
Modeling RF waves in hot plasmas using the finite
element method and wavelet decomposition

Theory and applications for ion cyclotron resonance heating
in toroidal plasmas

PABLO A. VALLEJOS OLIVARES

Doctoral Thesis
Stockholm, Sweden, 2019



TRITA-EECS-AVL-2020:4
ISBN 978-91-7873-397-2

KTH Royal Institute of Technology
School of Electrical Engineering and Computer Science

Division of Fusion Plasma Physics
SE-10044 Stockholm

Sweden

Akademisk avhandling som med tillst̊and av Kungl Tekniska högskolan framlägges
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Abstract

Fusion energy has the potential to provide a sustainable solution for generat-
ing large quantities of clean energy for human societies. The tokamak fusion
reactor is a toroidal device where the hot ionized fuel (plasma) is confined by
magnetic fields. Several heating systems are used in order to reach fusion rel-
evant temperatures. Ion cyclotron resonance heating (ICRH) is one of these
systems, where the plasma is heated by injecting radio frequency (RF) waves
from an antenna located outside the plasma.

This thesis concerns modeling of RF wave propagation and damping in
hot tokamak plasmas. However, solving the wave equation is complicated
because of spatial dispersion. This effect makes the wave equation an integro-
differential equation that is difficult to solve using common numerical tools.
The objective of this thesis is to develop numerical methods that can handle
spatial dispersion and account for the geometric complexity outside the core
plasma, such as the antenna and low-density regions (or SOL). The main
results of this work is the development of the FEMIC code and the so-called
iterative wavelet finite element scheme.

FEMIC is a 2D axisymmetric code based on the finite element method.
Its main feature is the integration of the core plasma with the SOL and an-
tenna regions, where arbitrary geometric complexity is allowed. Moreover,
FEMIC can apply a dielectric response in the SOL and in the region between
the SOL and the core plasma (i.e. the pedestal). The code can account for
perpendicular spatial dispersion (or FLR effects) for the fast wave only, which
is sufficient for modeling harmonic cyclotron damping and transit time mag-
netic pumping. FEMIC was used for studying the effect of poloidal phasing
on the ICRH power deposition on JET and ITER, and was benchmarked
against other ICRH modeling codes in the fusion community successfully.

The iterative wavelet finite element scheme was developed in order to ac-
count for spatial dispersion in a rigorous way. The method adds spatial dis-
persion effects to the wave equation by using a fixed point iteration scheme.
Spatial dispersion effects are evaluated using a novel method based on Morlet
wavelet decomposition. The method has been tested successfully for par-
allel and perpendicular spatial dispersion in one-dimensional models. The
FEMIC1D code was developed in order to model ICRH and to study the
properties of the numerical scheme. FEMIC1D was used to study second har-
monic heating and mode conversion to ion-Bernstein waves (IBW), including
a model for the SOL and pedestal. By studying the propagation and damping
of the IBW, we verified that the scheme can account for FLR effects.
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Sammanfattning

Fusionsenergi har potentialen att erbjuda en h̊allbar lösning för storskalig
energiproduktion för mänskligheten. Fördelarna med fusionsenergi inklude-
rar inga utsläpp av växthusgaser, inget l̊anglivat radioaktivt avfall, p̊alitlig
energiproduktion, hög säkerhet och stora bränslereserver p̊a jorden.

Tokamaken är en fusionsreaktor med ringformad geometri, där det heta
bränslet (eller plasmat) innesluts med starka magnetfält för att det inte ska
f̊a kontakt med t.ex. väggar och antenn. För att uppn̊a fusionsrelevanta tem-
peraturer (ca. 100 miljoner grader) har tokamaker flera uppvärmningssystem.
Joncyklotronresonansuppvärmning (ICRH) är ett system där plasmat värms
upp med hjälp av radiov̊agor. ICRH kommer att ha en viktig roll p̊a ITER,
vilket är nästa generations tokamakexperiment som beräknas vara operativ
mot slutet av 2020-talet.

Denna avhandling handlar om modellering och beräkningar av radiov̊agor
i tokamakplasman för ICRH. Beräkningar av radiov̊agor görs genom att lösa
Maxwells ekvationer. Att lösa Maxwells ekvationer är sv̊art p.g.a. fenome-
net rumslig dispersion som finns i heta plasman. Denna effekt resulterar i
integraloperatorer som är sv̊ara att hantera med numeriska verktyg. Målet
med detta arbete är att utveckla numeriska verktyg som kan hantera rumslig
dispersion i Maxwells ekvationer och kunna hantera den geometriska kom-
plexitet som finns utanför plasmat, t.ex. antennen och regionerna med l̊ag
plasmatäthet (SOL). Huvudresultaten av detta arbete är utvecklingen av den
tv̊adimensionella FEMIC-koden och den s̊a kallade iterativa wavelet finita ele-
ment algoritmen.

En av FEMIC-kodens viktigaste egenskaper är att den kan beskriva v̊ag-
fysiken b̊ade i det heta inre plasmat och det omgivande SOL-omr̊adet, där god-
tycklig geometrisk komplexitet är till̊aten för att beskriva SOL, väggar och
antenn. Dessutom tillämpar FEMIC en dielektricitetsmodell i SOL-omr̊adet
och i omr̊adet mellan plasmat och SOL (som kallas för pedestalen). Koden kan
beskriva vinkelrät rumslig dispersion (FLR-effekter) för den snabba v̊agen en-
bart, vilket är tillräckligt för att beskriva viktiga mekanismer som t.ex. harmo-
nisk dämpning och magnetisk pumpning. FEMIC har används för att studera
effekten av poloidal fasning i tokamakerna JET och ITER, samt validerats
emot andra ICRH-koder framg̊angsrikt.

Den iterativa wavelet finita element algoritmen utvecklades för att be-
handla rumsligt dispersiva effekter p̊a ett rigoröst sätt. I denna algoritm ad-
deras rumsligt dispersiva effekter till v̊agekvationen med hjälp av iterationer.
För att evaluera rumslig dispersion har en ny metod baserad p̊a Morlet wa-
velets tillämpats. Algoritmen har testats framg̊angsrikt för vinkelrät och pa-
rallell dispersion i endimensionella modeller. Koden FEMIC1D utvecklades
för att studera algoritmens egenskaper och för att simulera ICRH, inklusi-
ve FLR-effekter. Koden har tillämpats p̊a ett fall för att studera harmonisk
dämpning och modkonvertering till s̊a kallade jon-Bernsteinv̊agor. I denna
studie verifierades att algoritmen kan ta hänsyn till FLR-effekter genom att
studera jon-Bernsteinv̊agens egenskaper.
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Chapter 1

Introduction

This chapter gives a short introduction to the world’s energy situation, followed
by a discussion on CO2 emissions. The potentials of fusion energy is described,
and the concept of nuclear fusion is explained. Subsequent sections introduce the
tokamak and the applications of plasma heating and current drive, followed by
a more detailed description of ion cyclotron resonance heating (ICRH). The last
sections describe ICRH modeling, spatial dispersion and the thesis objectives.

1.1 The world’s energy sources

The industrial revolution began in Great Britain in the 18th century [1]. This
was a major turning point in mankind’s history that transformed the world. The
industrial revolution led to many positive developments, such as economic growth,
increased standard of living, population growth, technological advancements and
rapid urbanization. The key factor that made the industrial revolution possible was
coal, which was used as an energy source to power steam engines.

The global demand for energy has increased rapidly since the industrial revolu-
tion. Between 2008 and 2018, the world’s total energy production increased from
136,100 TWh to 161,200 TWh [2,3]. This is an increase of approximately 1.6% per
year. The increase during 2018 alone was 2.9%, which is an extraordinary increase.
Assuming an annual increase of 1.7%, the energy production will double by 2060
to a staggering 327,223 TWh.

Fig. 1.1 shows the world’s energy consumption by fuel in 2017 [2]. Approxi-
mately 85% of the energy come from fossil fuels (gas, oil and coal). Energy from
nuclear fission produce 5%, hydropower 7% and renewable sources 3% (solar and
wind). These numbers show that fossil fuels are still the dominating energy source.
In the last decades, much effort has been made in developing new and clean en-
ergy sources, with the purpose of phasing out the fossil fuels. Unfortunately, the
transition to these new energy sources is progressing very slowly.

5



6 CHAPTER 1. INTRODUCTION

Figure 1.1: The world’s energy consumption by fuel in 2017 [2].

1.2 CO2 emissions

One of the main disadvantages of using fossil fuels is carbon dioxide (CO2) emis-
sions to the atmosphere. CO2 is a greenhouse gas that can absorb infrared light.
Continuous emission of greenhouse gases can cause long term consequences for the
environment, as it affects the Earth’s natural greenhouse effect. By burning fos-
sil fuels, the increased CO2 levels could accelerate the greenhouse effect, which
eventually will lead to climate change and a warmer planet [4, 5].

Detailed and frequent measurements of CO2 in the atmosphere were first made
by C. D. Keeling. The measurements at the Mauna Loa observatory (Hawaii,
USA) started in 1958 and have continued to the present day. The results, which
are often referred to as the Keeling curve, are shown in Fig. 1.2a [6, 7]. When the
measurements started, the CO2 concentration was approximately 317 ppm (parts
per million). By 2019, the concentration of atmospheric CO2 has reached 410 ppm,
with a steady increase since 1958. The zigzag pattern observed in the Keeling curve
is due to seasonal variations, with a period of one year. Since most of the landmass
is located in the northern hemisphere, a portion of the atmospheric CO2 is absorbed
during spring and summer due to growing vegetation, which results in decreased
levels of atmospheric CO2. In contrast, when plants and leaves decay during fall
and winter, the levels of atmospheric CO2 increase.

To further understand the steady increase in CO2 levels the last 60 years, it
is useful to perform measurements further back in time and study past climate
changes. This can be done by measuring CO2 in bubbles trapped in the polar ice.
Ice core research has been performed since the 1950s, and data of CO2 measure-
ments is readily available [8]. The results are presented in Fig. 1.2b, which cover
data dating back 800,000 years. These measurements confirm that cyclic variations



1.3. FUSION ENERGY 7

1960 1970 1980 1990 2000 2010
Year

300

320

340

360

380

400

420

C
O

2
 [p

pm
]

a) Keeling curve

-0.8 -0.6 -0.4 -0.2 0
Geological time in million years

150

200

250

300

C
O

2
 [p

pm
]

b) CO2 Ice core data

Figure 1.2: CO2 concentration in the atmosphere. a) The Keeling curve. Atmo-
spheric CO2 measurements (from Mauna Loa, Hawaii, USA) from 1958 to 2019 [7],
b) Ice core record of atmospheric CO2 [8]. The data covers the last 800 000 years.

are indeed present in the concentration of atmospheric CO2, and that they corre-
late quite well with antarctic temperature variations [9]. However, note that the
variations in the CO2 concentration never exceed 300 ppm. In contrast, the Keeling
curve measurement in 1958 starts at 317 ppm, and increases steadily for subsequent
years. This is a clear indication that mankind is most likely responsible for the high
levels of CO2 measured today, and that this development has been ongoing since
the industrial revolution.

1.3 Fusion energy

Renewable energy sources, such as wind and solar power, can provide clean en-
ergy with minimal impact on the environment. However, these technologies face
several issues, including high cost, reliability and low land area efficiency [10, 11].
Hydropower, in turn, has the ability to provide large quantities of clean energy at a
reasonable cost, but has a large impact on the local environment, negative influence
on the local ecosystem and reduced energy production during extended droughts.
Furthermore, hydropower plants can only be constructed at appropriate locations.
In contrast, nuclear fission power can provide large quantities of energy with neg-
ligible impact on the environment. Instead, the major concerns of fission power
are nuclear proliferation, safety and the highly toxic radioactive waste produced by
fission power plants [5]. Furthermore, following the 2011 Fukushima accident in
Japan, the public trust in nuclear power has declined.

A new solution for large scale energy production is clearly needed. This is where
fusion energy enters as an alternative solution. Fusion energy has the potential to
provide large quantities of clean energy with no negative impact on the environment
and no greenhouse emissions. Furthermore, the fuel in fusion energy consists of the
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hydrogen isotopes deuterium and tritium, where the former is readily available in
sea water and the latter can be generated by neutron activation of lithium [5,12].

Fusion energy has several advantages over today’s commercial nuclear fission
power plants. Fission power plants produce long-lived radioactive waste that has
to be carefully stored for thousands of years. A fusion power plant will only exhaust
helium as byproduct. Instead, the radioactive waste from fusion power plants
consists of activated material from the reactor wall and chamber. This waste is
short-lived and of the order of 100 years. Thus, the waste management of fusion
power plants is not expected to be a burden for future generations [12]. In addition,
the activated material from decommissioned fusion power plants could in the best
case be recycled. With respect to safety, fusion power plants cannot suffer from
a runaway reaction or nuclear meltdown. This is due to the low fuel density (i.e.
the plasma) at the core. In the event of an accident, the hot plasma at the core
will typically cool rapidly, causing the fusion reactions to stop immediately. As for
the risk of proliferation, studies conclude that the risk of developing weapons using
fusion energy technology is minimal [13,14].

1.4 Nuclear fusion

Thermonuclear fusion is a process where light nuclei are fused into heavier nuclei.
Fusion of light nuclei is an exothermic reaction that releases energy. The energy
released is described by Einstein’s mass-energy equation,

E = ∆mc2 (1.1)

where ∆m is the mass difference before and after the reaction and c is the speed
of light in vacuum. This is the process that powers all the stars in the universe.
Since our universe consists mainly of hydrogen, most stars are powered by fusion
of hydrogen ions. Fusion of heavier elements, such as helium or carbon fusion, also
occurs at the core of some stars, e.g. red giants and high-mass stars [15]. Nuclear
fusion can occur up to the production of the iron elements. Beyond iron, the fusion
reaction becomes endothermic, i.e. energy must be added in order for the reaction

Figure 1.3: Illustration of the fusion reaction between deuterium (2H) and tritium
(3H). The reaction creates a free neutron (n) and a helium ion (4He).
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Figure 1.4: Fusion reactivity as a function of the ion temperature for hot Maxwellian
plasmas [17].

to occur. Instead, by splitting heavy elements (e.g. uranium and plutonium) into
lighter elements releases energy (i.e. fission).

In a fusion power plant, the most promising reaction is fusion of deuterium (2H)
and tritium (3H) [5, 16]. Fusion of deuterium and tritium produces an α particle
(4He) and a free neutron (n), as illustrated by Fig. 1.3. The reaction releases
17.6 MeV of kinetic energy, where the neutron carries 14.1 MeV and the α particle
3.5 MeV. Among all the hydrogen isotopes, fusion of deuterium and tritium is the
reaction that requires the lowest energies (or temperatures). This is illustrated in
Fig. 1.4, where the fusion reactivity 〈σv〉 as a function of the ion temperature is
shown. Maximum fusion reactivity for deuterium-tritium is obtained near 70 keV
(or approximately 770 million K). Unfortunately, tritium is a radioactive isotope
with a half-life of 12.3 years. Consequently, there are no natural resources of tritium
on Earth, which must be produced by breeding from the lithium isotope 6Li [5].
Although this breeding technology has never been fully tested on a tokamak, it is
foreseen that the first generation fusion power plants will be based on deuterium
and tritium fuel.

Fusion of deuterium and helium-3 (helium isotope with one neutron) is another
fusion reaction that deserves attention. This reaction produces an α particle and
a hydrogen ion (1H). The energy released is 18.3 MeV, which is comparable with
that of deuterium-tritium fusion [5, 16]. Compared with tritium, helium-3 is not
radioactive and is therefore easier to handle. Moreover, deuterium-helium-3 fusion
does not produce free neutrons that can activate the surrounding materials in a
reactor. Some free neutrons can still be produced from deuterium-deuterium fusion,
however, the neutron flux is much lower compared with deuterium-tritium fusion.
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The disadvantage of using helium-3 instead of tritium is the higher temperature
required for fusion (see Fig. 1.4). Another problem is that helium-3 is very rare on
Earth. Some scientists speculate that helium-3 can be extracted from the moons
surface, which has been deposited there by the solar wind [18].

In order to fuse two positively charge nuclei, two forces must be considered: the
strong nuclear force and the electrostatic force. The strong nuclear force is attractive
and acts on distances of 10−15 m, while the electrostatic is repelling and acts on long
distances. To fuse two positively charged nuclei, the velocity must be high enough in
a head-on collision in order to overcome the repelling electrostatic force (or increase
the probability for quantum tunneling) [5]. When the distance between the nuclei is
within the range of the strong force, the particles fuse. In a fusion reactor, this can
be achieved by heating the deuterium and tritium fuel to temperatures of the order
of 108 K (hotter than the core of the sun). At these temperatures, the deuterium
and tritium gas mixture becomes a fully ionized hot plasma. To confine such a hot
plasma is a technological challenge of great proportions.

Currently, there are two major branches in fusion research: inertial confinement
fusion and magnetic confinement fusion. Inertial confinement fusion is based on
compressing and heating pellets containing the fuel using powerful lasers. The most
important experimental device is National Ignition Facility located in California,
USA [19]. In the field of magnetic confinement fusion, the leading confinement
devices are toroidal machines, where the hot plasma is confined by magnetic fields.
Several toroidal devices are currently being investigated, such as the tokamak, stel-
larator, spherical tokamak, spheromak, reversed field pinch etc. This thesis concerns
the tokamak design only (the other designs will not be discussed further), which is
the leading candidate to become a fusion reactor.

1.5 Tokamaks

The tokamak was invented by Tamm and Sakharov in the USSR in the 1950s [20].
This device confines the hot plasma by using magnetic fields inside a torus shaped
chamber, as illustrated by Fig. 1.5. The magnetic fields consist of two components:
the toroidal and poloidal magnetic fields.

The toroidal magnetic field (light green arrow) is generated by the toroidal field
coils (dark green coils) located outside the plasma chamber. The toroidal magnetic
field is aligned in the toroidal direction in the tokamak. In modern tokamaks, the
magnitude of the field at the plasma center is of the order of 1-10 T [16].

The poloidal magnetic field (blue arrows) are typically an order of magnitude
weaker compared with the toroidal magnetic field. This field is required because a
toroidal magnetic field alone cannot confine a plasma (due to ∇B and curvature
drifts). The poloidal magnetic field is generated by driving a toroidal electric current
in the plasma (red arrow). The current is of the order of 106 A on modern tokamaks,
which is generated inductively by the central solenoid. The solenoid and the plasma
form a transformer, where the solenoid is the primary winding and the plasma
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the secondary winding. In addition, the poloidal field coils (dark blue coils) also
contribute to the poloidal magnetic field, but are primarily used for plasma shaping
and positioning [16,21].

One disadvantage of the tokamak design is that the electric current generated by
the central solenoid can only be sustained for a limited amount of time. By using
the central solenoid as the only mechanism to generate the electric current, the
tokamak can only be operated in pulsed operation mode [5,16]. To run the tokamak
in steady state mode requires external current drive. Methods for external current
drive include injection of fast neutral beams and radio frequency (RF) waves into
the plasma, which will be described in the next section. Although several methods
for providing external current drive exist, their current drive efficiency is not high.
It is estimated that external current drive must be able to sustain at least 20-25% of
the total plasma electric current. Luckily, the remaining required current (75-80%)
can be sustained by the so-called bootstrap current, which is a transport driven
toroidal current that is self-generated by the plasma [5,22,23].

A list of today’s tokamak experiments is shown in Table 1.1. The Joint European
Torus (JET), with a major radius of 3 m, is the largest tokamak in operation to
date (see Fig. 1.6). JET can have a toroidal magnetic field of up to 4 T and a

Figure 1.5: Schematic diagram of the tokamak and its magnetic field configuration.
The plasma is shown in magenta, the toroidal field coils in dark green, the poloidal
field coils in blue and the central solenoid in yellow. The plasma current is illus-
trated by the red arrow, the toroidal magnetic field by the light green arrow and
the poloidal magnetic field by the blue arrows.
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Table 1.1: List of experimental tokamaks worldwide. Note: ITER is currently
under construction and the first plasma is predicted for 2025-2028.

Name Location B-field Major/minor radius
JET England 4.0 T 3.0 m / 1.3 m

ITER France 5.3 T 6.2 m / 2.0 m
AUG Germany 3.1 T 1.7 m / 0.7 m

WEST France 3.7 T 2.5 m / 0.5 m
TCV Switzerland 1.5 T 0.9 m / 0.3 m

DIII-D USA 2.2 T 1.7 m / 0.7 m
TFTR USA 6.0 T 2.5 m / 0.9 m
JT-60 Japan 4.0 T 3.4 m / 1.0 m

K-STAR South Korea 3.5 T 1.8 m / 0.5 m
EAST China 3.5 T 1.9 m / 0.5 m

Figure 1.6: Internal view of the JET tokamak [24].

plasma electric current of 2-4 MA, which is high enough to confine fast ions and
α particles generated from deuterium-tritium fusion. In 1997, JET set the world
record in fusion output [25]. By injecting 24 MW of heating power, JET produced
16 MW of thermal power, which is equivalent to a gain factor of Q = 0.67 (here,
Q = Thermal power/Heating power).

ITER (”the way” in latin) is a tokamak that is currently being constructed
in Cadarache, southern France. ITER is an international collaboration between
seven members: European Union, USA, South Korea, Japan, China, Russia and
India. With a major and minor radius of 6.2 m and 2.0 m, respectively, it will be
the largest magnetic confinement experiment thus far. The machine will be large
enough to confine α particles from fusion reactions. ITER will have a toroidal
magnetic field of 5.3 T, generated by state-of-the-art superconducting coils, and a
plasma current of 15 MA. One of the main objectives of ITER is to demonstrate that
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it can produce 500 MW of thermal power by injecting 50 MW of input power for
at least 5 minutes, giving Q = 10. Other important objectives of the ITER project
include: demonstrating steady state operation at Q = 5 using external current
drive, verification of tritium breeding, testing components for future reactors, and to
demonstrate the availability and integration of technologies (e.g. superconductors)
[26].

1.6 Ignition and plasma heating

In order for a fusion reactor to be economical, the energy produced must exceed the
energy required to maintain the plasma heated. For a deuterium-tritium plasma at
thermonuclear conditions, the fusion born α particles provides a significant fraction
of the total heating. A plasma is said to be ignited if it can maintain its temperature
solely by α particle heating (i.e. all auxiliary heating is removed). The condition
for ignition of a deuterium-tritium plasma is given by the triple product [27,28]

nTτ > 3 · 1021 keVs−1m−3 (1.2)

where n is the plasma density, T the temperature and τ the energy confinement
time (i.e. the time it takes for the plasma to lose its energy if no heating is applied).
In simple terms, a tokamak must confine a plasma under stable and controlled con-
ditions with sufficient high values on the plasma density, temperature and energy
confinement time so that it fulfills the triple product. As an example, the ITER
tokamak is designed to operate at a plasma density of 1020 m−3, having a confine-
ment time of approximately 1 second. This requires an operating temperature of
30 keV (or 350 million K) in order to reach ignition.

The simplest heating method in a tokamak plasma is Ohmic heating [5, 16].
When the central solenoid drives a toroidal current in the plasma, the plasma
becomes heated through Ohmic losses. However, since the resistivity of the plasma
decreases with the temperature as T−3/2, it becomes difficult to reach temperatures
higher than 4 keV [5]. Consequently, auxiliary heating methods are required in order
to reach reactor conditions. There are two main techniques to heat the plasma to
reactor relevant temperatures: neutral beam injection (NBI) and RF heating. These
are illustrated in Fig 1.7.

In the NBI method, a beam of fast hydrogen atoms are injected into the
plasma [16, 22]. This beam of hydrogen atoms is produced by first accelerating
hydrogen ions using electric fields, and then letting them pass through a neutral-
ization cell before injecting them into the plasma. Since the atoms are neutral,
they are unaffected by the strong magnetic fields that confines the plasma. Once
the fast atoms enter the plasma, they become ionized due to collisions and confined
by the magnetic fields. The fast ions can then deposit their kinetic energy to the
plasma ions and electrons through Coulomb collisions, which will gradually slow
down the ions until they become thermalized. In order to obtain efficient heating
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in JET and ITER using NBI, the energies of the beams must be of the order of 100
keV and 300 keV, respectively.

In RF heating, the plasma is heated by absorbing electromagnetic energy. The
RF waves are produced by powerful external sources and injected into the plasma
[5, 22]. The damping of the RF waves is described by a variety of collisionless
interactions with the plasma ions and electrons, including cyclotron and harmonic
damping, transit time magnetic pumping (TTMP) and Landau damping [29, 30].
Since RF heating of plasmas can be performed over a wide range of frequencies,
several methods have been developed. The most important systems relevant for
ITER are ion cyclotron resonance heating (ICRH) at frequencies between 20 - 100
MHz and electron cyclotron resonance heating (ECRH) at frequencies between 28
- 170 GHz.

The role of these auxiliary heating methods is to heat and control the plasma.
Another advantage of these heating systems is that they can be modified to provide
significant amount of toroidal current drive. This is particularly important in order
to reach the objective of having 20-25% external current drive for steady state

Figure 1.7: Schematic diagram illustrating the heating systems in a tokamak. The
plasma is shown in pink and the chamber walls in gray. The yellow arrows show
the direction of the toroidal current induced by the central solenoid located in the
middle (ohmic heating). The RF antennas are shown in green and the NBI box in
red.
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operation in ITER. When one applies current drive with the ICRH and ECRH
systems, the methods are referred to as ion cyclotron current drive (ICCD) and
electron cyclotron current drive (ECCD), respectively. Predictions of ITER suggest
that current drive is required both at the center and the edge of the plasma. Current
drive at the plasma center can be provided by NBI, ICCD and ECCD. Current drive
in the edge regions requires a larger current, which can be delivered by ECCD and
lower hybrid current drive (LHCD). The LHCD is based on electromagnetic waves
at frequencies between 1.3 - 8 GHz, and is efficient at driving current drive in the
edge regions [22]. LHCD is currently not planned to be installed on ITER.

1.7 Ion cyclotron resonance heating

ICRH is a versatile tool for heating and controlling fusion plasmas [22, 23, 31, 32].
The method has been tested successfully in both tokamaks and stellarators, and
is expected to have an important role in ITER. The main objective of ICRH is
to heat the plasma ions to fusion relevant conditions and to provide current drive
near the plasma center (i.e. ICCD). ICRH can also be used for direct electron
heating, generation of fast ions, plasma initialization, wall conditioning, sawtooth
stabilization, removal of impurities at the core and control of current and rotational
profiles.

The fast magnetosonic wave (or fast wave) is excited by the ICRH antenna
located outside the plasma (see Fig. 1.7). The region between the antenna and
the plasma is referred to as the scrape-off-layer (SOL) and is characterized by
low plasma density and temperature. The fast wave is normally evanescent (i.e.
exponentially decaying) in the SOL, and must tunnel through this region in order to
reach the plasma edge. From the plasma edge, the fast wave can then propagate to
the plasma center, as illustrated by Fig 1.8. The energy carried by the fast wave is
transferred to the plasma through various collisionless damping mechanisms. This
occurs when the local resonance condition is met, given by

ω = nωc + k||w|| (1.3)

where ω is the angular frequency, n the harmonic number, ωc the cyclotron angular
frequency, k|| the parallel wave number and w|| the parallel particle velocity. Fast
wave damping on the ions occur when the fast wave crosses an ion cyclotron res-
onance (n = ±1) or a harmonic of it (|n| > 1). Electron cyclotron damping does
not occur in ICRH, since its cyclotron frequency is in the GHz range. Instead, fast
wave damping on the electrons occurs by TTMP and electron Landau damping
(n = 0), which are described in Chapter 2 [29,30].

The ICRH antenna typically consists of several radiating straps. For example,
the ITER antenna is an array of 4 toroidal by 6 poloidal antenna straps. In plasma
heating applications, the phasing between the toroidal straps (i.e. toroidal phasing)
is adjusted in order to obtain a suitable toroidal spectrum (also known as dipole
phasing). For current drive applications (ICCD) using the ICRH antennas, it is
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Figure 1.8: On-axis ICRH heating in JET using the ITER-like antenna in a deu-
terium plasma with a small population of hydrogen. The figures are cross sections
of the tokamak, simulated using FEMIC. The antennas are shown in green. a) Real
part of the electric field component E−. The magnetic surfaces are shown in red,
where the outermost surface is the separatrix. The region outside the separatrix is
the SOL. b) Total absorbed power (ions and electrons).

necessary to adjust the toroidal phasing in order to obtain an asymmetric toroidal
spectrum. By depositing the wave energy to the electrons, their velocity will in-
crease either in the co- or counter current direction, which increases or decreases
the toroidal current. This effect has been studied in many tokamaks successfully,
and modeling of ITER shows that ICCD can provide a significant amount of on-axis
fast wave current drive [23,33].

1.8 ICRH modeling and spatial dispersion

Modeling of ICRH and ICCD is important in order to understand the underlying
physics and for predictions of ICRH performance. Unfortunately, modeling of RF
waves in hot inhomogeneous plasmas is a difficult task. This is because plasmas
exhibits a phenomenon called spatial dispersion, which occurs when natural length
scales are present in a medium [34]. These natural length scales become important
when they are comparable to the wavelength of an incoming RF wave, as illustrated
by Fig. 1.9. As a result, the dielectric response of the plasma becomes an integral
operator, and the wave equation an integro-differential equation. Such equations
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Figure 1.9: Illustration of perpendicular spatial dispersion. The figure shows a
gyrating ion in a magnetic field. The background colors illustrate the amplitude
variation of the electric field of an incoming RF wave. Spatial dispersion becomes
important when the perpendicular wavelength of the wave is comparable to the
Larmor radius (also known as FLR effects).

are difficult to solve using common numerical tools. In practice, to solve the integro-
differential wave equation requires some form of simplification or the development
of advanced numerical schemes.

In tokamak plasmas, spatial dispersion occurs both in the perpendicular and
parallel directions of the magnetic field. Perpendicular spatial dispersion is caused
by the finite Larmor radius (FLR) of the gyrating ions and electrons, which forms
natural length scales. FLR effects give rise to higher harmonic damping, mode
conversion of the fast wave to electrostatic waves and TTMP damping [29, 30].
The parallel velocity of the ions and electrons causes parallel spatial dispersion,
which gives rise to Landau damping and Doppler broadening of the ion cyclotron
resonances. Hence, accounting for spatial dispersion is important, as they give rise
to a variety of effects that must be represented in modeling codes.

Most ICRH modeling codes are 2D axisymmetric and based on the finite element
(FE) method, Fourier decomposition methods or a combination of the two [35–40].
Methods based on Fourier decomposition can account for spatial dispersion and
works well in the plasma domain (i.e. inside the separatrix). However, the method
is difficult to apply outside the plasma, where the geometry can be irregular and
complex (i.e. the SOL and antenna regions). Hence, methods based on Fourier
decomposition must often simplify the geometry outside the plasma, such that the
wave physics in these regions cannot be properly accounted for. In contrast, the
FE method can be used to solve the wave equation in complex geometries. The
disadvantage of the FE method is that spatial dispersion is difficult to account for.
Some modeling codes expand the dielectric response in the Larmor radius in order to
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include spatial dispersion effect using the FE method. Although this approximation
work well in certain regimes, such models are limited to small Larmor radii. In the
presence of mode converted electrostatic waves, the smallness assumption can be
easily violated.

1.9 Thesis objectives

This thesis is an attempt to develop new numerical methods that can account for the
complicated structure outside the plasma and spatial dispersion. Due to the non-
local nature caused by spatial dispersion, it is tempting to use spectral methods
for evaluating these effects. However, due to the difficulties of applying Fourier
spectral methods on complex and irregular geometries, this numerical technique
has not been used in this work. Instead, we propose to evaluate spatial dispersion
effects using two other methods, which are described in chapters 4 and 5. In one
of these methods, the evaluation of spatial dispersion effects is handled by Morlet
wavelet decomposition, which is a novel technique that has been developed in this
thesis.

The three main objectives of this thesis are summarized below:

1. Development of a high resolution 2D axisymmetric ICRH code that accounts
for spatial dispersion and integrates core plasma with the SOL and antenna
regions. The code must be able to describe ion and electron damping, in-
cluding higher harmonic damping and TTMP (which are FLR effects). This
objective led to the development of the 2D code FEMIC (Finite Element
Model for Ion Cyclotron heating) that is described in chapter 4.

2. Explore the possibility of adding spatial dispersion effects to the wave equation
by fixed point iterations and evaluating spatial dispersion effects using Morlet
wavelet decomposition. This objective led to the development of the iterative
wavelet FE scheme that is described in chapter 5.

3. Assist with data analysis, ICRH modeling and calculations of the time evo-
lution of the distribution function using the SELFO code [41] at experiments
on ASDEX-Upgrade (AUG) and JET.

The remainder of the thesis is organized as follows: the theory for waves in
toroidal plasmas is described in chapter 2, an introduction to the continuous wavelet
transform is given in chapter 3, the FEMIC code is described in chapter 4, the
iterative wavelet FE scheme is described in chapter 5, a summary of the included
papers is given in chapter 6, the discussion and conclusions of this work is given in
chapter 7, and the author’s personal reflections are given in chapter 8.



Chapter 2

Waves in toroidal plasmas

The literature on waves in toroidal plasmas is vast. This chapter gives a brief
introduction to the theory of waves in toroidal plasmas that is relevant for this
thesis. The equations and formulas given in this chapter are used in the numerical
methods and codes developed within this work. Sections 2.1-2.5 describe the wave
equation, the constitutive relation, the susceptibility tensor, the energy equation
and the dispersion relation for hot magnetized plasma. Sections 2.6-2.8 introduces
the concept of ion cyclotron resonance heating in toroidal plasmas and section 2.9
describes electron damping. Mode conversion is briefly discussed in section 2.10. An
introduction to the evolution of the distribution function during ICRH is given in
section 2.11. The SELFO code, which can calculate the evolution of the distribution
function, is introduced in section 2.12.

2.1 Wave equation

In this work, we study cases where the sources that emit electromagnetic waves
oscillate at a singular angular frequency ω, such that the electromagnetic fields
and induced currents are time-harmonic. Thus, the analysis can be performed in
the frequency domain, where the electric field of the wave has the form E(r, ω) =
E0(r)e−iωt, and the wave equation is given by

∇× (∇×E)− ω2

c2
E = iωµ0 (Jind + Jext) (2.1)

where c is the speed of light in vacuum, µ0 is the permeability in vacuum, Jind is
the induced current density and Jext is an external current density. The induced
current density is related to the electric field through Ohm’s law, Jind = σ̃E, where
the tilde symbol denotes operator. By substituting the induced current density in
Eq. (2.1), the wave equation can be written as [29,30,34]

∇× (∇×E)− ω2

c2
K̃E = iωµ0Jext. (2.2)

19
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where the dielectric tensor K̃ is given by

K̃ = I +
i

ε0ω
σ̃ ≡ I + χ̃ (2.3)

where I is the identity matrix, ε0 = 1/(c2µ0) is the vacuum permittivity and χ̃ is
the susceptibility tensor.

2.2 Constitutive relation and spatial dispersion

Two types of dispersion can be present in a medium: temporal and spatial dis-
persion. Temporal dispersion is related to natural frequencies and memory effects
of a medium. Spatial dispersion is caused by natural length scales in a medium,
which makes the response non-local. For example, the FLR of the gyrating parti-
cles in a plasma is a natural length scale that cause spatial dispersion. Most media
have some degree of spatial dispersion, however, the effect is important when the
wavelength is comparable to the natural length scales of the medium [34].

For a general linear medium, we can write the constitutive relation as [42],

Jind(r, t) = σ̃E ≡
∫ ∞
−∞

∫ t

−∞
σ(r, r′, t, t′)E(r′, t′)dt′dr′ (2.4)

where causality is obtained by only integrating up to the current time t. Here, the
exact form of the conductivity is described by the Vlasov equation [29]. Normally,
the Vlasov equation is linearized at an unperturbed state that is time-independent.
As a result, σ(r, r′, t, t′) = σ(r, r′, t − t′), and the integral over the time param-
eter becomes a convolution. However, since the wave equation has been Fourier
transformed in time, the conductivity operator becomes algebraic in the frequency
domain, i.e.

Jind(r, ω) =

∫ ∞
−∞

σ(r, r′, ω)E(r′, ω)dr′. (2.5)

Similarly, the conductivity in a homogeneous medium will depend on r− r′, which
results in space convolutions. By Fourier transforming in all three space dimensions,
the induced current density for a wave characterized by a single wave number k
becomes

Jind(k, ω) = σ(k, ω)E(k, ω) (2.6)

where

E(k, ω) =

∫ ∞
−∞

E(r, ω)e−ik·rdr (2.7)

is the Fourier transform of the electric field in space. However, the situation for
a wave in an inhomogeneous medium becomes more complicated. This is because
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a wave propagating in an inhomogeneous medium is described by a sum of plane
waves with different wave numbers, i.e. E(r, ω) = (2π)−3

∫
E(k, ω)eik·rdk. Since

the conductivity also depends on the wave number, each plane wave is subject to
a different response σ(k, ω). In this work, a quasi-homogeneous approximation is
employed, where the local response of an inhomogeneous medium is approximated
using the homogeneous response, i.e. σ(k, ω) → σ(r; k, ω). This approximation
holds if the magnetic field, temperature and density vary weakly with r. The
induced current density in configuration space can then be described as an inverse
Fourier transform,

J(r, ω) =
1

(2π)3

∫ ∞
−∞

σ(r; k, ω)E(k, ω)eik·rdk. (2.8)

2.3 Susceptibility tensor

The susceptibility tensor is given in a Cartesian coordinate system (ex, ey, ez),
where ez defines the positive magnetic field direction (i.e. the parallel direction).
In this coordinate system, the parallel wave number k|| = kz. Furthermore, we let
the perpendicular wave number be aligned in the ex direction, so that k⊥ = kx and
ky = 0. Denoting Fourier transformed variables with the hat symbol, the Fourier
transformed susceptibility tensor for a homogeneous bi-Maxwellian plasma is given
by [29,30]

χ̂j(ω,k) =

 χ̂xx,j χ̂xy,j χ̂xz,j
−χ̂xy,j χ̂yy,j χ̂yz,j
χ̂xz,j −χ̂yz,j χ̂zz,j

 (2.9)

χ̂xx,j =
ω2
p,je
−λj

ωkzvz,j

∞∑
n=−∞

n2In
λj

An,j (2.10)

χ̂xy,j = iεj
ω2
p,je
−λj

ωkzvz,j

∞∑
n=−∞

n (In − I ′n)An,j (2.11)

χ̂yy,j =
ω2
p,je
−λj

ωkzvz,j

∞∑
n=−∞

[
n2In
λj

+ 2λj(In − I ′n)

]
An,j (2.12)

χ̂xz,j =
kxω

2
p,je
−λj

kzωωc,j

∞∑
n=−∞

nIn
λj

Cn,j (2.13)

χ̂yz,j = −iεj
kxω

2
p,je
−λj

kzωωc,j

∞∑
n=−∞

(In − I ′n)Cn,j (2.14)

χ̂zz,j = −
ω2
p,je
−λj

ωkzvz,j

∞∑
n=−∞

In

(
ω + nωc,j
kzvz,j

)
Bn,j (2.15)
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An,j =

(
1− kzv0,j

ω

)
Z(ζn,j) +

kzvz,j
ω

(
1− T⊥,j

T||,j

)
Z ′(ζn,j)

2

Bn,j =

[
1 +

nωc,j
ω

(
1−

T||,j

T⊥,j

)]
Z ′(ζn,j) +

2nωc,jT||,jv0,j

ωT⊥,jvz,j

(
Z(ζn,j) +

kzvz,j
ω + nωc,j

)
Cn,j =

nωc,jv0,j
ωvz,j

Z(ζn,j) +

[
T⊥,j
T||,j

− nωc,j
ω

(
1− T⊥,j

T||,j

)]
Z ′(ζn,j)

2
.

Here, j is the species index, n the harmonic number, εj = qj/|qj | the charge sign,
qj the species charge, ωp,j the plasma angular frequency, ωc,j the cyclotron an-
gular frequency, vz,j the parallel thermal velocity, vx,j the perpendicular thermal
velocity, v0,j the parallel drift velocity, T⊥ and T|| the perpendicular and parallel
temperatures, respectively, In = In(λj) the modified Bessel functions of order n,
λj = k2xρ

2
L,j/2 the FLR parameter, ρL,j = vx,j/ωc the Larmor radius and Z(ζn,j)

the plasma dispersion functions evaluated at ζn,j = (ω + nωc − kzv0,j)/(kzvz,j).
The plasma dispersion function and its derivative is defined by [29]

Z(ζn,j) =
1√
π

∫ ∞
−∞

e−u
2

u− ζn,j
du, Z ′(ζn,j) = −2 [1 + ζn,jZ(ζn,j)] .

In general, the susceptibility tensor is complex and can be separated into its
Hermitian and anti-Hermitian components [34]

χ̂Hj =
1

2

(
χ̂j + χ̂†j

)
, χ̂Aj =

1

2

(
χ̂j − χ̂†j

)
where the upper indices H and A denotes Hermitian and anti-Hermitian, respec-
tively, and the dagger symbol † denotes conjugate transpose. The Hermitian part
of the susceptibility tensor is non-dissipative and describes the propagation of a
wave. The Hermitian part is invariant under time-reversal, i.e. χHj (−ω,k)|−B =

χHj (ω,k)|B. Note that the sign of the magnetic field always changes under time-
reversal. The dissipative part is described by the anti-Hermitian part of the sus-
ceptibility tensor (e.g. absorption and emission). Under time-reversal, the anti-
Hermitian part is odd, i.e. χAj (−ω,k)|−B = −χAj (ω,k)|B.

2.4 Energy equation

The energy conservation law for a spatially dispersive medium is given by [29,43]

∂Wtot

∂t
+∇ · (S + T) = −Pabs (2.16)
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where Wtot is the energy density, S the Poynting flux, T the kinetic flux and Pabs
is the absorbed power. For a homogeneous medium, these quantities are given by

Wtot =
1

4

(
E∗ · ∂

∂ω

(
ωKH

)
E + µ−10 B∗ ·B

)
(2.17)

S =
1

2µ0
Re [E∗ ×B] (2.18)

Pabs =
ωε0
2

Im
[
E∗ · χ̂AE

]
(2.19)

T = −ωε0
4

E∗ · dχ̂
H

dk
E. (2.20)

Note that the kinetic flux can only exist in media that are spatially dispersive.

Since the anti-Hermitian part of the susceptibility tensor is an operator, the
calculation of the local absorbed power in an inhomogeneous medium becomes more
complicated. For damped waves in an inhomogeneous medium, the local absorbed
power is given by [44,45]

Pabs =
ωε0
2

Im

[∫
E∗(k2) ·W(r,k1,k2) ·E(k1)ei(k1−k2)·rdk1dk2

]
(2.21)

where W is the absorption kernel. Eq. (2.21) has not been implemented in the
modeling codes developed within this thesis. Instead, we approximate the local
absorption with

Pabs ≈
ωε0
2

Im
[
E∗ · χA{E}

]
(2.22)

where the factor χA{E} is evaluated using a spectral approach, and the electric field
on the left side is evaluated locally. As a result, the evaluation of Eq. (2.22) is not
symmetric. It is worth noting that this form cannot guarantee that the absorption
is positive semi-definite (as it should be), which becomes a problem when two wave
modes co-exist (e.g. in cases with mode conversion).

2.5 Hot plasma dispersion relation

A powerful tool to analyze waves in tokamak plasmas is the dispersion relation.
From the dispersion relation we can calculate the local wave number of the wave
modes in order to study their propagation and damping characteristics. The dis-
persion equation can be derived by first Fourier transforming Eq. (2.2) in space,
and then setting the determinant of the resulting system matrix equal to zero (in
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this calculation, we set Jext = 0). The result is [29]

D(nx, nz) = (Kxx − n2z)[(Kyy − n2x − n2z)(Kzz − n2x) +K2
yz]

+Kxy[Kxy(Kzz − n2x) +Kyz(Kxz + nznx)] (2.23)

+ (Kxz + nxnz)[KxyKyz − (Kyy − n2x − n2z)(nznx +Kxz)]

= 0

where nx = ckx/ω and nz = ckz/ω are the refractive indices in the perpendicular
and parallel directions, respectively. The roots of the dispersion equation gives the
dispersion relation of a wave modes. In this work, the roots were found numerically
by finding the intersection of the contours Re(D) = 0 and Im(D) = 0 in the complex
kx plane.

2.6 Ion cyclotron resonance heating in toroidal plasmas

In ICRH, the fast magnetosonic wave (or fast wave) is used for carrying electromag-
netic energy from the antenna to the ions in the plasma core. The power carried
by the fast wave is absorbed by the plasma at ion cyclotron resonances. In this
section, we will develop simple expressions in order to describe how this mechanism
works.

The magnetic field in a tokamak can be approximated by (ignoring the poloidal
field for simplicity)

B(R) =
B0R0

R
(2.24)

where B0 is the magnetic field at the center of the plasma, R0 is the major radius
and R is the radial coordinate. The cyclotron angular frequency of a species j is
given by

ωc,j(R) =
|qj |B
mj

(2.25)

where qj is the charge and mj is the mass. Ion cyclotron resonance heating occurs
where the local resonance condition is fulfilled,

ω = nωc,j + kzvz,j . (2.26)

Using Eqs. (2.24), (2.25) and (2.26), an expression for the location of the ion
cyclotron resonance layer can be obtained, which is given by

Rres,j(ω) =
n|qj |
mj

B0R0

ω − kzvz,j
. (2.27)

Since kzvz,j � ω the resonance location will mainly be a function of the angular
frequency ω. Since the wave frequency can be adjusted in the ICRH antenna, this
gives freedom in choosing a suitable location for ion heating in a plasma.
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To further understand the interaction between the ions and the fast wave, it is
convenient to use the circular polarized electric field components, given by

E± = Ex ± iEy (2.28)

where E+ and E− are the left and right circular polarized electric field components,
respectively. The gyration of the ions is described by the Lorentz force,

FL = qv ×B. (2.29)

Since the ions have a positive charge, the rotation around the magnetic field lines
is in the left-handed direction. As a result, in the wave-particle interaction the ions
become accelerated by interacting with the E+ component. Therefore, an important
criterion is that E+ must have a finite amplitude at the cyclotron resonance. A
simple expression for the fraction E+/E− can be derived by only considering the
most important susceptibility elements in the wave equation for the fast wave, which
can be written as [5, 29]

E+

E−
≈ −Kxx + iKxy − n2z

Kxx − iKxy − n2z
. (2.30)

For the case of a cold plasma with a single ion species, the expression simplifies to

E+

E−
≈ ω − ωc,j
ω + ωc,j

. (2.31)

Fundamental heating of single ion species plasma

As an example, consider a deuterium plasma in JET where the major radius is
R0 = 3 m, the central magnetic field B0 = 3.2 T, the deuterium mass mD ≈ 2u
and charge qD = e, where u is the unit mass and e is the elementary charge. For
simplicity, we ignore the term kzvz,j in Eq. (2.27). To place the fundamental
deuterium cyclotron resonance at the center of the plasma (i.e. n = 1), we set
the antenna frequency to f = 24.5 MHz. This places the resonance location at

R
(n=1)
res,D = 3 m. However, at the resonance ω = ωc,D, which results in a vanishing

amplitude of E+ in Eq. (2.31). We can therefore conclude that this heating scheme
is not suitable for ion heating.

Second harmonic heating of single ion species plasma

If we take the previous example as starting point, we increase the frequency to f =
49 MHz and choose n = 2. This places the second harmonic cyclotron resonance at

R
(n=2)
res,D = 3. At the resonance, ω = 2ωc,D and E+/E− = 1/3. Since the amplitude

of E+ is finite at the second harmonic cyclotron resonance, this heating method
becomes useful for heating ions in a single species plasma.

Similarly, by adjusting the frequency it is possible to heat the plasma ions
at higher harmonic cyclotron resonances. Several experiments of third harmonic
heating have been performed on e.g. JET and AUG [46,47].
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Figure 2.1: The fraction E+/E− near the plasma center in JET for different concen-
trations of hydrogen in a deuterium plasma for f = 49 MHz, B0 = 3.2 T, R0 = 3 m,
nφ = 27, Ti = Te = 3 keV, ne = 5 · 1019. The cyclotron resonance of the hydrogen
ions is shown by the green vertical dashed line.

Fundamental minority heating in two ion species plasma

To heat ions at the fundamental cyclotron frequency, it is necessary to introduce a
second ion species in the plasma. Taking the previous example as starting point,
we now add a small population of hydrogen ions to the deuterium plasma. The
cyclotron resonance locations of the hydrogen (n = 1) and deuterium (n = 2) are

located at R
(n=1)
res,H = R

(n=2)
res,D = 3. Since the cyclotron resonances of hydrogen and

deuterium overlap, the wave will be absorbed by both ion species. However, as we
will see in the next section, fundamental minority heating is more efficient than
second harmonic. Thus, if the conditions are right, the hydrogen ions typically
absorb a larger fraction of the wave energy. Power deposition on the hydrogen ions
will create a population of fast hydrogen ions. The fast hydrogen ions transfer their
kinetic energy through collisional heating to thermal deuterium and hydrogen ions,
and the electrons, which increases the temperature of each species.

For efficient fundamental heating of the hydrogen ions, the hydrogen concen-
tration can neither be too high or too low. If the concentration of hydrogen is too
high, then the amplitude of E+ can become too small for efficient power deposition.
This is illustrated in Fig. 2.1, where a scan in the hydrogen concentration has been
performed in order to calculate E+/E− from Eq. (2.30). By increasing the hydro-
gen concentration, the amplitude of E+ at the resonance becomes smaller, which
reduces the efficiency. On the other hand, if the concentration of hydrogen is very
low, then the power deposition efficiency becomes low due to the small number of
absorbing hydrogen ions.
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2.7 Ion cyclotron resonance interactions

Ions interacting with the waves E+ component at the cyclotron resonance will
experience an acceleration or deceleration. Each interaction will therefore change
the ions kinetic energy. A general expression for the interaction when ky = 0 can
be written as [48]

dE

dt
= qjv⊥ ·E = qjv⊥,j

n=∞∑
n=−∞

(E+Jn−1 + E−Jn+1) eiν (2.32)

ν =

∫ t

(ω − nωc,j − kzvz,j)dτ (2.33)

where E is the ions kinetic energy, v⊥,j the perpendicular velocity, Jn = Jn(k⊥ρL,j)
the Bessel function of order n and ν is the phase difference between the gyro motion
and the wave oscillation. Wave-particle resonance occurs when ω−nωc,j−kzvz,j =
0. When the condition is fulfilled, the electric field is constant in the ions reference
frame and the ion becomes accelerated or decelerated.

Ions can cross the cyclotron resonance multiple times, each time leading to
a change in the ions kinetic energy. If we assume that the phase difference ν
is decorrelated between each cyclotron interaction, then for each passage we can
assume that ν is random. In a tokamak plasma, such an assumption is justified due
to collisions and non-linear effects when the particles propagate along their orbits.
The wave-particle interaction can then be approximated as a diffusion process in
velocity space, which is described by a diffusion coefficient [48]

DRF ∼ |E+Jn−1 + E−Jn+1|2. (2.34)
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Figure 2.2: Bessel functions of the first kind for n = 0, 1, 2, 3.
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Fig. 2.2 shows the Bessel functions from order 0 to 3. Note that for thermal ions,

k⊥ρL,j � 1. For fundamental minority heating, we get D
(n=1)
RF ∼ |E+J0|2. Since

we know that E+ is finite at the resonance, and that J0 ≈ 1 for thermal ions, we
can conclude that minority heating will result in effective heating of the plasma
ions.

For heating at the second harmonic resonance, D
(n=2)
RF ∼ |E+J1 + E−J3|2 ≈

|E+J1|2. However, for thermal ions J1 � J0. Consequently, the diffusion opera-
tor at the second harmonic is weaker compared with heating at the fundamental
cyclotron resonance. Two important conclusions can be drawn from this result.
First, in order for second harmonic heating to be effective, the Larmor radius of
the ions must be sufficiently large. This can be achieved by increasing the per-
pendicular temperature of the plasma. Second, for the case when the fundamental
cyclotron frequency for one ion species is located at the same location as the second
harmonic resonance of another species, the fundamental cyclotron heating tend to
absorb power more efficiently than the second harmonic heating.

Similarly, by heating at the third harmonic cyclotron resonance or higher, the
RF diffusion becomes even weaker, as the Bessel function for higher harmonics be-
comes even smaller for thermal ions. Thus, high ion temperature is required in
order to obtain efficient power deposition. Furthermore, heating at higher harmon-
ics can also be improved by using NBI. The NBI injected ions have large Larmor
radii, allowing them to absorb ICRH power more effectively than thermal ions [47].

2.8 Excitation and propagation of the fast wave

The fast wave in a tokamak plasma can propagate at frequencies near the ion
cyclotron range of frequencies, which typically lies within 20 to 80 MHz. The exci-
tation and propagation of the fast wave is illustrated in Fig. 2.3, where the plasma
density, temperature and the wave number of the fast wave (from the dispersion
relation) as functions of the radial coordinate are shown. This is a one-dimensional
example of a deuterium plasma with a small concentration of hydrogen in a JET-like
geometry.

The core plasma is located in the interval 2.0 ≤ R ≤ 3.8 m, where the density
is high. The region outside this interval is the SOL, which is characterized by low
density and temperature. The antenna is located at R = 3.95 m in the SOL (black
dashed line). The transitional region between the core plasma and the SOL is called
the pedestal and is characterized by large gradients in the density and temperature.

The local wave number of the fast wave in Fig. 2.3b was obtained from Eq.
(2.3). Note that the real part of the wave number is zero at the antenna, while
the imaginary part is positive. This is because the wave is evanescent in the SOL,
which is caused by the short toroidal wavelength in comparison with the wavelength
in the SOL. Thus, the wave must tunnel through the evanescence region in order
to reach the cutoff in the pedestal. The evanescence region has a direct negative
impact on the coupling, which can be improved by locating the antenna closer to
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Figure 2.3: a) Density and temperature profiles, where Ti = Te. The SOL density
and temperature are 4.5 · 1017 m−3 and 45 eV, respectively b) The wave number
of the fast wave (as given by the hot plasma dispersion relation) for a JET-like
deuterium plasma where B0 = 3.4 T, f = 52 MHz, R0 = 3 m and a hydrogen
concentration of 2%. The resonance location is located at R = 3.0 m.

the plasma. However, putting the antenna to close can lead to other complications,
such as arcing or plasma breakdown, which must be avoided [5].

Once the wave couples to the plasma, it can propagate to the plasma center
where the power is deposited. The cyclotron resonance is located at R = 3.0 m,
which is also indicated by the imaginary part of the wave number. Note that the
cyclotron damping is spread over a small interval in R. This phenomenon is caused
by Doppler broadening and is related to the parallel thermal motion of the ions.
The Doppler broadening increases with higher thermal velocity. The part of the
wave that is transmitted through the cyclotron resonance will eventually reach the
pedestal on the high field side (i.e. at R = 2 m). Due to the low plasma density in
the SOL, a cutoff is created at the high field side that will reflect the fast wave. The
reflected wave will then propagate back and be absorbed by the cyclotron resonance
a second time.
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2.9 Electron damping in toroidal plasmas

Fast wave damping on the electrons in hot toroidal plasmas is described by elec-
tron Landau damping and TTMP [49]. Electron Landau damping occurs when
the parallel phase velocity of the wave resonates with the parallel velocity of the
electrons. Landau damping is dependent on the parallel electric field component,
which can accelerate the electrons in the parallel direction. The force responsible
for the damping is

FLandau = qeEzez. (2.35)

Damping by TTMP occurs because the parallel magnetic field component Bz of the
wave interacts with the magnetic dipole moment of the gyrating electrons (this also
applies to gyrating ions, but the effect is negligible). Hence, the parallel magnetic
field component causes an acceleration of the electrons in the parallel direction.
The force responsible for the damping is

FTTMP = −µ∇||Bz (2.36)

where µ = mev
2
⊥/(2B) is the magnetic moment of the electrons, v⊥ the perpendic-

ular velocity, B the tokamaks magnetic field and ∇|| the gradient operator in the
parallel direction

An expression for the electron Landau damping and TTMP can be obtained
from Eq. (2.19) by only keeping the susceptibility tensor of the electrons and for
terms with n = 0. Electron Landau damping is described by χAzz,e and TTMP

by χAyy,e. In hot tokamak plasmas, Landau damping and TTMP are coherent and

connected by the cross terms χAyz,e and χAzy,e. The total electron damping is given
by

Pabs,e =
ωε0
2

Im
[
E∗y(χ̂Ayy,eEy + χ̂Ayz,eEz) + E∗z (χ̂Azy,eEy + χ̂Azz,eEz)

]
n=0

. (2.37)

In general, the electrons Larmor radius is small, i.e. λe << 1. Furthermore, in
the regime where electron damping is important, ω/(kzvz,e) << 1. Under these
assumptions, we can simplify Eq. (2.37) for the fast wave. By substituting the
anti-Hermitian part of the susceptibility elements in Eq. (2.37), it is possible to
show that the TTMP contribution is exactly canceled by the cross terms [30, 49].
The remaining term is the one that describes electron Landau damping. Hence,
the total fast wave electron absorption in a tokamak plasma is simply given by the
electron Landau damping term, i.e.

Pabs,e ≈
ωε0
2

Im
[
E∗z χ̂

A
zz,eEz

]
n=0

. (2.38)

2.10 Mode conversion to electrostatic waves

Mode conversion is a process where the fast wave can be partly or fully converted
to an electrostatic wave. Slow magnetosonic waves (slow wave) and ion Bernstein
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waves (IBW) are examples of electrostatic waves that can exist in tokamak plasmas
[29,30,50,51]. This phenomenon occurs at confluence zones that are created when
the wave number of the fast wave intersects the wave number of the electrostatic
wave. To understand how confluence zones can appear in a plasma, consider the
following approximative formula for the fast wave dispersion relation,

k2x,FW ≈
ω2

c2

(
Kxx − n2z +

K2
xy

Kxx − n2z

)
. (2.39)

The wave numbers of the electrostatic waves are typically much larger than the fast
wave. However, the fast wave can obtain large wave numbers when Kxx − n2z = 0.
When the condition is fulfilled, mode conversion to electrostatic waves can take
place.

Mode conversion to IBWs is an FLR effect, and is related to the higher har-
monic terms in the susceptibility tensor (i.e. n ≥ 2). For instance, in a single
ion species plasma, the terms associated with n = 2 can give rise to IBWs that
exist between the fundamental and second harmonic ion cyclotron resonances. The
terms associated with n = 3 in the susceptibility tensor give rise to IBWs that exist
between the second and third harmonic resonance, and so on.

As an example, consider a deuterium plasma in a JET-like geometry, where
B0 = 3.2 T and R0 = 3.0 m. By setting the antenna frequency to f = 45.8
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Figure 2.4: Wave numbers of the fast wave and IBW associated with the second
harmonic deuterium resonance in a JET-like geometry, where B0 = 3.2 T, R0 = 3
m, f = 45.8 MHz, ne = 4 · 1019 m−3, Ti = Te = 4 keV and nφ = 20. The second
harmonic resonance is located at R = 3.22 m.
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Figure 2.5: Wave numbers of the IBW for different toroidal mode numbers. The
same antenna and plasma parameters are used as in Fig. 2.4, but for the toroidal
mode numbers 13, 20 and 27.

MHz, the second harmonic and fundamental cyclotron resonances are located at
Rres,D(n = 2) = 3.22 m and Rres,D(n = 1) = 1.61 m, respectively. Since JET
has a minor radius of approximately 1 m, the fundamental resonance is located
on the high field side outside the toroidal chamber (see Fig. 4.1a). For simplicity,
we assume a constant electron density of ne = 4 · 1019 m−3, and constant ion and
electron temperatures of Ti = Te = 4 keV.

The wave numbers as given by the dispersion relation for this scenario is shown
in Fig. 2.4 for the toroidal mode number nφ = 20. A confluence is present at
R = 3.2, where the wave numbers of the fast wave and IBW intersect. When the
fast wave crosses the confluence, the wave can be partly transmitted and partly
mode converted to the IBW. For this particular case, the IBW propagates in the
negative R direction. As the wave propagates, its wavelength becomes shorter,
which is reflected in the increase of the real part of the wave number.

Note that the imaginary part of the wave number of the IBW grows quickly near
R ≈ 2.5 m. This implies that the IBW will undergo spatial damping. In general,
the IBW is characterized by having a large Ex component, and smaller Ey and Ez.
However, the TTMP caused by the Ey component is negligible. As a result, the
IBW is only subject to electron Landau damping.

The wave numbers for the IBW for different toroidal mode numbers are shown
in Fig. 2.5. The real part of the wave number is weakly dependent on the toroidal
mode number. However, the damping characteristics of the IBW are different,
which is illustrated by the imaginary part of the wave number. In particular, the
location of strong damping correlates with the toroidal mode number. The higher
the toroidal mode number, the shorter distance the IBW can propagate from the
second harmonic resonance location before being damped.
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2.11 Evolution of the distribution function

Before applying any auxiliary heating to a plasma, the distribution function fj(r,v, t)
for a species j is approximately Maxwellian. By heating the plasma with NBI or
ICRH, the distribution function will be modified and evolve in time into a non-
Maxwellian distribution. The time evolution of the distribution function fj is de-
scribed by the Fokker-Planck equation,

∂fj
∂t

+ v · ∇fj = Q(fj ,E) + C(fj) + Sj − L(fj) (2.40)

where Q(fj ,E) ∼ DRF is the quasi-linear RF operator, C(fj) the Coulomb collision
operator, Sj the source term that can describe e.g. injected beam ions or fusion born
ions and L(fj) the loss term. The Coulomb collision operator is defined by [30,52]

C(fj) = − 1

v2
∂

∂v

[
−αv2fj +

1

2

∂

∂v

(
v2βfj

)]
+

1

4v2
∂

∂ξ

(
1− ξ2

) ∂
∂ξ

(γfj) (2.41)

where ξ = v||/v is the pitch angle and α, β and γ are the Spitzer Coulomb diffusion
coefficients.

The application of ICRH on a species j will create an ICRH tail in the distri-
bution function, which consists of a small population of fast ions. The Coulomb
collision operator acts against such formations and tries to restore the original
Maxwellian distribution function. In general, Coulomb collisions between particles
are strong when the velocity vectors have similar magnitude and direction. For
example, ion-ion collisions will dominate if an ion have similar velocity as the ther-
mal ions. However, the ion-ion collision frequency decreases as v−3, and above a
certain energy level the ion-electron collisions are more important. The ion energy
at which the ion-ion and ion-electron collision rates are equal in magnitude is called
the critical energy, and is given by [30,48]

Ec ≈ 14.8Te

(
mj

mp
Zeff

) 2
3

, Zeff =

∑
k nkZ

2
k∑

k nkZk
(2.42)

where mj is the fast ion mass, mp is the proton mass, Te is the electron temperature,
nk is the ion density for species k, Zk is the atomic unit charge and Zeff is the
effective unit charge of the plasma. Ion collisions dominate below the critical energy.
In this regime, the pitch angle scattering is significant and prevents the formation
of strong anisotropies in the fast ion velocities (last term in Eq. (2.41)). Above the
critical energy, collisions with the electrons dominate, where the fast ion slowing
down time is given by [16]

τei = 3(2π)3/2ε20
mjT

3/2
e

m
1/2
e nee4 ln Λ

(2.43)

where me the electron mass, ne the electron density, e the elementary charge and
ln Λ the Coulomb logarithm. In this regime, the pitch angle scattering with the



34 CHAPTER 2. WAVES IN TOROIDAL PLASMAS

electrons is weak. As a result, ICRH-accelerated fast ions can develop strong
anisotropies at energies above the critical energy.

For fast ions accelerated using fundamental minority heating, the ICRH tail can
be characterized by an effective temperature, given by [30,48]

Teff,j = −
[
∂ ln(fj)

∂E

]−1
. (2.44)

This expression can also be used for higher harmonic heating, however, the slope
of the distribution function with respect to the energy can vary significantly, which
causes the effective temperature to vary with the fast ion energy.

2.12 The SELFO code

In this thesis, the SELFO code [41] was used in order to calculate the time evolution
of the distribution function. SELFO solves the Fokker-Planck and the wave equa-
tion by iterating between the FIDO and LION codes [48,53,54]. On each iteration,
the FIDO codes calculates the distribution function fj in time for each species j.
Using the distribution function, FIDO then calculates the non-Maxwellian suscep-
tibility tensors, which are used as input in the LION code. The LION code solves
the electric field and calculates the power partition of the different plasma species
for the next iteration. This iteration procedure allows calculations of the evolution
of the distribution function in order to perform studies on ICRH accelerated fast
ions.



Chapter 3

Continuous wavelet transform

A wavelet is waveform (or wave packet) that is local in space and have zero mean.
The continuous wavelet transform, just like the Fourier transform, is a transforma-
tion method that decomposes a function into its constituent wavelets. This method
is very useful in e.g. data analysis and image processing. In this thesis, wavelets
have been used as a method for evaluating spatial dispersion. This chapter gives
an introduction to the Morlet wavelet, the continuous wavelet transform and the
admissibility condition. The choice of discretization in the continuous wavelet trans-
form and the application of matched layers are described. The last section discusses
the admissibility constant and how it is affected by the choice of discretization.

Many wavelets can be used in the continuous wavelet transform. Here, we use
the Morlet wavelet for a number of reasons. Morlet wavelets have a central char-
acteristic wave number that correlates with the wave number of propagating elec-
tromagnetic waves. Furthermore, Morlet wavelets are localized in space and have a
narrow wave number content, which is useful for performing wavelet decomposition
of electromagnetic waves in inhomogeneous media.

3.1 The Morlet wavelet

Let ψ(x) ∈ C be the mother wavelet, which is a continuously differentiable function.
Let a ∈ R\0 be the scale parameter and b ∈ R the shift parameter. A set of wavelets
can be constructed by re-scaling and shifting the mother wavelet (sometimes also
known as daughter or child wavelets) [55,56],

ψab(x) =
1√
|a|
ψ

(
x− b
a

)
, (3.1)

where the wavelets are normalized by 1/
√
|a|. This normalization is required in

order to keep the L2 norm constant, i.e. ||ψab(x)|| = const.
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Figure 3.1: Illustration of the complex Morlet wavelet. a) Morlet wavelet in con-
figuration space for a = 1 and b = 0, b) Morlet wavelet in Fourier space for a = 1
(black solid line) and a = 2 (red dashed line) with b = 0.

The normalized complex Morlet wavelet used in this thesis is given by [57,58]

ψ(x) = cσπ
− 1

4 e−
x2

2

(
eiσx − kσ

)
(3.2)

where

cσ =
(

1 + e−σ
2

− 2e−
3
4σ

2
)− 1

2

, kσ = e−
1
2σ

2

.

Here, σ is a reference wave number that determines the space-wave number reso-
lution. In this work, we chose σ = 6. For this case, the constant kσ becomes very
small while the constant cσ is close to unity.

The Fourier transformed Morlet wavelet is given by

ψ̂ab(k) = cσ
√

2π
1
4 |a| 12 e−ikb

(
e−

(ak−σ)2
2 − κσe−

(ak)2

2

)
. (3.3)

The Morlet wavelet and its Fourier transform are shown in Fig. 3.1, where the
localization in space and Fourier space is illustrated. The central characteristic
wave number is shown by the maximum value of the Fourier transformed Morlet
wavelet in Fig. 3.1b, and is given by k = σ/a.

3.2 Admissibility condition

The most important property of a mother wavelet is that it has to fulfill the ad-
missibility condition, which is given by [56,57]

Cφ =

∫ ∞
−∞

|ψ̂(k)|2

|k|
dk <∞ (3.4)
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where ψ̂(k) is the Fourier transform of the wavelet. A wavelet ψ(x) that fulfills
the admissibility condition can be used to reconstruct a function using the inverse
wavelet transform without loss of information. When the condition is fulfilled, the
integral of the wavelet vanishes, i.e.∫ ∞

−∞
ψ(x)dx = 0. (3.5)

3.3 Continuous wavelet transform

Let the function f(x) ∈ C be a continuously differentiable function. The continuous
wavelet transform of f(x) is given by [55,56]

fab ≡ f(a, b) = WT [f(x)] =

∫ ∞
−∞

f(x)ψ∗ab(x)dx (3.6)

where * denotes complex conjugate and −∞ < a, b < ∞ with a 6= 0. If the
wavelet fulfills the admissibility condition, the original function can be recovered
by applying the inverse wavelet transform on fab, given by

f(x) = WT−1 [fab] (x) =
1

Cψ

∫ ∞
−∞

∫ ∞
−∞

fabψab(x)
dadb

a2
. (3.7)

3.4 Discretization for numerical calculations

The continuous wavelet transform is defined on an infinite interval for continuous
values of the space coordinate x, the scale parameter a and the shift parameter
b. These parameters must be finite and discretized in order to perform numerical
calculations.

The integrals over x and b are performed on equidistant grids, with a constant
step size ∆x. Let the space coordinate be defined on a finite interval, so that x ∈
[xmin, xmax]. The discretization of the space coordinate is then xi = xmin + i∆x,
where the integer i = [0, 1, .., imax]. We define the shift parameter on the same
interval, i.e. b ∈ [xmin, xmax], and choose the discretization bj = xmin + j∆x,
where the integer j = [0, 1, ..., jmax].

The numerical integration over the scale parameter is performed over a non
equidistant grid, which is split into positive and negative scales, given by

ak =

{
2k/nr , ak > 0

−2k/nr , ak < 0
(3.8)

where k is an integer and nr ≥ 1 is the root order. The root order determines the
resolution in the wave number. Larger values of nr results in higher resolution, but
at a higher computational cost. In the studies covered by this thesis, the root order
was set to nr = 4 (unless mentioned otherwise), which was found to give adequate
resolution.
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Figure 3.2: Illustration of the edge artifacts when calculating the inverse continuous
wavelet transform. a) Original function, b) reconstructed function.

Figure 3.3: Illustration of the edge artifacts in the wavelet spectrum.

3.5 Matched layers

The application of the continuous wavelet transform on a finite grid give rise to
edge artifacts near the boundaries. This problem occur when wavelets close to the
boundaries require information that is located outside the interval. To illustrate
the problem, consider the function f(x) = eikx on the interval x ∈ [0, 2] for k = 60,
which is illustrated in Fig. 3.2a. By applying the continuous wavelet transform on
f(x) and then the inverse continuous wavelet transform, we obtain the reconstructed
function that is shown in Fig. 3.2b. By comparing the original function with the
reconstructed function, we observe that the reconstructed function does not match
the original function at the edges. To further understand this problem, the absolute
value of the wavelet transform of the function f(x) is shown in Fig. 3.3. In the
middle of the domain, we observe a yellow band at k ≈ 60 that corresponds to
the wave number content of f(x). At the edges, we can observe low amplitude
coefficients above and below the yellow band. These coefficients are caused by
truncated Morlet wavelets at the edges, which causes the edge artifacts.

In many applications, the problem with edge artifacts can be solved to some
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Figure 3.4: Illustration of the matched layer method in order to remove edge arti-
facts. a) Original function with matched layers. The vertical blue lines highlight
where the matched layers have been applied, b) reconstructed function.

Figure 3.5: Wavelet spectrum when matched layers have been applied to f(x). The
vertical red lines highlight where the matched layers have been applied.

extent by using extension methods, such as zero padding and symmetric or periodic
extensions [59, 60]. In this thesis, we have developed a new type of extension
method, called matched layers [50, 61]. In this technique, we extend the function
a small distance and match f(x) with a Morlet wavelet with similar wave number.
By evaluating the value and the derivative of f(x) at the boundaries, it is possible
to ensure that the extended function is continuous over the boundaries, which
is illustrated in Fig. 3.4a. By calculating the reconstructed function using the
extended function, we can verify in Fig. 3.4 that the reconstructed function matches
the original function f(x). Fig. 3.5 show the wavelet spectrum of the extended
function, where we can observe that the edge artifacts have vanished.



40 CHAPTER 3. CONTINUOUS WAVELET TRANSFORM

Table 3.1: Admissibility constant for different nr.

Root order Admissibility constant
nr = 2 Cψ = 1.3591
nr = 4 Cψ = 1.1598
nr = 6 Cψ = 1.1261
nr = 8 Cψ = 1.1098

3.6 Admissibility constant for numerical calculations

The value of the admissibility constant for complex Morlet wavelets can be evalu-
ated theoretically. By using Eq. (3.3) in Eq. (3.4), we can calculate the admissi-
bility constant to be Cφ ≈ 1.0624. However, the value of the admissibility constant
changes when performing the wavelet transform using a discretized scale parame-
ter ak. The value of the admissibility constant depends on the root order nr, and
was evaluated numerically for different root orders. The results are summarized in
Table 3.1.



Chapter 4

The FEMIC code

This chapter gives an introduction to the FEMIC code. The main objectives are
discussed in section 4.1. Section 4.2 describes the wave equation, section 4.3 the
geometry and boundary conditions, section 4.4 the profiles and section 4.5 the
meshing capabilities. The limitations of the FEMIC code are discussed in section
4.6. Details of the implementation are described in section 4.7. Section 4.8 describe
the potential applications of FEMIC, and section 4.9 gives a short introduction to
the 3D modeling capabilities of FEMIC.

4.1 Objectives

The following list summarizes the main objectives of the FEMIC code.

1. Calculations that integrates the core plasma, SOL and antenna.

2. Propagation and damping calculations in a hot plasma.

3. Fast calculations and high resolution at a low computational cost.

4. Usage of commercial software for the finite element (FE) method.

Objective 1: The integration of the core plasma with the SOL and antenna
regions is probably the most important feature of the FEMIC code. Existing ICRH
modeling codes typically have very accurate representation of the core physics, while
employing a simple antenna and SOL model [35, 37–39,54, 62, 63]. As a result, the
antenna power coupling cannot be taken into account. Accounting for the power
coupling requires a realistic antenna model, a low-density plasma model in the SOL
and a pedestal model [64]. This has been addressed in FEMIC by allowing density
and temperature profiles that extend beyond the core plasma. The susceptibility
tensor can then be calculated in the whole computational domain, including the
SOL and the antenna regions. Furthermore, since FEMIC is based on the FE
method, the code allows arbitrary complexity in the geometry.
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Objective 2: To obtain accurate calculations of the propagation and damping
in the core plasma, modeling codes must be able to account for arbitrary harmonic
cyclotron damping, TTMP and Landau damping. Hence, a susceptibility model
for a Maxwellian plasma is therefore required and FLR effects must be taken into
account in order to model harmonic cyclotron damping and TTMP. However, to
account for FLR effects using a FE discretization is difficult. The current version
of the FEMIC code addresses these issues by evaluating the susceptibility tensor
for the fast wave only by using the dispersion relation. Although this model has
some limitations, it can describe harmonic cyclotron damping and TTMP for the
fast wave quite well.

Objective 3: A modeling software that can provide high numerical resolution
and fast calculations at a low computational cost is always useful, in particular, for
obtaining fast results and for performing large scans. Since FEMIC is based on the
FE method and take advantage of multi-core capabilities, the computational time
is typically short and the memory requirements are manageable. Depending on the
complexity of the model, the computational time is of the order of 1-15 minutes
and the memory requirements of the order of 1-50 GB.

Objective 4: The greatest benefit of using commercial software is that there is no
need to invest time in development and maintenance of FE schemes. Commercially
developed FE software is typically well tested and reliable, with access to many
advanced features and state-of-the-art multi-core solvers. A license under subscrip-
tion is also eligible for support and upgrades, which covers the maintenance part.
The present work has benefited from commercially developed features in many re-
gards, including 2D interpolation methods, advanced meshing techniques, adaptive
mesh, interface to CAD (computer-aided-design) import, integration methods and
features for plotting and visualization.

4.2 Wave equation

The wave equation in the FEMIC code is solved in a cylindrical coordinate system
(eR, eφ, eZ), where eR is the major radius direction, eφ is the toroidal direction
and eZ is the vertical direction. A quasi-homogeneous approximation of the sus-
ceptibility tensor is used, where the perpendicular and parallel wave numbers are
known in advance. Furthermore, it is assumed that the geometry and the suscepti-
bility tensor are invariant in the eφ direction (i.e. 2D axisymmetric). Under these
assumptions, the wave equation and its solution can be written as

∇× (∇×E)− ω2

c2

I +
∑
j

χj(R,Z; k⊥,FW , k||)

E = iωµ0Jext (4.1)

E = E0(R,Z)einφφ (4.2)
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where j is the species index, k⊥,FW the local wave number of the fast wave and k||
the parallel wave number, given by

k|| =
|Bφ|
|B|

nφ
R

(4.3)

k2⊥,FW ≈
ω2

c2

[
Kxx − n2|| +

K2
xy

Kxx − n2||

]
λj=0

(4.4)

where Bφ the toroidal magnetic field, B(R,Z) = Bφ + Bpol is the total magnetic
field and n|| = ck||/ω the parallel refractive index. In this formulation, the up- and
downshift in the parallel wave number is not considered.

Note that the susceptibility tensor in Eq. (4.1) is given in a cylindrical coor-
dinate system. To use the susceptibility tensor as given in Eq. (2.9), the tensor
must be transformed from the local Cartesian coordinate system to the cylindrical
according to

χj = R · χ(Stix)
j ·R−1 (4.5)

where the transformation matrix R is defined by

R =

ex · eR ex · eφ ex · eZ
ey · eR ey · eφ ey · eZ
ez · eR ez · eφ ez · eZ

 . (4.6)

In FEMIC, the transformation matrix is described using the Euler angles, R(α, β, γ) =
Rz(α)Ry(β)Rx(γ). The Cartesian coordinate system is defined using the local wave
vector and magnetic field, i.e.

ex =
k⊥
|k⊥|

, ez =
B

|B|
, ey = ez × ex

Note that if the poloidal magnetic field is neglected in the calculations, the trans-
formation matrix becomes

R =

1 0 0
0 0 −1
0 1 0

 . (4.7)

4.3 Geometry and boundary conditions

The geometries in the FEMIC code are based on CAD. The current version of
FEMIC has geometries for JET A2 antennas, JET ITER-like antenna (JET-ILA),
ITER, DEMO and WEST. The geometries for JET-ILA and ITER are illustrated
in Fig 4.1.
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Figure 4.1: 2D computational geometries in FEMIC for a) JET with the ITER-like
antenna and b) ITER. Black lines represent conducting walls, the magenta line the
separatrix, green lines the poloidal antennas and red lines the flux surfaces.

The first wall and the Faraday screen in the geometries are assumed to be perfect
conductors. Thus, we apply the boundary condition

n̂×E = 0, (4.8)

where n̂ is the unit normal vector of the wall.
The ICRH antennas are represented as internal boundaries (1D lines) in FEMIC.

The geometries are allowed to have several poloidal antenna straps, which is illus-
trated in Fig. 4.1. Each individual poloidal antenna strap is assigned a unique
boundary condition, where the surface current density magnitude and phase is
specified by the user. Denoting the poloidal antennas with the subscript k, the
boundary condition is given by

Jk = t̂Jke
iθk (4.9)

where t̂ is the unit tangential vector in the poloidal plane, Jk the surface current
density amplitude and θk is the phase. The advantage of assigning unique bound-
ary conditions to the antenna straps is that it facilitates the modeling of poloidal
phasing [64].
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4.4 Profiles

The magnetic field can either be read from the equilibrium file (or EQ file, see Fig.
4.3) or be defined using a vacuum approximation as given in Eq. (2.24). The latter
case neglects the poloidal magnetic field component, which can only be accounted
for if the magnetic field is read from file.

The flux surfaces are specified by using the magnetic flux function ψ(R,Z),
which must be read from the equilibrium file (the flux surfaces are illustrated in
Fig. 4.1). The flux surface label ρpol can be defined using ψ(R,Z) as

ρpol =


[

ψ−ψaxis
ψsep−ψaxis

]1/2
{R,Z} inside separatrix[

1 +
∣∣∣ ψ−ψsep
ψsep−ψaxis

∣∣∣]1/2 {R,Z} outside separatrix
(4.10)

where ψaxis and ψsep are the flux function values on the magnetic axis and the
separatrix, respectively.

The density and temperature profiles for each species can be specified from file
or by an analytic expression, given by

f(ρpol) = faxis + (fsep − faxis) ρ2pol 0 ≤ ρpol ≤ 1 (4.11)

where faxis and fsep are the values on the magnetic axis and at the separatrix,
respectively.

The model in the SOL can either be described by a perfect vacuum model, or by
a low-density and temperature plasma. For the latter case, the transition between
the core plasma and the SOL at the separatrix is described by a pedestal model.
The pedestal model is based on a mtanh function, defined by [64–66]

mtanh(u) =
h

2

[
(1− su)eu − e−u

eu − e−u
+ 1

]
(4.12)

where h is the pedestal height, s the asymtotic slope, u = (ψmax − ψ)/(2w), ψmax
the location of maximum gradient and w is the pedestal width.

4.5 Meshing

The geometry is discretized by applying an unstructured triangular mesh in the core
plasma, SOL and antenna regions. The benefit of using unstructured meshes is that
they are easier to apply on irregular shapes and complex geometries. Furthermore,
local mesh refinement by bisecting triangles is straightforward (i.e. adaptive mesh-
ing), which is useful in order to refine the resolution at cyclotron resonance layers.

High mesh resolution at the separatrix is required if a pedestal model is used.
Since the density and temperature gradients are directed in the ρpol direction (i.e.
direction normal to the separatrix in the poloidal plane), high mesh resolution is
only required in this direction. This is solved by using a boundary layer mesh, which
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Figure 4.2: Illustration of the unstructured triangular mesh on JET-ILA. The an-
tennas are shown in green and the separatrix in magenta. a) Mesh on the upper
half of the JET-ILA. b) Zoomed in figure showing the boundary layer mesh.

is a technique that is typically used in computational fluid dynamics in order to
solve gradients near walls that have the ”no slip” condition. In FEMIC, we apply
the boundary layer mesh adjacent to the separatrix (i.e. on both sides) by using
high aspect ratio rectangular elements, which is illustrated in Fig. 4.2b.

4.6 Limitations

The current FEMIC version supports modeling of RF waves in bi-Maxwellian plas-
mas. A non-Maxwellian formulation can be implemented in FEMIC, but is left for
future work.

Including FLR effects to all orders in the Larmor radius using the FE method
is challenging. The model used by FEMIC can describe some FLR effects for the
fast wave only, including higher harmonic cyclotron damping and TTMP. This is
achieved by evaluating the susceptibility tensor using the local wave number of the
fast wave as given by the dispersion relation (Eq. (4.4)). A consequence of this
susceptibility model is that mode conversion to IBWs cannot be accounted for.
On the other hand, mode conversion to slow waves can be described, however, the
susceptibility model for the slow wave is only valid in regions with low temperature.
In regions with high temperature (where FLR effects are important), the response
of the slow wave is at best approximative or incorrect.

Another limitation is that the up- and downshift in the parallel wave number
k|| cannot be described. Preliminary studies show that the up- and downshift in
k|| can be treated in FEMIC by using the iterative wavelet FE scheme (which is
described in chapter 5). Due to time constraints, the implementation of the method
in FEMIC has been left outside the scope of this work.
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Figure 4.3: Flow chart of the FEMIC code. Green boxes are input files, red boxes
are MATLAB R© processes, blue boxes are LiveLinkTM for MATLAB R© processes
and the the gray box is the COMSOL R© Multiphysics model file.

4.7 Implementation in MATLAB and COMSOL

The FEMIC code was implemented in MATLAB R© [67]. The FE part is treated by
the commercial package COMSOL R© Multiphysics [68], including the RF module,
CAD Import and the LiveLinkTM for MATLAB R©. A flow chart of the FEMIC code
is shown in Fig. 4.3. The FEMIC code requires four different types of input (green
boxes). The Input file contains general settings used by the FEMIC code, e.g. the
mesh parameters, solver parameters, plot options etc. The EQ file contains the
magnetic flux function and magnetic field data that is required for the calculation
of the susceptibility tensor. The Dens and Temp file contains the density and
temperature data for each species. The Dens and Temp file is not required if
analytic profiles are used. The cross section model of the tokamak is provided by
the CAD file.

4.8 Applications

The list below gives a short overview of the potential applications of the FEMIC
code.

• Calculations of wave propagation and local power absorption for bi-Maxwellian
plasmas. The current formulation supports arbitrary number of ion species
with different density and temperature profiles [64].

• Calculations of current drive. The FEMIC code has a routine based on Ehst
and Karneys formula for calculating the current drive generated by RF waves
[69].
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• Antenna coupling studies. Since the FEMIC code can have a pedestal model
and a low-density plasma in the SOL and antenna regions, it is possible to
study the antenna coupling and how it is affected by the pedestal parameters,
SOL density and poloidal phasing [64,70].

• Studies of waves and resonances in the SOL. Experiments show that the fast
wave can be affected by different processes in the SOL [71]. FEMIC can be
used for studying waves interacting with resonances in the SOL. An example
is the lower hybrid resonance in front of the ITER antenna. Another example
is the excitation and propagation of surface waves in the pedestal, which has
been predicted in recent FEMIC simulations. These waves can be excited
under certain plasma and antenna conditions, and can propagate along the
separatrix. Fig. 4.4 show the excitation of a surface wave in front of the ITER
antenna. The wave propagates upward along the separatrix until it reaches
the 3He resonance at R = 6.1 m, where it becomes absorbed (due to low edge
temperature, electron absorption is negligible).

Figure 4.4: E+ component in an ITER simulation of a deuterium-tritium plasma
with 2% 3He for nφ = 61. The antenna was tuned for −90o poloidal phasing. The
separatrix is represented by the magenta line and the 3He resonance by the black
dotted line. The surface waves are excited at the pedestal in front of the antenna
and propagate in the counter clockwise direction. Due to low electron temperature
at the pedestal (400 eV), the waves propagate undamped until they reach the 3He
resonance at [R,Z] ≈ [6.1, 3.8] m, where the surface wave is absorbed.
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4.9 FEMIC 3D modeling

Since FEMIC is based on COMSOL R© Multiphysics, there is an option to do 3D
modeling using the RF module. In the current version of FEMIC, a 3D model of
the WEST antenna has been developed [72]. An example is shown in Fig. 4.5. To
solve the wave equation in 3D in a tokamak requires computers with a large amount
of memory and computing power. Hence, the tokamak is typically truncated in the
toroidal direction in order to reduce the memory requirements. The condition
applied at the ends is either periodic condition or perfect conducting wall (i.e. Eq.
(4.8)).

In 3D models, FEMIC applies the same susceptibility model as in the 2D ax-
isymmetric case. Thus, it is assumed that the plasma response is invariant in the
toroidal direction and is evaluated for a single toroidal mode number. The latter
assumption is one of the limitations of the 3D model, since the antenna will radiate
RF waves that consists of plane waves with different toroidal mode numbers. As
a result, the susceptibility model is at best approximative. However, the ICRH
antenna spectrum normally have a dominant toroidal mode number. By evaluating
the susceptibility tensor for the dominant toroidal mode number, we expect to ob-
tain reasonable results with respect to the antenna coupling and power deposition.

Figure 4.5: Illustration of the WEST 3D model in FEMIC. A deuterium plasma
with 4% hydrogen was used. The susceptibility tensor was evaluated for nφ = 41.
The antenna straps are shown in yellow and the walls in gray. The antennas are
connected to coaxial feeders located behind the antenna, which were tuned for
dipole phasing. The slices show the E+ component of the electric field in arbitrary
units.





Chapter 5

Iterative wavelet finite element
scheme

This chapter gives an introduction to the iterative wavelet FE scheme. The objec-
tives are described in section 5.1. Sections 5.2 - 5.4 describe the wave equation, the
susceptibility tensor in wavelet space and the evaluation of the correction current.
The fixed point iteration scheme used in this work is described in 5.5. Section
5.6 discusses the applications and limitations of the iterative wavelet FE scheme.
Section 5.7 gives a brief description to the FEMIC1D code, which was developed
for testing the new numerical scheme and for performing one-dimensional ICRH
modeling.

5.1 Objectives

The three objectives of this work are summarized below, followed by a short dis-
cussion for each objective.

1. Solve the wave equation using a fixed point iteration scheme that has the
ability to include spatial dispersion effects.

2. Evaluate spatial dispersion by using Morlet wavelet decomposition.

3. Develop a numerical scheme that is useful for RF heating of hot plasmas.

Objective 1: The idea of using a fixed point iteration scheme to solve the wave
equation originates from the work in references [73, 74]. Green et al. showed that
parallel hot plasma effects can be added to a one-dimensional wave equation by
using a fixed point iteration scheme, where the non-local response was handled by
calculating particle orbits in time. A similar method was developed by Meneghini
et al., but for lower hybrid waves in a two-dimensional model. The method is
based on a cold plasma model (a cold plasma model is a simplified model without
collisionless damping that is obtained at the zero temperature limit), where hot
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plasma effects are added to the parallel response by iterations. A similar approach
is used in this thesis, however, instead of using a cold plasma approximation, we
use an approximative hot susceptibility model as starting point.

Objective 2: Many ICRH codes evaluate the non-local response in the Fourier
domain, which can be convenient for various reasons. In this work, we have explored
the possibility of using the Morlet wavelet transform for evaluating the non-local
response. Morlet wavelets have several attractive features, such as narrow wave
number spectrum and localization in space. These features make the Morlet wavelet
particularly useful for wavelet decomposing electromagnetic waves propagating in
inhomogeneous media. Furthermore, Morlet wavelets have a characteristic central
wave number that correlates with the wave number of electromagnetic waves. The
idea of using wavelet decomposition for evaluating the response originates from the
work presented in references [61,75,76].

Objective 3: The development of the iterative wavelet FE scheme was performed
having ICRH modeling in mind. The numerical scheme was developed for incorpo-
rating FLR effects and the up- and downshift in the parallel wave number k||. The
current formulation of the iterative wavelet FE method is one-dimensional. Thus,
potential applications include treating FLR effects in one-dimensional models and
the inclusion of the up- and downshift k|| in one or two dimensions.

5.2 Wave equation

Consider the integro-differential wave equation, as given in Eq. (2.2). Let χj be an
algebraic approximation to the susceptibility operator χ̃j , where the tilde denotes
operator and j the species. The difference can then be written as∑

j

χ̃jE =
∑
j

(χj + δχ̃j) E. (5.1)

The last term can be rewritten as an induced current density, i.e.

δJind = −iωε0
∑
j

δχ̃jE (5.2)

where δJind is referred to as the correction current. Substituting the susceptibility
operator in Eq. (2.2) with Eq. (5.1) yields

∇× (∇×E)− ω2

c2

I +
∑
j

χj

E = iωµ0 (Jext + δJind) . (5.3)

The main point with the last formulation is that all integral operators are now
described by the correction current δJind, which is represented as an inhomogeneous
term in the wave equation. To proceed, assume that the initial condition is E(0) = 0.
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To find a solution to the wave equation, we can iterate on the following equations
in a fixed point iteration scheme [50,77]

δJ
(k)
ind = −iωε0

∑
j

(χ̃j − χj)E
(k) (5.4a)

∇×
(
∇×E(k+1)

)
− ω2

c2

I +
∑
j

χj

E(k+1) = iωµ0

(
Jext + δJ

(k)
ind

)
(5.4b)

where k is the iteration index. Using the above formulation, we can solve Eq. (5.4b)
using the FE method, while Eq. (5.4a) is evaluated using a novel technique based
on Morlet wavelet decomposition using the last electric field solution as input.

5.3 Susceptibility tensor in wavelet space

For time-harmonic waves, the constitutive relation using the quasi-homogeneous
susceptibility tensor in a Cartesian coordinate system can be written as

Jind = −iωε0χ̃E

= −iωε0
∫

χ̃(x− x′, y − y′, z − z′, ω)E(x′, y′, z′, ω)dx′dy′dz′ (5.5)

For brevity, we will drop the ω dependence in the derivation. Next, assume that
the plasma is inhomogeneous in the ex direction only, and that ez is the toroidal
direction. The response and geometry in the toroidal direction are assumed to be
invariant. Thus, we Fourier decompose in the toroidal direction and evaluate the
response for a single toroidal mode number at a time. Moreover, we assume that
the wave vector always lie in the xz plane, so that ky = 0 and the electric field
is independent on the y coordinate. Under these conditions, the induced current
density can be written as

Jind = −iωε0
∫

χ̃(x− x′, kz)E(x− x′, kz)dx′. (5.6)

The remaining convolution integral will be treated by expressing it as an inverse
Fourier transform in the x direction, i.e.

Jind = − iωε0
2π

∫
kx

χ̂(kx, kz)Ê(kx, kz)e
ikxxdkx (5.7)

where χ̂ is the Fourier transformed susceptibility as given by Stix [30]. Note that
the last expression is useful in order to evaluate spatial dispersion effects using
Fourier decomposition. From Eq. (5.7), we can derive an expression for Morlet
wavelet decomposition. For brevity, we will here only show the results and refer to
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reference [50] for the details in the derivation. The induced current density using
Morlet wavelets is given by

Jind = −iωε0WT−1 [χabEab] (x) = −iωε0
1

Cψ

∫
a

∫
b

χabEabψab(x)
dadb

a2
(5.8)

where WT−1 is the inverse wavelet transform and

Eab = WT [E(x)] (5.9)

χab =

∞∑
p=0

ip

p!

Hep(Xab)

ap
∂pχ̂j
∂kpx

∣∣∣∣
kx=

σ
a

(5.10)

Xab =
x− b
a

(5.11)

where p is the expansion order and Hep are the probabilists Hermite polynomials
[78].

5.4 Evaluation of the correction current

By using Eq. (5.8), we can evaluate the correction current for each species j using
wavelet decomposition as follow,

δJ
(k)
ind = −iωε0

∑
j

WT−1
[
(χj,ab − χj)E

(k)
ab

]
(x) (5.12)

where

E
(k)
ab = WT

[
E(k)(x)

]
. (5.13)

5.5 Fixed point iteration scheme

A point x ∈ R is called a fixed point if it satisfies the equation x = g0(x), where
g0 : R → R. Fixed point iteration is a method for finding fixed points by starting
from an initial guess and then iterating, i.e. xi+1 = g0(xi), where i is the iteration
index.

In the iterative wavelet FE scheme, fixed point iterations are used to solve Eqs.
(5.4a) and (5.4b) by finding the fixed points of the electric field in one-dimensional
problems. Let E0 ∈ Cn be the initial guess and assume that the computational
domain is defined by a grid with n discretization points. To find the fixed points,
we use the recursive formula

Ei+1 = g(Ei), i = 0, 1, 2... (5.14)

where Ei ∈ Cn and g : Cn → Cn.
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Newton’s method is one example of a fixed point iteration method that is com-
mon in numerical methods [79]. Since Newton’s method is based on derivatives,
it is not applicable for solving Eqs. (5.4a) and (5.4b). Instead, we need to use
a different class of fixed point iteration schemes that are Jabobian free (i.e. no
derivative required). In the iterative wavelet FE scheme, we chose the Anderson
Acceleration (AA) fixed point iteration scheme [80–83]. This method has proven
to be successful in many applications, including electronic structure calculations
and for solving non-linear time-dependent differential equations. Furthermore, the
method was used successfully in reference [73], where they solved a wave equation
that has similar characteristics as Eqs. (5.4a) and (5.4b).

The general form of AA is illustrated in Algorithm 1. The main expense in the
AA scheme is to solve a least-squares problem on each iteration, where the size of
the problem depends on the number of stored residuals mk (note that the maximum
number of residuals is controlled by m and is set by the user). Fortunately, the
constrained least-squares problem can be reformulated into an unconstrained form
[80,83] that is straightforward to solve with QR factorization and that requires little
overhead. The version of AA as used in the FEMIC1D code is shown in Algorithm
2, which is based on the unconstrained least-squares problem. Furthermore, this
algorithm has condition control, which allows the method to reduce the least-squares
problem (i.e. by dropping residuals) in order to improve the condition number of
the matrix R.

Algorithm 1 The general Anderson Acceleration fixed point iteration method. E0

is the initial guess and m is the number of stored residuals

1: Given E0, m ≥ 1
2: Set: E1 = g(E0)
3: for k = 0, 1, ...
4: Set: mk = min{m, k}
5: Set: fi = g(Ei)− Ei
6: Set: Fk = (fk−mk , ..., fk)

7: Determine: α(k) = (α
(k)
0 , ..., α

(k)
mk) that solves

8: min
α(k)=(α

(k)
0 ,...,α

(k)
mk

)
||Fkα||2 such that

∑mk
i=0 αi = 1

9: Return: Ek+1 =
∑mk
i=0 α

(k)
i g(Ek−mk+i)

10: end

5.6 Applications and limitations

The current formulation of the iterative wavelet FE scheme can only account for
spatial dispersion effects in one-dimension. Thus, for ICRH modeling the numerical
scheme can be used to describe spatial dispersion effects for either the perpendicular
wave vector k⊥, or the parallel wave vector k||.
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Algorithm 2 Anderson Acceleration as implemented in the FEMIC1D code. E0 is
the electric field initial solution, mmax is the maximum number of stored residuals,
droptol is the maximum allowed condition number on the matrix R before dropping
residuals and kmax is the maximum number of iterations.

1: Given E0, mmax ≥ 1, droptol and kmax
2: Initialize: mAA = 0 and G = []
3: for k = 0, 1, ..., kmax
4: Evaluate: gcurr = g(Ek) and fcurr = gcurr − Ek
5: Set: fprev = fcurr and gprev = gcurr
6: if k > 0
7: Set: ∆f = fcurr − fprev and ∆g = gcurr − gprev
8: if mAA < mmax

9: Set: G = [G,∆g]
10: else
11: Set: G = [G(:, 2 : mAA),∆g]
12: end
13: Set: mAA = mAA + 1
14: end
15: if mAA = 0
16: Return: Ek+1 = gcurr
17: else
18: if mAA = 1
19: Set: Q(:, 1) = ∆f ||∆f ||2 and R(1, 1) = ||∆f ||2
20: else
21: if mAA > mmax

22: [Q,R] = qrdelete(Q,R, 1)
23: Set: mAA = mAA − 1
24: end
25: for i = 1 : mAA − 1
26: Set: R(i,mAA) = Q(:, i) ∗∆f
27: Set: ∆f = ∆f −R(i,mAA) ∗Q(:, i)
28: end
29: Set: Q(:,mAA) = ∆f/||∆f ||2 and R(mAA,mAA) = ||∆f ||2
30: end
31: while cond(R) > droptol and mAA > 1
32: [Q,R] = qrdelete(Q,R, 1)
33: Set: mAA = mAA − 1
34: end
35: Solve for γ with least-squares: Rγ = Q ∗ fcurr
36: Return: Ek+1 = gcurr −G ∗ γ
37: end
38: end
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By applying the iterative wavelet FE scheme on the perpendicular wave vector,
the method is able to describe spatial dispersion effects related to the FLR of the
gyrating particles [50]. This includes higher harmonic cyclotron damping, TTMP
and mode conversion to IBW’s in one-dimensional models. To apply the method on
two-dimensional models (e.g. FEMIC), a generalization of the wavelet transform
to two dimensions is required. This is unfortunately a formidable task that has not
been addressed by this thesis.

The iterative wavelet FE scheme can be applied on the parallel wave vector in
order to describe the up- and downshift in k||. This was tested on a one-dimensional
ICRH model successfully in reference [77]. Furthermore, recent studies suggest that
the method can be applied on two-dimensional ICRH models. The implementation
of the iterative wavelet FE scheme in the FEMIC code is currently being assessed,
however, due to time constraints this project is not addressed by this thesis and is
left for future work.

5.7 FEMIC1D - An all order FLR modeling code

In order to test the iterative wavelet FE scheme, the code FEMIC1D was devel-
oped [50]. FEMIC1D is a one-dimensional ICRH code that was implemented in
MATLAB R©, where the FE scheme is described by COMSOL R© Multiphysics, the
RF module and the LiveLinkTM for MATLAB R©. Hence, the code structure is
similar to the FEMIC code, and many libraries are shared.

The main objective of the FEMIC1D code is to solve the wave equation and ac-
count for FLR effects. The code can solve the wave equation for arbitrary numbers
of ion species and perform local damping calculations on the ions and electrons.
Furthermore, the code accounts for the toroidal curvature and can describe the
wave physics in the SOL and antenna regions. The transition from the SOL to the
core plasma is described by a pedestal model (Eq. (4.12)). Further details of the
code and examples can be found in reference [50].





Chapter 6

Summary of the included papers

This chapter gives a summary of each paper included in the thesis. For every paper,
I describe the work, the main results and my contribution.

6.1 Paper I - An iterative method to include spatial
dispersion for waves in nonuniform plasmas using
wavelet decomposition

In this paper, we develop a numerical method for solving the one-dimensional wave
equation using Morlet wavelet decomposition and a fixed point iteration scheme
based on Anderson Acceleration (AA) [80]. To study the properties of the method,
we study the propagation of a kinetic Alfvén wave in an inhomogeneous plasma (no
damping was considered).

The most important results of this work are the derivation of the response in
wavelet space, the development of the first version of the wavelet spectral method
for solving wave equations and the application of matched layers using plane waves.

My contributions can be summarized as follow:

• I implemented the fixed point iteration scheme in MATLAB R© and wrote the
routines for the wavelet transform for complex functions.

• I wrote a simple code in MATLAB R© that can perform one-dimensional sim-
ulations using the wavelet spectral method.

• I and T. Hellsten developed the application of matched layers.

• I and T. Johnson derived the response of the kinetic Alfvén wave in wavelet
space.

• I performed simulations of a propagating kinetic Alfvén wave.

• I and T. Johnson wrote and submitted the paper.

59
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6.2 Paper II - Modeling RF waves in spatially dispersive
inhomogeneous plasma using an iterative wavelet
spectral method

In this work, two different models where developed and solved using the wavelet
spectral method described in Paper I.

The objective of the first model was to show that the wavelet spectral method
can account for FLR effects to all orders in Larmor radius for a propagating kinetic
Alfvén wave (no damping was considered). Furthermore, by including first order
corrections to the susceptibility tensor (due to equilibrium gradients), we showed
that the kinetic energy flux was conserved.

The main objective of the second model was to demonstrate that the wavelet
spectral method can account for the up- and downshift in the parallel wave number
k||. A one-dimensional model for fast wave minority heating was developed, where
we showed that incoming and reflected waves have different response and damping
characteristic due to different shift in k||.

The most important result of this work was to verify that the wavelet spectral
method is capable of including spatial dispersion effects in the wave equation. The
disadvantage of the method was the large number of iterations required to achieve
convergence (number of iterations was of the order of 100).

My contributions can be summarized as follow:

• I extended the MATLAB R© code from Paper I in order to include the hot
susceptibility tensor, including the plasma dispersion function.

• All the authors contributed to the theoretical part of the models.

• I performed the simulations of the two models using the wavelet spectral
method.

• I and T. Johnson performed the analysis.

• I wrote and submitted the paper.

6.3 Paper III - A numerical tool based on FEM and
wavelets to account for spatial dispersion in ICRH
simulations

The objective of this paper was to develop a numerical method with better conver-
gence properties compared with the wavelet spectral method presented in Papers
I and II. We noted that the large number of iterations to achieve convergence was
related to the curl-curl operator. Thus, by splitting the susceptibility operator we
moved all the integral operators to the right hand side of the wave equation, and
represented them as an induced current density term (i.e. the correction current).
This work led to the development of the first version of iterative wavelet FE scheme.
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The most important result of this paper was the development of the iterative
wavelet FE scheme. We showed that the numerical method can account for the
up- and downshift in k|| and converge in less iterations than the wavelet spectral
method. The number of iterations required to achieve convergence was of the order
of 10, which is a significant improvement.

My contributions to this work can be summarized as follow:

• I developed the iterative wavelet FE scheme.

• I wrote a code in MATLAB to test this new scheme. The FE part was treated
by COMSOL R© Multiphysics using the RF module and the LiveLinkTM for
MATLAB R©.

• I implemented the models, performed the simulations and the analysis.

• I wrote and submitted the paper.

6.4 Paper IV - Effect of poloidal phasing on ICRH power
absorption

The objective of this paper was to publish the FEMIC code and to study the effect
of poloidal phasing on ICRH power absorption on JET and ITER. The topic of
poloidal phasing was discussed in the 22nd topical conference on radio frequency
power in plasmas in 2017. Another interesting topic was the integration of core
plasma with the SOL and antenna regions in ICRH modeling, which was discussed
by J. Wright and S. Shiraiwa [84, 85]. Wright and Shiraiwa are developing a new
code, HIS-TORIC, for integrating the plasma with the SOL by using the TORIC
code in the main plasma and MFEM or COMSOL R© Multiphysics in the SOL and
antenna regions.

During the conference, I discussed these two topics with T. Johnson and R.
Ragona, and we decided to try to develop a FE model that can be used for studying
the effect of poloidal phasing on ICRH power absorption, including a low-density
plasma model for the SOL. This led to the development of the FEMIC code.

The most important results of this paper was to verify that poloidal phasing has
an effect on ICRH power absorption and to publish and demonstrate the capabilities
of the FEMIC code. In particular, we showed that poloidal phasing reduces the
total coupled power to the plasma (which was reported by Messiaen et al. [70])
and that the absorption profiles become hollow due to destructive interference.
Furthermore, we found that the pedestal width can influence the total coupled
power to the plasma. A benchmark in this paper shows that the FEMIC predictions
are in agreement with other ICRH modeling codes in the fusion community [86].

My contributions to this paper can be summarized as follow:

• I developed the FEMIC code in MATLAB R©, using COMSOL R© Multiphysics,
the RF module, CAD import and LiveLinkTM for MATLAB R©.
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• R. Ragona provided CAD models for JET and ITER, which I implemented
in FEMIC.

• T. Johnson provided the equilibrium models and developed the features for
equilibrium and profile handling in MATLAB R©. I implemented those features
in FEMIC.

• I performed all the simulations and analysis presented in this paper.

• The pedestal model was developed by me, T. Johnson and L. Frassinetti.

• I and T. Johnson wrote section 3.6 and the discussion section. I wrote the
rest of the paper and submitted it.

6.5 Paper V - Iterative addition of FLR effects to finite
element models using wavelet decomposition

Since the iterative wavelet FE scheme was able to account for the up- and downshift
in k||, we now turned our attention to perpendicular spatial dispersion. The main
objective of this study was to demonstrate that the iterative wavelet FE scheme
can account for FLR effects and mode conversion to IBWs.

To test the iterative wavelet FE scheme for FLR effects, we developed the one-
dimensional FEMIC1D code. Simulations of second harmonic deuterium heating
were performed in a JET-like plasma, and mode conversion to IBWs were studied.
For validation, we compared the FEMIC1D results with the results of the TOMCAT
code [87].

The most important results of this paper was to verify that the iterative wavelet
FE scheme can account for FLR effects (to all orders in the Larmor radius). In
particular, the damping characteristics of the IBW is consistent with the hot plasma
dispersion relation and with the results presented in reference [51]. Furthermore,
in this paper we generalized the derivation of the susceptibility tensor in wavelet
space.

My contribution can be summarized as follows:

• I developed the FEMIC1D code.

• The hot plasma dispersion solver in FEMIC1D was developed by me, B.
Ljungberg (Zaar) and T. Johnson.

• The generalization of the susceptibility tensor was performed by me, T. John-
son and B. Ljungberg.

• I and T. Johnson upgraded the application of matched layers. The main
difference is that the electric field is matched with a Morlet wavelet instead
of a plane wave.

• I performed the simulations and the analysis presented in this paper.



6.6. PAPER VI - THE EFFECTS OF ELECTRON CYCLOTRON HEATING
AND CURRENT DRIVE ON TAE’S IN TOKAMAK PLASMAS 63

• B. Ljungberg wrote the appendix and section 2.5. I wrote the rest of the
paper and submitted it.

6.6 Paper VI - The effects of electron cyclotron heating
and current drive on TAE’s in tokamak plasmas

This paper studies the effect of ECRH on toroidal Alfvèn eigenmodes (TAE) on
AUG. Several experiments were performed and it was shown that off-axis ECRH
can cause TAEs to become unstable in the presence of ICRH-accelerated fast ions.
In particular, TAEs were only observed when ECRH was turned on. When ECRH
was turned off, the TAEs disappeared on timescales of a few milliseconds. No TAEs
were observed for cases with on-axis ECRH. Experiments with ECCD showed that
the effect is similar as the case with ECRH on AUG (however, further investigations
are required).

In this paper, it was concluded that ECRH on AUG affects TAE stability by
modifying the plasma profiles (and not by the ECRH itself). In particular, we ob-
served that ECRH increases the electron temperature significantly, which in turn in-
creases the fast ion slowing-down time (see Eq. (2.43)). Using the SELFO code [41],
we calculated the time evolution of the fast ion distribution function in order to
study the ICRH tail when ECRH was turned on and off. It was found that when
ECRH is turned on, the tail temperature Teff and the number of ICRH-accelerated
fast ions increased, which is consistent with higher fast ion slowing-down time. Fur-
thermore, the SELFO results showed that the radial gradient of the fast ion pressure
increased when ECRH was turn on, which increases the probability of destabiliz-
ing TAEs. Thus, the application of ECRH increases TAE drive by increasing the
electron temperature and the slowing-down time, which makes the ICRH tail more
energetic. Calculations of TAE stability showed that the increased electron tem-
perature increases the TAE damping characteristics. However, it was concluded
that the increase in TAE drive was larger than the increase in the damping. As a
result, TAEs become more unstable when ECRH is applied.

My contributions to this work can be summarized as follows:

• I participated in meetings and discussions related to these experiments, both
before and after the experiments. During the execution of the experiments, I
participated on meetings on-site and in the AUG control room.

• I analyzed discharge data and prepared experimental data for modeling with
the SELFO code. I performed time-dependent simulations using the SELFO
code for the discharges 33147, 33150 and 33151.

• The analysis of the SELFO simulation results was performed by me and T.
Johnson.

• I presented the results in web meetings, where we discussed our findings with
other team members.
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• I generated Figs. 11-14 in the paper.

6.7 Paper VII - 3D finite element modelling of ICRH in
WEST

In this paper, a 3D model of the WEST ICRH antenna was developed in the FEMIC
code. The model is based on a CAD model of the antenna. A hot susceptibility
tensor is used to describe the plasma response. Thus, the model can describe the
excitation of the wave at the antennas and the propagation and damping of the
fast wave in the plasma domain.

The objectives of this study was to investigate the feasibility of using the FEMIC
code for 3D modeling, to study the convergence properties with respect to mesh res-
olution and to calculate and study the poloidal and toroidal spectra of the antenna.
Due to high memory requirements, it was not possible to model the full tokamak.
Instead, this model only considers 36o of the tokamak in the toroidal direction,
which requires approximately 200 GB of RAM using a direct solver (MUMPS).

This paper was written by B. Ljungberg, who performed the simulations pre-
sented in this paper and the routine for calculating the toroidal and poloidal spectra.
My contributions to this work can be summarized as follows:

• The CAD model was provided by R. Ragona and I implemented the model
in the FEMIC code.

• I developed routines for boundary conditions, application of the 3D mesh and
calculations of the absorbed power.

• I performed various simulations to test the model.
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Discussion and conclusions

This chapter discusses the content of this thesis and provides the conclusions. Sec-
tion 7.1 discusses spatial dispersion effects, section 7.2 the pros and cons of hybrid
schemes and Fourier spectral methods and why these methods are difficult to ap-
ply in the SOL plasma, section 7.3 describes the strengths and weaknesses of the
FEMIC code, section 7.4 compares methods based on Fourier and wavelet decom-
position, section 7.5 discusses the strengths and weaknesses of the iterative wavelet
FE scheme and the conclusions are given in section 7.6.

7.1 Spatial dispersion

There are two types of spatial dispersion effects that are important for ICRH mod-
eling: perpendicular and parallel spatial dispersion.

Perpendicular spatial dispersion is caused by the FLR of the gyrating parti-
cles, and is related to the perpendicular wave vector component. FLR effects for
ions give rise to higher harmonic damping (e.g. second or third harmonic heating),
and is important for different heating schemes. For instance, heating at the sec-
ond harmonic cyclotron resonance is common in deuterium plasmas with hydrogen
minority. Furthermore, second harmonic heating of tritium is one of the planned
heating scenarios for ITER [88,89]. Another effect of the FLR is that it can give rise
to mode conversion to IBWs [29, 30], which is also important in ICRH modeling.
As for the electrons, the FLR of the electrons gives rise to TTMP. This effect is
important because it describes one of two damping characteristics caused by the
electrons on the fast wave (the other is Landau damping).

Parallel spatial dispersion is related to the parallel wave vector component k||
and is important for Doppler broadening (e.g. for cyclotron resonances) and Landau
damping. By neglecting the poloidal magnetic field Bpol, k|| will be parallel to the
toroidal direction eφ (this is a reasonable assumption, since in tokamaks |Bpol| �
|Bφ|). Under this assumption, both Doppler broadening and Landau damping can
be accounted for in two-dimensional axisymmetric FE models by calculating the
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wave equation for a single toroidal mode number at a time. However, when Bpol

is included, then k|| will depend on the poloidal wave vector of the electric field
(in general, a spectrum of wave vectors), which causes an up- and downshift in
k|| [90]. This effect is difficult to account for in FE models. The shift in k|| is
particularly important for scenarios where k|| is relatively small (e.g. for ICCD and
current drive applications). For such scenarios, the shift can be large enough in
order to significantly affect mode conversion and electron damping (for the latter,
see section 3.6 in Paper IV). In general, an upshift in k|| will increase the electron
damping, and vice versa. For the ions, this effect modifies the polarization E+/E−
and the width of the cyclotron layers. However, the effects on the ions are small for
typical heating scenarios. For applications where k|| is large (e.g. ICRH and dipole
phasing), the shift in k|| will be less important.

7.2 Hybrid schemes and Fourier spectral methods

Several two-dimensional axisymmetric codes use hybrid schemes [35,37,39], where a
FE discretization in the radial direction is combined with poloidal Fourier decompo-
sition. The up- and downshift in k|| is handled by poloidal Fourier decomposition,
while FLR effects are usually handled by expanding the dielectric tensor in the Lar-
mor radius. Since hybrid schemes can account for many spatial dispersion effects at
a moderate computational cost, these methods are probably the most successful for
detailed modeling of wave propagation so far in the fusion community. However,
hybrid schemes have two limitations that are worth discussing.

The first one is that hybrid schemes are difficult to apply outside the plasma
domain due to the poloidal Fourier decomposition. An accurate geometric repre-
sentation of the geometry and physics outside the core plasma is either not possible
or is too difficult to achieve using a hybrid scheme. This often results in simpli-
fications of the geometry and antenna model, such that the wave physics in the
SOL and antenna regions cannot properly be accounted for. The second limitation
is that hybrid schemes are only valid in the domain of small Larmor radius, i.e.
k⊥ρL � 1, which is a consequence of expanding the dielectric tensor. In general,
this approximation holds well for the fast wave and for mode converted IBWs near
the confluence zone. However, when IBWs propagate away from the confluence
zone their wavelengths become shorter, such that k⊥ρL ∼ 1 and the smallness
assumption is violated.

Another class of wave solvers are those based on Fourier decomposition in all
dimensions [38]. These solvers can describe both parallel spatial dispersion and
FLR effects. However, spectral codes are also difficult to apply outside the plasma
domain. In addition, spectral codes produce full system matrices that are time
and memory consuming to invert, requiring supercomputers or clusters in order to
obtain a solution.
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7.3 FEMIC

One of the objectives of this thesis was to develop a 2D axisymmetric high resolution
model that can describe the wave physics in the core plasma and the regions outside.
This objective was partly achieved by the FEMIC code. In the models presented
in Paper IV, we showed how FEMIC can account for complex geometric details
outside the plasma, including the antenna shape, Faraday screen, shape of the first
wall, SOL and divertor regions. Furthermore, by using a low-density model in the
SOL and an mtanh model for the pedestal, FEMIC has the capability to describe
the wave physics in the SOL and pedestal accurately. Hence, FEMIC allows a new
type of ICRH modeling, where the physics in the SOL and antenna regions can
be taken into account. For example, we can perform simulations of lower hybrid
resonance in front of the ITER antenna and study its impact on ICRH performance.
In an ongoing study using FEMIC a new type of propagating wave (surface waves)
in the pedestal has been predicted, which is illustrated in Fig. 4.4.

The main limitations of the FEMIC code are related to the treatment of spa-
tial dispersion. This is because a rigorous treatment of spatial dispersion is not
possible with FE schemes. The current version of FEMIC cannot describe the up-
and downshift in k||. On the other hand, FLR effects for the fast wave can be
described to some extent, which is achieved by evaluating the susceptibility tensor
using the fast wave dispersion relation. This approximation can describe higher
harmonic damping and TTMP, which are crucial for ICRH modeling. However,
mode conversion to IBWs cannot be described. Mode conversion to slow magne-
tosonic waves can be described, but the validity of the model is limited to regions
with low temperature (where FLR effects are not important).

7.4 Fourier and wavelet decomposition

Due to the non-local character of the susceptibility tensor, spectral methods are
often preferred. Since the response is often given in Fourier space, the evaluation of
the non-local response is straightforward by Fourier decomposing the electric field.
Moreover, Fourier spectral methods work particularly well for periodic dimensions,
such as the toroidal and poloidal directions in a tokamak. For non-periodic dimen-
sions, Fourier spectral methods have limitations due to the Gibbs phenomenon,
which can cause unphysical oscillations in the solution.

In this work, we have explored Morlet wavelets for evaluating the non-local
response and to solve the wave equation (i.e. wavelet spectral method in Paper
I and II). In particular, Morlet wavelets have several attractive features, such as
being localized in space and having a narrow wave number spectrum [57]. As a
result, for a propagating wave in an inhomogeneous medium the wavelets spectrum
is expected to be narrower compared with the Fourier spectrum. Moreover, wavelets
can be applied on non-periodic dimensions, since they do not require the electric
field to be periodic.
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The main limitations of using wavelets is the redundancy in the wavelet rep-
resentation of the electric field. Fourier basis always form an orthogonal system,
which is easy to work with. In contrast, Morlet wavelets suffer from redundancy,
since neighboring wavelets are linearly dependent. In this work, we have tried to
find ways to reduce the redundancy by using dyadic grids and to optimize the
wavelet resolution in the space dimension b. We concluded that dyadic grids is
not possible due to lost information in the wavelet transform. However, there is a
possibility of optimizing the wavelet basis in the space dimension that is currently
under investigation (in particular for large wavelets).

7.5 Iterative wavelet finite element scheme

In Papers I and II, the wavelet spectral method was tested on one-dimensional
problems. Although the method is robust and can describe spatial dispersion,
the convergence was slow and the method is difficult to apply outside the plasma
domain. We concluded that a method based on Morlet wavelets must be combined
with a FE discretization, which led to the development of the iterative wavelet FE
scheme.

The iterative wavelet FE scheme has two advantages compared with the wavelet
spectral method. The first advantage is that the convergence is significantly im-
proved, as was demonstrated in Paper III. The second advantage is that the nu-
merical scheme can describe spatial dispersion effects and integrate the core plasma
with the SOL and antenna regions, as was shown in Paper V. In addition, the way
that the iterative wavelet FE scheme is formulated allows the wavelet decomposi-
tion to be confined to the core plasma only (or in regions where spatial dispersion
effects are important). This is justified because spatial dispersion effects are absent
in the SOL due to the low plasma temperature.

The iterative wavelet FE scheme has so far been successful in one-dimensional
models and has several attractive features for ICRH modeling. However, two-
dimensional modeling is required in order to obtain useful predictions of RF heating
of tokamak plasmas. Thus, the next step in this project is to apply the iterative
wavelet FE scheme in a two-dimensional code. The feasibility of using this method
to account for the up- and downshift in k|| in FEMIC is currently under investiga-
tion.

7.6 Conclusions

The conclusions to the thesis objectives in section 1.9 are given by the list below.

• The FEMIC code partly fulfills the first objective of this work (Paper IV and
VII). The code integrates the core plasma with the SOL and antenna regions.
Furthermore, FLR effects for the fast wave can be accounted for in order to
describe harmonic cyclotron damping and TTMP. The limitations of FEMIC
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is that mode conversion cannot be described and the up- and downshift in
k|| cannot be accounted for. The latter can most likely be handled using the
iterative wavelet FE scheme, which is currently under investigation.

• The second objective of this work is fulfilled by the iterative wavelet FE
scheme (Paper I-III and V). We have shown that spatial dispersion effects
can be treated with Morlet wavelet decomposition, and that spatial dispersion
effects can be added to the wave equation by iterations. The scheme has been
tested for both perpendicular and parallel spatial dispersion (although not
simultaneously) in one-dimensional models, and the scheme can be used for
modeling mode conversion to IBWs. What remains is to apply this method
to two-dimensional axisymmetric models in order to e.g. account for the up-
and downshift in k||.

• Using the SELFO code, I have assisted with data analysis and modeling at
experiments performed in AUG (Paper VI) in order to study the impact of
ECRH and ECCD on TAE stability. The SELFO code was used for calculat-
ing the time evolution of the distribution function in order to study the ICRH
tail when ECRH is turned on and off. It was concluded that in the presence
of ICRH-accelerated fast ions, ECRH affects TAE stability by increasing the
plasma temperature and the slowing-down time, which makes the ICRH tail
more energetic and increases the probability of exciting TAEs.





Chapter 8

Personal reflections

In recent years, I have been studying waves in hot plasmas and developing numerical
tools for ICRH modeling. Since I took my masters degree in 2009, this has been
the most challenging task in my career so far. However, I am grateful for all the
learning outcomes, the international experience at JET and AUG, and the new
skills that I have acquired as a PhD student at KTH.

During my time at KTH, I have realized that ICRH is indeed a powerful tool
for tokamaks. Due to its versatility and many applications, I am convinced that
ICRH will play an important role on ITER. Therefore, modeling of ICRH will
continue to be important for making predictions, interpreting experimental data,
understanding of the underlying physics and for designing ICRH antennas for future
fusion reactors. However, whether ICRH will be used in a future fusion reactor is
still an open question and will ultimately depend on experimental results at ITER.
It is possible that some or all auxiliary heating systems will be less important
in fusion reactors, such as DEMO (Demonstration Power Station, the first fusion
power station). For example, this can be due to low efficiency of a system, or that
the technology is too difficult or expensive to develop. It could also be that some
systems will only be required for other tasks than plasma heating, for example,
for plasma start-up or wall conditioning. Nevertheless, if auxiliary heating systems
are required, ICRH is a very good candidate for a future fusion reactor for several
reasons. To begin with, the technology required for ICRH is already available and
mature. Furthermore, ICRH has the ability to provide assistance in several phases
in a plasma discharge [88], including plasma start-up, the ramping-up phase, the
ignited phase and the landing phase. Lastly, the ICRH systems can also be used for
wall conditioning in order to remove impurities from the wall and for fuel recycling.
Based on these facts, I believe that it is likely that ICRH systems will be seen in
fusion reactors.

Many argue that fusion energy is too difficult and that the money are better
spent on other technologies in order to combat climate change. So, will fusion en-
ergy become a reality? As an individual, I have faith in science and engineering.

71
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Thanks to science, the human species has started to understand the universe. With
increasing knowledge about our nature, we have been able to develop outstanding
technologies to solve complicated problems that we today take for granted. Fur-
thermore, we are currently in the middle of a technological revolution, where many
new technologies are reaching the global markets and where existing technologies
are improving fast (e.g. high temperature superconductors, which are important
for tokamaks). With that said, I do believe that scientists will solve the fusion
puzzle sooner or later. I am convinced that fusion reactors will become one of these
outstanding technologies that we eventually will take for granted. However, fusion
energy is today a technology under development, and just because it is difficult is
not an excuse to stop trying, especially considering all the benefits that this tech-
nology offers to the human species. How fast we can make fusion energy a reality
depends on how much governments and nations are willing to invest in the develop-
ment of this technology. Regardless of what our leaders decide, I would still expect
that fusion reactors will be in operation by the end of this century.

I consider fusion energy to be one of the most important technologies for the
future of the human race for a number of reasons. For example, fusion energy
holds the key to solve the problem with climate change, as it provides a permanent
sustainable solution for large scale and safe energy production. The main issue is
that we still don’t know when the technology will be available. There is a risk that
the current generations must rely on renewable energy sources to reduce the use of
fossil fuels. If this is the case, then it is still our obligation to continue with fusion
research. Because if the current generations will not benefit from fusion energy, our
children and the generations to come will.

Another important point is the abundance of fuel on Earth, which is a strong
selling point for fusion energy. The fusion fuel can be extracted from sea water,
while tritium is obtained from lithium. Hence, the fusion fuel will not be restricted
to a small number of nations that have full control of the markets (compare with
e.g. fossil fuels and fission reactors). Instead, since both hydrogen and lithium are
widely available and the risk of proliferation is minimal, I would expect that any
nation will have access to the fusion fuel and fusion reactors (assuming that the
developed nations are willing to share this technology to less developed nations).

In a future scenario when humans start to migrate to other places in our solar
system, fusion could play an important role. Energy sources, such as fossil fuels,
fission, wind, solar and hydro power, are either not applicable or are too vulnerable
in the atmospheres of other moons and planets. The most likely places where
humans can migrate to and construct bases or small societies are Mars and our
moon. On both locations, fusion fuel can be extracted from local water reserves
or by mining lithium or 3He. Furthermore, space vessels powered by fusion energy
can refuel on both the moon and Mars, and perhaps even extract the fusion fuel
directly from the solar wind.

I am pleased that I got the opportunity to study fusion energy the last couple
of years, and I will always follow the development in the fusion community with
enthusiasm and excitement.
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