made. The implementation question of these
datasets of stiffness and geometric parameters is still a com-
plex question in actual industrial robots. The robotic models

and its parameters in the controller are usually not accessible
for change. This has lead to post processing solutions for tra-
jectory optimization, even though this solution is not the most
efficient.
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Nomenclature

A Observation matrix which defines the transformation of
the ∆X to the Kθ

BCS Base coordinate system; coordinate system referenced
to mounting surface [1]

∆X Translational deflections in the three axes x, y and z of
the BCS.

DH Denavit-Hartenberg, scientists who coined a widely ac-
cepted convention for a minimal expression of manip-
ulator kinematics

EE End effector

J Jacobian matrix which defines the transformation of
the joint to the Cartesian space

KC Complementary stiffness matrix which accounts for the
change in configuration of the manipulator under an
applied load

Kθ Stiffness matrix in joint space

kθ Rotational stiffness of a single virtual joint

Kx Stiffness matrix in Cartesian space

MP Measurement point; Translational transformation of the
point in which the measurement is taken with respect
to the manipulator’s mechanical interface

ω Rotational velocity around the three axes x, y and z of
the BCS.

q Vector of actuated joint coordinates

τ Vector of torques in the virtual joints

θ Virtual joint coordinate

v Translational velocity along the three axes x, y and z of
the BCS

W Wrench; external force along the and torques around
the three axes x, y and z of the BCS

WCP Wrist center point; point of intersection of the centre-
lines of joints 4, 5 and 6
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WP Wrench point; Translational transformation of the point
in which the wrench is applied with respect to the ma-
nipulator’s mechanical interface
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Abstract 

This work focuses on the modelling, measurement and identification of the 

change of the kinematic chain of serial articulated industrial robots based on 

thermo-mechanical deformations due to self-heating. The Denavit Hartenberg 

convention is used to describe the kinematics of the manipulator, but the link 

lengths and the joint offsets are functions dependent on the motor power of the 

actuated neighbouring joints. These functions are measured for the Denavit 

Hartenberg parameters using kinematic calibration with the circle point method 

and identified using a linear least-squares mapping. This set of Denavit 

Hartenberg parameters coupled to motor power of the joints can be used to 

control industrial robots with a known and repeatable task program under a 

stable environmental temperature; as under these conditions, the thermo-

mechanical deformations are mainly due to self-heating and the heat field can 

be assumed constant due to the repeatable task. Thus, the measurements are 

conducted in under a stable environmental temperature as well as in a thermal 

steady state with a constant heat field due to self-heating, at a given reference 

power. The root mean square of the measured, the interpolated and the nominal 

Denavit Hartenberg parameters are compared to present an estimate on the 

change in positioning accuracy. A case-study comprises an ABB IRB 1600, a 

Leica AT960 laser tracker and a FLIR SC640 infrared heat camera. The article 

concludes with a discussion on the opportunities and limitations of the 

application of the introduced thermal compensation model on articulated 

industrial robots and which robotic application areas could benefit from the 

model. 
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1 Introduction 

Articulated industrial robots [1] have become an indispensable element of 

modern industrial automation solutions, as they can execute various 

applications while providing modern manufacturing environments with the 

flexibility to adapt to change. 

Articulated industrial robots are significantly more repeatable than accurate [2]. 

Thus, users need to combine on-line and off-line programming to create task 

programmes. On-line programming, though accuracy independent, forces 

robots into undesired downtime and yield only limited transferable task 

programmes. On the other hand, off-line programming which reduces 

undesired downtimes is accuracy dependent. Hence, robot manufacturers offer 

calibration services to increase the accuracy and facilitate off-line programming 

solution. Namely, ABB offers Absolute Accuracy [3], KUKA offers robots with 

High Accuracy (HA) and FANUC offers iRCalibration Signature [4]. Based on 

the descriptions, these services use some version of kinematic calibration as 

described by Mooring et al. in 1991 [5]. The result is a kinematic model which 

accounts for the imperfect geometries and dimensions of the links as well as the 

configurations of the joints using a set of constant actual Denavit Hartenberg 

(DH) kinematic parameters. In 2013, Nubiola validated the potential accuracy 

improvement of a kinematic calibration [6]. However, there are also non-

kinematic sources for inaccuracies such as; thermo-mechanical errors which 

can change the kinematic chain and or its compliance due to a change of the 

heat field of its structural members [7]. Thus, the thermo-mechanical errors 

change the kinematic DH parameters. In 1997, Heisel presented a thermal 

compensation strategy based on laser tracker measurements and kinematic 

parameters being linked to the temperature change [8]. In 2006, Poonyapak 

experimentally linked the change of the kinematic parameters to the rotational 

velocities of the manipulator [9]. In 2009, Santolaria presented an experimental 

approach to express the kinematics of an articulated arm coordinate measuring 

machines as functions dependent on temperature [10]. More recently, others 

such as Yin [11] and Li [12] presented other approaches to quantify the change 

of the kinematic chain due to thermo-mechanical errors.  

This work presents an approach to express DH parameters as a function 

dependent on the theoretical motor power for neighbouring joints using 

experimental data for a set of four reference operational powers and a linear 

least-squares mapping for the interpolation. This approach is limited to robots 

in repeatable tasks and under a stable environmental temperature. 

2 Modelling 

The kinematics of serial chain manipulators can be modelled using 

homogenous transformation matrices and the DH convention, for a minimal 

representation of the manipulators configuration [13]. The position and 

orientation of link 𝑖, or rather the coordinate system attached to it, in the base 

coordinate system can be calculated using: 
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 .𝑖−1  𝑇𝑛 = ∏.𝑖−1 𝑇(𝑎𝑖 , 𝛼𝑖 , 𝜃𝑖 , 𝑑𝑖)𝑖

𝑛

𝑖=1

 (1) 

For more detailed information see [13]. The DH parameters link length 𝑎𝑖, link 

twist 𝛼𝑖, joint angle 𝜃𝑖 and joint offset 𝑑𝑖 are sufficient to parameterize the 

serial kinematic chain. The nominal DH parameters for joints 1.-4. of the ABB 

IRB 1600 can be seen in Table 1. A conventional kinematic calibration usually 

identifies these parameters for specified environmental conditions of 20 ± 2 °𝐶 

and an unknown temperature on the shell of the manipulator due to its 

operational conditions [14]. 

Table 1: Nominal DH parameters of the ABB IRB 1600 for joint 1.-4. The 

parameters for joints 5. and 6. Are excluded as these joints were not part of the 

calibration procedure. 

𝐽𝑜𝑖𝑛𝑡 𝑎𝑖 [𝑚𝑚] 𝛼𝑖[𝑟𝑎𝑑] 𝜃𝑖[𝑟𝑎𝑑] 𝑑𝑖[𝑚𝑚] 

1 0 0 𝜃1 486.5 

2 150 
−𝜋

2
 𝜃2 −

𝜋

2
 0 

3 700 0 𝜃3 0 

4 0 
−𝜋

2
 𝜃4 600 

This constant set of parameters is true for an invariant temperature. But a 

manipulator is subjected to temperature changes from its environment and from 

self-heating due to the task programs. For some industrial production facilities 

these temperature variations can be reduced to the self-heating of the robot, as 

the environmental temperature is stable in a range of ±2 °𝐶 and the 

manipulators conduct a repeatable task, implying a stable heat field across its 

kinematic chain. When these conditions are fulfilled, one can calculate a set of 

DH parameters for a given task program knowing the required power at the 

joints 𝑃𝐽𝑛
 as the product of the actuated joint rate �̇�𝑛 and the torque at the joint 

𝜏𝑛: 

 𝑃𝐽𝑛
= 𝜏𝑛 ∙ �̇�𝑛 (2) 

As the change of the kinematic structure is due to the amount of heat that is 

created in the motors at the axes of the robot, as a result of the transformation 

of electrical to mechanical power. 

For manipulators under these conditions, the heat field generated from the task 

will converge to steady state conditions after at most two days for very big 

robots, Fanuc M-2000iA. But usually this will happen much faster, e.g. for 

small robots one can assume a period of a few hours.   



 

 
Laser Metrology and Machine Performance XIII 

 

This, for robots in repeated tasks and under invariant environmental conditions 

each DH parameter 𝑝𝑖  can be expressed as a function of the motor power of an 

individual joint 𝑃𝐽𝑛
 adjacent to the structural member: 

 𝑝𝑖(𝑃𝐽𝑛
) = 𝑝𝑖,𝑟𝑒𝑓 + Δ𝑝𝑖(𝑃𝐽𝑛

) (3) 

Where the parameters reference length at 𝑝𝑖,𝑟𝑒𝑓  and the change as a function of 

power can be Δ𝑝𝑖(𝑃𝐽𝑛
) identified using a linear least-square mapping of a set of 

measurement data Δ𝑝𝑖(𝑃𝐽𝑛
)

𝑚𝑒𝑎𝑠
 emulating the described environmental and 

operational conditions: 

 ‖Δ𝑝𝑖(𝑃𝐽𝑛
) ∙ 𝑃𝐽𝑛

− Δ𝑝𝑖(𝑃𝐽𝑛
)

𝑚𝑒𝑎𝑠
‖

2

2

 (4) 

This work does not couple the kinematic DH parameters and the joint motor 

power arbitrarily. Each DH parameter is expressed as a function of the power 

of the neighbouring joints, i.e. the parameters 𝑎2, 𝑑4 and 𝑎3 are dependent on 

𝑃𝐽2
. The coupling for this investigation can be seen in Table 2. This coupling 

has been selected due to the placement of the motors according to Figure 1. 

Table 2: Coupling of the DH parameters to the power of the motors at joints. 

 𝑃𝐽1 𝑃𝐽2
 𝑃𝐽3

 

𝑎2 𝑎2(𝑃𝐽1) 𝑎2(𝑃𝐽2
) − 

𝑑4 𝑑4(𝑃𝐽1
) 𝑑4(𝑃𝐽2

) 𝑑4(𝑃𝐽3
) 

𝑎3 − 𝑎3(𝑃𝐽2
) 𝑎3(𝑃𝐽3

) 

 

 

Figure 1: Motor placement of the ABB IRB 1600 [15] 

3 Measurement 

The measurement setup can be seen in Figure 2. The setup comprises an ABB 

IRB 1600 which has a payload of 10 kg and a range of 1450 mm (1), an adapter 

from the manipulator’s mechanical interface to the SMR nest (2), an SMR nest 

(3) for a 1.5'' SMR, a Red-Ring Reflector (RRR) 1.5'' (4) a Leica AT960 (5) 

[16] and a FLIR SC640 infrared camera (6). 
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Figure 2: Measurement setup 

The measurements have been performed over 24 hours using the continuous 

measurement function of the laser tracker together with the circle point method 

for the analytic identification of the DH parameters. This means that the model 

parameters have been identified explicitly. For joints 1-3 four different power 

levels have been measured: 𝑃𝐽1 = [22, 60, 115, 126], 𝑃𝐽2 = [18, 52, 94, 112] 

and 𝑃𝐽3 = [9, 20, 35, 38]. This corresponds to fixed velocities of 300 (10%), 

750 (25%), 1200 (40%) and 1350 (45%) mm/sec a. Ideally, the measurements 

should have been conducted at speeds of 25%, 50% and 75% and 100% of the 

maximum velocity. As these values would have covered the whole operational 

power range. This was not possible due to the space constraint on the relative 

placement of laser tracker to robot and the rotational speed of the measurement 

head of the AT960. 

Each of the three joints has been manipulated individually and continuously, 

using automatic mode [1], for two hours at each power level. This number of 

repetitions ensured that the heat field of the manipulator converged. Namely, 

for joint 1.: 1224 reps. at 𝑃𝐽1 = 22, 2912 reps. at 𝑃𝐽1 = 60, 3703 reps. at 𝑃𝐽1 =

115 and 4838 at 𝑃𝐽1 = 126. The number of repetitions increased roughly by a 

factor of 3 for joints 2. and 3. due to the decreased length of the trajectory. 

After two hours, five repeated kinematic calibrations for joints 1, 2, 3 and 5 

were measured using the circle point method at an EE Cartesian velocity of 100 

mm/sec. For the circle point method, the following ranges were covered: joint 1 



 

 
Laser Metrology and Machine Performance XIII 

 

[-30,30], joint 2 [-20, 0], joint 3 [-30, 0] and joint 5 [-20, 20]. Then the same 

procedure was repeated at the next higher power level. Then the same 

procedure was repeated for the next joint, i.e. start: hour 00:00, joint 1, 𝑃𝐽1 =

22; end: hour 24:00, joint 3, 𝑃𝐽1 = 38. 

Due to the selected setup 𝑑6 cannot be identified as the RRR is mounted in the 

centre of the manipulator’s mechanical interface and 𝑑1 cannot be identified 

due to the circle point method was not possible to identify the rotational DH 

parameters. 

The measurement needed to ensure that the modelling preconditions, stable 

environmental temperature and heat field, are applicable. For that the 

environmental temperature has been measured using the weather station of the 

AT960. The environmental temperature has been maintained between 16.7°C 

and 18.9°C. The FLIR SC640 infrared camera was used to confirm that the heat 

field had converged. In addition to that, a Fluke 561 infrared thermometer was 

used each 8 hours to readjust for the actual reflected temperature of the 

measured object and adjust the difference to less than 1°C. Continuous 

measurements were taken in three different spots close to the motors in axes 1, 

2 and 3. The results can be seen in Figure 3. Each motor at axes 1, 2 and 3 have 

been measured for 8 hours. Unfortunately, not all measurement data were 

recorded successfully. There are 4 hours for motor axis 1, 2 hours for motor 

axis 2 and 6 hours for motor axis 3. 
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Figure 3: Measurement of the manipulator taken with the infrared camera at 

positions close to the motors at a) axis 1 b) axis 2 and c) axis 3 

The measured temperature at the spots converged to a stable temperature after 2 

hours, independent of the motor axis. This is probably not true for the whole 

heat field, which puts a further limitation on the applied measurement. 

However, this limitation could be overcome by measuring for a longer time. 

4 Results 

The translational DH parameters 𝑎2, 𝑑4 and 𝑎3 have been identified form the 

measurement data using the linear least-squares mapping described in Equation 

(4). The nominal, the measured and the fit of the parameters as a function 

dependent on (𝑃𝐽2
) can be seen in Figure 4. The Root Mean Square (RMS) 

value for 𝑎2(𝑃𝐽2
) is 𝑅𝑀𝑆( 𝑎2(𝑃𝐽2

)) = 0.02 𝑚𝑚 compared with 𝑅𝑀𝑆(𝑎2) =

0.09 𝑚𝑚, compared to the measurement data. Respectively for 𝑑4(𝑃𝐽2
) the 

values are 𝑅𝑀𝑆( 𝑑4(𝑃𝐽2
)) = 0.025 𝑚𝑚 and 𝑅𝑀𝑆(𝑑4) = 0.1 𝑚𝑚 and 𝑎3(𝑃𝐽2

) 

are 𝑅𝑀𝑆( 𝑎3(𝑃𝐽2
)) = 0.02 𝑚𝑚 and 𝑅𝑀𝑆(𝑎3) = 0.055 𝑚𝑚. Hence, the 

difference between the nominal and the actual DH parameter can be 

significantly reduced for manipulators in repeatable tasks, with a stable heat 

field, and stable environmental conditions by conducting a kinematic 

calibration which links the change of the parameter to the power required for 

the task program. 

The proposed measurement method is unable to identify all DH parameters. As 

mentioned earlier, due to the selected setup the DH parameters 𝑑1 and 𝑑6 

cannot be identified. 

Additionally, bigger actuated joint domains would have been preferable for the 

circle point method. This was not possible due to the rigid mount of the RRR 

which maintains the RRR position also at higher speeds. This constraint with 

the requirement to have an 𝑅2 < 0.01 mm for the fitting of the circles, has led 

to the application of a sphere fit instead of a circle fit. Thus, it was not possible 

to identify the angular DH parameters. 
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Figure 4: Plot of the measured, interpolated and nominal parameters 𝑎2(𝑃𝐽2

), 

𝑑4(𝑃𝐽2
) and 𝑎3(𝑃𝐽2

). 
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5 Conclusions 

This work has presented a novel approach to experimentally express the 

kinematic parameters of serial articulated manipulators as a function of the 

power consumption of individual joints. This model-based approach is 

applicable for manipulators that operate under stable environmental conditions 

and have repetitive task programs, as for these manipulators the thermo-

mechanical related changes of the kinematic parameters can be traced to the 

power required by each joint motor. Typical industrial environments which 

fulfil these conditions are the automotive industry as well as consumer 

electronics. 

The results of a case study, which has been conducted on an ABB IRB 1600, 

using laser tracker measurements, an IR camera, warm-up cycles and the circle 

point method for the identification of the parameters, has been presented. For 

three selected parameters it has been shown the root mean square error for DH 

parameters dependent on the linear least-square fit is significantly less than 

using the nominal parameter compared to the measured set of parameters. This 

is promising, as this means that the proposed calibration procedure potentially 

yields a higher utility value than a standard kinematic calibration; while it does 

not require additional resources, but one, more measurement time. 

However, the presented calibration procedure seems only applicable in cases in 

which a kinematic calibration is conducted anyhow, but it could serve those, 

who require an increased level of accuracy even compared to the conventional 

kinematic calibration. Robot manufacturers could expand their services to 

companies in the automotive and aeronautical sectors, as these usually fulfil the 

requirements of stable environmental conditions and repeated tasks. 

Nevertheless, the proposed method, just as any other non-kinematic 

manipulator calibration, suffers from the lack of opportunities to implement the 

identified parameters into the robot controllers. 
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A B S T R A C T

This paper presents a novel methodology to measure the compliance of articulated serial robots based on the
Elastically Linked Systems concept. The idea behind the methodology is to measure serial articulated robots with
customized external wrench vectors under a closed-force-loop. The methodology proposes to measure robots in
use-case defined configurations to increase the effect of the identified model parameters on their later im-
plementation. The measurement methodology utilizes the Loaded Double Ball Bar to customize wrench vectors
and a laser tracker to measure the system response. In particular, the Loaded Double Ball Bar creates the closed-
force-loop to create a flow of forces similar to the intended application of the robot. The methodology is applied
to an industrial robot with six rotary joints using the LDBB and a laser tracker. Finally, the paper ends on a
discussion about the implementation of the model parameters to improve the accuracy of robots as well as
challenges to realize a more cost efficient elastostatic calibration.

1. Introduction

Serial articulated robots progressively complement value streams
across industries for a variety of commodities such as consumer elec-
tronics, industrial machinery or automotive vehicles, as they provide
the flexibility required in modern manufacturing environments; cf.
statistics provided by the International Federation of Robotics (IFR) [1].
The flexibility of industrial robots expresses it-self in the ability to be
used for different applications for instance welding, assembling or
processing as well as in their cheaper price per unit of workspace
compared with specialized machinery, e.g. machine tools. Nevertheless,
the dispersion of industrial robots across applications and industries is
limited by their accuracy as well as other factors like their range or
payload. Kinematic inaccuracies of several hundred µm can be expected
for off-line programmed robots [2]. Additionally, robots have a com-
parably lower stiffness than specialized machinery. This could increase
the inaccuracies by additional several hundred µm by external loading
within the payload range [3]. The aggregated inaccuracy could be a
disqualifying criteria in the automotive or the aerospace industry.

ISO 9283 standardizes robotic performance criteria and testing [4].
It defines several kinematic performance criteria and the compliance
for the characterization of an industrial robot; where an industrial robot
is defined according to ISO 8373 [5]. The international standard pro-
poses to evaluate the elastostatic compliance by externally loading the
Robot End Effector (REE) in the positive and negative directions of the
axes of the robot base frame [4]. The term elastostatic compliance

describes the behavior of the REE under external loading for de-
formations well below the robot's proportionality limit.

Slavkovic proposes to measure the Cartesian stiffness by inducing
static loads at the robot tool tip along at least one direction of its
nominal x̂ , ŷ and ẑ axes [6]. They use a cable-pulley system in com-
bination with a deadweight, which allows pulling the REE. It appears
that Schneider uses a similar setup to exert static loads at the REE.
Additionally, Schneider investigates loading the robot in the positive
and negative direction of its base frame [7]; as defined in the ISO 9283.
Dumas measures the joint stiffness using a deadweight that is sus-
pended via a chain link and a lever to the REE [8]. They do not use a
cable-pulley system to redirect the forces. However, the variation of
applicable external wrenches is increased due to the lever. An elaborate
description of a similar measurement setup can be found in [9]. Nubiola
measures the joint stiffness using deadweights that are rigidly con-
nected to the REE [2], while, Kamali measures the joint stiffness by
applying static multi-directional loads (combination of forces and tor-
ques) via a cable-driven robot [10].

This research proposes to evaluate the compliance of serial articu-
lated robots in use-case defined configurations using Loaded Double
Ball Bar (LDBB) measurements to create a closed-force-loop as de-
scribed in the Elastically Linked Systems (ELS) concept [11]. The ELS
concept as proposed by Archenti quantifies the performance criteria of
mechanical equipment by considering the interaction between the
controller, the structure and the process using the LDBB [11]. As illu-
strated in Fig. 2, the LDBB is inserted between the REE and the
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worktable to load the robot with a customized wrench vector and to
create the closed-force-loop of the system. The difference between
closed- and open-force-loop loading is that in the former the kinematic
chain is grounded in the start and end point, with the LDBB acting as
the connecting link, while in the latter only the start point of the ki-
nematic chain is grounded and the REE remains open, e.g. with a sus-
pended mass. On the other hand, the concept of closed- and open-loop
measurement describes the application of geometrical constraints to
determine the REE pose. The closed-force-loop measurements are in-
tended to match the simulated flow of forces with the one the robot will
encounter during its anticipated task. It is assumed that the model
parameters identified from such a specific measurement have a higher
utility value for a subsequent implementation. The directional deflec-
tions are measured using a laser tracker.

In this paper the second section, Modelling, introduces the elasto-
static robot model and its parameters. The model relates the unloaded
to the loaded robot configuration or REE pose. The subsequent section,
Measurement, focuses on the manipulator measurement configurations,
the measurement setup and the equipment for the experiment, which
has been conducted on an ABB IRB 1600. In the fourth section,
Identification, the measurement data is utilized to parameterize the
joint stiffness matrix and to compare the difference between predicted
and measured deflections of the REE. The last section discusses the
utilization of the data, summarizes the content of the paper and focus
on potential for future development. This structure is inspired by the
calibration procedure defined by Mooring and Roth [12].

2. Modelling

This section describes the kinematic and elastostatic parameters of
the robot model as well as important simplifications and assumptions.
Moreover, it describes how the model accounts for the measurement
points and the wrench application point, which are an essential part of
the measurement setup.

2.1. Kinematics

The geometric Jacobian ∈ ×J θ( )i
6 6 relates the joint velocity to

the velocity of a point i on the robot in Cartesian space. The geometric
Jacobian of the robot can be calculated from the robot's mDH para-
meters according to Siciliano and Khatib [13]:

⎜ ⎟= ⎛
⎝

⎞
⎠

=ν
v
ω J θ θ( )· ˙N

i
i i

(1)

where vector = ∈θ θ θ θ θ θ θ[ ]T
1 2 3 4 5 6

6 is the joint angle vector
containing the input angles, vectors vi and ωi are the translational and
rotational velocities of the REE, the wrench application point or the
measurement points in Cartesian space (Fig. 1).

The nominal mDH parameters for the ABB IRB 1600 are given in
Table 1.

The relationship for the wrench application point is expressed
through the Jacobian Jw and for the measurement points through the
Jacobian JMi respectively. For each of the matrices the data obtained
from measurements on a CMM have been used to identify their geo-
metric Jacobian in combination with the nominal robot mDH para-
meters. The positions of the wrench application point and the mea-
surement points with respect to the REE are given in Table 2.

Unless specified differently, it is assumed that all quantities are
stated in the robot base frame {R}. For the identification of the para-
meters of the elastostatic model the difference between geometric and
analytic Jacobian is considered negligible.

2.2. Elastostatics

The elastostatic robot model relates the unloaded to the loaded
robot configuration or the unloaded to the loaded REE pose. A basic
notion of the elastostatic model is the assumption of rigid links and
compliant joints of the manipulator. This simplification allows to con-
sider the robot structural deflections arise only due to the torques
around the principal joint axes. Hence, the joints can be represented as
linear elastic torsional springs. This simplifies the identification of the
model parameters. Since, the current investigation presupposes a static
robot model, damping is negligible. Furthermore, all deflections are
small in comparison to the proportionality limit; hence, it is assumed
that the observed deflections are linear and their relation can be de-
scribed by:

=w K x·Δx (2)

where = ∈w F F F τ τ τ[ ]x y z x y z
T 6 is the external wrench vector

and = ∈x δ δ δ δ δ δΔ [ ]x y z φ φ φ 6
x y z is the displacement vector. The

external wrench vector represents the forces and torques applied at the
REE and is given in Newton (N) for Fx, Fy and Fz and in Nm for τx, τy and
τz . The displacement vector Δx represents the translational and rota-
tional displacements at the REE and is given in meter (m) or similar for
δx, δy and δz and in radians (rad) or similar for δφx, δφy and δφz .

The matrix ∈ ×Kx
6 6 is the Cartesian stiffness matrix containing

the translational, rotational and coupling stiffness sub-matrices [13]. It
is also common to represent this information in terms of compliance,
which is the inverse of stiffness [14].

The elastostatic model is based on the works of Salisbury [15]:Fig. 1. Kinematic Structure of the studied ABB IRB 1600.

Table 1
mDH parameters of the ABB IRB 1600.

Joint ai [mm] αi[rad] θi[rad] di[mm]

1 0 0 θ1 486.5
2 150 −π

2
−θ π

2 2
0

3 700 0 θ3 0
4 0 −π

2
θ4 600

5 0 π
2

θ5 0

6 0 −π
2

+θ π6 65

Table 2
Position of the wrench application point and measurement points with respect
to the REE.

Point x [mm] y [mm] z [mm]

Jw −14.14 −14.05 34.87
JM1 −20.74 21.66 35.11
JM2 −0.68 29.91 35.1
JM3 21.55 20.68 35.13
JM4 29.88 −0.57 35.12
JM5 21.58 20.77 35.14
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= − −K J θ K J θ( ) ( ) ( )x i w
T

θ m i, ,
1 (3)

The joint stiffness matrix ∈ ×Kθ
6 6 contains the stiffness values of

the n joints and is of the nth order. The robot under investigation has six
rotary joints:

=
⎡

⎣
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⎢

⋯
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⋯
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⎦
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⎥

K
k

k

0

0
θ

θ

θ

1

6 (4)

The development of Chen and Kao [16] in terms of the com-
plementary stiffness matrix is neglected to facilitate the identification of
the joint stiffness values using the partial pose measurement data as
described by Klimchik [17].

3. Measurement

This section describes the test setup including the necessary
equipment, the manipulator measurement configurations and the
measurement procedure.

3.1. Test setup

The measurement setup can be seen in Fig. 2. The setup comprises
an ABB IRB 1600 which has a payload of 10 kg and a range of 1450mm
(1) [18], the LDBB (2), the table link of the LDBB (3) the REE link with
SMR holders (4), a Leica AT960 laser tracker (5) and a rigid table (6),
which serves as the grounded connection. According to the ELS con-
cept, the LDBB creates a closed-force-loop as the flow of forces is dis-
sipated into the floor via the robot base frame and the worktable. This
kind of measurement simulates the disturbances and static response of
the robot structure similar to the ones occurring under the effect of the
forces from the actual task (e.g. welding, assembling or processing),
which is expressed through the use-case defined manipulator mea-
surement configurations and the measurement of the resulting devia-
tions for various customized wrench vectors in terms of magnitude and
directional components.

3.2. Methodology

The novel measurement methodology is the essence of this research.
Robot measurements, which are based on the ELS concept, select con-
figurations under the consideration of the task to be performed and
observability criteria. The task based criteria focus on the simulation of
the intended application of the robot, which results in a number of use-
case defined manipulator measurement configurations as well as cus-
tomized wrench vectors in terms of magnitude and direction [19]. The
observability criterion ensures that if the use-case defined configuration
and wrench vectors were insufficient to theoretically identify all joint
stiffness values, that additional directional wrench components or
magnitudes of the wrench are created to overcome this problem. The

measurement configurations for the experiment on the ABB IRB 1600
are given in Table 3.

These configurations were chosen to represent the positions of holes
on an exemplary workpiece. The use-case defined configurations re-
present the drilling of the holes. Thus, the measurement manipulator
configurations are directly derived from the features to be generated
and the corresponding process. Other use cases such as a press-fit as-
sembly can also be investigated. For the simulation of the intended task
the most important criteria are the selection of an operational space to
define the targets and the customization of the wrench vector. The se-
lection of the operational space considers the position of the workpiece
on the work table and the accessibility of the workpiece due to ob-
struction by fixtures. The latter reduces the number of possible con-
figurations per target, respectively left- and right-handed as well as
elbow-up and elbow-down solution. Then the external wrench vectors
are defined for each of the configurations. The LDBB allows to custo-
mize force vectors = ∈F F F F[ ]x y z

T 3 with loads from 80 N till
800 N in steps of 10 N. For the measurement of the ABB IRB 1600, loads
of 310 N, 320 N, 330 N, 340 N, 350 N and 360 N magnitude have been
selected. Even though the selected range of forces exceeds the nominal
payload by a threefold it does not constitute a problem for a static
measurement. An overview of the applied wrenches is given in Table 4.
The magnitude of the resulting joint torques for the maximum applied
wrench and for all measured configurations can be seen in Table 5. The
discretization of the force magnitude into 310 N, 320 N, 330 N, 340 N,
350 N and 360 N allows to investigate the joint stiffness under the as-
sumption that all deflections are small and linear; also the discretization

Fig. 2. Measurement setup using the ABB IRB 1600, LDBB and Leica AT960.

Fig. 3. Visualization of the investigated workspace and REE orientations, par-
allel to the X-Y and Y-Z planes; all dimensions are given in mm.

Table 3
Measurement configurations.

No θ1[°] θ2[°] θ3[°] θ4[°] θ5[°] θ6[°]

1 −148 −44 −140 83 32 −112
2 31 27 −18 −2 81 79
3 30 25 −14 180 −80 −116
4 −154 −39 −148 75 27 −121
5 28 28 −23 0 85 60
6 24 21 −12 180 −81 −154
7 −6 0 15 0 77 16
8 −5 0 17 180 −74 203
9 174 −23 −168 −180 79 397
10 −20 −5 28 137 30 −3
11 −23 −4 28 −45 −33 −178
12 −6 −1 17 0 74 393
13 −5 −1 18 180 −74 −158
14 173 −23 −168 180 80 24
15 −40 7 16 114 45 15
16 −40 7 15 −66 −45 −175
17 140 −30 −163 −75 42 29
18 −32 13 −2 0 79 24
19 −31 11 4 180 −75 −156
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complies with expected force magnitudes for the considered case study.
As shown in Fig. 2, the LDBB was aligned coaxially with the REE

link to emulate the reaction forces of drilling. In addition to that, the
external wrench has also been applied as multi-directional loading with
the intention to increase the observability. The LDBB can only theore-
tically customize a perfect wrench vector. The practical implementa-
tion, i.e. the setup of the table link on the work table, depends on the
operator. The ideal table link position can only be approximated and
later on identified by measuring it with the laser tracker.

The observability criterion focuses on reducing the effect of mea-
surement errors on the identification of the model parameters in terms
of the effect of the Jacobian and the applied wrench vector (cf. [20]).
Consider for example, that there is a task which creates forces normal to
the x-y plane, thus creating no torques around joint number 1. Hence,
additional directional components need to be created to overcome this
problem. Another example could be that the predicted process forces
are very small compared to the payload of the robot. This can result in
very small measured deflections for which the instrumentational un-
certainty might be as big as the measured deflection. Hence, the mea-
surement would need to be conducted under higher loads to decrease
the effect of the uncertainty on the overall measured deflection. Fur-
thermore, the application may not create sufficiently large joint torques
on both the arm, joints one to three, and the wrist, joints 4–6. Thusly,
an adapter would need to be used to increase the torques around the
wrist [9].

In order to optimize the observability of the joint stiffness matrix the
external wrenches and configurations have been modified. This has
been done by checking the torque distribution around the joints ac-
cording to:

=τ J θ( ) ·wT (5)

where = ∈τ τ τ τ τ τ τ[ ]T1 2 3 4 5 6 6 is the perturbation torque vector
that represents the torques at the principal axes of the rotational joints.

3.3. The procedure

The measurement of a single configuration can be described by the
following steps. The measurement is in its initial state, neither the table
link nor the LDBB are connected yet, at this stage the structure is un-
loaded:

1. The SMR is placed at the first SMR mounting position. This position
is measured five times. The average of the measurements is the
position of the SMR for the unloaded structure.

2. The table link is positioned on the work table and fastened to load
the REE link. Subsequently the position of the table link is measured
using the SMR.

3. The LDBB is manually inserted between the table link and the REE
link. The configuration of the robot remains the same, no jogging is
required.

4. Then the load of the LDBB is set to 310 N. The position of the SMR is
measured five times. The average of the measurements is the posi-
tion of the SMR for the loaded structure.

5. Step 4. is repeated for loads of 320 N to 360 N in increments of 10 N.
6. The structure is unloaded and the LDBB is manually removed. The

configuration of the robot remains the same, no jogging is required.
Based on the assumption that the deflections are linearly elastic, it
needs to be checked that the structure is again at its initial config-
uration or REE position.

7. The configuration remains the same. The SMR is placed at the
second SMR mounting position.

8. Steps 2 to 7. are repeated until the fifth SMR mounting position is
reached.

9. Then the robot is moved to the next configuration.

It should be highlighted that the configuration remains the same
throughout steps 1−8. and only in step 9. the configuration is changed.
This is ensured by manually inserting and removing the LDBB as well as
by the observation of the initial and final REE position (before loading
and after unloading). This procedure ensures the Jacobian and the
wrench to remain unchanged (cf. [17]).

4. Identification

This section outlines the identification of the model parameters as
well as the uncertainty budget of the measurement. Additionally, the
joint stiffness values are used for a comparison of measured and cal-
culated REE deflections.

4.1. Parameter identification

The parameter identification uses partial pose measurement data as
described by Klimchik [17]. In other words, the joint stiffness values are
identified based solely on the measured translational displacements,
without accounting for the rotational displacements. For each tuple
consisting of the configuration in terms of joint angles, measurement
point as well as wrench and deflection vector, a joint stiffness matrix
can be identified; a linear least-square parameterization is used to op-
timize the parameters over the measured joint angle domain according
to:

−−K M Δθ j i j x i j,
1

, , , 2
2

(6)

where the quantities Δx and M are identified from the measurements
and the trailing subscripts represents the measurement position i and

Table 4
Overview of the applied wrenches.

Fx [N] Fy [N] Fz [N] τx [Nm] τy [Nm] τz [Nm]

MIN 66.1 ± 1.1 83.2 ± 1.8 183.6 ± 3.5 0 0 0
MAX 242.7 ± 3.8 238.2 ± 3.7 321.7 ± 6.5 0 0 0
MEAN 181 ± 3 153.9 ± 2.6 233.2 ± 4.4 0 0 0
SD 2.5 ± 0 2.1 ± 0 1.6 ± 0 0 0 0

Table 5
Overview of the resultant joint torques.

τ1 [Nm] τ2 [Nm] τ3 [Nm] τ4 [Nm] τ5 [Nm] τ6 [Nm]

MIN 87.5 ± 1.6 235.7 ± 4.6 59 ± 1.3 7.5 ± 0.1 20.6 ± 0.3 3.3 ± 0
MAX 101.7 ± 1.6 273.7 ± 4.6 68.6 ± 1.3 8.8 ± 0.1 23.9 ± 0.3 3.8 ± 0
MEAN 94.6 ± 1.6 254.8 ± 4.6 63.8 ± 1.3 8.2 ± 0.1 22.3 ± 0.3 3.5 ± 0
SD 5.5 ± 0 15 ± 0 3.7 ± 0 0.4 ± 0 1.3 ± 0 0.2 ± 0
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the configurations j. The vector Δx, i contains the measured translational
deflections at each of the measurement points:

=
⎡

⎣

⎢
⎢

⎤

⎦

⎥
⎥

∈
δ
δ
δ

Δx i

x

y

z

x
,

3 1

(7)

The matrix Mi relates the deflections in Cartesian space to the de-
flections in joint angles as well as expressing the torque around the
principal joint axes:

= ∈M J J w· ·i Mi W
x6 3 (8)

Based on Eq. (8), the joint stiffness matrix has been identified;
please refer to Table 6. Furthermore, the data set has been used to
calculate and compare the calculated with the measured REE deflec-
tions. Using the whole data set for the identification of the joint stiffness
values (cf. Table 6), the difference between the measured and the cal-
culated deflections equals approximately 7%. However, by using per-
mutated subsets of the data one can see that the mean residual error
using 12 permutated configurations equals approximately 9%; as illu-
strated in Fig. 4.

4.2. Uncertainty

For the identification of the model parameters the measurement
uncertainty has been evaluated according to GUM guidelines [21]. The
main identified contributions to the measurement uncertainty are the
instrumentational uncertainty of the laser tracker and the magnitude of
the applied load. The instrumentational uncertainty of the laser tracker
was provided by the producer of the equipment. As this uncertainty
component is expressed based on available information, it is classified
as Type B uncertainty (cf. Table 7). The instrumentational uncertainty
of the applied load of the LDBB has been investigated at KTH. All other
enlisted contributors are classified as Type A uncertainty and evaluated
by statistical analysis, as the standard deviation of the mean based on
measurement series of repeated observations (cf. Table 7).

The standard expanded (k=2) uncertainty values for the experi-
ment with the ABB IRB 1600 can be found in Table 7.

The aggregated effect of the contributions has been used to identify

the joint stiffness parameters, cf. Table 6.

5. Conclusion and discussion

This paper has presented a novel methodology for the calibration of
serial articulated robots using the LDBB in combination with a laser
tracker. The measurement methodology enables to load the robot in
use-case defined configurations with customized external wrenches to
create a closed-force-loop which emulates forces similar to the intended
assembling or processing task. As can be seen from the identified joint
values (cf. Table 6) as well from the comparison of the predicted to the
measured REE deflections, the identified joint values are coherent.
Based on permutated subsets of the data, the mean residual error using
12 configurations equals approximately 9%, for the whole data set the
residual error equals approximately 7%. The uncertainty associated
with the measurement setup can be considered minor and it does not
contribute significantly to the identified joint stiffness values or the
residual errors (cf. Table 6).

In order for the robot (physical and control system) to deal with the
desired task in a cognitive and efficient way the system must be
“aware” of its capability and most important, its weaknesses in order to
avoid them and adjust itself to the desired task. Hence, joint stiffness
values of a robot can be used to compensate off-line programmed paths
to reduce the undesired REE deflections. In the conducted experiment
the measured REE deflections had a magnitude of around 1100 µm
while the residuals were approximately around 100 µm. However, for a
successful implementation into an actual task an accurate force pre-
diction model is required. Furthermore, it can be seen that the residual
error has a good convergence rate. Given the recent trend in industry
for high quality and time saving manufacturing equipment metrology,
it could be argued that the measurement of fewer configurations could
comply better with the industry requirements. The former could also be
an additional step to more realistic digital twins of the manufacturing
equipment as it allows to update the characteristic features more fre-
quently. Nevertheless, the main limitation, which is the dependency on
expensive measurement equipment such as laser trackers, remains.
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Table 6
Identified joint stiffness parameters.

Joint Stiffness ⎡⎣ ⎤⎦10 Nm
rad

5 Uncertainty ⎡⎣ ⎤⎦10 Nm
rad

5

kθ1 2.7099 ± 0.0241

kθ2 4.3004 ± 0.0414

kθ3 1.4094 ± 0.0119

kθ4 0.1128 ± 0.0099

kθ5 0.0955 ± 0.0085

kθ6 0.0533 ± 0.0057

Fig. 4. Residual error over the number of measured permutated configurations used to predict the measured deflections.
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Abstract 

Under the concept of "Industry 4.0", production processes will be pushed to be increasingly interconnected, 
information based on a real time basis and, necessarily, much more efficient. In this context, capacity optimization 
goes beyond the traditional aim of capacity maximization, contributing also for organization’s profitability and value. 
Indeed, lean management and continuous improvement approaches suggest capacity optimization instead of 
maximization. The study of capacity optimization and costing models is an important research topic that deserves 
contributions from both the practical and theoretical perspectives. This paper presents and discusses a mathematical 
model for capacity management based on different costing models (ABC and TDABC). A generic model has been 
developed and it was used to analyze idle capacity and to design strategies towards the maximization of organization’s 
value. The trade-off capacity maximization vs operational efficiency is highlighted and it is shown that capacity 
optimization might hide operational inefficiency.  
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1. Introduction 

The cost of idle capacity is a fundamental information for companies and their management of extreme importance 
in modern production systems. In general, it is defined as unused capacity or production potential and can be measured 
in several ways: tons of production, available hours of manufacturing, etc. The management of the idle capacity 
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Abstract 

This paper presents a novel Virtual Machining System Simulator (VMSS) which quantifies and visualizes the effect of machine 
tool errors under quasi-static load conditions on the machine tool’s accuracy. The VMSS is a generalized machine tool model that 
incorporates geometric errors and static loads to simulate the interaction between the machine tool structure and the cutting process. 
The errors are captured and described through the synthesis of bottom-up and top-down model building approaches. The paper 
presents ideas how to utilize the information from the VMSS to improve the process capability and discusses challenges to realise 
a fully digitized model. 
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1. Introduction 

The accuracy of a machine tool is a prime performance indicator for the capability a machining system. In this 
context a machining system is the interaction between the machine tool and the cutting process. Digital twins of 
machining system are intended to create a virtual production environment in which i.e. the final system behavior or 
product quality can be assessed prior to the actual manufacturing process. This supports decision making in 
production, maintenance and process planning as well as root cause analysis centered maintenance and product design. 
A digital twin is a virtual exact representation of a physical object and its characteristics. In case of a machine tool, 
important characteristics are parameters affecting the volumetric accuracy. 

The Virtual Machining System Simulator (VMSS) represents a virtual copy of the nominal kinematic chain of a 
machine tool and considers geometric error parameters as well as the static stiffness at the cutting point to match the 
actual machine tool behavior under machining conditions. 
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Figure 1: The VMSS consists of two main files: a graphical user interface (a) developed in Visual Basic® and a multi-body simulation in 
Simulink®. The multi-body simulation displays the AFM R-1000 (b). 

The geometric error parameters and the stiffness are identified based on the actual machine tool using direct and 
indirect measurements [1]. The VMSS is a generalized machine tool model. To be precise, different machine tool 
configurations with different numbers and types of axes can be digitized and stored with their model parameters. The 
simulation visualizes and quantifies the difference between the actual and nominal trajectory of the functional point 
(the point of material removal) for a given tool path. For the real machine tool the deviation of the functional point 
trajectory can be considered a consequence of kinematics, statics, thermal and dynamic behavior as well as motion 
control errors [2]. Moreover, the VMSS can be used to facilitate the understanding of individual machine tool errors 
as well as their aggregated effects as the errors can be visualized individually or in customized aggregations [3]. Figure 
1 (a) contains the graphical user interface, which enables the customization of the machine tool errors. 
The subsequent section details the modelling, measurement and identification of the machine tool errors of an AFM 
R-1000. The AFM R-1000 has three orthogonal linear axes and a C type configuration. The third section outlines the 
implementation of the measurement data into the digital twin of the AFM R-1000 in the VMSS. The final chapter 
discusses challenges of the parameterization process for digitized twins as well as potential for improvement of the 
VMSS. 

2. Modelling approach 

The VMSS models the movement of machine tools considering geometric errors based on direct measurements 
(bottom-up approach) and static stiffness based on indirect measurements (top-down approach) to identify the 
deviations of the actual trajectory from the nominal trajectory of the functional point [1]. 

Homogenous Transformation Matrices (HTMs) are used to express the nominal kinematic chain from the machine 
base to the tool and form the machine base to the work table [4]. The second kinematic chain can be expanded to 
include fixtures and workpieces in different positions of the work envelope. The geometric error parameters are 
identified using direct measurements with a laser interferometer. Then the offset from the measurement point to the 
functional point is compensated [1]. Finally, the geometric error components are coupled to the corresponding 
principal axis of motion, as in the subsequent equation: 
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Equation (1) expresses the actual pose, combined position and orientation, of the coordinate frame attached to the 
x-axis with respect to the preceding coordinate frame; in case of the AFM R-1000 the y-axis as displayed in Figure 1. 
The description of the actual kinematics of the y-axis and z-axis are similar. The errors are measured for the individual 
axes of motion and then stacked up based on the kinematic chain of the machine tool, hence bottom-up approach. 

This combined expression of the kinematics yields the geometric accuracy of the machine tool under unloaded 
conditions at the trajectory of the functional point as a function of axis position; as described in ISO 230-1 [5]. For a 
machine tool with three linear axes 6 position dependent, component, and 3 position independent, location, errors can 
be identified per axis [6]; this can be seen in Table 1 and Table 2. A five-axis machine tool can have more than 41 
geometric error parameters. 

Table 1: The component error of a three-axis linear machine tool 

 Linear errors Angular errors 
Translational axis Positioning Straightness Roll Pitch Yaw 

X axis 𝐸𝐸𝑋𝑋𝑋𝑋 𝐸𝐸𝑌𝑌𝑋𝑋 𝐸𝐸𝑍𝑍𝑋𝑋 𝐸𝐸𝐴𝐴𝑋𝑋 𝐸𝐸𝐵𝐵𝑋𝑋 𝐸𝐸𝐶𝐶𝑋𝑋 
Y axis 𝐸𝐸𝑌𝑌𝑌𝑌 𝐸𝐸𝑋𝑋𝑌𝑌 𝐸𝐸𝑍𝑍𝑌𝑌 𝐸𝐸𝐵𝐵𝑌𝑌 𝐸𝐸𝐴𝐴𝑌𝑌 𝐸𝐸𝐶𝐶𝑌𝑌 
Z axis 𝐸𝐸𝑍𝑍𝑍𝑍 𝐸𝐸𝑋𝑋𝑍𝑍 𝐸𝐸𝑌𝑌𝑍𝑍 𝐸𝐸𝐶𝐶𝑍𝑍 𝐸𝐸𝐵𝐵𝑍𝑍 𝐸𝐸𝐴𝐴𝑍𝑍 

Table 2: The location errors of a three-axis linear machine tool 

 Location errors 
Translational axis Zero Position Squareness 

X axis 𝐸𝐸𝑋𝑋0𝑋𝑋 𝐸𝐸𝐵𝐵0𝑋𝑋 𝐸𝐸𝐶𝐶0𝑋𝑋 
Y axis 𝐸𝐸𝑌𝑌0𝑌𝑌 𝐸𝐸𝐴𝐴0𝑌𝑌 𝐸𝐸𝐶𝐶0𝑌𝑌 
Z axis 𝐸𝐸𝑍𝑍0𝑍𝑍 𝐸𝐸𝐴𝐴0𝑍𝑍 𝐸𝐸𝐵𝐵0𝑍𝑍 

 
The VMSS considers the aggregated static stiffness at the tool tip. The stiffness of an object expresses the 

relationship between the applied load and the induced deformation. Quasi-static load conditions refer to the 
assumption that the loading process does not provoke any dynamic movement of the machine tool, frequency of 1 Hz 
or lower [7]. The static stiffness is expressed as a function of position and the direction of the applied load (cf. [1]): 

 
𝑘𝑘 =  [

𝑘𝑘𝑥𝑥𝑥𝑥(𝑝𝑝, 𝑒𝑒𝑓𝑓,𝑥𝑥) … …
… 𝑘𝑘𝑦𝑦𝑦𝑦(𝑝𝑝, 𝑒𝑒𝑓𝑓,𝑦𝑦) …
… … 𝑘𝑘𝑧𝑧𝑧𝑧(𝑝𝑝, 𝑒𝑒𝑓𝑓,𝑧𝑧)

] (2) 

The matrix 𝑘𝑘 is the translational stiffness submatrix of the Cartesian stiffness matrix of two elastically coupled 
rigid bodies. The static stiffness of the machine tool is identified based on indirect measurements using the Loaded 
Double Ball Bar [8] and extrapolated throughout the workspace of the machine tool using the top-down approach as 
defined in Szipka et. al. [1]. The top-down approach decomposes the aggregated stiffness values into the individual 
directional stiffness components as in Equation (2). 
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3. VMSS 

The VMSS is a generalized multi-body simulation based on Matlab®, Simulink® and Simscape® 1 [9, 10]. It creates 
an animation of the actual functional point trajectory under the consideration of geometric errors and the aggregated 
stiffness of the machine tool. Additionally, it can be used to compensate a G-code for a toolpath trajectory; however, 
this depends on the adequate prediction of the cutting forces of the machining task. The cutting forces are expressed 
as a three dimensional spatial vector working in the TCP. The VMSS consists of two main files, the VMSS Graphical 
User Interface (GUI) developed in Visual Basic® and the VMSS simulation developed in Simulink® (cf. Figure 1). 
Simulink® is used to define a generalized machine tool’s kinematic chain from the machine base to the tool and from 
the machine base to the workpiece. Each kinematic chain can contain a x-axis, a y-axis, a z-axis, an a-axis, a b-axis 
and a c-axis. 

 

Figure 2: Flowchart of the VMSS. 

 

 
1 Disclaimer: The references to registered commercial software are given for completeness sake. In no case does such referencing imply 
recommendation or endorsement by the authors, nor does it imply that the software is necessarily the best available for the purpose. 
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this depends on the adequate prediction of the cutting forces of the machining task. The cutting forces are expressed 
as a three dimensional spatial vector working in the TCP. The VMSS consists of two main files, the VMSS Graphical 
User Interface (GUI) developed in Visual Basic® and the VMSS simulation developed in Simulink® (cf. Figure 1). 
Simulink® is used to define a generalized machine tool’s kinematic chain from the machine base to the tool and from 
the machine base to the workpiece. Each kinematic chain can contain a x-axis, a y-axis, a z-axis, an a-axis, a b-axis 
and a c-axis. 

 

Figure 2: Flowchart of the VMSS. 

 

 
1 Disclaimer: The references to registered commercial software are given for completeness sake. In no case does such referencing imply 
recommendation or endorsement by the authors, nor does it imply that the software is necessarily the best available for the purpose. 
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This enables the digitization of different machine tool configurations and the implementation of their corresponding 
model parameters. The structural loop components and the kinematic chain of a machine tool can be imported to the 
VMSS simulation using the Simscape® add-ins for commercial CAD software such as PTC Creo (Pro/ENGINEER)®, 
Autodesk Inventor® or Solidworks®. The structural loop components are stored using the Stereo-Lithography (STL) 
file format including the 3D geometry, masses and inertias. Given a correct CAD assembly of the structural loop 
components the kinematic chain is created automatically including joints and constraints. All structural loop 
components are considered as rigid bodies. An automatically generated 3D animation visualize the machine tool (cf. 
Figure 1 (b)). Then the VMSS simulation is tweaked such that the structural loop of a specific machine tool and the 
generalized kinematic chain match. For each machine tool an individual VMSS simulation file is generated, which 
can be loaded via the VMSS GUI. 

The VMSS GUI is used to control the inputs to the VMSS simulation. The GUI is used to define a machining task 
in G-code language, a machine tool and optionally process forces. The actual and nominal functional point trajectories 
are then visualized as an animation in the Simulink® Mechanics Explorer®; optionally the machining task can be 
compensated for the anticipated deflections and plots can be created to analyze the contribution of the individual errors 
as illustrated in Figure 2. A machining task can be imported into the GUI or created directly in the task window to 
define the nominal cutting tool trajectory. The machine tool’s kinematic structure and the corresponding model 
parameters can be loaded via the VMSS GUI machine tool repository. The model parameters can be controlled 
individually; they can be activated and deactivated as well as amplified using the gain. This enables a thorough 
analysis of the individual errors or customized aggregations of the errors. 

The process forces are expressed as a three dimensional force vector applied at the functional point. The process 
forces can be customized for each block of the machining task. For an adequate compensation of the expected 
deflection a reliable force prediction model is required. Since, the VMSS simulation does not account for feed 
velocities, materials and rotational speeds, this is not possible. The VMSS simulation can be run in a continuous 
sequence or in individual passes. The latter function allows to analyze the tool trajectory in greater detail. 

4. Conclusion and discussion 

The capability of virtual environments, like digital twins, relies mainly on the effort put into the modelling and 
model parameters measurement as well as identification. To ensure that the behavior of the machine tool model 
matches the physical machine tool, all important error sources (kinematic, static, thermal, dynamic) need to be 
considered and properly identified. Furthermore, for the analysis of the capability of a machining system also the 
cutting process needs to be modeled for an adequate force prediction. 

Most machine tool measurements, like direct measurements with a laser interferometer, force the machine into 
downtime. Even though, indirect measurements require less downtime, they are also less reliable for the identification 
of the individual model parameters. Thusly, compromises need to be made when it comes to the allocation of 
measurement slots. This directly affects the degree of similarity between the digital twin and the actual machine tool 
as extraordinary events such as crashes and mishandling are complex to be accounted for. The less similar the digital 
twin and the actual machine tool are, the lower its capability to make adequate predictions. 

Hence, future metrology equipment needs to be faster or able to perform measurements on an active machine tool, 
at nowadays’ or preferably a lower uncertainty. In conclusion, it needs to be said that such thorough analysis of the 
machining task is only viable in mass production, for expensive individual components and in education as well as 
the sensor-based approaches under development [11]. The latter systems can be embedded on the machine tool and it 
can measure when there is a time slot available, e.g. during non-production time. The data can then automatically be 
captured and stored in the digital twin for further diagnostics on system performance and support the development of 
smart machine tools. 
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VMSS simulation using the Simscape® add-ins for commercial CAD software such as PTC Creo (Pro/ENGINEER)®, 
Autodesk Inventor® or Solidworks®. The structural loop components are stored using the Stereo-Lithography (STL) 
file format including the 3D geometry, masses and inertias. Given a correct CAD assembly of the structural loop 
components the kinematic chain is created automatically including joints and constraints. All structural loop 
components are considered as rigid bodies. An automatically generated 3D animation visualize the machine tool (cf. 
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can be loaded via the VMSS GUI. 
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are then visualized as an animation in the Simulink® Mechanics Explorer®; optionally the machining task can be 
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considered and properly identified. Furthermore, for the analysis of the capability of a machining system also the 
cutting process needs to be modeled for an adequate force prediction. 

Most machine tool measurements, like direct measurements with a laser interferometer, force the machine into 
downtime. Even though, indirect measurements require less downtime, they are also less reliable for the identification 
of the individual model parameters. Thusly, compromises need to be made when it comes to the allocation of 
measurement slots. This directly affects the degree of similarity between the digital twin and the actual machine tool 
as extraordinary events such as crashes and mishandling are complex to be accounted for. The less similar the digital 
twin and the actual machine tool are, the lower its capability to make adequate predictions. 

Hence, future metrology equipment needs to be faster or able to perform measurements on an active machine tool, 
at nowadays’ or preferably a lower uncertainty. In conclusion, it needs to be said that such thorough analysis of the 
machining task is only viable in mass production, for expensive individual components and in education as well as 
the sensor-based approaches under development [11]. The latter systems can be embedded on the machine tool and it 
can measure when there is a time slot available, e.g. during non-production time. The data can then automatically be 
captured and stored in the digital twin for further diagnostics on system performance and support the development of 
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