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Abstract
The three-factor model of Fama and French has proved to be a seminal contri-
bution to asset pricing theory, and was recently extended to include two more
factors, yielding the Fama-French five-factor model. Other proposed augmen-
tations of the three-factor model includes the introduction of a momentum
factor by Carthart. The extensive use of such factors in asset pricing theory
and investing motivates the study of the distributional properties of the returns
of these factors. However, previous studies have focused on subsets of these
six factors on the U.S. market. In this thesis, the distributional properties of
daily log-returns of the five Fama-French factors and the Carthart momen-
tum factor in European data from 2009 to 2019 are examined. The univari-
ate distributional dynamics of the factor log-returns are modelled as ARMA-
NGARCH processes with skewed t distributed driving noise sequences. The
Gaussian and t copula are then used to model the joint distributions of these
factor log-returns. The models developed are applied to estimate the one-day
ahead Value-at-Risk (VaR) in testing data. The estimations of the VaR are
backtested to check for correct unconditional coverage and exponentially dis-
tributed durations between exceedances. The results suggest that the ARMA-
NGARCH processes are a valid approximation of the factor log-returns, and
lead to good estimations of the VaR. The results of the multivariate analysis
suggest that constant Gaussian and t copulas might be insufficient to model the
dependence structure of the factors, and that there might be a need for more
flexible copula models with dynamic correlations between factor log-returns.
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Sammanfattning
Fama och Frenchs trefaktormodell har blivit en populär modell för aktieav-
kastning, och utvidgades nyligen av Fama och French genom att två ytterligare
faktorer lades till för att skapa en femfaktormodell. Carthart föreslår en annan
modell där trefaktormodellen kompletterasmed enmomentumfaktor. Då dessa
faktorer används inom både akademiska sammanhang och kapitalförvaltning
finns det ett tydligt behov av att undersöka vilka egenskaper fördelningen av
faktorernas avkastning har. Dock har tidigare sådan forskning inte undersökt
detta för alla sex faktorer, och endast använt data från USA:s marknad. I detta
examensarbete undersökt därför sannolikhetsfördelningen för den logaritmis-
ka dagliga avkastningen av de fem Fama-French-faktorerna och Cartharts mo-
mentumfaktor i europeisk data från åren 2009 till 2019. De endimensionella
sannolikhetsfördelningarna modelleras som dynamiska med hjälp av ARMA-
NGARCH-processer med feltermer som är fördelade enligt en generaliserad
t-fördelning som tillåter skevhet. För att modellera multivariata fördelningar
används en Gaussisk copula och en t-copula. De erhållna modellerna används
sedan för att uppskatta daglig Value-at-Risk (VaR) i testdata. Dessa uppskatt-
ningar av VaR genomgår sedan statistiska test för att undersöka om antalet
överträdelser är korrekt och tiderna mellan varje överträdelse är exponential-
fördelade. Resultaten i detta examensarbete tyder på att ARMA-NGARCH-
processer är en bra approximation av faktorernas logaritmiska dagliga avkast-
ning, och ger bra uppskattningar av VaR. Resultaten för den multivariata ana-
lysen tyder på att en konstant copula kan vara en otillräcklig modell för bero-
endestrukturen mellan faktorerna, och att det möjligen finns ett behov av att
använda mer flexibla copula-modeller med en dynamisk korrelation mellan
faktorernas logaritmiska avkastning.
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Chapter 1

Introduction

The three-factor model of Fama and French [1] is a linear model where three
market factors are used as explanatory variables for the returns of stock port-
folios. The introduction of this model has proved to be a seminal contribution
to empirical asset pricing theory, and the model is prevalent in literature. The
three factors of this model are a general market factor, a firm size related fac-
tor, and a factor related to book-to-market equity. In this thesis, these three
factors will be referred to as MKT, SMB, and HML.

In later papers, extensions to this three-factor model have been proposed.
The addition of a momentum factor, which aims to capture effects related to
a momentum in stock performance, in Carhart [2] is one such extension. This
factor will be referred to asMOM in this thesis. Fama and French [3] have also
proposed a five-factor model formed by augmenting their original three-factor
model with a factor related to the profitability of firms and a factor related
to the investment behavior of firms. These two factors will be referred to as
RMW and CMA in this thesis.

With the exception of the general market factor, all these factors are cap-
tured by taking the average return of stocks with certain characteristics minus
the average return of stocks with opposite characteristics. Besides their use
in research within asset pricing theory, these factors are also widely used as a
basis for investment strategies [4] [5]. Therefore, it is of both academic and
industry relevance to study the distributional dynamics of the returns of these
factors.

In two recent papers [6] [7], the distributional properties of the log-returns
of the five Fama-French factors and the momentum factor are studied, and the
resulting models are applied to estimate risk measures and perform portfolio
optimizations. However, in these two papers only subsets of the six factors
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2 CHAPTER 1. INTRODUCTION

are considered. Furthermore, the studies are only based on data from the U.S.
market.

The aim of the present thesis is therefore to study the distributional prop-
erties of the daily log-returns of all six factors in the European market. Both
the univariate distributional dynamics and the dependence structure of the fac-
tors are studied, and resulting models are applied to estimate the Value-at-Risk
(VaR) of the factors in testing data. In particular, the below two research ques-
tions are examined.

1. What are the univariate and joint distributional properties of the daily
log-returns of the five Fama-French factors and the momentum factor in
the European market?

2. Does models developed to answer 1. give reliable estimates of the one-
day ahead Value-at-Risk for the six factors?

The disposition of the thesis is as follows: In Chapter 2 a more detailed
presentation of the theoretical background of the factors is given, as well as
a summary of the two previous studies of the distributional properties of the
factors in the U.S. market. Chapter 2 also includes a comprehensive review
of the mathematical background of the modelling in this thesis. Chapter 3
presents the data that is used and outlines the methodology of the thesis. In
Chapter 4 the results of the analysis is given. Chapter 5 is a discussion of the
results, and the conclusions of the thesis are presented in Chapter 6.



Chapter 2

Background

2.1 Factor Models and Asset Pricing
The focus of the present thesis is the modelling of the univariate distributional
dynamics and dependence structure of six risk factors on the European eq-
uity market. The development of such models is motivated by the widespread
industry and academic use of these factors. The factors are used in research
related to asset pricing theory, and in investment strategies [4][5]. In the next
four subsections, a brief overview of the empirical results that lead to the de-
velopment of these factor models is first presented. This is followed by the
definitions of the factors. Finally, two previous studies of factor dynamics and
dependence in the U.S. equity market are summarized.

2.1.1 The Empirical Motivation of Factor Models
The Fama-French three and five-factor models described in section 2.1.2, and
factor models including a momentum factor as described in section 2.1.3, are
all extensions of the capital asset pricing model (CAPM) of Sharpe [8] and
Lintner [9].

The reasoning behind CAPM is based on the mean-variance portfolio allo-
cation model of Markowitz [10]. If investors are believed to follow this model,
they will select portfolios that minimize the variance of the portfolio return
while maximizing its expected return. Such portfolios are said to be mean-
variance-efficient.

To the assumptions implied by the Markowitz mean-variance model [8]
and [9] add the assumption that all investors can borrow and lend at a risk-free
rate, and that this rate is equal for all investors. Furthermore, they also assume
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4 CHAPTER 2. BACKGROUND

that at time t all investors agree on the distribution of asset returns in t + 1,
and that this distribution is the true distribution of returns.

From these assumptions one can show that all efficient portfolios are com-
prised of positions in the risk-free asset and in a single portfolio of risky assets
known as the tangency portfolio. This means that all investors share one risky
portfolio, and this tangency portfolio must therefore be the value-weight mar-
ket portfolio of risky assets. Furthermore, this means that the weight of any
risky asset in the tangency portfolio is equal to the total market value of the
risky asset divided by the total market value of all risky assets.

Since the market portfolio has to be efficient, the following equation that
holds for any minimum variance portfolio must hold for the market portfolio
as well

E[Ri] = Rf + βi(E[Rm]−Rf ).

In this equationRi is the return of risky asset i, with i = 1, 2, ..., N if there
are N risky assets in total. Rf is the risk-free rate and βi is the market beta of
risky asset i

βi =
Cov(Ri, Rm)

σ2
Rm

.

This market beta is also the ordinary least squares estimate of the slope in a
linear regression model of the return of asset iwith the market return being the
explanatory variable. Thus, the market beta is often interpreted as a measure
of how sensitive asset i is to the outcomes of the market return.

Empirical work to test implications of the CAPM have rejected the model.
The model can be tested by cross-sectional regression, where one fits a linear
regression model to the cross-section of average returns of risky assets against
estimates of the market betas of the assets. The CAPM implies that such a
regression will have the risk-free rate, Rf , as its intercept, and that the slope
will be the market return in excess of the risk-free rate, E[Rm] − Rf . Often,
the slope is found to be flatter and the intercept higher, than what is implied
by the CAPM [11].

A time-series regression test based on the following model introduced in
Jensen [12] fits the CAPM to time series data of asset returns

Rit −Rft = αi + βi(RMt −Rft) + εit.

The CAPM states that the expected value of an asset’s excess return,Rit−Rft

is explained by its market beta multiplied by the expected value of the excess
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market return, RMt − Rft. The testable implication of CAPM is thus that αi,
often called Jensen’s alpha, should equal zero. In Jensen’s original paper, α
was introduced as a risk-adjusted estimate of howmuch the activemanagement
of a fund contributes to its returns.

An early rejection of CAPM by both cross-sectional regression and time
series regression is found in [13]. In Black [14] a version of CAPM that does
not assume risk-free borrowing or lending is introduced. Black’s version of
CAPM instead allows unrestricted short sales of risky assets, and in early em-
pirical works like the cross-sectional regression tests in [15], and the time-
series regression tests in [16], it fairs better than the Lintner-Sharpe CAPM.

However, later empirical work show that a fundamental flaw of CAPM
is that the market beta fails to explain a lot of the variation in expected re-
turn, and that there seems to exist other risk factors besides the market that
have explanatory power in expected returns of stocks. In [17] stocks with high
earnings-price ratios (E/P) are shown to have higher returns than what is im-
plied by the CAPM. A similar effect due to company size is shown in [18]. In
[19] stocks with high book-to-market equity ratios (B/M), the ratio of the book
value of a stock to its market value, have average returns that are higher than
what their market betas imply.

Empirical results such as these, suggesting a need to add additional risk
factors beside the market factor, was the motivation behind the development
of the factor models that are presented in section 2.1.2 and 2.1.3. Starting in
section 2.1.2, the excess market return factor,RM −Rf , will be denoted MKT
to conform to the naming procedure of the other factors. A more comprehen-
sive overview of the theory behind CAPM and some of the empirical results
leading to the development of asset pricing models with several risk factors
can be found in [11].

2.1.2 The Fama-French Factors
The previous section is a review of the history of theoretical and empirical
work concerning the CAPM. The empirical rejection of this asset pricingmodel
is the background to the introduction of the factor models of Fama-French.
Based on empirical works suggesting that average stock returns vary with size
and book-to-market (B/M) equity ratio, Fama and French introduced a three-
factor model in 1993 [1].

E[Rit]−Rft = βiME[MKTt] + βisE[SMBt] + βihE[HMLt] + εit
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In this extension of the CAPM, the SMB (Small minus Big) and HML
(High minus Low) factors are added. The SMB factor is the difference be-
tween the returns on portfolios of small stocks and portfolios of big stocks
(small and big by market capitalization). HML is the difference between the
returns on portfolios of high and low B/M stocks. In practice, these factors are
captured by taking the average returns of stock with certain characteristics mi-
nus the average return of stocks with opposite characteristics. The three betas
of this model are the slopes in the multiple regression model ofRit−Rft with
explanatory variables MKTt, SMBt, and HMLt.

To capture the SMB and HML factors, [1] uses a 2x3 sorting (two size
groups and three B/M groups) scheme of the stocks in a market, leading to the
creation of six portfolios. Combinations of these six portfolios are then used
to proxy SMB and HML.

To form the two size groups, stocks are ranked on market size, the median
of which is then used to create a group of small (S) stocks and a group of big
(B) stocks. The three B/M groups are formed on the 30th and 70th quantiles of
B/M. The lower 30% are called low (L), the middle 40% are called medium
(M), and the top 30% are called high (H). The reason for sorting size into two
groups and B/M into three groups comes from results of an earlier paper by
Fama and French [20], where large differences in B/M are found to have a
stronger role in average stock returns.

The six portfolios made from the intersection of these groups are called SL,
SM, SH, BL, BM, and BH. For example, stocks with a market capitalization
belonging to the larger half of the market and a B/M belonging to top 30%
will form the BH portfolio. In [1] the two size groups and three B/M groups
are constructed once every year in June.

Thus, in this three-factor model the SMB portfolio is the difference in the
average return of the three portfolios of small stocks and the average return of
the three portfolio of big stocks. The HML portfolio is similarly defined as the
difference in the average return of the two portfolios of high B/M stock and
the average return of the two portfolios of low B/M stock.

By time series regression (as introduced in the section 2.1.1) the Fama-
French three-factor is shown in [1], [21] and [22] to outperform CAPM in
describing average stock returns in several large markets.

In 2015 Fama and French [3] introduced a five-factor asset pricing model,
in which their earlier three-factor model is expanded by adding a CMA (Con-
servative minus Aggressive) factor, and a RMW (Robust minus Weak) factor.
The time-series regression model of the Fama-French five-factor model is thus
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formulated as

Rit −Rft =αi + βiMMKTt + βisSMBt + βihHMLt
+ βirRMWt + βicCMAt + εit.

The CMA factor is the difference in returns on portfolios of stocks of firms
with low and high levels of investment. The RMW factor is the difference
between returns on portfolios of stocks with robust and weak profitability.

The introduction of these two new factors was motivated by evidence that
these factors relate to variations in average returns that the three-factor model
does not capture. In [23] a proxy for expected profitability is shown to explain
cross-sectional average returns with explanatory power similar to that of B/M.
In [24] a negative relation is found between expected investment and returns.

The 2x3 sorting scheme employed for the three-factor model is again used
in the practical application of the five-factor model. The stocks are resorted
at the end of June each year. Stocks are sorted into two size groups, small
(S) and big (B), based on the median market capitalization. The 30th and 70th

quantiles of B/M, investment (Inv), and operating profitability (OP) are used
to create three groups each for these three properties. For the sort in year t,
the Inv is measured by the change in total assets from the fiscal year ending in
year t− 2 to the fiscal year ending in t− 1, divided by the total assets in t− 2.
The OP is formed using accounting data for the fiscal year ending in year t−1

and is measured by revenues minus costs divided by book equity.
The B/M groups are high (H), neutral (N), and low (L). The OP groups

are robust (R), neutral (N), and weak (W). The Inv groups are conservative
(C), neutral (N), and aggressive (A). Using the intersection of the size groups
and the other groups, three sets of 2x3 sorts are created. Thus 18 portfolios
are formed, and combinations of these are used to proxy the factors. Since the
size grouping is used in the sorting of the three other properties, three types
of size factors can be formed, and the SMB factor is the average of these

SMBB/M =
SH + SN + SL

3
− BH + BN + BL

3
,

SMBOP =
SR + SN + SW

3
− BR + BN + BW

3
,

SMBInv =
SC + SN + SA

3
− BC + BN + BA

3
,

SMB =
SMBB/M + SMBOP + SMBInv

3
.
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The other three factors are formed by taking the average return of the two
portfolios belonging to the 70th percentile (measured by the factor property)
minus the average return of the two bottom 30% portfolios

HML =
SH + BH

2
− SL + BL

2
,

RMW =
SR + BR

2
− SW + BW

2
,

CMA =
SC + BC

2
− SA + BA

2
.

In [3] a data set of the U.S. market during the period July 1963-December
2013 is used, and it is found that the adding the RMW and CMA factor makes
the HML factor redundant. A high positive correlation (0.7) between CMA
and HML suggests that these two factors are closely related. It is also found
that the performance of the five-factor model is not sensitive to the way the
factors are defined, i.e. the sorting procedure used to find the portfolios that
are used to proxy the factors does not impact the model’s performance.

2.1.3 The Momentum Factor
In the Carhart [2] four-factor model a momentum factor is added to the Fama-
French three-factor model. The momentum factor in [2] is defined as the av-
erage return of stocks belonging to the 70th percentile of eleven-month returns
lagged one month (i.e. at month t the momentum of a stock is its return over
the period t−12 to t−1) minus the average return of the stocks with the lowest
30% momentum.

The motivation behind adding this factor is the evidence in Jegadeesh and
Titman [25], where significant positive returns over periods up to one year
are found when one buys stocks with a good past performance and sell stocks
that have performed poorly in the past. Such a momentum effect suggests
that there are variations in the average returns of stocks that are explained by
a momentum factor. The data set used in [25] is from the U.S. market and
covers the period July 1965-December 1989. A more recent study showing
the existence of momentum effects are found in [26] where momentum effects
due to both returns momentum and post-earnings announcement momentum
are found to exist in the Swedish equity market, and the effects are significant
when the risk factors in the Fama-French three-factor model are taken into
account. The data set used in [26] covers the period January 1990-June 2005.



CHAPTER 2. BACKGROUND 9

In the paper introducing their five-factor model [3], Fama and French note
that adding a momentum factor in their five-factor model does not help model
performance in their data set, with the regression slope for the momentum
factor being close to zero.

2.1.4 Previous Studies of Factor Dynamics and De-
pendence

Two previous studies that are close to the present one are Christoffersen and
Langlois [6] and Zhao et al. [7]. However, these papers use data from the
U.S. market, whereas in this thesis the data comes from European markets.
Furthermore, these two studies examine the factor dynamics and dependence
of subsets of the six factors that are analyzed in this thesis.

In Christoffersen and Langlois [6] the dynamics and dependence of weekly
log-returns of the four factors in Carhart [2], i.e. the three factors of Fama and
French [1] with an added momentum factor, are investigated. The data set
spans July 1963-December 2010 and comes from the U.S. market.

When examining the entire data set, excess kurtosis is reported for all four
factors log-returns. Skewness is found to be most profound in the MKT and
the MOM factor, where the skewness is negative for both factors. The weekly
log-returns of the SMB, HML, and MOM factors are found to have significant
autocorrelations.

The univariate dynamics of the factors are modelled using an AR(3)
-NGARCH(1, 1) model. Two sets of models are used. One with innovations
that have a normal distribution (the innovations are also commonly called driv-
ing noise and are the stochastic elements of the AR-NGARCHmodel), and one
where the innovations have the skewed t distribution of [27]. The use of the
skewed t distribution is found to give a better fit to the data, and the models
of MKT and MOM are found to have innovation distributions with negative
skewness.

For the MKT factor and the MOM factor, the leverage parameter of the
NGARCH(1, 1) process is found to be significantly different from zero. For
MKT it is positive and for MOM it is negative. This implies that a negative
return for the MKT factor increases the variance in MKT returns more than a
positive return of equal absolute value, while the the opposite is true for the
MOM factor.

The largest negative correlation between the weekly factor log-returns is
reported to be -0.31 for MKT and HML. The largest positive correlation is
0.05 for MKT and SMB. The correlations in daily log-returns are also re-
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ported, with the largest negative correlation being -0.31 for MKT and HML.
The largest positive correlation in daily log-returns is 0.07 forMOMand SMB.

The dependence structure of the four factors is further investigated using
threshold correlations following the definition found in [28]. The threshold
correlations of the factors are found to be far from what is implied by a fitted
bivariate Gaussian copula, and indicate the need for the dependence structure
of the factor log-returns to be modelled by some copula with tail dependence.
The threshold correlations also indicate that there are asymmetric tail depen-
dence in some of the factors.

To model the joint distribution of factor log-returns, the univariate inno-
vations are connected with copulas. Three types of copulas are considered:
the standard Gaussian and t copulas, and the skewed t copula of [29] which
allows for asymmetric tail dependence. The skewed t copula if found to give
the best fit to data.

A dynamic approach to dependence is also implemented by the use of the
dynamic conditional correlation (DCC) model of [30]. This model allows the
conditional correlation matrix of a copula to change over time. The results
from the use of the DCC model indicate that the factor correlations are not
constant. For example, over the period 2006-2010 the conditional copula cor-
relation matrix of the skewed t copula has a correlation between the MKT and
MOM factors that ranges from -0.5 to 0.5.

In Zhao et al. [7] the five factors in in the Fama-French five-factor model
[3], i.e MKT, SMB, HML, CMA, and RMW, are modelled. The data set used
comes from the U.S. market and covers the period January 1965-August 2017,
with January 1965-December 1983 used as a training set and January 1984-
December 1999 used as a testing set. The period January 2000-August 2017
is used as out-of-sample data.

Firstly, a set of 328 predictors, including ARMA-models and recurrent
neural networks, are fitted to the training set for each factor, and their per-
formance in predicting returns on the testing set is then evaluated. The best
performing ones are then reduced further using principal component analysis
to get a set of uncorrelated well-performing predictors for each factor. The
dimension of these sets are between six and nine. These uncorrelated well-
performing predictors are then combined using three different techniques, with
the best performing combination method being the dynamic model averaging
(DMA) introduced in [31].

These combined predictors are then used to get predictions of the monthly
expected return for each factor. The dependencies of the factors are, as in
Christoffersen and Langlois [6], modelled using the skewed t copula of [29].
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The use of an asymmetric copula is motivated by asymmetric tail dependence
found by rejection of the null hypothesis that the upper and lower tail depen-
dence coefficients are equal for all the bivariate factor log-returns. The test of
this null hypothesis follows methods explained in [32].

The largest negative correlation between the factors is reported to be
-0.53 for SMB and RMW. The largest positive correlation is 0.62 for CMA
and HML.

To apply the copula, the univariate dynamic distributions of the daily log-
returns of the factors is modelled using an AR-GJR-GARCHmodel with inno-
vations following the skewed t distribution of Hansen [27]. The GJR-GARCH
is similar to the NGARCH used in Christoffersen and Langlois [6] in that it
allows for leverage type effects. The order of the AR-GJR-GARCH models is
selected based on BIC. A five-year rolling window approach is used to refit
the copula once a month.

As in Christoffersen and Langlois [6], the conditional correlation matrix of
the skewed t copula is allowed to change over time to model dynamic depen-
dencies. This is achieved using the generalized autoregressive score (GAS)
introduced in [33]. The DCC model used in Christoffersen and Langlois [6] is
also considered, as well as a generalization of the DCCmodel called the asym-
metric generalized dynamic conditional correlation (AG-DCC) model [34].

2.2 Mathematical Background

2.2.1 Skewed Student’s t distribution
The Student’s t distribution, commonly just called the t distribution, is often
implemented in the modelling of financial and insurance data. The distribu-
tion has in its standard form one parameter, the degrees of freedom ν, which
controls the shape of the distribution. If a random variable T follows a t dis-
tribution with ν degrees of freedom, one can write T d

= tν .
This distribution can be generalized to a location-scale family by introduc-

ing parameters µ and σ, X = µ + σT . For the random variable X one can
write X d

= tν(µ, σ
2). The expected value of X is then µ given that ν > 1,

otherwise the expected value is undefined. The variance of X is σν/(ν − 2)

given that ν > 2, otherwise the variance is undefined.
The main reason that the Student’s t distribution is common in the mod-

elling of financial and insurance data is that this distribution has heavy tails
[35], a property not formally defined but often a distribution is said to have a
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heavy left tail if

lim
x→−∞

F (x)

e−λ(−x)
=∞ ∀λ > 0.

This slow decay of tail probabilities is often empirically found in financial
data. The rate of the decay of tail probability of the Student’s t distribution
is controlled by ν. This is perhaps most easily illustrated by the fact that the
Student’s t distribution has regularly varying tails with index−ν [35]. For the
left tail this means that

lim
t→−∞

F (tx)

F (t)
= x−ν .

Since the Student’s t distribution is symmetric, a corresponding expression for
the right tail has the same limit. Thus, a small ν gives a slow decay of tail prob-
ability while larger values of ν reduces the kurtosis of the distribution. In fact,
the limit distribution of the Student’s t as ν →∞ is the normal distribution.

A generalization of symmetric distributions such as the Student’s t distri-
bution was introduced in [36]. In this generalization, skewness is introduced
in symmetric distributions by adding a skewness factor γ ∈ (0,∞). Con-
sider a unimodal probability density function which is symmetric around 0,
f(x) = f(|x|). The transformation into a probability density function allow-
ing for skewness fγ(x) has the following form

fγ(x) =
2

γ + γ−1

(
f(γ−1x)I[0,∞)(x) + f(γx)I(−∞,0)(x)

)
,

where I(a,b) is the indicator function for the interval (a, b). Note that setting
γ = 1 gives the symmetric original distribution fγ(x) = f(x). Another thing
to note is that inverting γ mirrors the distribution around 0

fγ(x) = f1/γ(−x).

That γ controls the skewness is best illustrated by the expression

P (x ≥ 0 | γ)

P (x < 0 | γ)
= γ2

where one can see that if γ > 1 probability mass is moved to the right of 0,
while γ ∈ (0, 1) moves probability mass to left.

The moments of the transformed distribution has below form and exists if
and only if the corresponding moment exists for the original distribution (i.e.
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when γ = 1)

E [xr | γ] = Mr
γr+1 + (−1)rγ−(r+1)

γ + γ−1
,

Mr = 2

∫ ∞
0

xrf(x)dx.

In particular, the above expressions can be used to give fγ(x) unit variance
by dividing with the standard deviation. In this thesis independent and identi-
cally distributed standardized skewed Student’s t distributed random variables
as defined here are used in the modelling of univariate factor dynamics.

It is important to note that there are other ways to introduce skewness into
the Student’s t distribution, and the method introduced in [36] is by no means
the definite one. In [27] another skewed Student’s t distribution is introduced.
The reason the skewed distribution of [36] was chosen in this thesis is the
simple expression for fγ(x) that does not change form for different values of
γ, and the simple interpretation of γ as a skewness parameter with the absolute
value and sign of γ−1 giving the amount and side of the skewness introduced.

2.2.2 ARMA-GARCH models
Time series of financial returns are prone to exhibit periods of different vari-
ability, a phenomenon often referred to as volatility clustering. A well-known
early mentioning of how this phenomenon is manifested as clusters of returns
of similar absolute value is found in [37].

A seminal contribution to the modelling of such heteroscedasticity in time
series was the introduction of the Autoregressive Conditional Heteroscedas-
ticity, ARCH(p), model by Engle [38] in 1982. This model was further devel-
oped into the Generalized Autoregressive Conditional Heteroskedastic model,
GARCH(p, q), that was introduced in 1986 byBollerslev [39]. TheGARCH(p, q)
model is an extension of the ARCH(p) model, where a GARCH(p, 0) reduced
to an ARCH(p).

What makes both these models powerful tools in the modelling of financial
time series is that they have a constant unconditional variance, while the vari-
ance conditioned on the past is a time series model of previous events. This
allows for a good model fit to empirical data exhibiting a dynamic variability.

In this thesis, a version of the GARCHmodel called Nonlinear-asymmetric
GARCH, NGARCH, is used and will be introduced in section 2.2.3. Here the
definition of the GARCH(p, q) process is first given. Using the notation of
[40], a GARCH(p, q) process is defined as a solution {Xt}t∈Z to the below
equations
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Xt = σtεt, t ∈ Z,

σ2
t = ω +

p∑
i=1

αiX
2
t−i +

q∑
j=1

βjσ
2
t−j, t ∈ Z,

where {εt}t∈Z is a sequence of independent and identically distributed (iid)
random variables, ω > 0, p > 0, q ≥ 0, α1, ..., αp−1 ≥ 0, αp > 0, β1, ..., βq−1

≥ 0, and βq > 0. The sequence {εt}t∈Z is generally referred to as the driving
noise sequence or the innovations of the process. Furthermore, the standard
approach is to model {εt}t∈Z as coming from a distribution with zeromean and
unit variance. It is worth noting that some papers interchange p and q in the
definition of a GARCH(p, q), this includes the original paper [39] introducing
the model. It should also be noted that a GARCH(1, 1) process is usually
sufficient to model the conditional variance in financial time series data, and in
practice it is therefore common to only consider the case when (p, q) = (1, 1)

[41].
For a GARCH(p, q) process to be a reasonable model it is natural to require

that it is causal, meaning that it does not depend on future outcomes. More
formally, one requires that σt should be measurable by the σ-algebra generated
by {εt−h}h>0. Luckily, for GARCH(p, q) processes causality is implied by an-
other property called strict stationarity, meaning that if one focuses on finding
strictly stationary solutions one does not need to worry about causality.

The GARCH(p, q) process is strictly stationary if

((Xt1 , σt1), ..., (XtN , σtN ))
d
= ((Xt1+h, σt1+h), ..., (XtN+h, σtN+h))

for any times t1, ..., tN ∈ Z, and every integer h and positive integer N .
The existence of strictly stationary and unique solutions of GARCH(p, q) pro-
cesses is studied in [42]. A simple and sufficient way of ensuring the exis-
tence of a unique strictly stationary solution is to require that E[ε2t ] < ∞ and
E[ε2t ]

∑p
i=1 αi +

∑q
j=1 βj < 1, and this gives the following unconditional ex-

pected values [42] [40]

E[σ2
t ] =

ω

1− E[ε2t ]
∑p

i=1 αi −
∑q

j=1 βj
,

E[X2
t ] = E[σ2

t ]E[ε2t ].
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Furthermore, given these requirements it is shown in [39] and [43] that
the squares of the GARCH(p, q) process, {X2

t }t∈Z follow an ARMA equation,
and that the causality of this ARMA equation allows the GARCH(p, q) process
to be expressed as an ARCH(∞) process. From this ARCH(∞) expression
one can easily see that σt is measurable with respect to the past and that the
expectation and variance of Xt conditioned on {Xs | s < t} is

E[Xt | Xs : s < t] = E[εt]σt,

Var (Xt | Xs : s < t) = σ2
tVar (εt) .

Since {X2
t }t∈Z follows an ARMA equation, its autocorrelation function

(ACF) will be that of an ARMA process. The ACF of ARMA processes is
derived in detail in section 3.3 in [44]. Given E[εt] = 0, which is the standard
in practical applications, it is easy to show that the ACF of {Xt}t∈Z is zero
for any lag. This leads to the very important conclusion that GARCH(p, q)
processes allow one to model time series where there is autocorrelation in the
squares and absolute value of the series, but not in the raw series.

Another important property of GARCH(p, q) processes from a modellers
perspective is that the moments of a strictly stationary solution can differ from
the moments of its driving noise sequence. It might seem natural to assume
that the kurtosis of {Xt}t∈Z is inherited from {εt}t∈Z. However, this is not
exactly the case, and using Jensen’s inequality one can show that the kurtosis
of a stationary solution (provided that it has a finite fourth moment) is in fact
always greater or equal to the kurtosis of the driving noise

E[X4
t ] = E[ε4t ]E[σ4

t ] ≥ E[ε4t ]
(
E[σ2

t ]
)2

=
E[ε4t ]

(E[ε2t ])
2

(
E[X2

t ]
)2
.

Thus, if an empirical data set is found to have excess kurtosis it is not
necessary true that {εt}t∈Z should be modelled as having a more heavy tailed
distribution than the normal.

Given an empirical data set of n observations that is believed to have been
generated by a GARCH(p, q) process, the question becomes how one can es-
timate the parameters of the model. The perhaps most common method for
fitting a GARCHmodel to an empirical data set is (Gaussian) quasi-maximum
likelihood estimation (QMLE). In QMLE, one maximizes a likelihood func-
tion that would be the correct if the driving noise sequence had a standard
normal distribution, regardless of what distribution one has specified for the
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noise. Let ϕ = (ω, α1, ...αp, β1, ..., βq) denote the vector of parameters for a
GARCH(p, q) process, and let Φ be the parameter space of parameter values
that give a unique strictly stationary solution. Let ϕ0 denote the true parameter
vector of the GARCH(p, q) process that has generated the data.

To applyQMLE, one first has to choose a set of starting valuesX0, ..., X1−p,

σ̃0, ..., σ̃1−q, and for t = 1, ..., n define the recursive expression for the volatil-
ity process

σ̃2
t = σ̃2

t (ϕ) = ω +

p∑
i=1

αiX
2
t−i +

q∑
j=1

βjσ̃
2
t−j.

The observant reader might notice that since a set of starting values, which
are guesses and thus most likely not part of the strictly stationary solution, this
sequence is not strictly stationary. However, a result that is to be stated soon
will show that asymptotically this is a valid approximation. The QMLE of ϕ0

is any ϕ̂n solving

ϕ̂n = arg max
ϕ∈Φ

L̃n(ϕ)

= arg min
ϕ∈Φ

1

n

n∑
t=1

l̃t(ϕ),

where

l̃t(ϕ) =
ε2t
σ̃2
t

+ log σ̃2
t .

Under rather weak assumptions, were the only assumptions on the distribution
of the noise terms is that ε2t has a non-degenerate distribution and E[ε2t ] = 1

(in reality this is only for ease of interpretation and E[ε2t ] <∞ is sufficient), it
is shown in Francq and Zakoïan [45] that the QMLE is strongly consistent

ϕ̂n → ϕ0 a.s. when n→∞,

and that the starting values that raised alarm for giving a non-stationary se-
quence are of no importance asymptotically.

After adding the additional assumptions that ϕ0 is in the interior of Φ, and
that the noise sequence has a fourth moment, it can be shown that the QMLE
is asymptotically normal [45]

√
n (ϕ̂n − ϕ0)

d→ N
(
0,
(
E[ε4t ]− 1

)
J−1
)
,
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where

J = Eϕ0

[
∂2lt(ϕ0)

∂ϕ∂ϕT

]
.

The correlation matrix, (E[ε4t ]− 1) J−1, is calculated at ϕ0 and its exact value
is thus not attainable. However, a consistent estimator can be achieved using

1

n

n∑
t=1

∂2

∂ϕi∂ϕj
l̃t
(
ϕ∗ij
)
→ J(i, j) in probability,

where ϕ∗ is between ϕ̂n and ϕ0, and the sample estimate of E[ε4t ] [45][46].
These theoretical results give support for the use of QMLE when fitting

GARCH(p, q) processes. However, in practical applications it is often found
that finding the maximum of the (quasi-) likelihood is a challenging nonlinear
optimization problem, where there can be several local maxima [41].

As previously noted, a GARCH(p, q) process allows one to model time
series with conditional heteroscedasticity and autocorrelation in the squares.
However, for many empirical data set ordinary autocorrelation is present as
well. For such data a pure GARCH model might be too restrictive and a bet-
ter model can be achieved by modelling the mean of the time series by an
ARMA equation. The resulting process is referred to as an ARMA(P,Q)-
GARCH(p, q) model and follows the below equations

Xt = µ+
P∑
i=1

φi (Xt−i − µ) +

Q∑
j=1

θjσt−jεt−j + σtεt,

σ2
t = ω +

p∑
i=1

αiX
2
t−i +

q∑
j=1

βjσ
2
t−j,

where t ∈ Z, and {εt}t∈Z is iid and generally modelled to have zero mean and
unit variance. As mentioned previously, a GARCH(1, 1) process is usually
sufficient to model the conditional variance in financial time series data, and
in practice it is therefore common to only consider ARMA(p, q)-GARCH(1, 1)
processes.

The introduction of a dynamic mean allows for a much wider range of ap-
plications, but a more complicated model also introduces greater difficulties in
the derivation of mathematical properties such as the asymptotic distribution
of estimated parameters. However, by adding additional assumptions to the
assumptions required for asymptotic normality of the QMLE parameter vec-
tor for a GARCH process, it can be shown that the QMLE parameter vector for
an ARMA-GARCH process is also a consistent estimator of the true ϕ0 and is
asymptotically normal [45].
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2.2.3 Nonlinear-asymmetric GARCH
Since the introduction of the GARCH(p, q) process by Bollerslev [39] there
has been a continued development of different types of GARCH models. For
financial data, several successful extensions of the original GARCH process
are designed to capture what is known as the leverage effect. The leverage
effect describes an empirically found phenomenon where large negative re-
turns increase variability more than positive returns of equal absolute value.
Simply put, bad news tends to increase uncertainty more than good news. An
early example of empirical evidence for the leverage effect in data from the
U.S. market covering the period 1928-1984 is found in [47]. In the standard
GARCH(p, q) process, the variance as a function of εt is symmetric and thus
it has no leverage effect. Finding GARCH type models that allow for a lever-
age effect (or an opposite effect, where positive values impact the variance
more than negative ones) translates to transforming σt(εt) into an asymmetric
function, σt(|εt−1|) 6= σt(−|εt−1|).

One such asymmetric model is the Nonlinear-Asymmetric GARCH,
NGARCH, process introduced in 1993 by Engle and Ng [48]. In [48] eight
asymmetric GARCH and ARCH type models are compared and applied to a
data set of daily Japanese stock returns covering the years 1980-1988, where
strong evidence of a leverage effect is found.

The NGARCH is also nested in the parametric family of GARCH models
introduced by Hentschel [49]. This family of GARCH type models is derived
by first creating a simple asymmetric GARCHmodel and then applying a Box-
Cox transformation to the conditional standard deviation, leading to a large set
of GARCH models with different types of asymmetry.

The NGARCH(p, q) process is defined as a solution {Xt}t∈Z to the equa-
tions

Xt = σtεt

σ2
t = ω +

p∑
i=1

αiσ
2
t−i (εt−i − η)2 +

q∑
j=1

βjσ
2
t−j

where {εt}t∈Z is a sequence of iid random variables, which commonly are de-
fined to havemean zero and unit variance. In the original paper introducing the
NGARCH process [48] the η parameter is added to εt−i rather than subtracted.
Here the definition in [49] is followed instead. The appendix of [49] includes a
discussion of the stationarity of the nested family of GARCHmodels. Proof of
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asymmetric normality of QMLE parameters for similar asymmetric GARCH
models can be found in [46].

The NGARCH process provides a simple yet flexible parameterization of
asymmetry completely controlled by the single parameter η. When η = 0

the NGARCH process reduces to the standard symmetric GARCH. It is easy
to see that a positive value of η creates a leverage effect, where negative out-
comes of the driving noise makes the predicted conditional variance larger
than what positive outcomes of equal size does. A negative value of η creates
the opposite effect, where positive outcomes of the driving noise increase the
variability more than negative outcomes.

2.2.4 Modelling Dependence with Copulas
The data to be analysed in this thesis consists of log-returns of six risk factors
in a set of several European stock markets. Since the data is multivariate, it
is not sufficient to only model the univariate properties of these log-returns.
It is also important to model their joint distributions in order to assess their
dependence. This can be achieved by the use of copulas.

Copulas allow one to specify the marginal distributions separately from
the dependence structure in multivariate data. It can be viewed as introduc-
ing the dependence structure implicit in a multivariate distribution to a set of
univariate distributions. For instance, one can model two variables as having
different marginal t distributions, and have a dependence stemming from a bi-
variate normal distribution. The use of copulas thus gives great flexibility in
the modelling of joint distributions.

The reasoning behind copulas relies on the use of the probability and quan-
tile transforms [35]. The probability transform says that if a random variable
X has cumulative distribution function FX , and FX is continuous, then

FX(X)
d
= U(0, 1).

The quantile transform is the reverse statement. If Y is a random vari-
able with continuous cumulative distribution function FY , and U is uniformly
distributed on the interval [0, 1], then

F−1
Y (U)

d
= Y.

By applying the probability transform on the components of an n-
dimensional random vector X = (X1, ..., Xn), one obtains a vector of n uni-
formly distributed random variables with a dependence inherited from the dis-
tribution of X . The quantile transform can then be used to introduce this
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dependence structure into a set of random variables Y1, ..., Yn with specified
univariate distributions.

A copula is the joint cumulative distribution function C : [0, 1]n → [0, 1]

of a random vector U whose components are uniformly distributed

C(u1, ..., un) = P (U1 ≤ u1, ..., Un ≤ un), (u1, ..., un) ∈ [0, 1]n.

If one for example performs the probability transform on the components
of a random vector X with continuous marginal distributions to create a ran-
dom vector U with uniformly distributed components, then the joint cumu-
lative distribution function of U is called the copula of X . A key result in
the theoretical framework for multivariate modelling with copulas is Sklar’s
theorem [50], which states that for any n-dimensional multivariate cumulative
distribution function F with univariate marginal distributions F1, ..., Fn, there
exits a copula C such that F can be decomposed into F1, ..., Fn and C.

In this thesis, two types of copulas are considered. The Gaussian (normal)
copula and the t copula. Both copulas are invariant under standardization
of their marginal distributions, and thus one only has to consider the copu-
las of the standard multivariate Gaussian and t distributions [29]. The Gaus-
sian copula CGa

R is the cumulative distribution function of the random vector
(Φ(X1), ...,Φ(Xn)), where X d

= Nn(0,R) and Φ is the cumulative distribu-
tion function of the univariate standard normal distribution,

CGa
R (u1, ..., un) = P (Φ(X1) ≤ u1, ...,Φ(Xn) ≤ un)

= Φn
R(Φ−1(u1), ...,Φ−1(un)).

Likewise, the t copula Ct
ν,R formed by the n-dimensional standard Stu-

dent’s t distribution with correlation matrixR and degrees of freedom ν is the
cumulative distribution function of the random variable (tν(X1), ..., tν(Xn)),
whereX d

= tnν,R and tν is the univariate Student’s t distribution with ν degrees
of freedom

Ct
ν,R(u1, ..., un) = P (tν(X1) ≤ u1, ..., tν(Xn) ≤ un)

= tnν,R(t−1
ν (u1), ..., t−1

ν (u1)).

Analogous to the univariate t distribution, ν > 2 is required for the cor-
relation matrix of a multivariate t-distribution to be defined. However, the
distribution can also be defined for ν ≤ 2, and R is usually then also called
the correlation matrix.
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Both the multivariate normal distribution and the multivariate Student’s t
distribution are elliptical distributions. There are some properties of elliptical
distributions that are worth noting. Some can be very beneficial when one
uses such distributions to form copulas to model dependence, while some can
be problematic. Firstly, all elliptical distributions are symmetric, and thus any
tail dependence will be symmetric.

Tail dependence is a measure of how dependent a pair of random variables,
(X1, X2), are in their extremes. Often one looks at the coefficient of upper tail
dependence, λu, and the coefficient of lower tail dependence, λl,

λu = lim
x→∞

P (X2 ≥ x | X1 ≥ x),

λl = lim
x→−∞

P (X2 ≤ x | X1 ≤ x).

These coefficients thus correspond to the limiting conditional probabil-
ity of both random variables exceeding a certain extreme given that one does
[29][35]. If such a limit is strictly positive, one says thatX1 andX2 are asymp-
totically dependent in the corresponding tail. For elliptical distributions sym-
metry implies that λu = λl, and the coefficient of upper and lower tail de-
pendence can simply be denoted the coefficient of tail dependence, λ. This
symmetry can be problematic when one models dependence in financial data
with copulas formed by elliptical distributions, since there are studies that find
asymmetric tail dependence in financial return data [28].

A bivariate Gaussian copula CGa
ρ with correlation |ρ| < 1 has zero tail

dependence, while a bivariate t copula gives the following [29] coefficient of
tail dependence

λ = 2tν+1

(
−
√
ν + 1

√
1− ρ

1 + ρ

)
.

This formula shows that the tail dependence decreases as ν increases. In
fact, analogous to the univariate case, the multivariate t distribution reduces to
the multivariate normal distribution, and thus loses all tail dependence, when
ν → ∞. A general expression for the coefficient of tail dependence for ellip-
tical distributions can be found in [51].

A beneficial result for elliptical distributions is the simple relation between
Kendall’s tau and the (linear) correlation. Kendall’s tau is a measure of rank
correlation and for the random vector (X1, X2) it is defined [35] as

τ(X1, X2) = P ((X1 −X ′1)(X2 −X ′2) > 0)− P ((X1 −X ′1)(X2 −X ′2) < 0)
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where (X ′1, X
′
2) is an independent copy of (X1, X2). A noteworthy result for

Kendall’s tau is that it does not depend only on the copula of the joint distri-
bution of (X1, X2), and not on the marginal distributions of X1 and X2 [29].

For elliptical distributions, Kendall’s tau has the below simple relation to
the correlation ρ between X1 and X2 [52]

τ(X1, X2) =
2

π
arcsin ρ.

From this equation one can transform an estimate of Kendall’s tau to an
estimate of the correlation. This is a very favorable results since simulations
indicate that for elliptical distributions the sample estimate of Kendall’s tau
performs better than the sample estimate of the correlation [52] [35]. Using
the Kendall’s tau transform, one can thus get a better estimate of the correlation
matrix of a data set from an elliptical distribution.

Generally, maximum likelihood is used to estimate the parameters of a cop-
ula. However, for elliptical distributions one can use a method-of-moments
approach, where the favorable properties of the Kendall’s tau measure allows
one to estimate the correlation matrix of the copula, and any remaining pa-
rameters can then be estimated by maximum likelihood [29][52] [35]. This
approach is shown in [53] to work well.

For all the flexibility that copulas allow in specifying joint distributions,
there are two properties often found in the dependence in empirical data that
common models for copulas are unable to capture.

Firstly, the dependence structure can differ between different variables in
multivariate data. In a three-dimensional data sample from a random vec-
tor X = (X1, X2, X3), one might find that the dependence between X1 and
X2 is best modelled by a t copula with degree of freedom ν = 3, while the
corresponding best fit for variables X2 and X3 is a t copula with degree of
freedom ν = 10. If one tries to model the dependence in this data with a three-
dimensional t copula one can only specify one value for ν, and the resulting
fit is therefore likely to be rather poor. This problem of incorrectly assuming
one copula to match the dependence for several variables can be avoided by
combining several copulas. A comprehensive study of such pair-copula con-
structions can be found in Aas et al. [54].

The second property commonly found in empirical data that a standard
copula cannot model is non-constant correlation. In financial data it is often
the case that the correlation of two variables is dynamic, and during different
periods of time the correlation can differ greatly. A well-known study of this
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phenomenon is found in Engle [30], where theDynamic Conditional Correla-
tion (DCC) model for time-varying correlations is introduced. Another model
for changing correlations in time series data is theGeneralized Autoregressive
Score (GAS) model proposed in Creal, Koopman, and Lucas [33].

In [55] several statistical tests for the goodness-of-fit of copulas are pro-
posed and tested. The results of these tests are very promising. However, these
tests are very computationally heavy, and are therefore not feasible when deal-
ing with the data sets considered in this thesis.

2.2.5 Risk Measures
One of the main motivations for developing models of the dynamics of asset
prices is the need to estimate the risk associated with holding a certain posi-
tion. This raises the question of how one in a very general setting can best
measure financial risk. This can of course be a very subjective question, and
many alternatives exist. The estimated variance, or volatility, has historically
often been used to quantify the riskiness of a portfolio. The classic exam-
ples are found in the Sharpe ratio and in the Makowitz model with its mean-
variance portfolio optimization. However, variance has three main drawbacks
as a risk measure. Firstly, it does not differentiate between positive and neg-
ative outcomes. Secondly, the variance is not easily interpreted in monetary
units. Knowing the variance of a portfolio does not immediately give an es-
timation of possible capital losses. Finally, looking only at the second order
properties of a distribution can also be very misleading if one does not keep in
mind that higher order properties give distributions very different properties.
For a simple example, let us assume that we have been asked to asset the one-
day ahead risk of the (excess) market return, the MKT factor, using the data
set of 10 years of daily returns (not the log-returns) that is used in this thesis
and will be introduced in section 3.1.

If today is t and we assume the return for MKT tomorrow rt+1 to be nor-
mally distributed and use maximum likelihood to fit a normal distribution to
the entire 10-year data set we get the parameters (µ̂, σ̂) = (0.029%, 1.1%).
The probability of a loss greater or equal to 5%, P (rt+1 ≤ −0.05), is then
equal to 2.4 · 10−6. If we instead assume a location-scale Student’s t distri-
bution and again use maximum likelihood to estimate the parameters we get
(µ̂, σ̂, ν̂) = (0.051%, 0.74%, 3.3), and the corresponding probability of a loss
greater or equal to 5% is then equal to 2.4 · 10−3. Note that the standard devi-
ation of the t distribution is not equal to σ̂ = 0.74%, but σ̂ν̂/(ν̂ − 2) = 1.9%,
i.e. the two fitted distributions have no greater difference in variance, but they
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give a factor 103 difference in the probability of one-day losses greater than
5%.

To get some perspective of the different risk levels these distributions im-
ply, one can view alln future daily returns as Bernoulli trials with p = P (rt+k ≤
−0.05) where k = 1, 2, ..., n. The number of days until a loss greater or equal
to 5% will then have a geometric distribution with expected value 1/p days.
In the the data set for the MKT factor, each year has 260-261 business days,
and thus the assumption of normality gives us that a one-day loss greater or
equal to 5% is expect to happen roughly once every 1,600 years, whereas the
Student’s t distribution imply that the frequency is once every 1.7 years. In
the 10-year period of data for MKT factor, one-day losses greater or equal to
5% occurs three times.

Two risk measures that have been developed to overcome the shortcomings
of using variance as a risk measure are Value-at-Risk, VaRp(X) and Expected
Shortfall, ESp(X). The main benefit of these two risk measures is that they
in one number summarize the risk associated with the distribution of the fu-
ture value of a portfolio. Another benefit is that both risk measures are given
in monetary units, and can be interpreted as the minimum amount of capital
invested in risk-free assets needed to ensure that a portfolio is acceptable from
a risk perspective.

The Value-at-Risk (VaR) at level p ∈ (0, 1) of a portfolio with value X at
a future time 1 is defined as

VaRp = min{m : P(mR0 +X < 0) ≤ p}

where R0 is the risk-free rate of return. This means that the VaR of a portfolio
with valueX at time 1 is the smallest amount of capital needed to be invested in
a risk-free asset to ensure that the probability of a negative position at time 1 is
not greater than p. The general view taken is to imagine that at time 0 one takes
a risk-free loan corresponding the current portfolio value V0, and uses this
capital to buy the portfolio. The net value at time 1 is thenX = V1−V0R0. By
defining the discounted loss to be L = −X/R0, the VaRp(X) can be rewritten
as the (1− p)-quantile of L

VaRp(X) = F−1
L (1− p).

This formulation of VaR as a quantile function is beneficial both for the in-
tuitive understanding of VaR, and for calculation of VaR. The following two
propositions provide helpful methods for the calculation of quantile function
in different settings [35].
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Proposition 2.1. If g : R→ R is nondecreasing and left continuous, then for
any random variableX it holds that F−1

g(X)(p) = g
(
F−1
X (p)

)
for all p ∈ (0, 1).

Proposition 2.2. For any random variableX with continuous cumulative dis-
tribution function FX it holds that F−1

−X(p) = −F−1
X (1− p) for all p ∈ (0, 1).

Three properties that have natural interpretations for any riskmeasure ρ(X)

that gives the minimum amount of money needed to be invested in risk-free
assets to make the portfolio acceptable, and hold for VaR are listed below.

1. Translation invariance ρ(X + cR0) = ρ(X)− c, ∀c ∈ R

2. Monotonicity X1 ≤ X0 =⇒ ρ(X1) ≤ ρ(X0)

3. Positive homogeneity ρ(λX) = λρ(X), ∀λ ≥ 0

For a risk measure with translation invariance it holds that an investment of
c in a risk-free asset will reduce the risk by the same amount. If a risk mea-
sure is translation invariant and monotone it is called a monetary measure of
risk [35]. Positive homogeneity simply states that doubling the position in a
risky asset will double the risk, and also implies that the risk measure has the
normalization property, ρ(0) = 0.

A drawback with the VaR as a measure of the risk associated with a finan-
cial asset X is that it ignores most of the left tail of X . It does not give any
information as to how severe the losses beyond the level p can get. The risk
measure Expected shortfall (ES), also known as Conditional VaR (CVaR), is
the average VaR below a level p, and thus provides a summary of the entire
left tail. The ES at level p is defined as

ESp(X) =
1

p

∫ p

0

VaRu(X)du.

If X has a continuous distribution function then the ES at level p has the al-
ternative representation

ESp(X) = E[L | L ≥ F−1
L (1− p)]

which motivates calling the risk measure the expected shortfall.
Besides the three properties discussed earlier that hold for the VaR, the ES

also has a fourth property that can be beneficial for a risk measure.

4. Subadditivity ρ(X1 +X0) ≤ ρ(X1) + ρ(X0)

This property means that potential benefits of diversification is considered.
A risk measure for which all these four properties hold, such as ES, is called
a coherent risk measure [35].
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2.2.6 Backtesting Predicted Value-at-Risk
As pointed out in section 2.2.5, one of the main motivations for finding mod-
els for the dynamics and dependence of the factors considered in this thesis,
or any financial asset, is the need for reliable estimations of risk measures.
After finding such models it therefore of interest to test how well the models
estimate risk measures in new data not used when fitting. This can be done
by backtesting the estimated risk measure, where the model is used to predict
the risk measure for several periods in new data, and these estimated values of
the risk measure are then examined to see how well they align with what was
realized in the data.

The Value-at-Risk is a risk measure that is particularly well suited for back-
testing since correct predictions of this risk measure has implications that are
easy and intuitive to test. If a predicted one-day ahead VaR at level p is correct,
then the probability that the following day results in a loss exceeding this pre-
dicted VaR should be equal to p. Such an event is referred to as an exceedance
or a violation of the VaR. The first step for testing VaR estimations of a model,
is therefore to define a hit sequence of such exceedances

It =

{
1, if Lt > VaRp(Xt)

0, else

If the model one uses gives the true VaR at level p, then this hit sequence is
an iid Bernoulli(p) sequence. For such a series, both the unconditional expec-
tation of It, E[It], and the expectation conditional on the previous outcomes
E[It | ψt−1], with ψt−1 = {Ix}t−1

x=1, is equal to p. A backtesting procedure for
the predicted one-day ahead VaR should therefore check these two properties.

To test the null hypothesis that E[It] = p one can compare the number
of realized VaR exceedances during a test period to what would be expected
given the null. This is referred to as checking for correct unconditional cover-
age. The sum of n Bernoulli(p) distributed random variables has a binomial
distribution, B(n, p). Thus, the null can be tested by comparing the number
of realized VaR exceedances during a test period to the correspondingB(n, p)

distribution (with n being the number of days in the forecasted period) [56].
To test whether the probability of an exceedance at time t is still p when

conditioned on previous outcomes, ψt−1, the duration test of Christoffersen
and Pelletier [57] can be used. Let ti denote the day of exceedance number i,
and define Di to be the number of days between exceedance i and i− 1.
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Di = ti − ti−1

Under the null hypothesis of It being an iid Bernoulli sequence, the dura-
tionsDi are memory-less. The probability of an exceedance tomorrow should
be p, and this should not change if the last exceedance was recent or if it oc-
curred a long time ago. This is equivalent to expectingDi to follow a geometric
distribution since it is the only memory-less discrete distribution.

To investigate the properties of durations of time between events for data
from a particular distribution, one can investigate the hazard function λ(x) of
said distribution. The hazard function is defined as being the probability of an
event happening at a time t, given that there has not been any event leading
up to time t. For the geometric distribution, where the time pasted since the
last event does not influence the current probability of an event, the hazard
function is flat.

λG(d) =
(1− p)d−1p

1−
∑d−2

i=0 (1− p)jp

=
(1− p)d−1p

(1− p)d−1

= p

The continuous analogue of the geometric distribution is the exponential
distribution. Indeed, these two distributions are the only memory-less distri-
butions, and the exponential distribution can be viewed as the limiting distribu-
tion of the geometric distribution. The null hypothesis of correct conditional
coverage can thus be formalized as testing if the durations follow an exponen-
tial distribution.

In order to test whether the durations are exponentially distributed one can
make use of the more general Weibull distribution

fW (d; a, b) =


b

a

(
d

a

)b−1

e−(d/a)b , d ≥ 0,

0, d < 0,

with a > 0, b > 0. The Weibull distribution reduces to an exponential distri-
bution when b = 1, and this is thus a testable null hypothesis. Other values of
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b will give different types of duration properties. The hazard function of the
Weibull distribution has the following form

λW (d) =
b

ab
db−1.

The parameter b controls the shape of the hazard function, and as men-
tioned b = 1 corresponds to the flat hazard function of an exponential distri-
bution, while b < 1 corresponds to a decreasing hazard function, indicating
an excessive number of very short and very long durations. If b > 1, then the
hazard function is increasing, indicating that the probability of an exceedance
increases as the time since the last exceedance increases.

To test the null hypothesis H0 : b = b0 = 1 a likelihood ratio test is
implemented where the maximum likelihood estimate of b, b̂, is compared to
the null, b0 = 1. To implement the test, the log-likelihood is calculated by the
below expression, where D1, the number of days until the first exceedance, is
left-censored, and DN , the number of days between the last exceedance and
the last point in time in the testing period, is right-censored. For these two
durations one can only say that the no-hit duration lasted at least D1 and DN

days, and their contribution to the likelihood is given by the survival function
1− F (Di).

l(D; b) = ln (1− F (D1; b)) +
N−1∑
i=2

ln f(Di; b) + ln (1− F (DN ; b))

Note that the parameter a is not included in this expression. This is because

for a given value of b, the first-order condition
d l(D; a, b)

d a
= 0 for a maximum

likelihood estimated parameter reduces to

â =

(
N − 2∑N
i=1D

b
i

)b

and thus the numerical maximum likelihood estimation can be done over only
the b parameter. The maximum likelihood estimate b̂, is compared to the null,
b0 = 1, by the likelihood-ratio test, where −2[l(b0) − l(b̂)] is asymptotically
χ2(1) distributed.
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Methods

3.1 Data
The data used in this thesis comes from the Data Library of Kenneth R. French
and was collected in October 2019. It consists of ten years of daily returns for
the six factor portfolios introduced in sections 2.1.2 and 2.1.3 on a market of
sixteen European countries1. The starting date of the daily returns is July 31,
2009 and the end date is July 31, 2019. Each year has between 260 and 261

observations and the total number of observations is n = 2, 609.
The returns are in U.S. dollars and the excess market return factor is the

return of a region’s value-weight market portfolio minus the U.S. one month T-
bill rate. The excess market return factor will be denoted MKT in this thesis to
have all six factors uniformly named. The four other Fama-French factors are
constructed following the reasoning explained in section 2.1.2. The stocks in
a region are first sorted into two market capitalization groups and three groups
each for book-to-market equity, operating profitability, and investment. This
is the 2x3 approach of [3], and gives three sets of six value-weight portfolios
formed on: 1. size and book-to-market. 2. size and operating profitability. 3.
size and investment. This sorting is done yearly at the end of June.

The limits for the size sorting in a region are given by the top 90% of the
market capitalization, and the bottom 10% (note that in section 2.1.2 the me-
dian market capitalization was used instead of the 10th and 90th percentiles).
These two groups are called Big (B) and Small (S). The sorting limits for the
book-to-market, operating profitability, and investment in a region are the 30th

1The countries in alphabetical order: Austria, Belgium, Denmark, Finland, France, Ger-
many, Great Britain, Greece, Ireland, Italy, Netherlands, Norway, Portugal, Spain, Sweden,
Switzerland.
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and 70th percentiles.
When the stocks have been sorted, the resulting portfolios are combined

to proxy the four Fama-French factors (all factors besides MKT) according to
their definitions in section 2.1.2.

The momentum factor, MOM, is formed daily using size and the lagged
momentum. At the end of day t − 1 the lagged momentum of a stock is its
cumulative return between day t–250 to day t–20. This correspond to the
eleven-month returns lagged one month as formulated in [2]. The breakpoints
for the lagged momentum in a region are the 30th and 70th percentiles of the
lagged momentum returns of the big stocks. The corresponding three groups
are called Losers (L), Neutral (N), and Winners (W). A 2x3 sort on size and
momentum gives six value-weight portfolios. The MOM factor is the average
return of the two winner portfolios minus the average return of the two loser
portfolios.

MOM =
SW + BW

2
− SL + BL

2

The raw data of returns for all six factors was transformed into log-returns,
and thus the returns modelled in this thesis are log-returns. All data analysis
was performed in MATLAB and R. In R the packages rugarch [58], copula
[59], and WeightedPortTest [60], were used.

3.2 Univariate Modelling
In order to asses the properties of the factor log-returns, the first step in the
univariate modelling was to test the factor log-returns for autocorrelation, con-
ditional heteroscedasticity, and a non-normal distribution.

The autocorrelations of the factor log-returns were investigated by the use
of the Ljung-Box statistic and the autocorrelation function (ACF) plot. Het-
eroscedasticity was examined by theWeightedMcLeod-Li statistic introduced
in [61], which tests for nonlinear GARCH-type effects in data, and the ACF
plot of the squared log-returns. The distributional properties of the log-returns
was visually inspected by normal QQ-plots.

The modelling of the daily log-returns of the factors was conducted by fit-
ting ARMA(p, q)-NGARCH(1, 1) processes to the training data of each factor

rt = µ+

p∑
i=1

φi(rt−i − µ) +

q∑
j=1

θjσt−jεt−j + σtεt,

σ2
t = ω + ασ2

t−1 (εt−1 − η)2 + βσ2
t−1.
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Period Training Testing

1 July 31, 2009 - July 31, 2014 Aug. 1, 2014 - July 31, 2015
2 July 30, 2010 - July 31, 2015 Aug. 3, 2015 - Aug. 1, 2016
3 Aug. 1, 2011 - Aug. 1, 2016 Aug. 2, 2016 - July 31, 2017
4 July 31, 2012 - July 31, 2017 Aug. 1, 2017 - July 31, 2018
5 July 31, 2013 - July 31, 2018 Aug. 1, 2018 - July 31, 2019

Table 3.1: The five periods of training and testing data used.

with the driving noise, εt, being iid with mean zero and unit variance. The
driving noise wasmodelled as either having a standard normal distribution or a
standardized skewed t distribution as described in section 2.2.1. Furthermore,
for each of these assumed distributions, a set of 9 different ARMA orders were
fitted, (p, q) ∈ {0, 1, 2}2.

A rolling window approach was used were a model was fitted using the
past five years of data, and then tested on the data for the following year. This
approach simulates a yearly refitting of the models using data from the past
five years. Since 10 years of data was used in total, there were five periods of
training and testing data. These are summarized in Table 3.1. The one year
testing periods were n = 261 days for period 1,2,4, and 5, and n = 260 days
for period 3. The five year training periods were n = 1, 305 days for period 1,
4, and 5, and n = 1, 306 days for periods 2 and 3.

All models were fitted using QMLE with a set of algorithms for nonlinear
optimization with randomized starting values. For each of the two distribu-
tions of the driving noise, a best order of the ARMAmodel was selected based
on BIC. The choice of BIC as model selection criteria was influenced by the
use of BIC for model selection in [7]. Furthermore, AIC was also considered,
but it was found that in most cases the best model by AIC was also the best
model by BIC, and to minimize the risk of overfitting it was decided to follow
BIC which punishes additional parameters more than AIC.

The best model by BICwith normally distributed driving noise and the best
model by BIC with skewed t distributed driving noise were then compared by
residual diagnostics, i.e. by testing if the implied driving noise of the estimated
models had the specified distribution and was iid. The autocorrelation of the
residuals {ε̂t}was investigated by an inspection of the ACF plot. Similary, the
remains of any GARCH-type nonlinear effects was tested using an ACF plot
of the squared residuals.
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The distribution assumption on ε̂t was tested by an inspection of the QQ-
plot, were the quantiles of the residuals was plotted against the corresponding
quantiles of the assumed normal or skewed t distribution. The Kolmogorov-
Smirnov and Anderson-Darling statistical tests were also considered, but the
simple QQ-plot was deemed the best method of verifying or rejecting the as-
sumed driving noise distribution.

To test the models of the factor log-returns in new data, the one-day ahead
VaR for the factors was estimated for each day of the five one-year testing
periods. The predictions of the VaRwas backtested using themethods outlined
in section 2.2.6. It should be noted that these VaR predictions were made as if
one had taken a long position directly in each of these factors. This is a purely
theoretical endeavor. Nonetheless, making and backtesting VaR predictions
constitutes a good test of how well the ARMA(p, q)-NGARCH(1, 1) models
can predict the distributions of the one-day ahead log-returns in real data.

3.3 Dependence Modelling
In themultivariatemodelling, the training and testing periods in Table 3.1 were
again used to simulate the same rolling-window approach, were five years of
data is used for model estimation, and the fitted models used to make one-day
ahead predictions during the next year.

To model the joint distribution of the log-returns of the factors, univariate
models for each factors were first specified. Dependence in the driving noise
sequence for the factors was then introduced by the use of Gaussian and t cop-
ulas. This approach allows one to create a joint distribution for the log-returns
of factors without interfering with the models that capture their univariate dy-
namics. The same copula-based joint distributional modelling is used in [6],
and a comprehensive overview of this type of modelling can be found in [32].

To make the modelling more straightforward and for ease of interpretation
it was deemed necessary to specify the samemodel for the univariate dynamics
of all six factor for all periods, rather than selecting univariate models by BIC
as described in section 3.2.

The results of the univariate modelling suggested that an ARMA(1, 1)-
NGARCH(1, 1) model with skewed t-distributed driving noise should be able
to capture the univariate dynamics of all six factors in all periods reasonable
well.

The first step in the multivariate modelling for each period was thus to fit
ARMA(1, 1)-NGARCH(1, 1) models with skewed t distributed driving noise
to the log-returns in the training data of each factor. With these models fitted,
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the implied driving noise sequences for each factor i = 1, 2, ..., 6 were formed
by taking the realized log-returns minus the corresponding ARMA-implied
conditional mean and dividing by the NGARCH-implied conditional standard
deviation

ε̂it =
rit − µ̂it
σ̂it

.

Using the skewed t distributions, the probability transform was then used to
create U(0, 1)-samples from the driving noise sequence for each factor. Gaus-
sian and t copulas were then fitted to these uniformly distributed samples by
the Kendall’s tau approach explained in section 2.2.4.

The joint distribution for the log-returns were then approximated by sim-
ulation. First, a large number (n = 106) of random samples from the fitted
copula were drawn. These were then transformed to samples of the joint dis-
tribution of the driving noise terms by the use of the quantile transform with
the skewed t distribution. With a joint distribution for the driving noise terms
found, the joint distribution of the log-returns is simply found from the con-
ditional mean and variance implied by the fitted ARMA(1, 1)-NGARCH(1, 1)
model for each factor.

To test the modelled joint distribution of log-returns, the one-day ahead
VaR for portfolios consisting of several factors was estimated for each day of
the five one-year testing periods. The predicted VaR was backtested using the
same procedure as in the univariate case.

The portfolios used for testing the predicted VaR were equally weighted
(1/N ) portfolios. These were refitted once a week (every five days). As men-
tioned before, simulation size for the estimation of the joint distributions of
the driving noise terms was n = 106, and the VaR was then estimated by the
empirical VaR of the simulated joint distribution of log-returns.
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Results

4.1 Factor Dynamics

4.1.1 Factor Properties
When reviewing previous [6] [7] research on the dynamics of daily log-returns
of the five Fama-French factors and the momentum factor in U.S. market data,
it is clear that the data used in this thesis, presented in section 3.1, should be
checked for three main properties. The properties in question are autocorrela-
tion, heteroscedasticity, and a non-normal distribution.

The autocorrelation of the log-returns data was investigated using the
Ljung-Box test statistic, QLB(h) with lags h = 3 and h = 10 to test the null
hypothesis that there is no autocorrelation in the log-returns. Furthermore,
sample ACF plots were constructed to graphically examine the autocorrela-
tions in the data.

To check for heteroscedasticity in the log-returns, the Weighted McLeod-
Li test of [61] was implemented using lag h = 20. This test is conducted
by first fitting an ARMA(p, q) with (p, q) ∈ {0, 1, 2, ..., 5}2 using AIC as
model selection criteria. The squared residuals of this fit are then tested by
a weighted Ljung-Box test statistic, QWML(h), to test the null hypothesis that
there is no correlation in the squared residuals. The sample ACF of the squared
log-returns was also investigated and plotted together with the sample ACF of
the log-returns. As explained in section 2.2.2, a GARCH process with a zero
mean driving noise sequence has zero autocorrelation in its raw form, while
the autcorrelations of the squared series is that of an ARMA process. The
distributions of the log-returns were studied by their sample variance, excess
kurtosis, and skewness. Furthermore, QQ-plots of the quantiles of standard-

34



CHAPTER 4. RESULTS 35

ized log-returns against the quantiles of a standard normal distribution were
constructed to graphically examine the distributional properties of the log-
returns.

In Figure 4.1 the visual analysis of the MKT, SMB, and HML factors for
the testing data of period 1 are summarized in six plots. The left plots in
the figure are the normal QQ-plots. The middle plots are the time series of
log-returns. The right plots are the sample ACF of log-returns and squared
log-returns. The corresponding plots for testing periods 2-5 were very similar
and are therefore not presented.

Figure 4.1: Analysis of raw data in period 1. The left plots are QQ-plots of
standardized log-returns against N(0,1). The middle plots are the time series
of log-returns. The right plots are the ACF of the log-returns (solid) and the
squared log-returns (dotted) with 95% C.I. for iid (blue dotted horizontal).
Top-down: MKT, SMB, HML.

The normal QQ-plots for all three factors indicate that the distributions
of the log-returns have heavier tails than the normal distribution. The plotted
time series of log-returns indicate a larger variability in the log-returns of the
MKT factor. Furthermore, from a visual inspection, all three time series seem
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MKT SMB HML CMA RMW MOM

p-values
QLB(3) 0.007 <0.000 <0.000 <0.000 0.002 <0.000
QLB(10) 0.021 0.004 0.010 0.005 0.004 <0.000
QWML(20) <2.2e-16 <2.2e-16 <2.2e-16 <2.2e-16 3.054e-02 <2.2e-16

Sample Moments
Variance 1.627e-04 2.120e-05 2.482e-05 5.825e-06 9.768e-06 4.232e-05
Excess kurtosis 2.542 3.295 3.282 0.846 2.171 3.482
Skewness -0.240 -0.144 0.212 -0.026 -0.390 -0.391

Table 4.1: The sample moments and p-values of statistical tests in period 1.

to have periods of different variability. The sample ACF plots indicate that
log-returns of the MKT factor lacks autocorrelation, or has a small negative
autocorrelation at lag 3. However, the squared log-returns of the MKT factor
are highly correlated. For the SMB factor, the ACF plot indicates that there is a
negative autocorrelation at lag one, and a high correlation for the squared log-
returns. The HML factor seems to have a significant positive autocorrelation at
lag 1, and a significant, albeit smaller than for the other two factors, correlation
in the the squared log-return.

In Figure 4.2 the corresponding plots to those in Figure 4.1 are presented
for the remaining three factors. There are some striking differences between
the factors. The normal QQ-plot for the CMA factor indicates that its distribu-
tion is close to a normal distribution. The RMW factor seems to have a heavy
left tail, and the MOM factor seems to have heavy left and right tails. The
time series plots indicate a very small variance in the CMA factor, and clear
clustering of variability in the MOM factor.

The ACF plots indicate a high autocorrelation at lag 1 for the CMA and
MOM factors, and a smaller but significant autocorrelation at lag 1 for the
RMW factor. The autocorrelations for the squared log-returns are highly cor-
related for both the CMA and the MOM factor. However, there does not seem
to be any correlation between the squared log-returns of the RMW factor, a
result unique for this factor.

In Tables 4.1-4.3, the p-values of the Ljung-Box andWeightedMcLeod-Li
tests, and sample moments for all six factors for testing periods 1, 3, and 5 are
presented. Presenting results for every other testing period rather than every
testing period is done to limit the intersection of data. For example, testing
period 1 shares 3 out of its 5 years of data with testing period 3, and 1 year
with testing period 5.
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Figure 4.2: Analysis of raw data in period 1. The left plots are QQ-plots of
standardized log-returns against N(0,1). The middle plots are the time series
of log-returns. The right plots are the ACF of the log-returns (solid) and the
squared log-returns (dotted) with 95% C.I. for iid (blue dotted horizontal).
Top-down: CMA, RMW, MOM.

The p-values of the Ljung-Box statistic indicates that the MKT factor ex-
hibits autocorrelation in period 1 and 3, but not in period 5. The Weighted
McLeod-Li statistic gives strong support for conditional heteroscedasticiy in
the MKT factor for all periods. From the sample moments of the MKT factor
it is noteworthy that in all periods it has the highest variance of all factors.
Furthermore, there is excess kurtosis in all periods and it increases from 2.54
in period 1 to 11.01 in period 5. The skewness is negative for all periods and
increases in absolute value, from -0.24 in period 1 to -1.10 in period 5. The
skewness of the MKT factor in period 5 is the largest negative skewness of any
factor in all periods.

For the SMB factor the autocorrelation is significant in all periods, and so
is the Weighted McLeod-Li test, indicating conditional heteroscedasticiy. The
sample moments of the SMB factor shows excess kurtosis and some negative
skewness in all periods.
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MKT SMB HML CMA RMW MOM

p-values
QLB(3) 0.016 <0.000 0.003 <0.000 0.064 <0.000
QLB(10) 0.002 0.001 0.075 0.015 0.019 <0.000
QWML(20) <2.2e-16 <2.2e-16 <2.2e-16 <2.2e-16 2.478e-12 <2.2e-16

Sample Moments
Variance 1.423e-04 2.501e-05 2.080e-05 6.352e-06 9.202e-06 4.764e-05
Excess kurtosis 5.099 2.468 1.307 0.844 1.588 3.908
Skewness -0.627 -0.067 0.096 -0.034 -0.078 -0.246

Table 4.2: The sample moments and p-values of statistical tests in period 3.

MKT SMB HML CMA RMW MOM

p-values
QLB(3) 0.805 0.006 0.023 0.398 0.002 <0.000
QLB(10) 0.052 0.017 0.271 0.386 0.005 <0.000
QWML(20) <2.2e-16 <2.2e-16 <2.2e-16 4.326e-11 1.155e-14 <2.2e-16

Sample Moments
Variance 7.680e-05 1.667e-05 1.573e-05 5.733e-06 7.901e-06 2.723e-05
Excess kurtosis 11.010 1.907 1.710 0.827 2.012 6.118
Skewness -1.103 -0.112 0.210 0.116 -0.204 -0.115

Table 4.3: The sample moments and p-values of statistical tests in period 5.

The HML factor has significant autocorrelation in all three periods when
using lag h = 3 in the Ljung-Box test. However, when using lag h = 10

the p-values of the Ljung-Box statistic is only under 0.05 in period 1. The
Weighted McLeod-Li test indicates significant heteroscedasticiy for all three
periods. The sample moments of the HML factor shows excess kurtosis and
positive skewness in all periods. The skewness in period 1 is 0.212, making it
the largest postive skewness of any factor in any period.

For the CMA factor the Ljung-Box test indicates that the autocorrelation is
significant when using lags h = 3 and h = 10 in period 1 and 3. The same tests
in period 5 indicates no significant autocorrelation. The CMA factor has some
excess kurtosis. However, it is the lowest of all factors in all three periods, with
a maximum of 0.846 in period 1 and a minimum of 0.827 in period 5. The
skewness is slightly negative in period 1 and 3, and positive in period 5.

The p-values of the Ljung-Box statistic using lag h = 3 for the RMW
factor shows significant autocorrelation for period 1 and 5, but not in period 3.
When using lag h = 10, the autocorrelation is significant for all three periods.
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The Weighted McLeod-Li test indicates significant heteroscedasticity in all
three periods. However, it is worth noting that the p-value of QWML(20) for
the RMW factor in period 1 is 0.031, which is the largest for any factor in any
of the three periods. The sample moments of the RMW factor shows excess
kurtosis and negative skewness in all periods.

For the MOM factor, the Ljung-Box and Weighted McLeod-Li tests give
strong support of autocorrelation and heteroscedasticity in all three periods.
The sample moments of the MOM factor shows excess kurtosis and negative
skewness in all three periods.

4.1.2 Modelling the Factors
The Tables 4.4-4.9 give the estimated models for each factor that was found
using the model selection procedure presented in section 3.2. Each table gives
the QMLE parameters, with estimated standard deviations in parenthesis. Hy-
phenation is used in the Tables to indicate that a certain model does not include
the corresponding parameter. If the models of a factor never included a param-
eter, then the corresponding parameter column is not included in the table for
that factor.

Furthermore, significance levels are given for the ARMA-parameters, φi,
θi, the leverage parameter of the NGARCH(1, 1), η, and the skewness parame-
ter of the skewed t distribution, γ. The significance levels are indicated in the
tables by ∗ ∗ ∗, ∗∗, and ∗, representing significance at the 1%, 5%, and 10%
level respectively. For φi, θi, and η, the null hypothesis is that the parameter
in question is equal to zero. For γ, the null hypothesis is that it is equal to one.
The significance levels are calculated using the asymptotic normality of the
QMLE parameters discussed in section 2.2.2 and 2.2.3.

Themodels for the log-returns of theMKT factor have skewed t distributed
driving noise in all five periods, with a ν around 7. Furthermore, it is note-
worthy that the parameter η is positive and significant at the 1% in all periods.
This is a strong indication that the MKT factor has a leverage effect, which is
in agreement with the results of [6]. Furthermore, the skewness parameter, γ,
is negative and significant at the 1% level in all periods. This together with
the low sample skewness in Tables 4.1-4.3 indicates that the log-returns of the
MKT factor has some negative skewness. For the MKT log-returns, the ACF
plot in Figure 4.1 and the relatively high p-values of the Ljung-Box statistic
in Tables 4.1-4.3, suggest that there is no real autocorrelation. The results in
Table 4.4 support this, as an ARMA parameter is only included in the model
for period 4, and this parameter is far from significant. Finally, it should be



40 CHAPTER 4. RESULTS

µ φ1 ω α β η γ ν

3.335e-04
(2.408e-04) - 1.449e-06

(1.986e-06)
5.600e-02
(1.873e-02)

8.719e-01
(1.975e-02)

1.105***
(2.581e-01)

8.961e-01***
(3.266e-02)

7.626
(8.148e-01)

1.534e-04
(2.147e-04) - 1.850e-06

(2.034e-06)
6.420e-02
(2.332e-02)

8.424e-01
(1.263e-02)

1.165***
(1.388e-01)

9.151e-01**
(3.395e-02)

7.614
(1.261)

1.809e-05
(2.626e-04) - 3.338e-06

(2.606e-06)
8.812e-02
(2.023e-02)

7.887e-01
(4.133e-02)

1.109***
(2.987e-01)

8.839e-01***
(3.567e-02)

7.171
(1.304)

2.782e-04
(2.078e-04)

-1.771e-02
(2.815e-02)

4.661e-06
(5.326e-07)

9.648e-02
(9.604e-03)

7.475e-01
(2.405e-02)

1.056***
(1.085e-01)

9.311e-01***
(3.673e-02)

6.574
(1.016)

1.129e-04
(1.910e-04) - 4.015e-06

(8.643e-07)
1.152e-01
(1.182e-02)

7.494e-01
(1.952e-02)

8.923e-01***
(8.326e-02)

8.951e-01***
(3.711e-02)

6.549
(9.905e-01)

Table 4.4: MKT. Top-down: estimated model parameters for period 1-5.

µ θ1 ω α β η γ ν

2.204e-04
(1.026e-04)

-1.160e-01***
(2.787e-02)

2.494e-07
(3.204e-07)

5.346e-02
(8.944e-03)

9.218e-01
(4.291e-03)

-5.528e-01***
(1.998e-01)

1.004
(3.823e-02)

6.623
(1.068)

1.399e-04
(9.921e-05)

-1.275e-01***
(2.796e-02)

3.979e-07
(5.392e-07)

6.023e-02
(1.409e-02)

9.113e-01
(1.187e-02)

-4.339e-01***
(1.673e-01)

9.965e-01
(3.813e-02)

6.925
(1.104)

1.883e-04
(1.058e-04)

-1.112e-01***
(2.762e-02)

2.127e-07
(3.067e-07)

5.704e-02
(8.334e-03)

9.190e-01
(7.294e-03)

-5.771e-01***
(1.725e-01)

9.963e-01
(3.768e-02)

7.181
(1.250)

2.433e-04
(9.544e-05)

-1.049e-01***
(2.749e-02)

2.125e-07
(2.720e-07)

4.956e-02
(8.058e-03)

9.161e-01
(1.437e-02)

-7.172e-01***
(2.691e-01)

9.680e-01
(3.672e-02)

7.309
(1.347)

1.648e-04
(8.725e-05)

-7.820e-02***
(2.805e-02)

1.491e-07
(2.648e-07)

6.194e-02
(9.740e-03)

9.169e-01
(3.156e-03)

-4.835e-01***
(1.380e-01)

9.616e-01
(3.734e-02)

8.632
(1.892)

Table 4.5: SMB. Top-down: estimated model parameters for period 1-5.

noted that the ω parameters for the MKT log-returns are the largest of any of
the models, confirming the results in section 4.1.1 suggesting that this factor
has the largest unconditional variance.

It is evident in Table 4.5 that the SMB factor has the most stable log-return
model, with the same model specification selected for all five periods. Fur-
thermore, the θ1 and the η parameters are negative and significant at the 1%

level for all five periods. Additionally, there seems to be no skewness in the
driving noise as γ = 1 cannot be rejected in any of the models. A negative η
parameter which is significant at the 1% level in all periods suggest that there
is an opposite leverage effect for the SMB factor, were positive results increase
variability more than negative results.

The ARMA(p, q)-NGARCH(1, 1) models for the log-returns of the HML
factor in Table 4.6 are fairly stable. An AR(1) specification with a φ1 param-
eter which is positive and significant at the 1% level is found in the first four
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µ φ1 ω α β η γ ν

-9.738e-06
(1.364e-04)

1.500e-01***
(2.875e-02)

4.318e-07
(5.2593e-07)

8.3570e-02
(1.725e-02)

8.878e-01
(1.601e-02)

3.772e-01***
(1.210e-01)

1.070
(4.313e-02)

1.012e+01
(2.249)

-1.472e-04
(1.239e-04)

1.341e-01***
(2.865e-02)

2.462e-07
(2.862e-07)

5.320e-02
(8.874e-03)

9.272e-01
(7.043e-03)

3.623e-01**
(1.497e-01)

1.062
(4.186e-02)

9.931
(2.296)

-1.682e-04
(1.285e-04)

1.058e-01***
(2.833e-02)

3.535e-07
(3.072e-07)

5.523e-02
(9.471e-03)

9.205e-01
(7.084e-03)

3.863e-01***
(1.483e-01)

1.055
(4.061e-02)

8.417
(1.642)

2.113e-05
(1.330e-04)

1.026e-01***
(2.848e-02)

7.529e-07
(2.562e-06)

7.471e-02
(7.460e-02)

8.831e-01
(8.526e-02)

1.799e-01
(1.516e-01)

1.074
(4.638e-02)

7.604
(2.572)

-9.066e-05
(1.020e-04) - 7.273e-07

(1.362e-06)
9.201e-02
(4.521e-02)

8.623e-01
(4.881e-02)

1.486e-01
(1.348e-01)

1.056
(4.053e-02)

7.702
(1.818)

Table 4.6: HML. Top-down: estimated model parameters for period 1-5.

µ φ1 ω α β η γ ν

9.316e-05
(7.049e-05)

1.055e-01***
(2.881e-02)

1.137e-07
(8.324e-07)

4.938e-02
(3.188e-02)

9.294e-01
(3.152e-02)

-1.740e-01
(1.768e-01) - -

4.808e-05
(7.149e-05)

1.068e-01***
(2.895e-02)

1.045e-07
(8.868e-07)

4.615e-02
(8.868e-07)

9.320e-01
(3.187e-02)

-2.963e-01
(2.188e-01) - -

5.646e-05
(7.215e-05)

8.665e-02
(2.783e-02)***

7.068e-08
(3.866e-07)

3.8547e-02
(6.445e-03)

9.452e-01
(6.717e-03)

-3.791e-01**
(1.797e-01)

1.010
(3.774e-02)

1.279e+01
(5.004)

6.316e-05
(7.017e-05)

6.164e-02**
(2.757e-02)

3.540e-08
(3.076e-07)

2.688e-02
(6.722e-03)

9.676e-01
(5.514e-03)

-1.402e-01
(1.289e-01)

1.005
(3.850e-02)

9.759
(2.134)

-2.878e-05
(6.492e-05) - 1.988e-08

(4.846e-08)
2.688e-02
(4.007e-03)

9.706e-01
(3.787e-03)

-1.745e-02
(1.674e-01)

9.947e-01
(3.825e-02)

9.505
(2.170)

Table 4.7: CMA. Top down: parameters for period 1-5.

periods. The results for the η parameter suggests that, at least during the be-
ginning of the 10-year period analyzed, a leverage effect is present in the HML
factor.

The results for the CMA factor in Table 4.7 are unique in that they include
the only selected models with normally distributed driving noise sequences.
However, starting in period 3, the normal distribution is replaced by the skewed
t distribution, and the results suggest that the parameter ν, controlling how
heavy the tails of the noise are, is decreasing from period 3 to period 5.

The results of the modelling RMW factor log-returns in Table 4.8 are quite
unstable, with several different ARMA specifications selected. Furthermore,
the leverage parameter η seems to vary greatly too.

The results in Table 4.9 suggest that the log-returns of MOM factor has
a fairly stable ARMA specification. However, the other parameters of the
ARMA(p, q)-NGARCH(1, 1) model for the MOM factor log-returns are quite
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µ φ1 φ2 θ1 ω α β η γ ν

1.832e-04
(9.255e-05) - - 9.090e-02***

(2.573e-02)
2.159e-08
(2.885e-07)

1.434e-02
(1.326e-03)

9.798e-01
(6.770e-04)

-4.851e-01***
(1.847e-01)

9.457e-01
(3.747e-02)

7.414
(1.535)

1.899e-04
(8.388e-05)

9.537e-02***
(2.776e-02) - - 2.548e-08

(2.440e-07)
2.299e-02
(6.426e-04)

9.694e-01
(2.179e-04)

-4.292e-01***
(1.496e-02)

9.979e-01
(3.845e-02)

9.956
(2.633)

2.545e-04
(7.823e-05) - - - 2.075e-07

(3.302e-07)
6.007e-02
(1.394e-02)

9.168e-01
(1.322e-02)

-1.748e-01
(1.264e-01)

1.021
(3.974e-02)

8.807
(1.741)

1.330e-04
(8.201)

8.756e-02***
(2.815e-02) - - 2.839e-07

(8.402e-07)
6.033e-02
(3.339e-02)

9.063e-01
(3.547e-02)

1.047e-02
(1.651e-01)

9.778e-01
(3.541e-02)

8.201
(1.275)

1.434e-04
(8.390e-05)

7.126e-02***
(2.762e-02)

6.496e-02**
(2.711e-02) - 2.284e-08

(2.481e-07)
1.855e-02
(5.584e-04)

9.747e-01
(1.403e-04)

-4.335e-01***
(1.797e-02)

9.860e-01
(3.675e-02)

8.297
(1.959)

Table 4.8: RMW. Top down: parameters for period 1-5.

µ φ1 θ1 ω α β η γ ν

5.201e-04
(1.302e-04) - 1.414e-01***

(2.747e-02)
8.050e-07
(3.717e-06)

1.314e-01
(1.162e-01)

8.447e-01
(1.148e-01)

1.675e-01**
(8.375e-02)

9.546e-01
(2.995e-02)

1.262e+01
(5.114)

5.974e-04
(1.394e-04)

1.417e-01***
(2.897e-02) - 4.273e-07

(8.467e-07)
1.009e-01
(2.716e-02)

8.852e-01
(2.625e-02)

1.127e-01
(1.075e-01)

9.352e-01*
(3.791e-02)

1.447e+01
(4.485)

5.319e-04
(1.481e-04)

1.189e-01***
(2.838e-02) - 2.543e-07

(5.495e-07)
8.506e-02
(1.625e-02)

9.115e-01
(1.507e-02)

5.607e-02
(1.174e-01)

9.340e-01*
(3.821e-02)

1.033e+01
(2.282)

4.253e-04
(1.329e-04)

1.034e-01***
(2.804e-02) - 4.302e-07

(6.976e-07)
6.939e-02
(1.831e-02)

9.128e-01
(1.832e-02)

4.394e-02
(1.472e-01)

9.079e-01***
(3.541e-02)

8.330
(1.502)

3.496e-04
(1.284e-04)

1.006e-01***
(2.769e-02) - 3.427e-07

(4.632e-07)
6.361e-02
(1.294e-02)

9.219e-01
(1.262e-02)

-4.974e-02
(1.623e-01)

8.859e-01***
(3.540e-02)

7.371
(1.285)

Table 4.9: MOM. Top down: parameters for period 1-5.
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unstable.
In Figures 4.3 and 4.4, residual analysis plot for the estimatedmodels in the

training data of period 1 are presented. These plots are very encouraging and
suggest that the fitted models approximated the data well. The corresponding
residual plots for training periods 2-5 were very similar and are therefore not
presented.

Figure 4.3: Analysis of residuals in period 1. The upper plots are the QQ-plots
of residuals against the fitted driving noise distribution. The lower plots are
the ACF for the residuals (solid) and squared residuals (dotted). Left to right:
MKT, SMB, HML.

4.1.3 Dynamic Estimation of VaR
As explained in sections 2.2.5 and 2.2.6, themodelling of the factor log-returns
considered in this thesis, or the log-returns of any other financial assets, is often
motivated by the need to find and test estimations of risk measures.

Thus, the models developed in the previous section were used to estimate
the VaR at level p = 0.05 in the testing periods of Table 3.1. The decision
to only focus on VaR and not ES was motivated by the favorable backtesting
procedures of VaR discussed in section 2.2.6.

By using propositions 2.1 and 2.2, one can show that the one-day ahead
VaR at level p at time t − 1 for an long position in a portfolio that follows
the log-returns modelled in sections 4.1.1 and 4.1.2 is govern by the estimated
p−quantile of the log-return rt. Thus, an exceedance of the VaR at level p
occurs when the realization of rt falls below the estimated F−1

rt (p)
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Figure 4.4: Analysis of residuals in period 1. The upper plots are the QQ-plots
of residuals against the fitted driving noise distribution. The lower plots are
the ACF for the residuals (solid) and squared residuals (dotted). Left to right:
CMA, RMW, MOM.

F−1
rt (p) = µ+

p∑
i=1

φi(rt−i − µ) +

q∑
j=1

θjεt−j + σtF
−1
ε (p),

σ2
t = ω + ασ2

t−1 (εt−1 − η)2 + βσ2
t−1.

As explained in section 2.2.6, the first step for backtesting the VaR estima-
tions is to define a hit sequence of exceedances

It =

{
1, if rt < F−1

rt (p)

0, else

To test the null hypothesis thatE[It] = p one simply compares the number
of realized VaR exceedances during a test period to the correspondingB(n, p)

distribution (with n being the number of days in the forecasted period, i.e.
n = 260 for period 3, n = 261 for the other four periods, and n = 1, 304 for
the entire five years of testing periods). In Table 4.10 the realized exceedance
fraction for all forecasted periods are summarized.

An approximate 95% confidence interval forX/n, whereX d
= B(n, 0.05),

constructed by normal approximation with continuity correction is 2.54% −
7.46% for period 3 (n = 260), 2.55%− 7.45% for the other four periods (n =
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P1 P2 P3 P4 P5 Total

MKT 4.21% 5.36% 1.92% 2.68% 5.36% 3.91%
SMB 7.66% 6.51% 3.46% 4.21% 8.81% 6.13%
HML 5.75% 6.51% 3.46% 4.60% 2.68% 4.60%
CMA 7.28% 7.28% 6.15% 4.60% 2.68% 5.60%
RMW 2.30% 4.21% 9.23% 3.83% 5.36% 4.98%
MOM 4.21% 6.13% 5.00% 4.21% 4.60% 4.83%

Table 4.10: Percentage of exceedances of the daily forecasted VaR0.05 in test
data using the ARMA(p, q)-NGARCH(1, 1) models.

261), and 3.86%−6.14% for the entire five-year period (n = 1, 304). Referring
to Table 4.10, one can see that in 25 of 30 forecasted one-year periods one fails
to reject the null hypothesis p = 0.05. For the total five-year testing period the
null hypothesis cannot be rejected for any of the six factors.

The likelihood ratio test of [57] explained in section 2.2.6 was imple-
mented to test the null hypothesis that a Weibull distribution fitted to the dura-
tions between exceedances reduces to the memory-less exponential distribu-
tion, H0 : b = 1. In [57] a Monte Carlo simulation indicates that a sample
size of at least 750 days (corresponding to roughly three years) is required to
enable satisfactory inference when applying this test. Thus this test was only
applied to the total five-year (n = 1, 304) testing period.

At the α = 0.05 level, the null hypothesis of exponentially distributed
durations between exceedances was only rejected for the MOM factor. The
maximum likelihood estimation of b for the MOM factor was b̂ = 1.39 giving
a p-value of 0.002. A b > 1 indicates that the probability of an exceedance at
time t increases when the time since the last exceedance is long.

In order to properly asses the performance of the ARMA(p, q)-
NGARCH(1, 1) models and the estimated VaR provided by them, there is a
need to consider a more simplistic model to use as a reference. The natural
choice is to turn to the historical simulation (HS) approachwhere the empirical
distribution of returns is used to approximate the distribution of future returns.
Given n observations x1, ..., xn of some iid random variables X1, ..., Xn, the
empirical distribution is given by

F̂n(x) =
1

n

n∑
i=1

I(xi < x).
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P1 P2 P3 P4 P5 Total

MKT 8.43% 9.58% 0.00% 5.36% 9.20% 6.52%
SMB 9.96% 8.43% 1.15% 1.92% 7.28% 5.75%
HML 8.05% 9.20% 2.31% 3.45% 4.21% 5.44%
CMA 8.05% 7.28% 4.23% 3.07% 3.45% 5.21%
RMW 2.30% 8.43% 8.46% 0.38% 2.68% 4.45%
MOM 5.75% 14.18% 0.77% 0.77% 9.96% 6.29%

Table 4.11: Percentage of exceedances of the daily forecasted VaR0.05 in test
data using the HS model.

By the Glivenko–Cantelli theorem [62], these empirical distributions con-
verge uniformly to the true distribution with probability one as n→∞. How-
ever, this will only be true if the assumption of iid random variables is true.
Thus, when using the empirical distribution to approximate the true distribu-
tion of the log-returns of some financial asset, one does not take into account
any autocorrelation or conditional heteroscedasticity. Given the results of sec-
tions 4.1.1 and 4.1.2, one can expect the HS modelling approach to yield poor
estimations of the VaR.

In the HS modelling approach, the empirical estimate of the VaR at level
p is given by

VaRp(X) = L[np]+1,n

where L1,n ≥ ... ≥ Ln,n is the ordered sample of losses, and [ ] is the floor
function. In Table 4.11 the unconditional coverage results for the HS estimated
VaR are presented. Here H0 : p = 0.05 is rejected in 20 out of 30 one-year
test periods. For the five-year test periods, the null is rejected for two out of
six factors series.

In the likelihood ratio test, exponentially distributed durations H0 : b = 1

cannot be rejected for the entire five-year period for the VaR predictions for
SMB, HML, and CMA. For the three other factors, b = 1 is rejected and the
maximum likelihood estimated values of b are all less than one, indicating that
the exceedances are clustered.
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4.2 Factor Dependence

4.2.1 Factor Correlations and Dependence Modelling
Dependence in the daily log-returns of the factors wasmodelled by using copu-
las to estimate joint distributions of these returns. The results from the univari-
ate modelling in section 4.1 suggests that ARMA(p, q)-NGARCH(1, 1) pro-
cesses can capture the distributional dynamics of the log-returns of the factors
rather well. It is thus desirable to keep these processes as the univariate models
when creating joint distributions. This can be achieved by first estimating such
univariate models and then use copulas to introduce dependence structures in
their driving noise terms. In this thesis, the Gaussian and the t copula were
considered and compared.

To limit complexity and have all driving noise terms defined in a similar
way, the univariate distributional dynamics of all log-returns were modelled
as ARMA(1, 1)-NGARCH(1, 1) processes with iid mean zero and unit vari-
ance skewed t distributed driving noise. The results from the earlier univariate
modelling suggests that this model specification is sufficient for all factors in
all periods. After estimating the univariate models in a training period, six
realized noise series, {ε̂it}, i = 1, 2, ..., 6, were obtained. These were then be
transformed using the probability transform and the skewed t distribution to
get samples of a six-dimensional uniformly distributed random vector. Cop-
ulas were then fitted to either the entire vector or selected elements of this
vector, to create joint distributions for all six factors or subsets of the factors.

The plots in Figures 4.5 and 4.6 illustrate the copula fitting procedure when
creating a bivariate joint distribution for the driving noise of the MKT and
MOM factors in period 1. The left plot in Figure 4.5 is the scatter plot of
the uniformly distributed random variables formed by applying the probability
transform to the sample driving noise of theMKT andMOM factors. The esti-
mated t copula for this data has parameters (ρ, ν) = (−0.0152, 2.81). Drawing
a random sample, of equal size as the data (n = 1, 305) used for estimation,
from this fitted t copula yields the middle plot in Figure 4.5, and to the right
is the corresponding plot for a fitted Gaussian copula (ρ = −0.0152). Fo-
cusing on the corners of these three plots one can see that both the data and
fitted t copula have samples were both variables are in their extremes. The
sample from the fitted Gaussian copula, which lacks tail dependence, does not
have these shared extremes. Furthermore, the low correlation means that the
samples from the Gaussian copula are close to independent.

Figure 4.6 presents the scatter plots of the driving noise corresponding to
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the copula plots in Figure 4.5, i.e. the left plot shows the empirical driving
noise of the ARMA(1, 1)-NGARCH(1, 1) process fitted to the log-returns of
MKT and MOM in training period 1, while the middle and right plot were
created by the quantile transform using the samples in Figure 4.5 from the fitted
t and Gaussian copulas. Here one should not focus on the individual sample
points, but instead look at the general properties of the scatter plots. One can
here again see how both the data and the samples from the joint distribution
created with the t copula have some outcomes that are shared extremes of the
MKT and MOM factors. As expected, the joint distribution formed using the
Gaussian copula has not produced such samples.

Figure 4.5: Scatter plots of UMKT and UMOM in period 1, n = 1, 305. To the
left is the data. In the middle is a sample from a fitted bivariate t copula. To
the right is a sample from a fitted bivariate Gaussian copula.

Figure 4.6: Scatter plots of εMKT and εMOM in period 1, n = 1, 305. To the
left is the data. In the middle is a sample from a fitted bivariate t copula and
marginal skewed t distribution. To the right is a sample from a fitted bivariate
Gaussian copula and marginal skewed t distribution.

In Tables 4.12-4.14, the correlations of the factors, both in the log-returns
and in the driving noise sequences, for training period 1, 3, and 5 are given.
These tables make it evident that there are strong correlation between the daily
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log-returns of these six factors. The largest negative correlation in log-returns
is between HML and RMW in period 5, were the correlation is -0.83. This
can be compared to a correlation between RMW and HML of 0.08 in monthly
returns in U.S. market data from the period July 1964-December 2013 reported
in [3], and a correlation of 0.42 in daily log-returns in a similar U.S. market
data set reported in [7]. This suggests that by comparing data from periods
of varying length, different markets, and considering both daily and monthly
returns, one can find very different dependence structures for the factors.

The largest positive correlation in the daily log-returns is the correlation
between HML and CMA in period 5, were the correlation is 0.65. This can
be compared to a correlation of 0.62 between U.S. daily log-returns for HML
and CMA reported in [7], and a correlation of 0.70 in monthly returns in the
U.S. market reported in [3].

The large negative correlation between MKT and SMB in all three Tables
4.12-4.14 is worth noting. In [7] the correlation between the daily log-returns
of MKT and SMB in U.S. data is reported to be 0.25, and in [3] the correla-
tion in monthly returns is reported to be 0.28. However, in [6] the correlation
between the daily log-returns of MKT and SMB in a data set from the U.S.
market is also found to be negative and is reported to be -0.18.

Besides including several strong correlations, the results in Tables 4.12-
4.14 also suggest that the correlations between the daily log-returns of the six
factors are not constant. One example is the correlation between HML and
CMA. As mentioned previously, the correlation between these two factors in
period 5 is 0.65, making it the largest positive correlation found. However,
the corresponding correlation in period 1 is 0.23. While this is also a positive
correlation, it is much lower.

A similar result for factors with negative correlation is found in the correla-
tion between MKT and RMWwhich varies between -0.46 and -0.12. Further-
more, there are also correlations that are positive in one period and negative in
another. The correlation between MKT and CMA goes from -0.13 in period
3 to 0.09 in period 5.

Modelling all possible joint distributions that can be formed from the six
factors is not a feasible endeavour in this thesis. Instead, a total of four different
joint distributions were modelled for all five periods. These joint distributions
were the full six dimensional distribution for all six factors, and three bivariate
distributions: MKT and SMB, MKT and HML, and MKT and MOM.

The results for the six dimensional copulas for training period 1, 3, and 5
are presented in Tables 4.15-4.17. These tables include the estimated param-
eters and log-likelihoods of the fitted Gaussian and t copulas. A result that
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SMB HML CMA RMW MOM

Log-returns, rt
MKT -0.7212 0.6325 -0.0660 -0.4555 -0.2246
SMB 1 -0.4506 0.0438 0.3192 0.2325
HML - 1 0.2286 -0.7463 -0.3112
CMA - - 1 -0.3153 0.0267
RMW - - - 1 0.3814

Driving noise, ε̂t
MKT -0.6543 0.5728 0.0410 -0.4090 -0.0121
SMB 1 -0.4207 -0.0022 0.2975 0.0880
HML - 1 0.3128 -0.7523 -0.1916
CMA - - 1 -0.3736 0.0076
RMW - - - 1 0.2244

Table 4.12: Sample correlations in training period 1.

SMB HML CMA RMW MOM

Log-returns, rt
MKT -0.7007 0.4670 -0.1281 -0.3953 -0.4519
SMB 1 -0.3576 0.0272 0.2717 0.3394
HML - 1 0.3472 -0.8195 -0.6254
CMA - - 1 -0.3184 -0.0359
RMW - - - 1 0.5264

Driving noise, ε̂t
MKT -0.6392 0.4377 -0.0188 -0.3441 -0.2272
SMB 1 -0.3186 0.0005 0.2301 0.1992
HML - 1 0.4077 -0.8058 -0.4581
CMA - - 1 -0.3889 -0.0468
RMW - - - 1 0.3543

Table 4.13: Sample correlations in training period 3.
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SMB HML CMA RMW MOM

Log-returns, rt
MKT -0.5686 0.2738 0.0948 -0.1200 -0.1814
SMB 1 -0.1797 -0.1059 0.1251 0.1612
HML - 1 0.6454 -0.8277 -0.3743
CMA - - 1 -0.6100 -0.0602
RMW - - - 1 0.2779

Driving noise, ε̂t
MKT -0.5075 0.2742 0.1309 -0.1734 -0.0023
SMB 1 -0.1726 -0.1004 0.1067 0.0693
HML - 1 0.6459 -0.8087 -0.2040
CMA - - 1 -0.6156 0.0127
RMW - - - 1 0.1422

Table 4.14: Sample correlations in training period 5.

should be noted in these tables is that the degrees of freedom for the t cop-
ula is quite stable, ν ∈ [6.19, 7.20], while some of the correlations noticeably
change.

The corresponding tables for the bivariate copulas used to create joint dis-
tributions for factor pairs MKT and SMB, MKT and HML, and MKT and
MOM, are presented in Table 4.18, 4.19, and 4.20. However, these tables do
not include the estimated correlation of the copulas. SinceKendall’s tau, rather
than maximum likelihood, is used to estimate the correlations, the estimated
correlations of the bivariate copulas are equal to the corresponding correla-
tions in the full six dimensional copula. Thus, to limit unnecessary repetition,
the copula result tables of the estimated bivariate copulas only include the es-
timated degrees of freedom of the t copulas and the log-likelihoods.

The estimated bivariate copulas for MKT and SMB has a higher estimated
degrees of freedom than the six dimensional copula, ν ∈ [7.32, 9.75]. As
one might expect given the results in Tables 4.12-4.14, the correlation in the
estimated bivariate copula for MKT and SMB is large and negative.

The results for the estimated bivariate copula for the MKT and HML fac-
tors has an even higher degree of freedom ν ∈ [10.56, 18.93], and large posi-
tive correlations. The estimated copulas of MKT and MOM has a noticeably
lower degree of freedom, ν ∈ [2.81, 5.63], than the estimated six dimensional
copulas. One should also note that correlation for the estimated copula of
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SMB HML CMA RMW MOM

MKT -0.6761 0.5934 0.0723 -0.4191 -0.0152
SMB 1 -0.4297 -0.0188 0.2848 0.0643
HML - 1 0.3378 -0.7519 -0.2233
CMA - - 1 -0.4005 0.0090
RMW - - - 1 0.2484

t copula Gaussian copula
ν 6.36
log-likelihood 1,542 1,368

Table 4.15: Results for the six-dimensional copula in training period 1.

SMB HML CMA RMW MOM

MKT -0.6628 0.4320 0.0267 -0.3336 -0.2070
SMB 1 -0.3028 -0.0129 0.2213 0.1722
HML - 1 0.4393 -0.7945 -0.4706
CMA - - 1 -0.4159 -0.0446
RMW - - - 1 0.3533

t copula Gaussian copula
ν 6.19
log-likelihood 1,656 1,484

Table 4.16: Results for the six-dimensional copula in training period 3.

MKT and MOM is quite unstable, varying between ρ ∈ [−0.2070, 0.0256].

4.2.2 Dynamic Estimation of VaR
As in the univariate modelling of section 4.1, the joint distributions created by
the estimated Gaussian and t copulas were used to estimate the one-day ahead
VaR in the one year long testing periods, and these predictions were again
backtested for correct unconditional coverage and exponentially distributed
durations between exceedances. The portfolios consideredwere equallyweighted
(1/N ) portfolios that were refitted once a week (every 5 days). A histori-
cal simulation (HS) model based on the empirical distribution of the past two
years was again used for comparison.



CHAPTER 4. RESULTS 53

SMB HML CMA RMW MOM

MKT -0.5087 0.2514 0.1630 -0.1525 0.0256
SMB 1 -0.1672 -0.1211 0.1081 0.0320
HML - 1 0.6890 -0.8031 -0.1554
CMA - - 1 -0.6369 0.0222
RMW - - - 1 0.1082

t copula Gaussian copula
ν 7.20
log-likelihood 1,507 1,366

Table 4.17: Results for the six-dimensional copula in training period 5.

Period 1 Period 3 Period 5

Copula t Gaussian t Gaussian t Gaussian
ν 9.75 8.68 207
log-likelihood 393 384 372 359 7.32 194

Table 4.18: Results for the bivariate copulas for MKT and SMB.

The percentage of realized exceedances of the predicted VaR at level p =

0.05 for the full six factor portfolio are presented in Table 4.21. As in the uni-
variate case, a 95% confidence interval for the number of exceedances given
a correct coverage (p = 0.05) is 2.55%-7.45% for periods 1 ,2 , 4, and 5. The
corresponding interval for period 3 is 2.54%-7.46%, and for the entire five
years of testing periods the interval is 3.86%-6.14%.

Using these intervals, correct unconditional coverage in Table 4.21 is re-
jected in periods 2, 3, and 5 for the joint distributions formed using the t and
Gaussian copulas. Perhaps quite surprisingly, correct unconditional coverage

Period 1 Period 3 Period 5

Copula t Gaussian t Gaussian t Gaussian
ν 10.59 10.56 18.93
log-likelihood 273 265 138 131 45 43

Table 4.19: Results for the bivariate copulas for MKT and HML.
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Period 1 Period 3 Period 5

Copula t Gaussian t Gaussian t Gaussian
ν 2.81 3.32 5.63
log-likelihood 57 <1 73 30 20 <1

Table 4.20: Results for the bivariate copulas for MKT and MOM.

cannot be rejected for the HS model. However, all three modelling approaches
fail to achieve exponentially distributed durations between exceedances, as
H0 : b = 1 of a fitted Weibull distribution is rejected at the α = 0.05 level.
For both the Gaussian and t copulas, the maximum likelihood estimated b of
a Weibull distribution fitted to the durations is equal to b̂ = 0.78. For the HS
model the corresponding value is b̂ = 0.80. As explained in section 2.2.6, an
estimation were b̂ < 1 indicates that the exceedances are clustered.

Another result in Table 4.21 that might come as a surprise is that in testing
period 3 the realized number of exceedances is higher for the VaR estimated
with the t copula than the VaR estimated with the Gaussian copula. Consid-
ering that the t copula has tail dependence, whereas the Gaussian copula does
not, this can seem quite odd. However, to highlight the differences between the
Gaussian and t copulas one has to look further into the extremes of the left tail.
Thus for the three bivariate joint distributions, the VaR at level p = 0.01 was
also considered. However, due to the limited number of realized exceedances
with such a low value of p, no attempt was made to perform any statistical test
on these exceedances.

The backtesting results for the VaR predictions for a portfolio of the MKT
and SMB factors are presented in Table 4.22. Here the exceedances of the
VaR at level p = 0.05 implied by the Gaussian and t copulas are equal, and
correct coverage cannot be rejected in any period. Furthermore, exponentially
distributed durations (b̂ = 1) cannot be rejected for these exceedances either.
The historical simulation approach fared worse, with correct unconditional
coverage rejected in period 2 and 3, and exponentially distributed between ex-
ceedances rejected with a maximum likelihood estimated b̂ = 0.70, indicating
clustered exceedances.

Similar results were obtained for the equally weighted two-factor portfolio
of the MKT and HML factors. Here the realized exceedances of the VaR at
level p = 0.05 are again equal for theGaussian and t copulas. However, correct
unconditional coverage is rejected in period 3. For the HS approach, correct
unconditional coverage is rejected in period 2 and 3. The likelihood ratio test
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P1 P2 P3 P4 P5 Total

t 3.45% 2.30% 8.85% 7.28% 1.15% 4.60%
Gaussian 3.45% 2.30% 8.46% 7.28% 1.15% 4.52%
HS 4.60% 5.75% 3.85% 5.75% 3.45% 4.68%

Table 4.21: Results for the portfolio of all six factors. Percentage of ex-
ceedances of the daily forecasted VaR0.05 in test data.

again fails to reject exponentially distributed durations between exceedances
for the VaR estimations from both copulas. For the HS model, exponentially
distributed durations is rejected with a maximum likelihood estimated b̂ =

0.75. This again indicates that the estimations of the VaR using HS leads to
clustered exceedances.

For the portfolio of the MKT and MOM factors, the results in Table 4.24
leads to correct unconditional coverage being rejected in period 5 for both cop-
ulas. However, the duration test again fails to reject independent exceedances
for the results from both copulas. The HS modelling approach again fares
worse, with rejection of correct unconditional coverage in period 2 and 3, and
rejection of exponentially distributed durations, with a maximum likelihood
estimated b̂ = 0.72.

For the exceedances of the predictedVaR at level p = 0.01 for all three two-
factor portfolios in Tables 4.22-4.24, one should note that the use of a t copula
always yields the same number or fewer realized exceedances as the Gaussian
copula. This is an expected results since the t copula models tail dependence
in the joint distributions of the factors, whereas the Gaussian copula does not.
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P1 P2 P3 P4 P5 Total

p = 0.05

t 3.45% 4.98% 3.46% 5.36% 7.28 % 4.91%
Gaussian 3.45% 4.98% 3.46% 5.36% 7.28% 4.91%
HS 7.28% 7.66% 0.38% 6.13% 6.90% 5.67%

p = 0.01

t 0.00% 1.15% 0.00% 2.30% 1.15% 0.92%
Gaussian 0.38% 1.15% 0.00% 2.30% 1.15% 1.00%
HS 0.38% 3.83% 0.00% 0.38% 2.30% 1.38%

Table 4.22: Results for the portfolio of MKT and SMB. Percentage of ex-
ceedances of the daily forecasted VaRp in test data.

P1 P2 P3 P4 P5 Total

p = 0.05

t 3.07% 4.98% 1.15% 3.07% 4.98% 3.45%
Gaussian 3.07% 4.98% 1.15% 3.07% 4.98% 3.45%
HS 6.51% 9.96% 0.38% 4.60% 6.90% 5.67%

p = 0.01

t 0.38% 0.38% 0.00% 0.38% 0.38% 0.31%
Gaussian 0.38% 1.15% 0.00% 0.38% 0.77% 0.54%
HS 1.92% 3.07% 0.00% 1.15% 1.53% 1.53%

Table 4.23: Results for the portfolio of MKT and HML. Percentage of ex-
ceedances of the daily forecasted VaRp in test data.
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P1 P2 P3 P4 P5 Total

p = 0.05

t 3.45% 4.21% 5.77% 6.13% 2.30 % 4.37%
Gaussian 3.45% 4.21% 5.38% 6.13% 1.53 % 4.14 %
HS 6.13% 8.05% 0.77% 6.51% 4.21% 5.14%

p = 0.01

t 0.00% 0.38% 0.00% 1.92% 0.38% 0.54%
Gaussian 0.00% 0.77% 0.00% 2.30% 0.38% 0.69 %
HS 0.38% 4.21% 0.00% 1.92% 0.38% 1.38%

Table 4.24: Results for the portfolio of MKT and MOM. Percentage of ex-
ceedances of the daily forecasted VaRp in testing data.



Chapter 5

Discussion

The results of this thesis project presented in Chapter 4 are promising. It is
clear from the univariate modelling results that the distributional dynamics of
the daily log-returns of the six factors considered are well approximated as
ARMA-NGARCH processes with skewed t distributed driving noise. More-
over, the joint distributions formed by copula-based modelling of vectors of
the driving noise for several univariate processes has the benefit of preserv-
ing these favorable univariate ARMA-NGARCH processes while introducing
dependence in the factor log-returns.

5.1 Factor Dynamics
The results when implementing the univariate ARMA-NGARCH models to
estimate the one-day ahead VaR are among the most positive of any results in
this thesis. It is clear that the ARMA-NGARCH models give VaR predictions
that are vastly more accurate than the predictions of a historical simulation
approach where one uses the empirical distribution of log-returns. The VaR
predictions of the ARMA-NGARCHmodels fares better in statistical backtest-
ing of both the unconditional coverage and the memory-less durations between
exceedances.

This implies that the parametric models formed from ARMA-NGARCH
processes with skewed t distributed driving noise, which can model autocor-
relation and conditional heteroscedasticity, leads to a greater goodness-of-fit
to daily factor log-returns than what can be achieved by a more simplistic ap-
proach based on the empirical distribution. These findings motivate the use of
such complex parametric models.

Furthermore, the daily log-returns of the MKT factor and the SMB factor

58
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have distributional dynamics that are seemingly rather stable. For both these
factors, the parameter η that controls leverage-type effects is significant in all
five periods of training data. The MKT factor has a positive η which indicates
a leverage effect where negative outcomes increases variability more than pos-
itive outcomes of a similar size. This is the classic leverage effect that has been
reported for the MKT factor in U.S. market data [6] and has been studied in
other markets as well [48]. The leverage effect in the SMB factor is of oppo-
site nature, and since the SMB factor depends on both long and short equity
positions, the interpretation of this opposite leverage effect is less clear. It is
however interesting that in [6] no such opposite leverage effect for the SMB
factor was found in U.S. market data. Moreover, in [6] evidence of such an op-
posite leverage effect was found for the distributional dynamics of the MOM
factor, while in this study the models for the MOM factor only have positive
η, several of which are significant, indicating an ordinary leverage effect.

However, even if the distributional dynamics of the MKT and SMB fac-
tors are rather stable, the stability of the univariate models is one of the key
issues in this study. For several of the factors, the model selection procedure
based on BIC gives different model specifications for different periods. Fur-
thermore, when comparing the estimated values of parameters for the same
factor in different training periods, it is clear that they can be very different.
This can of course partly be explained by estimation error. However, it would
be unreasonable to believe that the exact parameter values should be constant
over any longer period.

Thus, an interesting pursuit for future research would be to extend the
analysis of this thesis by also considering methods for the detection of pa-
rameter instability in the ARMA-NGARCH processes that approximate the
log-returns. Such methods could include statistical means of detecting pa-
rameter changes, or dynamical modelling approaches that update models in
a more dynamic way than a once a year refitting based on the previous five
years as was done in this thesis. Considering external variables to model gen-
eral changes in market conditions is also a potential way of ensuring that the
ARMA-NGARCH models used do not become obsolete.

The possible faults in the model specification and model selection pro-
cedure used in this thesis should also be noted. Firstly, in the specification
of ARMA-NGARCH processes as approximating models of the factor log-
returns, the order of themean-modellingARMA-model was limited to (p, q) =

{0, 1, 2}2. This of course introduces a bias which might be unfavorable. The
specification of a NGARCH process to model the conditional variance in fac-
tor log-returns is also a possible shortcoming in this study. The results for the
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MKT and SMB factor indicate that it is important to use a GARCH-typemodel
that allows for leverage effects. However, there are many other such GARCH
models besides the NGARCH, and a comprehensive study of their properties
and the properties of the factor log-returns is needed in order to determine
which model is best suited for each factor in each training period. Further-
more, there is a possibility that some other model selection criteria than BIC,
which was used in this thesis, would have been better.

The theoretical result that QMLE parameters are asymptotically normal
as presented in section 2.2.2 and used in section 4.1.2 to calculate signifi-
cance levels and standard deviations for the estimated univariate models, is
interesting from a theoretical perspective, but in the applied setting of this
thesis there is a risk that these strong theoretical results are misinterpreted.
Firstly, this theoretical result is only valid if the data used is generated by a
true ARMA-GARCH process. In reality, the data sets used in this thesis are
at best only approximately ARMA-GARCH processes. Furthermore, even if
one used a data set that was generated by a true ARMA-GARCH process,
the asymptotically normality of QMLE parameters is only valid if the model
one is estimating is correctly specified. If, for example, the data comes from
an AR(2)-NGARCH(1, 1) process and one wrongfully assumes some other
model specification, then the asymptotic results presented in section 2.2.2 are
no longer valid. It is thus very important to only view the significance levels
and standard deviations presented in section 4.1.2 as approximate results. Any
further analysis of the theoretical validity of these types of QMLE results are
beyond the scope of this thesis, but constitutes an interesting pursuit for future
research.

Finally, it should also be noted that the parameter estimation when fitting
a GARCH process to data is a difficult nonlinear optimization problem that is
solved numerically. In order to mitigate the risk of finding parameter vectors
that are only local maxima, several complex solving algorithms with random-
ized starting values were implemented. However, even if great care was taken
when performing the numerical optimizations, the complex nature of these op-
timization problems cannot not be ignored. There is thus a possibility that the
use of other solving algorithms would give some parameter estimations that
differ from the ones reported in this thesis.

5.2 Factor Dependence
The multivariate modelling based on the use of copulas to connect the driving
noise terms of univariate models proved to be an easily implemented and flex-



CHAPTER 5. DISCUSSION 61

ible augmentation of the ARMA-NGARCH modelling, and has yielded some
interesting results in this thesis. The most positive results are those of the bi-
variate joint distributions created for the factor pairs MKT and SMB, MKT
and HML, and MKT and MOM. The joint distributions created for these pairs
gave VaR predictions that outperformed the corresponding predictions by the
historical simulation approach, i.e. just as in the univariate case the parametric
models gave better results than themodels based on the empirical distributions.
Backtesting of the VaR predictions could not reject memory-less durations be-
tween exceedances for any of the bivariate copula models. For the correspond-
ing VaR predictions based on historical simulation, memory-less durations be-
tween exceedances was rejected and evidence of clustered exceedances found
in all three cases. Furthermore, the unconditional exceedance coverage was
also better for the copula-based models.

However, the problem of model stability, which was also discussed in the
previous section in the context of the univariate models, became even more
evident in the multivariate modelling. The correlations between the factors
was particularly unstable and it is clear that if one wants to model the joint
distributions of these factors well, there is a need to implement modelling
methods that allow for a more dynamical dependence than a yearly updated
five-year rolling-window approach. One possible such method is the dynami-
cal conditional correlation (DCC) model of [30], which was implemented in
[6] the modelling of factor log-returns dependence in the U.S. market. The
non-constant correlations between the factor log-returns is probably partly ex-
plained by changing correlations between the underlying factors, and partly
explained by the fact that the portfolios that are used to proxy the factors are
constructed yearly and can thus change composition once a year.

The unstable correlations between factor log-returns might explain the
poor VaR predictions of the full six-dimensional copulas in this thesis. Fur-
thermore, since the historical simulation approach uses a daily updated two-
year rolling window approach, and thus only uses data from the past two years,
the good unconditional coverage of the VaR prediction of the historical simu-
lation model in Table 4.21 might be explained by this method being better at
capturing dynamic correlation.

Another interesting result in this thesis is that there appears to exist a wide
range of different types of dependencies between the factors in the data used.
This is made evident by the differences in the estimated degrees of freedom,
ν, for the bivariate copulas. For the copula for the joint distribution of the
MKT and HML factors, the estimated ν in training periods 1, 3, and 5 lies
between 10.56 and 18.93, whereas the corresponding ν for the copula for the
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joint distribution of the MKT and MOM factors lies between 2.81 and 5.63.
As ν controls tail dependence in a bivariate t copula, where a smaller ν gives
a larger tail dependence, this suggests that MKT and MOM has a stronger tail
dependence than MKT and HML.

Since the only copulas considered in this thesis were the Gaussian and t
copulas, the possibility of asymmetric tail dependence in the factors has not
been examined. This is a weakness of this study considering that both [6] and
[7] use a skewed t copula when modelling the joint distribution of factor log-
returns in the U.S. market to allow for asymmetric dependencies. Both these
studies also conclude that there are asymmetric dependencies in the U.S. factor
log-returns. A possible improvement of the analysis in the present thesis would
therefore be to investigate the possible asymmetries in the tail dependencies of
the factors, and to implement other copulas besides the Gaussian and t copula.
Another interesting subject for future research would also be to consider the
dependence between factors as dynamic, not only in correlation as mentioned
previously, but also in the strength of tail dependence.

The evidence in this thesis of different levels of tail dependence in dif-
ferent pairs of factors has important implications for the modelling of joint
distributions of factor log-returns. If one uses only one t copula to model the
joint distribution of several (> 2) factor log-returns with different pair-wise
dependence structure, then a poor model fit will likely be the result. This sug-
gests that in future research it might be beneficial to implement pair-copula
constructions when modelling the joint distributions of more than two factor
log-returns.
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Conclusions

The results of the univariate analysis in section 4.1 indicate that there is auto-
correlation and conditional heteroscedasticity in the daily factor log-returns.
The use of ARMA-NGARCH processes proved useful in the modelling of
these log-returns, and it was found that the driving noise sequences of these
estimated processes were almost always closer to a skewed t distribution than
a normal distribution. It was shown that in two of the factors clear leverage-
type effects were present. In the MKT factor this leverage effect was of the tra-
ditional type, were large negative outcomes increase the variability in future
log-returns more than positive outcomes of similar size. For the SMB fac-
tor, an opposite leverage effect was present, in which large positive outcomes
increase the variability in future log-returns more than negative outcomes of
similar size. The dynamics of these two factors were also the most stable of the
six factors. The stability of the estimated models of the log-returns was found
to be the most problematic element of the modelling procedure. The results
suggest that the parameters of the ARMA-NGARCH models that describe the
factor log-returns are not stable. The detection of changes in these parameters
is an interesting topic for future research.

The application of the fitted univariate ARMA-NGARCH processes to es-
timate VaR proved to be very rewarding and clearly outperformed the more
simplistic modelling approach of using the empirical distributions of the log-
returns. This is possibly the most decisive result of this thesis, as it motivates
the use of more complex models and indicate that the fitted ARMA-NGARCH
models provide a good approximation of the factor log-returns.

The results of the multivariate analysis in section 4.2 are more indecisive
than the corresponding results in section 4.1. The copula-based approach were
driving noise sequences of ARMA-NGARCH processes are made dependent
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is evidently a very flexible and intuitive way of forming joint distributions
of factor log-returns. The importance of modelling the dependence between
factors is highlighted by the fact that many of the correlations between the
factors were found to be very large. Furthermore, the results of the modelling
of the bivariate joint distribution indicate that at least the MKT and MOM
factors have fairly strong tail dependence.

The results for the three bivariate joint distributions of factor log-returns
analysed in this thesis are promising. The models formed for these joint distri-
bution gaveVaR predictions that outperformed predictions based on the empir-
ical distributions of log-returns. This again motivates the use of the complex
models developed in this thesis.

However, the joint distribution of factor log-returns seems to be quite dy-
namic. This is evident in the large fluctuation in some of the correlations be-
tween factors. The unstable correlations between the factors is not surprising,
as dynamics correlations in financial data and models for such varying depen-
dence structures are well-studied [30] [33]. Furthermore, in previous studies
of factor dynamics in the U.S. market, models for dynamic correlation are used
[6] [7].

An important result of the copula modelling in this thesis is that the level
of tail dependence seems to differ greatly between different pairs of factors.
The bivariate t copulas estimated for the joint distribution of the MKT and
MOM factors has degree of freedom ν ∈ [2.81, 5.63]. The corresponding
parameter for the t copulas for the MKT and HML factors is much higher,
ν ∈ [10.56, 18.93]. As the degrees of freedom ν controls the level of tail de-
pendence in a t copula, with a lower ν increasing the tail dependence, this
indicates that the MKT factor has different levels of tail dependence with dif-
ferent factors. This implies that in the modelling of the joint distribution of
several factors it might be beneficial to use pair-copula constructions as de-
scribed in [54], rather than a large-dimensional copula.
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