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Abstract

This thesis contains three papers, one introductory chapter and one chap-
ter with overviews of the papers and some additional results. The topic of this
thesis is the geometry of models related to the Schramm-Loewner evolution.

In Paper I, we derive a multifractal boundary spectrum for SLEκ(ρ) pro-
cesses with κ ≤ 4 and ρ chosen so that the curves hit the boundary. That
is, we study the sets of points where the curves hit the boundary with a
prescribed “angle”, and compute the Hausdorff dimension of those sets. We
study the moments of the spatial derivatives of the conformal maps gt, use
Girsanov’s theorem to change to an appropriate measure, and use the imagi-
nary geometry coupling to derive a correlation estimate.

In Paper II, we study the two-valued sets of the Gaussian free field, that
is, the local sets such the associated harmonic function only takes two values.
It turns out that the real part of the imaginary chaos is large close to these
sets. We use this to derive a correlation estimate which lets us compute the
Hausdorff dimensions of the two-valued sets.

Paper III is dedicated to studying quasislits, that is, images of the segment
[0, i] under quasiconformal maps of H into H, fixing ∞, generated by driving
the Loewner equation with a Lip- 1

2 function. We improve estimates on the
cones containing the curves, and hence on the Hölder regularity of the curves,
in terms of the Lip- 1

2 seminorm of the driving function.
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Sammanfattning

Denna avhandling består av tre artiklar, ett introduktionskapitel och ett
kapitel där artiklarnas huvudresultat och bevisstrategi redovisas översiktligt.

I Artikel I härleder vi ett multifraktalt randspektrum för SLEκ(ρ)-processer
med κ ≤ 4 och ρ vald så att kurvorna träffar randen. Vi studerar mängderna
av punkter där kurvan träffar randen med en speciell “vinkel” och beräknar
Hausdorffdimensionen av dessa mängder. Detta görs genom att studera spa-
tiella derivator av de konforma avbildningarna gt, använda Girsanovs sats,
samt använda “imaginary geometry”-kopplingen för att hitta en korrelations-
uppskattning.

I Artikel II studerar vi så kallade “two-valued sets” (TVS) för Gaussiska
fria fält, det vill säga, lokala mängder sådana att den associerade harmoniska
funktionen endast kan ta två värden. Det visar sig att realdelen av “imagi-
nary chaos” är stor nära dessa mängder. Detta använder vi för att hitta en
korrelationsuppskattning, vilken vi använder för att beräkna Hausdorffdimen-
sionerna av TVS.

I Artikel III studerar vi kvasikonforma kurvor, genererade av Loewne-
rekvationen med drivfunktioner som är Lip- 1

2 . Vi förbättrar uppskattningar-
na för konerna i vilka de genererade kurvorna kommer att befinna sig och får
genom detta bättre Hölderregularitet för dem, i termer av Lip- 1

2 -seminormen.
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Part I

Introduction and summary





1 Introduction and background

1.1 Discrete models

The main focus of this thesis is the study of the Schramm-Loewner evolution (SLE)
and related models, or more precisely, their geometry. One of the main motivations
for studying these models is that they arise as the scaling limits of discrete models
from statistical mechanics. We shall devote this first introductory section to recall-
ing some such discrete models. As the continuum models that we are interested in
are two-dimensional, we shall only consider the discrete models in two dimensions
as well.

Random walk
One of the most well-known discrete processes is that of the simple random walk
on Z2 = Z + iZ, started at z ∈ Z2, that is, the process (Sn)n∈N defined by S0 = z
and

Sn = z +X1 + · · ·+Xn,

whereX1, X2, . . . are i.i.d. and uniformly distributed on {1,−1, i,−i}. This process
has Brownian motion as its scaling limit. More precisely, if we define St for t > 0
by linear interpolation and let

S
(N)
t = 1√

N
S2Nt,

then S
(N)
t converges in law to a complex Brownian motion, that is, the process

Bt = B1
t + iB2

t , where B1
t and B2

t are independent one-dimensional Brownian
motions.

A complex Brownian motion is conformally invariant, that is, if Bt is a complex
Brownian motion with B0 = z ∈ D, τ = inf{t > 0 : Bt ∈ ∂D} and ϕ : D → D̃
is conformal, then ϕ(Bt), t < τ , has the law of a time changed complex Brownian
motion in D̃, started at ϕ(z) and stopped upon exiting D̃. See Theorem 2.2 of [19].

One might also consider, for a simply connected domain A ⊂ Z2 (that is, A
and Z2 \ A are connected), with ∂A = {z ∈ D : dist(z,A) = 1}, a measure on

3



4 CHAPTER 1. INTRODUCTION AND BACKGROUND

walks W = (w0, . . . , wn) that start and end in ∂A, i.e., w0, wn ∈ ∂A, taking steps
of length 1, such that w1, . . . , wn−1 ∈ A. By assigning measure 4−n to each walk
of length n in A, that starts and ends in ∂A, we get the random walk excursion
measure. By linear interpolation and scaling as above, the resulting measure is the
Brownian excursion measure, which is conformally invariant, in the following sense.
Let νD denote the Brownian excursion measure in D and let ϕ be a conformal map
taking D onto D̃. Then ν

D̃
= νD ◦ ϕ−1, that is, we get the same measure if we do

the above construction immediately in D̃ as if we construct the measure in D and
consider the conformal (pre-)images ϕ−1(γ) of the curves γ in D̃.

Conformal invariance and lattice models
In statistical mechanics, random processes on lattices are studied extensively. One
is often concerned what happens in the scaling limit, that is, when we let the lattice
spacing shrink to zero. Physicists have conjectured that the scaling limits of many
two-dimensional lattice models should exhibit conformal invariance, however, what
conformally invariant means in this context is not clearly specified. An aspect of
these scaling limits that has been successfully analyzed for many models is that
of random interfaces. As the lattice spacing shrinks to zero, these interfaces often
converge to continuum curves, for which we have a natural notion of conformal
invariance.

Let D be a simply connected domain and Dδ denote an approximation of D
on some specified lattice Lδ with lattice spacing δ > 0. Fix two boundary points
a, b ∈ ∂D and let aδ, bδ be their approximations in Lδ. For δ > 0, consider a
statistical mechanics model on the lattice Lδ, which generates a random interface,
from aδ to bδ, in Dδ (examples will be given below, but it must be the same model
defined on each Lδ). As δ → 0, these random interfaces converge to a random
curve from a to b in D. We let νD,a,b denote the law of the scaling limit of the
interface. Let D̃ be simply connected, ϕ : D → D̃ be conformal and write ã = ϕ(a)
and b̃ = ϕ(b). Then we say that the scaling limit of the interface is conformally
invariant if

ν
D̃,ã,b̃

= νD,a,b ◦ ϕ−1, (1.1.1)

that is, if constructing the random curve in D, via approximations in Dδ, and
conformally mapping it to D̃ with ϕ yields a curve with the same law as a curve
constructed in D̃, via approximations in D̃δ. In the following sections, we introduce
some lattice models which have been proven to have conformally invariant scaling
limits, in the sense just described.

Loop-erased random walk
The first such discrete process that we will introduce is the loop-erased random walk
(LERW). Its name describes the process, it is the result of chronologically erasing
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the loops of a random walk. However, as a random walk is a recurrent process, we
have to take some care when defining it.

Figure 1.1: Loop-erased random walk (red) from a random walk of 50 000 steps
(grey). (Simulation by Fredrik Viklund.)

Let τk = min{n ≥ 1 : ImSn = k}. For each k, let (Skn) denote the simple
random walk Sn started from 0, stopped at time τk, conditioned on τk < τ0. Before
time τk, it is easy to see that the transition probabilities do not depend on k, so we
can let k → ∞ to obtain the random walk half-plane excursion, which we denote
by SEn . This is a transient process, so there will be no problem in erasing its loops.
We define the half-plane LERW, (Ln) as follows. Let m0 = 0 and L0 = SEm0

= 0.
For n > 0, let

mn = max{k > mn−1 : SEk = SEmn−1+1},

and

Ln = SEmn .
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Then, (Ln) is a simple random path from 0 to ∞ in H = {z ∈ C : Im z > 0}.
Similarly, one can define a loop-erased random walk in any A ⊂ Z2, from a ∈ ∂A

to b ∈ ∂A by erasing the loops of a simple random walk (Sn), starting from a and
stopped upon hitting b, conditioned on S1 ∈ A and not hitting any other point of
∂A before b (here ∂A = {z ∈ Z2 : dist(z,A) = 1}). Denote this process by (LA,a,bn ).
If τb denotes the hitting time of b, then the law of (LA,a,bn )τbn=k+1, conditional on
(LA,a,bn )kn=0 and that τb > k is that of a LERW in A \ (LA,a,bn )kn=0 from LA,a,bk to b.
This is called the domain Markov property of LERW.

Consider a simply connected domain D ⊂ C and points a, b ∈ ∂D and let
Dδ be a lattice approximation of D and aδ, bδ be the δ-level approximations of a
and b, respectively. Let νD,a,b denote the law of the limiting interface of LERW
processes from aδ to bδ in Dδ. Then, ν·,·,· satisfies (1.1.1), that is, the scaling limit
of LERW is conformally invariant. More explicitly, this means that if we start with
an approximation of D and map the limiting curve to D̃ with some conformal map
ϕ, such that ã = ϕ(a) and b̃ = ϕ(b), then the resulting curve will have the same
law as the curve obtained if we had instead started with an approximation D̃δ of
D̃, and considered LERW from ãδ to b̃δ as δ → 0.

It turns out that the scaling limit is simple (but this conclusion can not be
drawn on the basis that the discrete curves do not intersect themselves, see below).

Ising model
The Ising model is a random model for assigning the values −1 and +1, called spins,
to the vertices of a graph, defined as follows. Consider a connected subgraphG of Z2

and fix some configuration ω of spins of the vertices of ∂G, that is, ω ∈ {−1,+1}∂G
(here, we let ∂G be the set of vertices of G with fewer than four neighbours). The
partition function is defined as

Zωβ,G =
∑

σ∈{−1,+1}G:σ|∂G=ω

exp
(
β
∑
x∼y

σxσy

)
,

where β ∈ R is called the inverse temperature and the second sum is over neigh-
bouring vertices x and y in G. Then, the probability of a configuration σ is defined
to be

µωβ,G = 1
Zωβ,G

exp
(
β
∑
x∼y

σxσy

)
.

Fix two boundary points a, b ∈ ∂G and let all the vertices on the clockwise arc
of ∂G from a to b have value −1 and the rest of them +1. We then say that G has
Dobrushin boundary conditions. Then, sampling a configuration according to µωβ,G,
there will be a random interface separating the +1 and the −1 spins.

Now, let β = βc = 1
2 log(1 +

√
2). We can construct a random curve in a simply

connected domain D, from a to b, a, b ∈ ∂D, by considering G = Dδ ⊂ δZ2 to be
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Figure 1.2: Ising model with Dobrushin boundary conditions on a square. The
black curve is the interface separating the +1 and the −1 spins. (Source: [8].)

an approximation of D, with marked points aδ and bδ and Dobrushin boundary
conditions, since for each δ > 0, we get a random interface ηδ from aδ to bδ, and in
the limit a curve from a to b, in D. The limiting curve will be conformally invariant
in the sense described above: if we generate a curve in D by this procedure and
conformally map it to D̃, then the law of the resulting curve is the same as that of
a curve constructed as above, but in D̃.

Percolation exploration process
Consider the hexagonal lattice LH in the plane C (see Figure 1.3) and color all the
hexagons on R+ white and the ones on R− grey. Next, color each of the hexagons
in H grey or white, each with probability 1

2 , independently of the other hexagons.
Then, there will be an interface between the grey and the white hexagons.

Another way to construct the interface is by coloring the hexagons on R as
before and then, starting at 0, “walk” up to the first hexagon without color. Then,
with probability 1

2 , color it grey and with probability 1
2 , color it white. If it is

colored grey, take a step along the edge to the right and if it is white, take a step
along the edge to the left. Whenever encountering a hexagon without color, color
it grey or white and walk as previously and when encountering a colored hexagon,
walk to the right if it is grey and left otherwise.

Note that the choice of H for the simply connected domain is just out of con-
venience, the same construction works in other domains, coloring the hexagons on
the clockwise boundary arc from the desired start- and endpoints of the interface
be grey, and those on the counterclockwise boundary arc white.

Just as in the previous examples of random interfaces, the percolation explo-
ration process will have a conformally invariant scaling limit. However, in contrast
to the LERW and the interface of the Ising model, the scaling limit of the perco-
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Figure 1.3: Percolation and the interface separating the grey and the white
hexagons. (Simulation by Oded Schramm.)

lation exploration process will hit both itself and the boundary (see Section 1.3),
even though the discrete approximations are simple.

1.2 Loewner’s equation

In this section, we introduce the (chordal) Loewner differential equation, the differ-
ential equation which is used to construct the scaling limits of the above mentioned
discrete curves. All of the objects in this section are deterministic.

Let γ : [0,∞) → H be a simple curve, such that γ(0) = 0 and γ((0,∞)) ⊂ H.
For each t > 0, let Ht = H\γ([0, t]) and let gt be the unique conformal map, taking
Ht onto H, satisfying the hydrodynamic normalization, that is,

lim
z→∞

gt(z)− z = 0.

That there is a unique such map gt follows by the Riemann mapping theorem, since
Ht is simply connected. Thus, gt has expansion

gt(z) = z + b(t)
z

+O

(
1
|z|2

)
, z →∞,

where the function b(t) = hcap(γ([0, t])) is called the half-plane capacity of γ([0, t]).
One can check that b(t) is continuous and strictly increasing and hence that γ can
be parametrized so that b(t) = 2t.

There is a unique function λ : R→ R such that

lim
Ht3z→γ(t)

gt(z) = λt,

for every t > 0. Moreover, λt is continuous and we write λt = gt(γ(t)). We have
the following (Proposition 4.4 of [19]).
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Theorem 1.1 (The Loewner differential equation). Let γ be a simple curve as
above, parametrized so that b(t) = 2t. Then for z ∈ H, gt(z) is the solution to the
initial value problem

∂tgt(z) = 2
gt(z)− λt

, g0(z) = z, (1.2.1)

where λt = gt(γ(t)). If z = γ(t0), then this holds for 0 ≤ t < t0 and if z /∈ γ(0,∞)
it holds for all t ≥ 0.

The family of conformal maps (gt)t≥0 is called the Loewner chain of γ.
We have stated that for each simple curve in H, starting at 0, the family of

conformal maps (gt)t≥0 mapping the exterior of γ([0, t]) to H and satisfying the
hydrodynamic normalization arise as the solution to (1.2.1). Next, we discuss the
opposite direction.

Generating hulls with the Loewner differential equation
We begin by stating the following. For the proof, see Theorem 4.6 of [19].

Proposition 1.2. Let λ : [0,∞) → R be continuous and denote by gt(z) the
solution to (1.2.1) with our chosen λ. Let Tz be the supremum of all t such that the
solution is well-defined up to time t, that is, let Tz = inf{t > 0 : gt(z) − λt = 0}
and let Ht = {z : Tz > t}. Then gt is the unique conformal map from Ht onto H,
satisfying the hydrodynamic normalization.

The function λt in Proposition 1.2 is called the driving function and the family
of conformal maps (gt)t≥0 is the Loewner chain of λ. In [15], the authors solve
(1.2.1) for some different driving functions.

Given a driving function λ, the sets Kt = H \ Ht form a growing family of
compact H-hulls (we say that a set A is a compact H-hull if H\A is simply connected
and A = A ∩ H). How the choice of driving function affects the geometry of the
hulls has been a fairly active area of research in recent years. If there is a curve γ
such that for each t > 0, Ht is the unbounded connected component of H \γ([0, t]),
then we say that (Kt)t≥0 is generated by the curve γ and that λ generates γ. By
Theorem 1.1, we know that for each simple curve γ, there is a function λ, such that
when plugged into (1.2.1), Kt = γ((0, t]). However, not every continuous function
λ generates a curve. A necessary and sufficient condition (see [34]) for the hulls to
be generated by a curve is that

γ(t) := lim
y→0+

g−1
t (iy + λt)

exists for all t ≥ 0 and is continuous.
Another sufficient condition for (Kt)t≥0 to be generated by a curve, due to [16],

is that for each 0 < t1 < t2 <∞,∫ y

0
|(g−1

t )′(λt + ir)|dr → 0, y → 0+
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uniformly in t ∈ [t1, t2].
A question which has been of interest is which functions λ generate curves. In

[13] the authors prove that absolutely continuous functions with square-integrable
derivatives generate simple curves. In [40] it is proven that continuous functions
of bounded variation satisfying a certain local regularity condition generate simple
curves.

The analysis of hulls driven by Lip- 1
2 functions, that is, functions such that

‖λ‖ 1
2

= sup
s6=t

|λt − λs|
|t− s| 12

<∞,

has been quite fruitful. It has been shown (see [26]) that if γ is a quasiarc (that
is, the image of iy, y ∈ [0, 1] under some quasiconformal map from H to H, fixing
∞), then it is the resulting hull, driven by a Lip- 1

2 function. A partial converse
(see [24] and [26]) is that if λ is a Lip- 1

2 function with Lip- 1
2 seminorm less than

4, then the resulting hull is a quasiarc. Moreover, this result is sharp, as infinite
spirals, which are not locally connected and hence not quasiarcs, can be generated
by driving functions with Lip- 1

2 seminorm 4 (see [24] and [25]). Let Γσ = {γ :
γ is generated by λ with ‖λ‖ 1

2
≤ σ} and write

Ct,σ = sup
γ∈Γσ

|Re(γ(t))|
Im(γ(t)) .

A bound on Ct,σ, uniform in t, would imply that the curve would never leave a
certain cone. In [35], the authors prove that for each σ < 4 there is a constant cσ
such that, uniformly in t, Ct,σ ≤ cσ and that if σ < 2, then Ct,σ < σ/

√
4− σ2 for

every t. Considering λt = σ
√
t, we see that

Ct,σ ≥ arctan
(
π

2
σ√

16 + σ2

)
(1.2.2)

for t > 0. In Paper III, we provide estimates on Ct,σ in the entire range 0 < σ < 4
and improve the estimate for σ < 2. More precisely, we prove the following. Let
p(σ) be the unique positive solution to the equation

ex =
√

16− σ2√
16x2 − σ2(x+ 1)2

,

and write

Lσ = σ√
16− σ2

(1 + p(σ))ep(σ).

Theorem 1.3. The following bounds hold uniformly in t > 0:

(i) If 0 < σ < 4, then
Ct,σ ≤ Lσ.
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(ii) If 0 < σ < 8
π , then

Ct,σ ≤
πσ√

64− π2σ2
.

By (1.2.2), estimate (ii) of Theorem 1.3 is optimal for small σ. Moreover, a
uniform bound on Ct,σ in t shows that the curves γ ∈ Γσ are Hölder continuous, as
well as provides a bound on the winding of the hyperbolic geodesic from γ(t) to ∞
in H \ γ([0, t]). Let

mσ =
{

min
(
Lσ,

πσ√
64−π2σ2

)
, if σ < 8

π

Lσ if σ ≥ 8
π ,

then we have that every γ ∈ Γσ is Hölder continuous with exponent α, for

α <
1

1 +m2
σ

,

which for small σ implies that γ is Hölder continuous with exponent α for

α < 1− π2σ2

64 ,

see Paper III.

1.3 The Schramm-Loewner evolution

The Schramm-Loewner evolution is a one-parameter family of random curves which
was introduced by Schramm as a candidate for the scaling limit of LERW. The na-
ture of LERW led him to search for conformally invariant random curves, satisfying
a certain domain Markov property (see Theorem 1.5). He realized that the only
random curves satisfying these properties are the ones that arise when driving the
Loewner equation with (a constant times) Brownian motion. This is known as
Schramm’s principle. More precisely, if we let (Kt) be the family of hulls driven
by
√
κBt, where Bt is a one-dimensional Brownian motion, then there is a curve

η such that (Kt) is generated by η. This random curve η is an SLEκ curve. SLE
has been proven to be the scaling limit for a number of random interfaces from
statistical mechanics models: loop-erased random walk (κ = 2), interfaces of the
Ising model and the FK-Ising model (κ = 3 and κ = 16/3, respectively), contour
lines of the Gaussian free field (κ = 4), interface of critical percolation (κ = 6) and
the path separating the uniform spanning tree from its dual tree (κ = 8).

One defines SLE processes in other domains by conformal transformation: if η
is an SLEκ process in H, then an SLEκ process in D is defined as the image of
η under some conformal transformation ϕ : H → D. Or more precisely, if νH,0,∞
denotes the law of an SLEκ process η, then we define an SLEκ process in D, from
a ∈ ∂D to b ∈ ∂D as the random curve η̃ with the law νD,a,b = νH,0,∞ ◦ ϕ−1.
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Figure 1.4: SLEκ for κ = 2, 3, 6, that is, corresponding to the scaling limits of
LERW, the Ising interface and percolation exploration, respectively, driven by the
same Brownian motion. (Simulation by Tom Kennedy.)

Theorem 1.4 (Scaling invariance). Let η be an SLEκ process and c > 0. Then for
t > 0, cη([0, t]) and η([0, c2t]) are equal in distribution.

This follows from the scaling of Brownian motion: (cBt, t ≥ 0) d= (Bc2t, t ≥ 0).
Next we turn to the domain Markov property. We let ft(z) denote the centered
Loewner chain,

ft(z) = gt(z)−
√
κBt.

The following is a consequence of the ordinary Markov property for Brownian mo-
tion.

Theorem 1.5 (Domain Markov property). Let η be an SLEκ process from 0 to ∞
in H and let τ be a stopping time which is almost surely finite. Then (η̃(t))t≥0 :=
(fτ (η(τ + t)))t≥0 is an SLEκ process from 0 to ∞ in H.

The geometric behaviour of the curves depends heavily on the value of the
parameter κ and the following theorem shows the most fundamental dependence.
For the proof, see [34].

Theorem 1.6 (Phases of SLE). Let η be an SLEκ process. Then the following
holds.

(i) If κ ≤ 4, then η is almost surely a simple curve which does not hit the bound-
ary.

(ii) If 4 < κ < 8, then η will almost surely intersect itself as well as the boundary.

(iii) If κ ≥ 8, then η is almost surely space-filling.

SLEκ(ρ) processes are natural generalizations of SLE processes where we keep
track of a number of marked points on the boundary, the so-called force points,
which will either attract of repel the curve. Let xL = (xl,L, . . . , x1,L), xR =
(x1,R, . . . , xr,R), where xl,L < . . . < x1,L ≤ 0 ≤ x1,R < . . . < xr,R. Moreover,
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let ρ
L

= (ρ1,L, . . . , ρl,L), ρ
R

= (ρ1,R, . . . , ρr,R), ρj,q ∈ R, q ∈ {L,R}. We call ρj,q
the weight of xj,q. Let Wt be the solution to the system of SDEs

dWt =
l∑

j=1

ρj,L

Wt − V j,Lt
dt+

r∑
j=1

ρj,R

Wt − V j,Rt
dt+

√
κdBt,

dV j,qt = 2
V j,qt −Wt

dt, V j,q0 = xj,q, j = 1, . . . , Nq, q ∈ {L,R},

where NL = l and NR = r. The resulting family of hulls is generated by a con-
tinuous curve η, the SLEκ(ρ

L
, ρ
R

) process, at least until the curve has swallowed
force points of a total weight less than or equal to −2 on one of the sides of its
starting point. If ρj,q < 0, then xj,q attracts η, if ρj,q > 0 then xj,q repels η and if
ρj,q = 0 it will not affect η. Note that an SLEκ(0) process is just an ordinary SLEκ
process. Just as in the case of ordinary SLEκ processes, the definition of SLEκ(ρ)
processes in other domains than H is done by conformally mapping the processes
from H onto the new domain.

Adding force points only affects the boundary interactions of the SLE-type
process. Indeed, let η be an SLEκ(ρ) process in D, from a to b and let U be
an open, compactly contained, subset of D, ε > 0 such that the ε-neighbourhood
U(ε) is contained in D. Let τ be the first time that η enters U . Then the laws of η
given η([0, τ ]) and that of an ordinary SLEκ process from η(τ) to b in D \ η([0, τ ]),
both stopped upon exiting U(ε), are mutually absolutely continuous. For more
about SLEκ(ρ) processes, see [28].

Regularity and fractality
This section assumes the reader to be familiar with basic concepts of geometric
measure theory, such as Hausdorff dimension and Minkowski content. Those who
are not familiar with these find them in Section 1.5.

As mentioned, SLE processes are continuous and in [34] the authors proved the
Hölder continuity of said curves. The optimal Hölder exponent was found in [16].
For κ ≥ 0, let

α∗ = α∗(κ) = 1− κ

24 + 2κ− 8
√

8 + κ
, α0 = min

{
1
2 , α∗

}
.

Theorem 1.7. Let η be an SLE process. Then, almost surely, the following hold:

(i) in the interval [0, 1], η is Hölder continuous of order α for α < α0 and is not
Hölder continuous of order α > α0,

(ii) for every 0 < ε < 1, η is Hölder continuous of order α for α < α∗ and is not
Hölder continuous of order α > α∗, in the interval [ε, 1].
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One of the central themes of the study of SLE processes has been that of their
fractal geometry. Beffara showed that they are random fractals with Hausdorff
dimension depending linearly on κ until κ ≥ 8, after which they are space-filling
and thus of dimension 2, see [6] and [20].

Theorem 1.8 (Hausdorff dimension). Let η be an SLEκ process with κ > 0. Then,
almost surely,

dimHη([0,∞)) = min
{

1 + κ

8 , 2
}
.

By absolute continuity, the same result holds for SLEκ(ρ) processes. More-
over, it was proved by Lawler and Rezaei that for κ < 8, the (1 + κ

8 )-dimensional
Minkowski content (see Section 1.5) of SLEκ exists and is non-trivial.

Another random fractal that has been considered is the intersection of an SLE
process with the real line. The following holds, see [2], [36], [33] and [41].

Theorem 1.9. Let η be an SLEκ(ρ) process with force point xR = 0+ and ρ ∈
((−2) ∨ (κ2 − 4), κ2 − 2), then almost surely

dimH(η([0,∞)) ∩ R+) = 1− 1
κ

(ρ+ 2)
(
ρ+ 4− κ

2

)
.

In particular, if η be an SLEκ process with κ > 4, then almost surely,

dimH(η([0,∞)) ∩ R) = min
{

2− 8
κ
, 1
}
.

In [21], Lawler proved that for 4 < κ < 8, the Minkowski content of η([0,∞))∩R
exists and is non-trivial. For κ > 4, let D(η) denote the set of double points and let
K(η) denote the set of cut-points of an SLEκ process η. Then the following holds,
see [33].

Theorem 1.10. Let η be an SLEκ process with κ > 4. Then, almost surely,

dimHD(η) =
{

2− (12−κ)(4+κ)
8κ , if κ ∈ (4, 8),

1 + 2
κ , if κ ≥ 8.

If κ ∈ (4, 8), then almost surely,

dimHK(η) = 3− 3κ
8 ,

and if κ ≥ 8, then K(η) is almost surely empty.

SLE processes exhibit multifractality, that is, there are spectra of dimensions
describing their geometry. One central aspect of geometric function theory, is char-
acterizing the geometry of simply connected domains D ⊂ C in terms of properties
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of the uniformizing maps, that is, the conformal maps gz0
D : D → D, z0 ∈ D,

with gz0
D (z0) = 0 and (gz0

D )′(z0) > 0. In doing this, it is natural to consider the
derivatives of these maps. Analogously, when considering multifractality for SLE
processes, the derivatives g′t of the Loewner chain are the natural objects to study.

Multifractal spectra related to SLE were first derived in [11], [9], [10] and [12],
using (non-rigorous) quantum gravity and Coloumb gas techniques. The first math-
ematical work on a multifractal spectrum is found in [7], where the authors compute
the average integral means spectrum for SLE. The first almost sure multifractal
spectrum is found in [17], where the authors computed the almost sure multifractal
spectrum of the tip of SLE curves. An almost sure bulk multifractal spectrum as
well as an almost sure bulk integral means spectrum for SLE was computed in [14].
Lastly, a multifractal boundary spectrum for SLEκ, κ > 4 was derived in [1].

In Paper I, we derived an almost sure multifractal boundary spectrum for
SLEκ(ρ) for κ ≤ 4, with force point xR = 0+ and ρ chosen so that the curve
hits the boundary. This is the spectrum of [1], but for SLEκ(ρ) processes. More
precisely, we let (gt) be the SLEκ(ρ) Loewner chain, we let τs = τs(x) = inf{t > 0 :
dist(η([0, t]), x) ≤ e−s} and write

Vβ =
{
x > 0 : lim

s→∞

1
s

log g′τs(x) = −β, τs = τs(x) <∞ ∀s > 0
}
,

that is, Vβ is the set of points such that g′τs(x) ≈ e−βs as s→∞. The multifractal
spectrum is the function

β 7→ dimHVβ .

We fix κ > 0, ρ ∈ R, and define

d(β) = 1− β

κ

(
κ− 2ρ

4 − 1 + ρ/2 + 2β
β

)2
,

and let β− = inf{β : d(β) > 0} and β+ = sup{β : d(β) > 0}. The main theorem
result in Paper I is the following.

Theorem 1.11. Let κ ∈ (0, 4], ρ ∈ (−2, κ2 − 2), xR = 0+ and β ∈ [β−, β+]. Then,
almost surely,

dimHVβ = d(β).

This is in fact equivalent to a certain harmonic measure spectrum, see Remark
1.2 of Paper I. In fact, this result result holds true for κ > 4 in the smaller range
β ∈ [β−, β0], where β0 = (4 + 2ρ)/(8− κ+ 2ρ), see Section 2.1.

1.4 Gaussian free field

The (two-dimensional) Gaussian free field (GFF) is the canonical model of a random
surface. It is the two-dimensional time-analog of Brownian motion and just as
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Figure 1.5: A GFF in a square. (Simulation by Samuel Watson.)

Brownian motion is the scaling limit of many one-dimensional random models, the
GFF arises as the scaling limit of many two-dimensional models. For more on the
GFF, see for example [39].

Consider a simply connected domain D with a well-defined Green’s function
G = GD, normalized so that G(z, w) ∼ − log |z−w| as z → w ∈ D, and let E = ED
denote the Hilbert space closure of the space C∞0 (D) under the norm

‖f‖2E =
∫
D×D

f(z)G(z, w)f(w)dzdw.

The zero-boundary GFF in D is the Gaussian process, Γ(f), indexed by E , such
that Γ(f) is a zero mean Gaussian random variable, with correlations given by

E[Γ(f)Γ(g)] =
∫
D×D

f(z)G(z, w)g(w)dzdw.

Γ is not an honest function, but instead a random element in the Sobolev space
H−ε(D) for every ε > 0. Clearly, Γ is conformally invariant (since Green’s functions
are).

Just as Brownian motion, GFF satisfies a certain Markov property. See Section
2.6 of [39].

Theorem 1.12 (Markov property for the GFF). Let Γ be a GFF in D and let
A ⊂ D be closed. Then, conditional on the values of Γ on ∂A, Γ = ΓA +hA, where
ΓA is a zero-boundary GFF in D \A and hA is the harmonic extension of Γ|∂A to
D \A. Moreover, ΓA and hA are independent.

A GFF with general boundary data is defined as the sum of the harmonic
extension of those boundary values and a zero-boundary GFF.

Fix z ∈ D and 0 < ε0 < dist(z, ∂D) and for ε < ε0 let ρε(z) denote the
uniform probability measure on the circle of radius ε, centered at z. Then, we
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write Γε(z) = Γ(ρε(z)), that is Γε(z) denotes the average of Γ on the circle of
radius ε around z. Define for t ≥ t0 = log(1/ε0)

Bt := Γe−t(z).

Then (Bt)t≥t0 has the law of a one-dimensional Brownian motion started from Bt0 .
The quantity Γε is used in normalizations, such as when constructing the Gaussian
multiplicative chaos, as it is easy to handle due to behaving like a Brownian motion.

A local set of the GFF Γ is a random subset A of D, such that there exists a
random distribution ΓA with the property that conditional on (A,ΓA), ΓA := Γ−ΓA
has the law of a GFF in D \A and that on every compact subset of D \A, ΓA is a
harmonic function. Conditionally on A, ΓA and ΓA are independent.

A local set A is said to be thin if for any test function f ∈ C∞0 (D)

ΓA(f) =
∫
D\A

hA(z)f(z)dz,

holds almost surely.

SLE and the free field
As both SLE and GFF are conformally invariant processes in two dimensions, it is
natural to consider possible connections between them. In [37], the authors prove
that the zero level line of a discrete Gaussian free field, with boundary values −λL
on a boundary arc and λL on the complementary arc, converges to an SLE4 process
(here λL depends on the lattice). This led to considering couplings between SLE
and GFF and the monumental work of Miller and Sheffield: the imaginary geometry
coupling (see below). This section is devoted to the connections between SLE and
GFF as well as objects that can be constructed using these connections.

In what follows, we will always let λ = π/2. If we had chosen a different
normalization of the GFF, say, G(z, w) ∼ −c log |z − w| as z → w, then the same
results would hold, but with the parameter λ =

√
cπ/2.

Level lines

One can couple SLE4(ρ) processes with a GFF Γ in a domain D in a way, so that
we interpret them as “level lines” of Γ, see [38] and [41]. The interpretation of
the SLE4(ρ) processes as level lines comes from the discrete case mentioned above,
which naturally translates to the continuum case: if one boundary arc has boundary
value −λ and the complementary arc has boundary value λ, then we can couple
an SLE4 process in D, separating said boundary arcs. The weights and locations
of the force points are in one-to-one correspondence with the boundary data of Γ.
Let η be an SLE4(ρ) process, coupled as a level line. Then for every finite stopping
time τ for η, almost surely occurring before the continuation threshold, it holds
that η([0, τ ]) is a local set for Γ. In the same way, one can couple level lines of
different heights: a level line of height u ∈ R is a level line of the GFF Γ + u.
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An SLE4(ρ) process, coupled with Γ as a level line, is almost surely determined
by Γ, that is, it is a deterministic function of Γ.

Consider a GFF Γ in H, with piecewise constant boundary conditions. Let ηxu
denote the level line of height u, started from x ∈ R, and fix x1 ≥ x2. Then

(i) If u1 < u2, then ηx1
u1

almost surely stays to the right of ηx2
u2
.

(ii) If u1 = u2, then ηx1
u1

and ηx2
u2

can intersect and if they do, they merge and
never separate.

Figure 1.6: Level line of the Gaussian free field in a rhombus. (Simulation by Scott
Sheffield.)

Imaginary geometry

The imaginary geometry coupling of Miller and Sheffield shows that, parallel to
the level line coupling, we can couple SLEκ(ρ) processes with a GFF for κ 6= 4.
See [28, 29, 30, 31], or for a gentler introduction, Paper I. Then, the SLEκ(ρ)
processes are interpreted as flow lines of the “vector field” eiΓ(z)/χ, where χ =
χ(κ) = 2/

√
κ−
√
κ/2 (writing “vector field” as the exponential of a distribution is

not well-defined). However, we call them flow lines (if κ < 4) or counterflow lines
(if κ > 4) of Γ. A flow line of angle θ is a flow line of Γ + θχ. For simplicity, we
may consider a GFF Γ in H. In this coupling, the flow or counterflow line of Γ is
almost surely determined by Γ.

Let κ ∈ (0, 4) and κ′ = 16/κ ∈ (4,∞). It turns out (by virtue of the equality
χ(κ′) = −χ(κ)) that the law of Γ transforms in the same way given an SLEκ curve
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Figure 1.7: Flow lines of eiΓ(z)/χ( 1
2 ) of angles in [−π4 ,

π
4 ], that is, the flow lines are

variants of the SLE 1
2
process. (Simulation by Jason Miller.)

as given an SLEκ′ curve (up to sign change). Therefore, it is convenient to couple
SLEκ(ρ) processes and SLEκ′(ρ) with Γ at the same time. When doing this, we
couple the SLEκ(ρ) processes as flow lines from x ∈ R to ∞ and the SLEκ′(ρ)
process from ∞ to 0. Let η′ be the SLEκ′(ρ) process from ∞ to 0, then the range
of η′ is almost surely equal to the set of points in H, that can be reached by flow
lines (SLEκ(ρ) processes) from 0 to ∞ with angle θ ∈ [−π2 ,

π
2 ], and it visits those

points in reverse-chronological order (compared to the order of the flow lines).
These flow lines exhibit some interesting behaviour. Consider a GFF Γ in H,

with piecewise constant boundary values, and denote by ηxθ the flow line from x ∈ R
to ∞ with angle θ. Fix x1 ≥ x2. Then, the following holds (see Theorem 1.5 of
[28]).

(i) If θ1 < θ2, then ηx1
θ1

almost surely stays to the right of ηx2
θ2
. If θ2 − θ1 <

πκ
4−κ ,

then the paths might hit and bounce off of each other, otherwise they almost
surely never collide away from the starting point.

(ii) If θ1 = θ2, then ηx1
θ1

and ηx2
θ2

can intersect and if they do, they merge and
never separate.

(iii) If θ2 < θ1 < θ2 + π, then ηx1
θ1

and ηx2
θ2

can intersect, and if they do, they cross
and never cross back. If θ1 − θ2 <

πκ
4−κ , then they can hit and bounce off of

each other, otherwise they never intersect after crossing.
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Two-valued sets

For fixed a, b > 0, a two-valued local set (TVS) of levels −a and b, denoted by
A−a,b is a thin local set such that for each z ∈ D \ A−a,b, hA−a,b(z) ∈ {−a, b}.
The set A−a,b is the GFF analog of the first exit time from interval of the interval
[−a, b] by a one-dimensional Brownian motion. A−a,b can be constructed whenever
a+ b ≥ 2λ (recall that with our normalization, λ = π/2) and satisfies the following
properties.

• Uniqueness: if A is another local set coupled with Γ such that hA(z) ∈ {−a, b}
for z ∈ D \A, then A = A−a,b almost surely.

• Monotonicity: if [−a, b] ⊂ [−a′, b′], then A−a,b ⊂ A−a′,b′ almost surely.

• A−a,b is determined by Γ.

• A−a,b ∪ ∂D is connected.

• For z ∈ D fixed, the random variable log rD(z)− log rD\A−a,b(z) is distributed
as the first exit time of the interval [−πa/2λ, πb/2λ] for a one-dimensional
Brownian motion started from 0.

Figure 1.8: CLE4 = A−2λ,2λ in D. (Simulation by David B. Wilson).

The sets A−a,b were constructed and studied in [5], and we recall the construc-
tion in Section 1.4. The TVS are thin local sets whose two-dimensional Lebesgue
measure is almost surely 0. Setting a = b = 2λ, we get CLE4. In Paper II, we show
that for a GFF Γ in D,

dimHA−a,b = 2− 2λ2

(a+ b)2
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almost surely. This is done by studying the imaginary chaos Viσ, that is, the
limiting random element of Viσε (z) = ε−σ

2/2eiσΓε(z) as ε→ 0+.

First passage sets

The first passage sets (FPS) constitute another natural family of local sets for the
GFF. The FPS of level −a is the set

A−a =
⋃
b

A−a,b,

which is the analog of the first passage time of −a for a one-dimensional Brownian
motion. The first passage sets were studied in [4], and it was shown that for each
a > 0, dimHA−a = 2, almost surely and that the measure νA−a = ΓA−a + hA−a is
one half times the Minkowski content of A−a in the gauge r 7→ r2| log r| 12 , that is,∫

f(z)dνA−a(z) = lim
r→0
| log r| 12

∫
f(z)1{dist(z,A−a)≤r}(z)dz

holds almost surely. Moreover, νA−a is a measurable function of A−a.

Construction of TVS
For the convenience of the reader, we briefly recall here the construction for a
zero-boundary GFF Γ in D. The construction in other domains is the same.

We begin by noting that if a or b is 0, then letting A = ∅ it is clear that hA = 0
and by uniqueness we then have that A−a,b = ∅.

λ
λ

λ

−λ

−λ

−λ

−λ

−λ
λ

−λ

λ

−λ

λ

λ

−λ

−λ

λ

λ

λ

−λ

λ

−λ
−λ

−λ

λ

λ

−λ

λ

λ

λ

−λ

λ

λ

−λ

−λ

−λ

−λ

−λ

λ λ

λ

−λ

−λ

−λ

−λ

λ

λ

−λ

λ

−λ

λ

−λ

−λ

Figure 1.9: Construction of the ALE, A−λ,λ.

ALE (A−λ,λ): We will now construct the set A−λ,λ in D. This we do in full detail,
as this contains the main idea for the construction of every other TVS. Let η be the
(zero-height) level line from −i to i of Γ. Then η is an SLE4(−1,−1) curve which
divides D into components D1

j , j ∈ J for some index set J , i.e., D \ η = ∪j∈JD1
j .

As the boundary values of the harmonic function hη are −λ on the left of η, λ on
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the right of η and 0 on ∂D, we have by the domain Markov property that inside
each D1

j we have an independent GFF Γ1
j with boundary value 0 on ∂D1

j ∩ ∂D and
on ∂D1

j ∩ η the boundary value is −λ if D1
j is to the left and λ if D1

j is to the right
of η. See left image in Figure 1.9. Thus, we can begin iterating.

Assume that D1
j lies to the right of η and let w1

j and z1
j be the start- and

endpoints, respectively, of the clockwise arc ∂D1
j ∩ ∂D. Next, explore a level line

η1
j of Γ1

j from w1
j to z1

j . Again, on this curve, the boundary values of the harmonic
function are −λ and λ, but due to choosing η1

j to travel from w1
j to z1

j , the side
with boundary value λ is the one closer to η. Thus, in the region enclosed by η and
η1
j (it is indeed only one region, as η1

j is an SLE4(−1) curve attracted to ∂D and
will hence not hit η), the harmonic function has constant boundary value λ, and is
hence constant of value λ. The same is done in the domains to the left (but with z1

j

as the starting point and w1
j as the endpoint of the clockwise arc of ∂D1

j ∩∂D), and
then the harmonic function is −λ in the region enclosed between the two curves.
See the right image in Figure 1.9.

Doing this in every ∂D1
j , and writing A1 = η ∪j η1

j we see that the harmonic
function hA1 is constant in each bounded component of C\A1. In the components of
D\A1 with an arc of ∂D as part of its boundary we again have boundary conditions
0 on ∂D and ±λ on η1

j (now −λ if the region is to the right of η and λ if it is on the
left). Thus, we are in the same setting as in the first iteration and we can explore
new level lines η2

j so that if A2 = A1 ∪j η2
j , then hA2 is constant on each bounded

component of C\A2. Thus, proceeding with this, we end up with a set A such that
hA ∈ {−λ, λ}, that is, A = A−λ,λ.

a = −n1λ and b = n2λ, n1, n2 ∈ N \ {0}: Pick a countable dense subset S of D.
Choose one z ∈ S and construct A−λ,λ. If hA−λ,λ(z) ∈ {−n1λ, n2λ}, then we
are done for this z. If not, then construct the TVS A−λ,λ, denote it by A2

−λ,λ,
of the zero-boundary GFF in the component of D \ A−λ,λ containing z. Then
hA−λ,λ∪A2

−λ,λ
(z) = hA−λ,λ(z) + hA2

−λ,λ
(z) and if hA−λ,λ∪A2

−λ,λ
(z) ∈ {−n1λ, n2λ}, we

stop. Otherwise, we continue the iteration until we reach one of those values. Doing
this for every z ∈ S gives the set A−a,b.

a+ b = 2λ: Let c = (b − a)/2. Then c ∈ (−λ, λ) and repeating the exact same
construction as for A−λ,λ, but with level lines of height c (that is, level lines on
which the harmonic function takes values c− λ, c+ λ), we instead get components
in which the harmonic function takes values c+ λ = b and c− λ = −a.

a+ b = nλ, 3 ≤ n ∈ N: Let c ∈ (−λ, λ) be the such that there exist nonnegative
integers n1 and n2 such that −a = c − n1λ and b = c + n2λ (i.e., such that
n1 + n2 = n). Start with Ac−λ,c+λ and in the components where the harmonic
function has the value c − λ, construct A−(n1−1)λ,(n2+1)λ, and in the components
where the harmonic functions has value c+ λ, construct A−(n1+1)λ,(n2−1)λ.

a+ b > 2λ: Assume by symmetry that a > λ. Let c ∈ [0, λ) and n1, n2 ∈ N be
such that b = c+n1λ and b−n2λ ∈ [−a,−a+λ) and write d = a+b−n2λ. We start
with an Ab−n2λ,b (which is possible because necessarily, b−n2λ < 0 and n2 ≥ 2). In
the connected components where the harmonic function is b we are done, and hence
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stop, but in the components where it takes the value b− n2λ, iterate A−d,−d+n2λ.
Then we get connected components where the harmonic function takes the values
−a (there we stop) and b − d. Continue by iterating Ad−n2λ,d in the (b − d)-
components to again get components where the harmonic function takes values b
and b− n2λ. Continue an alternating iteration of A−d,−d+n2λ and Ad−n2λ,d in the
components where the values −a and b are not taken, and finally take the closure
of the union of all of the constructed sets to get A−a,b.

1.5 Geometric measure theory and random fractals

In this section, we recall the basics of geometric measure theory which are necessary
to understand many of the results about SLE. The proofs of the results are found
in [27]. We will only consider the case of measures on Euclidean spaces, as that is
sufficient for the applications in mind. We let A ⊂ Rn, δ > 0, 0 ≤ s <∞ and let

Hsδ(A) = inf
{∑

j

rsj : A ⊂
⋃
j

B(xj , rj), rj ≤ δ
}
.

Then, the s-dimensional Hausdorff measure is the measure is the limit

Hs(A) = lim
δ→0
Hsδ(A).

It is easy to see that the limit exists (Hsδ(A) ≤ Hsε(A) if ε ≤ δ) and as the name
suggests, Hs is a measure. Note that H0 is the counting measure, H1 is a (general-
ized) length measure and Hn is a multiple of the Lebesgue measure. The behaviour
of Hs under translations and dilations is nice: let x ∈ Rn and t > 0, then

Hs(A+ x) = Hs(A) and Hs(tA) = tsHs(A).

It is easily checked that for 0 ≤ s < t <∞,

(i) Hs(A) <∞ implies that Ht(A) = 0 and

(ii) Ht(A) > 0 implies that Hs(A) =∞.

By virtue of this, we define the Hausdorff dimension of a set A ⊂ Rn, dimHA as

dimHA = sup{s : Hs(A) > 0} = sup{s : Hs(A) =∞}
= inf{t : Ht(A) <∞} = inf{t : Ht(A) = 0}.

Thus dimHA is the unique number such that if s < dimHA, then Hs(A) =∞ and
if t > dimHA, then Ht(A) = 0, and thus the only number where Hs(A) can be non-
trivial. However, a priori we can never know if it is non-trivial, as for s = dimHA,
all of the three cases Hs(A) = 0, 0 < Hs(A) < ∞ and Hs(A) = ∞ are possible.
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Clearly, dimH is monotonous, in the sense that if A ⊂ B, then dimHA ≤ dimHB,
and it satisfies a stability condition: dimH ∪j Aj = supj dimHAj .

The Hausdorff dimension is a way to measure the size of sets and since dimHRn =
n, we have that 0 ≤ dimHA ≤ n for each A ⊂ Rn. It is easy to see that any smooth
manifold M of dimension m ≤ n will satisfy dimHM = m. The more interesting
cases, however, are those sets which are less regular and can give rise to non-integer
dimensions. Consider for example the Cantor set in one dimension. We briefly recall
the definition. Consider C0 = [0, 1]. Let C1 = [0, 1/3]∪ [2/3, 1], that is, remove the
open mid third of the interval C0. Let C2 be the set where we remove the open mid
third of the intervals of C1, that is, C2 = [0, 1/9] ∪ [2/9, 1/3] ∪ [2/3, 7/9] ∪ [8/9, 1].
Continuing in the same way, iteratively erasing the mid third of each interval of
Ck to construct Ck+1, and letting C = ∩j≥0Cj , we have that C is an uncountable
set with (one-dimensional) Lebesgue measure 0. However, dimHC = log 2/ log 3, so
this shows that the Hausdorff dimension provides a finer description of size than
the Euclidean dimension.

In estimating the Hausdorff dimension, at least for random fractals, it often
easier to find the upper bound. One then constructs a covering of the set and finds
an upper bound on the lower Minkowski dimension (see below), which provides an
upper bound on the Hausdorff dimension. What often turns out to be harder is to
find a sharp lower bound, but we will introduce the main tool of doing this. Given
a measure ν, let Es(ν) denote the s-dimensional energy of ν, that is,

Es(ν) =
∫∫

dν(x)dν(y)
|x− y|s

. (1.5.1)

We have the following.

Proposition 1.13 (Frostman’s lemma). Let A ⊂ Rn and let ν be a measure,
supported in A, such that Es(ν) <∞. Then dimHA ≥ s.

Next, we turn our attention to another notion of dimension. For a bounded
A ⊂ Rn and ε > 0, we let

N(A, ε) = min
{
k : A ⊂

k⋃
j=1

B(xj , ε) for some x1, . . . , xk ∈ Rn
}
,

that is, N(A, ε) is the smallest number of ε-balls needed to cover A. The upper and
lower Minkowski dimensions of A are defined as

dimMA = inf
{
s : lim sup

ε→0
N(A, ε)εs = 0

}
= lim sup

ε→0

logN(A, ε)
log(1/ε) ,

and

dimMA = inf
{
s : lim inf

ε→0
N(A, ε)εs = 0

}
= lim inf

ε→0

logN(A, ε)
log(1/ε) ,
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respectively. Then dimHA ≤ dimMA ≤ dimMA. If the limits agree, then we write
dimMA = dimMA = dimMA and call dimMA the Minkowski dimension of A.

We denote by A(ε) the ε-neighbourhood of A,

A(ε) = {x ∈ Rn : dist(x,A) ≤ ε},

and define the s-dimensional upper and lower Minkowski contents of A by

M∗s(A) = lim sup
ε→0

(2ε)s−n|A(ε)|,

and

Ms
∗(A) = lim inf

ε→0
(2ε)s−n|A(ε)|,

respectively, where |A(ε)| denotes the n-dimensional Lebesgue measure of the set
A(ε). Note that there is a constant c > 0, such that

cHs(A) ≤Ms
∗(A) ≤M∗s(A).

If the limits are equal, we writeMs(A) =Ms
∗(A) =M∗s(A) and callMs(A) the

s-dimensional Minkowski content of A. The Minkowski content is in general not a
measure. We note that

dimMA = inf{s :M∗s(A) = 0} = sup{s :M∗s(A) > 0},
dimMA = inf{s :Ms

∗(A) = 0} = sup{s :Ms
∗(A) > 0}.

Computing the dimension of random fractals

In this section we give a basic outline of how to compute the almost sure Haus-
dorff dimension of a random fractal, say, A ⊂ Rn. The strategy for proving that
dimHA = d is the following.

1. Find a one-point estimate: P(dist(z,A) ≤ ε) � εn−d. By choosing a suitable
cover of A, we then have dimHA ≤ d.

2. Find a two-point estimate:

P(dist(z,A) ≤ ε, dist(w,A) ≤ ε) . ε2(n−d)|z − w|d−n.

Then, by constructing a sequence of measures and using the two-point es-
timate to show that the s-dimensional energy of a certain limiting measure
(with support contained in A) is finite for each s < d, Frostman’s lemma gives
that P(dimHA ≥ d) > 0.

3. Deduce that dimHA = d almost surely, by some 0-1 law.
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We elaborate shortly on the cover for the upper bound and the measure for Frost-
man’s lemma and the lower bound. It is sufficient to be able bound dimHA∩K for
each compact setK, as an upper bound on dimHA∩K for every compact setK pro-
vides an upper bound on dimHA (if A is almost surely contained in a bounded do-
main D, then just consider A instead of A∩K). Any compact set K can be covered
by ∼ ε−n balls of radius ε, B(zεj , ε). For fixed ε > 0, let Nε =

∑
j 1{dist(zj ,A)≤ε},

that is Nε is the number of balls B(zεj , ε) that A intersects. Then

E[Nε] =
∑
j

P(dist(zεj , A) ≤ ε) .
∑
j

εn−d . ε−d.

Next, let Eε(z) = {dist(z,A) ≤ ε} and

Cε =
⋃

j:Eε(zεj ) occurs

B(zεj , ε),

and note that A∩K ⊂ Cε for each ε > 0. Thus, there is some constant c > 0, such
that

Hs (A ∩K) ≤ cMs
∗ (∪m≥kCe−m) ,

for each k ≥ 1. Hence, for all s > d,

E [Hs(A ∩K)] ≤ lim
k→∞

c
∑
m≥k

E [Ne−m ] e−ms = 0.

That is, for each s > d, Hs(A∩K) = 0 almost surely, which implies that dimHA∩
K ≤ d. Since this can be done for any compact set K, dimHA ≤ d.

As for the lower bound on dimension, we write EN (z) = Eexp(−N)(z) and z
(N)
j =

z
exp(−N)
j and let (µN ) denote the measures

µN (A) =
∫
A

∑
j

1
EN (z(N)

j
)

P(EN (z(N)
j ))

1
B(z(N)

j
)(z)dz.

Then, for K compact, E[µN (K)] � 1 and using the two-point estimate, it easy to
see that there is a constant C > 0, independent of N , such that E[µN (K)] ≤ C.
Moreover, the two-point estimate also gives that for each s < d, E[Es(µN )] ≤ C∗,
for some C∗ > 0, uniformly in N . Thus, by the Cauchy-Schwarz inequality, we
have

P(µN (K) > 0) ≥ E[µN (K)]2

E[µN (K)2] ≥ c̃ > 0.

Thus, taking a subsequential limit of the measures µN on this event, we get a
measure with support contained in A ∩K, which, by Frostman’s lemma, satisfies

P(dimHA ∩K ≥ d) > 0.
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How to go from positive probability to probability 1, depends entirely on which
model is being considered, and there is no general strategy for this. Many models,
such as those related to the Gaussian free field (see Section 1.4), have some condi-
tional independence properties, which are very useful in proving that the dimension
bound holds almost surely. The 0-1 laws when studying SLE processes come from
the 0-1 law of the underlying Brownian motion (see Section 1.3).
Remark 1.14. Typically, the hardest part of proving an almost sure dimension result
consists of finding the proper two-point estimate.





2 Summary of results

This thesis contains the following three papers:

I A multifractal boundary spectrum for SLEκ(ρ). Lukas Schoug. (Updated
version of arxiv:1905.11307.)

II Dimension of two-valued sets via imaginary chaos. Lukas Schoug, Avelio
Sepúlveda and Fredrik Viklund. (arXiv:1910.09294.)

III Remarks on the regularity of quasislits. Lukas Schoug, Atul Shekhar and
Fredrik Viklund. (arXiv:1910.03303.)

In this chapter we give an overview of each of the papers, as well as some additional
results.

2.1 Paper I

In Paper I, we study boundary interactions of SLEκ(ρ) processes. We are interested
in the sets of points where the we have a prescribed rate of decay of the derivatives
of the conformal maps as the process approaches the boundary. More precisely, we
consider an SLEκ(ρ) process η for κ ≤ 4, with force point xR = 0+ and ρ chosen
so that η almost surely hits R+, let τs = τs(x) = inf{t > 0 : dist(η([0, t]), x) ≤ e−s}
and define

Vβ =
{
x > 0 : lim

s→∞

1
s

log g′τs(x) = −β, τs = τs(x) <∞ ∀s > 0
}
.

That is, Vβ is the set of points such that g′τs(x) ≈ e−βs as s→∞. For fixed κ > 0,
ρ ∈ R, we define

d(β) = 1− β

κ

(
κ− 2ρ

4 − 1 + ρ/2 + 2β
β

)2
,

and let β− = inf{β : d(β) > 0} and β+ = sup{β : d(β) > 0}. We recall the main
result, stated in Section 1.3.

29
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Theorem 2.1. Let κ ∈ (0, 4], ρ ∈ (−2, κ2 − 2), xR = 0+ and β ∈ [β−, β+]. Then,
almost surely,

dimHVβ = d(β).

This result can be restated in terms of harmonic measure. Indeed, for A ⊂ H,
such that H\A is simply connected and A = A∩H, we define the harmonic measure
from infinity as

ω∞(E,H \A) = lim
y→∞

yω(iy, E,H \A),

for E ⊂ ∂(H \A), where ω denotes the usual harmonic measure. Then, letting

Ωα =
{
x > 0 : lim

s→∞

1
s

logω∞((rτs , x], Hτs) = −α, τs = τs(x) <∞ ∀s > 0
}
,

where rt = max η([0, t]) ∩ R, the main result can be rephrased as

dimHΩα = 1− α− 1
κ

(
κ− 2ρ

4 − 2α− 1 + ρ/2
α− 1

)2
.

This follow by the Koebe 1/4 theorem, and the fact that we can view the decay of
the derivatives of the conformal maps as a decay of harmonic measure is important
in our proof.

Overview of proof

The strategy for proving an almost sure multifractal spectrum follows the same
ideas as stated in Section 1.5: find a one-point estimate which together with a
covering argument gives the upper bound, find a two-point estimate and construct
a Frostman measure and finally prove some 0-1 law. However, the problem becomes
substantially harder, as we have to keep track of extra information, in this case the
decay of spatial derivatives of conformal maps.

In what follows, ζ and µ are parameters in one-to-one correspondence with β
(for the definitions, see the next section) and a = 2/κ.

The way to find the one-point estimate and hence the upper bound on dimension
is rather straight-forward. We find a local martingale Mt = Mζ

t (x), such that the
behaviour we are interested in is dominant on the measure weighted by Mt. We
denote this new measure by P∗ = P∗x,ζ . From this, we immediately get an estimate
on the form

E
[
g′τs(x)ζ1{τs <∞}

]
� e−µ(1+ρ/2)s,

which can then be used to construct a cover of the set Vβ , that provides the sharp
upper bound on the dimension (actually, if ζ < 0, we only get it for τs replaced by



2.1. PAPER I 31

a random time t̃(s) such that t̃
((

s
a − C

∗(x)
)
∨ 0
)
≤ τs ≤ t̃

(
s
a + C∗(x)

)
, but this is

enough for the upper bound on the dimension).
The next step is identifying the “good” event, that is, the event where g′t(x)

decays at the correct rate. We let Ĩt(x) denote the event where the decay rate is
the correct one up until time time t for the time changed collection g̃′s(x). We then
form the random variables

It(x) = E[Ĩt/a+C∗(x)(x)|Fτt ], (2.1.1)

which behave (almost) as indicators for the good event.
Next, we want to construct a two-point estimate on the form

E[It(x)It(y)] ≤ Ψ(|x− y|)E[It(x)]E[It(y)],

for some function Ψ, which would make the construction of the Frostman measure
straight-forward. Of course, this is too naive and will not hold, but it is still
something along these lines that we must consider. Instead, we must construct so-
called perfect points, that is, a collection of points where the right behaviour occurs
and for which we can have a two-point estimate as above, but such that the set
of perfect points is large enough to have the correct dimension. The set of perfect
points should, loosely stated, be

{x : g′τs(x) ≈ e−βs as s→∞, regularity conditions}.

The way we construct these perfect points is via the imaginary geometry coupling
with the GFF. This way, we can utilize absolute continuity properties of the GFF
to separate points and move the problem between scales. This is the main part of
Paper I and it is very technical. We will refrain from the necessary technicalities
here, and refer the interested reader to Section 4 of Paper I instead.

We couple η ∼ SLEκ(ρ) as a flow line of the GFF, that is, the GFF should have
boundary value −λ on R− and λ(1+ρ) on R+, where λ = π/

√
κ. Recall that in the

imaginary geometry coupling, if two flow lines of the same angle, emanating from
different points collide, then they merge and never separate. Thus, with the right
regularity conditions, we have that if η has the correct behaviour until hitting, say,
B(x, ε1), and ηx1 , started from some point x1 ∈ (x − ε1, x + ε1), has the correct
behaviour until hitting B(x, ε2), ε1 > ε2, and merge with η before that, then η has
the correct behaviour until hitting B(x, ε2). Moreover, if ηu, ηv are two flow lines,
started from different points, stopped when exiting the disjoint sets Uu and Uv,
then the laws of ηv, given ηu and without ηv, are mutually absolutely continuous,
and the Radon-Nikodym derivative between their laws is bounded from above and
below by positive constants.

Thus, we choose the perfect points as follows. Let (αj)j≥1 be an increasing
sequence of positive numbers and let εk = exp(−

∑k
j=1 αj). Moreover, we let

x0 = 0 and xk = x− εk/4 for k ≥ 1 and denote the 0 angle flow line from xk to ∞
by ηxk . Then, we define the event

A1
k(x) =

{
ηxk hits B(x, εk+1) before leaving B

(
x,
εk
2

)
, “regularity conditions”

}
,
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and set

E1
k(x) = 1A1

k
(x)I

k(x),

where Ik denotes the random variable, analog to (2.1.1), but for the flow line ηxk ,
until the time it hits B(x, εk+1). Next, let

A2
k(x) = {ηxk−1 hits ηxk , “regularity conditions”},

and E2
k(x) = 1A2

k
(x). Then we define

En(x) = E1
0(x)

n∏
k=1

Ek(x).

If En(x) > 0, then this means that for each 0 ≤ k ≤ n, ηxk hits B(x, εk+1), the
derivative of the conformal map decays at the right rate and that for each k ≤ n−1,
ηxk merged with ηxk+1 , transmitting the right behaviour of η to the time it hits
B(x, εn+1). Therefore, we define the perfect points to be the set of points such that
En(x) > 0 for all n.

That the probability of this occurring is of the right size, namely
≈ Cn+1(

∏n+1
j=1 ψ(αj))ε(1−d(β))

n+1 follows since the probability of two flow lines merg-
ing is proportional to 1, by the fact that the event of the flow line ηxk hitting
B(x, εk+1) and behaving in the right way has probability ≈ ψ(αk)e−αk(1−d(β)) and
by the approximate independence of GFF in disjoint regions, which implies that
the probability will just be the product of each of the probabilities for ηxk , the
merging, behaving in the right way and some propagating constant.

Using the absolute continuity properties of the GFF, we obtain, roughly, that
there exists a subexponential function ψ such that for all x, y ∈ [1, 2] and m ∈ N
such that 2εm+2 ≤ |x− y| ≤ 1

2εm, we have

E[En(x)En(y)] ≤

m+2∏
j=1

ψ(αj)3|ζ|

 ε
(1+o|x−y|(1))(d(β)−1)
m+2 E[En(x)]E[En(y)].

This serves as our two-point estimate, and using this, it is easy to construct the
Frostman measure as a subsequential limit of the sequence of measures (νn), defined
by

νn(A) =
∫
A

∑
x∈Dn

En(x)
E[En(x)]1Jn(x)(t)dt,

where Dn is some collection of points x such that En(x) > 0. Hence, the lower
bound on dimension holds with positive probability. By a 0-1 law, the dimension
of Vβ is almost surely constant, and hence a lower bound with positive probability
is an almost sure lower bound. Thus, the overview of the proof is done.
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Further results

In this section we sketch the proof of the multifractal spectrum for κ > 4 and
β ∈ [β−, β0], where β0 = (4 + 2ρ)/(8− κ + 2ρ). That is, we shall sketch the proof
of the following theorem.

Theorem 2.2. Let κ > 4, ρ ∈ (κ2 − 4, κ2 − 2), xR = 0+ and β ∈ [β−, β0]. Then,
almost surely,

dimHVβ = d(β).

Note that the upper bound on the dimension in Paper I is valid for all κ > 0
and β ∈ [β−, β+], and hence we only have to prove the lower bound. We follow the
strategy of [1] and it will rely heavily on the results of Paper I, as this was originally
a part of that project. The necessary results will be cited and not reproven, however,
we start with some of the basic definitions, before going on to the lower bound on
the dimension. We will actually work with

V ∗β =
{
x > 0 : lim

s→∞

1
s

log g′τs(x) = −β(1 + ρ/2), τs = τs(x) <∞ ∀s > 0
}
,

and note that Vβ = V ∗β/(1+ρ/2). We let d∗(β) := d(β(1 + ρ/2)) and note that we
shall prove that dimHV

∗
β = d∗(β).

Notation and definitions In this section we introduce the parameters and
stochastic processes, for explanations and discussions, see Sections 2.2.1 and 2.2.2
of Paper I. We let η ∼ SLEκ(ρ), with κ > 4 and ρ ∈ (κ2 − 4, κ2 − 2) and the force
point xR ≥ 0, so that η will hit {x > xR}, but be able to continue afterwards. We
denote by (Ft)t≥0 the filtration of the Brownian motion of the driving term Wt.
We let a = 2/κ, set µc = 2a− 1/2 + aρ/2 and define for β > 0

µ = a

β
+ µc, ζ = 1

2a

(
a

β
+ µc

)(
a

β
− µc

)
.

Furthermore, we let ft(x) = gt(x)−Wt,

δt(x) = gt(x)− Vt
g′t(x) , Qt(x) = gt(x)− Vt

gt(x)−Wt
∈ [0, 1],

and for x > 0 define the local martingale

Mζ
t (x) = g′t(x)ζQt(x)µδt(x)−µ(1+ ρ

2 ),

for t ≤ Tx (recall Proposition 1.2). Define the random time change t̃(s) = t̃x(s) by

s =
∫ t̃(s)

0

Qu(x)
1−Qu(x)

du

fu(x)2
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(we will most often not write out the dependence on x). Then denoting the time
changed processes as δ̃s = δt̃(s), etc., we have δ̃s = (x− xR)e−as,

g̃′s(x) = exp
{
−a
∫ s

0

1− Q̃u
Q̃u

du

}
,

and we write F̃s = Ft̃(s). We then define a new probability measure P∗ = P∗x,ζ by
reweighing the measure with the local martingale M̃ζ

s (x). Under the measure P∗,
Q̃s is a diffusion with an invariant density, pQ̃, and the process following the same
SDE as Q̃s, started from the invariant density, will be denoted by X̃s. See Section
2.2.2 and the appendix of Paper I.

Mass concentration In this section, we will see that the mass of the weighted
measure P∗ is concentrated on an event where the behaviour of g̃′s(x), for fixed x, is
nice. On this event, we will show that g̃′s(x) satisfies a number of inequalities which
will be helpful in proving the two-point estimate of the next section. We follow the
same path as in Section 3.1 in [1].

We define the process L̃s, as

L̃s = −1
a

log g̃′s(x) =
∫ s

0
Q̃−1
u (1− Q̃u)du.

In the previous section we mentioned that Q̃s has an invariant distribution, pQ̃,
under P∗. Since Q̃s is ergodic (Corollary A.2 of Paper I), the time average converges
P∗-almost surely to the space average, that is,

lim
s→∞

L̃s
s

=
∫ 1

0
y−1(1− y)pQ̃(y)dy = β(1 + ρ/2),

holds P∗-almost surely. We shall prove that, roughly, as s→∞, L̃s ≈ β(1 + ρ/2)s,
with an error of order

√
s.

The observation that if we view µ = µc +
√
µ2
c + 2aζ as a function of ζ, then

µ′(ζ) = β, will play a role in the proof of the following lemma; for δ small enough,
we will define the process

Ñs = e−aδL̃sea(1+ρ/2)(µ(ζ+δ)−µ(ζ))sQ̃µ(ζ+δ)−µ(ζ)
s .

By Itô’s formula, we see that this is a local martingale under P∗, and since it is
bounded from below, it is hence a supermartingale. Using that µ(ζ + δ) − µ(ζ) =
δβ+O(δ2) and that we have good control of Q̃s, the following bounds are not very
hard to establish.

Lemma 2.3. Let ζ > −µ2
c/2a. There is a positive constant c < ∞ such that the

following hold:
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(i) For p > 0 sufficiently small, and t ≥ 1,

E∗
[
exp

{
p
|L̃t − β(1 + ρ/2)t|√

t

}]
≤ c.

(ii) For p > 0 sufficiently small, and 1 ≤ s ≤ t,

E∗
[
exp

{
p
|L̃t − L̃s − β(1 + ρ/2)(t− s)|√

t− s

}]
≤ c.

Proof. The first inequality is the content of Lemma 3.3 of Paper I, so we prove the
second part. Define Γ̃t = L̃t − β(1 + ρ/2)t. Ñt is a supermartingale, so we have

Ñs ≥ E∗
[
Ñt
∣∣F̃s

]
,

i.e.,

Q̃µ(ζ+δ)−µ(ζ)
s ≥ eaδL̃se−as(1+ρ/2)(µ(ζ+δ)−µ(ζ))E∗

[
Ñt
∣∣F̃s

]
= E∗

[
e−aδ(L̃t−L̃s)ea(t−s)(1+ρ/2)(µ(ζ+δ)−µ(ζ)Q̃

µ(ζ+δ)−µ(ζ)
t

∣∣∣F̃s

]
= E∗

[
e−aδ(L̃t−L̃s)ea(t−s)(1+ρ/2)δβ+O((t−s)δ2)Q̃

µ(ζ+δ)−µ(ζ)
t

∣∣∣F̃s

]
= E∗

[
e−aδ(Γ̃t−Γ̃s)eO((t−s)δ2)Q̃

µ(ζ+δ)−µ(ζ)
t

∣∣∣F̃s

]
,

where the first equality is due to L̃s being F̃s-measurable. Taking expectations, we
get

E∗
[
e−aδ(Γ̃t−Γ̃s)eO((t−s)δ2)Q̃

µ(ζ+δ)−µ(ζ)
t

]
≤ E∗

[
Q̃µ(ζ+δ)−µ(ζ)
s

]
≤ c,

where the bound by a constant comes from Corollary A.2 of Paper I. Assume that√
t− s ≥ c0 > 0 for some constant c0. Set δ = ± ε√

t−s . Then we have

E∗
[

exp
{
∓ aε Γ̃t − Γ̃s√

t− s

}
Q̃
±β ε√

t−s
+O(ε2/(t−s))

t

]
≤ c,

where c might be different (since the O(ε2)-term is multiplied moved to the other
side). For sufficiently small ε,

c ≥ E∗
[

exp
{
aε

Γ̃t − Γ̃s√
t− s

}
Q̃
−β ε√

t−s
+O(ε2/(t−s))

t

]
≥ E∗

[
exp

{
aε

Γ̃t − Γ̃s√
t− s

}]
,

since Q̃t ∈ [0, 1]. In the other case, we again consider Q̃t ≤ y and Q̃t > y separately.

c ≥ E∗
[
exp

{
−aε Γ̃t − Γ̃s√

t− s

}
Q̃
β ε√

t−s
+O(ε2/(t−s))

t 1
{
Q̃t > y

}]



36 CHAPTER 2. SUMMARY OF RESULTS

≥ E∗
[
exp

{
−aε Γ̃t − Γ̃s√

t− s

}
y
β ε√

t−s
+O(ε2/(t−s))

1
{
Q̃t > y

}]
,

and thus,

E∗
[
exp

{
−aε Γ̃t − Γ̃s√

t− s

}
1
{
Q̃t > y

}]
≤ cy

−β ε√
t−s

+O(ε2/(t−s))
≤ cy

−2β ε√
t−s .

For the next part, observe that

Γ̃t − Γ̃s =
∫ t

s

Q̃−1
u (1− Q̃u)du− β(1 + ρ/2)(t− s) ≥ −β(1 + ρ/2)(t− s).

Therefore,

E∗
[
exp

{
−aε Γ̃t − Γ̃s√

t− s

}
1
{
Q̃t ≤ y

}]
≤ E∗

[
eaεβ(1+ρ/2)

√
t−s1

{
Q̃t ≤ y

}]
= eaεβ(1+ρ/2)

√
t−sP∗(Q̃t ≤ y) ≤ c′eaεβ(1+ρ/2)

√
t−sy2µ−4a−aρ+2,

where c′ is a constant, by comparing with X̃t (see Corollary A.2 of Paper I). Let

y = exp
{
− aεβ(1 + ρ/2)

2µ− 4a− aρ+ 2
√
t− s

}
,

then the "Q̃t ≤ y"-part and the "Q̃t > y"-part are bounded by constants. If
√
t− s

is not greater than some constant c0, the result follows by monotonicity. Thus, we
are done.

Next, we define the “good” event (this will differ from the one in Paper I, as the
second property included here is not necessary for the two-point estimate there).

Proposition 2.4. There exists a constant, c, such that if we fix t > 0 and let Ĩut
be the event such that the following inequalities hold for all 0 ≤ s ≤ t:

(i) |L̃s − β(1 + ρ/2)s| ≤ u
√
s log(2 + s) + c,

(ii) |L̃t − L̃s − β(1 + ρ/2)(t− s)| ≤ u
√
t− s log(2 + t− s) + c.

Then, for every ε > 0 there exists a u <∞ such that

P∗(Ĩut ) ≥ 1− ε

for every t.

Proof. The first part is Lemma 3.4 of Paper I. For the second part, we note that
there is a constant such that for every k ∈ N,

P∗
(
|L̃t − L̃s − β(1 + ρ/2)(t− s)| > u

√
t− s log(2 + t− s) + c
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for some s ∈ [k, k + 1]
)

≤ P∗
(
|L̃t − L̃k − β(1 + ρ/2)(t− k)| > u

√
t− k log(2 + t− k)

)
.

Splitting into subintervals of length 1, using Chebyshev’s inequality and Lemma
2.3 (with p > 0 as in the lemma), we have

P∗
(
|L̃t − L̃s − β(1 + ρ/2)(t− s)| > u

√
t− s log(2 + t− s) + c for some s ≥ 0

)
≤
∑
k<t

P∗
(
|L̃t − L̃k − β(1 + ρ/2)(t− k)| > u

√
t− k log(2 + t− k)

)
=
∑
k<t

P∗
(
p
|L̃t − L̃k − β(1 + ρ/2)(t− k)|√

t− k
> pu log(2 + t− k)

)

≤
∑
k<t

E∗
[
exp

{
p
|L̃t − L̃k − β(1 + ρ/2)(t− k)|√

t− k

}]
(2 + t− k)−pu

≤
∑
k<t

c0(2 + t− k)−pu,

which is o(1) in u.

Since g̃′s(x) = e−aL̃s , we see that on the event of Proposition 2.4,

ψ0(s)−1e−aβ(1+ρ/2)s ≤ g̃′s(x) ≤ ψ0(s)e−aβ(1+ρ/2)s,

and

ψ0(t− s)−1eaβ(1+ρ/2)(t−s) ≤ g̃′s(x)
g̃′t(x) ≤ ψ0(t− s)eaβ(1+ρ/2)(t−s),

where ψ0 is the subexponential function ψ0(s) = eau
√
s log(2+s)+c.

We will denote both the event and the indicator function of the event as Ĩut , we
will often drop the u in the notation and write Ĩt.

Lemma 2.5. Suppose that ζ > 0 and u > 0. Then there exists a subexponential
function ψ such that if 0 ≤ s ≤ t and Ĩt = Ĩut , then

g̃′t(x+ e−as)ζ Ĩt ≤ ψ(s)e−aζβ(1+ρ/2)sĨt.

Proof. Using a variant of the distortion theorem, we see that there is some s0 > 0
such that

g̃′s−s0
(x+ e−as) � g̃′s−s0

(x)

(we just need to be able to select a proper compact set containing the points).
Therefore, since ζ > 0 and t 7→ g̃′t is decreasing and by (2.1), we have

g̃′t(x+ e−as)ζ Ĩt . g̃′s−s0
(x)ζ Ĩt
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≤ eaζu
√
s−s0 log(2+s−s0)+ce−aζβ(1+ρ/2)(s−s0)Ĩt,

which concludes the proof.

Now we translate these properties for g̃′t(x) to g′τt(x) (recall that τt = τt(x) =
inf{s > 0 : dist(x, η([0, s])) ≤ e−t}). Let C∗ = C∗(x, xR) denote the constant such
that t̃((t/a − C∗) ∨ 0) ≤ τt(x) ≤ t̃(t/a + C∗) for t > 0 (see the Lemma 2.4 of
Paper I as well as the short discussion following it). We fix u > 0 and define an
Fτt-measurable version of Ĩut (the indicator of the event of Proposition 2.4) as

Iut = E
[
Ĩut
a+C∗

∣∣∣Fτt

]
,

and in the following proposition, we will show that this indeed works the same way
for g′τt(x) as Ĩut does for g̃′t(x). We omit the superscript and write It = Iut .

Proposition 2.6. Let u > 0 and It = Iut be as above. Then for all t ≥ max(0,− log(x−
xR)),

E
[
g′τt(x)ζIt

]
� e−µ(1+ρ/2)t,

where the implicit constants depend on x and xR. Furthermore, there is a subexpo-
nential function ψ such that for max(0,− log(x− xR)) ≤ s ≤ t,

(i) ψ(s)−1e−β(1+ρ/2)sIt ≤ g′τs(x)It ≤ ψ(s)e−β(1+ρ/2)sIt,

(ii) g′τt(x)ψ(t− s)−1eβ(1+ρ/2)(t−s)It ≤ g′τs(x)It ≤ g′τt(x)ψ(t− s)eβ(1+ρ/2)(t−s)It,

(iii) and if ζ > 0, then

g′τt(1 + e−s)ζIt ≤ ψ(s)e−ζβ(1+ρ/2)sIt.

Proof. Fix u > 0 and write t+ = t/a + C∗ and t− = t/a − C∗ (where C∗ is as
described above). By (2.1),

ψ0(2C∗)−1e−2C∗aβ(1+ρ/2)Ĩt+ ≤
g̃′t−(x)
g̃′t+(x) Ĩt+ ≤ ψ0(2C∗)e−2C∗aβ(1+ρ/2)Ĩt+ ,

that is,

g̃′t−(x)Ĩt+ � g̃′t+(x)Ĩt+ .

Combining this with the fact that g̃′t+(x) ≤ g′τt(x) ≤ g̃′t−(x) implies that g′τt(x)Ĩt+ �
g̃′t+(x)Ĩt+ , and hence,

E
[
g′τt(x)ζIt

]
= E

[
g′τt(x)ζ Ĩt+

]
� E

[
g̃′t+(x)ζ Ĩt+

]
.
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Using Proposition 3.1 of Paper I, we see that

E
[
g′τt(x)ζIt

]
. e−µ(1+ρ/2)t,

where the implicit constants depend on x and xR, so the upper bound is done. For
the lower bound, we have that

E
[
g̃′t+(x)ζ Ĩt+

]
≥ (x− xR)µ(1+ρ/2)e−aµ(1+ρ/2)txE

[
g̃′t+(x)ζeaµ(1+ρ/2)Q̃µtx Ĩt+

]
= M̃ζ

0 (x− xR)µ(1+ρ/2)e−aµ(1+ρ/2)P∗(Ĩt+)
& e−µ(1+ρ/2)t,

since Q̃ ∈ [0, 1] and by choosing u so that, uniformly in t, P∗(Ĩt+) ≥ c for some
prescribed constant 0 < c < 1.

For part (i), we note that

g′τs(x)It = E
[
g′τs(x)Ĩt+

∣∣Fτt

]
� E

[
g̃′s+

(x)Ĩt+
∣∣∣Fτt

]
.

By (2.1), we then have

g′τs(x)It . ψ0(s+)e−β(1+ρ/2)sIt,

and in the same way

g′τs(x)It & ψ0(s+)−1e−β(1+ρ/2)sIt.

Part (ii) follows analogously by (2.1) and letting ζ > 0 and applying Lemma 2.5,
we get part (iii).

Two-point estimate The goal of this section is to prove the two-point estimate,
which we will need for the lower bound of the dimension in the case κ > 4. We will
prove this estimate as in Section 4 of [1].

Theorem 2.7. Let κ > 0, ρ ∈ ((−2) ∨ (κ2 − 4), κ2 − 2) and xR = 0+. Assume that
ζ > 0 is such that d(β) > 0. Then the following holds: there exists a u < ∞ and
a subpower function φ such that for x ≥ ε > 0, n ∈ N ∩ {z > min(0,− log x)} and
y ≥ 0,

E
[
g′τn(x)ζg′σn(x+ y)ζIn(x)In(x+ y)

]
≤C(ε)e−2µ(1+ρ/2)nφ(1/(y ∨ e−n))
× (y ∨ e−n)(ζβ−µ)(1+ρ/2).

To prove the Theorem 2.7, we need the next two lemmas.

Lemma 2.8. Let κ > 0, ρ ∈ ((−2) ∨ (κ2 − 4), κ2 − 2)) and xR = 0+. Let ζ > 0 and
suppose that τ is a stopping time such that τ ≤ τn−1 almost surely. Then,

E
[
g′τn(x)ζ

∣∣ητ ] . g′τ (x)ζ
(

e−n

dist(η([0, τ ]), x)

)µ(1+ρ/2)

.
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Proof. We let B = Be−n(x) ∩ H denote the semi-disc of radius e−n around x and
for s < t, we write fs,t(z) = ft ◦ f−1

s (z). Then, since τ ≤ τn almost surely,
fτn(z) = fτ,τn(fτ (z)), and by the chain rule,

g′τn(x) = f ′τn(x) = f ′τ (x)f ′τ,τn(fτ (x)) = g′τ (x)f ′τ,τn(fτ (x)).

If we extend fτ via Schwarz reflection, then we see that

e−n

4 g′τ (x) ≤ dist(fτ (x), fτ (∂Be−n(x))) ≤ 4e−ng′τ (x),

and noting that dist(fτ (x), fτ (∂Be−n(x))) � diam(fτ (Be−n(x))), we conclude that

diam(fτ (B)) � e−ng′τ (x).

Also, since dist(η[0, t], x) � δt and δt ≤ ft(x)
g′t(x) , we have

dist(η([0, t]), x) . ft(x)
g′t(x) .

By the domain Markov property, given that τ is finite, {fτ,τ+t(fτ (z))}t is a centered
SLEκ(ρ) with force point Vτ −Wτ = fτ (0+). Define the stopping time

α := inf
{
t ≥ 0 : dist(fτ (η[0, τ + t]), fτ (x)) ≤ Cf ′τ (x)e−n

}
,

where C is the implicit constant in (2.6). Then, τ + α ≤ τn almost surely, and by
Corollary 3.2 of Paper I, we have

E[f ′τ,τn(fτ (x))ζ1{τn <∞}|ητ ]
≤ E[f ′τ,τ+α(fτ (x))ζ1{τ + α <∞}|ητ ]
. fτ (x)−µ(fτ (x)− fτ (xR))−µρ/2g′τ (x)µ(1+ρ/2)e−µ(1+ρ/2)

.

(
g′τ (x)e−n

fτ (x)

)µ(1+ρ/2)

.

(
e−n

dist(η[0, τ ], x)

)µ(1+ρ/2)

.

Before stating the next lemma, we need to introduce the excursion measure.
Given a domain D and two analytic arcs A,B ⊂ ∂D, we define the set-to-set
excursion measure of A and B with respect to D as

ED(A,B) =
∫
A

∂nω(z,B,D)|dz|,
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where ∂n denotes the normal derivative and ω(·, ·, D) is the harmonic measure in
D. This is a conformally invariant quantity, that is, if f : D → f(D) is a conformal
map that is analytic on the arcs A,B ⊂ ∂D, then Ef(D)(f(A), f(B)) = ED(A,B).
Using this, we can define the excursion measure in domains with rough boundaries.
If γ is a crosscut of H with positive endpoints, that is, γ : [0, 1]→ H is continuous,
γ(0), γ(1) > 0 and γ((0, 1)) ⊂ H, then

EHγ (R−, γ) ∧ 1 � diam η

dist(0, γ) ∧ 1,

where Hγ denotes the unbounded component of H \ γ.

Lemma 2.9. Assume that xR = 0+, κ > 0, ρ ∈ ((−2)∨ (κ2 − 4), κ2 − 2) and ζ > 0.
Let x > 0 and let γ be a crosscut that separates x from ∞, such that 0 and x are
in different components of H \ γ. Furthermore, let τγ = inf{t ≥ 0 : η[0, t] ∩ γ 6= ∅},
that is, τγ is the hitting time of γ, and write Hγ for the unbounded component of
H \ γ. Then,

E
[
g′τγ (x)ζ

]
. EHγ (R−, γ)µ(1+ρ/2).

Proof. We let d := diam γ and assume that d < x (otherwise EHγ (R−, γ) is greater
than some constant and g′τγ (x)ζ ≤ 1, which means we are done). Let τ := τ− log d(x)
be the hitting time of the half-circle in H with radius d, centered at x. This half-
circle separates γ from∞ and thus τ ≤ τγ . Therefore, since t 7→ g′t(x) is decreasing
and ζ > 0, we have

g′τγ (x)ζ ≤ g′τ (x)ζ .

Then, (since g′τ (x) = 0 if τ = ∞, viewed as a limit), we have by Corollary 3.2 of
Paper I that

E
[
g′τ (x)ζ

]
. x−µ(1+ρ/2)e−µ(1+ρ/2)(− log d)

= x−µ(1+ρ/2)(diam γ)µ(1+ρ/2)

.

(
diam γ

dist(γ, 0)

)µ(1+ρ/2)
∧ 1

. EHγ (R−, γ)µ(1+ρ/2) ∧ 1,

and the proof is done.

Proof of Theorem 2.7. We will write I ′n = In(x)In(x + y). First, we will consider
0 ≤ y ≤ e−n. Then, σn = τn(x + y) ≥ τn−2(x). This, together with the fact that
t 7→ g′t is decreasing, distortion theorem, part (i) of Proposition 2.6 and (2.1) yield,

E[g′τn(x)ζg′σn(x+ y)ζI ′n] . E[g′τn(x)ζg′τn−2
(x)ζI ′n] ≤ φ(en)e−n(µ+ζβ)(1+ρ/2),
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where φ is a subpower function.
Now, assume that y ≥ e−n and let r be such that e−r ≤ y < e−r+1. Without

loss of generality, we assume that n ≥ r+5. If τn or σn is infinite, then since ζ > 0,
g′τn(x)ζ or g′σn(x+ y)ζ (considered as limits) is 0, and hence,

E
[
g′τn(x)ζg′σn(x+ y)ζ1{τn=∞}∪{σn=∞}

]
= 0,

so the upper bound is trivial. We shall thus consider the event

Nn = {τn <∞} ∩ {σn <∞}.

Since we are on the boundary, the possible events are limited in number, which
makes the analysis easier. We shall only need to consider three types of events.

The first possibility is that the curve gets very close to x, before getting close
to x+ y. This is the event An, defined by

An = {τn < σr+4} ∩Nn.

Here, Lemma 2.8 is of importance.
The second is the event that the curve gets very close to x + y before getting

close to x. This we denote by Bn,

Bn = {σn < τn} ∩Nn.

The estimate on this set will need Lemma 2.9, together with a harmonic measure
estimate of the excursion measure.

Lastly, we shall consider events where the curve first gets close to x + y, then
very close to x and then closer to x + y than before. These are the events Ck,n,
defined by

Ck,n = {σk < τn < σk+1} ∩Nn,

for k = r + 4, ..., n − 1. Throughout, we will let An, Bn and Ck,n denote the sets
as well as the indicators of the sets.

We begin with the estimate on An. By part (iii) of Proposition 2.6, there is a
subpower function φ, such that

g′τn(x+ y)ζIn(x) ≤ φ(y−1)yζβ(1+ρ/2)In(x).

Also, by Lemma 2.8 with the stopping time τn ∧ σr+4 gives

AnE
[
g′σn(x+ y)ζ

∣∣ητn∧σr+4

]
. g′τn(x+ y)ζ

(
e−n

dist(η([0, τn]), x+ y)

)µ(1+ρ/2)

. gτn(x+ y)ζ
(
e−n

y

)µ(1+ρ/2)

.
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Using these inequalities,

E
[
g′τn(x)ζg′σn(x+ y)ζI ′nAn

]
= E

[
E
[
g′τn(x)ζg′σn(x+ y)ζI ′nAn

∣∣ητn∧σn]]
≤ E

[
g′τn(x)ζIn(x)AnE

[
g′σn(x+ y)ζ

∣∣ητn∧σn]]
.

(
e−n

y

)µ(1+ρ/2)

E
[
g′τn(x)ζg′τn(x+ y)ζIn(x)

]
≤
(
e−n

y

)µ(1+ρ/2)

φ(y−1)yζβ(1+ρ/2)E
[
g′τn(x)ζIn(x)

]
. e−2µ(1+ρ/2)ny(ζβ−µ)(1+ρ/2)φ(y−1),

and so, the estimate on An is done.
For the estimate on Bn, we note three things. First, Lemma 2.9 implies that

BnE
[
g′τn(x)ζ

∣∣ητn∧σn] = Bng
′
σn(x)ζE[f ′σn,τn(fσn(x))ζ |ητn∧σn ]

. Bng
′
σn(x)ζEHσn\Be−n (1)[R−, fσn(∂Be−n(1))]µ(1+ρ/2)

= Bng
′
σn(x)ζEHσn\Be−n (1)[f−1

σn (R−), ∂Be−n(1)]µ(1+ρ/2)

. g′σn(x)ζ
(
e−2n

y2

)µ(1+ρ/2)

,

by harmonic measure estimates. Also, since g′t(x) is increasing in x, ζ > 0 and by
part (i) of Lemma 2.6, it follows that

g′σn(x)ζIn(x+ y) ≤ g′σn(x+ y)ζIn(x+ y) ≤ φ(en)e−ζβ(1+ρ/2)nIn(x+ y).

Lastly, we also need the fact that if δ ∈ (0, y] and q > 0, then there is a subpower
function φ̂ such that

sup
0<δ≤y

(δ/y)qφ(1/δ) ≤ φ̂(1/y).

Using the above together with (2.6), we get

E
[
g′τn(x)ζg′σn(x+ y)ζI ′nBn

]
= E

[
E
[
g′τn(x)ζg′σn(x+ y)ζI ′nBn

∣∣ητn,σn]]
≤ E

[
g′σn(x+ y)ζIn(x+ y)BnE

[
g′τn(x)ζ

∣∣ητn,σn]]
.

(
e−2n

y2

)µ(1+ρ/2)

E
[
g′σn(x)ζg′σn(x+ y)ζIn(x+ y)Bn

]
≤ φ(en)

(
e−2n

y2

)µ(1+ρ/2)

e−ζβ(1+ρ/2)nE
[
g′σn(x+ y)ζIn(x+ y)

]
. φ(en)e−2µ(1+ρ/2)ne−ζβ(1+ρ/2)ny−µ(1+ρ/2)

(
e−n

y

)µ(1+ρ/2)
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≤ φ(en)e−2µ(1+ρ/2)ny(ζβ−µ)(1+ρ/2)
(
e−n

y

)(ζβ+µ)(1+ρ/2)

≤ φ̂(1/y)e−2µ(1+ρ/2)ny(ζβ−µ)(1+ρ/2),

since (ζβ + µ)(1 + ρ/2) > 0.
For the estimate on Ck,n, we note that Lemma 2.8 and part (iii) of Proposition

2.6 imply that

E
[
g′σn(x+ y)ζI ′nCk,n

∣∣ητn]
. Ck,nIn(x)g′τn(x+ y)ζ

(
e−n

dist(η([0, τn]), x+ y)

)µ(1+ρ/2)

. Ck,nφ(y−1)yζβ(1+ρ/2)
(
e−n

e−k

)µ(1+ρ/2)

,

since dist(η([0, τn]), x+ y) ≥ e−(k+1). By Lemma 2.9, we have that

E
[
g′τn(x)ζCk,n

∣∣ησk] . g′σk(x+ y)ζ
(
e−ne−k

y2

)µ(1+ρ/2)

,

since ζ > 0 and g′t(x) is increasing in x. Using the above inequalities and Corollary
3.2 of Paper I, we see that

E
[
g′τn(x)ζg′σn(x+ y)ζI ′nCk,n

]
= E

[
g′τn(x)ζE

[
g′σn(x+ y)ζI ′nCk,n

∣∣ητn]]
. φ(1/y)yζβ(1+ρ/2)

(
e−n

e−k

)µ(1+ρ/2)

E
[
g′τn(x)ζCk,n

]
= φ(1/y)yζβ(1+ρ/2)

(
e−n

e−k

)µ(1+ρ/2)

E
[
E
[
g′τn(x)ζCk,n

∣∣ησk]]
. φ(1/y)yζβ(1+ρ/2)

(
e−n

e−k

)µ(1+ρ/2)(
e−ne−k

y2

)µ(1+ρ/2)

E
[
g′σk(x+ y)ζ

]
. φ(1/y)e−µ(1+ρ/2)k

(
e−2n

y2

)µ(1+ρ/2)

yζβ(1+ρ/2).

Thus, summing the variables Ck,n we get the indicator of the union of the sets and
thus

E

[
g′τn(x)ζg′σn(x+ y)ζI ′n

(
n−1∑
k=r+4

Ck,n

)]

. φ(1/y)
(
e−2n

y2

)µ(1+ρ/2)

yζβ(1+ρ/2)
n−1∑
k=r+4

e−µ(1+ρ/2)k
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. φ(1/y)
(
e−2n

y2

)µ(1+ρ/2)

y(ζβ−µ)(1+ρ/2),

which finishes the proof.

Lower bound of the dimension In this section, the aim is to prove the following
(though we shall not need the whole range of κ from this theorem).

Theorem 2.10. Let κ > 0, ρ ∈ ((−2)∨ (κ2 −4), κ2 −2) and xR = 0+. Furthermore,
let ζ > 0 be such that d∗(β) > 0. Then, for every ε > 0,

P{dimHV
∗
β ≥ d∗(β)− ε} = 1.

The reason of the restriction to the case ζ > 0 is that this restriction is necessary
in the two-point estimate, Theorem 2.7. We note that d∗(β) = 1+(ζβ−µ)(1+ρ/2).

The main idea is to find a measure ν, supported on V ∗β , such that Es(ν) (recall
(1.5.1)) is finite for every s < d∗(β), since then, by Frostman’s lemma (Proposition
1.13), dimHV

∗
β ≥ d∗(β). To do this, we construct a sequence of measures (νn) such

that there is a subsequence which converges weakly to a measure, supported on V ∗β .
We do this for V ∗β ∩ [1, 2], but it is clear that the same construction works for the
intersection of V ∗β with any compact interval of R+.

By the monotonicity of the map t 7→ g′t, it is enough to consider

V ∗β =
{
x > 0 : lim

n→∞

1
n

log g′τn(x) = −β, τn = τn(x) <∞ ∀n > 0
}
.

Proof. Fix a u <∞ and a subpower function, φ, such that φ(ex) is a subexponential
function as in Proposition 2.6. Fix n ∈ N and write Jj,n = [1+je−n, 1+(j+1)e−n]
for j = 0, 1, . . . , dene − 2 and let xj,n denote its midpoint. Let χA denote the
characteristic function of the set A ⊂ R and define νj,n as

dνj,n(x) = eµ(1+ρ/2)ng′τn(xj,n)ζIn(xj,n)χJj,n(x)dx,

for a positive integer n. Then νj,n is a random measure on [1, 2], such that

E[νj,n([1, 2])] = E [νj,n(Jj,n)] = eµ(1+ρ/2)nE
[
g′τn(xj,n)ζIn(xj,n)|Jj,n|

]
� |Jj,n| � e−n,

(|Jj,n| denotes the length of the interval Jj,n). Now we define the random measures
νn by

dνn(x) =
dene−2∑
j=0

dνj,n(x),

and note that E[νn([1, 2])] � 1. It is the sequence (νn) of which we want to take
a subsequence that converges to the Frostman measure on V ∗β . That the limit has
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support contained in V ∗β is obvious by the definition of In. Above, we noted that
E[νn([1, 2])] � 1, that is, we have that

E [νn([1, 2])] ≥ c,

for some c > 0. Next, we want to show that

E
[
νn([1, 2])2] ≤ ĉ <∞.

We first consider the diagonal terms. By Theorem 2.7,

dene−2∑
j=0

E
[
νj,n([1, 2])2] = e2µ(1+ρ/2)ne−2n

dene−2∑
j=0

E
[
g′τn(xj,n)2ζIn(xj,n)

]
. φ(en)e−n(1+(ζβ−µ)(1+ρ/2)) = φ(en)e−nd

∗
.

For the off-diagonal terms, we have∑
j 6=k

E [νj,n([1, 2])νk,n([1, 2])]

= e2µ(1+ρ/2)n−2n
∑
j 6=k

E
[
g′τn(xj,n)ζg′σn(xk,n)ζIn(xj,n)In(xk,n)

]
= 2e2µ(1+ρ/2)n−2n

dene−2∑
k=0

∑
j>k

E
[
g′τn(xj,n)ζg′σn(xk,n)ζIn(xj,n)In(xk,n)

]
. e−2n

dene−2∑
k=0

∑
j>k

φ

(
en

j − k

)(
j − k
en

)d∗−1
≤ c∗.

In the last step, we approximated the double sum with the integral∫ 1

0
φ(1/x)xd

∗−1dx,

which is finite since φ is a subpower function and d∗ > 0. Thus, there is a ĉ < ∞
such that

E
[
νn([1, 2])2] ≤ ĉ.

Note that the implicit constants above are independent of n. Thus, using Cauchy-
Schwarz inequality, the above implies that

P(νn([1, 2]) > 0) ≥ E [νn([1, 2])]2

E [νn([1, 2])2] ≥
c2

ĉ
> 0,

uniformly in n, and thus the event on which we want to take the subsequence has
positive probability. Next, we want to show that there is a constant C such that
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E[Es(νn)] ≤ C for every n. We let ε > 0 and s = d∗ − ε. First, let us consider the
diagonal terms. By Theorem 2.7 together with (50) of Paper I, we get that

dene−2∑
j=0

E
[∫∫

dνj,n(x)dνj,n(y)
|x− y|d∗−ε

]

=
dene−2∑
j=0

e2µ(1+ρ/2)nE
[
g′τn(xj,n)2ζIn(xj,n)

] ∫∫
Jj,n×Jj,n

dxdy

|x− y|d∗−ε

. φ(en)en(1−(ζβ−µ)(1+ρ/2))
∫∫

Jj,n×Jj,n

dxdy

|x− y|d∗−ε

. φ(en)en(2−d∗)e−n(2−d∗+ε) = φ(en)e−εn = o(1),

as n → ∞. Below, we write τ jn = τn(xj,n), to avoid any confusion. As for the
off-diagonal terms,

E
[∫∫

dνj,n(x)dνk,n(y)
|x− y|d∗−ε

]
= e2µ(1+ρ/2)nE

[
g′
τjn

(xj,n)ζg′τkn (xk,n)ζIn(xj,n)In(xk,n)
] ∫∫

Jj,n×Jk,n

dxdy

|x− y|d∗−ε

. φ

(
en

j − k

)(
j − k
en

)(ζβ−µ)(1+ρ/2) ∫∫
Jj,n×Jk,n

dxdy

|x− y|d∗−ε

= φ

(
en

j − k

)(
j − k
en

)d−1 ∫∫
Jj,n×Jk,n

dxdy

|x− y|d∗−ε
.

Next, (51) of Paper I implies that

∑
j 6=k

E
[∫∫

dνj,n(x)dνk,n(y)
|x− y|d∗−ε

]
= 2

∑
k

∑
j>k

E
[∫∫

dνj,n(x)dνk,n(y)
|x− y|d∗−ε

]

.
∑
k

∑
j>k

φ

(
en

j − k

)(
j − k
en

)d∗−1
e−2n

(
en

j − k

)d∗−ε

=
∑
k

∑
j>k

e−2nφ

(
en

j − k

)(
j − k
en

)ε−1
<∞,

by an integral estimate as above. No implicit constant above depends on n, and
hence the bound is uniform in n. Thus, we have that for each ε > 0, the limiting
measure ν satisfies Ed∗−ε(ν) <∞ on an event of positive probability, that is, with
positive probability, dimHV

∗
β ∩ [1, 2] ≥ d∗(β). Since the dimHV

∗
β is almost surely

constant (Lemma 5.2 of Paper I), a lower bound with positive probability is an
almost sure lower bound. Hence, we are done.
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2.2 Paper II

Paper II is joint with Avelio Sepúlveda and Fredrik Viklund. We study the two-
valued sets of the GFF, introduced by Aru, Sepúlveda and Werner in [5]. The main
result is the following.

Theorem 2.11. Let Γ be a GFF in D. For all a, b > 0 such that a+b ≥ 2λ, almost
surely,

dimHA−a,b = 2− 2λ2

(a+ b)2 .

We get the almost sure dimension with estimates which are slightly weaker than
those mentioned in Section 1.5. As usual, the tricky part consists in finding the
two-point estimate, but using the imaginary chaos we end up with a surprisingly
short proof. In the following, d = 2− 2λ2/(a+ b)2.

Overview of proof

Recall that for fixed z ∈ D, log rD(z)− log rD\A−a,b(z) is distributed as the first exit
time of the interval [−πa/2λ, πb/2λ] for a Brownian motion started from 0. Using
this, it is easy to show the following.

Lemma 2.12. Fix a, b > 0 such that a+ b > 2λ. There exists ρ > 0 such that for
all z of distance at least 2ε from ∂D,

P(rD\A−a,b(z) ≤ ε) = c∗rD(z)d−2ε2−d(1 +O(ερ)),

where c∗ = 4π−1 sin (πa/(a+ b)).

Moreover, using that rD\A−a,b(z) � dist(z,A−a,b), we have that

P(dist(z,A−a,b) ≤ ε) � ε2−d,

for z such that dist(z, ∂D) ≥ 2ε. Thus, for any compact K ⊂ D, we have that
P(dist(z,A−a,b) ≤ ε) � ε2−d for z ∈ K, and hence we can construct a covering of
K ∩A−a,b which together with the one-point estimate will give the upper bound on
the dimension for K ∩A−a,b. Since this can be done for any compact K, it follows
that dimHA−a,b ≤ d, almost surely.

Now assume that Γ is a GFF in some simply connected domain D. As men-
tioned above, the two-point estimate is trickier. To derive it, we use the imaginary
multiplicative chaos, Viσ, that is, the limit as ε→ 0 of the random functions

Viσε (z) := ε−
σ2
2 eiσΓε(z),

where σ ∈ R and Γε(z) denotes a circle-average of Γ. For σ ∈ (0,
√

2), Viσε converges
in probability in the Sobolev space Hs(C), s < −1, as ε → 0, to some non-trivial
random element Viσ supported on D.
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In order to find a sufficient two-point estimate, we consider the real part of the
imaginary chaos, that is, (a renormalized version of) the cosine of the field. It turns
out that the conditional expectation of the real part of Viσ, given A−a,b will be
small away from A−a,b, but large close to A−a,b. This is the key feature of the
imaginary chaos, that we use. It is convenient to consider the sets A−a,a for a ≥ λ,
rather than A−a,b, as the symmetry makes the analysis and formulas nice. Then,
one can deduce the dimension result for A−a,b from results on A−a,a. Thus, we
consider A−a,a in what follows and we let FA−a,a denote the σ-algebra generated
by A−a,a.

First, using regularity and integrability results proved in [18], we derive expres-
sions for the correlations of (Viσ, f) and (Viσ, g), that is,

E

∏
j

(Viσ, fj)

(∏
k

(Viσ, gk)
) ,

and

E

(∏
j

(Viσ, fj)
)(∏

k

(Viσ, gk)
)∣∣∣∣∣FA−a,a

 ,
and note that when conditioning on FA−a,a , the correlations are valid only for
σ < σc = λ/a ≤ 1.

Now we turn to the cosine of the field. For a subset U ⊂ D, letting Viσ = V−iσ,
we write

CσU = (Viσ + Viσ, 1U ),

that is, CσU is (two times) the average of cos(Γ) over the set U . If we consider
Cσz := CσB(z,δ) for δ > 0, this quantity is small for most points. However, for z close
to A−a,a, the conditional expectation of Cσz , given FA−a,a becomes large.

Thus, if δ > 0 is small, we have that on the event

Eδ = {d(x,A−a,a) ≤ δ, d(y,A−a,a) ≤ δ},

we have

E[CσxCσy |FA−a,a ] & δ4−σ2
,

by Green’s function and distortion estimates. Moreover, using that E[CσxCσy ] . δ4,
together with Chebyshev’s inequality we get (for x, y in some subset of D)

P(d(x,A−a,a) ≤ δ, d(y,A−a,a) ≤ δ) . δσ
2
,

where the implicit constant may depend on σ. This is not enough, as we need the
two-point estimate to take the distance between x and y into consideration.
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We consider the set

Q̃ = {z : |Re z|, |Im z| ≤ 1/30},

and assume that x, y ∈ Q̃ (this will be enough). And write

Cσx,y = CσA,

where A = B(x, 4|x− y|) \B(x, 3|x− y|). This term will add the right dependence
on |x − y|: E[CσxCσyCσx,y|FA−a,a ] & δ4−σ2 |x − y|2−σ2/2 on Eδ and E[CσxCσyCσx,y] .
δ4|x− y|2−σ2 . This gives the following two-point estimate.

Proposition 2.13. If σ < σc, then for all x, y ∈ Q̃, and sufficiently small δ > 0,
there is a constant, K, such that

P (dist(x,A−a,a) ≤ δ, dist(y,A−a,a) ≤ δ) ≤ K

(σc − σ)3
δσ

2

|x− y|σ2/2 .

Constructing a sequence of measures as outlined in Section 1.5, we get that
P(dimHA−a,a ∩ Q̃ ≥ d) > 0.

By noting that the set A−a,b is just the symmetric TVS Ã−(a+b)/2,(a+b)/2 of the
GFF Γ̃, which has boundary values (b − a)/2, the lower bound on the probability
follows by the above.

The almost sure bound on the dimension of A−λ,λ follows by the almost sure
dimension of SLE4 curves. For a > λ, it follows by first generating A−λ,λ and
then generating A−a−λ,a−λ or A−a+λ,a+λ (depending on the value of the harmonic
function) in each of the connected components of D \ A−λ,λ. In each connected
component, the probability of the dimension of the new TVS being at least d
is bounded below by some positive constant c. Since D \ A−λ,λ has an infinite
number of connected components, it follows that P(dimHA−a,a ≥ d) = 1. Again,
considering that A−a,b is just a symmetric TVS for another GFF, the result holds
for all a, b > 0 such that a+ b ≥ 2λ.

Further results

We also discuss the d-dimensional conformal Minkowski content of A−a,b, that is,
the random measure defined by the limit

M−a,b = lim
ε→0

εd−2
∫
D\A−a,b

1{rD\A−a,b (z)≤ε}dz,

if it exists. We do not prove the existence of M−a,b, but we construct a non-trivial
measure µ, such that on the event that M−a,b exists, it agrees with µ. That is, we
prove the following.
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Theorem 2.14. Fix a, b such that a+ b ≥ 2λ and set σc = 2λ/(a+ b). For δ > 0,
define a random measure on D by the relation

dµδ = δrD\A−a,b(z)
−(σc−δ)2/2dz,

where rD\A−a,b(z) is the conformal radius of the component of z at z. Then as
δ → 0+, µδ converges in law with respect to the weak topology to a random measure
µ supported on A−a,b and such that

E [µ(D)] = 2
a+ b

sin
(
π

a

a+ b

)∫
D
rD(z)d−2dz.

Moreover, there is a constant c such that on the event that the d-dimensional con-
formal Minkowski content of A−a,b exists, then it is necessarily equal to the measure
cµ.

Contribution to the paper

The contributions of the authors were approximately equal: each author con-
tributed by developing ideas, constructing proofs as well as by writing the paper,
both individually and in direct collaboration. Throughout, all authors regularly
discussed together the various aspects of the project and were directly involved in
the completion of its stages.

2.3 Paper III

In this paper, which is joint with Atul Shekhar and Fredrik Viklund, we study
quasislits generated by the Loewner equation. As mentioned in Section 1.2, every
quasislit is generated by some Lip- 1

2 function via the Loewner differential equation
and every driving function λ such that ‖λ‖ 1

2
< 4 generates a quasislit. We are

interested in properties of the curves, in terms of the seminorm ‖λ‖ 1
2
of their driving

functions. More precisely, recall that

Γσ = {γ : γ is generated by λ with ‖λ‖ 1
2
≤ σ}.

We derive geometric properties and regularity results of γ ∈ Γσ for σ < 4 in terms
of σ alone. Our main result, which was stated in Section 1.2, is on the optimal cone
of γ ∈ Γσ. Recall that for σ < 4,

Ct,σ = sup
γ∈Γσ

|Re(γ(t))|
Im(γ(t)) .

Moreover, let

Lσ = σ√
16− σ2

(1 + p(σ))ep(σ),
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where p(σ) is the solution to the equation

ex =
√

16− σ2√
16x2 − σ2(x+ 1)2

.

The main result of the paper is the following.

Theorem 2.15. The following bounds hold uniformly in t > 0:

(i) If 0 < σ < 4, then
Ct,σ ≤ Lσ.

(ii) If 0 < σ < 8
π , then

Ct,σ ≤
πσ√

64− π2σ2
.

The estimate Ct,σ ≤ σ/
√

4− σ2 for σ < 2 was proven in [35]. Part (i) gives
the first quantitative estimate known for the entire range 0 < σ < 4 and part (ii)
gives a better estimate, which turns out to be optimal for small σ, in the smaller
range 0 < σ < 8/π. From this theorem, it is then possible to deduce both Hölder
regularity of the curves γ ∈ Γσ, as well as winding rates of the hyperbolic geodesic
from γ(t) to ∞ in H \ γ([0, t]).

Overview of the proof

In studying the curve, we use that

γ(t) = lim
y→0+

f̂t(iy), (2.3.1)

where f̂t(z) = g−1
t (z + λt). The main tool in proving Theorem 2.15 is that f̂t(iy)

arises as a solution to a certain differential equation: Fix t > 0, define for s ∈ [0, t]
βts = λt − λt−s and let ĥs be the solution to the equation

dĥs(z) = dβts −
2

ĥs(z)
ds, ĥ0(z) = z,

for s ∈ [0, t] and z ∈ H (interpreted as Riemann-Stieltjes integrals). Then ĥt(z) =
f̂t(z). Letting Xs = Xs(iy) and Ys = Ys(iy) denote the real and imaginary parts
of ĥs(iy), respectively, the question of the bound on Ct,σ boils down to bounding
|Ws| = |Xs|/Ys for all s ≤ t. It turns out that Ys is strictly increasing, and
reparametrizing the functions with respect to this is very helpful. More precisely,
letting θs be such that Ỹs = Yθs =

√
y2 + s and X̃s = Xθs , we actually end up with

X̃s as the only unknown, which makes it easier to compare solutions for different
driving functions.
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To get the estimate (ii) of Theorem 2.15, is just a calculation, using the product
formula d(XsYs) = XsdYs + YsdXs, the time reparametrization, θs, and the fact
that ‖λ‖ 1

2
≤ σ implies that ‖βt‖ 1

2
≤ σ, to get the bound

|Ws(iy)| = |Xs(iy)|
Ys(iy) ≤

πσ√
64− π2σ2

,

for y > 0. The relation (2.3.1) then gives the result.
Proving part (i) of Theorem 2.15 is more involved. Essentially, the key for this

result is a version of Grönwall’s inequality, roughly: if Ut and Vt are continuous,
U0 ≤ V0, and

Ut ≤ U0 +
∫ t

0
F (r, Ur)dr, Vt = V0 +

∫ t

0
F (r, Vr)dr,

for some F (t, x), which is increasing in x and ∂xF (t, x) is bounded on every com-
pact subinterval of (0,∞), then Ut ≤ Vt. Using this, together with the time
reparametrization θs, we can compare X̃s and θs with solutions to equations which
are easier to analyze. Performing the calculations, we end up with the bound
|Ws| ≤ Lσ.

Consequences: regularity and winding

How to obtain the Hölder regularity of the curve is outlined in Section 5 of Paper
III. One then sees that if we have the bound Ct,σ ≤ K, uniformly in t > 0, then
each curve γ ∈ Γσ is Hölder continuous with exponent α for each α < 1/(1 +K2).
Thus, letting

mσ =
{

min
(
Lσ,

πσ√
64−π2σ2

)
if σ < 8

π ,

Lσ if σ ≥ 8
π ,

as in Section 1.2, we have that each γ ∈ Γσ is Hölder continuous of exponent α for
α < 1/(1 + m2

σ). It has been conjectured by Rohde and Viklund that the optimal
Hölder exponent should be 1 − σ2/16, which is the upper bound provided by the
Lip- 1

2 function λt = σ
√

1− t. However, it turns out that the matching lower bound
can not be found by bounding Ct,σ as the bound (ii) of Theorem 2.15 is optimal
for small σ, but gives Hölder continuity of exponent α for

α < 1− π2σ2

64 ,

and 1 − π2σ2/64 < 1 − σ2/16. We expect that the estimate provided here for the
Hölder regularity is not the optimal one. The reason being that in the estimating
it, we use that |Ws| ≤ mσ to bound

|f̂ ′t(ir)| = exp
{∫ t

0

Wu(ir)2 − 1
Wu(ir)2 + 1d log Yu

}
,



54 CHAPTER 2. SUMMARY OF RESULTS

however, this we estimate by an integrated L∞ bound of (W 2
u−1)/(W 2

u +1), rather
than an L1 bound and it is likely that the optimal L1 bound would be better than
the integrated optimal L∞ bound.

The bound on the winding is estimated in a similar way. We have that

| arg f̂ ′t(iy) | = 2
∣∣∣∣∫ t

0

Wr

W 2
r + 1d log Yr

∣∣∣∣ ≤ 2
∫ t

0

|Wr|
W 2
r + 1d log Yr,

and again, using an integrated L∞ bound, we have a non-trivial bound,

| arg f̂ ′t(iy) | ≤ πσ
√

64− π2σ2

64 log(y2 + 4t) + πσ
√

64− π2σ2

32 log y−1,

for σ < 4
√

2/π.

Contribution to the paper

The contribution of each of the authors was fair: we discussed and developed the
ideas for the proofs together and each of us took an active part in constructing and
refining the proofs and writing the paper.
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