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Summary

One way of taking care of spent nuclear fuel is to place it in a geological

repository. In Sweden, a three-barrier system is planned. The system is

based on encapsulating the fuel in copper canisters. These are surrounded

by bentonite clay and buried under 500 m of bedrock. As a part of the

safety assessment, the Q-equivalent model is used to quantify the possible

release of radioactive material. This model also describes the rate at which

corrosive agents carried by seeping water in rock fractures can reach the

canisters, which may affect the longevity of the canisters.

The aim of this thesis was originally to develop an experimental, phys-

ical model to visualize and validate the Q-equivalent model. However, the

overarching theme of this work has been to study the effect of minor density

differences that might be overlooked in experiments, both concentration-

dependent and density-difference induced by light absorption.

In the initial diffusion and flow-experiment and associated calculations

and simulations, it was found that simple Q-equivalent can describe and

quantify the mass transport in both parallel and variable aperture fractures.

However, this is the case only if the density difference between seeping water

and clay pore water is insignificant. It was found in experiments with dyes

used to visualise the flow and diffusion patterns that even minimal density

differences could significantly alter the flow pattern. Density differences can

result from concentration gradients or be induced by light absorption. The

Q-equivalent model was extended to account for density-induced flow. The

importance of density-induced flow due to concentration gradients at the

setting of a long-term repository for nuclear waste was evaluated. It was

found that concentration gradients are able to induce rapid vertical up- or

downward flow. This could increase the overall mass transport of radioactive

material up to the biosphere or carry it downward to larger depths.

Keywords: Tracer experiments, solute transport in fractured rock, ad-

vection-diffusion experiments, repositories, equivalent flowrate.
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Sammanfattning

Ett sätt att ta hand om använt kärnbränsle är att placera det i ett geologiskt

slutförvar. I Sverige planeras ett tre-barriärsförvar. Konceptet baseras p̊a

att kapsla in det förbrukade bränslet i koppar kapslar som sedan placeras

500 m ner i berggrunden och omslutas av bentonitlera. Som en del av

säkerhetsanalysen, används Q-ekvivalent modellen för att kvantifiera det

möjliga utsläppet av radioaktivt material. Modellen beskriver ocks̊a med

vilken hastighet korrosiva ämnen som färdas med det l̊angsamma vattnet i

sprickorna kan n̊a kapslarna, vilket kan p̊averka dess livslängd.

Målet med denna avhandling var ursprungligen att utveckla en experi-

mentell uppställning for att visualisera och validera Q-ekvivalent modellen.

Det övergripande temat har varit att studera effekten av sm̊a densitetsskill-

nader som kanske förbises i experimenten.

I de initiala diffusion och flödesexperiementen med tillhörande beräk-

ningar och simuleringar, framkom det att enkla Q-ekvivalent modellen kan

beskriva och kvantifiera masstransport i b̊ade parallella och sprickor med

oregelbunden apertur. Dock, är det endast om densitetsskillnaden mellan

det sipprande vattnet och porvattnet i bentonitleran är försumbar. Det

visade sig att i experiment, med färgämnen för att visualisera flödes- och

diffusionsfördelningar, kan minimala densitetskillnader p̊averka flödesfördel-

ningen avsevärt. Densitetsskillnaderna berodde antingen p̊a grund av kon-

centrations gradienter eller ljusabsorption. Q-ekvivalent modellen utökades

för att ta hänsyn till densitetsdrivet flöde. Betydelsen av densitetsdrivet

flöde orsakat av koncentrationsskillnader för slutförvar av radioaktivt avfall

utvärderades. Det fanns att koncentrationsgradienter kan inducera snabba

vertikala upp- och nerg̊aende flöden. Detta kan öka den totala masstrans-

porten av radioaktivt material upp till biosfären eller föra det ner̊at till

större djup.

Nyckelord: Sp̊arämnesexperiment, ämnestransport i bergssprickor, ad-

vektion och diffusionsexperiment, slutförvar, ekvivalent flöde.
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Notation

A Cross sectional area m2

b Aperture m

bp Mean of aperture field m

c Concentration kg/m3

c̄ Normalized concentration –

cint Concentraion at middle inteface kg/m3

c0 Concentration at the water/bentonite interface kg/m3

cout Outlet concentration kg/m3

cp Solute concentration in the pore water kg/m3

cw Groundwater concentration kg/m3

Cp,a Heat capacity of acrylic glass J/K

Cp,w Heat capacity of water J/K

Dp Pore diffusivity m2/s

Dw Diffusion coefficient m2/s

eGray Surface emissivity –

g Gravitaional constant m/s2

h Height m

ha Heat transfer coefficient W/(m2 K)

H Hydraulic head m

I/I0 Light intensity over background light intensity –

k Permeability m2

ka Thermal conductivity acrylic glass W/(m K)

kw Thermal conductivity water W/(m K)

l Source length m

N Mass transfere rate kg/s

p pressure Pa

q0 Power flux W/m2

Qeq Equivalent flow rate m3/s

Qtot Flow rate m3/s

rh Cylinder radius m

Rd Retardation factor –

t time s

Ta(side) Acrylic glass temperature K

T Temperature K

TT Transmissivity m2/s

V



T0 Room temperature K

Ts Room surface temperature K

Tw Water temperature K

u Velocity m/s

u(x, y) Velocity field m/s

ux Velocity x-component m/s

uz Velocity z-component m/s

y Slot height m

youtlet Outlet height m

z0 End of water buffer interface m

Greek symbols

β Density coefficient m3/kg or [–]

δm Aperture m

ε Light absorption coefficent 1/m

εI/I0 Light dependent light absorption coefficent 1/m

εp Porosity –

η Penetration depth m

µ Viscosity Ns/m2

µw Water viscosity Ns/m2

ρ Density kg/m3

ρurn Uranine crystal density kg/m3

σBB Stefan-Boltzmann coefficient W/(m2 K4)

τ Residence time s
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Chapter 1

Introduction

1.1 Background

In Sweden, like many other countries, a final geological repository for

storage of spent nuclear fuel is planned. The Swedish design for iso-

lating the radioactive material is called KBS-3 and consist of a three-

barrier system. The barriers are, in order from the fuel and out, cop-

per canister, bentonite clay and overlying 500 m crystalline bedrock.

These barriers will keep the radioactive material isolated for hundreds

of thousands of years. In case of a canister breach by corrosion or

shear, radioactive nuclides from the fuel can dissolve in water, and

escape the canister by diffusion into and through the water-saturated

bentonite clay. It can be transported away by groundwater seeping

in fractures in the rock up into the biosphere. Via the same pathway,

corrosive agents in the groundwater can migrate in to the canister

and degrade it (Faybishenko et al., 2016).

It is not possible to perform experiments covering the long times

involved. Therefore, one must rely on well-founded models to assess

the evolution of the repository and the potential release. Mathemat-

ical models are, therefore, needed to predict the long-term perfor-

mance of the KBS-3 depository to quantify the rate of mass transfer of

radionuclides and corrosive agents through the barriers. One of these

1



Chapter 1

models is the Q-equivalent model (Neretnieks, 1979; Neretnieks et al.,

2010), which describes the transport capacity of the groundwater as

an equivalent flow rate, Qeq, which carries a substance between can-

ister or dissolving fuel and seeping groundwater around the canister.

It accounts for all resistances contributed by the multiple barriers.

This thesis mainly focuses on mass transport at the interface be-

tween the saturated bentonite clay and fractures with seeping water.

It is possible to express the mass transfer rate by

N = Qeq(c0 − cw) (1.1)

where c0 is the concentration, of one species, at the bentonite/water

interface and cw is that of the same species in the incoming water.

1.2 The Q-equivalent model concept for flow

in a fracture

The Q-equivalent model is used to summarize and visualise the com-

plex processes involved in the mass transfer between canister and

seeping groundwater. This section will focus on describing the Q-

equivalent calculations at the interface between the bentonite buffer

and a fracture in the rock with seeping water. A simple illustration

of the idea underlying the model is given below.

In the original model by Neretnieks (1979), the rock fractures

have smooth parallel walls, and it is assumed that there is smooth

rock/buffer interface, constant water flow rate and that the sys-

tem has reached steady-state. The following simple expression out-

lines the thinking behind the Q-equivalent model (Neretnieks, 1979;

Neretnieks et al., 2010):

Qeq = ubηmean (1.2)

where u is the water velocity along the source, b is the aperture, and

2



Chapter 1

(a) (b)

Figure 1.1: Solute transport by diffusion and convection from (a) a cylin-
drical solute source and (b) from a horizontal solute source. Figure taken
from: Winberg-Wang, 2018 (Paper I).

ηmean is the mean penetration depth of the solute.

The time the water spends at the mass transfer interface depends

on the travel length and the velocity of the seeping water. The res-

idence time, τ for the seeping water, when a fracture intersects a

circular deposition hole, with cylinder radius, rh, filled with clay, im-

permeable to flow, is

τ =
πrh
u

(1.3)

When the solute penetration depth by diffusion is small compared

to the radius of the cylinder, the circular strip of water with solute

can be straightened as shown in the right-hand frame in Figure 1.1.

A straight solute source (of length l) is used, and the residence time

for this simplified case is:

τ =
l

u
(1.4)

To calculate to what mean-distance into the water, the solute

3
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has diffused and obtained the same concentration as at the buffer

interface, the solutes mean penetration depth, ηmean, is given by:

ηmean =
1

c0

∫ ∞
0

c(y)dy (1.5)

The concentration profile is obtained from the solution of the non-

stationary diffusion equation for linear diffusion (Bird et al., 2007)

which reads as:

c(y) = c0 erfc

(
y

2
√
Dwτ

)
(1.6)

where Dw is the diffusivity. The mean penetration depth is then

obtained by integration of Eq. (1.5) as:

ηmean =
2√
π

√
Dwτ ≈ 1.13

√
Dwτ (1.7)

For a straightened strip for which τ is given by Eq. (1.4) the above

leads to:

Qeq = ubηmean = 1.13 b
√
Dwlu (1.8)

For a curved interface for which τ is given by Eq. (1.3) we obtain,

considering both sides of the cylinder:

Qeq = 2ubηmean ≈ 2× 1.13 b
√
Dwuπrh = 4.0 b

√
Dwurh (1.9)

An exact solution for the cylindrical case accounting for the curvature

was derived by Pigford (see Chambre et al. (1982)):

Qeq = 4.51 b
√
Dwurh (1.10)

This expression is only valid for not very large penetration depths of

4
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the diffusion front. The range of validity is given by Pe > 4.

Pe =
urh
Dw

(1.11)

It has been shown (Liu and Neretnieks, 2005) that this simple

model also gives a fair approximation for rough variable aperture

fractures and when these intersect a canister at other angles than

perpendicularly.

1.3 Sustainability

Further, when considering the UN Sustainable Development Goals

(2019), put in place to protect the planet, the topic connected to

this thesis can be seen mainly relating to Goal 6–clean water and

sanitation, Goal 7–affordable and clean energy, Goal 13–climate ac-

tion and Goal 15–life on land. When coming to final depositories for

spent nuclear fuel and its associated waste, solute migration in frac-

tured rock is extremely important. It is essential to be able to assure

that no harmful levels of radioactive matter escape the enclosure, for

generations to come, by assessment and helping developing models

to mitigate the possible release. Since in case of a leak, radioactive

isotopes can make its way up into the biosphere, transported by the

groundwater seeping in the rock fractures, where it can cause severe

harm to living organisms. The topic is also crucial since ensuring that

the safe-keeping of spent nuclear fuel and all radioactive by-products

from nuclear plants can be stored in a secure, reliable way, the use of

nuclear energy can be continued to be promoted. Because, nuclear

energy can provide large amounts of energy with minimal emissions

and carbon dioxide contribution, comparing to more traditional en-

ergy sources such as coal, which is vital to decrease pollution, both

locally and globally, and to not contribute to the rise in the global

temperature (IAEA, 2019).

5
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1.4 Aims, scope and structure of the thesis

The initial aim of this work was to, by experiments, visualize and val-

idate the Q-equivalent model used in modelling radionuclide release

from a repository for spent fuel. With time, it evolved into a study

of difficulties with dye tracer studies and how to circumvent these

difficulties induced by buoyancy due to fluid densities caused by the

diffusing dyes. This, in turn, led to studies of how buoyancy could

influence the Q-equivalent concept and the release of radionuclides in

a repository. This thesis starts with describing diffusion experiments

into flowing water in Chapter 2. During this experiment, the impor-

tance of small density differences between the seeping water and the

dye was established. The work continues by visualization of the Q-

equivalent model in a no-flow setting by conducting the diffusion in an

agar domain in Chapter 3. This experiment is used for the aimed val-

idation. Thereafter the effect of solute-concentration driven-density

flow in a repository setting is explored in Chapter 4, where it is shown

the Q-equivalent concept and the quantitative model it leads to can

be extended to apply to buoyancy-driven flow. It also suggests that

buoyancy-driven flow can have beneficial as well as the detrimen-

tal impact on radionuclide release. In Chapter 5, some phenomena

with unexpected uranine (dye) experienced during some of our earlier

work as well as an experiment in Finland, is further examined and

the impact on buoyancy in flow experiments described. This high-

lights the difficulties of using dyes in long-time experiments where

the buoyancy-driven flow can dominate over pressure-driven flow.

6
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Visualisation experiments of mass

transfer into seeping water pass-

ing a dye source

This chapter summarizes paper Winberg-Wang and Neretnieks (2019),

Paper IV. To provide sought after experimental evidence and visual-

ization of the Q-equivalent concept, both for scientific evidence but

also to make the concept easier to understand for persons of different

discipline background, an experimental setup was designed to visu-

alize the equivalent flow rate processes involved. The main idea was

to let a solute diffuse from a source into a creeping flow perpendic-

ular to the solute source. A coloured tracer, red carminic acid, was

used to visualize the diffusion and flow through a variable aperture

slot. The purpose of this experiment was to demonstrate the solute

transport from the bentonite clay, represented by the dye source, into

water seeping in a fracture. A schematic of the experimental setup is

shown in Figure 2.1.

During this work, it was found that tracer systems with low flow

rates are susceptible to density differences in vertical as well as hori-

zontal slots. Density differences can result in buoyancy induced flow,

circulation patterns and other instabilities, which will be elaborated

7
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on later. The present chapter describes the design of the setup, the

procedure to run the experiment, and the analysis of the collected

data. The chapter ends with results and conclusions that was the

stepping-stone for the subsequent work.

2.1 Experimental

The setup was designed to simulate a narrow variable aperture frac-

ture with slowly seeping water and a perpendicular solute source.

The fractures were built by putting together two sheets of wavy glass

to create a variable aperture. These glass sheets were held in place

by an acrylic glass frame and mounted vertically. This slot was then

put in contact with a chamber containing the tracer dye, a filter and

a buffer zone in between to keep the dye from being transported away

by advection, see Figure 2.1. Both sides were equipped with a pres-

sure redistribution chamber (PDC) and water was pumped from left

to right to create a slow flow through the slot. The chambers aperture

was about ten times the slot aperture and were able to create an even

pressure along the sides of the slot. Both the PDCs and the buffer

zone were filled with glass wool to reduce convection cell formation.

After the passage through the slot the effluent was collected for

analysis. A light board was placed behind the setup and a camera

was placed in front of it to take photos in regular intervals in order

to follow the propagation of the dye into the slot.

The aperture of the variable aperture slot was determined by

utilizing the Lambert-Beer law. A calibration slot was constructed

as a wedge, to measure the light absorption of the dye as a function

of the aperture. The slot was filled with a known concentration dye

solution. From this and the known aperture of the slot the light

absorption coefficient ε [in units of 1/m] was determined as a function

of the light intensity over the background intensity, I/I0 (ε was found

not to be entirely constant as one would expect, but most likely this

8
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Figure 2.1: Experimental layout. 1. Artificial glass fracture, 2. Buffer
zone, 3. Filter, 4. Dye chamber, 5. Pressure distribution chambers, 6.
Pump, 7. Effluent collection vial. Figure taken from: Winberg-Wang and
Neretnieks, 2019 (Paper IV).

was due to slight non-linearities of the light sensors in the camera).

Then, by filling the slot with the same concentration solution the

aperture could be determined by applying Lambert-Beer’s law to each

pixel, according to:

b = − log10(I/I0)

εI/I0 c
(2.1)

where c is the dye concentration.

Similar methods to measure aperture and concentrations were

used for measuring the aperture and concentration in fracture flow

by Isakov et al. (2001) and Sawada and Sato (2010). The dye that

was used in the present experiments was a red carminic acid solution

from Dr Oetker. Different dyes were tested in earlier experiments,

and carminic acid was, at this point. seen as more reliable compared

to its main competitor, uranine. Both dyes could be detected at

low concentrations. Both have low molar weight and are relatively

slow-degrading. The diffusivity of carminic acid was estimated with

9
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traditional estimation formulas to be about 4×10−10 m2/s (at 20◦C).

The actual experiments proceeded as follows. First, the experi-

mental setup was filled with degassed and deionized water. There-

after a concentrated dye solution was slowly pulled into the dye cham-

ber. After that, the setup was photographed daily to monitor the

diffusion front propagation. The slot in this experiment was 15× 15

cm and its mean-aperture was 0.36 mm. The flow rate of the seep-

ing water was chosen such that the mean residence time of water

in the slot was 5.1 days, which was estimated sufficient for the dye

to not diffuse to the upper end of the slot. Weekly effluent collec-

tions were made. The effluent concentration was measured with a

UV spectrophotometer.

2.2 Experimental results

The front evolved much slower than expected. After about three

months, the experiment was terminated because of air intrusions in

the upper section of the slot. The dye propagation in the slot after

96 days (see Figure 2.2) showed an unexpectedly even distribution in

the x-direction.

It was expected that the concentration profile should stabilize and

reach steady-state after a few water residence times. Moreover, the

measurement showed a steady-state concentration of c/c0 = 0.003,

see Figure 2.3 which is equivalent to a Qeq of 5.6× 10−14 m3/s. The

simple Q-equivalent formula given by Eq. (1.8) gives a 40 times larger

value.

Although, the pump was left on and kept pumping water through

the slot for another month after termination and the later photos

showed that the dye never went higher than the midline, i.e. the

level of in- and outlet locations. Some experiments were conducted

to rule out filter effects, the extent of dye degradation and channelling

effects.

10
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Figure 2.2: Dye distribution in the slot after 96 days. Figure taken from:
Winberg-Wang and Neretnieks, 2019 (Paper IV)
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Figure 2.3: Dye concentration in the effluent as a function of time. Figure
taken from: Winberg-Wang and Neretnieks, 2019 (Paper IV)
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The filter paper properties were investigated to assess the resis-

tance in the filter and its possible retarding effects. The extent of the

dye degradation was tested through a multiple of tests with slightly

varying results, and it was also evaluated by comparing the inten-

sity in the calibration slot relative to the background intensity with

time and was found to be about 10% for the whole experimental time.

The data from the calibration slot was deemed to be the most reliable

since the slot had been exposed to light for the same time duration

and with a similar aperture as of the experimental slot.

A numerical method describing the coupled flow and diffusion

equations was developed and solved with COMSOL Multiphysics R©,

to evaluate the effect a variable aperture slot can have compared

to that of a parallel slot could have on the system. First, the 3D

domain was reduced to a 2D computational field where the flow in the

aperture direction was neglected and the solute distribution uniform

since it can even out rapidly due to its short distance compared to

length and height (Liu and Neretnieks, 2005).

To determine the solute transport in a variable aperture domain,

one first has to decide the flow-field and then use it to solve the

diffusion convection equation. In the variable aperture b(x, y), the

flow field, u(x, y), was determined by Reynold’s equation (Eq. 2.2),

which is based on the cubic law (Witherspoon et al., 1980; COMSOL

Multiphysics R© Rock Fracture Flow). It is solved, applying a constant

hydraulic headdifference over the slot.

∇Q = ∇ ·
(
− ρg

12µ
b3∇H

)
= 0 (2.2)

where ∇H is the hydraulic gradient, µ is the water viscosity and g is

the gravitational constant.

The flux field and streamlines are shown in Figure 2.4. After

that, the solute propagation was modelled by the advection-diffusion

12
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Figure 2.4: Simulated flux-field to illustrate the main channels. Figure
taken from: Winberg-Wang and Neretnieks, 2019 (Paper IV).

equation:

∂c

∂t
= −u · ∇c+Dw∇2c+

Dw(∇b · ∇c)
b

(2.3)

The third term on the right hand side of Eq. (2.3) accounts

for the spatial variation of the aperture b(x, y) characterized by the

gradient ∇b. The dye chamber obscures the lowest, about 1 cm, of

the slot. To account for the variable aperture the discrete aperture

field from the experiment had to be made differentiable, this was done

by first increasing the data field from the observable to extend over

the obscured part of the slot by a Kriging function (Marcotte, 1991)

and secondly converting to a smooth high order polynomial function

by the Polyfitn function D’Errico (2006) in Matlab R©.

The simulation leads to the following concentration profile in the

variable slot at steady state, see Figure 2.5. As can be seen in Figure

2.5, the penetration depth increases along the x-axis as was initially

expected, and the solute does not penetrate as deep as in the ex-

periment. The effect of the variable aperture was further tested by

13
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Figure 2.5: Simulated steady-state concentration distribution. Figure
taken from: Winberg-Wang and Neretnieks, 2019 (Paper IV).

comparing it to a second simulation with a constant aperture, equal

to the mean variable aperture bp = 〈b(x, y)〉. For both cases, the

equivalent flowrate was determined. See Figure 2.6, which shows

no significant impact of the variable aperture on the equivalent flow

rate. It was found that steady-state was reached after about a week

as expected. The simulated results agree very well with the simple

Q-equivalent formula.

2.3 Density effects

Some anomalous behaviour of early experiments with the dye uranine

led to the exploration of whether minor density differences could im-

pact the flow-pattern in the experiments. Chapter 5 describes some

such experiments. In the present chapter, the impact of small density

differences is modelled qualitatively and quantitatively in an illustra-

tive but simplified way.
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Figure 2.6: Simulated time evolution of Qeq for solute transport in a
variable aperture fracture (x-symbols) and constant aperture fracture (dia-
mand symbols). Figure taken from: Winberg-Wang and Neretnieks, 2019
(Paper IV).

The mean hydraulic gradient induced by the pumping was com-

pared to the buoyancy introduced hydraulic gradient, ∆ρ/ρ, to in-

dicate the importance of the dye density. The carminic density at

c0 was measured to be 1% denser than pure water which makes the

buoyancy induced gradient more than 1000 times larger than that

caused by the imposed head difference. The mean imposed hydraulic

head gradient was 3.3× 10−6 m/m as estimated from the cubic law.

This implies that buoyancy induced flow is about 300 times larger

than hydraulic pressure-induced flow in this case. In the slot, the

density generated gradient will be less due to the gradual vertical

concentration decrease, but it will stay significant even at concen-

trations less than 0.3% of c0. These density-effects explain why the

flowing water without or with little dye was not capable of lifting the

more concentrated dye solution from the lower regions of the slot up

to the outlet location. The diluted or fresh water will flow above the

15
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dye while the dye concentration tends to even out horizontally by

advection in addition to diffusion and stay relatively unaffected by

flow.Although at and above the outlet level, the dye will be able to

diffuse into the flowing water and exit the slot, this will also give rise

to a slow build-up and delay the approach to steady-state.

A simple analytical approximation was derived to assess to what

extent the density difference could affect the system. A parallel plate

slot was considered with the inlet and outlet placed halfway up the

slot. Because the dense dye in the lower part is not lifted it cannot

flow out by advection. Therefore, there was no flow in the lower half

and all the flow occurred in the upper half, above the inlet and out-

let. Furthermore, simplifying the system to a steady-state case with

diffusion from the bottom to mid-height, where the concentration is

cint, a flux of solute from the bottom to the outlet is realized.

The flux at the mid-plane is, by definition, equal to the out-flux

described by:

N = cintQeq = coutQtot (2.4)

where cint is the unknown concentration at the middle border in-

terface, Qtot is the total flow rate equal to the pump flowrate and

cout is the effluent concentration. In the lower domain, the vertical

concentration gradient is constant and can be described by the con-

centration difference divided by the height to the outlet (denoted by

youtlet):

∆c

∆y
=
c0 − cint
youtlet

(2.5)

The dye flux from the reservoir up to the middle can then be described

as the product of the cross-sectional area, A = bl, the gradient given
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by Eq. (2.5) and the dye diffusivity:

N = bl × (c0 − cint)
youtlet

×Dw (2.6)

The concentration at the interface is obtained from Eqs. (2.4) and

(2.6). With the data for the dye and the experimental setup, we

obtain:

cint =

(
Qeqyoutlet
bl Dw

+ 1

)−1
c0 ≈ 0.108 c0 (2.7)

The relation leads, for this case, to an outlet concentration, cout, of

0.0168 c0 according to Eq. (2.4). This concentration is about a factor

6 larger than the experimentally obtained value.

A numerical simulation was made to include the effect of density

differences (COMSOL Multiphysics R© Elder Problem). From the pre-

vious numerical simulation, it was found that the variable fracture

has a minimal impact on the flux. Therefore, the simulation made

here considered a parallel slot to reduce computation time. Nonethe-

less, the pressure distribution chambers (that in the experimental

setup were relatively large) were taken into account by modeling the

computational domain as a field with two different apertures, one for

the pressure distribution chambers and one for the slot. The aperture

was accounted for in the permeability modelling according to the cu-

bic law, i.e. k = 1
12b

2. By solving the density-dependent steady-state

flow field together with the steady-state density-dependent diffusion-

convection (Eq. (2.11)), the density effects could be investigated.

This time the Darcy law was utilized to describe the flow field, Eq.

(2.8) and (2.9) accounting for the concentration-dependent density,
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given by Eq.(2.10).

0 = ∇ ·
(
ρ(c)u

)
(2.8)

u = −k(b)

µ

(
∇p+ ρ(c)g

)
(2.9)

ρ(c) = ρ0

(
1 + β

c

c0

)
(2.10)

0 = −u · ∇c+Dw∇2c+
Dw(∇b · ∇c)

b
(2.11)

where β is density coefficient. Initially, the pressure is p = ρ0gh,

where ρ0 is the water density. However, as the solute diffuses into

the bulk water its density increases according to β.

2.4 Results

The equations were solved for different density differences to investi-

gate its effect on the flow field and mass transport. Figure 2.7 shows

the concentration profile of the simulation model accounting for the

density effect with a density difference of ∆ρ = 0 kg/m3. The equiv-

alent flowrate Qeq was found to be equal to 1.4× 10−12 m3/s, which,

as expected, agreed with the previous simulation.

When simulating with this 1% higher density, the concentration

profile in Figure 2.8 was obtained. Qualitatively it agrees well with

the analytical model described earlier. The water flows horizontally

through the fracture; however, the main flow is confined to the up-

per half, and there is barely any flow at the bottom where the dye

concentration instead builds up slowly.

The total Qeq obtained from the slot is 2.6 × 10−13 m3/s with a

concentration of c/c0 = 0.017, which agrees with the analytical solu-

tion. Simulations were made for different density differences given in

Table 2.1. There, it can be seen that this also holds even for signifi-

cantly smaller density differences, i.e. simulations down to ∆ρ = 0.1
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Figure 2.7: Concentration distribution in a parallel fracture accounting
for a density difference of 0 kg/m3. Figure taken from: Winberg-Wang and
Neretnieks, 2019 (Paper IV).

Figure 2.8: Concentration distribution in a parallel fracture accounting
for a density difference of 10 kg/m3. Figure taken from: Winberg-Wang
and Neretnieks, 2019 (Paper IV).
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Table 2.1: Qeq and effluent concentrations at steady-state as a func-
tion of different density gradients. Table taken from: Winberg-Wang and
Neretnieks, 2019 (Paper IV).

∆ρ [kg/m3] c/c0 Qeq [m3/s] Qeq [m3/s]
In effluent From effluent con-

centration times
flow rate

From in-diffusion
from bottom
y = 0

0 0.094 1.4× 10−12 1.3× 10−12

0.1 0.020 3.2× 10−13 3.2× 10−13

1 0.018 2.7× 10−13 2.6× 10−13

10 0.017 2.6× 10−13 2.6× 10−13

kg/m3, gave similar values.

It may be mentioned that the water flow in the lower region was

minor. The simulations indicated that it is not entirely stagnant. It

displays a slow flow in the opposite direction just under the mid-plane,

and an intricate zigzag pattern below. This pattern can be seen in

Figure 2.9. This pattern develops as an effect of the dye diffusing up

into the flowing water stream causing a density imbalance along the

Figure 2.9: Zig-zag pattern developed in the lower slow-flowing half.
Figure taken from: Winberg-Wang and Neretnieks, 2019 (Paper IV).
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x-direction, which is counterbalanced by flow in the reverse direction

to even out the density over the slot. This pattern then repeats

itself in layers. Density-driven flow is known to develop this kind of

circulation pattern, e.g. as described by Holzbecher (1998).

Similar experiments we attempted with horizontal fractures. In

these, although carefully aligned horizontally, tiny dye streams de-

veloped, induced by buoyancy effects. Chapter 5 illustrates and dis-

cusses this phenomenon further.

2.5 Conclusions

When looking at the dye distribution in the slot towards the end of

the experiment, after 96 days, and comparing it to the simulation

taking the density-effects into account, Figures 2.7 and 2.8, one can

see that the experimental results correlate better with the simulation

with the large density difference. This correlation stays true even

for smaller density gradients, as can be seen in Table 2.1. However,

from observing the trend, a further increase in the density gradient

is not expected to have a significant effect on the Qeq. The simple

analytical solution, as well as the numerical simulation, overestimate

the experimental results with about a factor 5. The light degradation

can only account for about 10%; the reason for the deviation cannot

be explained.
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Diffusion in an agar matrix

This chapter essentially summarizes paper Winberg-Wang (2018),

Paper I. Since the effect of the density-differences was shown to give

such a significant impact on the flow field and solute transport in

the experiment described in the previous chapter, it was necessary

to find a way around it in order to validate the concept of the Q-

equivalent experimentally. It is shown below that the mean mass

transfer rate, N , generated in an even steady-state flowing slot is

equal to that in a slot with diffusion into the stagnant water that

is exchanged repeatedly after a time equal to the water residence

time. Therefore an experiment with diffusion into stagnant water

was devised and performed. An agar matrix was chosen as a possible

solution, to thwart the convection inside the slot. The experiment

technique had to be altered to avoid the issues arising due to buoy-

ancy effects. Agar is commonly used in experiments to determine dye

diffusivities and has a negligible impact on the diffusion rate at agar

concentrations between 0.5-2 g/L (Champion et al., 1995; Mustafa

et al., 1993; Schantz and Lauffer, 1962; Bu and Russo, 1994). This

gives the agar a matrix porosity of about 99%, which only marginally

affects the diffusion rate. With an agar matrix filling the slot, flow

in the slot is eliminated. Experiments were done in both parallel and

variable aperture fractures, further assessed by following COMSOL
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Figure 3.1: Experimental setup showing uranine diffusing in an agar-
medium. Figure taken from: Winberg-Wang, 2018 (Paper I).

Multiphysics R© simulations to compare it with an actual flow situa-

tion.

3.1 Experiments

Two slot setups where made based on the same idea as described in

Chapter 2, except the removal of the pressure distribution chambers

and the introduction of the advection-hindering agar-matrix. The

first slot was one with a constant aperture to act as a reference and

the second one with a variable aperture glass slot. The aperture was

measured in the same way as for the flow setup in Chapter 2. The dyes

propagation in the agar medium was assessed by taking photographs

at regular intervals. Uranine was used as tracer. Uranine is readily

detected in very low concentration.

The parallel slot was made by sandwiching liquid agar solution

in water between two plane glass sheets separated by plastic spac-
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ers and allowing the solution to jellify. To protect the agar from

drying out, the three sides that were not to be in contact with wa-

ter were sealed with silicone glue. The silicon was covered by strips

of Parafilm, which was necessary to hinder the diffusion of water

vapour out from the slot. For the variable slot, variable thickness

glass (”shower glass”) was used and no spacers were needed. The

variable aperture slot was accompanied by a tapered calibration slot

(explained in Chapter 2). One thing adding to the complexity of

the agar system was that since the agar medium had to be cast into

the slot using a sandwiching method, to avoid air bubbles, this made

it problematic to measure the aperture. A photograph of the ex-

perimental setup is shown in Figure 3.1. Details of the aperture

measurement are found in (Paper II).

Uranine is, just as carminic acid, intense in colour at low con-

centration. It has a similarly small molecular weight of 332.3 g/mol

compared to 492.4 g/mol of carminic acid (Perry and Green, 1997).

Uranine is a commonly used tracer dye and known to break down

with prolonged light exposure. Therefore the setup was covered by a

black lined box between photos and the degradation was monitored

by analysing the light absorption at 494 nm of the solution in the

calibration slot weekly with a photo spectrometer (Thermo Scientific

Genesis 10S).

The dye chamber was slowly filled with uranine dye to initiate the

experiment, from where it could diffuse into the agar in the slot. The

dye propagation in the slot was recorded by taking a photo manually

about once a day for about three weeks.

3.2 Experimental results

In the experiment with the plane glass slot, the chamber had an initial

concentration of 0.16 g/L. The diffusion profile evolution over time is

shown in Figure 3.2. The dye chamber volume was not much larger
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Figure 3.2: Experimentally determined diffusion profiles after 1.1, 2.1,
3.1, 5.2, 6.1, 7.1, 8.1, 8.9, 11.2, 13.1, 23.0, 25.9 days. Figure taken from:
Winberg-Wang, 2018 (Paper I).

then the slot volume and the chamber concentration depletion over

time had to be accounted for by:

c(0, t) = c0 −
b

A

∫ h

0
c(y, t) dy (3.1)

The diffusion equation was numerically solved using the Crank-Nicholson

method with Eq. (3.1) as a boundary condition to determine the dif-

fusivity Dw of uranine in the agar matrix. By using Dw and c0 as

fitting parameters and minimizing the least square sum between the

simulation and its respective experimental curve the diffusivity and

initial concentration were determined as Dw = 3.54×10−10 m2/s and

c0 = 0.16 g/L, respectively. The latter agreed with the known initial

chamber concentration. The results of the simulation compared to

the experiments using the obtained fitting parameters can be seen in

Figure 3.3, represented by the locus of c/c0 = 0.1 penetration depth

as a function of the square root of time.
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Figure 3.3: The penetration depth of 10% of the initial concentration
as a function of time, blue circles-experimental results, red line – diffusion
simulations with Crank-Nicholson using the obtained fitting parameters.
Figure taken from: Winberg-Wang, 2018 (Paper I).

The mean aperture in the variable aperture slot was determined

to be b = 0.23 mm. As can be seen in Figure 3.4, there is a clear

trend along with the height, from narrow to broader. The reason

is likely due to compression of the slot when heating the setup to

dissolve out the agar for subsequent aperture determination. The

acrylic glass was found to have shrunk about 0.5%, making the acrylic

glass frame pressing the glass sheets tighter together at the bottom

with about ∼ 0.05 mm. This was accounted for in the final aperture

measurement.

The concentration field after three weeks can be seen in Figure

3.5. The dye propagation was found to be describable by a diffusivity

of 4.3×10−10 m2/s. The results are displayed in Figure 3.6, where the

relatively horizontal curve b(y) is the mean aperture over the width

of the slot. The experimental data were compared to the analytical

solution for diffusion in a parallel slot (denoted by ”erfc” in Figure

3.6) and the numerical COMSOL simulation. It may be noted that
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Figure 3.4: Measured aperture in the visual region. Figure taken from:
Winberg-Wang, 2018 (Paper I).

Figure 3.5: Concentration distribution in the variable aperture slot after
three weeks. Figure taken from: Winberg-Wang, 2018 (Paper I).
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Figure 3.6: A comparison of analytical (erfc), experimental and numerical
(COMSOL) results. Figure taken from: Winberg-Wang, 2018 (Paper I).

the effect on the mass transfer due to the variable aperture is minor,

just as shown by simulations in the previous chapter, see Figure 2.6.

The irregularities in the low points close to the dye chamber of the

experimental curve could not be fully explained. The irregularities

are suspected to be an effect of some optic phenomenon of shadowing

close to the acrylic glass frame.

To investigate the effect convection could have on the system if

there were no agar or density gradient, simulation under flow condi-

tions were performed. A hydraulic head difference was set from left

to right to mimic a flow field with a residence time of three weeks. In

Figure 3.7, the concentration profile and streamlines after the passing

of three slot-volumes, and reaching a steady-state, is presented. At

the steady-state, the mass flow out equals to N = 1.7×10−13 kg/s. In

Table 3.1, it can be seen that the same simulation procedure but for

the constant aperture case produces an outflow of 6.7× 10−13 kg/s.
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Figure 3.7: Simulated concentration distribution at steady state using the
experimental aperture. Figure taken from: Winberg-Wang, 2018 (Paper I).

Table 3.1: Comparison of mass transfer rates in parallel and variable
aperture slots from experiments, simulations and analytical models. Table
taken from: Winberg-Wang, 2018 (Paper I).

Parallel slot [kg/s] Variable slot [kg/s]

Experiment 5.5× 10−13 3.7× 10−13

COMSOL simulation 6.7× 10−13 1.7× 10−13

Qeq model 6.3× 10−13 4.1× 10−13
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3.3 Conclusions

It was shown that the agar matrix successfully hinders flow and

thereby, the effect of the buoyancy forces are eliminated. For these

cases, with no effect of density gradients, the numerical model agrees

reasonably well. Nonetheless, in variable aperture fractures, like in

this experiment, if there are trends in the aperture distribution, it

may create pathways of a larger aperture with higher flow rates, also

known as channelling. These channels may have a noticeable impact

on mass transport.
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Impact of density-driven flow due

to concentration gradients on the

Q-equivalent

This chapter is a summary of paper Neretnieks & Winberg-Wang

(2018), Paper II. It explores the possible effect of density gradients

between the saline solution in clay buffer pore water and surrounding

water. The groundwater salinity in crystalline rock increases with

depth. If the water in the bentonite buffer has a high salt concen-

tration and thereby a high density compared to groundwater with

less concentration, salt can diffuse out into water-filled fractures and

cause a density increase at the buffer-fracture interface, generating

down-flow. This effect works in the opposite direction too. If the

groundwater is more saline than the buffer pore water salt will dif-

fuse into the buffer and generate up-flow. In sloping fractures, the

buoyancy difference will induce flow in the groundwater. This work

aims to extend and improve on the existing Q-equivalent model to

account for scenarios with buoyancy-induced flow caused by concen-

tration gradients, as described above.

To model this phenomenon the system was simplified to the con-

figuration shown in Figure 4.1. The fracture is modelled as a smooth

31



Chapter 4

Figure 4.1: Sketch of the simplified domain. The δm is the aperture b.
Figure taken from: Neretnieks & Winberg-Wang, 2018 (Paper II).

parallel slot with an aperture b. By buoyancy, the groundwater is

flowing up from below parallel to the buffer interface on the left-

hand side. The solute in the buffer diffuses from the left out in the

x-direction. After the buffer/water interface a solute concentration

profile will build up with time to a quasi-steady state. At a given

elevation z the mass flow rate of solute transported with the water

from the interface is obtained by integration from the wall to infinity

over the x-dependent water velocity times the concentration:

N = b

∫ ∞
0

uz(x)
(
c(x)− cw

)
dx (4.1)

To use Eq. (4.1) a relation between concentration and velocity must

be known.

4.1 Buoyancy induced flow

For the buoyancy-induced flow, first, a simple approximate expression

is derived (Neretnieks & Winberg-Wang, 2018 (Paper II)) that relates
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directly to the Q-equivalent concept equation:

N = ∆cQeq =
2√
π

∆c b
√
Dwz0uz =

2√
π

∆c

√
Dwz0TT b

dh

dz
(4.2)

In this simplified case, the hydraulic gradient is taken to be caused

by the density difference due to the concentration difference between

pore water and groundwater. It is an approximation because it ne-

glects the mutual dependence of concentration and buoyancy. For

laminar flow, the velocity is a function of transmissivity, TT , accord-

ing to:

uz =
TT
b

dh

dz
=
TT
b

(ρ− ρ0)
ρ

(4.3)

The density is assumed to vary linearly with the concentration of

solute as:

ρ = ρ0(1 + βc) (4.4)

This approximate simple analytical expression is compared with an

”exact” analytical and a numerical solution by solving the coupled

continuity and two-dimensional advection-diffusion equation. The

following equations describe the flow and solute transport. The con-

tinuity equation for the incompressible fluid is given by:

∂ux
∂x

+
∂uz
∂z

= 0 (4.5)

The velocity components are based on Darcy’s law:

ux = −k
µ

∂p

∂x
(4.6)

uz = −k
µ

(
∂p

∂z
+ ρg

)
(4.7)
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The advection-diffusion equation reads as:

∂c

∂t
= −ux

∂c

∂x
− uz

∂c

∂z
+Dw

(
∂2c

∂x2
+
∂2c

∂z2

)
(4.8)

where k = b2/12 is the cubic law conductivity (Zimmerman and Bod-

varsson, 1995), which is valid for laminar flow in a constant aperture

slot. The fluid density for low concentrations is taken to be linear

(see Eq. (4.4)).

At steady-state, the concentration and flow become time inde-

pendent; for this case, an analytical solution was derived by Ene and

Polisevski (1987). The analytical solution results in a third-order

ordinary differential equation, which is solved by numerical integra-

tion. Qualitatively the mass transfer rate (or Q-equivalent expres-

sion) given by Eq. (4.2) is the same as the one derived by Ene and

Polisevski: the results differ only by constant factor, i.e. Ene and

Polisevski is factor 1.3 smaller than Eq. (4.2). Likewise, the pene-

tration depth for the 1% tip differs by being factor 1.7 larger in Ene

and Polisevski’s results. Also, the form of the concentration profile

differs from the one underlying the Q-equivalent model (Eq. (1.6)).

To assess the effect of this in a repository setting, one needs data on

density differences ∆ρ , transmissivities TT , and the aperture, b, of

the water-filled rock fracture.

4.2 Model domain

To exemplify, we chose to model a domain where a vertical frac-

ture intersects a 20 m high vault (based on the current SFL design

ideas (Elfwing et al., 2013). The Q-equivalent for density-driven flow

around the vault is, therefore, a function of the density difference and

the transmissivity. This is exemplified in Figure 4.2.
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Figure 4.2: Equivalent flowrate as a function of transmissivity for two den-
sity gradients (0.01 and 0.001). Figure taken from: Neretnieks & Winberg-
Wang, 2018 (Paper II).

4.3 Numerical solution

The system was numerically simulated with the help of COMSOL R©

Multiphysics to further validate the analytical model and especially

to add the impact of matrix diffusion, i.e. solute exchange with the

porous matrix around the fracture. The system was simplified to a

vertical parallel fracture open to flow at the top and bottom with a

vertical solute source at the bottom left wall (see Fig. 4.1).

For a non-porous matrix steady-state had established after a few

water residence times past the source. The comparison between the

results can be seen in Table 4.1. Here, Eq. (4.2) is the classic

Q-equivalent model and ”Eq. (4.2) divided by 1.3” represents the

modified analytical equation considering the density gradient. Both

models were compared with the numerical solution for three differ-

ent values of the transmissivity, i.e. TT = 10−8, 10−7 and 10−6 m2/s

where the cubic law was used to relate the transmissivity to the aper-

ture. Larger transmissivities were deemed likely to be in zones made

up of multiple fractures, in which the cubic law would not be applica-
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Table 4.1: Equivalent flow rate Qeq in [m3/year] from analytical and
numerical calculations. Table taken from: Neretnieks & Winberg-Wang,
2018 (Paper II).

Transmissivity TT [m2/s] 10−8 10−7 10−6

Eq. (4.2) 7.6× 10−5 3.5× 10−4 1.6× 10−3

Eq. (4.2) divided by 1.3 5.9× 10−5 2.7× 10−4 1.2× 10−3

Numerical 5.9× 10−5 2.7× 10−4 1.4× 10−3

Parameter: Dw = 10−9 m2/s, µw = 10−3 Pa·s, ∆ρ/ρ = 10−3 at z0 = 20 m.

ble. Depending on the direction of the flow generated by the density

gradients, the solute-containing water will sink or rise to an elevation

with the same density in the surrounding water. It should be remem-

bered that the plume after leaving the source is continuously being

diluted by diffusion in the water in the slot and by matrix pore wa-

ter. A rising of a plume is interesting since it can help radionuclides

to reach the biosphere more quickly. This case was chosen for the

simulations.

Table 4.1 shows how much solute is swept away from the source

expressed as Qeq. The up flowing stream has a lower density than

the surrounding water and will, therefore, flow upward until it reaches

the surface or when the density difference between the plume and the

ground water evens out and rising stops. Evening out of density

difference can be both due to diffusion and convection, but also salt

can come in from pore water in the rock matrix by matrix diffusion.

The effect of the matrix diffusion has a more significant impact on

narrow fractures than in wider fractures due to the larger surface to

flowrate ratio.

This is modelled using the two-dimensional advection-diffusion

equation, with an additional sink term to accounting for matrix dif-

fusion:

∂c

∂t
= −ux

∂c

∂x
− uz

∂c

∂z
+Dw

(
∂2c

∂x2
+
∂2c

∂z2

)
+

2Dpεp
b

∂cp
∂y

∣∣∣∣
y=0

(4.9)
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where cp is the pore concentration, Dp is the diffusivity in the matrix

and εp the porosity. The sink term in Eq. (4.9) is described by

another partial differential equation accounting for the diffusion from

the rock matrix. The diffusion in the pore water in the rock itself is

modelled by a 1D diffusion equation:

Rd
∂cp
∂t

= Dp
∂2cp
∂y2

(4.10)

where Rd represents the retardation factor.

To see what impact the salt stored in the pore water can have,

the system of equations is solved numerically. First, the system was

further simplified to one dimension and, then, it was additionally sim-

plified by neglecting the diffusion within the stream since it can be

considered minor compared to transport by advection. These sim-

plifications made it possible to reduce Eq. (4.9) to the following

expression:

∂c

∂t
= −uz

∂c

∂z
+

2Dp

b

∂cp
∂y

∣∣∣∣
y=0

(4.11)

With a rock matrix concentration c0 and an initial stream concentra-

tion cw Eqs. (4.9) and (4.10) according to Neretnieks (1980) an be

expressed as:

c0 − c
c0 − cw

= erfc

(
εz0
buz
×

√
Dp

t− z0/uz

)
(4.12)

The results are shown in Figure 4.3. It was found that the ef-

fect, for cases with transmissivities down to about 10−8 m2/s, matrix

diffusion has a negligible effect. However, for smaller transmissivi-

ties, e.g. TT = 10−9 m2/s, the matrix diffusion effect can slow down

the stream significantly. It was concluded that the matrix diffusion

only is relevant for low transmissivity fractures and therefore can be

neglected for those with higher transmissivity.
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Figure 4.3: Effect of transmissivities on the capability to slow down the
upward stream. Figure taken from: Neretnieks & Winberg-Wang, 2018
(Paper II).

(a) (b)

Figure 4.4: Concentration and flow in large vertical fractures with relative
different density differences between source and groundwater. (a) 0.001 and
(b) 0.01. Figure taken from: Neretnieks & Winberg-Wang, 2018 (Paper II).
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Figure 4.5: Concentration and flux at different parts of the fracture, one
just after the solute source and then one 100 m up and the last one 199 m
above the source. Figure taken from: Neretnieks & Winberg-Wang, 2018
(Paper II).

These effects were also explored by numerical simulation with

COMSOL R© Multiphysics solving Eqs. (4.9) and (4.10). The flow

and concentration pattern results are shown in Figure 4.4. Both the

following simulations consider a fracture with the transmissivity of

10−8 m2/s and a solute source located from 0 to 20 m at the bottom

left-hand wall. The left-hand side part of Figure 4.5 displays the

results for a smaller density difference of ∆ρ/ρ = 0.001, compared to

the right-hand part with a density difference of ∆ρ/ρ = 0.01. The

low-density difference reached steady state after a few thousands of

years, and the high-density reached steady-state already after about

40 years. In Figure 4.5, the evening out of the concentration and

flux along the width of the source shows the widening and slowing

down with height. Higher up, 200 m above the source the maximum

concentration has decreased from 1 to 0.3 kg/m3 and widened from

less than 2 m to 10 m. At the same height, the flux has dropped by

more than an order of magnitude.
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4.4 Discussion and conclusions

In this chapter, the effect of buoyancy-driven mass transfer and its

possible effect on the mass transfer in repositories of nuclear waste

has been illustrated. It was found that a concentration difference of

around 1 kg/m3 between the groundwater and that in a source (e.g.

bentonite pore water) can generate equivalent flow rates similar to

that generated by a hydraulic gradient of 0.001. It was also found

that when the source has a lower density than the groundwater, the

flow that is generated carries the out-diffusing contaminant ”rapidly”

upward towards the biosphere. Similarly, when the source has a larger

salt concentration than the groundwater, the stream will sink to a

level where the deeper groundwater has the same concentration as

the contaminant stream. This can be beneficial as the contaminant

will flow away from the biosphere and has a long way to slowly diffuse

to the biosphere.

The diffusion in or out of the rock matrix will only have a notice-

able effect on diluting the contaminated stream during its migration

except in the tightest fractures.
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Unexpected tracer behaviour

This chapter summarizes paper Winberg-Wang, Neretnieks and Vouti-

lainen (2019), Paper III. During the work, trying to visualize the

Qeq-model a reoccurring phenomenon when using uranine was expe-

rienced. Uranine would unexpectedly, shortly after the filling of a

slot, develop thin streams upwards instead of slowly diffusing evenly.

By chance, we heard that similar phenomenon were also found to

have been experienced by another researcher trying to model and

visualize solute transport concerning the radioactive waste reposito-

ries. In both cases, the change in buoyancy was found to be due to

light absorption, which generated local temperature and buoyancy

gradients.

In this chapter, the importance of light absorption of the tracer

dyes in narrow slots is explored. The effect of light absorption was

simulated by numerical experiments trying to explain the strange flow

patterns experienced in the experiments. Further, to explain how the

dye light absorption can generate large enough temperature gradients

to induce flow and circulations patterns, a model was developed to

describe and simulate these phenomena.
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Figure 5.1: Dye blob at injection point just after injection (top) and
after 1 min (bottom). Figure taken from: Winberg-Wang, Neretnieks and
Voutilainen, 2019 (Paper III).

5.1 Experiment 1

In a simple scoping experiment intended to show diffusion in a narrow

slot in stationary water unexpected flow was observed. The setup

was made up of two 25 cm × 25 cm acrylic glass sheets separated

by 1 mm spacers, with the edges sealed with silicone glue. The slot

was positioned, like in the previous experiments in Chapter 2 and 3,

in front of a light-board. The difference here was that it was placed

standing on one corner, as shown in Figure 5.1. In the bottom corner,

a hole was drilled and filled with silicone glue to act as an injection

port. In the right and left corner tubes were connected to fill the

setup with water. At the top a syringe needle was inserted between

the sheets through the silicon seal to remove air trapped in the top
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and to remove excess water while injecting the dye.

The slot was filled with deionized and degassed water, and later

0.5 ml of dye with a concentration of 1.75 g/L uranine was injected

with a syringe through the bottom plug. Just after the injection

the dye blob in the setup had a convex shape; thereafter, within a

minute, the dye blob flattened out as can be seen in Figure 5.1. The

flattening of the blob indicates that the dye density was higher than

that of the water in the slot. The experiment was monitored by a

camera taking time-lapse photography. However, when watching the

progress of the expected diffusion profile, as shown in Figure 5.2, it

was found that the dye blob after about one hour started to rock

back and forth and after 1 h 23 min it emitted a narrow stream of

dye that quickly was flowing upwards. After less than 10 h most of

the dye had been transported to the upper part of the slot.

The last frame from Figure 5.2 which is further enlarged in Figure

5.3 shows the suddenly appearance of Rayleigh fingers, indicating

liquid with lower density trying to press up through a liquid with a

higher density (Sharp, 1984). This instability is a consequence of the

competition between buoyancy and restraining forces which changed

with time. The dye absorbed light energy and heated up thereby

causing a decrease in density. When the dye has absorbed enough

energy by heating, it will come to a point when the density of the

dye-loaded water becomes less than that of the water above. At

this point, the dye wants to rise through the water, which it will if

the driving force overcomes the restraining forces. For small density

differences, heat conduction with the surrounding water and setup

will stabilize the system. For significant density differences where

conduction does not manage to stabilize, it will be unstable, and flow

will become inevitable.
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t = 0 1:02 h:min 1:23 h:min

1:32 h:min 2:12 h:min 2:22 h:min

2:42 h:min 6:47 h:min 9:47 h:min

Figure 5.2: Evolution of the dye blob, with the time given in h:min
(Colour is modified with Photoshop R© to improve visibility). Figure taken
from: Winberg-Wang, Neretnieks and Voutilainen, 2019 (Paper III).
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Figure 5.3: Enlargement of the injection point after 9 h and 47 min. Fig-
ure taken from: Winberg-Wang, Neretnieks and Voutilainen, 2019 (Paper
III).

5.2 Mathematical model

To model this complex system not only density-driven flow and tem-

perature gradients have to be included but also molecular diffusion,

which may stabilize the system with time. To reduce the compu-

tation requirements the system was reduced to a three-layered two-

dimensional domain with the water density and temperature assumed

to be constant in the y-direction. The layers with different proper-

ties are the acrylic glass, the water slot and the other acrylic glass.

Energy is input from the light source. Part of the energy heats the

water with the dye while another part of it heats the acrylic glass.

Some of the energy dissipates by heat transfer to the air around the

equipment. A model is set up to describe these processes.

The flow field inside the slot is driven by density differences. The

density is a function of temperature and dye concentration, hence

ρ = ρ(T, c). The flow field can be obtained by solving the continuity

equation together with the Darcy equation. With the x-axis hori-

zontal and z-axis vertical the equations, starting with the continuity
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equation, read as:

∂ρ(T, c)

∂t
+
∂uxρ(T, c)

∂x
+
∂uzρ(T, c)

∂z
= 0 (5.1)

ux = − k

µ(T )

∂p

∂x
(5.2)

uz = − k

µ(T )

(
∂p

∂z
+ ρ(T, c)g

)
(5.3)

Both concentration and temperature must be modelled to deter-

mine the density. The normalised concentration is described by the

advection-diffusion equation:

∂c̄

∂t
= −ux

∂c̄

∂x
− uz

∂c̄

∂z
+Dw

(
∂2c̄

∂x2
+
∂2c̄

∂z2

)
(5.4)

where c̄ is the dimensionless dye concentration, defined as:

c̄ = c/c0 (5.5)

where c is the dye concentration and c0 is the initial dye concentration

in the blob. The temperature and concentration dependency of the

density is modelled by considering the temperature dependency of

pure water and the density of crystalline uranine:

ρ(T, c) = ρ0(T )×
(

1− c0c̄

ρurn

)
+ c0c̄ (5.6)

where ρ0(T ) is the density of pure water taken from (Jones and Harris,

1992) and ρurn is the density of crystalline uranine.

The temperature in the water in the slot is modelled by the energy

balance together with Fourier’s law of heat conduction. The energy
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balance reads as:

ρ(T, c)Cp,w
∂T

∂t
+ ρ(T, c)Cp,w

(
ux
∂T

∂x
uz
∂T

∂z

)
= kw

(
∂2T

∂x2
+
∂2T

∂z2

)
+Q−

qa(front) + qa(back)

b
(5.7)

where T is the water temperature, Cp,w is the heat capacity and kw

is the thermal conductivity of water. The energy flux from the light

absorption, Q, and the heat fluxes to the adjacent acrylic glass (qa(.))

are described as follows:

– The Lambert-Beer law is used to describe the energy flux, Q,

coming from the dye light absorption:

Q =
q0
b

(
1− 10−εcδfr

)
(5.8)

– The heat fluxes, qa(.), out through the acrylic glass of thickness

ba are described as:

qa(side) =
ka
ba

(Tw − Ta(side)) (5.9)

where Tw is the water temperature, Ta(side) is the acrylic glass

temperature and ka the thermal conductivity of acrylic glass.

The environment on the front and the back of the setup have

somewhat different surface temperatures due to black body radiation.

The acrylic glass temperature is influenced by the water temperature,

the room temperature T0, the surrounding rooms wall surface tem-

perature Ts and the heat emanating from the slot qout(side) due to

natural convection and black body radiation. This is described by:

ρCp,a
∂Ta(side)

∂t
− ka

(
∂2Ta(side)

∂x2
+
∂2Ta(side)

∂z2

)
=
qa(side) − qout(side)

ba

(5.10)
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with

qout(side) = ha(T0 − T ) + σBBeGray

(
T 4
s(side) − T

4
a(side)

)
(5.11)

where ha is the heat transfer by convection, σBB is the Stefan-Boltzmann

coefficient and eGray is the surface emissivity.

Initially, the water velocity in the whole domain is set to zero and

there are no temperature gradients in the x and z-direction. The dye

is confined to a triangle at the bottom edge to expands to a height

z = 0.022 m. Hence, the initial condition to read as:

c̄(t = 0) =

{
0, z > 0.022 m

1, z 6 0.022 m
(5.12)

The room temperature was ∼ 20◦C. On the lightboard side, the board

was two degrees warmer than other room walls, affecting the black

body radiation. The geometry of the system makes it hard to de-

termine the free convection accurately. However, to not underesti-

mate the contribution it was estimated by COMSOL built-in func-

tion for natural convection induced heat transfer with the maximum

slot height at all x. The light extinction coefficient of uranine in the

range of 400-550 nm according to Sjöback et al. (1995) is ε = 13500

1/(M·cm). A photo-spectrometry measurement confirmed this value.

The light board was measured to give 1500 lm/m2 at a distance of

5 cm from the board. The light board utilizes a CCFL light tube

to produce light. In the literature, CCFL’s are indicated to have a

luminous efficacy somewhere between 26-60 lm/W (Kobayashi et al.,

2009; Park et al., 2013; Luo et al., 2013). We used an average of

43 lm/W to determine the expected power flux created by the light

board as 1500/43=35 W/m2 at the slot surface.

Figure 5.4 shows the simulation results after 0, 3, 6 and 12 h

into the experiment. Already after less than one hour, a circulation

pattern started growing until the density gradients had evened out
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after 12 hours. This agrees with that observed in the experiment. To

resolve Rayleigh-Taylor fingering and the narrow stream that can be

seen in the experiments, a much finer discretization in all directions

than our computer allowed would have to be used. It was found

that for lower power flux circulation patterns also would appear but

to a lesser extent. When q0 = 1 W/m2, no circulation pattern was

observed.

5.3 Experiment 2

Another example of light-induced buoyancy in an experiment to study

dispersion in a vertical concentric slot was also modelled based on ex-

periments performed in Finland (Voutilainen et al., 2017). The dye

advection in a vertical cylindrical annulus between a granite core and

an acrylic tube with slowly upward seeping flow had shown unex-

pected dye patterns. These experiments were also investigated using

the model described above, with minor modifications. One of the

acrylic glass sheets in the model was replaced by granite, with no

additional convective cooling due to it being an enclosed granite core

and thereby only acting as a heat sink. The water slot apertures

were 1 and 2 mm respectively for the two different experiments. The

modelled domain was 80 cm high, and the circumference was used

for slot width. The light source was assumed to be sinusoidal around

the cylinder to account for one side facing the light source, simulating

light coming from a window in the laboratory. The power flux was

estimated to be in the order of 20 W/m2, which is approximately 2%

of direct sunlight (ACS–American Chemical Society, 2018).

The water flow rate was 50 microL/min and a strip closest to the

bottom (as can be seen as the black line in the bottom of the first

frames in Figure 5.5 and 5.6) to represent the inlet.

For the case with the 1 mm thick annulus, as visualized in Figure

5.5, one can see a small stream looking like a mushroom building-up
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0 h 3 h

6 h 12 h

Figure 5.4: Numerical simulation results of a dye blob heating up and
escaping. Figure taken from: Winberg-Wang, Neretnieks and Voutilainen,
2019 (Paper III).
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0 h 4 h 8 h 12 h

Figure 5.5: Simulation of the dye propagation in a 1 mm annulus. The
colour bar has been modified, cut from 1 to 0.1, to clearer show the front
pattern. Figure taken from: Winberg-Wang, Neretnieks and Voutilainen,
2019 (Paper III).

in front of the main flow front. Worth noting is also the circulating

pattern in the dye volume. The small mushroom formation cannot

wholly explain the relatively narrow fast stream observed in the 1 mm

annulus during the experiment, which might be explained by a miss-

judgement of the existing light or other neglected factors. Observe

that the colour bar in Figure 5.5 and 5.6 have been modified, cut

from 1 to 0.1, to show the front pattern clearly. It is seen that in

the 2 mm annulus, Figure 5.6, the onset of the breakthrough stream

comes a lot earlier and creates full-blown streams. Since the aperture

is the double the restraining forces on the dye is reduced by a factor

4. These patterns agree qualitatively with those in the laboratory

experiments.
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0 h 4 h 8 h 12 h

Figure 5.6: Simulation of the dye propagation in a 2 mm annulus. The
colour bar has been modified, cut from 1 to 0.1, to clearer show the front
pattern. Figure taken from: Winberg-Wang, Neretnieks and Voutilainen,
2019 (Paper III).

5.4 Conclusions

Light-induced buoyancy effects could be mistaken for channelling

caused by aperture irregularities in laboratory tracer experiments.

The results presented in Figure 5.4 and Figure 5.6 show that circu-

lation patterns can be driven by density gradients caused by dye ab-

sorbing light energy when exposed to moderate lighting. The model

did not manage to replicate nor define the very narrow streams in

the Rayleigh-Taylor fingering, although it does show that moderate

room light may initiate the observed circulation patterns. It also

shows that the density-gradient induced velocity can overtake slower

flows when trying to visualize the solute transport in narrow slots.

The simulations clearly show that the light-induced heating must

be considered when designing tracer experiments with low flow rates

when the tracer is light-absorbing. Buoyancy-flow might be avoided
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if light exposure is limited, and darkness can be maintained between

observations. Alternatively, other tracers that do not strongly ab-

sorb light can be used, i.e. radioactive-tracers, or saline tracers

(Kekäläinen et al., 2011) but then some different detection method

must be used than in this work.
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