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Abstract

We consider random symmetric Toeplitz matrices of size n. Assuming
that entries on every subdiagonal are independent centered random vari-
ables with finite γth moment (γ > 2), a law of large numbers is established
for the largest eigenvalue. Following the approach of Sen and Virág (2013),
in the large n limit, the largest eigenvalue rescaled by

√
2n logn is shown

to converge to the limit 0.8288. . . . The background theory is explained
and some symmetry results on the eigenvectors of the Toeplitz matrix and
an auxiliary matrix are presented. A numerical investigation illustrates
the rate of convergence and the oscillatory nature of the eigenvectors of
the Toeplitz matrix. Finally, the possibility of proving a limiting distri-
bution for the largest eigenvalue is discussed, and suggestions for future
research are made.

Sammanfattning

Vi studerar symmetriska Toeplitz-slumpmatriser av storlek n. Givet
att elementen p̊a varje subdiagonal är oberoende, centrerade, stokastis-
ka variabler med ändligt γ-moment, fastställer vi ett stora talens lag för
det största egenvärdet. Med ansatsen fr̊an Sen och Virág (2013) visas det
största egenvärdet, omskalat med

√
2n logn, ha gränsvärdet 0.8288 . . . i

gränsen n→ ∞. Bakgrundsteorin förklaras och n̊agra symmetrier p̊avisas
för Toeplitz-matrisernas och en komplementär matris’ egenvektorer. En
numerisk undersökning illustrerar konvergenshastigheten och Toeplitz-
matrisernas egenvektorers periodiska natur. Slutligen diskuteras möjlig-
heten att bevisa en asymptotisk fördelning för det största egenvärdet, och
förslag för fortsatt forskning läggs fram.
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1 Introduction

1.1 Random Matrix Theory

A random matrix is simply a matrix where the elements are allowed to be
stochastic variables (taking values in R or C). Consequently, a random matrix
is itself a random variable, its codomain being Rn×m or Cn×m. The study
of random matrices, whether or not it has been explicitly under the name of
random matrix theory, has been going on since at least the beginning of the
20th century. Some argue that the first forays into this field were made already
in 1897, by German mathematician Adolf Hurwitz [10][15].

Like many new concepts, random matrices did not start to be studied in
earnest until the potential applications were discovered. John Wishart intro-
duced random matrices into the field of multivariate statistics in 1928, as they
occur naturally in sample estimations of covariance matrices for multivariate
random variables [29]. With the background of nuclear physics, the study of
random matrices was brought to wider attention by Eugene Wigner in 1955, as
he used them to model the nuclei of heavy atoms [28]. In particular, he studied
the spectrum of symmetric random matrices and has given name to the Wigner
semicircle law. It says that the spectrum of quite a wide range of symmetric
random matrices have a semicircular probability distribution function (pdf), see
Fig 1.

Figure 1: Histogram illustrating the spectrum of a symmetric n×n matrix with
i.i.d. standard Gaussian entries for n = 214.

Since Wigner’s exposition of the subject, a lot has happened. Random
matrices have been applied in various fields apart from statistics and nuclear
physics, e.g. signal processing, wireless communication [23], quantum optics [1],
condensed matter physics [30][2][7], finance [11], theoretical neuroscience [19],
number theory [18] and stochastic control [25]. Apart from the numerous ap-
plications, random matrices have also been studied as a mathematical field in
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its own right. Faster computers have enabled applications that otherwise would
have been analytically infeasible, and even though they are no substitute for
proving things the old-fashioned way, we can use observations and simulations
to guide our conjectures and guesses to more fruitful paths of inquiry. The
present thesis will as a matter of fact employ this method, where explorative
simulations are used in synergy with detailed analytical investigation. Let us
therefore introduce the reader to the object of the present study:

1.2 Random Toeplitz Matrices

A Toeplitz matrix denotes a certain kind of matrix with constant diagonals.
Named after the German mathematician Otto Toeplitz, they are the finite-
dimensional analogue of Toeplitz operators. The defining property of a Toeplitz
matrix T is that

Tj,k = Tj+1,k+1

where Ti,j denotes the i, j-entry of the matrix T. A Toeplitz matrix is not
necessarily even a square matrix, but in this text we will limit ourselves to
square, symmetric Toeplitz matrices. An n× n symmetric Toeplitz matrix can
be parameterized by a vector a of length n. We will use the notation

T(a) =


a0 a1 a2 . . . an−1

a1 a0 a1 . . . an−2

a2 a1 a0 . . . an−3

...
...

...
. . .

...
an−1 an−2 an−3 . . . a0


where a = (a0, a1, . . . , an−1). Sometimes we will also use the notation Tn, when
we want to emphasize the dimension parameter n.

The focus of the present thesis is random Toeplitz matrices, i.e. T(a) when
a0, a1, . . . , an−1 are all independent and identically distributed (i.i.d.) random
variables. The notion was introduced and first studied by Bai in 1999 [3], and
has since then been studied by many others. A further division may be made
into the standard Gaussian case, where the random variables a0, a1, . . . , an−1

are all i.i.d. standard Gaussian, and the more general case where we will only
enforce some conditions on the moments of the ai. In particular, we will restrict
ourselves to the case where the entries ai are all centered, i.e. the first moment
is zero. The converse, noncentral, case has been studied in 2007 by Bose and
Sen [5]. The standard Gaussian case will be much more numerically tractable
and will be used for virtually all the numerical work of this thesis. It also
facilitates some analytical arguments, and sometimes it will be better suited to
elucidate the idea of a proof without getting stuck in the details. Nevertheless,
we shall aim to prove every statement for the non-Gaussian case as well.

1.3 Aim of the Present Thesis

Inquiries that are particularly important and interesting in random matrix the-
ory often have to do with spectral properties. As we stated in Section 1.1, the
Wigner semicircle law is an important result that predicts the distribution of
the spectrum of a wide range of random matrices. Could we even expect a dis-
tribution similar to the one in Figure 1 for the spectrum of a random Toeplitz
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matrix? It is a simple matter to investigate numerically, and it turns out that
the answer is most certainly no. Take a look at Figure 2. An important dif-
ference is that, unlike the Wigner case, it does not seem like we can expect
the limiting distribution of eigenvalues of a random Toeplitz matrix to have
bounded support.

(a) n = 214, single sample (b) n = 29, sample size 105

Figure 2: Spectra of Tn with standard Gaussian entries

At a first glance the distribution in Figure 2 looks almost Gaussian. However,
as shown in [14], this is not the case. The distribution has been studied by Bryc,
Dembo and Jiang [6] and differs from the normal distribution in the fourth
moment. They have thoroughly characterized the limiting spectrum of Tn by
computing all of its moments. In the same paper, they raise the question of
studying the maximal eigenvalue of Tn in the limiting case n → ∞, and it is
that problem that will be the main focus of this thesis.

In the Wigner case, the corresponding problem can be regarded as solved.
The expected mean of the top eigenvalue has been calculated in 1988 by Bai
and Yin [4] (this is also rather intuitively obvious as we look at Figure 1), and
converges to the right endpoint of the support. Moreover, the top eigenvalue
has been shown, in 1993, to follow the Tracy-Widom distribution [24]. In the
Toeplitz case, Sen and Virág [22] have managed to prove a law of large numbers
(LLN) for the top eigenvalue. By symmetry, the same result then also holds
for the smallest eigenvalue, and by extension for the spectral norm of Tn. The
question about its distribution however, remains unsolved. To prove that the
distribution of the top eigenvalue of a random Toeplitz matrix converges to some
known distribution, a central limit theorem (CLT) for random Toeplitz matrices
or the Toeplitz equivalent of the Tracy-Widom distribution, would be a great
achievement.

The aim of this thesis will therefore be to give an exposition of the LLN
result of Sen and Virág [22], in particular proving the following theorem.

Theorem 1.1. Let Tn = T(a(n)), where a(n) = (a0, . . . , an−1) is an n-dimen-
sional array of centered random variables (ai)0≤i≤n−1 with unit variance. More-
over, if there exists a γ > 2 such that E|ai|γ is uniformly bounded for all i and
n, then

λ1(Tn)√
2n log n

Lγ−−→ 0.8288...
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We shall follow their approach of proving the upper bound in Section 3.3 and
the lower bound separately in Section 3.4.1.

Next, we shall explore some ideas for proving a limiting distribution for the
top eigenvalue. It will not be a complete proof, but there is much evidence that
suggests that the limiting distribution should be a Gumbel distribution, and we
will be able to guess what the parameters would be.

At the same time, we will also perform a numerical investigation of the
eigenvalues in order to provide evidence for other questions, such as the rate of
convergence and the distribution. We will also study the eigenvectors, both of
the Toeplitz matrix T and the related PD†P matrix that will be introduced
in Section 2.2. These numerical investigations will partly be to answer some
conjectures and open questions raised in [22]. They are:

• The eigenvectors of PD†P are highly localized,

• The top eigenvector of PD†P is characterized by a random integer shift
Kn,

• λ1(Tn) has a limiting Gumbel distribution.

These conjectures have deliberately been restated somewhat vaguely here. We
will make them more clear once we have presented the necessary background
and the technical details necessary to make precise statements.

1.4 Definitions and Notation

1.4.1 Assumptions on the entries of T(a)

In order to arrive at a useful result for the top eigenvalue of the random
Toeplitz matrix Tn(a), we have to make some assumptions about the array
a = (a0, a1, . . . , an−1) of random variables aj . First of all, as we mentioned in
Section 1.3, we are interested in the central case where the first moment of all
the entries is zero. Secondly, we choose to deal with normalized variables, so we
demand that the second moment be equal to one. Then,

Eaj = 0, Ea2
j = 1.

It turns out we need just a slightly stronger restriction on the moments of the
aj , namely we require the existence of a constant γ > 2 such that E|aj |γ are
uniformly bounded for 0 ≤ j ≤ n− 1.

1.4.2 Eigenvalues and Spectral Norm

The (real) eigenvalues of a matrix A will be denoted by λn(A), . . . , λ1(A), where
λn(A) is the smallest eigenvalue and λ1(A) the largest. This way, λn+1−k(A)
is the kth order statistic on the spectrum of A.

The spectral radius of a square matrix A is defined as

ρ(A) := max
1≤j≤n

|λj(A)|

and represents the largest absolute value of the eigenvalues of A.
A related concept is the spectral norm, usually denoted by ‖·‖sp. It is defined

as the largest singular value of a matrix. In the case of Hermitian matrices,
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which will usually be the objects of our study, this is the same as the spectral
radius. The spectral norm also coincides with the induced operator 2-norm, so
‖·‖sp = ‖·‖2.

1.4.3 Convergence in Probability and in Lp-norm

In Theorem 1.1 we consider convergence of the largest eigenvalue of the Toeplitz
matrix T, in the Lγ-norm. Throughout the main sections of this thesis, this
type of convergence will be recurrent together with the related, and weaker,
concept of convergence in probability. To make things clear, we shall here define
these two types of convergence and show that one can indeed be said to be
stronger than the other.

Definition 1.2. Let Xn be a sequence of random variables. We say that Xn

converges in probability to the random variable X if for all ε > 0,

lim
n→∞

P (|Xn −X| > ε) = 0,

and we denote this Xn
P−→ X.

Definition 1.3. Given p ≥ 1, the sequence Xn of random variables is said to
converge in the Lp-norm to the random variable X if,

E [|X|p] <∞, E [|Xn|p] <∞,

for all n, i.e. the pth moments exist, and

lim
x→∞

E [|Xn −X|p] = 0.

We denote this by Xn
Lp−−→ X.

Remark. If r ≤ p, then Xn
Lp−−→ X ⇒ Xn

Lr−−→ X, i.e. convergence in the
Lp-norm is a stronger statement the higher p is.

Now that we have the definitions of the two types of convergence, we can proceed
to prove that convergence in the Lp-norm implies convergence in probability.

Proposition 1.4. Let Xn be a sequence of random variables converging in the
Lp-norm to X. Then Xn converges also in probability to X.

Proof. Take ε > 0 and consider the probability

P (|Xn −X| > ε) ≤ E [|Xn −X|]
ε

≤ E [|Xn −X|p]1/p

ε
, (1)

where the first inequality is obtained by applying Markov’s Inequality, and the
second one by Hölder’s Inequality. Letting n → ∞ will make the right hand
side of (1) go to zero. Since it bounds the left hand side that, too, will go to

zero. Then, according to the definition, we have Xn
P−→ X.
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1.4.4 The 2→ 4 Norm

There will be yet another norm occurring naturally in the course of our study of
the top eigenvalue of the random Toeplitz matrix that we shall introduce here.
It is the 2 → 4 norm. For an operator A : `2(C) → `2(C), we define the 2 → 4
norm

‖A‖2→4 := sup
{
‖Av‖4 : v ∈ `2(C), ‖v‖2 ≤ 1

}
.

For a matrix A ∈ Cn×n it is analogously defined as

‖A‖2→4 := sup {‖Av‖4 : v ∈ Cn, ‖v‖2 ≤ 1} .

1.4.5 Asymptotic Notation

Throughout this thesis, we will make frequent use of asymptotic notation, also
called Bachmann-Landau notation. Let a(n) be a real- or complex valued func-
tion of the parameter n, and let f(n) be positive real-valued for large enough
n (meaning for n > n0 for some n0). We say a(n) = O(f(n)) if there exists a
constant M > 0 such that

|a(n)| ≤Mf(n)

for n large enough. This notation can be expressed in words as a(n) being
bounded above asymptotically by f(n). Analogously, we say a(n) = o(f(n)) if
for any ε > 0

|a(n)| ≤ εf(n)

for n large enough. Note that in spite of the similarity, there is a difference
between the two concepts. In fact, a(n) = o(f(n)) implies a(n) = O(f(n)), but
not the other way around. A useful and equivalent definition of o(f(n)) is that,
provided that f(n) 6= 0 for big enough n, a(n) = o(f(n)) if

a(n)

f(n)
→ 0,

as n→∞. We shall require yet another of these asymptotic notations, Ω(f(n)),
defined as

a(n) = Ω(f(n))⇔ f(n) = O(a(n)).

This is the converse of O(f(n)) and means that a(n) is bounded below asymp-
totically by f(n).

Be mindful that the equality sign in a(n) = O(f(n)) and its equivalent with
o(f(n)) and Ω(f(n)) should not be viewed as an equality. It is rather indicative
of belonging to a class of functions that have a certain limiting behaviour as
n→∞, but traditional usage has cemented the use of “=” in this case.

2 Background

This section serves to introduce the reader to concepts, techniques and results
that will be vital for the main investigation of the thesis. We shall often not
study the Toeplitz matrix directly, but make use of the auxiliary matrix PD†P
to make claims about the Toeplitz matrix. In order to connect the two matrices,
we will introduce circulant matrices in Subsection 2.1 and proceed to show just
how they are related in Subsection 2.2. In the next subsections, we present
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further results about the P matrix, which will be instrumental in later sections.
The rest of this section is dedicated to some further results that might not always
be essential to our purpose, but helps develop a deeper understanding of the
objects we study This relates in particular to the eigenvectors of the Toeplitz
matrix and its counterpart PD†P, as well as the symmetries that can be seen
there.

2.1 Circulant Matrices

To study the spectrum of a random Toeplitz matrix, we will use a seemingly
roundabout method. The reason for this is that we lack a direct analytical
method to calculate the eigenvalues and eigenvectors of a random Toeplitz ma-
trix. We will instead augment the n × n random Toeplitz matrix T into an
2n × 2n circulant matrix that is much easier to diagonalize, and we do this in
such a way that we can use the diagonalization to compute the eigenvalues and
eigenvectors of T.

First, let us define what a circulant matrix is, and then proceed to derive
some necessary properties:

Definition 2.1. A circulant matrix C is a Toeplitz matrix where each successive
row is identical to the previous, but shifted one step to the right. It can be
parameterized by the vector c = (c0, c1, . . . , cn−1) using the notation

A = C(c) :=


c0 c1 c2 . . . cn−1

cn−1 c0 c1 . . . cn−2

cn−2 cn−1 c0 . . . cn−3

...
...

...
. . .

...
c1 c2 c3 . . . c0

 .

In our case, we will exclusively concern ourselves with circulant matrices of
size 2n × 2n. Therefore we take it from now henceforth that, unless otherwise
specified, C denotes a circulant matrix of size 2n× 2n (and c a vector of length
2n). Circulant matrices are convenient to work with because they are very
easily diagonalizable by the related Discrete Fourier Transform (DFT). DFT is
an operator that in our setting is represented as matrix multiplication by the
unitary 2n× 2n matrix U defined by

Uj,k :=
1√
2n

exp

(
2πijk

2n

)
. (2)

The entries are simply different powers of the 2nth roots of unity. Denoting
these roots of unity by

ωj2n := exp

(
2πij

2n

)
, (3)

for 0 ≤ j < 2n, we can express (2) more compactly as

Uj,k =
1√
2n
ωjk2n. (4)

With the help of U we can diagonalize any circulant matrix C after normalizing
as

1√
2n

C = UD†U∗ (5)
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where U is as defined in (2) and D† is a diagonal matrix. To find the eigenvectors
of C we simply need to view the columns of the DFT matrix U,

u(j) =
1√
2n


ω0j

2n

ω1j
2n

ω2j
2n
...

ω
(2n−1)j
2n

 .

The eigenvalues of C, i.e. the diagonal entries of D†, are given by the DFT of
the vector c, and can be written as

D†j,j =
1√
2n

2n−1∑
k=0

ckω
jk
2n. (6)

2.2 The Auxiliary PD†P Matrix and its Connection to
the Toeplitz Matrix Eigenvalues

We mentioned in the previous section a way of augmenting our n × n random
Toeplitz matrix T(a) into a 2n × 2n circulant matrix. It is by choosing a
particular vector b in C(b). Following the idea by Sen and Virág [22] by setting

b = (a0, a1, . . . , an−1, an, an−1, . . . , a1), (7)

T(a) becomes the principal n × n submatrix of the circulant matrix C(b). To
simplify notation, unless otherwise indicated, we will for the remainder of this
section simply write T and C for T(a) and C(b) respectively. Now the attentive
reader might remark that an has not even been defined, yet turns up in (7). Since
that entry never turns up in the principal n × n submatrix that we identify as
T, it is at this point irrelevant, but for reasons that will be explained later we
will define an to be an independent copy of a0. The relation in (7) can also be
summarized as bj = aj for 0 ≤ j ≤ n and bj = a2n−j for n < j < 2n.

In order to be able to relate the eigenvalues of the matrix C to the eigenvalues
of T we introduce the projection matrix

Q :=

(
In 0n
0n 0n

)
.

By conjugating C with Q, we get

QCQ =

(
T 0n
0n 0n

)
, (8)

which shares all of its non-zero eigenvalues with T. Moreover, conjugation by
a unitary matrix does not change the eigenvalues, so U∗QCQU also keeps the
same eigenvalues. Recalling the diagonalization from (5), we can write this as

1

2n
U∗QCQU = PD†P, (9)
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where P := U∗QU and we introduced the scaling factor 2n. Putting all of
these parts together, we observe that T has the same non-zero eigenvalues as√

2nPD†P. In particular, we have

λ1

(
1√
n

T

)
=
√

2λ1(PD†P), (10)

giving us a very useful relation for the largest eigenvalues of the two matrices,
T and PD†P.

All we have achieved in this section might seem like nothing more than a
way to recast our problem in a different shape, but the fundamental issue of
determining the eigenvalues remains. The matrix PD†P is even four times as
large as our original T and correspondingly more computationally demanding
to handle. The crucial difference is that we have a factorization where P is a
completely deterministic Hermitian projection operator, and all the randomness
is contained in D†, which is diagonal.

2.3 Properties of P

2.3.1 A Formula for the Entries of P

We have defined the matrix P = U∗QU. It can be viewed as a projection
operator composed of three maps. First it applies the DFT, then projects the
result on the first n Fourier frequencies before applying the inverse DFT.

A particular entry of P can be found by

Pj,k = (U∗QU)j,k

=

n−1∑
l=0

U∗j,lUl,k

=
1

2n

n−1∑
l=0

ω
l(k−j)
2n , (11)

where we have used (4) for the last equality. Note that in the simplest case where
j = k, (11) evaluates to 1

2 . Let r = k − j and use the formula for geometric
series to evaluate (11),

1

2n

n−1∑
l=0

ωlr2n =
1

2n
· 1− ωrn2n

1− ωr2n
.

For even r, ωrn2n = 1, so the whole expression disappears. But for odd r, we have
ωrn2n = ωn2n = −1. To summarize,

Pj,k =


1
2 , j = k,

0, j 6= k, |k − j| is even,
1
n ·

1

1−ωk−j2n

, |k − j| is odd.

2.3.2 Bounding the Norm of P

The magnitude of Pj,k decreases as we get farther away from the main diagonal,
until |k − j| starts getting close to 2n. Let us try to turn that insight into a
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useful bound. When j 6= k,

|Pj,k| ≤
1

n
· 1∣∣1− ωk−j2n

∣∣ .
Focus on the denominator. For 0 < |k − j| ≤ n we can find a constant C such

that
∣∣1 − ωk−j2n

∣∣ ≥ C|k − j|, and for n ≤ |k − j| ≤ n − 1 we have analogously∣∣1− ωk−j2n

∣∣ ≥ C(2n− |k − j|). Hence, we have

|Pj,k| ≤
C

min(|k − j|, 2n− |k − j|)
. (12)

We can put this bound immediately to use to bound the maximum absolute
column and row sums of P, also known as the 1-norm and the ∞-norm. From
the above equation we deduce that we can bound the column and row sums by
a harmonic series. Therefore we obtain the bounds

‖P‖1 ≤ C ′ log n, ‖P‖∞ ≤ C ′ log n, (13)

for some constant C ′ > 0. These bounds will be used later on in Section 3.3
when proving the upper bound for the top eigenvalue of T.

2.3.3 Eigenvalues and Eigenvectors of P

Let us turn our attention to the eigenvectors and eigenvalues of P. Remember
that U is unitary and that Q is a simple projection matrix. This means that
U has full rank, and since Q has rank n, so will P = U∗QU. Consider vectors
of the form

v = U∗
(
c
0

)
,

where c ∈ Cn. Note that 0 ∈ Cn in this case denotes the n-dimensional zero
vector. Then v is an eigenvector of P, since

U∗QUU∗
(
c
0

)
= U∗

(
c
0

)
and the associated eigenvalue is 1. In fact, v generates an eigenspace of di-
mension n by letting c span all of Cn. Since rank(P) = n, these are all the
eigenvectors with non-zero eigenvalues. From this we also have learned that the
eigenvalues of P are either 1 or 0.

2.3.4 The Limiting Operator Π

As we are in general interested in the behavior of things as n tends to infinity,
it is natural to ask what the behavior of P is in that limit. The matrix P
can be viewed as an operator on the space C2n, so we want to construct an
operator Π operating on the infinite-dimensional space `2(C) in such a way that
we can say that P tends to Π as n → ∞. The statement P → Π is as of now
a bit vague, so we shall need to make explicit what we mean by it. Let us first
construct our candidate operator Π and then proceed to show in what way it
can be considered the limit of P as n goes to infinity.

10



Consider the map ψ : `2(C) → L2(T) sending a coordinate vector in `2(C)
onto the Fourier series with those coordinates as coefficients. More specifically,
for a vector a = (. . . , a−1, a0, a1, . . . ) ∈ `2(C), the map ψ works by mapping a to
the function x 7→

∑∞
−∞ ake2πikx. Since we know that square-summable Fourier

coefficients uniquely determine a function in L2(T) in a one-to-one manner,
there is also a unique inverse ψ−1.

Secondly, for an interval I ⊆ T, define the projection map θI : L2(T) →
L2(T) by

θI(f) := f × 1I ,

where 1I denotes the characteristic function or indicator function for the subset
or interval I that takes the value 1 for arguments in I and is 0 for arguments
not in I. We are now ready to define the operator Π : `2(C)→ `2(C) by

Π := ψ−1 ◦ θ[0,1/2] ◦ ψ. (14)

While it may be intuitively clear that Π now represents the infinite-dimensional
analogue of P, we need to make this notion precise.

In order to be able to talk about the “entries” of Π, we make the following
observation. Viewed as an operator, we single out the entry of the jth row, kth
column of P by taking the inner product 〈e(j),Pe(k)〉. For the sake of notation,
and to see the analogue between P and Π, we then define the entries of Π as

Πj,k := 〈e(j),Πe(k)〉, (15)

where e(l) denotes the unit coordinate vector with 1 at the lth entry and 0
everywhere else. Next, we derive a formula for expressing these entries:

Proposition 2.2. Let Π be defined as earlier in (14). For all j, k ∈ Z,

Πj,k =


1
2 , j = k

0, j 6= k, |k − j| is even
i

π(k−j) , |k − j| is odd.

Proof. Look back to the definition at (15), what does the inner product
〈e(j),Πe(k)〉 mean? Let us break it down by going back to the definition (14).
We start out with the vector e(k) and apply ψ to it, yielding the (one-term)
Fourier series e2πikx defined on T represented by the interval [0, 1). Next, ap-
plying θ[0,1/2] essentially “flattens” the second half of the function, and ψ−1

retrieves the Fourier coefficients of the function e2πikx × 1[0,1/2]. The last step

is taking the inner product with e(j), which picks out only the jth of these
coefficients. Therefore we can disregard the other coefficients. The jth Fourier
coefficient of a function s(x) is defined by e.g. [27] as

cj =

∫ 1

0

s(x)e−2πijx dx.

Applying this definition to our case yields∫ 1

0

(
e2πikx × 1[0,1/2]

)
e−2πijx dx =

∫ 1
2

0

e2πi(k−j)x dx. (16)
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If j = k, the integrand in (16) becomes one and the integral evaluates to 1
2 . If

2l = k − j is even, and not equal to zero, we substitute the integration variable
to y = 2x and observe that e2πily integrated from 0 to 1 is equal to zero. Finally,
if |k − j| is odd, ∫ 1

2

0

e2πi(k−j)x dx =

[
e2πi(k−j)x

2πi(k − j)

] 1
2

0

=
eπi(k−j) − 1

2πi(k − j)

=
i

π(k − j)
,

which concludes the proof of the proposition.

Note that with Proposition 2.2, it is evident that Π is Hermitian. Now, we
can state and prove the important claim of this section. That is, in what way
Π is the limit of P, as n tends to infinity.

Proposition 2.3. Let P and Π be as previously defined, Then,

|Pj,k −Πj,k| = O(n−1),

provided |k − j| = o(n).

Proof. If |k−j| is even, the claim is trivially true. Therefore, assume that |k−j|
is odd and that |k − j| = o(n). Then we have

Pj,k −Πj,k =
1

n

1

1− e2πi(k−j)/2n −
i

π(k − j)

=
1

n

(
1

1− e2πi(k−j)/2n −
ni

π(k − j)

)
. (17)

Motivated by the fact that j and k only turn up in the above expression as

(k − j), we introduce the new variable ξ = π(k−j)
n . Because of our assumption

that |k− j| = o(n), we know that ξ → 0 as n goes to infinity. Leaving the factor
1
n for now and substituting ξ into the expression inside the parentheses in (17),
we get

1

1− eiξ
− i

ξ
=

1

ξ

(
ξ

1− eiξ
− i

)
=

1

ξ

(
ξ − i + ieiξ

1− eiξ

)
=

1− i 1−cos ξ
ξ − sin ξ

ξ

(1− cos ξ)− i sin ξ
.

Trying to take the limit ξ → 0 straight away gives a typical 0
0 type limit. Using

L’Hôpital’s rule however, we get the resulting limit of 1
2 . Recombining this with

(17), we arrive at

Pj,k −Πj,k =
1

n
O(1) = O(n−1),

which is exactly what we set out to prove.
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2.4 Relating Eigenvectors of PDP and T

Since T is a real, symmetric (random) matrix, by the spectral theorem there
exists a diagonalization

T = WΛWT ,

where Λ is a diagonal matrix with the eigenvalues of T on the diagonal (assumed
to be ordered from largest to smallest) and the columns of W are exactly the
eigenvectors of T. Using this spectral decomposition, we can rewrite (8) as

QCQ =

(
W 0n
0n In

)(
Λ 0n
0n 0n

)(
WT 0n
0n In

)
.

Substituting this into (9) yields

PD†P =
1√
2n

U∗
(

W 0n
0n In

)(
Λ 0n
0n 0n

)(
WT 0n
0n In

)
U

and since U is unitary, the eigenvectors of PD†P are precisely the columns of
U∗
(
W 0n
0n In

)
. Choose k ∈ {0, 1, 2, . . . , n − 1} and let w(k) be the kth column of

W, that is the kth eigenvector of the Toeplitz matrix T. The kth eigenvector
of PD†P is then

v(k) = U∗


w(k)

0
...
0

 (18)

where there are n trailing zeroes in the vector on the right hand side of the
equation. It can alternatively be written slightly more succinctly by multiplying
with U from the left to yield

Uv(k) =


w(k)

0
...
0

 (19)

which has the obvious interpretation that the eigenvector w(k) (plus a number
of trailing zeroes) is simply the DFT of the eigenvector v(k).

2.5 Symmetries in the PD†P Realm

The connection between the random Toeplitz matrix T and the matrix PD†P
build on the very first step of transforming T into the circulant matrix C. Let
us take a moment to remind ourselves of how that was accomplished. In (7), we
define the vector b = (a0, a1, . . . , an−1, an, an−1, . . . , a1), and use that to build
the matrix C = C(b). The vector b exhibits a certain kind of symmetry in that
we can “flip” the vector using the nth entry as the pivot point, and we get the
same vector once again. In other words, we have

bj = b2n−j , (20)

for 0 < j ≤ 2n − 1. The relationship is completely symmetric except for the
case of j = 0. To overcome this exception, we will adopt a slight abuse of
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notation and identify the (non-existent) 2nth index with the 0th index. For
a vector v ∈ C2n, this means v2n := v0, and for a matrix A ∈ C2n×2n,
Aj,2n := Aj,0,A2n,k := A0,k. We proceed to define an operator to illustrate this
symmetry and to study its consequences. In order to define it for matrices as
well, we will choose to make it akin to a 180 degree revolution with the (n, n)th
entry as the pivot point. The reason for this will become apparent after defining
it.

Definition 2.4. The operator φ : C2n → C2n on a vector v ∈ C2n is defined by

(φv)i := v2n−i, i ∈ {0, 1, 2, . . . , 2n− 1}.

On a matrix A ∈ C2n×2n we define a homonymous operator φ : C2n×2n →
C2n×2n by

(φA)i,j := A2n−i,2n−j , i, j ∈ {0, 1, 2, . . . , 2n− 1}.

We can now express the symmetry in (20) concisely as φb = b. Having defined
the operator φ, we proceed to state a few observations on the matrices we have
been working with.

Proposition 2.5. Let matrices P, D† and C be as defined in Section 2.2. The
following symmetries hold

• φP = P,

• φD† = D†,

• φC = C.

The proof is a matter of simple verification. Does the same kind of symmetry
hold for the composite PD†P matrix? It turns out it does. We state this in a
separate proposition.

Proposition 2.6. Let PD†P be the matrix defined in Section 2.2. Then

φ(PD†P) = PD†P.

This could be proved just by verification as well, but we will opt for proving a
lemma which will make Proposition 2.6 a direct consequence of Proposition 2.5.
In fact, we show that φ is distributive over matrix multiplication.

Lemma 2.7. Let A,B ∈ C2n×2n and v ∈ C2n, then

φ(AB) = φA · φB

and
φ(Av) = φA · φv.

Proof. We will prove the case with two matrices, A and B, as the second case
with one matrix and one vector is completely analogous. Consider the element
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(j, k),

φ(AB)j,k = (AB)2n−j,2n−k

=

2n−1∑
l=0

A2n−j,lBl,2n−k

=

2n−1∑
l=0

A2n−j,2n−lB2n−l,2n−k

=

2n−1∑
l=0

(φA)j,l(φB)l,k

= (φA · φB)j,k

where the third line is due to a change of summation variable from l to 2n−l.

The proof of Proposition 2.6 is now a simple matter of applying Lemma 2.7
to Proposition 2.5.

It would not be surprising that there would also be some symmetry in the
eigenvectors of the PD†P matrix. Indeed, in the next proposition we make this
idea precise.

Proposition 2.8. Let v(k) be the kth eigenvector of the PD†P matrix. Then

φv(k) = v(k)

Proof. Recall from the definition of U in (4) and ω2n in (3) that,

U∗2n−j,k =
1√
2n
ω
−k(2n−j)
2n

=
1√
2n
ω−kj2n

=
1√
2n
ωkj2n

= U∗j,k.

Thus, applying the operator φ to the eigenvector v(k) using the expression for
the eigenvector in (18), we get

(φv(k))j = v
(k)
2n−j

=

2n−1∑
l=0

U∗2n−j,l


w(k)

0
...
0


l

=

2n−1∑
l=0

U∗j,l


w(k)

0
...
0


l

= v
(k)
j ,

proving this symmetry.
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3 Law of Large Numbers for Random Toeplitz
Matrices

In this section we will study and follow the process of investigating the asymp-
totic behavior of the largest eigenvalue of random Toeplitz matrices by the
method used by Sen and Virág in their article [22]. Their way of proving a LLN
for the largest eigenvalue of the random Toeplitz matrix uses an upper and a
lower bound that together give the limit of Theorem 1.1, that comprises the
principal result of their paper.

Heuristically, since P is decaying off the diagonal, the matrix PD†P is struc-
turally similar to the diagonal matrix D† itself. A lot of the diagonal entries
will be small, and the entries far away from each other will not interact much.
We will be able to show that we can reduce the problem to looking at smaller
submatrices, ignoring the bulk of the entries of P. Establishing the upper and
lower bound then hinges on a clever way of designing a random partition of the
integer interval [0, 2n− 1] into index sets I, and being able to disregard a large
portion of the entries as their contribution to the largest eigenvalue is negligible.

In the end, we will be able to tie together the upper and lower bound and
show the limit of the top eigenvalue in terms of the 2→ 4 norm of the operator
Π. The last subsection of this section will be devoted to explaining how to get
from that representation to the numerical value 0.8288... and how it is linked
to the sine kernel.

But first, we present a couple of results that allow us to make further as-
sumptions on the random variables (ai)0≤i≤n−1, as well as some other necessary
preparations.

3.1 Auxiliary Results

In this section we present a number of results that make the following proofs
easier. We will make some changes to the Toeplitz matrix we are studying, so
that we may more easily study it. Therefore we must also show that in making
these changes, we do not change any of the essential characteristics we wish to
investigate.

3.1.1 Rescaling a0

We substitute the elements on the main diagonal which are all a0, for
√

2a0

and denote this new Toeplitz matrix by T◦. Using this slightly different matrix
to construct an extended circulant matrix, the resulting diagonal matrix when
diagonalizing shall be denoted by D (compare with D† resulting from T). For
this to make any sense at all, we need to be sure that it does not change the
asymptotic behaviour of the eigenvalues. The following lemma asserts that this
is the case.

Lemma 3.1. As n→∞,

λ1(T◦)− λ1(T)√
n log n

Lγ−−→ 0.

Proof. The result will follow if we can prove that the difference between the
two matrices T and T◦ is small in the Lγ-sense, where γ > 2 is the constant
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introduced in Subsection 1.4.1, bounding the moments of the random variables
ai. We have

E
[
‖T◦ −T‖γsp

]
≤ (
√

2− 1)γE[|a0|γ ] = O(1),

which after dividing by
√
n log n goes to 0 as n→∞.

What we gain from changing the Toeplitz matrix thusly is that it makes the
diagonal entries of D uncorrelated.

Lemma 3.2. Let dj := Dj,j. Then E[dj ] = 0 for all j, and the covariance
between dj and dk is given by

cov(dj , dk) =


2, j = k = 0 or j = k = n

1, 0 < j = k < n

0, 0 ≤ j 6= k ≤ n.

As the proof is mostly a matter of verification, we shall omit it here, but it can
be found in the appendix of [22] for the interested reader. Note that the theorem
only concerns itself with dj for j up to n. For the rest of the indices, remember
the symmetry result of Proposition 2.5. In the special case where (ai)0≤i≤n−1

are Gaussian, Lemma 3.2 implies that (dj)0≤j≤n are again i.i.d. Gaussians.

3.1.2 Truncation

Another result we shall need to make use of is a truncation lemma. It allows us
to restrict the class of random variables (ai)0≤i≤n−1 we consider.

Lemma 3.3. Given an array of random variables (ai)0≤i≤n−1 satisfying the
assumptions of Section 1.4.1. For 0 ≤ i ≤ n− 1, define the new truncated and
centered random variables

ãi := ai1{|ai|≤n1/γ} − E
[
ai1{|ai|≤n1/γ}

]
and normalize them to get

āi :=
ãi

var(ãi)1/2
.

Then,
λ1(T(a))− λ1(T(ā))√

n log n

Lγ−−→ 0,

as n→∞.

Again, we shall omit the proof, which can be found in [22]. Lemma 3.3 allows
us to further restrict the class of (ai)0≤i≤n−1 considered to the case where all
the ai are uniformly bounded by n1/γ .

3.1.3 Sparsity

Next, we show that we can consider a sparse version of the matrix D where we
ignore entries with magnitude under a certain threshold. Given ε > 0, define
the random set

S := {0 ≤ j ≤ 2n− 1 : |dj | ≥ ε
√

2 log n}, (21)
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containing all the indices for which |dj | is above the threshold ε
√

2 log n. In
order to make notation easier, we have suppressed the dependence on ε in (21).
Keep in mind that whenever we use S, it is really S(ε). Continue by defining
R to be a diagonal matrix that has 1 at the diagonal entries corresponding to
the indices in S, and 0 everywhere else. The following lemma justifies working
with a sparse version of D, based on the indices in S.

Lemma 3.4. Let ε > 0 and let S and R be as previously defined. Define
Dε := DR. Then ∣∣∣∣λ1(PDP)− λ1(PDεP)√

2 log n

∣∣∣∣ ≤ ε.
Proof. Using the reverse triangle inequality and then the Cauchy-Schwarz in-
equality, we get∣∣∣∣λ1(PDP)− λ1(PDεP)√

2 log n

∣∣∣∣ ≤ ‖P(D−Dε)P‖sp√
2 log n

≤ ‖P‖sp‖D−Dε‖sp‖P‖sp√
2 log n

≤ ε

where we remembered from Subsection 2.3.3 that ‖P‖sp = 1.

This result will eventually be extended to say that it suffices to consider
submatrices of P. For this reason, we will now introduce the notation for these
submatrices.

Definition 3.5. Let A ∈ Cn×n, I ⊆ {0, 1, . . . , n−1} and r = |I|. We denote by
A[I] the submatrix in Cr×r containing entries of A only in rows and columns
indexed by I.

3.2 Bricks and Blocks: A Random Partition of the
Integer Interval [0, 2n− 1]

Considering the integer interval [0, 2n − 1] (for the rest of this section this
notation will be used exclusively for integer intervals), the scale of our partition
will be r = dlog ne3. Set m = bn/2rc and proceed to divide the interval [0, 2n−1]
into 2m + 1 consecutive disjoint subintervals, which we will henceforth call
bricks, L−m, . . . , L−1, L0, L1, . . . , Lm, with the following restrictions. Firstly,
the length of each brick is restricted to lie between r and 4r. Secondly, the
partition should be symmetric around L0, which means that the bricks L−m to
L0 (or L0 to Lm) uniquely determine the partition. The rest of the bricks are
given by the symmetry requirement

Li = {2n− x : x ∈ L−i},

except for L−m which we decide should contain 0, while Lm does not contain
2n. As a direct consequence of this symmetry requirement L0 will always be
centered, that is n ∈ L0. Note also that the typical brick length (total number
of indices divided by the total number of bricks) is

2n

2m+ 1
=

2n

2bn/2rc+ 1
→ 2r, n→∞.

18



Having defined bricks thusly, we define a block to be a non-empty union of
consecutive bricks. A block J is then uniquely identified by the indices j, k of
its first and last brick, since

J =

k⋃
l=j

Ll.

Take a moment to consider the purpose of this partition. Ultimately, we
want the partition to be able to tell us that large portions of the indices can be
disregarded because they have a negligible effect when computing the largest
eigenvalue. To relate that idea to the bricks and blocks construct, we introduce
the concept of visible and invisible bricks. A brick is considered visible if it
contains indices corresponding to large entries of D. Specifically, for a threshold
ε > 0, a brick Lk is visible if Lk ∩ S 6= ∅, with S defined as in (21).

The distinction between visible and invisible bricks allows us to create a
particularly useful collection of blocks. Given a random partition of the integer
interval [0, 2n − 1] into 2m + 1 bricks, denote by Λ the partition obtained by
splitting the interval [0, 2n−1] between each pair of consecutive invisible bricks.
To illustrate, if the first pair of consecutive invisible bricks is [a, b] and [b+ 1, c],
then the interval [0, b] is in Λ. Let us collect a few observations on the properties
of these partitions before moving on.

Remark. Any interval J ∈ Λ is a block.

Remark. Each block [a, b] ∈ Λ (except for when a = 0 or b = 2n− 1) is padded
with an invisible brick on either end. That is, there are at least dlog ne3 indices
on each end that are not in S.

We need to define one final property of blocks before we can move on. It
will come into play later in the proof for the upper bound in Subsection 3.3,
admissibility.

Definition 3.6. Fix ε > 0 and set M := 4 + 12/ε2. A block J is called
admissible if the following two conditions hold:

(i) L−m * J and L0 * J .

(ii) J is made up of at most M bricks, i.e. #{Lj : Lj ⊆ J} ≤M .

Given a partition into bricks of [0, 2n−1], we denote by L the set of all admissible
blocks formed using these bricks. Once again we suppress the dependence on
ε. The important part here is the second condition that limits the size of an
admissible block, as this will later be used to motivate reducing PDP to block
diagonal form. For that end, we need the following proposition

Proposition 3.7. Given a partition of [0, 2n−1] into bricks L−m, . . . , Lm, and
ε > 0, for each J ∈ Λ having a non-empty intersection with S

(1) J ∈ L,

(2) #(J ∩ S) ≤M for all J ∈ L,

with probability converging to 1.

19



Proof. The proof hinges on a clever way of reformulating criteria for the claims
of the proposition. Assume that claim (1) or (2) fails to hold. There are basically
three ways for these claims to fail. Firstly, L−m or L0 could be visible, which
would mean there is a non-admissible J ∈ Λ, such that J ∩ S 6= ∅. Secondly,
a block J ∈ Λ could be rendered non-admissible because the number of bricks
that constitute J is greater than M . Thirdly, and lastly, there could be a
direct breach of claim (2). It turns out we do not need to be too careful when
estimating the probabilities for these events. We shall therefore formulate three
events that include the aforementioned three possibilities, but may be bigger as
well:

A L0 or L−m is visible,

B There is a choice of M consecutive bricks from {Lk}1−m≤k≤−1 where at
least bM/2c − 1 of the bricks are visible,

C There is a choice of M consecutive bricks from {Lk}1−m≤k≤−1 starting

from La, such that
∑M−1
j=0 #(La+k ∩ S) ≥M .

We will allow ourselves to be make a very rough inclusion of these events by
including both events B and C into one single event,

D There is a choice of M consecutive bricks from {Lk}1−m≤k≤−1 starting

from La, such that
∑M−1
j=0 #(La+k ∩ S) ≥ bMc − 1.

Thus, we have the implication ∼((1) ∧ (2)) ⇒ (A ∨D), which is equivalent to
∼A ∧ ∼D ⇒ ((1) ∧ (2)), which means it suffices to show that P(A),P(D) → 0
as n→∞.

Fix s ≥ 1 and indices 0 ≤ j1 < j2 < · · · < js ≤ n. By first using the Union
Bound A.1 and then Bernstein’s Inequality A.2, we get

P{|dji | > ε
√

2 log n, 1 ≤ i ≤ s}

≤
∑
βi=±1

P

{
s∑
i=1

βidji > sε
√

2 log n

}

≤ 2s exp

(
− ε2s2 log n

var(
∑s
i=1 βidji) +O(sn1/γ−1/2) · εs

√
2 log n

)
(22)

= O(n−ε
2s/3). (23)

To apply Bernstein’s Inequality A.2 we had to recall that each di can be written
as a sum of ai. Then, the sum

∑s
i=1 βidji can also be written as a linear sum

of ai with the coefficients being of order O(sn−1/2). To get the uniform bound
used to apply the inequality, recall that each ai is bounded by n1/γ . Using the
bound O(sn1/γ−1/2), the second term in the denominator of (22) disappears,
leaving only the variance. By Lemma 3.2, the di are independent and with
variance 1 (except for two that have variance 2), so the total variance is easily
bounded by s+ 2.

By setting s = 1 in (23), we get the probability for the event |dj | > ε
√

2 log n
for a single index j,

P
{
|dj | > ε

√
2 log n

}
= O

(
n−ε

2/3
)
.
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The bricks L−m and L0 each contain an order of (log n)3 indices, so the probabil-

ity of them being visible is at most O(n−ε
2/3 · (log n)3), which means P(A)→ 0

as n→∞.
It remains to show that P(D)→ 0. Fix M consecutive bricks starting from

Lα, and from those bricks, fix s = bM/2c − 1 indices j1, . . . , js. By (23),

P {j1, . . . , js ∈ S} = O
(
n−sε

2/3
)

, and because of the way we constructed M in

Definition 3.6, the exponent is

−sε
2

3
= − (bM/2c − 1)ε2

3

= − (b2 + 6/ε2c − 1)ε2

3
≤ −2.

Thus, we can bound the probability P {j1, . . . , js ∈ S} from above by O
(
n−2

)
.

Consider now the number of different ways this can be done: The M consecutive
bricks can be chosen from {Lk}1−m≤k≤−1 in at most m ≤ n different ways.
Moreover, given a choice of M consecutive bricks, the number of ways to choose
the s indices is at most

(
4Mr
s

)
. Using the well known upper bound for binomial

coefficients, (
n

k

)
≤ nkek

kk
,

we can bound the rate of growth of that binomial coefficient by(
4Mr

s

)
=

(
4Mdlog ne3

bM/2c − 1

)
≤
(
4Mdlog ne3

)bM/2c−1
ebM/2c−1

(bM/2c − 1)
bM/2c−1

= O
(

(log n)3M/2
)
.

Now, it is just a matter of applying the Union Bound A.1 to the event D to see
that P(D) = O

(
n(log n)3M/2 × n−2

)
→ 0, as n goes to infinity.

The next thing to do would be to show that it suffices to study a block
diagonal form of P in PDP. This block diagonal form will be based on the
brick partitioning L−m, . . . , Lm of [0, 2n− 1]. This partition can be considered
fixed for the remainder of this subsection. Using the notation for submatrices
from Definition 3.5, this can be stated as a lemma.

Lemma 3.8. Let ε > 0. Then there exists K > 0 such that∣∣∣∣λ1(PDεP)− max
J∈Λ:J∩S 6=∅

λ1(P[J ]Dε[J ]P[J ])

∣∣∣∣ ≤ K, (24)

with probability converging to 1.

Proof. Start by defining the block-diagonal reduced version of P as

B(k, l) :=

{
P(k, l), if ∃J ∈ Λ such that k, l ∈ Λ

0, otherwise.
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Now, the matrix BDεB has the submatrices P[J ]Dε[J ]P[J ] for all J ∈ Λ on the
diagonal, the rest is zeroes. By block diagonality, that means the eigenvalues
of BDεB are exactly the eigenvalues of the submatrices P[J ]Dε[J ]P[J ] for all
J ∈ Λ. Taking the left hand side of (24), we can then bound it from above by

LHS of (24) = |λ1(PDεP)− λ1(BDεB)|
≤ ‖PDεP−BDεB‖sp
≤ ‖(P−B)DεP‖sp + ‖BDε(P−B)‖sp
≤ ‖(P−B)Dε‖sp‖P‖sp + ‖B‖sp‖Dε(P−B)‖sp
≤ ‖(P−B)Dε‖sp + ‖Dε(P−B)‖sp. (25)

The first inequality here is a consequence of the reverse triangle inequality, the
second one the standard triangle inequality and the third one comes from the
operator norm being sub-multiplicative. For the last inequality, we note that
P is a projection matrix and therefore has spectral norm 1. Furthermore, by
block diagonality again, the eigenvalues of B are exactly the eigenvalues of P[J ]
for all J ∈ Λ, and P[J ] is P projected onto the elements in J . Therefore,
‖B‖sp ≤ ‖P‖sp = 1.

In (25), the terms ‖(P−B)Dε‖sp and ‖Dε(P−B)‖sp are similar and can be
analogously bounded from above. Therefore only the first will be demonstrated
here, the proof for the second is almost identical. Recalling that Dε = RD, we
can use the sub-multiplicative property to further bound the first term of (25)

‖(P−B)Dε‖sp ≤ ‖(P−B)R‖sp‖D‖sp. (26)

Let us first focus on bounding the spectral norm of (P − B)R. This will be
done using Proposition A.4 which states that the spectral norm is bounded
above by the geometric mean of the maximal absolute row (‖·‖∞) and column
sums (‖·‖1).

Consider first the maximal absolute column sum (‖(P − B)R‖1), and re-
member that R is diagonal, i.e. all off-diagonal elements are zero. We can then
bound it by

max
k

∑
j

|((P−B)R)j,k| = max
k

∑
j

∣∣∣∣∣∑
l

(P−B)j,lRl,k

∣∣∣∣∣
≤ max

k

∑
j

|(P−B)j,k|

≤ max
k

∑
j

|Pj,k| , (27)

where we also have used the fact that Bj,k ∈ {0,Pj,k} for the last inequality.
However, as shown in (13), the maximal absolute column and row sums of P
can be bounded above by C log n, for some suitable constant C > 0. Hence, we
have the bound

‖(P−B)R‖1 ≤ C log n, (28)

for the maximal absolute column sum.
The maximal absolute row sum is simply analogous to the first line of (27),

but switching the indices being summed and maximized over, respectively,

max
j

∑
k

|((P−B)R)j,k| = max
j

∑
k

∣∣∣∣∣∑
l

(P−B)j,lRl,k

∣∣∣∣∣ . (29)
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Note that R is diagonal, so the summation over l can be eliminated, so we get
an updated bound for the maximal row sum that is maxj

∑
k|(P−B)j,kRk,k|.

Furthermore, this summand is always zero whenever j and k are in the same
block J ∈ Λ. Bounding (P−B) by |P| and using Proposition 3.7, we organise
(29) according to the partitioning Λ and get

‖(P−B)R‖∞ ≤ max
J∈Λ,j∈J

∑
k/∈J

|Pj,k|Rk,k. (30)

We can further bound (30) by chopping up the sum over k /∈ J into smaller
sums over J ′ ∈ Λ\{J}. In every such block there are by Proposition 3.7, with
probability converging to 1, no more than M indices k for which Rk,k 6= 0.
Furthermore, the fact that each block has an invisible head and tail of length at
least (log n)3, means that |k−j| will be at least 2(log n)3 for k ∈ J ′ just adjacent
to J , at least 4(log n)3 in the next block beyond that, and so on. Looking at
the inequality in (12), |Pj,k| is small whenever the difference between j and k is
small or when it is large. To accommodate this behaviour, we observe that at
least no more than 4 blocks J ′ will have visible bricks closer to j than 2(log n)3

or farther away than 2n− 2(log n)3. Excluding these potential blocks, no more
than 4 other blocks will have visible bricks closer to j than 4(log n)3 or farther
away than 2n − 4(log n)3, and so on. This leads to the following upper bound
on (30)

‖(P−B)R‖∞ ≤ C
#Λ−1∑
k=1

4M

2k(log n)3
= O((log n)−2), (31)

where the last equality is a consequence of the harmonic series being approxi-
mated by a logarithm function.

To finish up, we combine Equations (28) and (31) to get ‖(P − B)R‖sp =
O((log n)−1/2). Considering (26) as well as Lemma A.7 for bounding ‖D‖sp
from above by C

√
log n for some constant C > 0, gives

‖(P−B)Dε‖2sp = O(1)

with probability converging to 1. An analogous argument also gives that
‖Dε(P−B)‖2sp = O(1). Applying this to (25) concludes the proof.

3.3 Upper Bound

In order to prove the upper bound, we will need to refer to the truncation result
of Lemma 3.3. In addition to being independent with zero mean and variance
1, we can assume (ai)0≤i≤n to be uniformly bounded by n1/γ . The statement
we are going to prove is the following proposition. Recall the definition of the
2 → 4 norm from Subsection 1.4.4 and the Hermitian limit operator Π defined
in Subsection 2.3.4.

Proposition 3.9. Let ε > 0. Then there exists cn = o(1) such that, with
probability converging to 1,

max
J∈Λ:J∩S 6=∅

λ1(P[J ]Dε[J ]P[J ])√
2 log n

≤ ‖Π‖22→4 + cn.

The proof will be broken up into different parts, and first we need the following
lemma.
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Lemma 3.10. For 0 ≤ k < n, fix a vector δ = (δ1, . . . , δk) with all entries
non-negative. For sufficiently large n and any indices 0 < j1 < · · · < jk < n,

P
{
|dj1 | > δ1

√
2 log n, . . . , |djk | > δk

√
2 log n

}
≤ 2k+1n−‖δ‖

2
2 . (32)

Proof. The case δ = (0, . . . , 0) is trivial, assume therefore that ‖δ‖2 6= 0. If the
event in (32) holds, i.e. |dj1 | > δ1

√
2 log n, . . . , |djk | > δk

√
2 log n, then there

exists some choice of coefficients βi ∈ {±1} such that

k∑
i=1

βiδidji > ‖δ‖22
√

2 log n.

We sum over all (2k) choices of coefficients βi and use the Union Bound A.1 to
bound the probability in (32) from above

P
{
|dji | > δi

√
2 log n : 1 ≤ i ≤ k

}
≤

∑
βi∈{±}

P

{∑k
i=1 βiδidji
‖δ‖2

> ‖δ‖2
√

2 log n

}
(33)

where we also normalized by ‖δ‖2. Looking at the expression for the eigenvalues
of the circulant matrix in (6), we can express the sum of dji in (33) as a linear
combination of ai for any choice of coefficients βi,∑k

i=1 βiδidji
‖δ‖2

=

n∑
i=0

θiai.

Furthermore, the square sum of the coefficients θi is equal to 1, and they are
bounded by |θi| ≤ 2kn−1/2. Together with the bound |ai| ≤ n1/γ we can use
Bernstein’s Inequality A.2 to obtain

P

{∑k
i=1 βiδidji
‖δ‖2

> ‖δ‖2
√

2 log n

}

≤ exp

(
− ‖δ‖22 log n

1 + ‖δ‖2
√

2 log n · 2kn1/γ−1/2/3

)
≤ exp

(
−‖δ‖22 log n+

√
8

3
‖δ‖32(log n)3/2kn1/γ−1/2 +

1

2

)
≤ 2n−‖δ‖

2
2 ,

for sufficiently large n. In the second inequality we used a Taylor expansion of
1

1+x and put the term 1
2 to bound all the higher-order terms (all of which go to

zero anyway). Since the middle term goes to zero as n→∞ we used log 2 as an
upper bound for that term and the 1

2 term (log 2 ≈ 0.69...) to arrive at the final
inequality. To finish up the proof of the lemma we just have to realize that in
(33), we sum over 2k of these terms, all of them bound by the same 2n−‖δ‖

2
2 .

Next, we will extend this lemma to put a bound on the probability that there
is any positive vector δ = (δ1, . . . , δk) with norm slightly larger that 1 such that
the dji are at least this big (up to the scaling factor of

√
2 log n). We make this

idea precise in the next lemma.
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Lemma 3.11. Fix η > 0 and 0 ≤ k < n. There is a constant C, depending on
η and k, such that for sufficiently large n and any indices 0 < j1 < · · · < jk < n,
we have

P
{
∃δ ∈ Rk+, ‖δ‖22 ≥ 1 + η, such that

|dj1 | > δ1
√

2 log n, . . . , |djk | > δk
√

2 log n
}

≤ Cn−(1+η/2).

Proof. Let us start by dividing the event into two cases. The first case is when
∀i, δi ∈ [0, 1 + η]. The second case, which is the complement of the first, is
that ∃i, δi > 1 + η. Now, the first case will require the most attention since the
second is more of a “rough” bound. The event studied in the first case is

E1 :=
{
∃δ ∈ [1 + η]k, ‖δ‖22 ≥ 1 + η,

such that |dj1 | > δ1
√

2 log n, . . . , |djk | > δk
√

2 log n
}
.

The fact that δ can take on a continuous range of values makes it difficult to
directly bound the probability of the event E1. To overcome this, we construct

a finite net N for the interval [0, 1 + η] by choosing b 4(1+η)2k)
η c equally spaced

points, including both endpoints. This means that the separation between suc-
cessive points in N is at most η

4(1+η)k . For each δi, we locate the closest point

(from below) in N and denote it by αi. Each αi is then to be found within the
interval

δi −
η

4(1 + η)k
≤ αi ≤ δi. (34)

Using (34) to compare the norms of δ and α = (α1, . . . , αk), we can immediately
see that ‖α‖2 ≤ ‖δ‖2. Going the other way and remembering that δi ≤ 1 + η,
we have

‖α‖22 >
k∑
i=1

(
δ2
i − 2δi

η

4(1 + η)k

)
≥ ‖δ‖22 − 2k(1 + η)

η

4(1 + η)k

= ‖δ‖22 −
η

2
.

If E1 is true, it will be possible to find a point α ∈ N k with ‖α‖22 ≥ 1 + η/2
such that {|dj1 | > α1

√
2 log n, . . . , |djk | > αk

√
2 log n} is true. Each such event

can be bounded by Lemma 3.10, and the (finite) union over all points α ∈ N k

includes the event E. Hence, using the Union Bound A.1 we obtain the limit

P(E1) ≤ 2k+1(#N )kn−(1+η/2). (35)

Moving on to the second case, the event of interest is

E2 :=
{
∃i such that |dji | > (1 + η)

√
2 log n

}
.
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Once again, we apply Lemma 3.10. But first, we rewrite E2 as a union of
inequality events in the following way.

E2 =

k⋃
i=1

{
|dji | > (1 + η)

√
2 log n

}
.

Now, we can apply Lemma 3.10 on each of those inequality events. The bound
for those will be 2n−(1+η)2 , so that with Union Bound A.1

P(E2) ≤ 2kn−(1+η)2

≤ 2kn−(1+η/2). (36)

Having obtained the bounds for both E1 and E2, we combine the inequalities
(35) and (36) to find that

P(E1 ∪ E2) ≤ (2k+1(#N )k + 2k)n−(1+η/2)

whence we identify C = 2k+1(#N )k + 2k.

Lemma 3.11 can be related to the bricks and blocks construct from Sec-
tion 3.2. We state it as a corollary.

Corollary 3.11.1. Let ε, η > 0 and M = M(ε) defined as in Section 3.2. For
any admissible block L ∈ L and all collections of M indices j1, . . . , jM ∈ L,

M∑
i=1

d2
ji ≤ (1 + η)

√
2 log n

with probability converging to 1.

Proof. By Lemma 3.11 that was just proven, the probability that the claim
is violated for a fixed admissible block L ∈ L and fixed indices {ji}1≤i≤M ,
is bounded above by Cn−(1+η/2). Consider now that there can be at most n
admissible blocks and the size of an arbitrary admissible block is 4Mdlog ne3,

so the M distinct indices can be chosen in at most
(

4Mdlogne3
M

)
different ways.

By Union Bound A.1, the probability that the claim is violated is bounded from
above by

n

(
4Mdlog ne3

M

)
· Cn−(1+η/2) = O((log n)3Mn−η/2)

which goes to zero as n goes to infinity.

Proceeding to prove Proposition 3.9, we will apply the second part of Propo-
sition 3.7 to Dε. In every admissible block, Dε contains at most M entries with
probability converging to 1. Fix η > 0. Then, the probability that, for all
L ∈ L, i.e. all admissible L, ∑

j∈L(Dε
j,j)

2

√
2 log n

≤ 1 + η,
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converges to 1. But according to the first part of Proposition 3.7, any block
J ∈ Λ for which J ∩ S 6= ∅ will be admissible with probability converging to 1,
and consequently the probability that

max
J∈Λ:J∩S 6=∅

λ1(P[J ]Dε[J ]P[J ])√
2 log n

≤ sup
{
λ1(P[L] diag(δ)P[L]) : L ∈ L, δ ∈ R#L

+ , ‖δ‖22 ≤ 1 + η
}
, (37)

also converges to 1. Furthermore, by Proposition 2.3 stating the convergence

rate of P to Π, we have maxL∈L‖P[L] − Π[L]‖sp = O( (logn)3

n ), which lets us

move from P to Π in (37) if we compensate by a term O( (logn)3

n ). To go one step
further and get rid of the dependence on L, we introduce q = q(n) := 4Mdlog ne3
and H := [1, q]∩Z. Now, the right hand side of (37) can be bounded from above
by

(37) ≤ sup
{
λ1(Π[L] diag(δ)Π[L]) : L ∈ L, δ ∈ R#L

+ , ‖δ‖22 ≤ 1 + η
}

+O

(
(log n)3

n

)
≤(1 + η)1/2 sup

{
λ1(Π[H] diag(δ)Π[H]) : δ ∈ Rbqc+ , ‖δ‖2 ≤ 1

}
+O

(
(log n)3

n

)
.

By the Min-max Theorem A.5, we can replace the λ1 in the equation above by
a maximum of inner products. The supremum above then becomes

sup
{
〈v,Π[H] diag(δ)Π[H]v〉 : δ ∈ Rbqc+ , ‖δ‖2 ≤ 1,v ∈ Cbqc, ‖v‖2 ≤ 1

}
.

Finally, this is bounded above by moving to the infinite-dimensional case (which
includes the finite-dimensional as the special case of all other coordinates being
set to zero) by letting both δ and v be in `2(C),

sup
{
〈v,Π diag(δ)Πv〉 : δ ∈ `2(R), ‖δ‖2 ≤ 1,v ∈ `2(C), ‖v‖2 ≤ 1

}
. (38)

Fix v ∈ `2(C) and consider just the inner product above. Denoting coordinate-
wise multiplication by �, note that

〈v,Π diag(δ)Πv〉 = 〈Πv,diag(δ)Πv〉 = 〈δ,Πv �Πv〉, (39)

which is easily seen to be maximized by δ = Πv � Πv/‖Πv � Πv‖2. The
maximum ‖Πv�Πv‖2 = ‖Πv‖24 means that the supremum in (38) will be equal
to ‖Π‖22→4, which completes the proof of Proposition 3.9.

3.4 Lower Bound

We can divide the the study of the lower bound into two cases. First, the Gaus-
sian case when the random variables a0, a1, . . . , an are all i.i.d. standard Gaus-
sians. Second, we can extend that result to the case of independent, centered
aj with unit variance uniformly bounded, which together with the truncation
result of Lemma 3.3 yields the result in the general case. The claim we shall try
to prove is the following proposition.
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Proposition 3.12. For any ε, τ > 0,

max
J∈Λ:J∩S 6=∅

λ1(P[J ]Dε[J ]P[J ])√
2 log n

≥ ‖Π‖22→4 − τ

with probability converging to 1.

This result is the core of the lower bound of Theorem 1.1. We shall start with
the Gaussian case.

3.4.1 Gaussian Case

This subsection constitutes the proof of Proposition 3.12 in the standard Gaus-
sian case. Start by fixing an integer k ≥ 1, then take k numbers u1, u2 . . . , uk ∈
R\{0}, such that u2

1 + u2
2 + · · ·+ u2

k = ‖u‖22 < 1. Next, take η such that

0 < η < min
j
|uj |,

and define u′j = |uj | − η. Then u′j is positive for all j and ‖u′‖22 < 1. For
the next step, we shall define three parameters, and while it will not be stated
explicitly, we keep in mind that they are all dependent on n. Define the three
parameters as

p := 100dlog ne3

b := 12dlog ne3

N := bn/2pc,

and define the intervals

Ij :=


(−ε, ε), −b+ 1 ≤ j ≤ 0

(uj − η, uj + η), 1 ≤ j ≤ k
(−ε, ε), k + 1 ≤ j ≤ k + b,

(40)

for 1 ≤ j ≤ N . Let us now define a family of events {Ai}, where Ai is the event
that for all j in the integer interval [−b+ 1, b+ k], dip+j ∈

√
2 log nIj .

Lemma 3.13. Let {Ai} be defined as above. Then

P

(
N⋃
i=1

Ai

)
→ 1, (41)

as n→∞.

Proof. The left hand side of (41) is simply the probability that at least one
of the events Ai occur. Using the indicator function 1Ai , we can alternatively
express the same probability as

P

(
N⋃
i=1

Ai

)
= P

(
N∑
i=1

1Ai ≥ 1

)
.
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Using the Paley-Zygmund inequality, Theorem A.3, with the parameter θ set to
0, we bound this from below to obtain1

P

(
N∑
i=1

1Ai ≥ 1

)
≥

E
[∑N

i=1 1Ai

]2
E
[(∑N

i=1 1Ai

)2
] . (42)

If we can show that the nominator on the right hand side of (42) is asymptoti-
cally equal to the denominator, we are done. In order to show this, we shall use
the expression for the variance of a random variable var(X) = E[X2] − E[X]2,
with X =

∑
1Ai . Consider two distinct indices i and i′ in the integer interval

[1, N ]. For n large enough, the two integer intervals [ip− b+ 1, ip+ k + b] and
[i′p− b+ 1, i′p+ k+ b] are disjoint and consequently 1Ai and 1Ai′ are indepen-
dent random variables. Hence var(

∑
1Ai) =

∑
var(1Ai) and with some slight

rearrangement, we get

E

( N∑
i=1

1Ai

)2
 = E

[
N∑
i=1

1Ai

]2

+

N∑
i=1

var(1Ai). (43)

Note that the event Ai is the intersection of the events {dip+j ∈
√

2 log nIj} for
j = −b+ 1, . . . , b+ k, and therefore

1Ai =

b+k∏
j=−b+1

1√2 lognIj
(dip+j). (44)

Consider now the expected value of a single indicator function from the sums
in (42). With the factorization from (44), we get

E[1Ai ] =

b+k∏
j=−b+1

E[1√2 lognIj
(dip+j)], (45)

since the di are independent of each other, see Lemma 3.2. Recalling the defi-
nition of Ij from (40), for −b+ 1 ≤ j ≤ 0 and k + 1 ≤ j ≤ k + b, we know that
Ij = (−ε, ε). For this case we can use the tail estimate

P(|W | ≥ x) ≤ 2e−x
2/2, x ≥ 0,

where W ∼ N (0, 1). Apply this inequality to any one of the factors in (45) and
for the chosen extremal values of j, to obtain

E
[
1(−
√

2 lognε,
√

2 lognε)(dip+j)
]

= P
(
dip+j ∈

(
−
√

2 log nε,
√

2 log nε
))

= 1− P
(
|dip+j | ≥

√
2 log nε

)
= 1−O

(
n−ε

2
)
. (46)

1In the original reference [22], the authors have mixed up the denominator and nominator
of the right hand side of the Paley-Zygmund inequality. This is corrected here, and does not
change the rest of the proof.
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Turn now to the case of 1 ≤ j ≤ k. Now Ij = (uj − η, uj + η), which is a non-
centered interval, meaning we cannot use the same tail estimate again. Instead,
we shall use an asymmetric Gaussian tail bound, from [12].

P (W ≥ x) ≥
(

1

x
− 1

x3

)
e−x

2/2

√
2π

, x > 0,

for W ∼ N (0, 1). Applying this inequality gives

E
[
1√2 logn(uj−η,uj+η)(dip+j)

]
= P

(
dip+j ∈

√
2 log n(uj − η, uj + η)

)
≥ P

(
dip+j >

√
2 log nu′j

)
≥

(
1√

2 log nu′j
− 1

(
√

2 log nu′j)
3

)
n−u

′2
j

√
2π

= Ω

(
n−u

′2
j

√
log n

)
, (47)

recalling the asymptotic notation from Section 1.4.5. Combining the two bounds
(46) and (47) with the factorization (45), we have

E [1Ai ] =
(

1−O
(
n−ε

2
))2b k∏

s=1

Ω

(
n−u

′2
s

√
log n

)
= Ω

(
(log n)−k/2 · n−‖u

′‖22
)
,

and the bound implicated by the Ω is uniform over all 1Ai . This in turn means
that

∑
E[1Ai ] → ∞ as n → ∞. It may seem unclear of what use this is to us,

but it is important for bounding the variance term of (43). Thus,

N∑
i=1

var(1Ai) ≤
N∑
i=1

E[12
Ai ]

≤
N∑
i=1

E[1Ai ]

= o

( N∑
i=1

E[1Ai ]

)2
 ,

where the last line used needed the fact that
∑

E[1Ai ]→∞ for large n to rule
out that it is small. Now, we have

E

( N∑
i=1

E[1Ai ]

)2
 = (1 + o(1))

(
N∑
i=1

E[1Ai ]

)2

,

which together with our application of the Paley-Zygmund inequality in (42)
implies P(

∑
1Ai ≥ 1) = 1− o(1), concluding the proof of the lemma.

Next, we define the matrix Π(k) as the k × k matrix (Πj,k)1≤j,k≤k, with
the entries of Π defined as in (15). Following the same steps as at the end of
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Subsection 3.3, using in particular Equations (38) and (39), we can show that

‖Π(k)‖22→4 = sup{λ1(Π(k) diag(δ)Π(k)) : δ ∈ Rk, ‖δ‖2 ≤ 1},

as an alternative representation of the 2 → 4 norm of Π(k). Before we go any
further, we need to make sure that Π(k) behaves as expected, e.g. its asymptotic
behaviour should be the same as Π. In particular, we need the following lemma.

Lemma 3.14. In the limit k →∞,

‖Π(k)‖2→4 = ‖Π‖2→4.

Proof. Recall the definition of Π in (14). All the maps ψ, θ[0,1/2], ψ
−1 as well as

the inclusion map ι : `2(C → `4(C) are bounded. Thus, ‖Π‖2→4 is finite. Fur-
thermore, Π(k) being the restriction of Π to k coordinates, the norm ‖Π(k)‖2→4

is increasing in k and ‖Π(k)‖2→4 ≤ ‖Π‖2→4 for all k.
From Proposition 2.2 we know that Πi,j is a function of |j− i|. In particular,

this means that Πi,j = Πi+l,j+l for any l ∈ Z. Since ‖Π(k)‖2→4 is increasing in
k, we can just as well consider the subsequence ‖Π(2k+1)‖2→4, where

Π(2k+1) = (Πi,j)1≤i,j≤2k+1 = (Πi,j)|i|,|j|≤k

can also be seen as a linear operator on `2(C) through the natural embedding
of C(2k+1)×(2k+1) on the space of bounded linear operators on `2(C), on the
coordinates (i, j) for |i|, |j| ≤ k.

Consider now a sequence of unit vectors v(m) ∈ `2(C) supported on the in-
teger interval [−m,m] such that ‖Πv(m)‖4 → ‖Π‖2→4. For k ≥ m the definition
of the 2 → 4 norm means that ‖Π(2k+1)v(m)‖4 ≤ ‖Π(2k+1)‖2→4. For this to
provide the lower bound we need to complete the proof, we need to show that
the difference

‖Πv(m)‖44 − ‖Π(2k+1)v(m)

‖44 =
∑
|i|>k

∣∣∣(Πv(m))i
∣∣∣4

=
∑
|i|>k

∣∣∣∣∣∣
∑
|j|≤m

Πi,jv
(m)
j

∣∣∣∣∣∣
4

(48)

becomes small. To bound the inner sum, recall from Proposition 2.2 that the
magnitude of Πi,j is bounded above by |j− i|−1. Since v(m) is a unit vector, this
means the inner sum is bounded by (2m+ 1)|i−m|−1. Shifting the summation
variable in the first sum from i to l = |i−m| gives the upper bound

(2m+ 1)4
∑

l>k−m

2

l4
.

Letting k → ∞ sufficiently faster than m means the difference in (48) goes to
zero, concluding the proof of the lemma.

Let τ > 0. We now use Lemma 3.14 and pick u ∈ Rk, ‖u‖2 < 1, such that

λ1(Π(k) diag(u)Π(k)) > ‖Π‖22→4 −
τ

4
, (49)

31



for k large enough. Assume without loss of generality that ui 6= 0 for all i, we
can otherwise shift them little enough to ensure that (49) still holds and ‖u‖2
is still less than 1. Proceed to choose η, 0 < η < min|ui|, such that:

(i) ∀v ∈
∏k
i=1[ui − η, ui + η], λ1(Π(k) diag(v)Π(k)) > τ

2 .

(ii) sup{‖v‖2 : v ∈
∏k
i=1[ui − η, ui + η]} < 1.

Lastly, choose ε such that 0 < ε < min{|ui| − η}.
With probability converging to 1, there will be at at least one index i such

that the event Ai occurs, according to Lemma 3.13. Then there exists a block
J ∈ Λ containing the whole integer interval [ip+ 1−dlog ne3, ip+ k+ dlog ne3].
This is because of the way we constructed the intervals Ij in (40) used to define
Ai and our choice of ε guarantees that the whole integer interval [ip+ 1, ip+ k]
lies within S, as well as the fact that blocks of Λ are constructed with at least
one invisible brick of minimum length dlog ne3 at either end. We shall need
these indices for which |dl| > ε, so we define the integer interval

F := [ip+ 1, ip+ k].

Conversely, our definition of the parameter b guarantees that there are at least
2 invisible bricks on either side of F , meaning F contains all indices l ∈ J
for which |dl| > ε (since two consecutive invisible bricks mark the boundary
between blocks of Λ).

The restriction from considering the block J to only considering the indices
in F will be the first part in constructing the lower bound. The second part
comes from being able to contain di to the interval [ui− η, ui + η], for all i ∈ F .
This way, we get

λ1(P[J ]Dε[J ]P[J ])√
2 log n

≥ λ1(P[F ]Dε[F ]P[F ])√
2 log n

≥ inf

{
λ1(P[F ] diag(v)P[F ]) : v ∈

k∏
i=1

[ui − η, ui + η]

}
. (50)

The next step will be to apply Proposition 2.3 to let P → Π. The proposition
ensures convergence of the order O(n−1) as long as we stay within distance o(n)
of the diagonal. Since we have restricted our attention to the k indices of F ,
this criterion is fulfilled and we can further bound (50) below by

inf

{
λ1(Π(k) diag(v)Π(k)) : v ∈

k∏
i=1

[ui − η, ui + η]

}
−O(n−1)

≥ ‖Π(k)‖22→4 −
τ

2
−O(n−1).

Applying Lemma 3.14 and letting k →∞, we finally obtain

λ1(P[J ]Dε[J ]P[J ])√
2 log n

≥ ‖Π‖22→4 − τ,

which concludes the proof of Proposition 3.12.
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3.4.2 Non-Gaussian Case

When adapting the result of Section 3.4.1 to the non-Gaussian case, the major
work that needs to be done lies in the proof of Lemma 3.13. If we can adapt
this lemma to work in a non-Gaussian setting, the rest of the proof follows the
exact same steps. We shall omit the full proof here, for a detailed treatment of
this matter, see [22]. Nevertheless, we shall present a very brief synopsis of the
proof.

The truncation result of Lemma 3.3 is still valid, so it suffices to show the
result for (ai)0≤i≤n being independent, centered random variables with unit vari-
ance and uniformly bounded by nγ . We then consider (a′i)0≤i≤n i.i.d. N (0, 1)-
distributed and independent of (ai)0≤i≤n. Since the result of Lemma 3.13 holds
for the Gaussian case, we can extend it to also hold for (ai)0≤i≤n if we can show
that ∣∣E [1Ai ]− E

[
1A′i
]∣∣→ 0 and

∣∣∣E [1Ai1Aj ]− E
[
1A′i1A′j

]∣∣∣→ 0 (51)

for i 6= j, where Ai is defined as in Section 3.4.1, but for (ai)0≤i≤n, and A′i
is analogously defined for (a′i)0≤i≤n. Recall that Ai is defined in terms of the
intervals Ij and the can thus be expressed as a product of indicator functions,
see (44). The indicator function is in this case not a very tractable object,
because it is not continuous. Approximating it with a smooth function is the
key to being able to use a generalisation of the invariance theorem of [9], which
allows us to bound the differences in (51). Getting those bounds small enough
allows us to conclude the proof of Lemma 3.13 in the non-Gaussian case, and
Proposition 3.12 immediately follows.

3.5 Finishing the Proof

Having established both an upper and a lower bound it will now be easy to
combine all the results up until now to prove convergence in probability. Then,
we must argue that we can establish convergence in the Lγ-norm as well. Fi-
nally, we explain how we get the numerical value 0.8288 . . . from the expression
‖Π‖22→4. This is done in the following subsections.

3.5.1 Combining the Upper and Lower Bound

Let us briefly recap what we have proved so far, and what remains to show
in order to conclude the proof of Theorem 1.1. We used auxiliary results to
restrict the class of random variables we need to consider so that in the end
we can assume that (ai)0≤i≤n−1 are uniformly bounded by n1/γ in Lemma 3.3.
Moreover, we rescaled a0 by a factor

√
2 and showed that this means that the

corresponding circulant eigenvalues, the diagonal elements of D, are uncorre-
lated in Lemma 3.2.

In Subsection 3.1.3, we take the first step of aggressively pruning the PDP
matrix. We show that D can be replaced with the matrix Dε, where all elements
with magnitude lower than the threshold ε have been discarded, i.e. set to zero.
The next step comes when we introduce the concept of bricks and blocks as a
clever way of partitioning the elements, in Subsection 3.2. This enables us to
prove Lemma 3.8, showing that we can disregard everything but blocks on the
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diagonal of the matrices P and Dε. Ultimately, this means that we can work
with the matrix

P[J ]Dε[J ]P[J ]

instead of the full matrix PD†P that we were considering initially. The last
step was possible because of the way the elements of P decay away from the
original, and by construction of the block partition Λ that ensures that visible
bricks in different blocks are sufficiently far away from each other.

Armed with these preliminary results, we established the upper bound of
the largest eigenvalue of the block diagonal version of the PDP matrix, Propo-
sition 3.9, in Subsection 3.3. The following section, Subsection 3.4 did the same
for the lower bound in Proposition 3.12, although separated into a Gaussian
and a non-Gaussian case. The rest of this section is dedicated to unify these
bounds and achieve a proof of Theorem 1.1.

Combining the bounds in Propositions 3.9 and 3.12 yields the result that
there exists a sequence of εn such that,

max
J∈Λ:J∩S 6=∅

λ1 (P[J ]Dε[J ]P[J ])√
2 log n

= ‖Π‖22→4 + o(1),

with probability converging to 1. Then, we apply in succession Lemma 3.8,
Lemma 3.4, Equation (10) to arrive at

λ1(T◦)√
2n log n

P−→
√

2‖Π‖22→4, (52)

where
P−→ denotes convergence in probability. Note that we could also apply

Lemma 3.1 to prove that λ1(T) converges in the same way. We will, however,
wait with that until we have shown that we also have convergence in the Lγ-
norm.

3.5.2 Proving Convergence in the Lγ-norm

In Equation (52), we have come as far as proving convergence in probability.
Convergence in the Lγ-norm implies convergence in probability (provided that
γ ≥ 1), but the converse does not hold in general. What we shall need to reverse
this implication is the additional criterion of tightness, as the next proposition
shows.

Proposition 3.15. Let Xn be a sequence of random variables that converges to
c ∈ R in probability. If

sup
n∈Z+

E [|Xn − c|p] <∞

for all p ∈ R+, i.e. the collection {Xn} is tight, then Xn
Lγ−−→ c.

Proof. Take ε > 0 and define

R := sup
n∈Z+

E
[
|Xn − c|2γ

]
.
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Since Xn converges in probability to c, we can find subsets Ωn of the event space
such that:

• For all n large enough, |Xn(Ωn)− c| ≤ ε,

• P(Ωcn) ≤ ε/R.

For n large enough to fulfill these criteria, we can use the indicator function to
split the expectation and bound it thusly,

E [|Xn − c|γ ]] = E
[
1Ωn |Xn − c|γ + 1Ωcn

|Xn − c|γ
]

= E [1Ωn |Xn − c|γ ] + E
[
1Ωcn
|Xn − c|γ

]
≤ εγ +

(
P (Ωcn)E

[
|Xn − c|2γ

])1/2
≤ εγ + ε,

where we used the Cauchy-Schwarz Inequality on the third line. Since ε could
be taken arbitrarily small, this implies E [|Xn − c|γ ]→ 0 as n→∞, and hence
that Xn converges in Lγ-norm to c.

As we can see, all that remains is to prove tightness, then Proposition 3.15
allows us to exchange the convergence in probability in (52) for convergence in
Lγ-norm.

Lemma 3.16 (Tightness). For any p > 0, we have

sup
n≥1

E
[(

λ1(T◦)√
2n log n

)p]
<∞.

The proof hinges on a quite straightforward application of Bernstein’s Inequal-
ity A.2, but shall be omitted here. The full proof can be found in [22]. With
Lemma 3.16, we can finally apply Proposition 3.15 to conclude that the conver-
gence in (52) can be turned into the stronger statement

λ1(T◦)√
2n log n

Lγ−−→
√

2‖Π‖22→4. (53)

All that remains now is to apply Lemma 3.3 to (53) in order to exchange T◦

for T. Hence, we have

λ1(T)√
2n log n

Lγ−−→
√

2‖Π‖22→4,

and only the right hand side remains in order to arrive at the result of Theo-
rem 1.1.

3.5.3 Arriving at the Limit 0.8288. . .

Since we have proven that the largest eigenvalue of T converges in the Lγ-
norm to ‖Π‖22→4, we could consider ourselves done. However, we shall briefly
talk about how to get from this expression, which is essentially an optimiza-
tion problem over `2(C), to the numerical value of 0.8288 . . ., that turns up in
Theorem 1.1.
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Sen and Virág [22], solve this optimization problem by relating the 2 → 4
norm of Π to that of the sine kernel. Start by defining an integral operator
based on the sine kernel

Sin(f)(x) :=

∫
R

sin(π(x− y))

π(x− y)
f(y) dy.

In their paper, they proceed to show that

‖Π‖22→4 =
1√
2
‖Sin‖22→4,

which is still an optimization problem over `2(C). However, this optimization
problem can be related to a case that has been thoroughly studied by Garsia,
Rodemich and Rumsey in 1969 [13]. Once again, we shall omit the details of
precisely how to relate these optimization problems, the method can be found
in [22] for the interested reader. Sen and Virág [22] show that

‖Sin‖22→4 = K1,

where K1 is the solution of the related optimization problem studied by Garsia,
Rodemich and Rumsey [13]. Furthermore, in their paper [13], Garsia, Rodemich
and Rumsey compute the optimum to a high degree of accuracy,

K2
1 = 0.686981293033114600949413 . . . , (54)

which allows us to get the value K1 = 0.8288 . . . and complete the proof of
Theorem 1.1.

4 CLT for Random Toeplitz Matrices

In this section we will investigate the possibilities of reaching some result that
shows a limiting probability distribution for λ1(T )n, provided we find the right
rescaling. First of all, we can consider the existence of such a limiting distribu-
tion probable based on the appearance of the spectrum of Tn. It is “almost”
Gaussian [6], and Gaussian random variables have been studied extensively. In
fact, given n Gaussians that are sufficiently independent, i.e. we can bound their
covariances in some way, the nth order statistic will have a limiting Gumbel dis-
tribution [16]. This is part of the circumstances that lead us to suspect that
there might be a Gumbel distribution in the limit of Tn as n goes to infinity.

Looking deeper into the results of extreme value theory, we find that if we ex-
pect the distribution of the largest eigenvalue of the Toeplitz matrix to converge,
there are only a few possibilities. The Fischer-Tippett-Gnedenko Theorem [20]
says that if the distribution of the maximum of n i.i.d. random variables con-
verges weakly to some distribution, it has to be one of three different types.
Either it belongs to the Gumbel, Fréchet or reverse Weibull family of distribu-
tions. Now, the eigenvalues of Tn are not independent, but due to the decreasing
nature of P away from the main diagonal, we can certainly put some bounds
on the covariances of the eigenvalues, making them “almost” independent.

From the three families of possible limiting distributions, the Gumbel,
Fréchet and reverse Weibull, only the Gumbel seems to be a realistic candi-
date based on the fact that it is the only one that is supported on the whole real
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line. We cannot yet provide a complete proof for this, but we can present some
intermediary results and guesses. A possible approach would be analogous to
the one employed in Section 3, that is to provide an upper and a lower bound,
but this time for the limiting distribution instead. We shall see that this might
yield at least a lower bound. To establish a complementary upper bound would
then complete the result.

4.1 Lower bound

In this subsection we will endeavor to outline a lower bound for the limiting
distribution of Tn. It will not be a complete proof, as there are still some holes,
but rather a proof synopsis and we have confidence that it is possible to fill in the
holes and complete the proof. To this end, we will use the Min-Max Theorem A.5
as well as a couple of results from the 1969 paper of Garsia, Rodemich and
Rumsey [13], which in many ways concerns the continuous analogue of the
present problem.

Essential to this is the function Λ : R → R from [13]. It is defined as the
(unique) maximizer of ∫ −1

−1

|Λ(x)|2 dx,

where the maximum is taken over the class of positive definite functions, sup-
ported only on (−1, 1), and satisfying Λ(0) = 1. The maximum is K2

1 from
(54).

Start by applying the Min-max Theorem A.5 to the matrix PDP in order
to exchange the λ1 operator for a supremum over inner products

λ1(PDP) = sup
v∈C2n:‖v‖2=1

〈v,PDPv〉. (55)

Since the top eigenvalue is now expressed as a supremum, our modus operandi
for proving the lower bound should now be clear. As any vector v ∈ C2n

provides a lower bound through (55), we will find a clever selection of vectors
v(l) ∈ C2n, that will approach the correct limit. A Hermitian matrix is equal to
its adjoint, so we can rewrite the inner product in (55) as

〈v,PDPv〉 = 〈Pv,DPv〉. (56)

We saw in Section 2.3 that the range of P is equal to the eigenspace associ-
ated with the eigenvalue 1. Denote by E this n-dimensional eigenspace and let
v := vE + v0, where vE ∈ E and v0 is in the kernel of P. This decomposition of
v applied to (56) gives

〈P(vE + v0),DP(vE + v0)〉 = 〈PvE ,DPvE〉,

since v0 is in the kernel. Going back to (55), we can therefore restrict the
admissible domain of v to E, while at the same time using (56) to obtain

λ1(PDP) = sup
v∈E:‖v‖2=1

〈v,Dv〉. (57)

With this, we have all we need to construct our selection of vectors v(l),
which as we have shown will be eigenvectors of P. Start by defining ak := Λ( kn )
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for k in the integer interval [−n + 1, n − 1]. It can then be shown that the
sequence ak is a positive definite sequence. We can then apply the Fejér-Riesz
Theorem A.6 to deduce the existence of a vector

c =


c′

0
...
0

 ,

such that c ∈ C2n and c′ ∈ Cn and a = c ∗ c. We can also confirm that, since
a0 = 1, ‖c‖2 = 1. Recalling Subsection 2.3.3, we can define

v := U∗c,

which is then an eigenvector of P. We can apply a circulant shift matrix C(k) :=
C(0, . . . , 0, 1, 0, . . . , 0), where the 1 is in the kth place, to v and v(k) := C(k) will
still be an eigenvector of P. This can be seen from the definition of the DFT in
(4).

As we have now found the collection of vectors v(l) to bound the largest
eigenvalue by (57), we get

λ1(PDP) ≥ max
l

2n−1∑
k=0

dk|v(l)
k |

2. (58)

Denoting the sum on the right hand side of (58) by Xl :=
∑2n−1
k=0 dk|v(l)

k |2, we
can rewrite (58) more neatly as

λ1(PDP) ≥ max
l
Xl.

The point of choosing to construct our collection of eigenvectors v(l) from ak
is that it lets us relate them to Λ in the large n limit. Since v(l) are basically
shifted copies of v, it suffices to study the behavior of |v| away from the origin.
We can show

|vk|2 = Λ̂(k) +O(n−1),

which eventually lets us show that the variance of the Xl is asymptotically
K2

1/2. Note that if our initial Toeplitz matrix was Guassian, the dj will also be
Gaussian and so will the random variables Xl. In this case it would suffice to
bound the covariances to show that the Xl are sufficiently independent and then
apply a convergence theorem, e.g. Theorem 6.2.1. from [16] (although we may
have to tweak it slightly to overcome some issues), to show that the distribution
of the largest eigenvalue is bounded from below by a Gumbel distribution. That
would also give us the specific rescaling parameters.

If, on the other hand, the entries of our initial Toeplitz matrix are not
guaranteed to be Gaussian, we have to do some more work. The standard way
of doing it would be to prove it for the Gaussian case first and then show that we
are allowed to make that approximation even in the non-Gaussian case. There
may also be other fruitful approaches. It is reasonable to expect that, in order
to ensure convergence, we would need the same kind of assumptions about the
moments of these entries as we did in Subsection 1.4.1.
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5 Numerical Investigation

In this section we evaluate some conjectures regarding the eigenvectors and
eigenvalues of Tn and analyze them to see if there is something to be learned
from a numerical analysis. All the computations were carried out on an ordinary
stationary PC or laptop. Should one want further accuracy or greater amounts
of data, a dedicated computer could be used. As most of our numerical inquiries
are of a qualitative rather than quantitative nature, we believe this amount of
computing power is sufficient for our purposes.

5.1 Convergence of λ1(Tn)
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Figure 3: Illustration of the convergence rate of λ1(Tn). The red line is the
theoretical asymptote 0.8288...

As we have shown, after normalizing by
√

2n log n, the top eigenvalue of Tn has
a mean that approaches 0.8288... asymptotically as n→∞. However, we have
said nothing of the nature of this convergence. Whether it is fast or slow, or if
it approaches the asymptotic from above, below or oscillates between the two.
To investigate this matter analytically could be quite a big task. Nevertheless,
we can conduct a numerical analysis of the problem. Using the Matlab code in
Appendix B.2, we obtain data with which we construct the plot in Figure 3.

Regarding the parameters used, the simulations to obtain Figure 3 used 104

iterations to get the mean for each data point (except for n = 214, for which
only 103 samples were used). With that many iterations, it becomes numerically
infeasible to extend it any further than to n = 214, as the computing times will
be too long for larger dimensions, and memory requirements are higher. From
the figure, we can see that we are still far (only within 90% of the real value)
from reaching the theoretical asymptotic 0.8288... (shown as the red dashed
line). This shows that the convergence is indeed quite slow, and a numerical
approach to investigating the rate of convergence might not be feasible with
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the hardware used for these computations. However, we have showed that the
convergence seems to be from below and monotonically increasing towards the
asymptote.

5.2 The Distribution of λ1(Tn)

Figure 4: Histogram of 105 samplings of λ1(T1024)

The data for this subsection consists of 104 samplings of λ1(T8192). With the
right normalizing factor, dependent on n, we could expect the distribution of
λ1(Tn) to converge to some distribution. As λ1 is the nth order statistic of all
the eigenvalues of Tn, and as we have seen in Figure 2, the spectrum of Tn is
almost Gaussian, it is a reasonable guess that the limiting distribution would be
a Gumbel distribution. For more on why this guess is motivated, see Section 4.
Indeed, looking at the histogram in Figure 4, it looks very similar to a Gumbel
distribution. Without focusing on the right normalization parameters for now
we just want to know if the guess of convergence towards a Gumbel distribution
could be correct. To this end we generate a QQ plot, plotting the quantiles of
the simulated sample against the quantiles of a Gumbel distribution. This can
be seen in Figure 5, and it shows that the conjecture that λ1(Tn) converges to
a Gumbel distribution is very likely to be true.

5.3 Eigenvectors of Tn and PDP

As the matrix Tn is random, so are its eigenvectors. Any recurring trait would
therefore be due to the inherent structure of the symmetric Toeplitz matrix
or the distribution of the ai. We can visualize the eigenvector corresponding
to the largest eigenvalue by plotting the elements of the eigenvector in a bar
plot, see Figure 6 for some examples. It can clearly be seen that there is an
oscillating behavior. To be more precise, the eigenvector looks like a sine wave
that has been sampled at n equidistant points. See Figure 7 for an example of
this behavior, illustrated with an overlaid plot of a sine function.
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Figure 5: The 104 sample points of λ1(T8192) plotted against a Gumbel distri-
bution in a QQ-plot

As we already have a formula for retrieving the eigenvector of PDP given
an eigenvector of Tn in (19), we should be able to make some conjectures about
its nature from that formula. Given w(1), the eigenvector of T corresponding
to the largest eigenvalue, the eigenvector of PDP corresponding to the largest
eigenvalue (of both T and PDP) v(1) is the inverse DFT of w(1) (plus n trailing
zeroes). According to our understanding of the DFT, the eigenvector v(1) should
indicate the frequency of the oscillations in w(1). The clearer the wave pattern
of w(1), the more of a “spike” should be indicated at its frequency in v(1). This
is seen very clearly in simulations. As an example, we can consider Figure 8.
For this particular instance, we can discern 23.5 oscillations in the eigenvector
of Tn. Correspondingly, the only indices for which the the absolute value of the
PDP eigenvector exceeds 0.1 are 46, 47 and 48 on the left side. This corresponds
exactly to the number of oscillations times two. On the right side, the indices
are 976, 977 and 978, which is the same as 2n− 46, 2n− 47 and 2n− 48. This
is the symmetry that was proven in Proposition 2.8.

Another thing worth noting from the examples of Figure 6, 7 and 8 is that
the eigenvectors of the Toeplitz matrix always are either symmetric or anti-
symmetric around the mid point. While we focused on finding symmetries in
the PDP eigenvectors in Subsection 2.5, this symmetry/antisymmetry in the
eigenvectors of T was initially not so obvious, but it could be an easy thing to
prove.

5.4 Eigenvectors of PDP

Looking at Figure 8, we see a typical instance of an eigenvector of the random
PD†P matrix. There is a clear peak at the index corresponding to the fre-
quency of the associated eigenvector of T, call it Kn, as well as its mirror image
at 2n − Kn which is complex conjugated. This is exactly what we proved in
Proposition 2.8.
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Figure 6: Some instances of eigenvectors corresponding to the top eigenvalue of
Tn for different n.

One question we could ask ourselves is, what is the distribution of this ran-
dom integer Kn? We simulated this by instantiating a random Toeplitz matrix
Tn and finding the corresponding Kn, represented by the peak index of the
PDP eigenvector, see the code in Appendix B.4. By collecting 105 samples, we
get a graph that should represent the distribution of Kn in Figure 9. As we
can see, there is a peculiar behavior at the edges where the relative frequency
is much higher. Disregarding the extremal indices, the distribution looks uni-
form. The explanation for this anomalous behavior could be that there is just
a numerical artifact, or some consideration that was missed in the code. On
the other hand, the possibility should not be excluded that this indeed reflects
some inherent property of the eigenvectors.

One of the conjectures put forth in [22] concerned the degree of localization
of the eigenvectors of PD†P. While we have not been able to investigate that
matter analytically, it is easy to construct a script that will do it for certain
parameter choices.

Using the code in Appendix B.4, we computed the width of the spike of
the top PDP eigenvector necessary to account for 95% of the 2-norm. This
was done for 100 iterations for each n varying from 24 to 212, and then the
median and mean were calculated for that value of n. The result can be seen in
Figure 10.

Observe first the data for the mean, which follows a curve with a local
maximum somewhere between n = 27 and n = 29. We believe that this is an
artifact of instability in the code coupled with the mean’s sensitivity to outliers.
The way the code was written, if there was asymmetry or other deviations in
the eigenvector being studied, it would sometimes return n as a default for when
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Figure 7: Illustration of the sine wave behavior of the top eigenvector of T512.
The eigenvector is plotted in the blue bar plot, and a sine function with matching
frequency and offset is overlaid in orange.

the width was not possible to measure correctly. Therefore, the median should
provide a much more stable measure.

Note that for the chosen range of values for n the curve for the median is
essentially flat. This could indicate that the size of the set required to support a
certain proportion of the 2-norm is of order O(1). However, it could also be the
case that we simply have insufficient data, and that continuing with higher n
would reveal some other asymptotic behavior. Since larger matrices are difficult
when it comes to these kind of computations, the answer to this question can
really only realistically be found with an analytic approach.

Appendices

A Theorems

Throughout the thesis, we make use of several theorems and results that, if they
are not listed elsewhere in the text, have been placed here. Some of them are
well known and should require little introduction, but it is good to state them
anyway, and others simply did not fit logically into the flow of the text and are
therefore collected here. Proofs will be given where it is relevant and feasible.
We start with some useful inequalities.
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Figure 8: Comparison between top eigenvector of Tn and PD†P for n = 29

Theorem A.1 (Union Bound). Given a collection of events {Ei}i∈I , for a
countable index set I,

P

(∨
i∈I

Ei

)
≤
∑
i∈I

P(Ei),

where
∨

denotes the logical (non-exclusive) or.

The proof is a simple matter of applying the axiom of countable additivity. This
is a very simple but useful inequality that will be used over and over again.

Theorem A.2 (Bernstein’s Inequality). [26] Let {Xi}1≤i≤k be a collection of
independent random variables with zero mean and bounded uniformly by M
almost surely. Then, for all t > 0

P

{
k∑
i=1

Xi > t

}
≤ exp

(
1
2 t

2∑k
i=1 E[X2

i ] + 1
3Mt

)
.

Theorem A.3 (Paley-Zygmund Inequality). Let X be a non-negative random
variable with finite variance, and take θ ∈ [0, 1]. Then

P(X > θE[X]) ≥ (1− θ)2E[X]2

E[X2]

Proof. Set µ = E[X] and split the random variable X into two parts using the
indicator function, X = X1{X≤θµ} + X1{X>θµ}. Taking the expected value
gives

µ = E
[
X1{X≤θµ}

]
+ E

[
X1{X>θµ}

]
. (59)
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Figure 9: Numerical distribution of K128 based on 105 samples.

The first term of (59) is trivially bounded by θµ. We bound the second term
with Cauchy-Schwarz,

E
[
X1{X>θµ}

]
≤ E

[
X2
] 1

2 E
[
12
{X>θµ}

] 1
2

= E
[
X2
] 1

2 P(X > θµ)
1
2 .

Now, using these two bounds on the terms on the right hand side of (59) and
rearranging terms gives

P(X > θµ) ≥ (1− θ)2 µ2

E[X2]
,

which proves the inequality.

Proposition A.4. Let A be a Hermitian n × n matrix. Then the following
inequality holds

‖A‖sp ≤
√
‖A‖1‖A‖∞.

Proof. The result is a direct consequence of the Riesz-Thorin Theorem, but we
will give a different, easy proof here. Let x be an eigenvector of A associated
with the eigenvalue ±ρ(A), and denote by X the square matrix with all the
columns equal to x. For any matrix norm ‖·‖, we get the following inequality

ρ(A)‖X‖ = ‖ρ(A)X‖
= ‖AX‖
≤ ‖A‖‖X‖,

where the last inequality is due to the sub-multiplicative property of matrix
norms. Dividing out ‖X‖ on both sides gives ρ(A) ≤ ‖A‖ for any matrix norm
‖·‖. In our case of square matrices, this could be interpreted as the spectral
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Figure 10: The median width of the peak of the eigenvectors of PDP.

norm being the smallest of all norms. Now the claim of the proposition is
obvious since

‖A‖2sp = ‖A‖sp‖A‖sp ≤ ‖A‖1‖A‖∞.

The next two theorems are very classic, fundamental results. To give proofs
of these is not within the scope of the present thesis, they can be found by
following the references. Their results shall nevertheless be very useful in our
work.

Theorem A.5 (Min-max Theorem). [17] Let A be a Hermitian n× n matrix.
The top eigenvalue of A is then given by

λ1(A) = max
x∈Cn

〈Ax, x〉
‖x‖22

= max
x∈Cn:‖x‖2=1

〈Ax, x〉.

Theorem A.6 (Fejér-Riesz Theorem). [21] Let w(z) =
∑n
−n ajz

j be a Laurent
polynomial with complex, positive definite coefficients {ak} or, equivalently, that
satisfies w(ζ) ≥ 0 for ζ ∈ T. Then it can be written as

w(ζ) = |p(ζ)|2, ζ ∈ T

for some polynomial p(z) =
∑n

0 cjz
j.

And last but not least, a bound for the spectral norm of the D matrix:

Lemma A.7. The spectral norm of D can be bounded from above with proba-
bility going to 1 as n→∞, by C

√
log n for some constant C > 0.

Proof. The spectral norm is in this case given by

‖D‖sp = max
j
|dj |,
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but remember that we have just n+ 1 distinct random variables here, as shown
by the symmetry of Proposition 2.5. Create the n + 1 new random variables
X0 = d0, Xn = dn and Xj =

√
2dj for 0 < j < n (where the scaling factor√

2 appears for all but X0 and Xn because we want them to have the same
variance). Then define another another n + 1 variables by Xn+1+i = −Xi for
0 ≤ i ≤ n. Now we have a collection of 2n + 2 Gaussian random variables Xj

for 0 ≤ j ≤ 2n+ 1, identically distributed (but not independent!) with variance
2 and mean 0. Consider the max of all these, Z = maxj Xj , for which we can
now say

‖D‖sp ≤ Z.

Using the fact that the exponential function is monotone, we can write

P(Z ≥ C
√

log n) = P(etZ ≥ etC
√

logn)

for the parameter t > 0 that we will set later. Using Markov’s Inequality and
then the Union Bound A.1, we get

P
(

etZ ≥ etC
√

logn
)
≤

E
[
etZ
]

etC
√

logn

=
E
[
maxj etXj

]
etC
√

logn

≤
∑
j E
[
etXj

]
etC
√

logn

=
nE
[
etX0

]
etC
√

logn
, (60)

where the last inequality being due to all the Xj being identically distributed.
The nominator in the last row of (60) is simply the definition of the moment
generating function of X0. This is known (or readily calculated, see e.g. [8])

for Gaussians and with these parameters we have mX0(t) = et
2

. Continuing at
where we left off in (60),

nE
[
etX0

]
etC
√

logn
=

net
2

etC
√

logn

we can see that the ”right” choice of t is simply
√

log n. Setting t =
√

log n,
we end up with n2−C , which goes to zero as n goes to infinity if C > 2, which
proves the claim.

B Code

In this appendix the code that was used to produce the data in Section 5 is
listed. To avoid redundancy, only the most significant parts will be listed.

B.1 Spectra

First is the code used to generate the spectra shown in Figure 1.

47



1 Ndim = 2^14;

2 A = zeros(Ndim);

3

4 for j = 1:Ndim

5 for k = 1:Ndim

6 if k >= j

7 A(j,k) = randn;

8 A(k,j) = A(j,k);

9 end

10 end

11 end

12

13 lambda = eig(A);

14

15 histogram(lambda ,100)

And next is the corresponding code to plot the spectra of the Toeplitz matrices
in Figure 2.

1 Ndim = 2^9;

2 Niter = 10^5;

3 lambda = zeros(Ndim * Niter , 1);

4

5 for j = 1:Niter

6 a = randn(Ndim ,1);

7 A = toeplitz(a);

8 lambda (((j-1)*Ndim + 1):(j*Ndim)) = eig(A);

9 end

10

11 histogram(lambda ,100)

B.2 Distribution of λ1(Tn)

The following code was used to compute the mean values for λ1(Tn) and plot
the convergence rate in Figure 3. The same code, with minor adjustments, was
used to acquire the data used for the histogram in Figure 4 as well as the QQ
plot in Figure 5.

1 %% Generate data

2 Ndim = 2.^(2:14);

3 Niter = 10^4;

4 mean_eig = zeros(length(Ndim), 1);

5

6 for j = 1: length(Ndim)

7 data = zeros(Niter , 1);

8 for k = 1:Niter

9 A = toeplitz(randn(Ndim(j), 1));

10 data(k) = eigs(A, 1, ’largestreal ’);

11 end

12 normalizer = sqrt( 2 * Ndim(j) * log(Ndim(j)) );

13 mean_eig(j) = mean(data) / normalizer;

14 end

15

16 %% Generate plot

17 clf

18 semilogx(Ndim , mean_eig ,’b*’);

19 hold on

20 semilogx ([1 3*(10^4)], 0.8288* ones (2,1), ’r--’,’LineWidth ’ ,1.5)

21 axis ([3 2.3*(10^4) 0.55 0.85])

22 ylabel(’Normalized mean top eigenvalue of Tn’)

23 xlabel(’n’)
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B.3 Eigenvectors of T and PD†P

Next is the code for generating and plotting the eigenvectors of T and PD†P.
Essentially the same code is used for Figures 6, 7 and 8, but with different
plotting options. The one shown below will generate the plot from Figure 8.

1 %% Initiate eigenvectors

2

3 Ndim = 2^9;

4 a = randn(Ndim , 1);

5

6 [vToep , ~] = eigs(toeplitz(a), 1, ’largestreal ’);

7 [vPDP , ~] = eigs(PDP(a), 1, ’largestreal ’);

8

9 %% Generate plots

10

11 clf

12

13 subplot (3,2,1);

14 bar(real(vPDP));

15 title(’Real part of PDP eigenvector ’);

16

17 subplot (3,2,2);

18 bar(imag(vPDP));

19 title(’Imaginary part of PDP eigenvector ’)

20

21 subplot (3,2,3:4);

22 bar(abs(vPDP));

23 title(’Absolute value of PDP eigenvector ’);

24

25 subplot (3,2,5:6);

26 bar(vToep);

27 title(’Toeplitz matrix eigenvector ’);

28

29 %% Functions

30

31 function X = PDP(a)

32 Ndim = length(a);

33 U = 1/sqrt (2* Ndim) ...

34 * exp(pi*1i/Ndim * (0:(2* Ndim -1)) ’*(0:(2*Ndim -1)));

35 Q = [eye(Ndim) zeros(Ndim) ; zeros(Ndim ,2* Ndim)];

36 b = [a; randn; a(end:-1:2)]’;

37 C = toeplitz ([b(1) fliplr(b(2:end))], b);

38 X = 1/sqrt (2* Ndim)*U’*Q*C*Q*U;

39 end

B.4 PDP Eigenvector Support

This last bit of code is responsible for generating the data on the width of the
PDP eigenvector spikes presented in Figure 10. With some slight modifications,
it can also be used to produce the result of Figure 9.

1 %% Initialize variables

2

3 Ndim = 2.^(4:12); %values of n to be sampled

4 Niter = 100; %number of samples per value of n

5 peak_threshold = 0.35; %min height of peak to identify

6 supp_threshold = 0.95/ sqrt (2); %95% of the norm (half vector !)

7 Width = 3; %min detectable width between peaks

8

9 Kn = zeros(Niter ,1);
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10 support = cell(length(Ndim) ,1);

11

12 %% Compute

13

14 for j = 1: length(Ndim)

15 nopeak = 0; %counter for no identifiable peak

16 multpeak = 0; %counter for multiple peaks

17

18 tic

19 U = 1/sqrt (2* Ndim(j)) * exp(pi*1i/Ndim(j) ...

20 * (0:(2* Ndim(j) -1)) ’*(0:(2* Ndim(j) -1)));

21 P = U’*[ eye(Ndim(j)) zeros(Ndim(j)) ; ...

22 zeros(Ndim(j) ,2*Ndim(j))]*U;

23 supps = zeros(Niter ,1);

24

25 for k = 1:Niter

26 [v,~] = eigs(PDP(Ndim(j),P),1,’largestreal ’);

27 peak = find(abs(v(1:( Ndim(j)+1))) > peak_threshold);

28 if isempty(peak)

29 nopeak = nopeak + 1;

30 elseif (max(peak) - min(peak)) > Width

31 multpeak = multpeak + 1;

32 else

33 Kn(k) = round(mean(peak));

34 supp = 1; %width around the peak to test norm

35 %increase width until norm reaches threshold

36 while norm(v(max(Kn(k)-supp ,1):min(Kn(k) + supp , ...

37 Ndim(j)+1))) < supp_threshold

38 if supp > Ndim(j)

39 disp(’You almost got stuck in an endless loop’)

40 return

41 end

42 supp = supp + 1;

43 end

44 support_interval = min(Kn(k) + supp ,Ndim(j)) ...

45 - max(Kn(k)-supp ,1) + 1;

46 supps(k) = support_interval;

47 end

48 end

49 support{j} = nonzeros(supps);

50 t = toc;

51 fprintf(’Time elapsed to sample %d samples with n = %d was ...

52 %g seconds\n’,Niter ,Ndim(j),t)

53 fprintf(’No peak was found in %d out of %d samples\n’, ...

54 nopeak ,Niter)

55 fprintf(’Multiple peaks were found in %d out of ...

56 %d samples\n’,multpeak ,Niter)

57 end

58

59 %% Plot support

60

61 median_support = zeros(length(Ndim) ,1);

62 mean_support = zeros(length(Ndim) ,1);

63

64 for j = 1: length(Ndim)

65 median_support(j) = median(support{j},’all’);

66 mean_support(j) = mean(support{j});

67 end

68

69 figure (1)

70

71 semilogx(Ndim , median_support ,’*’)
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72 hold on

73 semilogx(Ndim , mean_support ,’g*’)

74

75 axis ([( Ndim (1) /2) (Ndim(end)*2) ...

76 0 (max(max(mean_support),max(median_support))+1)])

77 legend(’median ’,’mean’)

78 xlabel(’n’)

79 ylabel(’size of support ’)

80 title(’Number of elements to account for 95% of eigenvector norm’)

81

82 %% Functions

83

84 function X = PDP(n,P) %create one instance of a random PDP matrix

85 a = randn(n-1,1);

86 d0 = sqrt (2)*randn;

87 dn = sqrt (2)*randn;

88 D = sparse(diag([d0; a; dn; flip(a)]));

89 X = P*D*P;

90 end
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[15] A. Hurwitz. Über die Erzeugung der Invarianten durch Integration.
Nachrichten von der Gesellschaft der Wissenschaften zu Göttingen,
Mathematisch-Physikalische Klasse, pages 71–90, 1897.

[16] M. R. Leadbetter, G. Lindgren, and H Rootzén. Extremes and Related
Properties of Random Sequences and Processes. Springer, New York, NY,
1 edition, 1983.

52



[17] E. H. Lieb and M. Loss. Analysis: Second Edition, volume 14. American
Mathematical Society, 2 edition, 2001.

[18] H. L. Montgomery. The pair correlation of zeros of the zeta function.
Analytic number theory, Proc. Sympos. Pure Math., XXIV:181–193, 1973.

[19] K. Rajan and L. F. Abbott. Eigenvalue spectra of random matrices for
neural networks. Physical Review Letters, 97(18):188104, Nov 2006.

[20] S. I. Resnick. Extreme Values, Regular Variation and Point Processes.
Springer, New York, NY, 1 edition, 1987.
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