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Abstract 101 

In order to facilitate the assessment of the safety and function of deep geological 102 

repositories for radioactive waste, several models have been developed to describe water flow 103 

and transport of solutes in fractured crystalline rock. The rock around the repository is described 104 

and modelled as a network of water-bearing fractures. 105 

The first part of the work concerns analytical solutions of the mathematical models, first 106 

developed in the 1980s to describe nuclide transport with seeping water in the fractures where 107 

the nuclides can also diffuse in and out of the pores into the rock matrix. A new simple analytical 108 

solution is described in which the interaction between matrix diffusion and hydrodynamic 109 

dispersion could be decoupled, which makes the interaction between the processes visible while 110 

making the solution more manageable. In addition, another dispersion mechanism caused by the 111 

presence of independent transport paths is easily handled with the new model. This makes it 112 

possible to treat both dispersion mechanisms with the same formalism. This makes the new 113 

model more useful in interpreting field experiments with tracer as well as for long-term 114 

simulation of nuclide migration in rock. 115 

The second part of the work is about molecular diffusion in the rock matrix itself, which 116 

is a central mechanism in the model above. One way to measure diffusion and sorption in rock 117 

pieces is to force ions through the pores of the rock by means of electromigration. The method 118 

previously used has been improved by adding a potentiostat and a pH buffer. The experimental 119 

results become more stable. 120 

To better interpret the results, a general model for transport in the rock matrix was 121 

developed. The model includes electromigration, electroosmosis and dispersion in the pore 122 

system. The effective pore diffusivity and matrix formation factor can be determined from the 123 

experiments. The results show that the developed electromigration method can be used to 124 

provide high quality experimental data. 125 

Keywords  126 

Fractured rock, Radionuclide transport, Analytical solution, Dispersion mechanisms, 127 

Electromigration. 128 
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Sammanfattning 130 

För att underlätta bedömning av säkerhet och funktion hos djupa geologiska förvar för 131 

radioaktivt avfall har flera modeller utvecklats för att beskriva vattenflöde och transport av lösta 132 

ämnen i kristallint berg med sprickor. Berget kring förvaret beskrivs och modelleras som ett 133 

nätverk av vattenförande sprickor.  134 

Den fösta delen av arbetet handlar om analytiska lösningar av de matematiska 135 

modellerna, utvecklades på 1980-talet för att beskriva nuklidtransport med sipprande vatten i 136 

sprickorna där nukliderna även kan diffundera in och ut ur porerna in bergmatrisen. En ny enkel 137 

analytisk lösning beskrivs i vilken samverkan mellan hydrodynamisk dispersion och 138 

matrisdiffusion kunnat frikopplas, vilket gör att samverkan mellan processerna synliggörs 139 

samtidigt som lösningen är mer hanterbar. Dessutom kan en annan dispersionsmekanism orsakad 140 

av närvaron av oberoende transportvägar med lätthet hanteras med den nya modellen. Detta gör 141 

det möjligt att behandla både dispersionsmekanismer med samma formalism. Detta gör den nya 142 

lösningen mer användbar vid tolkningen av fältförsök med spårämnen liksom för långsiktig 143 

simulering av nuklidspridning i berg.  144 

Den andra delen av arbetet handlar om molekylär diffusion i bergmatrisen vilket är en 145 

central mekanism i modellen ovan. Ett sätt att mäta diffusion och sorption i bergstycken bygger 146 

på att driva in joner i bergets porer av med hjälp elektromigration. Den tidigare använda metoden 147 

har förbättrats genom att lägga till en potentiostat och pH-buffert. De experimentella resultaten 148 

blir därvid mer stabila.  149 

För att bättre tolka resultaten utvecklades en generell modell för transport i bergmatrisen. 150 

Modellen inbegriper elektromigration, elektroosmos och dispersion i porsystemet. Den effektiva 151 

por-diffusiviteten och matrisens formationsfaktor kan bestämmas ur experimenten. Resultaten 152 

visar att den utvecklade elektromigreringsmetoden kan användas för att ge experimentella data 153 

av hög kvalitet. 154 

Nyckelord  155 

Sprickigt berg, Radionukidtransport, analytisk lösning, Dispersionsmekanismer, 156 

Elektromigration 157 
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Chapter 1 Introduction 1 

Nuclear energy has been widely applied to generate electricity since the last century. In 2 

2017, there were 448 nuclear power reactors operating all over the world (IAEA, 2018). Those 3 

reactors may use different types of nuclear fuel, but their by-products, i.e., the spent fuel, is 4 

always highly radioactive and in many countries it is planned to deposit the spent fuel in deep 5 

geological repositories (Boyle and Meguid, 2015; Gylling et al., 1999; Posiva, 2012; Vomvoris 6 

et al., 2013; Wang, 2010).  7 

In particular, the KBS-3 concept, proposed by the Swedish Nuclear Fuel and Waste 8 

Management Company (SKB), has been widely accepted (SKB, 2011). Three protective barriers 9 

are used to retard the transport of radioactive waste: copper canister, bentonite clay, and 10 

crystalline bedrock. The spent fuel is encapsulated in cooper canisters, surrounded by bentonite 11 

clays, and buried into crystalline bedrocks at a depth of 500 m (SKB, 2011), as shown in Figure 12 

1-1. The purpose of the KBS-3 repository is to isolate the radioactive waste from human beings 13 

and the environment for a long period of time. 14 

 15 

Figure 1-1: Schematic view of KBS-3 concept for disposal of spent nuclear fuel (Holmboe, 2011; SKB, 2011). 16 

In the case of canister failure, the radionuclides embedded in the spent fuel could first be 17 

released from the canister and then diffuse through the surrounding bentonite clay. This would 18 

strongly retard the radioactive species, and thus the radioactivity would be reduced by decay. 19 

After escaping from the bentonite, the radionuclides continue to move, carried by seeping water, 20 

through the conductive parts of fractures in the bedrock to reach the biosphere. Prior to getting 21 

access to the biosphere, the radionuclides can enter stagnant water in the pores of the bedrock, 22 

adjacent to the conductive parts, by molecular diffusion, as the rock matrix is porous. They would 23 
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also be retarded by sorption onto the internal surface of the bedrock and that of the fractures. 24 

Such retardation mechanisms give the radionuclides more time to decay to very low activity 25 

levels before reaching the biosphere.  26 

To provide an overall assessment of the KBS-3 repository design in terms of performance 27 

and safety requirements, i.e., a performance assessment (PA), the escape rate of the nuclides 28 

over time to the biosphere must be determined. This rate is often estimated in mathematical 29 

models, which can be used to predict the long-term behavior of radionuclides in the repository. 30 

In such models, the repository system is conceptually divided into a near-field system and a far-31 

field system. The near-field system is composed of the spent fuel, canister, bentonite clay, and 32 

part of the host bedrock surrounding the deposition hole, which is damaged by excavating 33 

operations, while the far-field system consists of the naturally fractured bedrocks that are not 34 

significantly influenced by human activities. Following this conceptualization, a near-field 35 

model and a far-field model are then developed to describe the radionuclide transport in the near-36 

field and far-field systems, respectively. Naturally, the near-field and far-field models are 37 

coupled when they are used to estimate the performance of radionuclide transport in the 38 

repository system. 39 

During recent decades, several far-field models based on different conceptualizations 40 

have been developed to address the problem of groundwater flow and solute transport in 41 

fractured crystalline rocks. The discrete fracture network model (DFN) assumes that a majority 42 

of seeping water flow and transport in rocks occurs within fractures. Therefore, individual 43 

fractures in the rock are simulated in DFN and the flow and transport in the interconnected 44 

fracture system, which are represented by 3D networks of 1D pipes, are then solved for (Selroos 45 

et al., 2002). The channel network model (CNM) was developed based on field observations that 46 

water flows through conductive parts of fractures, i.e., channels or flow-paths, and the water in 47 

a fracture is not evenly distributed (Gylling et al. 1999). It assumes that fluid flow and solute 48 

transport take place in a 3D network of channels, which are interconnected and randomly 49 

generated in the rock volume (Gylling et al., 1999; Shahkarami, 2017). Both models 50 

conceptualize the crystalline rocks as a network of fractures, even though the fractures are treated 51 

in different ways. For this reason, the single fracture–matrix system is often taken as a 52 

representative volume element of the network in these models (Neretnieks, 1980; Sudicky and 53 

Frind 1982; Tang et al., 1981). 54 

Many efforts have been made to develop a single fracture–matrix model in the 1980s 55 

(Barker, 1982; Grisak and Pickens, 1980; Hodgkinson and Maul, 1988; Neretnieks, 1980; Tang 56 

et al., 1981). The fracture in those models is highly conductive and represented by two smooth 57 

parallel plates with a constant aperture, embedded in a homogeneously porous rock. The solute 58 

transport by flowing water in the fracture–matrix model can be described by two coupled, one-59 

dimensional equations of continuity. One equation describes the advective transport of a solute 60 

and its spreading by Fickian dispersion in the fracture. The other describes the processes of 61 

molecular diffusion in and out of stagnant water adjacent to the fracture and the linear sorption 62 

on the internal pore surface of the host bedrock, i.e., matrix diffusion and sorption (Moreno et 63 

al., 1985; Neretnieks, 1980).  64 
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These two governing equations, coupled by mass transfer at the fracture–matrix interface, 65 

can be solved either numerically (Barker, 1982; Grisak and Pickens, 1980; Hodgkinson and 66 

Maul, 1988) or analytically (Neretnieks, 1980; Tang et al., 1981) to obtain evolutions of the 67 

solute concentration in both the fracture and the rock matrix. In particular, Tang et al. (1981) 68 

obtained an analytical solution for solute transport in a single fracture, which accounts for the 69 

effects of advection, Fickian dispersion, and matrix diffusion and sorption. This solution is 70 

currently used in both the interpretation and prediction of the results of field tracer tests. 71 

However, the derived solution in Tang et al. (1981) is highly intricate and tedious. It couples the 72 

effects of Fickian dispersion and matrix diffusion on solute transport in a rather complicated 73 

way, making it difficult to understand how these mechanisms interact with each other.  74 

To give clear insight into the processes in the fracture–matrix system, the first part of this 75 

thesis (Paper I; Paper II) starts by revisiting the classical model of Tang et al. (1981). A much 76 

simpler solution than that published previously by Tang et al. (1981) is derived. It is found that 77 

the new solution is seemingly the convolution of two functions. The first function describes the 78 

probability density function of the residence time distribution of a conservative solute resulting 79 

solely from advection and dispersion in the fracture–only system. The second function is the 80 

response of the fracture–matrix system to the input source when hydrodynamic dispersion has 81 

been completely neglected, given a solute-advection time, the distribution of which is determined 82 

by the first function. As a result, the effects of dispersion and matrix diffusion on solute transport 83 

have been decoupled in the sense that these two transport mechanisms may be considered 84 

separately.  85 

It is indicated that the derived new solution in Paper I is dependent on the assumption of 86 

a semi-infinite rock matrix, in which the solute cannot encounter the far boundary and the results 87 

are not impacted by either the distance to the boundary or the type of boundary condition 88 

imposed. To ensure more conservative long-term predictions of solute transport, it is preferable 89 

to have a finite extent of the matrix in the assumption. Sudicky and Frind (1982) derived an 90 

analytical solution to this problem, which is not only apt to diverge when evaluated but also 91 

cannot give a clear understanding of the roles of matrix diffusion and dispersion in influencing 92 

solute transport. To overcome these shortcomings, a new transient solution is developed in Paper 93 

II. It has a higher stability in its numerical implementation than the solution in Sudicky and Frind 94 

(1982) and is also a convolution of two functions, which have the same interpretations as 95 

observed in Paper I. Consequently, the effects of dispersion and matrix diffusion on solute 96 

transport are still decoupled. Furthermore, this decoupling in the new solution of Paper II also 97 

facilitates the analysis of the characteristics of the breakthrough curves, particularly the early-98 

time behavior and late-time behavior. The derived Péclet numbers of the two functions, based 99 

on temporal moments, are also found to be associated with the derived Péclet number of the 100 

newly derived solution in Paper II. By comparing the Péclet numbers of these two functions, the 101 

contribution of dispersion and matrix diffusion to solute spreading is determined in a 102 

straightforward way. 103 

The dispersion mechanism discussed in the new solution in Paper I refers to Fickian 104 

dispersion. Fickian dispersion can be interpreted in another way, which is in line with the concept 105 

of velocity dispersion (Neretnieks, 1983). This similarity indicates that the mentioned new 106 
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solution in Paper I can be extended into more general cases, in which both dispersion 107 

mechanisms are included. The consideration of the influence of velocity dispersion makes the 108 

extended solution more applicable in the interpretation of field tracer tests, because pure Fickian 109 

dispersion is rarely found in tracer tests in rock fractures. In addition, the extended solution 110 

naturally leads to the development of a multi–channel model. Predictions from the multi–channel 111 

model were found to show a good agreement with observations from field tracer tests (Gelhar, 112 

1993; Gelhar et al., 1992). Therefore, the multi–channel model gives a new and efficient tool to 113 

understand and model different dispersion effects on solute transport in fractured rocks. 114 

The second part of this thesis focuses on determination of diffusion and sorption 115 

properties of radionuclides in intact rock cores (Paper III; Paper IV) by applying an 116 

electromigration method. As mentioned above, diffusion into the matrix and sorption onto the 117 

internal surface of bedrock are by far the most important mechanisms of radionuclide retardation 118 

(Neretnieks, 1980). 119 

To accurately determine the diffusion and sorption properties of radionuclides, extensive 120 

studies have been performed by block-scale diffusion experiments, through-diffusion 121 

experiments, and batch sorption experiments. Batch sorption experiments can only be applied to 122 

evaluate the sorption properties of radionuclides on crushed rocks. The estimated distribution 123 

coefficients are problematic because of the significantly increased specific surface area of the 124 

rock samples caused by crushing, which may also give access to isolated pores. In contrast, the 125 

block-scale and through-diffusion experiments can additionally be used to determine the 126 

diffusion properties of radionuclides and the evaluated parameters are generally more reliable, 127 

as the rock samples are kept unaltered. However, the low permeability and large internal surface 128 

of the crystalline rocks make such experiments with large pieces of intact rock rather time-129 

consuming.  130 

To reduce the required experimental time, either hydraulic pressure in percolation tests 131 

or electric field in electromigration experiments is often used. In contrast to the extremely high 132 

hydraulic pressure applied in percolation tests for rocks of low permeability, a small electric field 133 

is required in electromigration experiments, making this approach more efficient and feasible. 134 

Therefore, numerous attempts have been made to apply electric field to accelerate the transport 135 

of charged ions in large pieces of intact rock.  136 

Various experimental setups have been proposed to perform electromigration 137 

experiments (Löfgren and Neretnieks, 2006; Puukko et al., 2018). Compared with other setups, 138 

the device designed by Löfgren and Neretnieks (2006) is able to minimize the influence of pH 139 

variation, caused by water electrolysis, on ionic transport. It has been applied successfully to 140 

estimate not only the formation factor of crystalline rocks (Löfgren and Neretnieks, 2006), but 141 

also the diffusion and sorption properties of iodide and cesium in granite (André et al., 2009). 142 

However, the use of this device still has some disadvantages. The potential difference over the 143 

rock sample changes with time. This makes the obtained experimental results irreproducible and 144 

thus causes difficulty in the subsequent data analysis. Moreover, the effect of water electrolysis 145 

is considered to be minimized, but it is observed that the pH of the background electrolyte still 146 

changes. 147 
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To overcome these shortcomings, two important modifications are made in the updated 148 

device (Paper III). On one hand, a potentiostat, replacing a normal power supply, is introduced 149 

to maintain a constant voltage over the rock sample. On the other hand, a small amount of 150 

NaHCO3 is added into the background electrolyte of NaCl, such that the pH of the solution is 151 

stabilized in the experiments. Therefore, the updated device has the capabilities of voltage self-152 

control and solution-pH stabilization. 153 

Using this updated device, a feasibility study is performed for both iodide and selenite 154 

tracers, with different applied voltages over an intact rock core (Paper III). The results of 155 

electromigration experiments are traditionally interpreted by the ideal plug-flow model (André 156 

et al., 2009; Löfgren and Neretnieks, 2006), mainly owing to the availability of its analytical 157 

solution and the simplicity of its practical use. The ideal plug-flow model accounts for the effect 158 

of electromigration, resulting from the influence of the electric field forcing charged species to 159 

migrate to the electrode of opposite charge, on ionic transport. However, it neglects the 160 

contribution of dispersion. Moreover, the influence of electroosmosis, which refers to the 161 

phenomenon of bulk flow of water toward the cathode caused by the presence of an electrical 162 

double layer at the charged surface of rock minerals (Maes et al., 1999), is not considered in the 163 

model (André et al., 2009; Löfgren and Neretnieks, 2006). As a result, only a small portion of 164 

the late-time breakthrough curve, over which the tracer concentration increases at a seemingly 165 

constant rate, can be used for data analysis when using ideal plug-flow model. This inevitably 166 

causes trouble in cases when proper determination of the late-time period becomes problematic. 167 

Additionally, several unrealistic assumptions and simplifications have been made to estimate the 168 

distribution coefficient in the ideal plug-flow model by André et al. (2009). This makes the 169 

evaluated distribution coefficients unreliable. 170 

To address all the problems associated with the ideal plug–flow model, an advection–171 

dispersion model was developed (Paper IV). It accounts for the most important mechanisms 172 

governing the movement of the tracer ions in the electromigration device, i.e., electromigration, 173 

electroosmosis, and dispersion. The tracer concentration in the recipient chamber, where the 174 

injected tracer is collected, can be expressed analytically in the Laplace domain. Thereafter, a 175 

numerical algorithm of the inverse Laplace transform (De Hoog et al., 1982) is applied to analyze 176 

the experimental results.  177 

The evaluated effective diffusivity and formation factor from the advection–dispersion 178 

model were found to be in good agreement with data reported in the literature (André et al., 179 

2009; Ohlsson and Neretnieks, 1997; Vecernik et al., 2013; Löfgren and Neretnieks, 2005; 180 

Thunehed, 2005). One may, therefore, convincingly use the advection–dispersion model to 181 

interpret the experimental results, giving reliable evaluations of the diffusion and sorption 182 

properties of tracer ions in intact rock cores. Additionally, these findings demonstrate from a 183 

different perspective that the updated electromigration device can be used, with great confidence, 184 

to provide high-quality experimental results for diffusion and sorption studies of radionuclides 185 

in intact rock cores. 186 

Noticeably, this thesis is considered to be closely related to the United Nations Global 187 

Goals for a sustainable society, in terms of Goal 6–Clean Water and Sanitation, Goal 7–188 
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Affordable and Clean Energy, Goal 12–Responsible Consumption and Production, Goal 13–189 

Climate Action, and Goal 15–Life on Land (UN, 2015). The derived analytical solutions and 190 

estimated diffusion and sorption properties of radionuclides in the rock matrix from this thesis 191 

can be used to more accurately evaluate the time, when radionuclides arrive at the biosphere 192 

after escaping from the bentonite. Therefore, the determined escape rate of the radioactive waste 193 

over time to the biosphere, in the performance assessment of a deep geological repository, is 194 

more convincing. It is noted that this rate can be applied to estimate the influence, caused by 195 

radioactive waste, on the human health and environment, the requirements of which are defined 196 

in Goal 6, 12 and 15 (UN, 2015). In addition, the development of nuclear energy is also found 197 

to be dependent on this determined rate. The derived rate might be higher than realistic value 198 

since the applied analytical solutions and diffusion and sorption parameters are not sufficiently 199 

reliable. Once this rate is larger than a certain limit value, it is considered that the concept of 200 

depositing radioactive waste into geological repositories is not sufficiently safe. This will 201 

naturally result in the reduced utilization of nuclear energy. However, the nuclear energy can 202 

make a more significant contribution to the decrease of the emission of greenhouse gases, e.g. 203 

carbon dioxide, than the generally used fossil fuels while larger amount of energy can be 204 

produced. These advantages are clearly in line with the requirements in Goal 7 and 13 (UN, 205 

2015). Thus, a more convincing result obviously aids to make the decision of developing nuclear 206 

energy in a more straightforward way and contributes to the fulfillment of the United Nations 207 

Global Goals for a sustainable society. Therefore, the focus of this thesis is connected with the 208 

United Nations Global Goals for a sustainable society closely. 209 

The rest of the thesis is organized as follows. The first part, including Chapter 2 and 3, is 210 

based on the work in Paper I and Paper II. In Chapter 2, the classical model of Tang et al. (1981) 211 

is briefly presented. The new analytical solution is then derived, followed by physical 212 

interpretations of the solution. Thereafter, the solution is extended to more general cases, where 213 

it is shown how to include both Fickian dispersion and velocity dispersion in the multi–channel 214 

model. Finally, the different behaviors of the classical and multi–channel models in predicting 215 

the breakthrough curves of a tracer pulse are demonstrated. In Chapter 3, the model of Sudicky 216 

and Frind (1982) is revisited. A general transient solution for the problem of solute transport 217 

along a single fracture with a finite-extent matrix is presented, and then a temporal analysis of 218 

the two coupled functions in the solution is performed. Later, the focus is placed on 219 

characterization of the breakthrough curves. Finally, the relative importance of Fickian 220 

dispersion and matrix diffusion in spreading the solute mass through the fracture–matrix system 221 

is evaluated. Chapter 4 and 5 are related to the performed electromigration experiments. In 222 

Chapter 4, associated with the work in Paper III, the modifications of the electromigration device 223 

and the resulting advantages are discussed. Thereafter, the preparation for the experiments and 224 

measurement method are presented. In Chapter 5, related to the work in Paper IV, the advection–225 

dispersion model is formulated, followed by a derivation of the general transient solution in the 226 

Laplace domain and the simple analytical solution in the limiting cases concerning the ideal 227 

plug–flow model. The data analysis method for excluding the influence of electric potential on 228 

the estimated parameters is also detailed. Finally, the estimated diffusion and sorption parameters 229 

are summarized. In Chapter 6, the concluding remarks of the thesis are offered, and the outlook 230 

is discussed.  231 
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Chapter 2 Solute transport in a semi-infinite fracture–232 

matrix system: A new solution and its extension 233 

In this chapter, the classical single fracture–matrix model proposed by Tang et al. (1981), 234 

referred to as the single–channel model, is revisited and a new solution to the model is derived, 235 

followed by physical interpretations of the solution and a discussion on numerical 236 

implementations. Then, the new solution is extended to more general cases, where the influence 237 

of velocity dispersion is additionally accounted for in a developed multi–channel model. 238 

Thereafter, a comparison of the new solution with its extension in predicting the breakthrough 239 

curves of a tracer pulse is presented. 240 

2.1 Single–channel model and new solution 241 

In the single–channel model, tracer transport in fractured rock is conceptualized as solute 242 

migration along a single fracture of length 𝐿, embedded in an infinite and homogeneous porous 243 

rock. The fracture has a constant aperture 2𝑏 and the tracer is injected at the origin of the fracture, 244 

as illustrated in Figure 2-1. 245 

 246 

Figure 2-1: Schematic view of the fracture–matrix system. 247 

Four assumptions are made based on the geometry and hydraulic properties of the system 248 

(Sudicky and Frind, 1982; Tang et al., 1981): 1) The aperture is much smaller than the length of 249 

the fracture, i.e., 2𝑏 ≪ 𝐿; 2) transverse diffusion and dispersion within the fracture always 250 

ensures complete mixing across its aperture; 3) transport within the matrix is dominated by 251 

molecular diffusion owing to the low permeability of porous rock; 4) transport along the fracture 252 

is much faster than that within the matrix. The first two assumptions ensure that it is reasonable 253 

to describe the solute transport along the fracture in one dimension. The remaining two 254 

assumptions indicate that the direction of tracer migration in the matrix is perpendicular to the 255 

fracture coordinate 𝑥. Based on these four assumptions, the solute transport in the fracture–256 

matrix system is assumed to be influenced by advection, dispersion, and adsorption onto the 257 

surface along the fracture and molecular diffusion and sorption in the rock matrix. Thus, the 258 

governing equation in the fracture is, assuming linear equilibrium sorption onto the fracture 259 

surface, 260 
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2
p pf f f

f f f f2
|

p

z b

D cc c c
R u D R c

t x x b z


=

  
= − + + −

   
       (2-1) 261 

with the initial and boundary conditions given by 262 

f ( ,0) 0c x =             (2-2) 263 

f in(0, ) ( )c t c t=            (2-3) 264 

f ( , ) 0c t =             (2-4) 265 

The diffusion equation in the porous rock matrix is written as, assuming linear equilibrium 266 

sorption in the rock matrix, 267 

2

p p

p p p p2

c c
R D R c

t z


 
= −

 
          (2-5) 268 

with the initial and boundary conditions given by 269 

p ( , ,0) 0c x z =             (2-6) 270 

p f( , , ) ( , )c x b t c x t=            (2-7) 271 

p ( , , ) 0c x t =             (2-8) 272 

where the subscripts f and p refer to the fracture and pore space of the rock matrix, respectively; 273 

𝑥 is the coordinates along the flow direction and 𝑧 is perpendicular to the fracture plane, 274 

respectively; 𝑡 denotes the time; 𝑐 represents the concentration of the tracer; and 𝑅 is the 275 

retardation coefficient. 𝐷 is the coefficient of longitudinal dispersion in the fracture or the 276 

coefficient of pore diffusion in the homogeneous rock matrix, 𝑢 represents the groundwater 277 

velocity in the fracture, 휀 refers to the porosity, 𝜆 denotes the decay constant, and 𝑐in describes 278 

the concentration of the tracer at the origin of the fracture as a function of time. For ease of 279 

reference, a complete list of symbols used in the thesis and their dimensions are given at the end 280 

of the thesis. 281 

By applying the Laplace transform to the coupled governing equations, together with the 282 

initial and boundary conditions, 𝑐f in the Laplace domain can be written as (Tang et al., 1981), 283 

( )
2

2
f in w f2 2

0

2 Pe Pe Pe
exp exp d

2 16 4π
c c t G S R S 

 


  

= − − − +   
   

      (2-9) 284 

where 𝑐f̅ and 𝑐i̅n are the Laplace transformation of 𝑐f and 𝑐in, respectively; 𝑡w is the water 285 

residence time: 𝑡w = 𝑥/𝑢; 𝜉 is a dimensionless integral parameter; Pe is the Péclet number: Pe =286 
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𝑢𝑥/𝐷f, and 𝑆 = 𝑠 + 𝜆 with 𝑠 being the Laplace variable. In writing Eq. (2-9), the diffusive mass-287 

transfer parameter 𝐺 defined in Paper I. 288 

Then, the solution in the Laplace domain can be transformed back to the time domain 289 

analytically, as shown in Tang et al. (1981). However, the derived analytical solution in the time 290 

domain from Tang et al. (1981) has a more complex structure than 𝑐f̅ in Eq. (2-9), in which a 𝜉-291 

dependent variable is included that lumps 𝐷p and 𝐷f. As a result of this complex form, the 292 

respective roles of matrix diffusion and dispersion in affecting solute transport cannot be 293 

distinguished in the solution. More importantly, 𝜉 in the integral does not have a clear physical 294 

meaning, not to mention that the derived solution has an integral with an infinite upper limit, 295 

which increases the computation burden significantly. 296 

To overcome these shortcomings, a new variable 𝜏 can be introduced as 297 

w2

Pe

4
t


=         (2-10) 298 

Then, as detailed in Paper I, the inverse Laplace transform for 𝑐f̅, as given in Eq. (2-9), 299 

can finally be written as 300 

( ) ( ) ( )f f Pe

0

, | dc t f c t  


→=        (2-11) 301 

with  302 

( ) w w

w

Pe1 1 Pe Pe Pe
exp

2 4 42 π

t t t
f t

t t t t

 
= − − 

 
    (2-12) 303 

and 304 

( ) ( ) ( )f w Pe f w w f w, | ,c t t g t R t Gt H t R t→= − −      (2-13) 305 

where 𝐻(𝑡) is the Heaviside step function; g is always analytically available for the 306 

homogeneous matrix case and differs with the variation of source injection mode, as shown in 307 

Appendix A of Paper I. 308 

As a result, 𝑐f(𝑡) in Eq. (2-11) can also be rewritten as 309 

( ) ( ) ( )
f/

f f

0

, d

t R

c t f g t R G   = −       (2-14) 310 

Eq. (2-14) is referred to as the general transient solution to the single–channel model. In 311 

contrast to the solution of Tang et al. (1981), both limits of integration in the solution are now 312 
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finite. This makes numerical integration of the new solution much more stable and efficient, as 313 

discussed in Paper I.  314 

To demonstrate the accuracy of the new solution, the results of Eq. (2-14) are compared 315 

to the breakthrough curves obtained from the solution of Tang et al. (1981) as well as to the 316 

results of a numerical approach that transforms the Laplace solution, i.e. Eq. (2-9), back to the 317 

time domain by the De Hoog algorithm (De Hoog et al., 1982). The detailed parameters used in 318 

the simulations can be found in Paper I. As shown in Figure 2-2, excellent agreement between 319 

the two analytical solutions and the numerical solution of the inverse Laplace transform are 320 

obtained. In using the new form of the solution, however, only 20 Gauss points are required to 321 

give an integration that is virtually exact, in contrast to 50 Gauss points commonly used for the 322 

solution of Tang et al. (1981), when integration is performed by Gaussian quadrature. In addition, 323 

the results obtained by using time domain random walk method, which is based on Eq. (2-14), 324 

also make a good agreement, as presented in Delay and Bodin (2001) and Painter et al. (2008). 325 

 326 

Figure 2-2: Breakthrough curves for a fracture at 𝑥 =  0.76 m, for Dp =  0.0, 10−14, 10−13, 10−12, 10−11, and 327 
10−10 m2/s (from top to bottom); the concentration is normalized by c0. 328 

In addition to the stability and efficiency in the computation, the variable 𝜏 of integration 329 

in the new solution has an obvious physical meaning and can be understood as a solute residence 330 

time in the fracture–only system, assuming no decay or retardation in the fracture. Furthermore, 331 

the new solution is a convolution of g (𝑡) and 𝑓(𝑡). g (𝑡) is the response of the fracture–matrix 332 

system involving advection, matrix diffusion, sorption, and decay but no dispersion to the 𝑐in(𝑡) 333 

injection, given a solute-advection time 𝜏. 𝑓(𝑡) is the response of the fracture–only system 334 

accounting for merely advection and dispersion to the Dirac delta injection. Thus, the single 335 

fracture–matrix system, shown in Figure 2-1, can be decoupled into two subsystems with 336 

different transport mechanisms, as illustrated in Figure 2-3. 337 



11 

 

 338 

Figure 2-3: Decoupling the fracture–matrix system into two subsystems with different transport mechanisms. 339 

Noticeably, the function 𝑓(𝑡) in Eq. (2-12) can also be written as 340 

( )
( )

2

ff

1
exp

42 π

x utx
f t

t D tD t

 −
= − 

  

     (2-15) 341 

In this form, 𝑓(𝑡) can be interpreted as a probability density function of the residence 342 

time distribution of a conservative solute resulting merely from advection and Fickian 343 

dispersion. It can be imagined as a result of the solutes having fictitiously followed streamlines 344 

with different constant velocities. The solute-advection time along the streamlines is uniquely 345 

defined by the Fickian dispersion coefficient 𝐷f. No diffusion between these fictitious 346 

streamlines and no diffusion/dispersion in the flow direction of a streamline is invoked, because 347 

𝐷f already includes the effect of diffusion between streamlines caused by, e.g., Taylor dispersion. 348 

Such dispersion must be Fickian for Eq. (2-1) to be valid.  349 

In addition, it should be stressed that the solution in Eq. (2-11) has been developed under 350 

the conceptualization that the fracture has a constant aperture 2𝑏 and is fully conductive for water 351 

flow with a constant velocity 𝑢. This idealization allows us to evaluate the dispersion coefficient 352 

𝐷f by Taylor dispersion theory (Bird et al., 2002; Taylor, 1953), assuming that the dispersion is 353 

caused by the diffusion across the aperture of the flow channel. A modification of 𝐷f can make 354 

the governing equations still be applicable for tapered channels in more general cases. As 355 

discussed in Appendix B of Paper I, the dispersion coefficient for a tapered channel, e.g., a 356 

channel of rhomboidal cross-section, can be evaluated as 357 

2 2

f w

w48

u W
D D

D
= +


       (2-16) 358 

where 𝐷w is the molecular diffusion coefficient of the solute in water and 𝑊 is the half-width of 359 

the channel. 360 
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Eq. (2-16) is based on the assumption that the dispersion due to diffusion across the 361 

aperture of the channel is negligible compared to that across the width of the variable-aperture 362 

channels, because the aperture is much smaller than the width. It also bears remembering that 363 

Taylor dispersion takes some time to develop in the fluid in the tapered channel and that the 364 

conditions for Fickian dispersion may not be fulfilled at early times. 365 

The analytical solution to the single–channel model, i.e., Eq. (2-14), can be rewritten as 366 

a convolution of ℎ and g function, as shown in Paper I, and ℎ function describes the flow rate 367 

distribution of the fictitious stream stubs caused by Fickian dispersion. Interestingly, 𝑐f, written 368 

in the new form, is formulated in the similar way to that underlying the concept of velocity 369 

dispersion, namely by collecting and mixing the solute from different channels with different 370 

flow rates and water residence times, which have been subject to different spreading mechanisms 371 

along each of the channel. Noticeably, the dispersion considered in 𝑐f is Fickian for Eq. (2-1) to 372 

be valid. Even though the dispersion mechanisms are different, the similarity of the form still 373 

implies that the solution to the single–channel model can be extended to more general cases. 374 

This general solution will be discussed in the following section. 375 

2.2 Multi–channel model and extension of the new solution 376 

Numerous field observations indicate that fracture surfaces are uneven (Keller, 1997) and 377 

water flows only in a small part of a conductive fracture to form one or more flow paths with 378 

variable aperture (Tsang and Neretnieks, 1998). To account for the effect of velocity dispersion 379 

on solute transport, the fracture may be considered as a system of 𝑁 independent channels, 380 

assuming that the solute does not mix between the channels (Neretnieks, 2002). A discrete form 381 

of the general transient solution for the solute concentration at the outlet of the fracture can then 382 

be given in terms of the flow rate, as shown in Paper I. In the limit of 𝑁 approaching infinity, a 383 

continuous form of the solution may be written as 384 

( ) ( ) ( ) ( )
f/

f f

mean 0 0

1
; , ; d d

t R

c t f q g t R G q q q q
q

    


= −      (2-17) 385 

where 𝑐f(𝑡; 𝑞) denotes the solute concentration in the channel with a volumetric flow rate 𝑞; 386 

𝑞mean is the mean flow rate of the ensemble of channels, defined as: 𝑞mean = ∫ 𝜅(𝑞)𝑞d𝑞
∞

0
; and 387 

𝜅(𝑞) represents the real flow rate distribution among the channels, which can be estimated from 388 

the aperture field of natural fractures. 389 

The assumption behind this solution is that any influence on the outlet concentration of 390 

each channel by the corresponding channel flow rate is already accounted for, and that there may 391 

be different transport and interaction mechanisms along different channels, in consistent with 392 

the idea of velocity dispersion described above. In addition, Eq. (2-17) is actually Eq. (2-14) 393 

obtained by multiplying Eq. (2-1) with 𝑞 and then integrating over all the channels with different 394 

flow rates. In other words, it gives actually the mean of the breakthrough curves. 395 

The 𝑞 distribution of the channels in Eq. (2-17) can be related to the aperture field of the 396 

fractures by the generalized cubic law of laminar flow in a slit (Bird et al., 2002; Neretnieks, 397 
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2002). As detailed in Appendix C of Paper I, under the conditions that the mean aperture �̅� of 398 

the channels could well be described by a log-normal distribution function 𝑝(�̅�) and that the 399 

natural fracture is composed of flow paths with identical geometries, the relations between 𝑏 and 400 

�̅�, 𝑞 and �̅�, and 𝑢 and �̅�, are all obtainable. This allows Eq. (2-17) to be rewritten as 401 

( ) ( ) ( ) ( ) ( )
f/

f f f

mean 0 0

1
; , , ; d d

t R

c t f u D g t R G b q a p a a
q

   


= −     (2-18) 402 

Eq. (2-18) is denoted as the exact analytical solution. The difference between the mean 403 

aperture �̅� and the aperture 2𝑏 is that �̅� is the mean of the real local apertures of each of the 404 

channel, whereas 2𝑏 is an aperture that is not real but rather a measure of the flow-wetted-surface 405 

area per unit flow-volume of the channel.  406 

It is noted that the dependence of 𝑢 and 𝑏 on �̅� makes the further simplification of 𝑐f(𝑡) 407 

more difficult. However, this problem can be circumvented by a good approximation, provided 408 

that the solutes are non-sorbing and move at high flow rate, i.e., 409 

( ) ( )f f mean, ; , ;g t R G b g t R G b   −  −      (2-19) 410 

where 𝑏mean is mean half-aperture, detailed in Appendix C of Paper I. 411 

By introducing Eq. (2-19) into (2-18), 𝑐f(𝑡) can be rewritten as 412 

( ) ( ) ( )
f/

f f mean

0

, ; d

t R

c t f g t R G b   = −      (2-20) 413 

with the joint 𝑓(𝑡) function now given by 414 

( ) ( ) ( ) ( )f

mean 0

1
; , df t f t u D q a p a a

q



=       (2-21) 415 

Obviously, the approximated solution takes the same form as the solution to the single–416 

channel model, given in Eq. (2-14). The joint 𝑓(𝑡) function and the averaged g (𝑡) function 417 

would both reduce to the simple 𝑓(𝑡) and g (𝑡) functions obtained from the single–channel 418 

model, respectively, provided that the fracture could be conceptualized as a single channel.  419 

The approximated solution to the multi–channel model can be used to give a quick and 420 

qualitative analysis of field tracer tests, owing to its numerical efficiency. However, it cannot be 421 

directly applied to predict the transport of strongly sorbing solutes in fractured rocks. Likewise, 422 

the validity of Eq. (2-19) is dependent on the flow rate for non-sorbing tracers. This expectation 423 

is confirmed in the accuracy analysis of the approximated solution. In the analysis, the results, 424 

based on the variation of 𝑞mean from 0.2 to 8.0 ml/d, obtained from the approximated solution, 425 

the exact analytical solution given in Eq. (2-18), and a numerical approach that inversely 426 
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transforms the Laplace-transformed solution back to the time domain using the De Hoog 427 

algorithm (De Hoog et al., 1982) are compared.  428 

As shown in Figure 2-4, the exact analytical solution gives identical results to those 429 

obtained from the numerical solution. The comparisons also indicate that the agreement between 430 

the breakthrough curves calculated from the approximated solution and the exact analytical 431 

solution is satisfactory when 𝑞mean > 1.0 ml/d. This implies that the approximated solution 432 

given in Eq. (2-20) can only be used in the high-flow-rate cases for non-sorbing solutes. 433 

However, it also suggests that the approximated solution might find more applications in the 434 

interpretation of field tracer tests, because they are often performed at high flow rates, larger 435 

than, e.g., 15.0 ml/d, in order to shorten the test period. 436 

 437 

Figure 2-4: Breakthrough curves at 𝑥 = 2 m for the flow rate 𝑞mean = 0.2, 1.0, 2.0, 5.0, and 8.0 ml/d (from right 438 
to left). 439 

2.3 Comparison of the model predictions 440 

The fundamental difference between the two analytical solutions, i.e., Eq. (2-14) and Eq. 441 

(2-18), lies in the interpretations of hydrodynamic dispersion in the models. The single–channel 442 

model accounts only for Fickian dispersion, in which hydrodynamic dispersion behaves 443 

similarly to a Fickian-diffusion process and the coefficient is evaluated by the classical Taylor 444 

dispersion theory (Bird et al., 2002; Taylor, 1953). When this model is applied, information on 445 

the shape and mean size of the channels is needed, such that the 𝑓(𝑡) function as well as 𝑏 can 446 

be determined, provided that the mean flow rate is known. By contrast, the multi–channel model 447 

additionally considers velocity dispersion, which is caused by the different flow rates of the 448 

channels. For practical use, it is additionally necessary to know the probability distribution 449 

function 𝜅(𝑞) of the flow rates, which can be estimated from the aperture distribution of the 450 

channels. 451 
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Owing to the inherent difference between the two models in dealing with hydrodynamic 452 

dispersion, the predictions of how a tracer pulse spreads with increasing distance would be 453 

entirely different. As shown in Figure 2-5, for the case of an impermeable matrix, the 454 

breakthrough curves predicted by the single–channel and multi–channel models exhibit very 455 

different behaviors. In general, the results of the single–channel model resemble narrow spears, 456 

with the extent of solute spreading slowly increasing with increasing distance. The Péclet number 457 

is also linearly proportional to the distance, in clear violation to a multitude of field observations 458 

(Gelhar, 1993; Gelhar et al., 1992), which suggests that the Péclet number keeps basically 459 

unchanged with the distance. By contrast, the breakthrough curves of the multi–channel model 460 

look more like bows skewed to the right, with the skewness increasing significantly with the 461 

distance of observation. The Péclet number is approximately unchanged, which agrees well with 462 

what was observed in fields, since both Fickian and velocity dispersion are accounted for in the 463 

model. It is notable that although the rock matrix in the mentioned example is assumed to be 464 

impermeable, the general features shown in Figure 2-5 regarding the spreading of the tracer pulse 465 

are still maintained when matrix diffusion is also taken into consideration, as discussed in Paper 466 

I. 467 

 468 

Figure 2-5: Breakthrough curves at 𝑥 = 2, 4, and 8 m (from left to right), predicted by the two models assuming 469 
휀p = 0. No decay is considered. 470 

Moreover, the difference between the single–channel and multi–channel models can also 471 

be observed when the two models are used to extrapolate the experimental results of field tracer 472 

tests obtained at a short distance to other distances, as shown in Figure 2-6. The measured data 473 

at 𝑥 = 2 m are reproduced by both models to obtain the results at 𝑥 = 4 and 8 m, respectively. 474 

However, the two models give very different breakthrough curves. Essentially, the multi–475 

channel model predicts that the solute will arrive much earlier with a much larger variance of 476 

solute residence time than that predicted by the single–channel model. Such distinct 477 

performances of the two models, as discussed above, are clearly caused by the contributions of 478 

the different dispersion mechanisms. Furthermore, this example indicates that field experiments 479 

over a necessarily short distance could yield information on what would take place over long 480 
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distances, unless it were known that the mass spreading was caused by only Fickian dispersion 481 

and that there was no contribution from velocity dispersion, or vice versa. The slight difference 482 

between the forms of the fitted curves is insufficient to separate the impact of the two 483 

mechanisms. 484 

 485 

Figure 2-6: Using both models to fit the breakthrough curves observed at 𝑥 = 2 m (left curves), and then 486 
extrapolating to the distances at 𝑥 = 4 and 8 m. No decay is considered. 487 

Those comparisons indicate that the generality of the multi–channel model compared 488 

with the single–channel model makes it more suitable for the interpretation of field tracer tests, 489 

because it can readily be used in understanding and modeling the effects of both Fickian and 490 

velocity dispersions on solute transport in fractured rocks. 491 

  492 



17 

 

Chapter 3 Solute transport in a fracture adjacent to a 493 

finite extent of matrix: A new solution and temporal moment 494 

analysis 495 

In this chapter, the model studied by Sudicky and Frind (1982) is revisited and a new, 496 

simple, and robust solution is developed, followed by demonstrating the accuracy of the new 497 

solution. A temporal moment analysis of the functions involved in the new solution is then 498 

performed and the focus is finally placed on the characterization of the breakthrough curve to 499 

evaluate the relative importance of Fickian dispersion and matrix diffusion in spreading the 500 

solute mass through the fracture–matrix system. 501 

3.1 Single–channel model with a limited penetration depth and new 502 

solution 503 

As schematically shown in Figure 3-1, the same fracture–matrix system as that studied 504 

by Sudicky and Frind (1982) is considered. Compared with the system conceptualized in Tang 505 

et al. (1981), i.e., that shown in Figure 2-1, the only difference is that there is a set of identical 506 

fractures whose planes are parallel and equally spaced in the new system. Because the fracture–507 

matrix geometry in Figure 3-1 is periodic and because each fracture is symmetrical, it is only 508 

necessary to consider one half of a fracture and one half of the intervening porous matrix. 509 

 510 

Figure 3-1: Schematic view of the fracture–matrix system. 511 

Based on the same assumptions and simplifications of Sudicky and Frind (1982), the 512 

transport processes in the fracture–matrix can also be described by two coupled, one-dimensional 513 

equations, as shown in Eq. (2-1) and Eq. (2-2).  514 

Eq. (2-1) is subject to the same initial and boundary conditions shown in Chapter 2. The 515 

mode of tracer injection at the origin of the fracture, i.e., 𝑐in(𝑡) in Eq. (2-3), can always be written 516 

as 517 
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( ) ( ) ( )in in

0

dc t c t   


= −           (3-1) 518 

where 𝛿 is the Dirac delta function. 519 

The linearity and time invariance of Eq. (2-1) and Eq. (2-2), together with the form of 520 

Eq. (3-1), have the result that the response to 𝑐in(𝑡) injection takes the form of a convolution 521 

integral, i.e., 522 

( ) ( ) ( )f in f δ

0 0

1
| dc t c t c

m
  



= −          (3-2) 523 

where 𝑚0 is defined as the zeroth moment of the concentration history (Haggerty, 1999); the 524 

subscript δ refers to the case of a pulse or Dirac injection, defined as (Paper I), 525 

( ) ( )in δ 0|c t m t=            (3-3) 526 

This suggests that only the impulse response 𝑐f(𝑡)|δ must be addressed at first; once it is 527 

known, the solution to 𝑐f(𝑡) in general cases can readily be obtained from Eq. (3-2). More 528 

importantly, Eq. (3-2) implies that the impulse response 𝑐f(𝑡)|δ serves as the kernel of the 529 

solution to 𝑐f(𝑡), and consequently it would determine the nature of the breakthrough curves in 530 

all other cases. For this reason, in this chapter, only the discussion of the case of a pulse injection 531 

is included, because the impulse response would exhibit more details and fine features than the 532 

solution to 𝑐f(𝑡) in other cases. To simplify the notation, the subscript δ will be omitted in the 533 

following. 534 

Eq. (2-1) is subject to the same initial and boundary conditions. By contrast, one of the 535 

boundary conditions of Eq. (2-2), i.e., Eq. (2-8), changes to ensure more conservative long-term 536 

predictions of solute transport, i.e., the system with a matrix of finite extent, since the solute 537 

cannot encounter the far boundary and the results will not be impacted both by the distance to 538 

the boundary and the type of boundary conditions imposed in the assumption of semi-infinite 539 

matrix. The new boundary condition is 540 

( )p
, , 0

c
x d b t

z


+ =


           (3-4) 541 

where 𝑑 denotes a distance from the fracture surface into the rock matrix, up to which matrix 542 

diffusion is assumed to take place. This distance can be regarded as being due to a symmetry 543 

boundary condition between parallel fractures separated by 2𝑑, or else being the length scale for 544 

limited matrix diffusion. 545 

By applying the Laplace transform to the system of governing equations, as in the 546 

procedure in Paper I, along with the initial and boundary conditions, the outlet concentration 547 
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𝑐f(𝑡) is found to have the same form as Eq. (2-14). The function 𝑓 does not change but the 548 

function g can be explicitly given, as detailed in Appendix A of Paper II, by 549 

( ) ( ) ( )0
f p R I

p p 0

, exp cos d
m

g t R t
R t

    




− =         (3-5) 550 

where 𝑡p is the characteristic diffusion time in the rock matrix: 𝑡p = 𝑑2/𝐷p, 𝜂 is a dimensionless 551 

integration variable, 𝜂R and 𝜂I are defined in Paper II. 552 

As can be seen from Eq. (3-5), the evaluation of the 𝑐f function involves two integrals; 553 

one results from the g function with an infinite upper limit and the other from the convolution of 554 

the 𝑓 and g functions with finite limits. To properly evaluate the integral of the g function, a 555 

simple approach, as detailed in Appendix C of Paper II, is applied to convert the g function into 556 

an integral with a finite upper limit, based on the solution in the limiting case as 𝑑 → ∞. With 557 

this approach, the two integrations involved in the 𝑐f function can efficiently and accurately be 558 

computed by the method of adaptive Gauss–Kronrod quadrature (Kronrod, 1965). To illustrate 559 

the accuracy of the derived solution, a comparison is made and excellent agreements are 560 

observed between the new and numerical solutions, which are detailed in Paper II.  561 

Noticeably, the limiting case of Eq. (3-5), i.e. 𝑑 → ∞, becomes exactly the same as the 562 

obtained g  function in Paper I. Since the 𝑓 function does not change, the derived analytical 563 

solution to 𝑐f(𝑡) in Paper I is also a limiting case of the solution obtained in Paper II. Therefore, 564 

the analyses made in Paper I still hold in Paper II. 565 

3.2 Analysis of breakthrough curves in terms of temporal moments 566 

Temporal moments can be used to indicate different individual features of the response 567 

curves. To facilitate understanding the behavior of solute transport in the fracture–matrix system 568 

under study, a temporal moment analysis for the 𝑓, g, and 𝑐f functions can be performed, because 569 

they are all impulse responses under different conditions (Paper I). 570 

3.2.1 Analysis of the 𝒇 function 571 

The 𝑓 function, as discussed in Chapter 2, describes the probability density function of 572 

the residence time distribution of a conservative solute resulting merely from advection and 573 

Fickian dispersion. To facilitate the mathematical manipulation, it is generally approximated by 574 

a known probability distribution function. For instance, the residence time is considered to 575 

follow a log-normal distribution in the case that Pe is larger than 10, when using time domain 576 

random walk method to simulate the solute transport in a fracture–matrix system (Delay and 577 

Bodin, 2001). By contrast, 𝑓 function is assumed as a normal distribution function in dealing 578 

with velocity dispersion (Soler et al., 2019), even though it is generally not normal. However, if 579 

one defines 𝜏-dependent mean and variance, i.e., 𝜇f and �̃�f
2 in Paper II, the 𝑓 function may appear 580 

as a normal distribution. This yields the following: 581 
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         (3-6) 582 

Eq. (3-6) is actually the origin of approximating 𝑓(𝜏) as a normal distribution; however, 583 

it is not normal, because both 𝜇f and �̃�f
2 are functions of 𝜏. The real mean and variance are 584 

independent of the solute advection time 𝜏, and are expressed as 585 

f wt =             (3-7) 586 

and 587 

2 2

f w

2

Pe
t =             (3-8) 588 

This essentially suggests that the 𝑓 function would spread out over a wider range of the 589 

solute advection time as 𝑡w increases or Pe decreases, whereas the mean of the solute advection 590 

time is always 𝑡w, as shown in Figure 3-2.  591 

The normalized 𝑓 function does not resemble a bell curve at all in the low-Pe regime. 592 

Only when Pe has been sufficiently increased, such as Pe > 500, would the difference from the 593 

normal distribution 𝑁(𝜇f, 𝜎f
2) become marginal. Additionally, the results in Figure 3-2 indicate 594 

that the larger the value of Pe is, the less spreading is exhibited by the solute advection time.  595 

The Péclet number Pes can be expressed in terms of the mean and variance, as indicated 596 

in Paper II. In the case of solute advection time, Pes becomes, 597 

fPe Pe=             (3-9) 598 

From Eq. (3-9), Pes is found to be equivalent to Pe. This only holds in the case when 599 

solute dispersion is caused solely by hydrodynamic dispersion. In more general cases, Pes would 600 

be different from Pe. 601 

 602 
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(a) 603 

 604 

(b) 605 

 606 

Figure 3-2: Normalized 𝑓 function, 𝑡w𝑓(𝜏), as a function of the normalized time, 𝜏/𝑡w, for different values of Pe, 607 
where the dashed lines show the corresponding normal distribution 𝑡w𝑁(𝜇f, 𝜎f

2), on a (a) linear scale and (b) 608 
logarithmic scale. 609 

3.2.2 Analysis of the g function 610 

The g function, as shown in Eq. (3-5), is the analytical solution of 𝑐f(𝑡) in the limiting 611 

case as Pe → ∞ at 𝑡 > 𝑅f𝜏, given a solute-advection time 𝜏, the distribution of which is 612 

determined by the 𝑓 function. It is actually the impulse response of the fracture–matrix system 613 

in the case of a plug flow without any hydrodynamic dispersion, i.e., 𝐷f = 0 (Paper I). 614 
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The mean 𝜇g and variance 𝜎g
2 of the solute residence time 𝑡, given 𝜏 and 𝑡p, are 615 

( )g f pR R  = +        (3-10) 616 

and 617 

2 2

g p p

2

3
R t =        (3-11) 618 

The Péclet number of the g function can be written as 619 
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       (3-12) 620 

where 𝜙 is the ratio of the pore volume in the rock matrix to the spatial volume of the fracture, 621 

defined as: 𝜙 = 휀P𝑑/𝑏.  622 

This analysis suggests essentially that the g function, when plotted as a function of 𝑡, 623 

would become broader and broader as the product 𝜙𝜏𝑡p increases, whereas the mean of the solute 624 

residence time deviates from the solute-advection time 𝜏 by a factor of 𝑅f + 𝑅p𝜙. This can be 625 

verified in Figure 3 in Paper II. 626 

3.2.3 Analysis of the 𝒄𝐟 function 627 

As indicated in Eq. (2-14), the 𝑐f function is a convolution of the 𝑓 and g functions. As a 628 

result, the behavior of the breakthrough curve would be determined by both 𝑓 and g in a complex 629 

way. In some special cases, either 𝑓 or g will dominate. 630 

3.2.3.1 𝒇 function dominance 631 

At early times, when 𝑡 ≳ 𝑅f𝑡w, i.e., when the input pulse has advected only a short 632 

distance past the point of observation, matrix diffusion might only weakly affect the mixing of 633 

solute mass within the fracture. Consequently, the breakthrough curve would look nearly 634 

identical to that obtained in the limiting case as 𝜙 → 0, especially in the case of 𝑡p ≪ 𝑡w. As a 635 

result, the 𝑐f concentration becomes 636 

( ) ( )f 0 f/c t m f t R=        (3-13) 637 

This analysis suggests that the early-time concentration in the fracture could 638 

approximately be described by Eq. (3-13), but only in the cases when 𝜙 is very small, e.g., 𝜙 <639 

0.1, as shown in Figure 3-3. 640 
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 641 

Figure 3-3: Normalized breakthrough curve, i.e., 𝑐f𝑡w/𝑚0, as a function of the normalized time, 𝑡/𝑡w, with 𝑡w =642 
100 d and Pe = 10. 643 

3.2.3.2 g function dominance 644 

At late times, when 𝑡 ≫ 𝑅f𝑡w, i.e., when the input pulse has advected far past the point 645 

of observation, Fickian dispersion has a negligible effect on the 𝑐f concentration (Haggerty, 646 

1999). The breakthrough curve would become nearly the same as that obtained in the limiting 647 

case as 𝐷f → 0 or Pe → ∞, especially in the case of 𝑡p ≫ 𝑡w. The 𝑐f concentration can, therefore, 648 

be written as 649 

( ) ( )f f w p,c t g t R t t= −        (3-14) 650 

which is the g (𝑡 − 𝑅f𝜏, 𝑡p) function evaluated at 𝜏 = 𝑡w. Then, the mean, variance, and Péclet 651 

number of the breakthrough curve can be directly obtained from Eqs. (3-10), (3-11), and (3-12), 652 

respectively. These three parameters are rewritten with the subscript “m” instead of “g”, i.e., 653 

𝜇m, 𝜎m
2 , and Pem, as shown in Paper II. 654 

This analysis suggests that the late-time concentration in the fracture would gradually 655 

become dominated by the g function as Pe increases. Only in the case when Pe has become 656 

sufficiently large compared to Pem, e.g., Pe > 10Pem, can one safely ignore the effect of 657 

hydrodynamic dispersion on the late-time behavior of the breakthrough curves. This finding is 658 

consistent with the observations in Figure 3-4, which presents different breakthrough curves 659 

obtained in Case B of Table 1 in Paper II at different Pe values. 660 
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 661 

Figure 3-4: Normalized breakthrough curve, i.e., 𝑐f𝑡w/𝑚0, as a function of the normalized time, 𝑡/𝑡w, with 𝑡p =662 
18000 d and 𝑡p = 307 d. 663 

3.2.3.3 Relative importance of Fickian dispersion and matrix diffusion 664 

The 𝑐f function, as given in Eq. (2-14), can also be regarded as the mean of the g 665 

functions, the probability distribution of which is defined by the 𝑓 function in terms of the solute-666 

advection time. The mean and variance of the 𝑐f function can be written as  667 

( )c w f pt R R = +        (3-15) 668 

and 669 

2
2 2 c
c p w p

22

3 Pe
R t t


 = +        (3-16) 670 

Compared with 𝜇m and 𝜎m
2 , the mean of the solute residence time has not changed, but 671 

the variance has been extended to a degree determined by Fickian dispersion in the fracture. This 672 

implies that both Fickian dispersion and matrix diffusion influence the degree of spreading of 673 

the breakthrough curve. To determine which effects dominate, a Péclet number Pec can be 674 

defined for the 𝑐f function. From Eqs. (3-9), (3-15), and (3-16), it is obtained that 675 

c f m

1 1 1

Pe Pe Pe
= +        (3-17) 676 

As a result, Pec can be viewed as the total resistance to spread of the solute mass through 677 

the fracture–matrix system. It quantifies the combined effects of two resistors connected in 678 

parallel in retarding solute transport. One has a resistance of Pef, resulting solely from the effect 679 

of Fickian dispersion in the fractures, and the other has a resistance of Pem, accounting for the 680 

influence of diffusion and sorption in the rock matrix. 681 
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However, Pef could also be understood as a measure of the relative importance of 682 

advection and Fickian dispersion in transporting the solute along the fracture, as the identity 683 

given in Eq. (3-9) suggests. Likewise, Pem might also be used to indicate the relative influence 684 

of advection and matrix diffusion in spreading the solute mass. As a result, a ratio of Pef to Pem 685 

can be defined as a criterion to evaluate the relative significance of matrix diffusion and Fickian 686 

dispersion in determining the behavior of the breakthrough curve. 687 

It follows from Eq. (3-17) and also discussions about g function dominance that only 688 

when Pem Pef⁄ ≪ 1, i.e., when Pe ≫ 3𝜙𝑡w/𝑡p, the effect of Fickian dispersion could be 689 

neglected at late times, such that the g (𝑡 − 𝑅f𝑡w, 𝑡p) function would be applicable to describe 690 

the late-time 𝑐f concentration. Otherwise, Eq. (3-15) as well as the discussions of 𝑓 function 691 

dominance suggest that only if 𝑅p𝜙 ≪ 𝑅f, the influence of matrix diffusion could be safely 692 

ignored at early times, leading the early-time regime of the breakthrough curve to be well 693 

represented by the function 𝑚0𝑓(𝑡/𝑅f). 694 

In any case, Eq. (3-17) implies that it is impossible to determine Pem and Pef 695 

simultaneously and solely from the calculated Pec, unless one of them could be estimated from 696 

e.g., the early-time or late-time performance of the breakthrough curves. Therefore, the model 697 

should be used with caution. 698 

  699 
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Chapter 4 Determination of properties of intact rock 700 

cores by electromigration method: Device updating and 701 

experimental results 702 

In this chapter, the details of the performed electromigration experiments are discussed. 703 

In the first section, the updated electromigration setup is shown and its advantages are 704 

introduced. Then, the performed electromigration experiments are briefly presented, including 705 

the rock sample preparation, porosity measurement, and experiment procedures. 706 

4.1 Electromigration experimental device and its improvements 707 

The device used in the performed electromigration experiments was initially proposed 708 

by Löfgren and Neretnieks (2006). Its working principle and limitations will be introduced 709 

briefly in this section. Then, the device applied in the experiments will be presented in detail. 710 

4.1.1 Basic working principle and modifications 711 

As schematically shown in Figure 4-1, the electromigration device is composed of four 712 

compartments, two electrode chambers, one source chamber holding an electrolyte with a high 713 

concentration of tracer injected, and one recipient chamber holding the same electrolyte, initially 714 

without any tracer. The electrodes in the electrode chambers are connected to a direct current 715 

power supply that generates an electric potential difference. This difference imposes a driving 716 

force, such that the tracer ions in the source chamber migrate through the rock sample toward 717 

the recipient chamber. Likewise, the background ions also move through the rock sample 718 

accordingly. Because the concentrations of ions, including the tracer and electrolyte, are time-719 

dependent, the resistance of pore solution in the rock sample varies simultaneously. 720 

 721 

Figure 4-1: Schematic setup for the electromigration experiments (Löfgren and Neretnieks, 2006). 722 

As a result, the potential difference over the rock sample also evolves with time, provided 723 

that the electric potential is not carefully adjusted. This variation influences the transport 724 

behavior of ions in the connective pore network of rock and finally makes the experimental 725 

results irreproducible and difficult to interpret. To overcome this shortcoming, the device is 726 
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modified: a potentiostat (model CHI 660e, CH Instruments) was introduced into the system to 727 

replace the normal power source in Figure 4-1. 728 

The utilization of the potentiostat offers two significant advantages. First, the electric 729 

potential difference over the rock sample can be kept constant within the experimental duration. 730 

In addition to the precise control, the potentiostat can record the electric current through the rock 731 

sample automatically and continuously. The current measurement data give information on the 732 

movement and distribution of ions inside the rock sample when the electric field is applied. This 733 

information can also be used to analyze the experimental results, and it has never before been 734 

recorded or carefully modeled. 735 

Another improvement of the device is that the pH in the source and recipient chambers 736 

is kept constant within the experimental duration. To reduce the pH difference caused by 737 

electrolysis at both electrodes, the anode and cathode electrolytes are initially designed to be 738 

forced to intermix with the use of two peristatic pumps (Löfgren and Neretnieks, 2006). In 739 

addition, two filter rocks in their setup were used to minimize the influence of the pH variations 740 

in the electrode chambers, and also in the source and recipient chambers (Löfgren and 741 

Neretnieks, 2006), as illustrated in Figure 4-1.  742 

Even though the electromigration device is designed to separate the electrode chambers 743 

and tracer chambers to reduce the influence of pH variations on aqueous chemistry, the pH is 744 

still found to change slightly during the electromigration experiments. One reason for this is that 745 

the generated H+ and OH− at the electrodes move much faster than the other ions in the 746 

background solutions. Another reason is, perhaps, the dissolution or precipitation of the minerals 747 

in the rock matrix.  748 

To stabilize the pH values of the background electrolytes, a small amount of NaHCO3 is 749 

added. The addition of NaHCO3 has two advantages. One is that NaHCO3 simulates the salinity 750 

and pH level of practical saline groundwater, and the concentration of NaCl simulates the ionic 751 

strength. Another is that HCO3
− ~ CO3

2− in the solution is a pH-buffer pair. This pair has a buffer 752 

effect and significantly reduces the pH variation resulting from some amount of H+ or OH− 753 

migrating into the tracer chambers from the electrode chambers. 754 

4.1.2 Electromigration device in experiments 755 

As shown in Figure 4-2, the updated electromigration device is constructed based on the 756 

principles discussed in Section 4.1.1. The material used for the electromigration device is poly 757 

(methyl methacrylate) (PMMA), which is both transparent and hard. The volume of the source 758 

and recipient chambers is 152 ml and that of the two electrode chambers at both ends is 250 ml. 759 

The four electrode plates of dimensions 1 cm ×  2 cm are made of titanium metal. A copper 760 

wire is used to connect the titanium electrodes, and voltage and current meters are employed to 761 

indicate the instantaneous voltage over the rock sample and the current through the whole device, 762 

respectively.  763 



28 

 

 764 

Figure 4-2: Device used in the electromigration experiments. The sample is in the center of the setup, between the 765 
source and recipient chambers. At both ends are the two electrode chambers separated by two filter rocks. 766 

The rock sample, as fixed in a holder (Figure 4-3), is fitted into a PMMA cylindrical shell 767 

that has the same inner diameter as the diameter of the rock sample, i.e., 5 cm. Before inserting 768 

the sample into the cylindrical shell, both the outer surface of the sample and the inner surface 769 

of the cylindrical shell are glued with epoxy to tightly bond them together. Then, the sample 770 

holder is left in the open air for 30 h before it is placed in the electromigration device to ensure 771 

complete dryness of the epoxy. The details of the rock sample preparation are presented in the 772 

next section. 773 

The two filter rocks, of length 1 cm, have similar mineralogical compositions as the rock 774 

sample tested in the electromigration experiments. The holders for the two filters are made in 775 

the same way as that for the rock sample holder. 776 

As discussed in the preceding section, a quantity of NaHCO3 is applied to stabilize the 777 

pH of the solution. In the present electromigration experiments, the background electrolyte is 778 

composed of 0.2 M NaCl and 0.002 M NaHCO3, the pH value of which is adjusted to be ~8.5 779 

by using NaOH before the electrolyte is added to the electromigration device. Other setup details 780 

are presented in Paper III. 781 

4.2 Electromigration experiments 782 

The applied electromigration device has been introduced briefly in Section 4.1, including 783 

its basic working principle, limitations, and experimental setup. In this section, more 784 

experimental details will be presented, related to rock sample, tracer measurement, and so forth. 785 

4.2.1 Rock sample preparation 786 

The rock sample in the electromigration experiment, as shown in Figure 4-3, was 787 

collected from the Äspö underground laboratory (borehole KLX11F, 17 m depth). The length 788 

of the rock sample is 1.12 cm, as measured by a caliper, and the diameter is 5 cm. The lithology 789 

distribution of the rock sample is quartz monzodiorite (95.5%) and fine-grained granite (4.5%). 790 
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It is saturated with synthetic groundwater and vacuum-packed in a tight vessel prior to use in the 791 

experiment. More detailed information is available in Paper III. 792 

 793 

Figure 4-3: Rock sample fixed in holder designed for the electromigration device. 794 

4.2.2 Porosity measurement 795 

The porosity of the rock sample is measured by a water weight difference method 796 

(Ohlsson 2001). According to the definition of porosity, the pore volume and rock volume must 797 

be determined. The volume of the rock sample can be estimated by the Archimedes principle. 798 

The sample is immersed into 0.2 M NaCl electrolyte and the weight variation of the electrolyte 799 

due to its lifting force is measured. Provided that the density of the electrolyte is known, the 800 

volume of the rock can be obtained readily. 801 

The pore volume can be determined as follows. The complete dry rock sample is weighed 802 

and then fully saturated with a specific NaCl electrolyte. Thereafter, this saturated sample is 803 

dried again. The mass of the rock during this drying process is recorded continuously with 804 

respect to time and plotted as a drying curve. As presented in Figure 4-4, the two lines represent 805 

the processes of out-surface drying and the evaporation of the pore water, respectively. The 806 

intersection of the two lines indicates the weight of the rock sample with completely dry surface 807 

when the evaporation of pore water ceases. Because the weight of the dry rock sample and the 808 

density of electrolyte are known, the pore volume can be estimated in a straightforward manner. 809 

Considering that the pore volume and the rock sample volume are both obtained, the ratio 810 

of the two volumes immediately gives the porosity of the rock sample. With the data presented 811 

in Figure 4-4, the porosity of the rock sample used in the electromigration experiments is 812 

estimated to be approximately 0.7 %. Further details of the porosity measurements are available 813 

in Paper III. 814 

 815 
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 816 

Figure 4-4: Drying curve of the rock sample in present electromigration experiments. The two lines represent the 817 
processes of out-surface drying and the evaporation of the pore water, respectively. The intersection of the two 818 

lines indicates the weight of the rock sample with completely dry surface when pore water has been fully 819 
evaporated. 820 

4.2.3 Experimental procedures 821 

The experimental device discussed in Section 4.1 is applied in the present 822 

electromigration experiments. The electric potential over the rock sample is set to be 2 or 4 V 823 

and kept constant during the experimental period. Prior to running with tracers, the background 824 

electrolyte is first used under the applied voltage within a period of 3 d, not only to stabilize the 825 

device, but also to saturate the rock sample. Once the stabilization is complete, which is indicated 826 

by the provided current data, a quantity of tracers is then added into the source chamber while 827 

adjusting the concentration to 0.1 M. To balance the ionic strength, some NaCl, with the same 828 

ionic strength as the tracers, is added into the recipient chamber simultaneously. 829 

When the tracer is added, the source and recipient chambers are both stirred for 5 min 830 

by magnetic stirrers. Meanwhile, a sample of 2 ml is taken from each chamber to determine the 831 

initial concentrations of the tracer ions. Then, the same amount of background electrolyte is 832 

added into the chambers to keep the hydraulic pressure and the volume of the solutions constant.  833 

During the experiments, the source and recipient chambers are subjected to continuous 834 

magnetic stirring at a speed of 250 rpm. The concentrations of tracers in the recipient chamber 835 

are recorded by sampling at different times, and the same amount of background electrolyte is 836 

then added. Further details of the experimental procedures are available in Paper III. 837 

4.2.4 Tracer measurements 838 

Three tracers are tested separately in the electromigration experiments: quinoxaline 839 

(Sigma-Aldrich, 99%) for electroosmosis measurements, and iodide and selenite for analyzing 840 

the diffusion and sorption properties of the rock sample in terms of NaI and Na2SeO3, 841 
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respectively. Quinoxaline is an uncharged tracer (Löfgren, 2004; Löfgren and Neretnieks, 2006), 842 

whereas iodide and selenite are not. Iodide is known to be a non-sorbing ion on mineral surfaces 843 

(Ikonen et al., 2016a). By contrast, selenite is believed to be slightly sorbing on mineral surfaces 844 

under low-salinity groundwater conditions (Ikonen et al., 2016b; Li et al., 2018).  845 

The concentrations of quinoxaline are measured by a UV-VIS spectrophotometer 846 

(Thermo Scientific, Genesys 10s UV-Vis). Based on the spectrum (Talrose et al., 2019), the 847 

highest peak of the quinoxaline spectrum appears at ~270 nm and this peak is used to analyze 848 

the concentration of quinoxaline. 849 

The concentrations of iodide and selenite are analyzed by inductively coupled plasma 850 

mass spectrometry (ICP-MS, Agilent 7800). All the samples are stored in acid-washed tubes. 851 

After dilution and filtration of both tracer samples, the selenite samples are acidified by adding 852 

concentrated HNO3 to 0.5 M. In comparison, an appropriate amount of tetramethylammonium 853 

hydroxide (TMAH, Sigma-Aldrich) is added to the iodide samples and the final concentration 854 

of TMAH in the iodide samples is 0.5%. Further details related to the tracer measurements can 855 

be found in Paper III. 856 

4.3 Experimental results 857 

Prior to the investigations of iodide and selenite, quinoxaline is applied to determine the 858 

influence of electroosmosis on ionic transport in an electric field. For both cases, i.e., 2 and 4 V, 859 

the experiment is performed several times, each of which takes 3–5 d. The results indicate that 860 

a negligible amount of quinoxaline is observed in the recipient chamber, even after running for 861 

5 d. Consequently, the effect of electroosmosis may be safely ignored in the subsequent 862 

electromigration experiments for iodide and selenite.  863 

The concentrations of both tracers in the recipient chamber are followed for 864 

approximately 2 d (48 h). The experimental results can be interpreted by the commonly used 865 

ideal plug–flow model (André et al., 2009; Löfgren and Neretnieks, 2006) and a newly 866 

developed advection–dispersion model (Paper IV). The details of the interpretation are presented 867 

in Chapter 5, and further experiment results, such as information on the electric current, can be 868 

found in Paper III. 869 

  870 
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Chapter 5 Determination of properties of intact rock 871 

cores by electromigration method: Data analysis and 872 

modeling 873 

In this chapter, the results of the performed electromigration experiments are interpreted. 874 

In the first section, an advection–dispersion model is developed and an analytical solution in the 875 

Laplace domain is derived for data analysis. Then, a limiting case and a multi–component 876 

version of the advection–dispersion model, i.e., the plug–flow model and reactive transport 877 

model, respectively, are introduced and applied to interpret the experimental results. 878 

Additionally, the data analysis method is presented. Finally, the estimates from these three 879 

models are compared and the advantages and limitations of the three models are discussed. 880 

5.1 Development of the model and analytical solution 881 

In this section, the three models applied to interpret the experimental results will be 882 

introduced briefly. Further details of these models can be found in Paper IV. 883 

5.1.1 Advection–dispersion model 884 

As illustrated in Figure 4-1 and also detailed in Chapter 4, the electromigration cell, 885 

consisting of the source chamber, rock sample, and recipient chamber, can be taken as a closed 886 

system, in which a constant voltage is applied over the rock sample. 887 

Because the electromigration cell is essentially the same as the classical through-888 

diffusion cell (Löfgren, 2004; Ohlsson, 2001), the equation of continuity for the dilute tracer 889 

under consideration within the rock sample, when only the linear sorption isotherm is taken into 890 

account for the solid phase, can be written as 891 

e

TS

c N
R

t x


 
= −

 
          (5-1) 892 

where 𝑐(𝑥, 𝑡) is the tracer concentration in the pore solution at position 𝑥 at time 𝑡, 휀TS is the 893 

porosity of the rock sample available for both transport and storage of tracer ions (André et al., 894 

2009; Löfgren, 2004), 𝑁e is the effective mass flux, and 𝑅 represents the retardation factor. 895 

Eq. (5-1) describes the mass balance of tracer ions in the rock sample, along with the 896 

initial condition 897 

( ,0) 0c x =             (5-2) 898 

and the boundary conditions 899 

L(0, ) ( )c t c t=             (5-3) 900 

and 901 
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R( , ) ( )c L t c t=             (5-4) 902 

where 𝐿 is the length of the rock sample and 𝑐L and 𝑐R are the tracer concentrations in the source 903 

and recipient chambers, respectively. 904 

The evolution of 𝑐L can be determined in terms of a macroscopic mass balance over the 905 

source chamber as follows: 906 

eL
L x 0

d
|

d

c
V AN

t
== −            (5-5) 907 

along with the initial condition 908 

L 0(0)c c=             (5-6) 909 

where 𝑉L is the volume of the source chamber, 𝐴 is the cross-sectional area of the rock sample, 910 

and 𝑐0 is the initial tracer concentration in the source chamber. 911 

Likewise, the change in 𝑐R with time can be described by a macroscopic mass balance 912 

over the recipient chamber as follows: 913 

eR
R x=L

d
|

d

c
V AN

t
=            (5-7) 914 

along with the initial condition 915 

R (0) 0c =             (5-8) 916 

where 𝑉R is the volume of the recipient chamber. 917 

Considering that the effective mass flux 𝑁e involves both convection and dispersion as 918 

a result of the application of an electric field, we can write (as detailed in Appendix A of Paper 919 

IV) for the electromigration cell under study, 920 

e e e

c

c
N cv D

x


= −


           (5-9) 921 

where 𝑣c
e is the effective convection velocity, and 𝐷e is the effective dispersion coefficient. This 922 

can be approximated by (Beauwens et al., 2005), 923 

e e e

c mD v D= +        (5-10) 924 

where 𝛼 is the dispersion length and 𝐷m
e  is the effective molecular diffusion coefficient. 925 

𝑣c
e is composed of both drift speed and electroosmostic velocity. It is written as, 926 
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      (5-11) 927 

where 𝜇eo
e  is the effective electroosmotic mobility, 𝑘B is the Boltzmann constant, 𝑇 is the 928 

absolute temperature, 𝑧 is the valence of the tracer ions, 𝑒 is the electron charge, 𝜓 is the electric 929 

potential. 930 

Eq. (5-11) indicates that both 𝑁e and 𝐷e are also dependent on the potential gradient 
𝜕𝜓

𝜕𝑥
, 931 

which varies spatially and temporally as a result of maintaining the electroneutrality of ions in 932 

the pore space of the rock sample. However, it only changes slightly over a short time in the 933 

beginning of the experiments, as demonstrated by the simulation results of PHREEQC (Appelo, 934 

2017). As a result, it can be assumed that the potential gradient is constant throughout the rock 935 

sample. Thus, this constant potential gradient can be denoted as 𝐸, defined as: 𝐸 = ∆𝜓/𝐿. 936 

Under this simplification, the coupled system of governing equations, i.e., Eqs. (5-1), 937 

(5-5), and (5-7), along with the initial and boundary conditions, can be readily solved by applying 938 

the Laplace transform method. As detailed in Appendix B of Paper IV, the Laplace-transformed 939 

solution of 𝑐R is found to be 940 

R L 0
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  (5-12) 941 

where 𝑠 is the Laplace variable, 𝑆 is an 𝑠-dependent variable, Pe is the Péclet number, defined 942 

as: Pe = L𝑣c
e/𝐷e, and 𝛽L and 𝛽R are the relaxation times of the source and recipient chambers, 943 

respectively. 944 

The application of a numerical algorithm (De Hoog et al., 1982) to Eq. (5-12) allows the 945 

numerical transformation of the solution back to the time domain. The result is the breakthrough 946 

curve of the tracer ions in the recipient chamber, under the coupled action of electromigration, 947 

electroosmosis, and dispersion.  948 

In addition, Eq. (5-12) indicates that the evolution of 𝑐R is only dependent on 𝑣c
e, 𝐷e and 949 

휀TS𝑅. Since 𝐷e is composed of 𝑣c
e and the influence of electroosmosis in performed experiments 950 

is insignificant, 𝑐R can be rewritten in terms of 𝛼, 𝐷m
e  and 휀TS𝑅, as detailed in Paper IV. By 951 

fitting 𝑐R to experimental date using a nonlinear least squares algorithm, supplemented with 952 

suitable lower and upper limits, those parameters can be estimated. 953 

5.1.2 Ideal plug–flow model 954 

In the limiting case as Pe → ∞ or equivalently, 𝐷e → 0, i.e., when the dispersive mass 955 

transfer is entirely negligible compared to convection, the analytical solution shown in Eq. (5-12) 956 

can be simplified (see Appendix C of Paper IV for details). Then, the inverse Laplace transform 957 

for 𝑐R̅ in this limiting case can be obtained immediately (Abramowitz and Stegun, 1965), as 958 
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presented in Paper IV. Because the experimental period is often much shorter than the relaxation 959 

time of the source chamber, the analytical solution in the time-domain can be approximated as 960 

follows (Abramowitz and Stegun, 1965): 961 

0
R A A

R

( ) ( )
c

c t u t 


 − −       (5-13) 962 

where 𝜏A denotes the characteristic advection time, defined in Appendix B of Paper IV, and 𝑢(𝑡) 963 

is the Heaviside step function. 964 

This is the simplified solution of the ideal plug–flow model, which essentially suggests 965 

that the tracer concentration in the recipient chamber increases at a constant rate at time t > 𝜏A. 966 

Mainly for this reason, it has been widely applied in the interpretation of experimental results of 967 

electromigration (André et al., 2009; Löfgren and Neretnieks, 2006). 968 

As detailed in Paper IV, 𝐷m
e  and 𝑅 can be estimated by fitting 𝑐R to experimental data. 969 

5.1.3 Reactive transport model 970 

In the advection–dispersion and ideal plug–flow models, any speciation of the aqueous 971 

solution and ionic equilibrium are not considered. The neglect of aqueous chemistry may 972 

influence the results of parameter identification to some extent. To examine how severe the 973 

deviations could be, a reactive transport model tailored for the electromigration cell shown in 974 

Figure 4-1 should be applied.  975 

For developing a reactive transport model, the advection-dispersion model has to be 976 

reformulated by replacing 𝑐 as 𝑐i, the concentration of the ith species, in the governing equations 977 

as well as in the initial and boundary conditions, in addition to include mass-action equations, 978 

mass and charge balance equations, etc. The implementation of such a reactive transport model 979 

is obviously not straightforward. However, in the cases where the influence of electroosmosis is 980 

marginal, as shown in present experiments, an available PHREEQC module for electromigration 981 

in aqueous solution can be utilized. As detailed by Appelo (2017), this module is capable of 982 

simulating ionic transport in electromigration cells, but limited in that it accounts only for 983 

molecular diffusion and electromigration. The effective mass flux of an ionic species is given by 984 

the Nernst-Planck equation: 985 

e e i i i
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      (5-14) 986 

Eq. (5-14) can be considered as a special form of Eq (5-9), where 𝜇eo
e  and 𝛼 are both 987 

zero.  988 

For our performed experiments, where 𝛼 might not be zero, the effective mass flux, i.e. 989 

Eq. (5-9), can be rewritten as, 990 
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      (5-15) 991 

The difference between Eq. (5-15) and Eq. (5-14) prevents the direct application of the 992 

PHREEQC module of electromigration (Appelo, 2017) to present case because the ratio of 993 

𝐷m,i
e /𝐷i

e has a weak dependence on both 𝑧i and the potential gradient, as can be justified from 994 

Eqs. (5-10) and (5-11). However, it is expected that the electroneutrality condition would be 995 

more dominant than the ratio of 𝐷m,i
e /𝐷i

e in determining the local mass flux. As a result, the ratio 996 

of 𝐷m,i
e  over 𝐷i

e can be assumed as a constant, independent of ionic species. Then, Eq. (5-15) can 997 

further be rewritten in the same form as Eq. (5-14) by introducing a modified electric potential 998 

𝜓′ instead of 𝜓, as shown in Paper IV. Thus it is possible to use the PHREEQC module of 999 

electromigration (Appelo, 2017).  1000 

As detailed in Paper IV, to simply the fitting process, the scaling factor 𝐷m,i
e /𝐷i

e is chosen 1001 

as an unknown parameter to identify and individual diffusion coefficients for the solute species 1002 

are not accounted for. Then same steps, as described for the application of advection–dispersion 1003 

model, are performed. 1004 

5.2 Method for excluding the influence of electric potential on 1005 

estimated parameters 1006 

Even though the ideal plug–flow model is simple, it involves many unrealistic 1007 

assumptions. Therefore, this model can only be used to make a rough estimate of the diffusion 1008 

and sorption properties of the solute species. Since it commonly gives large uncertainties in 1009 

parameter identification, one may use the results to define the lower and upper bounds of the 1010 

corresponding parameters for a better evaluation by advection–dispersion model and reactive 1011 

transport model. 1012 

Two methods can be used to calculate 𝐷m
e  for the tracers. The first method estimates 𝐷m

e  1013 

and 𝛼 directly from Eq. (5-10) for each of the cases studied. The results are, then, Δ𝜓-dependent. 1014 

The second method exploits the fact that the dispersion length 𝛼 should be independent of Δ𝜓 1015 

and that 𝐷e varies linearly with the electric field over the rock sample 𝐸, as indicated by Eq. 1016 

(5-10) and Eq. (5-11), and therefore 𝐷m
e  can also be obtained from the intercept of the linear 1017 

relationship between 𝐷e and 𝐸 from a series of experiments. This would not only yield an Δ𝜓-1018 

independent value of 𝐷m
e , but also make it possible to accurately evaluate the standard deviation 1019 

(uncertainty) by constructing confidence intervals for linear regression coefficients, in the case 1020 

of large observations. 1021 

5.3 Comparison of models and inverse modeling results 1022 

As discussed above, the advection-dispersion model reduces to the commonly used, ideal 1023 

plug–flow model (André et al., 2009; Löfgren and Neretnieks, 2006) in the special case where 1024 

only electromigration takes effect, and becomes the reactive transport model (Appelo, 2017) 1025 

when extended to a multi–component system where the effect of aqueous chemistry is also 1026 
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considered. As a result, one may expect that the advection–dispersion model would stand 1027 

somewhere between the other two models in terms of both the complexity of numerical 1028 

implementations and the flexibility of practical applications, as well as in terms of the veracity 1029 

and reliability of parameter identifications. To demonstrate that this is indeed the case, and more 1030 

importantly to identify the diffusion and sorption parameters, the models are applied to interpret 1031 

the experimental data. The results are summarized in Table 5-1 for both iodide and selenite ions. 1032 

The inverse modeling results of selenite based on the advection–dispersion model are presented 1033 

in Figure 5-1 and the others can be found in Paper IV. 1034 

Table 5-1: Summary of the results obtained from analysis of the breakthrough curves for both iodide and selenite 1035 
tracers. 1036 

 Iodide Selenite 

Model applied 𝐷m
e  (10−14 m2 s-1) 𝐹f (10−5) 𝐷m

e  (10−14 m2 s−1) 𝐹f (10−5) 

Ideal plug–flow model 8.33 ± 3.25 4.06 ± 1.59 2.30 ± 0.89 2.30 ± 0.89 

Advection–dispersion model 11.5 ± 0.60 5.61 ± 0.29 3.50 ± 0.86 3.50 ± 0.86 

Reactive transport model 12.5 ± 1.05 6.11 ± 0.51 3.75 ± 0.35 3.75 ± 0.35 

Data reported in literature 1.0–46.0 1.0–20.0 1.0–10.0 1.0–20.0 

It is clear that the effective diffusivities of iodide and selenite estimated from the obtained 1037 

experimental results are in good agreement with data reported in the literature (André et al., 1038 

2009; Ohlsson and Neretnieks, 1997; Vecernik et al., 2013), irrespective of which model is 1039 

applied. Likewise, the formation factors 𝐹f evaluated from different cases also fall fairly well 1040 

into the range of data derived from other experiments (Löfgren and Neretnieks, 2005; Thunehed, 1041 

2005). However, the results of the ideal plug–flow model show a larger difference than the other 1042 

two models, in terms of both the mean values and the uncertainties (i.e., the standard deviations), 1043 

owing to the neglect of the dispersion mechanism and also the difficulty in selecting suitable 1044 

data points for regression analysis. By comparison, the advection–dispersion model gives nearly 1045 

the same estimates of the parameters as the reactive transport model, with only minor differences 1046 

in the mean values and uncertainties. This suggests that one may ignore the influence of aqueous 1047 

chemistry on ionic transport in the case of I and Se, as long as the effects of electromigration, 1048 

electroosmosis, and dispersion are properly taken into account. Consequently, the advection–1049 

dispersion model should be applied in the first place to interpret the results of electromigration 1050 

experiments, owing to its ease of implementation and sufficient accuracy for data analysis. 1051 
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 1052 

Figure 5-1: Breakthrough curve of selenite with an applied voltage of 2 or 4 V over the rock sample. The markers 1053 
show the experimental data and the lines indicate the curve-fitting results from the advection–dispersion model. 1054 

  1055 
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Chapter 6 Concluding remarks and outlook for future 1056 

work 1057 

In this thesis, the emphasis is placed on the analysis of analytical solutions for better 1058 

understanding the behaviors of breakthrough curves observed at the outlet of the fracture and 1059 

determination of diffusion and sorption parameters from performed electromigration 1060 

experiments. Two classical single fracture–matrix models are revisited, with their analytical 1061 

solutions reformulated to better understand the relative significance of the influences of 1062 

dispersion and matrix diffusion and sorption on solute transport. Two models, i.e. multi–channel 1063 

model and advection–dispersion model, are newly developed, with the analytical solution 1064 

derived for more reasonably interpreting the field test and experimental results. All these efforts 1065 

contribute to improving the comprehension of water flow and radionuclide transport in the 1066 

repository far-field of fractured crystalline rocks and can also be applied to other solutes in 1067 

different practical scenarios.  1068 

Based on the context and desired objectives, the work presented in this thesis can be 1069 

grouped into two parts. In the first part, i.e., Chapter 2 and Chapter 3, the aim is to use an 1070 

analytical solution to interpret the breakthrough curves, such that the underlying physics can be 1071 

determined (Paper I; Paper II). The models proposed by Tang et al. (1981) and Sudicky and 1072 

Frind (1982) are revisited and two new simple and robust solutions are developed. Both new 1073 

solutions take the form of an integral, which is an apparent convolution of two functions, 𝑓(𝑡) 1074 

and g (𝑡). 𝑚0𝑓 is nothing but the impulse response of a fracture–only system, and g is the 1075 

impulse response of the fracture–matrix system in the case of a plug flow without any 1076 

hydrodynamic dispersion. As a result, the effects of hydrodynamic dispersion and matrix 1077 

diffusion on solute transport can be decoupled in a simple means. Moreover, the reformulated 1078 

solution can be extended to a more general case, where the effect of velocity dispersion is 1079 

accounted for. This leads to the development of the multi–channel model, the predictions of 1080 

which yield better agreement with field observations. 1081 

For future work, more focus can still be placed on the decoupling of the effects of 1082 

dispersion and other mechanisms on solute transport in a fracture–matrix system. Based on the 1083 

findings in Paper I and Paper II, it is estimated that the decoupling might always make the 1084 

analytical solution to the fracture–matrix model take the convolution form, even though the 1085 

system can be more complicated. This estimation has been verified in a few cases, e.g. stagnant 1086 

water zone included (Mahmoudzadeh et al. 2013; Shahkarami et al. 2016). It is found that the 1087 

derived solution in Shahkarami et al. (2016), where the effects of Fickian dispersion, stagnant 1088 

water zone, matrix diffusion and sorption are considered in the model, also takes the form of a 1089 

convolution of 𝑓 and g functions. 𝑓 function is exactly the same as that provided in Chapter 2 1090 

and Chapter 3, while g function is different, which is dependent on the parameters of matrix, 1091 

stagnant water zone and the solute advection-time. In addition, the new g function makes an 1092 

agreement with the evaluated solution in Mahmoudzadeh et al. (2013), where the influence of 1093 

hydrodynamic dispersion is not accounted for in the developed model. Therefore, the effects of 1094 

hydrodynamic dispersion, and stagnant water zone and matrix diffusion and sorption are still 1095 

decoupled in the model developed in Shahkarami et al. (2016) and the fracture-matrix system 1096 
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can also be divided into two subsystems with different transport mechanisms, as illustrated in 1097 

Figure 2-3. 1098 

For the second part of the thesis (Paper III; Paper IV), i.e., Chapter 4 and Chapter 5, the 1099 

focus is on the performed electromigration experiments and model development, i.e., inverse 1100 

modeling of experimental data. A newly established advection–dispersion model is used to 1101 

interpret the experimental results, and the diffusion and sorption parameters of iodide and 1102 

selenite are determined by this inverse modeling.  1103 

However, more improvements can still be made. In the present reactive transport model, 1104 

individual diffusion coefficients for the solute species are not accounted for. This can be involved 1105 

in the new reactive transport model. Moreover, it is assumed that the intact rock core is 1106 

homogeneous in all three models, which are not in line with the general experimental 1107 

observations. In the improved models, heterogeneity of the rock should be assumed, while 1108 

experimental support is required. In addition, the estimated diffusion and sorption properties of 1109 

non-soring and weakly sorbing tracers are consistent with the values determined from traditional 1110 

through-diffusion experiments. However, there is insufficient information about whether the 1111 

estimated properties of strongly sorbing tracers are still in line with the literature values. The 1112 

impact of electric field on the determined values of strongly sorbing tracers in the intact rock 1113 

core is not known. Likewise, the finding, that the influence of aqueous chemistry on ionic 1114 

transport is insignificant, also needs to be further verified for strongly sorbing tracers. As a result, 1115 

larger observations are expected in detailed studies of Cs, and Sr, etc., with, e.g., five or more 1116 

applied voltages over rock samples in electromigration experiments. 1117 

Noticeably, 𝐷m
e  in Paper IV can be obtained by two methods. In the second method, 𝐷m

e  1118 

values are determined from the slope of the linear relationship between 𝐷e and 𝐸 of a series of 1119 

experiments, following the definition of 𝐷e in Eq. (5-10). This linear regression makes the 1120 

influence of electric field on estimated 𝐷m
e  excluded. However, the validity of the approximation 1121 

of 𝐷e is questionable. In defining 𝐷e, a parameter 𝛼, denoted as the dispersion length, is made 1122 

use of. We note that the concept of dispersion length is widely used in the engineering area. It 1123 

needs more theoretical support in physics. Thus, more efforts are required to determine the 1124 

effective dispersion coefficient in mathematics, in which all parameters have clear physical 1125 

definitions, for the future work. 1126 

  1127 
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Nomenclature 1128 

The dimensions are given in terms of mole [M], length [L], time [T], temperature [K], voltage 1129 

[V], electric charge [C], and dimensionless [– ]. 1130 

Chapter 2 and Chapter 3 1131 

𝐷f: Longitudinal dispersion coefficient in the fracture, [L2T−1] 1132 

𝐷p: Pore diffusion coefficient in the rock matrix, [L2T−1] 1133 

𝐷𝑤: Molecular diffusion coefficient in water, [L2T−1] 1134 

𝐺: Diffusive mass-transfer parameter, [T−
1

2] 1135 

𝐻: Heaviside step function, [– ] 1136 

Pe: Péclet number, [– ] 1137 

Pec: Péclet number of the 𝑐f function, [– ] 1138 

Pef: Péclet number of the 𝑓 function, [– ] 1139 

Peg: Péclet number of the g function, [– ] 1140 

Pem: Péclet number of the g function at 𝜏 = 𝑡w, [– ] 1141 

𝑅f: Retardation coefficient in the fracture, [– ] 1142 

𝑅p: Retardation coefficient in the matrix, [– ] 1143 

𝑆: Defined parameter, [T−1] 1144 

�̅�: Mean of real local apertures of each of the channels, [L] 1145 

𝑏: Half-aperture of the fracture, [L] 1146 

𝑏mean: Mean half-aperture of the ensemble of channels, [L] 1147 

𝑐in(𝑡): Concentration of the tracer at the origin of the fracture as a function of time, [ML−3] 1148 

𝑐i̅n: Laplace-transformed tracer concentration at the origin of the fracture, [MTL−3] 1149 

𝑐f: Tracer concentration in the fracture, [ML−3] 1150 

𝑐f̅: Laplace-transformed tracer concentration in the fracture, [MTL−3] 1151 

𝑐P: Pore-water concentration in the rock matrix, [ML−3] 1152 



42 

 

𝑑: Distance from the fracture surface into the rock matrix, up to which matrix diffusion is 1153 

assumed to take place, [L] 1154 

𝑚0: Zeroth moment of the concentration history, [MTL−3] 1155 

𝑞: Flow rate in the channel, [L3T−1] 1156 

𝑞mean: Mean volumetric flow rate of the ensemble of channels, [L3T−1] 1157 

𝑠: Laplace variable, [T−1] 1158 

𝑡: Time, [T] 1159 

𝑡p: Characteristic diffusion time in the rock matrix, [T] 1160 

𝑡w: Mean water residence time, [T] 1161 

𝑢: Groundwater velocity in the fracture, [LT−1] 1162 

𝑥: Coordinate along the fracture plane, [L] 1163 

𝑧: Coordinate perpendicular to the fracture plane, [L]  1164 

𝛿: Dirac delta function, [T−1] 1165 

휀P: Porosity of the rock matrix, [– ] 1166 

𝜅: Probability distribution of the volumetric flow rate of the channels, [TL−3] 1167 

𝜆: Decay constant, [T−1] 1168 

𝜇c: Mean of the 𝑐f function, [T] 1169 

𝜇f: Mean of the 𝑓 function, [T] 1170 

𝜇f: Defined mean of the 𝑓 function, [T] 1171 

𝜇g: Mean of the g function, [T] 1172 

𝜎c
2: Variance of the 𝑐f function, [T2] 1173 

𝜎f
2: Variance of the 𝑓 function, [T2] 1174 

�̃�f
2: Defined variance of the 𝑓 function, [T2] 1175 

𝜎g
2: Variance of the g function, [T2] 1176 

𝜏: Solute residence time in the fracture–only system or solute advection time in the fracture–1177 

matrix system, [T] 1178 
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𝜙: Ratio of the pore volume of the rock matrix to the spatial volume of the fracture, [– ] 1179 

Chapter 4 and Chapter 5 1180 

𝐴: Cross-sectional area of the rock sample, [L2] 1181 

𝐷e: Effective dispersion coefficient, [L2T−1] 1182 

𝐷m
e : Effective diffusion coefficient, [L2T−1] 1183 

𝐸: Electric field over the rock sample, [VL−1] 1184 

𝐹f: Formation factor, [– ] 1185 

𝐿: Length of the rock sample, [L] 1186 

𝑁e: Effective mass flux, [MT−1L−2] 1187 

Pe: Péclet number, [– ] 1188 

𝑅: Retardation factor, [– ] 1189 

𝑆: Defined parameter, [– ] 1190 

𝑇: Absolute temperature, [K] 1191 

𝑉L: Volume of the source chamber, [L3] 1192 

𝑉R: Volume of the recipient chamber, [L3] 1193 

𝑐: Species concentration, [ML−3] 1194 

𝑐0: Initial species concentration in the source chamber, [ML−3] 1195 

𝑐L: Species concentration in the source chamber, [ML−3] 1196 

𝑐R: Species concentration in the recipient chamber, [ML−3] 1197 

𝑒: Electron charge, [C] 1198 

𝑘B: Boltzmann constant, [CVK−1] 1199 

𝑠: Laplace variable, [T−1] 1200 

𝑡: Time, [T] 1201 

𝑢: Heaviside step function, [– ] 1202 

𝑣c
e: Effective convection velocity, [LT−1] 1203 
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𝑥: Position in the direction of the concentration gradient, [L] 1204 

𝑧: Valence of the tracer ions, [– ]  1205 

𝛼: Dispersion length, [L] 1206 

𝛽L: Relaxation time of the source chamber, [T] 1207 

𝛽R: Relaxation time of the recipient chamber, [T] 1208 

휀TS: Porosity available for both transport and storage, [– ] 1209 

𝜇eo
e : Effective electroosmotic mobility, [L2V−1T−1] 1210 

𝜏A: Characteristic advection time, [T] 1211 

𝜓: Electric potential, [V] 1212 

 1213 

  1214 
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