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Abstract

Multiscale modeling and simulation is a powerful approach for studying
such phenomena in nature as learning and memory. In computational neuro-
science, historically, methods and tools for neuronal modeling and simulations
have been developed for studies focused on a single level of the neuronal or-
ganization. Once the community realized that the interaction of multiple
systems acting at different temporal and spatial scales can lead to emerging
properties of the phenomena under study, the interest in and need for models
encompassing processes acting at multiple scales of time and space increased.
Such models are called multiscale models.

Multiscale modeling and simulation can be achieved in different ways. One
of the possible solutions is to use an already existing foundation of formalisms
and methods, and couple existing numerical algorithms and models during a
simulation in a co-simulation, i.e. a joint simulation of subsystems. However,
there are several obstacles on the way. First, a lack of interoperability of sim-
ulation environments makes it non-trivial to couple existing models in a single
environment that supports multiscale simulation. Second, there is a decision
to make regarding which variables to communicate between subsystems. The
communication signal has a significant impact on the behavior of the whole
multiscale system. Last but not least, an absence of a theory or general ap-
proach for the numerical coupling of existing mathematical formalisms makes
the coupling of the numerical solvers a challenging task.

The main contribution of this thesis is a numerical framework for mul-
tiscale co-simulation of electrical and chemical systems in neuroscience. A
multiscale model that integrates a subcellular signaling system with the elec-
trical activity of the neuron was developed. The thesis emphasizes the impor-
tance of numerically correct and efficient coupling of the systems of interest.
Two coupling algorithms, named singlerate and multirate, differ in the rate of
communication between the coupling subsystems, were proposed in the thesis.
The algorithms, as well as test cases, were implemented in the MATLAB®
environment. MATLAB was used to validate the accuracy and efficiency of
the algorithms. Both algorithms showed an expected second order accuracy
with the simulated electrical-chemical system. The guaranteed accuracy in
the singlerate algorithm can be used as a trade-off for efficiency in the multi-
rate algorithm. Thus, both algorithms can find its application in the proposed
numerical framework for multiscale co-simulations. The framework exposes a
modular organization with natural interfaces and could be used as a basis for
the development of a generic tool for multiscale co-simulations.

The thesis also presents an implementation of a new numerical method
in the NEURON simulation environment, with benchmarks. The method
can replace the standard discretization schema for the Hodgkin-Huxley type
models. It can be beneficial in a co-simulation of large models where the
Jacobian evaluation of the whole system becomes a very expensive operation.

Finally, the thesis describes an extension of the MUlti-SImulation Coordi-
nator tool (MUSIC). MUSIC is a library that is mainly used for co-simulations
of spiking neural networks on a cluster. A series of important developments
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was done in MUSIC as the first step towards multiscale co-simulations. First,
a new algorithm and an improvement of the existing parallel communica-
tion algorithms were implemented as described in the thesis. Then, a new
communication scheduling algorithm was developed and implemented in the
MUSIC library and analyzed. The numerical framework presented in the
thesis could be implemented with MUSIC to allow efficient co-simulations of
electrical-chemical systems.



v

Sammanfattning

Multiskalmodellering och simulering är ett kraftfullt angreppssätt vid stu-
dier av sådana naturfenomen som inlärning och minne. Historiskt har metoder
och verktyg för nervcellsmodellering och simulering inom beräkningsneurobi-
ologin utvecklats för studier av en enskild nivå av neuronal arkitektur. När
man insåg att interaktion av flera system verkande på flera tidsmässiga och
rumsmässiga skalor kan leda till emergenta egenskaper hos de fenomen som
studeras ökade intresset för och behovet av modeller som spänner över pro-
cesser på flera tids- och rumsskalor.

Multiskalmodellering och simulering kan åstadkommas på flera sätt. En
möjlig lösning är att utnyttja en redan etablerad grund av formalismer och
metoder genom att sammankoppla existerande numeriska algoritmer och mo-
deller i en simulering till en co-simulering, dvs en gemensam simulering av
subsystem. Dock finns flera hinder för detta. För det första gör brist på inte-
roperabilitet hos simuleringsomgivningar att det är inte är trivialt att koppla
samman existerande modeller i en enda omgivning som stöder multiskalsimu-
lering. För det andra måste man besluta vilka variabler som ska kommuniceras
mellan subsystemen. Vilka signaler som kommuniceras har en signifikant ef-
fekt på beteendet hos det kompletta multiskalsystemet. Slutligen gör bristen
på en teori eller ett allmänt tillvägagångssätt för den numeriska kopplingen
av matematiska formalismer att sammankopplingen av numeriska lösare blir
en utmanande uppgift.

Huvudbidraget i denna avhandling är ett numeriskt ramverk för multiskal-
co-simulering av elektriska och kemiska system i neurovetenskap. En mul-
tiskalmodell som integrerar ett subcellulärt signalsystem med elektrisk akti-
vitet hos neuronet har utvecklats. Avhandlingen understryker vikten av nu-
merisk korrekt och effektiv sammankoppling av de aktuella systemen. Två
kopplingsalgoritmer, singlerate respektive multirate, som skiljer sig åt vad
gäller frekvensen av kommunikation mellan de sammankopplade subsystemen
presenteras i avhandlingen. Algoritmerna såväl som testfall implementerades
i MATLAB-omgivningen. MATLAB användes för att validera algoritmernas
noggrannhet och effektivitet. Bägge algoritmerna uppvisade en förväntad and-
ra gradens noggrannhet med det simulerade elektrokemiska systemet. Den ga-
ranterade noggrannheten i singlerate-algoritmen kan användas some en trade-
off för effektivitet i multirate-algoritmen. Således har bägge algoritmerna sin
användning i det föreslagna numeriska ramverket för multiskal-co-simulering.
Ramverket uppvisar en modulär organisation med naturliga gränssnitt och
kan användas som grund för utveckling av ett generellt verktyg för multiskal-
co-simuleringar.

Avhandlingen innefattar också en implementation av en ny numerisk me-
tod i simuleringsomgivningen NEURON samt benchmarks. Metoden kan er-
sätta standardschemat för diskretisering av Hodgkin-Huxley-modeller. Den
kan vara till nytta vid co-simulering av stora modeller där evalueringen av
Jakobianen för hela systemet kan vara en kostsam operation.

Slutligen beskriver avhandlingen en utvidgning av verktyget MUSIC (MUlti-
SImulation Coordinator). MUSIC är ett mjukvarubibliotek som huvudsakli-
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gen används för co-simulering av spikande neuronala nätverk i ett datorklus-
ter. En serie viktiga förbättringar av MUSIC genomfördes som ett första steg
mot multiskal-co-simulering. Först beskrivs och implementeras en ny algo-
ritm och förbättring av de parallella kommunikationsalgoritmerna i MUSIC-
biblioteket. Sedan utvecklas en ny schemaläggningsalgoritm för kommunika-
tion, implementeras i MUSIC-biblioteket och analyseras. Det numeriska ram-
verket som presenteras i denna avhandling kan implementeras med hjälp av
MUSIC för att åstadkomma effektiva co-simuleringar av elektrokemiska sy-
stem.



vii

Acknowledgements

I would like to thank my supervisors Prof. Jeanette Hellgren Kotaleski
and Mikael Djurfeldt who gave me the opportunity to do this PhD. Thank
you Jeanette for your enthusiastic attitude along the way. Thank you Mikael
for helping me to grow as a researcher, by shaping my thinking. The work
presented here was done in collaboration with Michael Hanke and Upinder
S. Bhalla. Thank you Michael for bringing me closer to mathematics and
helping me to address the challenges. Thank you Upinder for organizing
my stay and work in NCBS, excellent scientific environment, and interesting
courses. It was a great experience to spend my time as a PhD student at
several universities. Thanks to the Erasmus Mundus EuroSPIN programme
for making this possible.

I would like to thank Örjan Ekeberg for the time spent for problem solving
during the MUSIC tool extension work.

Warm thanks to my family members, including Lars, Alexander and Pe-
ter, Ralph and Marion, Maria and Kolt who supported me under various
circumstances during these years.

This research was supported by the European Union Seventh Frame-
work Programme (FP7/2007-2013) under grant agreement no 604102 (HBP),
the Horizon 2020 Framework Program under grant agreements 720270 and
785907 (Human Brain Project), the Swedish Research Council, NIAAA (grant
2R01AA016022), Swedish e-Science Research Center, and an Erasmus Mundus
Joint Doctoral program EuroSPIN.



Contents

Contents viii

List of Figures ix

List of Acronyms x

1 Introduction 1
1.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
1.2 Contributions of this thesis . . . . . . . . . . . . . . . . . . . . . . . 4
1.3 Papers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
1.4 Additional papers outside of the scope of this thesis . . . . . . . . . 5

2 Multiscale modeling in computational neuroscience 7
2.1 Basic terminology in neuroscience . . . . . . . . . . . . . . . . . . . . 8
2.2 Modeling in neuroscience . . . . . . . . . . . . . . . . . . . . . . . . 10
2.3 Multiscale modeling in neuroscience . . . . . . . . . . . . . . . . . . 16

3 Software infrastructure for multiscale modeling and simulations 19
3.1 Evolution of goals and interests . . . . . . . . . . . . . . . . . . . . . 20
3.2 Software architecture for multiscale modeling and simulations . . . . 20
3.3 MUlti-SImulation Coordinator MUSIC . . . . . . . . . . . . . . . . . 22

4 Numerical methods and algorithms for co-simulation of electrical-
chemical systems 25
4.1 Co-simulation of deterministic systems . . . . . . . . . . . . . . . . . 28
4.2 Discretization method for solving Hodgkin-Huxley (HH)-type systems 34

5 Extension of the MUlti-SImulation Coordinator (MUSIC) tool 43
5.1 Spike communication algorithms . . . . . . . . . . . . . . . . . . . . 46
5.2 Communication scheduling algorithm . . . . . . . . . . . . . . . . . . 48

6 Conclusions and Outlook 55

viii



Bibliography 59

List of Figures

1.2 Number of publications addressing multiscale modeling between 1995
and 2015 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

2.2 Neuron structure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
2.3 The shape of an action potential and conductance changes in neurons . 9
2.4 The steady state of a neuronal membrane . . . . . . . . . . . . . . . . . 10
2.5 Hierarchy of models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
2.6 Compartmental modeling . . . . . . . . . . . . . . . . . . . . . . . . . . 12
2.7 Classes of coupling methods . . . . . . . . . . . . . . . . . . . . . . . . . 17

3.2 Possible software architecture for multiscale modeling and simulations . 21
3.3 Communication through the MUSIC library . . . . . . . . . . . . . . . . 23

4.2 Numerical infrastructure for co-simulation . . . . . . . . . . . . . . . . . 33
4.3 Comparison of the discretization methods . . . . . . . . . . . . . . . . . 40
4.4 Asymmetric nature of the discretization method . . . . . . . . . . . . . 40
4.5 Comparison of the modhext solver implemented in NEURON with the

Backward Differential Formula (BDF) method . . . . . . . . . . . . . . 41
4.6 Comparison of the modhext solver with the BDF method simulating a

larger problem in NEURON . . . . . . . . . . . . . . . . . . . . . . . . . 41

5.2 Deadlock in communication . . . . . . . . . . . . . . . . . . . . . . . . . 44
5.3 Data delivery scheduling algorithm . . . . . . . . . . . . . . . . . . . . . 47
5.4 Incompatibility of the Complete Pairwise Exchange (CPEX) ordering

with Algorithm 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
5.5 The timeline of the communications between given applications . . . . . 51

ix



List of Acronyms

ANN Artificial Neural Network

API Application Programming Interface

BDF Backward Differential Formula

BDF2 second-order Backward Differential Formula

CPEX Complete Pairwise Exchange

GTE Global Truncation Error

HH Hodgkin-Huxley

IVP Initial Value Problem

LMM Linear Multistep Method

LTD long-term depression

LTE Local Truncation Error

LTP long-term potentiation

MPI Message Passing Interface

MS-FEM multiscale finite element method

MUSIC MUlti-SImulation Coordinator

ODE Ordinary differential equation

PDE Partial differential equation

RC resistor-capacitor



Chapter 1

Introduction

Figure 1.1: M.C. Escher – Print Gallery (1956)*

* Each chapter in this thesis is accompanied with the beautiful figures of the world’s
most famous artist M.C. Escher. These outstanding masterpieces have been chosen for
the reader to experience the complexity of both the expression of a single human brain

by means of amalgamation of art and science, and the perception of it.

1



2 CHAPTER 1. INTRODUCTION

The evolution of the vertebrate brain led to a spectacular development of cog-
nitive abilities such as perception, language, learning, and memory. Neuroscience
aims to understand cognitive abilities from a biological viewpoint while computa-
tional neuroscience, in particular, helps to hypothesize the function of its building
blocks or processes that act at different levels of complexity. This is done by de-
signing theories tailored to answer questions such as What are the quantitative
properties of a biochemical mechanism underlying the electrical activity of a single
neuron?. These theories are typically represented by computational models in the
form of a set of mathematical equations normally solvable with the help of the com-
putational machine. The field of computational neuroscience has been developed
not without contributions of such fundamental models from Hebb et al. 50 , Hodgkin
and Huxley 57 and Rall 84 (see 2.2 Hodgkin-Huxley model and 2.2 Compartmental
modeling). These models, in turn, share common ideas with the fields of artificial
intelligence and cybernetics, electrical networks and electrochemistry, and others.

The concept of multiscale modeling and simulation has its roots in the field
of solid mechanics59. There, multiscale modeling has been recognized as a useful
technology to perform an accurate analysis of complex large scale systems with-
out actually carrying out the field tests that were used for design verification and
system validation. The advent of distributed computing, the expansion of experi-
mental capabilities that admit multiple scales as well as settled associated fundings
facilitated a rapid growth of research that focuses on multiscale modeling. Fig-
ure 1.2 shows an increasing trend of publications devoted to multiscale modeling
since the end of the twentieth century in different fields of science.

Multiscale modeling is successfully used in meteorology for prediction of weather
and climate26, material science and engineering to study material properties and
processes under realistic parameters82, electrochemistry of batteries for energy con-
version and storage38, in studies of fluid flow through porous medium with the
homogenized macroscale approach used in different applications of biomedical en-
gineering25 and biology65.

In computational neuroscience, there is an increasing interest in multiscale mod-
eling that also is reflected in Figure 1.2. However, the research is hindered by the
lack of tools and reliable methods tailored for multiscale simulations12. This the-
sis contributes to the burgeoning concept of multiscale modeling and simulation
in computational neuroscience. Its main goal is to offer efficient methods for cou-
pling electrical-chemical systems that often span several orders of magnitude over
temporal and spatial scales.

To study the nervous system the analysis can be performed at many different
levels, from molecules to behavior, and there exist computational models at many
levels. It is the scientific question that defines the level at which the model has to be
constructed. For example, the Hodgkin-Huxley (HH) formalism is the most popular
technique for modeling channel types, and together with the cable equation allow to
study electrical activity in the neuron and signaling between them, respectively. To
study the molecular mechanisms that produce signaling at the subcellular level the
chemical kinetics are often used. Both formalisms allow to address a wide range
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Figure 1.2: The number of publications that are related to the multiscale modeling
published between 1995 and 2015 years in different fields of science. These numbers
are obtained from the two search engines: Web of Science and PubMed. The
fraction of the total number of publications found by Web of Science that belongs
to the field of neuroscience is emphasized by the distinct color.

of scientific questions in computational neuroscience. In particular, they include
studies of synaptic plasticity, short- and long-term changes in the nervous system
that play a crucial role in learning and memory.

Among the phenomena of synaptic plasticity there exists a tight interaction of
electrical and chemical processes in a neuron. For example, the application of a
stimulus can lead to an increase or decrease of the effictiveness of a synapse. This
is triggered by the biochemical processes at the subcellular level and, in turn, can
have a noticeable impact at the level of interconnected neurons. To study these phe-
nomena it is required to close the loop of these interactions. Several considerations
have to be made from the theoretical and practical perspectives. The intention
of the thesis is to raise the challenges specifically focusing on the theoretical and
practical parts with an ultimate goal of proposing an efficient solution for closing
the loop between the systems of interest.



4 CHAPTER 1. INTRODUCTION

1.1 Overview

Chapter 2 begins with the basic terminology used in neuroscience. It introduces
the concept of a model, a hierarchy of models and simulation. The fundamental
models such as Compartmental model, Hodgkin-Huxley (HH) model and Chemical
kinetics model are described in more detail in section 2.2. The chapter ends with
the introduction to the concept of a multiscale model and the classification of those.

Chapter 3 gives an overview of simulation frameworks. In particular, the soft-
ware infrastructure tailored for multiscale simulations is discussed. MUSIC, as a
promising candidate for multiscale co-simulations, is described in section 3.3. This
section serves an introduction to chapter 5 where an extension of the MUSIC tool
is presented.

Chapter 4 describes the building blocks of the numerical infrastructure for effi-
cient coupling of deterministic systems in a co-simulation (Paper I and Paper II).
This chapter also presents unpublished results from a preliminary implementation of
the new numerical discretization method specifically developed for co-simulations.

Chapter 5 discusses the MUSIC extension with the new algorithms for effi-
cient spike communication on a cluster (Paper III). It also presents unpublished
scheduling algorithm implemented in MUSIC for a deadlock free communication.

The thesis is concluded with an outlook describing main contributions. It raises
the discussion about future challenges in the multiscale modeling and simulation in
computational neuroscience.

1.2 Contributions of this thesis

• New coupling algorithms for electrical-chemical systems are developed and
presented in Paper I and Paper II.

• The design and implementation of a new numerically efficient communication
framework for co-simulations is proposed in Chapter 4.

• An implementation of a new numerical integration method in NEURON fol-
lowed by a discussion is presented in Chapter 4.

• A new communication scheduling algorithm is developed and implemented in
MUSIC (Chapter 5).

• An extension of MUSIC with new communication algorithms and benchmark-
ing results are presented in Paper III and Chapter 5

1.3 Papers

Two peer-reviewed papers and one manuscript are included in this thesis.
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• Paper I Brocke, E., Bhalla, U. S., Djurfeldt, M., Hellgren Kotaleski, J., and
Hanke, M. (2016). Efficient integration of coupled electrical-chemical systems
in multiscale neuronal simulations. Frontiers in computational neuroscience,
10:97
Contribution: I developed, implemented and analyzed the idea and algorithms
together with MH and wrote the paper.

• Paper II Brocke, E., Djurfeldt, M., Bhalla, U. S., Kotaleski, J. H., and Hanke,
M. (2017). Multirate method for co-simulation of electrical-chemical systems
in multiscale modeling. Journal of computational neuroscience, 42(3):245–256
Contribution: I conceived the idea together with UB, developed, implemented
the algorithm based on Paper I and wrote the paper.

• Paper III Brocke, E. and Djurfeldt, M. (2018). Efficient spike communication
in the music framework on a blue gene/q supercomputer. In Frontiers in
Neuroinformatics, [Manuscript]
Contribution: I developed and implemented the algorithms together with
MD. I designed and implemented the benchmarks. I wrote the paper.

1.4 Additional papers outside of the scope of this thesis

• Paper ii Brocke, E. and Djurfeldt, M. (2011). Efficient spike communication
in the music multi-simulation framework. BMC neuroscience, 12(1):P79
Contribution: I developed and implemented the algorithms together with
MD. I designed and implemented the benchmarks.

• Paper i Brandi, M., Brocke, E., Talukdar, H. A., Hanke, M., Bhalla, U. S.,
Kotaleski, J. H., and Djurfeldt, M. (2011). Connecting moose and neurord
through music: towards a communication framework for multi-scale modeling.
BMC neuroscience, 12(1):P77
Contribution: I helped with the development and implementation of the cou-
pling part.





Chapter 2

Multiscale modeling in
computational neuroscience

Figure 2.1: M.C. Escher – Fishes and Scales (1959)

In this chapter, I discuss multiscale modeling in neuroscience and the role of
electrical-chemical models in particular.

7
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CHAPTER 2. MULTISCALE MODELING IN COMPUTATIONAL

NEUROSCIENCE

2.1 Basic terminology in neuroscience

Neurons

Figure 2.2: Neuron structure. Adapted
from Figure 2-2 of Kandel et al. 63 .

Nerve cells or neurons are the main sig-
naling units in the nervous system. A
typical structure of a neuron is shown
in Figure 2.2. The nerve cell can be di-
vided into four regions: dendrites, cell
body, axon and terminals. The body
of the neuron is called soma. It gives
rise to dendrites and axon. Dendrites
typically serve the role of the signal re-
ceivers and integrators while the axon
conducts the signal to other neurons.
This signal is called action potential.
The action potential is a transient all-
or-none type nerve impulse initiated in
the place around axon hillock. Commu-
nicating neurons are called presynaptic
and postsynaptic. Communicating sites
are known as synapses. In the axono
dendritic connection between the neu-
rons (shown in Figure 2.2) synapses are
usually formed at the shaft or spine of a
dendrite. Dendritic spines contain sev-
eral sets of mechanisms influencing the
efficacy of a synapse.

The electrical nature of a neuron is
the basis for its signaling system. The
neuron’s membrane serves as a barrier
for positive and negative ions accumu-
lated on both sides of its surface. The
charge separation causes a difference
in electrical potential across the mem-
brane and is called membrane potential.
Membrane potential can be in either of
three states: resting, depolarized and hyperpolarized. These states are defined by
the current flow in and out of the cell. The current flow is governed by the special-
ized membrane-bound proteins ion channels and receptors. Activated by a signal
molecule receptors can either directly influence the average ion channel conduc-
tance or indirectly through activating a cascade of intracellular second messenger
signaling inside the cell that in turn triggers the ion or other biochemical changes.
Besides the receptor-ion channel activation method, ion channels can be sensitive
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just to specific events. For example, voltage gated channels are sensitive to the
changes in the membrane potential. When depolarization reaches a threshold, the
opening of the voltage-gated ion channels leads to the action potential shown in
Figure 2.3.

Action potential plays a key role in the signaling system. It serves the basis of
neuronal communication in the nervous system. First experiments of Hodgkin and
Katz 58 on a squid giant axon provided a hypothesis that it is the membrane perme-
ability to Na+ and K+ ions that shapes the action potential. Later, this hypothesis
was verified by Hodgkin and Huxley 57 who presented a complete description of the
ionic mechanisms underlying the action potential.

Figure 2.3: The shape of an action potential of a neuron and conductance changes,
respectively. A sharp increase in the membrane potential (depolarization) is fol-
lowed by a decrease towards the resting potential and afterhyperpolarization phase
when the membrane potential falls below the resting potential before it restores the
resting state. It is the opening of the Na+ channels followed by the opening of the
K+ channels that shape an action potential of a neuron. Adapted from Figure 9-10
of Kandel et al. 63 .

The membrane potential at rest is mainly defined by the outward movement
of K+ ions balanced by the inward movement of Na+ ions as shown in Figure 2.4.
These movements are determined by two forces, electrical and chemical (electro-
chemical driving force), and the ability of the membrane to conduct ions through
the open channels under this force.

The cell cytoplasm is rich in the number of molecules that are diffusing and
interacting through different chemical reactions. A specific sequence of these re-
actions that happens from the cause effect, such as calcium (Ca2+) release, to the
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NEUROSCIENCE

Figure 2.4: The steady state condition of a membrane where the net flux of charge
is zero. The sum of electrical potential difference across the membrane and the
concentration gradient defines the electrochemical driving force. Here, the conduc-
tance of the K+ channels is greater than of the Na+ channels. Then, a relatively
small net driving force for K+ ions drives a current equal and opposite to the Na+

current driven by the much larger net driving force for Na+ ions. Adapted from
Figure 6-4C of Kandel et al. 63 .

result effect, such as channel phosphorylation that changes the synaptic strength,
is known as an intracellular signaling pathway.

Modeling intracellular signaling pathways deserves a special place in computa-
tional neuroscience. The intracellular chemical reactions underlie such phenomena
as long-term potentiation (LTP) and long-term depression (LTD). Both long-term
depression (LTD) and long-term potentiation (LTP) are forms of plasticity that oc-
curs at excitatory synapses41 and is hypothesized to underlie the learning and mem-
ory mechanisms of the nervous system. Here, calcium molecules play a key role in
the signaling pathways modeling long-term changes in synaptic strength4,5,29,49,53.
It can act as a second messenger in the neuron initiating a certain cascade of
biochemical events that lead to receptor insertion in the membrane1 or receptor
phosphorylation10,68, thus changing the strength of a synapse.

2.2 Modeling in neuroscience

Model. A model is an abstract description of the reality of a system. "Abstract"
means that it often omits details that are not relevant to the purpose for which
the model is constructed but contains sufficient detail in order to be competent for
a required analysis. For example, in order to study the memory capacity during
associative learning, a simple phenomenological spiking neuronal model can be
sufficient. However, to study the time course of learning the choice of modeling
electrical and chemical dynamics at a synapse seems to be more natural.
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Figure 2.5: Hierarchy of models. Adapted
from Figure 1.3 of Sterratt et al. 97 .

Hierarchy of models. Macroscale
models usually address an abstract sys-
tem level question where the effects of
the detailed levels are replaced by some
constitutive relations. For instance, in
the neuronal network models synap-
tic strength between neurons is usually
represented by an abstract rule gov-
erning synaptic weight change, and the
connectivity between the neurons can
be derived from statistical and proba-
bilistic analysis that is constrained by
experimental data. These models can
address a wide range of scientific ques-
tions in neuroscience unless the ques-
tion becomes sensitive to the changes
on a microscale level.

Microscale level models exhibit
large complexity with many degrees of
freedom and lots of unknowns. These
models are used to study systems un-
der certain initial conditions and input
which is usually obtained experimen-
tally. The effects of macro scales are
considered statical during a simulation
or simply neglected.

Mathematical model. Mathemati-
cal models can be quite different in na-
ture. For example, in discrete-event
models the state of changes in a sys-
tem are calculated at discrete points in
time. In contrast, in the continuous
models, since an exact solution is usu-
ally not possible to obtain, the system
changes are calculated by their approx-
imations over time using small discrete-time steps during a simulation (see Numer-
ical Methods in Section 4).

Model simulation. To obtain a possible solution for the given model under cer-
tain constraints and inputs it is simulated on a computational machine. Simulations
are intended to exhibit the behavior of the system of interest.
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Compartmental modeling

Figure 2.6: Compartmental modeling. Adapted from Figure 4.1 of Sterratt et al. 97 .

In computational neuroscience the electrical structure of a neuron is typically
studied by using a compartmental modeling approach where the neuron is repre-
sented by a chain of small and basic geometric objects, such as cylinders, named
compartments (Figure 2.6). This allows each compartment to be treated isopo-
tential, that is when the membrane potential is constant along the compartment.
Then, electrical properties of a small patch of the membrane can be described by
an equivalent electrical circuit (known as resistor-capacitor (RC) circuit). Here,
the capacitor represents the membrane’s capability of storing and separating the
electric charge while the resistor and the battery plugged in parallel with the ca-
pacitor describes the conductance properties of the ion channels and concentration
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gradient, respectively. Using the Kirchhoff’s and Ohm’s laws the changes of the
membrane potential can be described by an Ordinary differential equation (ODE):

Cm
dV
dt = Em − V

Rm
+ Ie/a, (2.1)

where the term on the left-hand side is a capacitive current with the specific mem-
brane capacitance Cm. On the right-hand side, there is a sum of ionic currents
flowing through the resistor with the specific membrane resistance Rm (resistance
per area) and injected current Ie per area a of a patch of the membrane.

To model the membrane potential along a certain distance these individual RC
circuits can be connected together:

Cm
dVj
dt = Em − Vj

Rm
+ d

4Ra

(
Vj+1 − Vj

l2
+ Vj−1 − Vj

l2

)
+ Ie,j
πdl

, (2.2)

where the subscript j denotes the number of the compartment with the length l
and diameter d. The sum in the brackets describes the current flowing along the
axial resistance Ra into the neighboring compartments j − 1 and j + 1.

Compartmental modeling eases the calculations of the spatiotemporal evolution
of the membrane potential. It is widely used in computational neuroscience and
supported in neuronal simulation environments such as NEURON22 and GENE-
SIS13.

In general, membrane potential is a function of both time and distance. This re-
lationship is described by a cable equation that has the form of a Partial differential
equation (PDE):

Cm
∂V

∂t
= −

∑
k

Ik(x) + d

4Ra
∂2V

∂x2 + Ie(x)/πd, (2.3)

where the first term on the right-hand side is a sum of all ionic currents (see 2.2
Hodgkin-Huxley model).

Cable theory pioneered by Rall 84 provides a simple framework for studying the
spatiotemporal evolution of the membrane potential integrated with the synaptic
inputs. However, the model used in (2.3) is an approximation of the electrical
properties of the passive membrane. It is based on the assumption of a linear
I − V dependence that can be inappropriate for such ions as calcium (see the
Goldman-Hodgkin-Katz theory60). In addition, (2.3) is defined for a continuous
uniform cylinder of diameter d with the constant capacitance Cm, the membrane
Rm and axial Ra resistances. It does not take into account small-scale morphologi-
cal and electrical variations of the neuronal membrane. For example, Meunier and
d’Incamps 77 applied the method of homogenization to the cable equation to tackle
dendritic heterogeneities on a microscopic scale.
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Hodgkin-Huxley model

As soon as we began to think about molecular mechanisms it became
clear that the electrical data would by itself yield only very general
information about the class of system likely to be involved. So we
settled for the more pedestrian aim of finding a simple set of
mathematical equations that might plausibly represent the movement
of electrically charged gating particles. But even that was not easy...

A.L.HODGKIN

Hodgkin and Huxley were the first to describe the mechanisms underlying action
potential in the neuron Hodgkin and Huxley 57 . Their experiments were carried out
on a squid giant axon. An interplay between two types of active channels, sodium
and potassium, plays a major role in the shaping of the action potential as shown
in Figure 2.3. The model that describes the behavior of these channels is called
the Hodgkin-Huxley (HH) model and is widely used in compartmental modeling in
neuroscience. The model is based on the idea of an ion specific voltage-dependent
gates. Each gate is composed of multiple independent gate particles that can be
either in a closed or opened state. The transition of a gating particle between the
states can be described using the following chemical reaction:

C
βn(V)
αn(V) O, (2.4)

where C and O are the closed and opened states, respectively. αn and βn are voltage
dependent rate coefficients. A change of the probability of the gating particle n
being in an opened state over time can be described using the rate law:

dn
dt = αn(V )(1− n)− βn(V )n, (2.5)

Experiments conducted by Hodgkin and Huxley on a potassium current suggested
the following. First, there is a certain value of the conductance that is reached over
time for each hold potential. Second, that the best approximation of the potassium
conductance is given with four gating particles in a form:

gK = ḡKn
4, (2.6)

where ḡK is the maximum potassium conductance.
In contrast, sodium conductance is described by two types of gating particles,

activation m and inactivation h:

dm
dt = αm(V )(1−m)− βm(V )m,

dh
dt = αh(V )(1− h)− βh(V )h.

(2.7)
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Finally, under an assumption of the instantaneous linear I − V relationship the
ionic currents for the potassium IK and sodium INa channels can be defined using
Ohm’s law:

IK = ḡKn
4(V − EK),

INa = ḡNam
3h(V − ENa),

(2.8)

The HH model is a powerful technique to describe other types of channels as long
as assumptions and constraints of the model are accepted for a given study. One of
the assumptions of the HH formalism is that ionic concentrations remain constant
during the electrical activity. This is a reasonable assumption for potassium and
sodium species. However, the described formalism is less reasonable for models
that include calcium dynamics where a significant relative change of intracellular
to extracellular concentration can be observed.

Chemical kinetics model
Chemical kinetics models are usually applied to describe intracellular interactions
between molecules in terms of reactions. Under the assumption of having a well-
mixed system where the diffusion of species is much faster than reaction times the
binding reaction between molecule A and B that forms complex AB is described
by the equation:

A+B k+

k− AB (2.9)

If a well-mixed system is large enough where molecules are present in abundance
such that they interact solely by random collisions the rate of the concentration
change of the species can be described by the ODE:

d[A]
dt = d[B]

dt = −k+[A][B] + k−[AB],

d[AB]
dt = −k−[AB] + k+[A][B].

(2.10)

Another important class of reactions in chemical kinetics is enzymatic reac-
tions78:

E+S k+

k− ES kc

E+P, (2.11)

that includes two steps: the binding between the enzyme E and substrate S, and
the transformation of the substrate to the product P .

In some cases, it is required to capture a variation of the molecules in a modeling
volume. For instance, in the modeling of the calcium molecules, the concentration
that is more closed to the source may reach higher levels than in the other areas.
Then, it is possible to model a spatial distribution and movement of calcium through
diffusion. Diffusion equations and numerical solutions of those are beyond the scope
of this thesis.



16
CHAPTER 2. MULTISCALE MODELING IN COMPUTATIONAL

NEUROSCIENCE

The binding and enzymatic reactions together with the diffusion are the ba-
sic building elements for modeling complex intracellular signaling pathways. This
includes a description of the membrane-bound pumps, buffers and stores with com-
plex reactions involving more than two species and more than a single molecule of
a particular species10,11.

2.3 Multiscale modeling in neuroscience

Multiscale phenomena Different neural systems emerge from interactions across
multiple spatial and temporal scales. One example can be a system of action se-
lection in the model of reinforcement learning98. Here, multiple short-term effects
have to interact with long-term feedback where synaptic plasticity plays one of the
central roles.

Synaptic plasticity is the ability of the synapse to change its efficacy over time.
It is one of the most important neural mechanisms observed in a wide range of phe-
nomena in neuroscience such as learning and memory, cellular homeostasis, neural
development, neurodegeneration8. The biological reality of it is multi-physics mul-
tiscale in nature. It includes the interaction of electrical, chemical, structural and
mechanical events acting at many length- and timescales. For example, long-lasting
changes in synaptic efficacy are known to be affected by pre- and postsynaptic
electrical activity of neurons where the postsynaptic signaling plays an important
role.The postsynaptic signaling can be viewed from both electrical and chemical
perspectives. The electrical signaling has a spatial scope of the entire neuron while
chemical signaling usually acts on the scale of a synapse. Multiple timescales are
involved in the process of long-lasting synaptic changes and maintenance of the
latter. The timescale of the mediated signal (e.g. receptor activation, molecular
flux) is in the range of a millisecond while the long-term chemical processes span
from minutes to hours.

Few studies have closed an electrical-chemical loop in the context of synaptic
plasticity, recently Bhalla 7 , Mattioni and Le Novère 75 . For instance, Mattioni and
Le Novère 75 demonstrates a new multiscale model of the Medium Spiny Neuron
that addresses complex interactions between electrical channels and biochemical
networks. The study reveals visible changes in the voltage response of the spine to
the different stimulations protocols highlighting the role of the biochemical contri-
bution. In both studies, calcium is a key signaling molecule that triggers a range
of cellular cascades that mediate channel phosphorylation states and a number of
other membrane changes. Calcium transients in the region usually occur primar-
ily due to calcium fluxes through ion channels and their interaction with binding
molecules, such as pumps and buffers.

Multiple physical and mathematical formalisms Multiple physical laws can
be used to describe a system of interest. A transition of the physical law is often
viewed to be dependent on the temporal and spatial scale. However, different phys-
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(a) Hierarchical coupling.

(b) Concurrent coupling (co-simulation).

(c) Concurrent coupling (em-
bedded).

Figure 2.7: Classes of multiscale coupling methods. The arrows denote the flow of
information between the macro- and microscopic models. Figure inspired by Xu
et al. 104 .

ical laws are not necessarily applied to different levels of the neuronal description.
It is a change in the dominating physical effect of a system that causes a change
of the behavior and thus requires an application of different physical and mathe-
matical formalisms. For example, in small compartments, such species as calcium
may only be present as a few molecules. A standard deterministic approach that is
tailored to calculate a temporal evolution of the concentrations is then unreason-
able. In this case, the temporal and spatial course of individual molecules should be
taken into account and a stochastic nature of their interactions should be considered
instead43,44,99.

Coupling methods Coupling approaches for different models of interest can be
divided at least into two classes: hierarchical and concurrent 101,104.

In hierarchical methods (often referred to as sequential coupling , or serial) miss-
ing information for modeling a macroscopic level system is obtained using models
of successively microscopic levels (Figure 2.7a). The parameter passing between
the levels is typically unidirectional and limited to situations when only a few pa-
rameters are unknown. They are computationally the most efficient methods since
the strategy allows the models of different scales to be simulated independently.

In computational neuroscience, concurrent methods can be subdivided into two
subclasses distinguished by the level at which the coupling occurs30,67. The first
subclass covers models where the coupling is achieved on the conceptual level of
physical and mathematical formalisms (Figure 2.7c). For example, Madureira
et al. 74 proposes a multiscale method to address the heterogeneity in dendrites.
The method is using a multiscale finite element method (MS-FEM) theory applied
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to the cable equation (2.3). The result is a fully decoupled numerical system that
is able to capture the local physiological effects of the dendrites and at the same
time stays independent from the number of synapses. Another example is an E-
Field method presented in Hepburn et al. 51 . The method has been implemented
in the STEP simulation environment. The E-Field method allows calculating the
potentials at vertices of the simulated membrane mesh while coupling with the lo-
cal excitable effects such as voltage-dependent gating and stochastic gating channel
currents. The method could be used for whole-cell model simulations. However,
traditional cable-theory based model simulations remain more efficient given the
level of required details at this spatial scale.

Another subclass includes methods that address the coupling on the computa-
tional or behavioral level where the macroscopic models are simulated concurrently
with the microscopic models (Figure 2.7b). The main difference between these two
approaches is that, here, models are not fully coupled but are compatible only on
the domain of interest or a subset of variables and functions. These methods are
beneficial in the sense that the models can be developed and run in parallel by
different software simulation tools or co-simulated (see 3 Software infrastructure
for multiscale modeling and simulations). However, this approach poses additional
challenges for the method development such as how to address numerical artifacts,
accuracy and efficiency questions. Here, I will pursue this topic to a larger extent.
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Figure 3.1: M.C. Escher – House of Stairs (1951)
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3.1 Evolution of goals and interests

An increased interest in the development of neural simulation tools in the 80th can
be partially correlated with the revival of work in artificial intelligence. Moreover,
the rapid development of mathematics and mathematical formalisms accompanied
with easier access to the facilities of computational power that allowed to perform
neural simulations in a reasonable time encouraged scientists to develop new tools
for neural modeling and simulation92. Modeling methods and simulation tools were
usually developed for local laboratory purposes and were dedicated to solve only a
single class of problems69,73,93. Tool development was usually initiated either by
some phenomenological discovery or a growing interest in a specific scientific ques-
tion. For example, The NeoCortical Simulator was tailored to study the concept
of synaptic plasticity102, the NEST initiative allowed simulations of neuronal net-
works of biologically plausible size Diesmann and Gewaltig 32 , an early version of the
NEURON simulation environment exploited the cable theory with the HH kinetics
on a nerve cell with complex morphology and multiple ion channel types55. In addi-
tion, the complexity of the developed models asked for more sophisticated software
solutions with advanced numerics, support for parallel computations, for common
model description languages and user friendly interfaces28,54,64,94,103. General pur-
pose simulations applicable to neural networks had already been mentioned in 1989
by Sajda and Finkel 87 . Here, the capability of the NEXUS simulator to design hy-
brid neural networks in the context of object recognition systems is discussed. Such
systems would consist of the pre-processing and learning units represented by both
the biologically plausible and Artificial Neural Networks (ANNs), respectively, and
interconnected with each other.

At present, among the goals of the neural modeling and simulation is to achieve
a more complete understanding of yet incomprehensible phenomena90. Multiscale
modeling and simulations are of a special interest8. Beyond doubt, there is a need
to understand how the hierarchy of biological structures emerge to produce differ-
ent biological and physiological functions at different temporal and spatial scales.
For instance, this knowledge can help us to link a pharmacological research with
neurological diseases72. The development of new efficient computational methods
and tools based on the previously obtained expertise in the theory of mathemati-
cal modeling, numerical analysis and software engineering is becoming increasingly
important.

3.2 Software architecture for multiscale modeling and
simulations

A general software infrastructure for multiscale modeling and simulations should be
capable of distinguishing the following interacting abstractions: conceptual, mathe-
matical and computational30. The conceptual representation of a problem is usually
defined within a conceptual domain. The mathematical formalism, such as a system
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IAF module HH module

Molecular module

Services

(a) A framework architecture.

Molecular simulator

IAF simulator HH simulator

Coordinator

(b) A coordinator architecture.

Figure 3.2

of ODEs, dedicated to model the problem, belongs to a mathematical domain. To
solve the mathematical problem the computational method from a computational
domain is usually applied.

In computational neuroscience, most of the existing simulation environments
that encompass several physical laws and capable of multiple scale simulations are
the frameworks with a modular architecture6,35,76,86. One of the advantages is its
scalability, that is an extension of the functionality can be implemented by plugging
in an external component that supports an interface defined by the framework. A
simplified example of such a framework is shown in Figure 3.2a. This kind of
software architecture violates reusability of existing models unless implemented
support for a common model description language or other means of export and
import functionality (see 3.2 Interoperability of simulation tools and reusability of
models).

Multiscale simulations can also be implemented through an independent from
the simulation environments software that serves a function of the coordinator33,52,61.
The role of the coordinator is schematically shown in Figure 3.2b. The main dif-
ference between the framework and the coordinator is that the latter implements
co-simulation (simulator coupling, multi-simulation) allowing software tools to be
fully independent and do not require any implementation knowledge from each
other. From an implementation side, the framework usually provides communi-
cation services only for its modules. The coordinator interacts with the external
independent tools by means of its public programming interface.

In both framework and coordinator -type architectures multiscale simulations
should be done through a proper coupling of physical and mathematical formalisms.
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Frameworks may permit the coupling on either of the three levels of abstraction:
conceptual, mathematical or computational while co-simulations allow the coupling
on the computational domain (behavioral level in Kübler and Schiehlen 67). Here,
several algorithms and coupling methods developed specifically for multiscale sim-
ulations by means of a co-simulation will be pursued to a larger extent.

Interoperability of simulation tools and reusability of models

A neural simulator is a complex software that provides necessary tools to simu-
late typically a problem defined within a predefined physical and mathematical
domain22,32. Among these tools is a model description language that allows a sci-
entist to build and simulate the model in the simulator of interest. In course of
time, this led to a large number of sophisticated models tailored to run only in a
dedicated simulation environment.

A lack of interoperability between different simulation environments led to poor
reusability of the existing models. There are several solutions to this problem.
One of the non-trivial solutions is to develop a general purpose model description
language24,37,46. For instance, the usage of NeuroML45 facilitates model accessi-
bility and reproducibility of simulation results by allowing to describe the models
of neurons and networks with a certain degree of biological semantics. To ease the
reusability of the large-scale neuronal network models Raikov et al. 83 the NineML
language was developed. The models described by a common language can be eas-
ier integrated by a software designed for the automatic multiscale model definition.
Such models can also be exported and simulated in a general purpose simulation
environments such as JSim Butterworth et al. 20 . Beard et al. 3 used a similar work-
flow to simulate a cardiovascular system model and a multiscale model of vascular
blood flow regulation.

Another solution is to encourage a modeling expert to use a simulator-independent
language for building the model. Davison et al. 27 proposed a solution suitable for
the neuronal network modeling.

One of the main advantages of the coordinator type architecture is that it pro-
motes interoperability between existing tools as well as the reusability of the existing
models.

3.3 MUlti-SImulation Coordinator MUSIC

MUSIC is a lightweight software library that provides an Application Programming
Interface (API) for parallel software tools to communicate data during execution.
Each tool, or a simulator, typically uses different time steps and nontrivial data
allocation strategies between parallel processes. MUSIC takes care that a massive
amount of data will reach the right destination at the right time. MUSIC supports
event-based data, such as neuronal spikes, continuous values, such as membrane
currents and a message exchange36.
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MUSIC is built on top of Message Passing Interface (MPI) and uses its interface
for communication. Figure 3.3 illustrates a typical usage of the library where three
applications A,B and C are simultaneously running and exchanging data via the
MUSIC library.

Figure 3.3: Communication through the MUSIC library. Parallel Application A
produces data which is then used by parallel applications B and C. B and C are
mutually connected.

MUSIC has been successfully used in several practical applications. Cassagnes
et al. 23 presents a study of the saccadic system built from five different modules:
superior colliculus, brainstem integrator, visual input, oculomotor plant and visu-
alizer all interconnected through the MUSIC interface.100 presents a toolchain to
study a closed-loop scenario between the neural network simulators and robotics
where the former implements MUSIC interface.
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Figure 4.1: M.C. Escher – Magic Mirror (1946)

This chapter presents coupling algorithms and an integration method devel-
oped specifically for co-simulation of electrical-chemical systems in neuroscience.
The first section covers the material presented in Paper I and Paper II. The
section ends with a proposal of the co-simulation infrastructure and a discussion on
the matter. The last section presents an implementation of the new numerical dis-
cretization method favorable for co-simulations as well as its benchmarking results
in the NEURON simulation environment.
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Terminology

Ordinary differential equation (ODE) for a time dependent problem is a mathe-
matical equation that relates some function of time with its derivatives. (4.1) is
called an explicit ODE of order n.

y(n) = F (t, y, y′, . . . , y(n−1)) (4.1)

The HH type models as well as some Markov models, the chemical kinetic model,
all are given by a set of coupled ODEs (see 2.2 Hodgkin-Huxley model and 2.2
Chemical kinetics model).

Initial Value Problem (IVP) for a time-dependent ODE takes the form:

y′(t) = f(t, y(t)) for t > t0 (4.2)

with initial value y(t0) = y0.

Numerical methods. A purpose of the numerical method is to compute approxima-
tions y1, y2, . . . satisfying

yn ≈ y(tn) (4.3)

given initial value y0. The subscripts denote the time step index.

In other words, for a given function and time, approximate the derivative of that
function using information from already computed times. One of the easiest ways
to approximate a solution at time tn+1 is to use the Forward Euler method:

yn+1 = yn + hf(tn, yn), (4.4)

where h is a size of the time step.

Linear Multistep Methods (LMMs) A class of methods defined as:

r∑
j=0

αjyn+j = h

r∑
j=0

βjf(tn+j , y
n+j), (4.5)

where yn+r is computed using the previous values yn+r−1, yn+r−2, . . . , yn.

Backward Differential Formula (BDF) is a family of linear multistep methods.
These methods are specially used for stiff ODEs. On an equidistant grid the second-
order Backward Differential Formula (BDF2) formula has the form:

2
3yn+1 − 2yn + 1

2yn−1 = hfn+1(tn+1, yn+1) (4.6)
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On a non-uniform grid the BDF2 method can be formulated as:

yn+1 = α1yn + α2yn−1 + βhn+1f(tn+1, yn+1) (4.7)

where

γn+1 = hn+1/hn (4.8)
α1 = 1− α2 (4.9)
α2 = −γ2

n+1/(2γn+1 + 1) (4.10)
β = (γn+1 + 1)/(2γn+1 + 1) (4.11)

Stiff ODE. LeVeque 70 defines stiffness in the context of a perturbation of the
smooth and slowly varying solution in the presence of the nearby solution curves
that are much more rapidly varying. Then, a slight perturbation of the former solu-
tion normally results in a transient response that moves it back towards the smooth
one. Stiffness leads to computational difficulties in many practical problems if the
numerical method does not handle the rapid transients accordingly. In particular,
the difficulty arises from the fact that the numerical methods may not be absolute
stable unless the time step is small enough relative to the time scale of the rapid
transient caused by an error. Thus, for stiff problems the time step is defined by
the requirement for stability rather than accuracy even though the true solution is
smooth and a reasonably large time step would seem appropriate.

Local Truncation Error (LTE) and Global Truncation Error (GTE) of the numer-
ical method define the quantity of the error caused by one step and by many steps,
respectively.

Since it is not clear that the global error will have the same behavior as the local
error some form of stability is required such that the global error will exhibit the
same rate of convergence as the local truncation error.

The Forward Euler method is a first-order numerical method, which means that
the global error is proportional to the step size of discretization h.

Convergence. A numerical method is convergent on an Initial Value Problem (IVP)
when:

lim
h→0
Nh=T

yN = y(T ), (4.12)

for a time T > 0. In other words, if Global Truncation Error (GTE) goes to zero as
the step size h goes to zero the numerical method is convergent. For a method to
be convergent, it must be consistent, that is that the Local Truncation Error (LTE)
goes to zero as the step size h goes to zero, and zero-stable.
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Zero-stability defines the relation between LTE and GTE. If the global error can
be bounded in terms of the sum of all LTEs and hence has the same asymptotic
behavior as the LTE as h→ 0 the method is called zero-stable.

Absolute stability. Zero-stability is defined for h→ 0. However, what happens on a
grid with h > 0 that is usually used in practice? How reasonable an approximation
can be? The notion of absolute stability is used.

Given a test problem:
y′(t) = λy(t), where λ < 0. (4.13)

Solution to this equation is y(t) = y0e
λt.

Applying Euler’s method to the problem gives:

yn+1 = (1 + hλ)yn = (1 + hλ)n+1y0 (4.14)

Then, Euler’s method is said to be absolute stable or A-stable when |1 + hλ| ≤ 1.

The study of absolute stability usually yields information about an appropriate
time step. Euler method is A-stable on the interval −2 ≤ hλ ≤ 0.

4.1 Co-simulation of deterministic systems

Modeling and simulation of complex systems take advantage of decomposition of
the system into components. Many advantages arise from a co-simulation approach:
independence of models and experts, reusability of the models and interoperability
between simulation tools. In order to develop a robust and reliable framework for co-
simulations multiple challenges should be addressed from physical, mathematical,
numerical, as well as software engineering sides.

In computational neuroscience, the well-established models of electrical-chemical
activity of a neuron can be described with deterministic as well as stochastic for-
malisms. Both deterministic and stochastic simulations with an essential prevalence
of the former have been performed to study the dynamics of ion channels and chem-
ical signaling pathways. Stochastic approaches are especially crucial for problems
defined on a small spatial scale where the number of molecules, molecular reactions
and movements undergo spontaneous activity in a system66.

This work is dedicated to address the coupling of the deterministic formalisms
and the efficiency of the co-simulation of the electrical and biochemical systems in
neurosciencePaper I,Paper II.

Stability, accuracy and efficiency in a co-simulation
The numerical analysis of stability and accuracy in a co-simulation has been ad-
dressed in several studies. The convergence and stability analysis has been per-
formed for co-simulation of linear ODE systems in Busch 19 and Andersson 2 . In
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computational neuroscience, the consequences of coupling are not well understood
since theoretical analyses are complicated by the nature of systems. Both the HH
model of ion channels and models of chemical kinetics usually result in a highly
nonlinear system of ODEs with possibly a nonlinear mapping of the exchanged
variables.

Kübler and Schiehlen 67 derives zero-stability of the coupled integration for two
components under assumptions of the linear dependence of the output vector on the
input coupling vector and the time-invariance of the inputs. First, zero-stability can
be guaranteed when the step size between synchronization points approaches zero (
H → 0) if a zero-stable integration method is used. Second, using the one-step nu-
merical integration method zero-stability is shown if at least one of the components
has no feed-through, that is the outputs are not explicitly dependent on the inputs.
Gear and Wells 40 , Andersson 2 andPaper I shows that the numerical stability of
an individual system (component) is not sufficient to guarantee the stability of a
coupled system in a co-simulation. The question of how large the H can be taken
such that the coupled integration remains numerically stable is still not answered.
This depends on several factors such as properties of the system, numerical meth-
ods used to solve each component, the extrapolation methods used for the coupling
variables and the multirate factor m = H/h where h is a discretization step size of
the individual component.

The BDF2 discretization method is of particular interest. HH based systems
are often stiff and thus the requirement for the stability of the method is of high
importance. Skelboe 91 presents asymptotic error formulas and error estimation for
the BDF2 used to discretize loosely coupled components. The details are given in
4.1 Algorithms for co-simulations. However, the given error bounds analysis for the
decoupled implicit Euler method cannot be readily generalized for the decoupled
BDF2 method. The stability results are known only for the constant step size
decoupled BDF2 formula applied to linear problems.

The efficiency of numerical integration is usually addressed by a step size con-
troller that aims to predict an optimal time step based on the numerical integration
error. However, for the coupled integration there is no general theory regarding the
controller choice. For example, Gear and Wells 40 proposes an automatic step size
selection algorithm where the step size can only halve or double for the sake of
keeping aligned synchronization points during a co-simulation.

Algorithms for co-simulations

The proposed algorithms in Paper I and in Paper II were developed under the
following considerations:

1. The individual systems of interest are usually stiff. An implicit discretization
method to solve the system of ODEs is required.
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2. The developed electrical-biochemical system described in Paper I has a non-
linear dependence between exchanged variables and a fast changing commu-
nication signal.

3. The coupling algorithm should aim for a minimum number of synchronization
or communication points during a co-simulation.

4. It is desirable that the numerical discretization method is widely used in the
area. This promotes the reusability of existing simulation tools and con-
tributes to the robustness of the overall developmental process. For example,
possible co-simulations through the MUSIC interface will not require a severe
intrusion into the existing software codes and could be performed between
the wider range of existing neural simulation tools.

5. Efficiency of a co-simulation should be in a moderate balance with numerical
reliability.

Paper I presents the coupling algorithm for electrical-chemical systems based
on the numerical analysis made in Skelboe 91 . The algorithm implements a singler-
ate idea. In a singlerate co-simulation the communication time step H (macro time
step) and the discretization step size of the individual component h (micro time
step) are equal, that is H = h. The presented algorithm consists of the building
blocks described below.

Block D: Discretization method. BDF2 is chosen due to its absolute sta-
bility property applicable to stiff problems. Skelboe 91 introduces the decoupled
BDF2 formula for a component r in a form:

Yn+1 = α1Yn + α2Yn−1 + βhn+1f(tn+1, Yn+1, Ỹn+1), (4.15)

where α1, α2 and β are defined the same way as described above. Ỹn+1 is a vector
of convex combinations of values in {yi,k|k ≥ 0} for i 6= r :

Ỹn+1 = (ỹ1,n+1, ỹ2,n+1, . . . , ỹq,n+1) (4.16)

Block A: Approximation of the coupling variables. Communication of
variables between the components in a co-simulation can be done in several ways.
One common approach is a Jacobi organization of the information exchangePaper I.
Here, the communication is performed simultaneously between the system compo-
nents once the macro time step is done. The advantage of this organization is a
parallel nature of computations that can be efficiently utilized on a cluster. An-
other approach described in Paper I is a Gauss-Seidel organization. Here, one of
the system components is simulated before another one. This organization imposes
sequential computations.

Skelboe 91 shows the local error estimates for three different MODES of variable
approximations: constant extrapolation, linear and quadratic. Here, quadratic
extrapolation based on Lagrange polynomial MODE3 has been chosen Paper I:
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xp2
n+1 = ᾱ1xn + ᾱ2xn−1 + ᾱ3xn−2 (4.17)

ᾱ1 = 1− ᾱ2 − ᾱ3, ᾱ2 = γn+1(γn+1 + δn+1)
1− δn+1

, ᾱ3 = γn+1(γn+1 + 1)
δn+1(δn+1 − 1) ,

where γn+1 = hn+1/hn and δn+1 = 1 + hn−1/hn.
Block E: Error estimation. An idea of the local error estimation is to provide

an estimate regarding the "quality" of the solution after the given time step tj to
tj+1. Then, the decision about the acceptance of the current step and calculation
of the next optimal time step can be done based on this estimate.

There are several well-known mechanisms to construct error estimator. For
instance, one of them is to solve the same time step twice: with the whole time
step and with the halved. Then, the difference represents an estimate of the LTE39.
Using MODE3 the local error of the decoupled BDF gives the same error term as
for the classical BDF2, thus Skelboe 91 suggests that the error can be estimated
from:

|[εj+1]| = max
i

∣∣∣xi,n+1 − xp2
i,n+1

∣∣∣
relTOL · |xi,n+1|+ absTOLi

≤ 1 (4.18)

where i is the index of the integrated variable in the solution vector, relTOL and
absTOL are relative and absolute tolerance, respectively.

Block C: Step size controller. A step size controller is used to predict an
optimal time step at which the solution has to be approximated. It usually aims
to reduce the computational cost by optimizing the total number of discretiza-
tion time steps while keeping the local error within acceptable bounds. Paper I
presents the results of a co-simulation with three different step size controllers: so
called P-,PI-31 pp. 197ff and H211b96. The error estimates given in Skelboe 91 are
asymptotically correct if the step size varies sufficiently smoothly. Thus, H211b is
more preferable Paper I.

The H211b controller is used to calculate an optimal time step hj+1 using the
following formula:

hj+1 = (1 + arctan (uj+1 − 1))hj , (4.19)

where

uj+1 =
(
ρTOL

| [εj+1] |

)β/γ (
ρTOL

| [εj ] |
)
)β/γ

u−βj (4.20)

Paper II presents a new co-simulation algorithm that is based on a multirate
regime where the approximation of individual components are time independent
during the simulation. The algorithm was built upon the results obtained in Paper
I. First, it was shown that the approximation of exchanged variables can have a
crucial impact on the accuracy during a co-simulation. Thus, only the Gauss-Seidel
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organization was considered in the Paper II.In a singlerate regime in Paper I it
was the local discretization error of the fast changing component that dictated the
optimal time step for the larger part of the simulation. Thus, for a multirate regime,
the error control of the macro time step H was suggested to be bounded by the
maximum error over the last macro time step taken by the faster component.

Given an ordered set {Si, . . . , Sq} of components the error |εi,n+1| considered at
ti,n+1 by the step size controller Ci can be written in the form:

|εi,n+1| = max{max |xi,n+1 − x̂i,n+1|
relTOLi · |xi,n+1|+ absTOLi

, max
m∈[k,k+j]

|εi+1,m|} (4.21)

The first argument in the braces corresponds to a component-wise calculation of
the local discretization error of the Si component. relTOLi and absTOLi are input
tolerance parameters. The second argument denotes the maximum discretization
error of the faster component Si+1 over an integration interval [ti+1,k, ti+1,k+j ].

Numerical infrastructure for co-simulations
The numerical infrastructure for co-simulations shown in Figure 4.2 was developed
as a result of the requirements obtained fromPaper I,Paper II.

Given q coupled components S1 . . . Sq each described by a system of equations:

ẋi = fi(t, ui1, . . . , uii−1, xi, u
i
i+1, . . . , u

i
q), i = 1, . . . , q

Yi = {y1
i , . . . , y

i−1
i , yi+1

i , . . . , yqi }, i = 1, . . . , q
Ui = {ui1, . . . , uii−1, u

i
i+1 . . . , u

i
q}, i = 1, . . . , q

(4.22)

where Yi and Ui are output and input vectors that define the coupling of the Si
component, respectively. The upper (superscript) index denotes the destination
component while the lower (subscript) index denotes the source component of the
input and output vectors. In a more general case it can be written as:

Yi = yi = y1
i = · · · = yqi = g(t, xi, ui) (4.23)

Moreover, yi can depend on ui, that is:

yi = g(t, xi, ui)
ui = c(yi)

(4.24)

then the component i has direct feed-through according to Definition 5.0.1 given
in Andersson 2 .

The numerical infrastructure includes two major modules: Algorithm and
Solver of each Si component. The Algorithm module implements the control of
the order of computations and the variable exchange between the components. It
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also implements the control of the macro time step H by establishing the error com-
munication interface for each component in a co-simulation. It can be implemented,
for example, by means of a callback function. The Solver module advances the
component solution vector xi from Tn to Tn+1 by using the A,D,E blocks.

Algorithm
Implements organization
of system components
• Jacobi
• Gauss-Seidel (slow

component first)
• Gauss-Seidel (fast com-

ponent first)
• ...

C1

. . .

Ci

. . .

Cq

S1

. . .

Si

. . .

Sq

Solveri
Solves Si from Tn to Tn+1
at ti,k = Tn +

∑k
j=0 hi,j

Ai

Ei

Di

yi1,n, . . . , y
i
q,n

H
xi,n+1

|[εi,n+1]|

ỹi1,k, . . . , ỹ
i
q,k xi,n+1

u1
2,n, . . . , u

1
q,n

y2
1,n, . . . , y

q
1,n

ui1,n, . . . , u
i
q,n

y1
i,n, . . . , y

q
i,n

uq1,n, . . . , u
q
q−1,n

y1
q,n, . . . , y

q−1
q,n

ỹi1,k, . . . , ỹ
i
q,k

fi(ti,k, ỹi1,k, . . . , xi,k, . . . , ỹiq,k)

Figure 4.2: Numerical infrastructure for co-simulation. The schema has a modular
architecture and shows an interaction between three, possibly distributed, modules:
System, Solver and Coupling Algorithm. It shows a major flow of data between
four building numerical blocks and coupled systems S1 . . . Sq: step size controller
C1 . . . Cq, discretization method Di, error estimator Ei and the block for variables
approximation Ai.

Discussion and Outlook

The aim of a multirate algorithm is to gain efficiency by allowing as large time
steps as possible for individual components participating in a co-simulation. In the
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predictor-corrector error estimation method the gain in efficiency can be achieved
due to the saved evaluations of the corrector steps. However, if the cost of the
corrector step is comparable to the predictor calculations there is not much that
can be gained from a multirate regime.

In the multirate algorithm, two communication strategies have been proposed.
This includes the variable exchange on the synchronous and asynchronous grids.
The disadvantage of the synchronous approach is the possibility of the sharp step
size reduction before the synchronization point. This, in turn, usually requires a
number of extra steps to be taken before the step size is restored. Gear and Wells 40

addressed this problem by allowing the changes to the automatical step size selection
be only of a certain factor of the current step size. Here, an asynchronous approach
is more in favor due to the usage of the BDF method that has better stability
properties with a smoother behavior of the step size Hairer et al. 47, pp. 402ff.

The proposed multirate algorithm can be used with both the fast-first and slow-
first strategies. The fast-first strategy requires an extrapolation of the variables of
the slower components at each micro time step. According to Gear and Wells 40 an
extrapolation is done with a predictor-like formula over an interval smaller than the
macro time step H should be of a tolerable size. This follows from the requirement
of the predictor-corrector difference that has to be small for the error condition to
be satisfied and the time step to be accepted. The electrical-biochemical model pre-
sented in Paper I turned out to be sensitive to the approximation error and caused
the reduction of the expected accuracy of the coupling method when simulated with
the fast-first strategy.

In contrast, slow-first requires extrapolation of the fast variables over many time
steps in the fast component. This can potentially lead to discontinuities in the input
variables that in turn may lead to the loss of accuracy2,88. The results obtained
in Paper II showed that it is actually the biochemical component that is robust
to the approximation error of the exchanged variables. Moreover, by replacing the
communication signal between electrical and biochemical components the expected
second-order accuracy of the co-simulation has been shown. These results are in line
with the observations made by Gear and Wells 40 regarding the slow-first coupling
strategy. In the developed test model described in Paper I the fast changing
variable of the fast component has to be replaced by the slow one. Perhaps, this
can be interpreted as an application of the filter67. One of the main goals of the
filter is to eliminate the algebraic loops if these loops exist between the components.
However, since the filter changes the original dynamics of the model its application
is highly dependent on the study.

4.2 Discretization method for solving HH-type systems

The system described with the HH formalism has one distinctive feature. The
differential equation for the voltage V is linear in V (2.8), while the differential
equations for the gating variables are linear in them(2.7). Let’s reformulate the
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system in the following form:

x′ = A(y)x+ b(y, t),
y′ = c(x, t) +D(x)y.

(4.25)

The system (4.25) is nonlinear and stiff such that the choice of implicit time
stepping methods is required. The standard implicit discretization methods re-
quire an application of Newton’s iterations at each step to obtain a solution of the
nonlinear system. The method is computationally expensive, especially for large
problems. Hines 54 proposed to discretize the system in a staggered way using the
implicit midpoint rule:

xn+1 = xn + h

(
A(yn+1/2)xn+1 + xn

2 + b(yn+1/2, tn+1/2)
)
,

yn+3/2 = yn+1/2 + h

(
c(xn+1, tn+1) +D(xn+1)

yn+3/2 + yn+1/2

2

)
,

(4.26)

where t ∈ [0, T ] for simulation time T , h is a stepsize, tn = nh and tn+1/2 = nh+ h
2 .

The proposed staggered approach yields decoupled linear equations where xn+1 is
calculated using yn+1/2 and yn+3/2 is determined using xn+1. In the context of
the HH branched cable equations x and y represent voltages and gating variables,
respectively.

Hanke 48 characterizes the method with the following properties:

1. Variable approximations are available on a staggered grid, that is xn ≈ x(tn)
and yn+1/2 ≈ y(tn+1/2). This may not be suitable for co-simulations since
exchanged variables are usually required at full time steps and thus can lead
to accuracy loss.

2. Since initial values for a problem are usually provided only for t = 0 first a
guess or approximation of y1/2 must be computed accordingly.

3. The method is second-order accurate only on a fixed step size gridPaper I.

Gustaf Söderlind proposes the following modifications of the method described
above:

xn+1/2 = xn + h

2A(yn)xn + b(yn, tn),

yn+1 = yn + h

(
c(xn+1/2, tn+1/2 +D(xn+1/2

yn+1 + yn
2

)
,

xn+1 = xn+1/2 + h

2 (A(yn+1)xn+1 + b(yn+1, tn+1)) .

(4.27)
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or in a simplified notation:

xn+1/2 = xn + h

2 f(xn, yn, tn),

yn+1 = yn + hg(xn+1/2,
1
2(yn+1 + yn), tn+1/2),

xn+1 = xn+1/2 + h

2 f(xn+1, yn+1, tn+1).

(4.28)

where x′ = f(x, y, t) and y′ = g(x, y, t).
The first equation represents an explicit Euler step. The main advantage of the

proposed discretization method is that it is a one-step method that allows for an
adaptive step size control, thus it is more favorable for efficient co-simulations than
the traditional discretization method Hines 54 .

The first implementation of the method and its comparison with the standard
high order methods available in MATLAB® showed promising results. Moreover,
the results revealed the dependence of efficiency on the linear algebra applied.
Therefore, it was decided to implement the method in the NEURON simulation
environment taking advantage of its linear algebra calculations specific to the HH
kinetics.

Solver
To test the method (4.27) a decision on the step size controller and local error
estimation has to be made. Both play a crucial role for efficient simulations. A
number of error estimation techniques and step size controllers have been tested
in Hanke 48 . The preliminary benchmarking showed that the most efficient simula-
tions can be achieved using the error estimation via Richardson extrapolation and
step size subdivision {1, 3}.

Having an asymptotic error expansion in powers of h2, the error formula can be
written in the form:

A−A(h) = a0h
2 +O(h3), (4.29)

where A(h) is (4.27) the method that approximates A with discretization time step
h and a0 is some unknown constant. Applying the step sizes h and h/3 to (4.29)
and performing some manipulations with obtained formulas an approximation of
A can be written as:

A = A(h/3) + A(h/3)−A(h)
32 − 1 +O(h3), (4.30)

where the second term is called correction term that is used to eliminate the a0h
2

error. For successive elimination of the error terms, an iterative procedure with step
subdivision is usually applied. However, the method is expected mainly to be used
with coarse tolerances so that an implementation of high order approximations is
of no practical use.
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The PI.4.2 step size controller has been chosen as an optimal one48,95. The
described solver will be referred to as the modhext solver further on.

Implementation

Preliminary analyses were performed using the MATLAB® implementation of the
solver. Then, the solver was integrated with the CVODE part of the SUNDIALS
suite used by the NEURON simulation environment.

In the MATLAB ® version Jacobian calculations were performed by the numjac
function while in NEURON its own linear algebra calculations were used to provide
a solution to the linear equation Mx = b at each integration time step (msolve
function).

The simulation results have been analyzed based on the variables calculated at
the end of the simulation time. The NEURON control system does not provide
the mechanism to stop the simulation exactly at the end of the simulation interval.
Cubic Hermite interpolation was chosen to be sufficient for evaluation purposes.

Test Suite

TC1. Squid giant axon model. The model describes the membrane current by
a set of sodium, potassium and leakage channels using HH formalism. The model
can be found in the NEURON software package (hh.mod file).

The problem size is reasonable enough to be implemented and simulated both
in MATLAB ® and in NEURON. Simulation results of the model can be found in
the Simulation results section below.

TC2. Hippocampal CA1 pyramidal neuron model. The model addresses
the question of the role of the A-type potassium conductance in the back propaga-
tion of action potential in the dendrites of hippocampal pyramidal neurons Migliore
et al. 79 . The model of the reconstructed cell consists of a total of 202 compartments
with sodium and two types of potassium conductance for the action potential shape
and reproduction of the experimental data (in total 2376 state variables). Channel
kinetics was described using HH formalism.

Simulation results

The performance of the proposed solver was evaluated by plotting the accuracy of
the discretized solution at the end of the simulation interval versus the computa-
tional cost of simulation. In the MATLAB ® simulations the computational cost is
measured as the number of function evaluations. Assuming a sparse Jacobian its
computational cost can be as expensive as one function evaluation. That is, one
step of (4.26) corresponds to two function evaluations. One step of (4.27) requires
two and a half function evaluations where the half comes from the necessity of the
function call during an explicit Euler step assuming that the vector size of x is
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half of the size of the solution vector. In NEURON simulations the actual time of
simulation is measured.

Since an analytical solution is not known the reference solution was obtained by
solving the system using the MATLAB ® function ode15s or CVODE BDFs with
tight tolerances.

The dashed lines in the Figures correspond to the n-th order declines plotted
for visual evaluation of the method’s order.

Summary
A new discretization method represents two implicit substeps that lead to the so-
lution of a linear system of equations instead of one nonlinear system (4.26).

Figure 4.3 shows that the proposed discretization method is second-order accu-
rate while the fourth order can be achieved with an adaptive step size controller
(here modhext solver) as shown in Figure 4.4.

The difference in efficiency shown in Figure 4.3 can be explained by the fact
that the new method is slighly more expensive on a fixed step size grid.

The method has the property of being asymmetric, that is which components
of the system should be solved first can be chosen depending on the problem that
has to be solved. Figure 4.4 shows that the discretization of the channel variables
at the first place leads to more accurate simulations of the HH model.

The main advantage of the proposed method is that it allows system integration
with the variable step size controller while keeping its special structure as in (4.26).
Thus, an extra cost taken by the adaptive step size solver modhext can be paid off
by using the efficient linear algebra calculations implemented specifically for (4.26)
in NEURON54. NEURON also supports an adaptive integration using the BDF
solver from the CVODE library. However, it operates on the whole system and
can not take advantage of the special structure of (4.26). The special structure
of (4.26) and (4.28) allows to perform computations on a smaller Jacobian of each
component separately. The difference can be noticeable with large models as shown
in Figure 4.6.

The method implementation in NEURON benchmarked with the given test
cases revealed the following advantages for efficient co-simulations:

• The variables are available at the whole time step - no need for additional
approximation during co-simulation.

• The method allows for adaptive change of the time step that is a crucial
aspect for efficient and reliable co-simulations.

• The method showed a competitive and even more accurate behavior for large
models at low tolerances which is of particular interest.

• The method has been benchmarked with the reference to the HH kinetics.
Without loss of generality the method can benefit from the exposed struc-
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ture, for instance, by applying different linear algebra to each component
individually.
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Figure 4.3: Comparison of the discretization methods proposed by M. Hines and
G. Söderlind. The results were obtained from TC1 simulations using a fixed step
size discretization. Both methods are second-order accurate. The dashed line
corresponds to the second-order decline.

Figure 4.4: Exploring the asymmetric nature of the discretization method. The
model TC1 was simulated using the modhext solver altering which component is
solved first: voltages or channels. The results show that the asymmetry of the
discretization method may influence the accuracy of the solution. Moreover, the
fourth order of the method can be achieved with the modhext solver. The dashed
line corresponds to the fourth-order decline.
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Figure 4.5: Comparison of the modhext solver implemented in NEURON with the
BDF method. The results show that the modhext solver is comparable accuracy
wise but gives up the performance. The dashed line corresponds to the fourth-order
decline.

Figure 4.6: Comparison of the modhext solver with the BDF method simulating
a larger problem TC2 in NEURON. The results show a comparable performance
and accuracy of the methods with coarse tolerances. The dashed line corresponds
to the fourth-order decline.





Chapter 5

Extension of the MUSIC tool

Figure 5.1: M.C. Escher – Path of Life II (1958)

This chapter presents an extension of the MUSIC tool introduced in 3.3 MUlti-
SImulation Coordinator MUSIC. First, some terminology used in the chapter will
be given. Then, the 5.1 Spike communication algorithms section presents an ex-
tension for efficient co-simulations of the event-based neuronal models on a cluster.
The 5.2 Communication scheduling algorithm section describes a new scheduling
algorithm implemented in MUSIC.

43



44 CHAPTER 5. EXTENSION OF THE MUSIC TOOL

Terminology

MPI

MUSIC uses functions from the MPI-1 standard81 to exchange data between the
processes.

MPI implements two communication concepts point-to-point and collective. Point-
to-point type functions implement the data exchange between two specific processes.
Collective type functions involve communication between multiple processes defined
by the communication group.

MPI-1 standard defines two types of operations for point-to-point communication:
blocking and nonblocking. Collective communications are blocking according to
MPI-1. The nonblocking functions initiate an operation with the immediate return
from the call. The operation is considered to be incomplete, that is, a send or
receive buffer can not be reused until the completion of the operation has been
confirmed by a separate call. They are usually used to overlap communication and
computation. The blocking function calls do not return until the data have been
safely stored away. However, the operation type does not define the relationship
to the paired function, that is the relationship between the send and receive calls.
For this purpose the communication modes have been introduced in MPI-1. MPI
offers several communication modes:standard, buffered, synchronous and ready. For
example, a function that implements the synchronous mode is completed only when
the matching receive is posted and the receive operation has started to receive the
data. A behavior of the standard mode is usually highly dependent on the MPI
library implementation. Even though the intertwining of the matching send and
receive operations can be possible it is highly recommended not to overuse system
resources. The size of the buffers that are usually involved in this situation is
limited and in some situations can lead to deadlock.

Deadlock In the context of the point-to-point synchronous communication deadlock
can be described as when at least two processes are waiting either to send the data
or to receive the data as shown in Figure 5.2.

rABrBA

sBA

sAB

A© B©

Figure 5.2: The deadlock situation. Application A is waiting to receive the data
from Application B while the send function calls are scheduled for the future. The
communication order is read downwards.
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MUSIC

Port. Port is a named entity that allows applications to be able to expose or
receive data. Each application can have both an input port and an output port. An
application is called sender in the context when the data is sent through the output
port and receiver – received though the input port. The data to be sent is registered
with the output port and to be received is handled by the handler function registered
with the input port. Ports are created by each application participating in a multi-
simulation and strongly bound to the handled datatype (event-based, continuous
or messages) and the data distribution (or mapping) between the processes.

Connection. MUSIC uses connections between the applications to transfer the data.
The connection is specified per input port, that is only one connection per input
port is permitted.

Connectivity. The connectivity is specified per connection and defines the algorithm
used to communicate the data between multiple MPI processes. MUSIC version 1.0
supports only one type of connectivity called point-to-point where each application
communicates with another one at a time. 5.1 Spike communication algorithms
describes the MUSIC extension with a new communication algorithm that supports
the collective data exchange.

Configuration file. Configuration file is provided to MUSIC and contains the follow-
ing information: simulation time, applications participating in a multi-simulation,
the number of MPI processes requested for each application, connections between
the applications and the type of connectivity defined for each connection.

Clock. There are several clocks involved in a multi-simulation using MUSIC. First,
each application has its local clock. Local clocks allow application to run ahead
of another application or lag behind it relative to the wallclock time. Local clock
is used to handle communication in loops where the data has to arrive in time or
buffered for optimization purposes.

Acceptable latency (D). The receiver specifies how late the data can arrive con-
sidering its local time. Thus, it is a property of the input port. The property is
important to handle communication loops between applications.

Tick (Delta). Tick is a function that has to be called by each application with fixed
intervals during simulation. The interval is called an inter tick interval and has to
be provided by each application. In these calls MUSIC manages communication
by means of the scheduled timetable described in 5.2 Communication scheduling
algorithm. A fixed time grid makes it possible for the MUSIC scheduler to compute
the timetable of communications before the simulation actually starts and thus to
minimize handshaking during simulation.

Detailed description of API can be found in Ekeberg and Djurfeldt 36 .
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5.1 Spike communication algorithms

The MUSIC spike communication algorithms implement a delivery of the data be-
tween communicating processes on a cluster. The first version of MUSIC Djurfeldt
et al. 33 supports a pairwise communication that is the transfer of the data can be
initiated only between two processes at a time. However, if the connectivity be-
tween two approximately equally sized neural networks is organized in an all-to-all
bidirectional manner the implemented pairwise algorithm would have to perform
the 2N2 MPI calls. An overhead connected with the calls grows quadratically
with the size of the communication group. MPI supports the collective calls that
implement an efficient all-to-all communication between the processes. The work
presented in Paper III describes the implementation of the new algorithm based
on the collective concept. The algorithm is based on two MPI_Allgather function
calls. During the first call the size of the data is communicated, then the actual
data transfer is performed. The usage of the pre-allocated buffer in MUSIC to-
gether with the IN_PLACE flag reduces unnecessary memory operations that are
usually done otherwise.

Paper III presents an improvement to the pairwise communication algorithm
implemented in Djurfeldt et al. 33 . The blocking standard point-to-point communi-
cation has been replaced with nonblocking MPI_ISEND function call followed by
the synchronization call to MPI_WAITALL. On the receiver side an explicit order
that defines the data arrival has been eliminated by using the MPI_ANY_SOURCE.
This has been done in order to push and process the data as soon as it is available.
In the future this communication pattern can be used to overlap communication
and computation in co-simulations.

In Paper III the benchmarking of MUSIC has been performed. The bench-
marking showed few important results:

• a perfect scaling of both algorithms up to 1024 number of processes. Here,
the networks at maximum with 2 ∗ 10242 neuronal cells per application has
been used for benchmarking.

• the collective algorithm is preferable for the network simulations with the
all-to-all type of connectivity. However, the point-to-point communication
algorithm is more efficient for spike exchange between populations with the
one-to-one type of connectivity.

The benchmarking results revealed few weak sides of the implementation:

• The difference between the point-to-point and collective algorithms is that in
the latter the look-up of the incoming spikes is performed on the receiver side,
while in the point-to-point algorithm the data sorting happens on the receiver
side. In the collective case, this is not a scalable solution unless, for example,
a linear search is implemented in which case the memory can become the
main issue.



5.2. COMMUNICATION SCHEDULING ALGORITHM 47

Sender time

Receiver time

s1 s2 s3 s4 s5

r1 r2 r3 r4 r5 r6

Acceptable latency

Figure 5.3: Illustration of the AdvanceTime Algorithm 1. Given that the last
data transfer occurred when the senders clock had reached s2 and the receivers
clock was r1 (solid, thick line). The acceptable latency allows the next receive
time to be advanced to r4 but not further. Lets assume that the buffer limit, as
calculated during the preparation step, is 3. This means that the send time can
safely be advanced to s5. Thus, the next data transfer will take place when the
sender is at s5 and the receiver at r4 (dotted line).

• The collective MPI_Allgather function has a non-scalable nature, the algo-
rithms does not scale on a high number of processes.

One of the possible improvements would be to overcome the weak sides in first
place. For example, a scalable technique for the collective communications has been
presented within NEST simulation environment Jordan et al. 62 . The non-scalable
nature of the collective algorithms on a high number of processes can be addressed
in several ways. First, a good balance between the amount of simulated data and
the number of processes should be considered. Then, a manual mapping of the
processes to the cores can be used to localize the communication within smaller
groups and thus to avoid the stresses on a shared hardware in a network. Another
significant enhancement to the library would be to implement the communication
and computation overlap56.
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5.2 Communication scheduling algorithm

Advancing connection time
Each connection updates two variables, s and r, that define when the next transfer
of data should take place according to the sender and receiver local clocks.

Algorithm 1
1: function AdvanceTime(r, s)
2: r ← s+D − ((s+D) mod ∆r)
3: s← s+ nc ·∆s

4: return r, s

First, the receive time (r) is updated based on the previous send time (s). r is
set to the last possible value which does not violate the requirement that data is
not older than the allowed acceptable latency specified by the user. Then, the send
time (s) is advanced. How much the send time can be advanced depends on the nc
parameter. nc defines how much information can be buffered without causing data
to arrive too late for connection c. nc is represented in units of the senders time
step ∆s and calculated for each connection using the following formula:

nc ≤ 1 +
⌊∑

j∈loop(Dj −∆s,j)
||loop|| ·∆s,c

⌋
(5.1)

Every n-value has to be at least one (otherwise the local clock can not be advanced
at all). If there is any extra slack beyond that, this is simply evenly allocated among
all the connections in the loop. Figure 5.3 illustrates Algorithm 1.

To fulfill the MPI blocking communication paradigm a careful communication
order should be considered to prevent deadlock. Morrison et al. 80 proposes the
CPEX algorithm for an efficient pairwise exchange of data. However, the proposed
ordering of the send and receive operations scheduled by Algorithm 1 can be done
only under assumption that these operations are initiated during one tick in MUSIC.
Figure 5.4 illustrates a situation when this assumption does not hold.

Scheduler
Knowledge about the fixed time step and its size and the given connections between
the applications should be sufficient to predict all future communication events
during simulation holding the condition that the data can be handled in time with
the specified acceptable latencies. The algorithm that verifies the latter condition
will not be discussed here.

Here, I describe a scheduling procedure that calculates a communication timetable.
The idea is based on the global knowledge of the availability for communication of
the both ends of each connection. If the receiver is happened not to reach the
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Figure 5.4: Incompatibility of the CPEX ordering with Algorithm 1 leads to dead-
lock. Here, ∆A = 3, ∆B = 5 and ∆C = 7, acceptable latencies of A,B and C are
7, 0, 8 units, respectively. The arrows correspond to the direction of the communi-
cation. The numbers next to the communication points denote the local time of
the node (application). The communication ordering algorithm withing one tick
(here, tick at time 6 and 7) does not prevent from deadlock. Application A waits
for data from the future that never can be reached.

dedicated time a postponing idea of the send operation guarantees no deadlock can
happen. Two versions of the same idea are presented below.

Version #1. For each node (application) n all output connections are checked
whether the data is ready to be sent (c.s ≤ c.pre.time) and whether the receiver is
ready to receive the data (c.r = c.post.time) according to the local clocks of sender
(c.pre.time) and receiver (c.pre.time), respectively. The situation c.s < c.pre.time
occurs when the scheduled time of the send operation of the connection c has been
postponed.

Version #2. The local time clock of each node (application) n is advanced by
one time step (n.time← n.time+ ∆n) if the node does not wait for any input data
nextT ime > n.time. By advancing the clock only by one time step the algorithm
guarantees no send operation of the current node n will be postponed for a longer
time than required. Function FirstReceive iterates all input connections of the
node n and finds the closest in time receive operation.
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Algorithm 2 version #1
1:
2: for all c ∈ connections do
3: advanceTime(c.r,c.s)
4:
5: while running do
6: for all n ∈ all nodes do
7: nextT ime← firstReceive(connections to n)
8: if nextT ime > n.time then
9: n.time← n.time+ ∆n

10:
11: for all c ∈ connections from n do
12: while c.s ≤ c.pre.time and c.r = c.post.time do
13: communicate(c)
14: advanceTime(c.r,c.s)

Algorithm 3 version #2
1:
2: for all c ∈ connections do
3: advanceTime(c.r,c.s)
4:
5: while running do
6: for all n ∈ all nodes do
7: for all c ∈ connections from n do
8: while c.s ≤ c.pre.time and c.r = c.post.time do
9: communicate(c)

10: AdvanceTime(c.r,c.s)
11:
12: for all n ∈ all nodes do
13: nextT ime← firstReceive(connections to n)
14: if nextT ime > n.time then
15: n.time← n.time+ ∆n
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Figure 5.5: The timeline of the communications between applications A and B
mutually connected with the acceptable latency of 10 units. The time step for each
application is set to ∆A = ∆B = 10 units as well. The arrows correspond to the
direction of the communications. The numbers next to the communication points
denote the local time when the operation has been completed. The numbers on the
arrows show the scheduled time of the communication operation meaning that the
communication has been postponed. (left) The scheduled timeline of Algorithm 2.
(right) The scheduled timeline of Algorithm 3

The difference between these versions is that Algorithm 2 tests for the possible
send operations directly after the local time of the current node has been advanced.
Algorithm 3 iterates through all possible send operations and then advances the
local clocks of each node. Comparing these versions in 5.5 the latter approach seems
to push the data in a more parallel fashion. This is more favorable for computations
on a cluster.

It is important to note that despite the fact that the scheduling algorithm has
to emulate the local clocks and to schedule the data transfers in the whole system,
the sender does not know the actual state of the receiver. What is known is that
the receiver is either ready to receive or that will eventually reach this state without
requiring any other sends or receives from this sender (see discussion in 5.2).

Optimization of the scheduling algorithm

It can happen that a few send operations will be scheduled for the same receive time.
In order to minimize communication during the runtime the lumping of communi-
cations can be considered. Then, the call to the function AdvanceT ime in the com-
munication scheduling algorithm can be replaced by the call to AdvanceConnection
shown in Algorithm 4.
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Algorithm 4
1: function AdvanceConnection(r, s)
2: (_r,_s)← AdvanceTime(r, s)
3: (r, s)← AdvanceTime(r, s)
4:
5: while _r = r do
6: _s← s
7: (r, s)← AdvanceTime(r, s)
8:
9: (r, s)← (_r,_s)

10: return r, s

Deadlock free communication
The time scheduling of the data exchange between the nodes is implemented for
each connection before the simulation starts. The emulation of communications is
done by each process of the multi-simulation system in a common causal order.

The scheduling algorithm implements the postponing of the send operations if
the receiver node of the connection has not yet reached the simulated time where
it should receive the data. Thus, the situation when the two nodes are waiting
to send the data to each other will never occur: at least one of the sends will be
postponed. The deadlock may occur if and only if at least two nodes belonging to
the same loop are waiting to receive the data while at least one of the respective
sending operations is scheduled for a later time and thus is blocked by the receive.
Deadlock with two nodes is shown in Figure 5.2.

Proof. The condition for a deadlock can be described in a general form:
sAN − rBA ≥ ∆A

sBA − rCB ≥ ∆B

. . .

sNM − rAN ≥ ∆N

(5.2)

where Deltai is a time step of the node i, sij and rij corresponds to the send
and receive times, respectively; the subscript indices denote the end nodes of the
communication.

Let’s substitute the terms on the left of each inequality according to the time
advancing Algorithm 1 and add up all together to verify the system (5.2).

N∑
i=A

ni ·∆i −
N∑
i=A

Di +
N∑
i=A

ξi ≥
N∑
i=A

∆i (5.3)

where ξi corresponds to the ((s+D) mod ∆i) and, therefore, ξi < ∆i.



5.2. COMMUNICATION SCHEDULING ALGORITHM 53

Then, if ni is replaced with 5.1 the following inequality is obtained:

−
N∑
i=A

∆i +
N∑
i=A

ξi � 0 (5.4)

The system (5.2) does not have solutions.
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Figure 6.1: M.C. Escher – Other World (1946)
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This thesis describes a set of contributions to the area of multiscale model-
ing and simulation in neuroscience. The second chapter of the thesis introduces
the basic concepts and terminology such as mathematical model, model simulation,
multiscale phenomena, multiple physical and mathematical formalisms. The fun-
damental models used in computational neuroscience such as the compartmental
model, the Hodgkin-Huxley (HH) model and the chemical kinetics model are also
briefly mentioned here. Section 2.3 of chapter 2 provides the classification of the
multiscale coupling methods: hierarchical and concurrent.

Chapter 3 provides a review of existing simulation tools as well as possible
software architectures suitable for multiscale modeling and simulations. Within the
context of the software design, the question of interoperability of existing simulation
tools and reusability of existing models is emphasized. One of the existing tools,
MUSIC, is described in section 3.3.

The main contribution of this thesis is presented in chapter 4 that describes the
numerical infrastructure for simulation tools tailored specifically for multiscale co-
simulations. The interface is developed based on the algorithms described in Pa-
per I and Paper II. The papers address a question of the efficient coupling of
the electrical-chemical systems in neuroscience that usually span multiple orders of
magnitude in temporal and spatial scales. In particular, the coupling of the numer-
ical methods is discussed in detail. The electrical-chemical model was developed
based on an increasing interest in studying the emergent behavior of a cell from
coupling the cellular and subcellular dynamics. To close the electrical-chemical
loop is not a new idea in the field. First attempts already showed interesting re-
sults7,75. But, none of these studies addressed the numerical aspect of the problem
underlying the computations. The chosen coupling strategy can deteriorate not
only the accuracy of the results but the stability of the co-simulation that in turn
may lead to unexpected behavior, false outcomes and even conclusions. This thesis
offers two algorithms for efficient, numerically stable coupling of electrical-chemical
systems given by a system of ODEs. In addition, the numerical infrastructure for
co-simulation based on these algorithms is described in detail in chapter 4.

Section 4.2 describes a new discretization method for the HH formalism that
can be beneficial in co-simulation. The method allows for an adaptive integration
where the variables are available at full-time steps if to compare with the typically
used staggered discretization schema. The method was implemented in the NEU-
RON simulation environment, thus it provides a good opportunity for its further
benchmarking on a large set of already implemented models.

Chapter 5 discusses the work done on the MUSIC tool extension that is also
covered in Paper III. In addition, section 5.2 describes a deadlock-free communi-
cation scheduling algorithm developed and implemented in MUSIC.

A straightforward continuation of the current work would be a MUSIC extension
for the numerical coupling described in chapter 4. How general are the algorithms?
The initial analysis is based on the results from the coupling of two particular theo-
retical models: the compartmental model with the HH formalism and the chemical
kinetics model. To solve the mathematical problem the Backward Differential For-
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mulae discretization was applied. The algorithm described in Paper I can be
applied to couple any physical formalisms for which the given discretization scheme
(BDF) is reasonable enough. However, the results obtained with the multirate cou-
plingPaper II are highly dependent on the characteristic dynamics of the individual
system and it is difficult to give any reliable prognoses.

In a co-simulation, there are multiple options of how the coupling or commu-
nicated variables can be computed. Here, the flux of calcium molecules has been
used in one direction and the fraction of active potassium channels in the spine in
anotherPaper I. Paper II and Ray and Bhalla 85 calculate calcium concentration
on the electrical side and then communicate to the biochemical side. Mattioni and
Le Novère 75 communicates calcium flux calculated from the modeled concentration
on the electrical side. Dudani et al. 35 computes calcium on both sides and syn-
chronize at the communication points. Each of the strategies has its own cons and
pros and should be chosen depending on what approximations are accepted by the
studied phenomena. The implications of each strategy on the numerical coupling
are not fully understood yet.

A long term goal for multiscale modeling and simulation in neuroscience is
the development of a Framework for Multiscale Modeling. The framework should
include not only the tools but more importantly:

• the formulation of multiscale problems. For example, Bhalla 8 discusses dif-
ferent multiscale processes in the context of synaptic plasticity. Here, the
detailed description of key variables in each problem plays a crucial role not
only for the computational part but also for desirable dynamics of the system.

• the test suite of multiscale models that will consist of the simplified test
cases. For example, Bhalla et al. 9 describes a set of benchmarks dedicated
for compartmental simulations. This will promote further tool development
and the verification process.

The impact of the research carried at multiple levels at once in neuroscience
is yet underestimated. First, the hierarchical coupling methods, in particular, a
parameter extraction from a microscopic scale, has a great potential to replace
some experimental setups used for parameter search. These methods usually con-
tribute to the accuracy and eventually may lead to cost reduction of a setup. These
methods also found an application in many areas of engineering such as civil engi-
neering, biological and medical engineering. In addition, multiscale modeling and
simulations can serve as an additional tool for design verification and validation
purposes of an experimental setup. Moreover, a successful implementation and ap-
plication can encourage the industrial sector for additional funds and management
of academic research related to multiscale modeling.

However, the main power of multiscale modeling and simulations in neuroscience
lies in its possibility to study feedback loops while moving between different levels
of neural organization. For instance, the study of causality on multiple levels has
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an indirect link to the treatment of different neurological and psychiatric diseases
through pharmacological industry and research.

Finally, one of the ultimate goals of the research of the mind is to bridge the gap
between different levels of information representation and processing in brains. In
particular, how the low-level information processing gives rise to a more advanced
organization and eventually a conscious perception of things. For instance, in one
of the most studied mechanisms in our brains, visual processing, the visual infor-
mation gets integrated and converges to some more complicated complexes like a
recognition of bars. How does this information happen to be transformed into the
recognition of the object itself in our minds? At the lowest level, for instance, a
biochemical level, the description is usually so complicated that it is almost impos-
sible to grasp a bigger picture like decision making, object recognition or memory
recall. At the same time, there exist network phenomena that are indistinguishable
at the single-cell level such as the frequency of network oscillation21,89. At the
level of the neuronal network, information is gathered in bigger chunks and is ab-
stract. Can we ignore the hierarchy of laws on lower levels, the physical properties
of the individual neurons? By replacing an abstract model of the attractor network
with the biological detailed one Djurfeldt et al. 34 , Lundqvist et al. 71 showed that
new phenomena can arise. The complex behavior emerges from the interaction of
neurons and processes acting at multiple levels: the cellular, synaptic and network
levels. Multiscale modeling and simulation can be important in studying properties
of the building blocks underlying certain mechanism. Can multiscale modeling and
simulation also help us to build new hypothesis of the operational principles of our
minds? There is no definite answer to this question, but, indisputably, it deserves
more attention.
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