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Abstract

We consider different aspects of free boundary problems that have
financial applications. Papers I–III deal with American option pricing,
in which case the boundary is called the early exercise boundary and
separates the region where to hold the option from the region where
to exercise it. In Papers I–II we obtain boundary regularity results by
local analysis of the PDEs involved and in Paper III we perform local
analysis of the corresponding stochastic representation.

The last paper is different in its character as we are dealing with an
optimal switching problem, where a switching of state occurs when the
underlying process crosses a free boundary. Here we obtain existence
and regularity results of the viscosity solutions to the involved system
of variational inequalities.
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Sammanfattning

Vi betraktar olika aspekter av fria randvärdesproblem som upp-
kommer i finansiell matematik. Artiklarna I–III behandlar prissättning
av amerikanska optioner. Den fria rand som uppkommer skiljer områ-
det där det är optimalt att behålla optionen, från området där det är
optimalt att utnyttja optionsrätten. I artiklarna I–II uppnår vi regu-
laritetsresultat för fria ränderna medelst lokal analys av de ingående
PDE:erna och i artikel III genomför vi lokal analys av motsvarande
stokastiska representationer.

Den sista artikeln skiljer sig i karaktär då den behandlar optimala
växlingsproblem där växling av tillstånd uppkommer då den underlig-
gande processen korsar en fri rand. Här uppnår vi existens- och regu-
laritetsresultat för viskositetslösningarna till det tillhörande systemet
av variationsolikheter.



Preface

Inte för de rika - men för de kloka.

IKEA’s slogan in the 1980s
Leon Nordin

Without doubt the best known partial differential equation (PDE) on
Wall Street is the celebrated Black-Scholes equation, which appeared for the
first time in the paradigm shifting papers [BS] and [M2] in the early 1970s.
In the most basic framework, the Black-Scholes equation reads

∂V

∂t
+ 1

2
σ2S2∂

2V

∂S2 + rS
∂V

∂S
− rV = 0.

Saving the details for later, this is a second order parabolic PDE and it
can in fact, after scaling and change of variables, be rewritten as the heat
equation

∂v

∂τ
− ∂2v

∂x2 = 0,

which all students who have taken a basic course in differential equations
have encountered. The familiar form of this PDE and the importance of its
older relatives, such as the Navier-Stokes equation in fluid dynamics and the
Schrödinger equation in quantum mechanics, suggests that there might be a
vast amount of literature and techniques from other areas or from the general
PDE theory that are applicable within the field of financial mathematics.

The work of this thesis started with a toolbox of PDE methods, originat-
ing from questions such as the Stefan problem of determining the surface of
melting ice cubes and problems regarding non-linear PDEs. The main con-
tribution of the work has been to clarify where these tools can be utilized in
financial mathematics and to adjust them to their proper applications. The

v



vi PREFACE

aim has also been to tie together theories of PDE and stochastic analysis by
presenting some of the PDE methods in terms of stochastics.

The PDE theory behind this work was provided by my supervisor Henrik
Shahgholian and, needless to say, there would have been no thesis without his
patient explanations and encouragement over the years. Several other people
have had great influence on this work and I am very greatful to: Jonatan
Franzén, Erik Ekström and Johan Tysk, for their cooperation and strong
support on working out hard parts of the theory; Thaleia Zariphopoulou for
her hospitality during my visits to the University of Texas at Austin and her
insights on several aspects of mathematical finance and indifference pricing
in particular; my co-authors Boualem Djehiche and Michael Poghosyan for
sharing their insights on optimal switching problems; Anders Hansson for
proofreading and comments; the fruitful discussions with many colleagues;
Vassilis Bolonassos for the music program Alltid på en söndag; my family
and friends and, of course, Sam for turning bad days into good days and
good days into even better days.

Teitur Arnarson
Stockholm, February 2008
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Chapter 1

Introduction to free
boundary problems in
finance

This chapter covers the basic concepts of risk-neutral valuation in com-
plete markets, which is one of the cornerstones in financial mathematics.
In Paper I we consider a problem in the standard Black-Scholes framework
where the involved PDEs have classical, or at least, weak solutions. In the
remaining papers we work with problems outside the Black-Scholes frame-
work, where typically the PDEs are non-linear and their solutions must be
considered in the sense of viscosity.

1.1 Risk-neutral valuation of European contracts

Risk-neutral valuation deals with finding the fair value of financial instru-
ment under some standard market assumptions. Consider for instance the
European call option which is a contract between two parties: the holder
and the writer. The contract states that the holder has a right, but no
obligation, to buy a specific stock S for some predetermined price K at a
predetermined exercise date T . Should the stock be worth more than K at
time T , the holder will exercise her option and make the profit S −K, and
if the stock is worth less than K the holder will not exercise the contract.
Hence the payoff of a European call option is g(ST ) = max(ST − K, 0) at
time T .

1



2 CHAPTER 1. FREE BOUNDARY PROBLEMS IN FINANCE

It is not obvious how much the holder should pay the writer to enter
this contract. However, the theory of risk-neutral valuation states that this
contract must have a unique price for the market to be free from arbitrage,
i.e. no risk-free profits can be made. According to the theory this value is
given by the expected discounted payoff of the contract.

The discount factor must be introduced since we are determining the
value of a future payoff. Assume that the market offers a risk-free bond B
which pays the interest rate r. If the bond is worth B at the present time
t, the bond process Bs will satisfy the following deterministic differential
equation

dBs = rBsds

Bt = B,

which has the solution Bs = Ber(s−t). The present value of a fixed future
payoff XT must be e−r(T−t)XT , since this is exactly the amount that must
be invested in the bond at time t to obtain XT at time T . By the same
reasoning the present value of the option payoff is e−r(T−t)g(ST ).

Furthermore, we must choose a probability measure for calculating the
expected value. It is known that the market will be arbitrage free only
if we choose the probability measure Q under which the discounted stock
price process, S̃s = Ss/Bs, is a martingale. If we make the popular assump-
tion that Ss follows a geometric Brownian motion, this gives us the stock
dynamics

dSs = rSsds+ σSsdWs

St = S,

where σ is the volatility of the stock and Ws is a standard Brownian motion
under Q. The option value function is, as already mentioned, given by the
expected discounted payoff

V (S, t) = EQ(e−r(T−t)g(ST )|St = S). (1.1)

The Feynman-Kac formula states that the value function solves the
Black-Scholes PDE ;

LV = 0 in R× [0, T ) (1.2)
V (S, T ) = g(S) in R, (1.3)
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where L is defined by

Lf = ∂f

∂t
+ 1

2
σ2S2 ∂

2f

∂S2 + rS
∂f

∂S
− rf. (1.4)

1.2 American contracts and free boundary
problems

We saw in the previous section that European options can be exercised at
the expiration date. If this condition is changed so that exercise is allowed
any time before expiry the contract is called an American option.

The value of an American option is, just like that of a European, given by
the expected discounted payoff at exercise. However, in this case the exercise
time can be any randomly chosen stopping time between the current time t
and expiry T . We denote the set of stopping times by

T[t,T ] = {τ : t ≤ τ ≤ T , τ ∈ Ft},

where Ft is the σ-algebra generated by Wt. This suggests that the value
function of an American option solves the following optimal stopping prob-
lem:

v(S, t) = sup
τ∈T[t,T ]

EQ
(
e−r(τ−t)g(Sτ )

∣∣∣St = S
)
.

Note that since τ = t is a stopping time, the value can never go below the
payoff. This is reflected in the equivalent variational inequality formulation
of the problem

Lv ≤ 0 (1.5)
v ≥ g (1.6)

(v − g) · Lv = 0 (1.7)
v(S, T ) = g(S). (1.8)

The condition (1.7) tells us that equality always holds for one of the rela-
tions (1.5) and (1.6). We call the set C = {(S, t) : Lv = 0} the continuation
region and the set E = {(S, t) : v = g} the exercise region. These sets are
separated by an a priori unknown boundary Γ, which we refer to as the early
exercise boundary.

Under the above market assumptions it is a straightforward application
of Jensen’s inequality to show that for the American call option the exercise
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region is empty. Therefore it is never optimal to exercise an American call
option before expiry. For the American put option with payoff g(S) =
(K − S)+, we get an early exercise boundary which approaches the point
(K,T ) as we get close to expiry.

In paper I we estimate Γ by measuring the distance between Γ and the
easily calculated boundary of {Lg ≤ 0}.



Chapter 2

Overview of Paper I

As mentioned in Section 1.2 pricing of American options often involves the
difficulty of finding the free boundary which separates the continuation re-
gion C from the exercise region E . In this paper we follow the approach that
the free boundary can be estimated by investigating the boundary of the
positivity set U = {Lg > 0}, which is a subset of the continuation region,
U ⊂ C. The boundary of U is easily found since it is determined by the
known function Lg, where g is the payoff function of the American contract.
Our conclusion is that a uniform distance separates the boundary of the
continuation region and the boundary of the positivity set.

2.1 Main tools and setup

We recall that the value function of the American contract is a solution
to the variational inequality (1.5)–(1.8). Though we have the application
to American contracts in mind we carry out the presentation for a more
general linear parabolic operator, so L in (1.5)–(1.8) is replaced by

Lf = −ft +
n∑

i,j=1
aijfij +

n∑
i=1

bifi + cf, (2.1)

where we require that all coefficients are locally bounded and the matrix A,
consisting of the elements aij , is uniformly positive definite. Furthermore
we require that A ∈ C1,0

D , that is, the elements are Dini continuous in t and
have Dini continuous spacial derivatives.

5



6 CHAPTER 2. OVERVIEW OF PAPER I

The regularity requirement of Dini continuity comes from the main tech-
nical tool used in this paper, Theorem 1.5.10 in [CK], which is a generaliza-
tion by Caffarelli and Kenig of Hopf’s Lemma. Their regularity assumptions
on the operator coefficients involved are rather weak as they require only
Dini continuity on the second order coefficients. We recall that a func-
tion f is Dini continuous if it has a modulus of continuity α(r) satisfying∫

0+
α(r)
r dr <∞.

Straightening the free boundary

Standard procedures in PDE theory allows us to replace a sufficiently regular
boundary by a straight boundary. The price we pay for this transformation
is that the coefficients of the new operator will in some sense inherit the
regularity behavior of the original boundary.

Let us assume that the free boundary of the continuation region is C1-
Dini at a point (x0, t0). By this we mean that there exists a local rep-
resentation h(x′, t), where x′ = (x2, . . . , xn), such that the free boundary
is parameterized by the hyperplane {x1 = h(x′, t)} in a neighborhood of
(x0, t0) and h is C1 Dini. By a change of variables, where y1 = x1 − h(x′, t)
and yi = xi for i 6= 1, the free boundary becomes {y1 = 0}.

In terms of the new variable the operator is given by

LyF = ∂F

∂t
+∇ · (Ay(y, t) · ∇F ) +By(y, t) · ∇F + Cy(y, t)F

for some matrix Ay, vector By and scalar Cy. Note that since h is only C1

Dini Ay might not be differentiable and the operator must be in divergence
form. It is rather straightforward to verify that the operator (2.1) has a
divergence form formulation and the change of variables produces a well
defined operator Ly.

2.2 Existence, regularity and the result
We consider the variational inequality (1.5)–(1.7) with the general operator
(2.1) locally on a cylinderQT = {(x, t) : x ∈ Br for some r, t ∈ [0, T ]}, where
Br is a ball of radius r in Rn. We use the method of penalization to show
that there exists a unique solution in W 1,2

p for any p ∈ [0,∞). This method
suggests studying a sequence of PDEs of the form Lv − βε(v − g) = 0, for
which we have existence and regularity for all ε and for the limit as ε→ 0.
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The trick is to construct βε in such a way that the solution of the limiting
equation as ε → 0 satisfies the variational inequality (1.5)–(1.7). Roughly,
the idea is to choose βε so that βε(t) → −∞ for t < 0 and βε(t) → 0 for
t > 0. This choice ensures that Lv = 0 on {v > g}. We then get (1.6) by
showing that |βε(v − g)| ≤ C for some C > 0. The inequality (1.5) follows
by the additional requirement β′ε ≥ 0. We conclude that the limit satisfies
(1.5)–(1.7).

A Hopf-type lemma

We adjust the Hopf-type theorem by Caffarelli-Kenig to our setting in the
following way.

Lemma 2.1. Assume that u ≥ 0 is a weak solution to Lu = h(x, t) for some
h ≤ 0 where L is given by (2.1). Let (x0, t0) be a point on the boundary of
{u > 0} and assume that this boundary is C1

D around (x0, t0). Then

∂u

∂n
≥ C (2.2)

for some C > 0 where n is the inwards unit normal of ∂{u > 0} at (x0, t0).

Idea of proof. We basically want to fit the Caffarelli-Kenig result to the
setting given in the Lemma. The Lemma states that if uCK satisfies the
PDE of the Lemma in a cylinder Cδ with zero boundary conditions and
smooth initial data that is zero in a neighborhood of ∂Cδ and one somewhere
inside Cδ, then (2.2) holds true on ∂Cδ.

A first step to adjust our situation to C-K is to straighten the boundary
so that {u > 0} = {x1 > 0} which can be done without affecting the
assumptions on the operator. Next we consider a cylinder Cδ that touches
the boundary {x1 = 0}. Since u is continuous and positive in Cδ we can in
fact scale it by ur = ru for some r > 0 so that ur has greater initial and
boundary data then the corresponding C-K function uCK . By the maximum
principle ur is greater than uCK in Cδ. Since

ur(x0, t0) = uCK(x0, t0) = 0

the result (2.2) follows by straightforward calculation.
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Uniform distance

Returning to the sets U and C mentioned in the beginning of the chapter,
we now have the tools to show that their boundaries are separated by a
constant, uniformly in the space variable.

Theorem 2.2. Under slightly stricter coefficient regularity conditions and
the assumption that ∂U is C1

D there exists a δ(t) such that dist(∂Ut, ∂Ct) ≥
δ(t), where Ut and Ct are the t-sections of U and C.

Idea of proof. Arguing by contradiction we assume that we have a sequence
of solutions for which dist(∂Ut, ∂Ct) → 0. By standard PDE methods we
show that the limit v0 of these solutions is again a solution to the limiting
problem and hence satisfies (1.5)–(1.7) for some limit obstacle g0. However,
there necessarily exists a point (x0, t0) ∈ ∂Ut ∩ ∂Ct for the limit problem.
By the smooth-fit condition for obstacle problems we have that

u0(x0, t0)− g0(x0, t0) = ∇(u0(x0, t0)− g0(x0, t0)) = 0.

This result contradicts the Hopf-type lemma which states that

∇(u0(x0, t0)− g0(x0, t0)) > 0.



Chapter 3

Introduction to optimal
investment and viscosity
solutions

The Black-Scholes framework of Paper I is pleasant to work in as it gives rise
to linear PDEs with classical or weak solutions. It is, however, a quite restric-
tive model that is unable of catching some phenomena observed in real mar-
kets. In Paper II we consider instead the indifference pricing model which
allows for more flexibility but at the price of introducing non-linearities into
the model. From a PDE point of view we enter a new area where classical
solutions no longer exist and we introduce the concept of viscosity solutions.

In this chapter we introduce the concepts of utility based valuation,
indifference pricing in incomplete markets and viscosity solutions which are
used in Paper II.

3.1 Merton’s optimal investment problem

Investors sometimes face the problem of defining a value of their investment
portfolio, for instance when they want to compare which out of two portfolios
is a better choice. One way of doing this could be to calculate the expected
profit of the portfolio at some future date. The drawback of this procedure
is that it ignores the risks involved in the portfolios. A certain payment of
AC50, a payment of AC100 with 50% chance of occurring and a payment of
AC1000 with a 5% chance of occurring will all have the expected value AC50.

9



10 CHAPTER 3. OPTIMAL INVESTMENT

A risk-averse investor might, however, prefer the certain payment of AC50
over the other choices (especially when adding six or nine zeros after the
50).

In the paradigm shifting paper [M1] from 1969, Robert Merton suggests
a utility based valuation procedure which incorporates the risk preference
of the investor. Here follows a brief exposition of the problem in the case of
two assets, excluding the consumption part as it is of minor interest for our
application. For a thorough and very readable treatment of utility based
valuation, see [Z1].

Consider an investor who is investing over a finite time period [t, T ] in a
risk-free asset Bs and a risky asset Ss with dynamics given by

dBs = rBsds (3.1)
Bt = B

and

dSs = µSsds+ σSsdWs (3.2)
St = S,

where Ws is a standard Brownian motion. Investing the amounts π0
s in Bs

and πs in Ss the total wealth is Xs = π0
s + πs with dynamics

dXs = rXsds+ (µ− r)πsds+ σπsdWs (3.3)
Xt = x.

We only allow control strategies πs which are Fs-progressively measurable,
where Fs is the σ-algebra generated by Ws, and we denote the set of such
strategies by A. The investor is risk averse and models the risk preference
via the concave utility function U(x) = −e−γx, where γ > 0 is the risk
preference coefficient. Her aim is to maximize the expected utility of the
terminal wealth which defines the value function

u(x, t) = sup
πs∈A

E (U(XT )|Xt = x) . (3.4)

The dynamic programming principle states that for every stopping time
τ the value function satisfies

u(x, t) = sup
πs∈A

E (u(Xτ )|Xt = x) . (3.5)
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Basically, by assuming existence of an optimal strategy π∗s and applying
Dynkin’s formula to (3.5) for the two cases πs = π∗s and πs is any suboptimal
strategy we derive the dynamic programming equation, which for the case of
controlled Markov processes is called the Hamilton-Jacobi-Bellman (HJB)
equation

ut + max
π∈A

(1
2
σ2π2uxx + (µ− r)πux

)
+ rux = 0 (3.6)

u(x, T ) = U(x, T ). (3.7)

By a verification theorem (see Theorem 4.3.1 in [FS]) u given by (3.4) is
a unique classical solution of (3.6)–(3.7), and we are done establishing the
relation between optimal control of Markov processes and HJB equations.

In this particular case, however, we can get explicit expressions for u
and π∗s . The terminal condition suggests a solution of the form u(x, t) =
−e−γxv(t). The function v then solves the ODE v′+λv = 0, v(T ) = 1 which
gives u(x, t) = −e−γx+λ(T−t). Inserting this into (3.6) we get from the first
order condition the optimal control policy

π∗ = µ− r
σ2γ

.

Calculating λ for this value of π gives us

u(x, t) = − exp
(
−γx−

(
1
2

(µ− r)2

σ2 + rγ

)
(T − t)

)
. (3.8)

3.2 Optimal stochastic control and viscosity
solutions

For the particular case studied above the HJB equation is uniformly parabolic
which ensures existence of classical C1,2 solutions. For more general models
this might not be the case. In the next section we encounter a pricing model
for which the value function is not necesarilly C1,2.

By introducing viscosity solutions we overcome this problem. The ideas
presented in the previous section hold true for value functions which are
merely continuous if we consider them in the sense of viscosity solutions to
the HJB equation. Let us first clarify what we mean by viscosity solutions
(see [W1]).
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The theory of viscosity solutions has gained much ground since its in-
troduction in the celebrated paper [CL] from 1984 by Crandall and Lions.
It provides a notion of solutions to problems for which neither classical nor
weak (in the Sobolev sense) solutions are known to exist. Typical exam-
ples of such problems are found among non-linear PDEs and free boundary
problems. In short, a function can be a viscosity solution as long as it is
continuous, no requirements are made regarding existence of derivatives.

Consider a general fully non-linear parabolic PDE

F (D2u(x, t), Du(x, t), u(x, t), x, t)−Dtu(x, t) = 0 in Ω (3.9)

and the set of paraboloids P = {ϕ : ϕ(x, t) = at+ xTBx+ cx+ d}.

Definition 3.1. u is a viscosity solution to (3.9) if it is continuous and
satisfies for any ϕ ∈ P and all (x0, t0) ∈ Ω:

a) If u− ϕ has a local maximum at (x0, t0) then

F (D2ϕ(x0, t0), Dϕ(x0, t0), ϕ(x0, t0), x0, t0) ≥ 0.

b) If u− ϕ has a local minimum at (x0, t0) then

F (D2ϕ(x0, t0), Dϕ(x0, t0), ϕ(x0, t0), x0, t0) ≤ 0.

Let us now consider a problem of control until the random exit time τ of
some n-dimensional Markov diffusion process Xs from a cylindrical region
Q = [t0, T )×O, i.e. τ = inf{s : (Xs, s) /∈ Q}. The process Xs has dynamics
given by

dXs = f(Xs, s, πs)ds+ σ(Xs, s, πs)dWs.

Let us introduce the notation θ∧τ = min(θ, τ). The general control problem
of minimizing the running cost U1 and terminal cost U2 in this cylinder up
to a random stopping time θ can be stated as

u(x, t) = inf
π∈A

E

(∫ θ∧τ

t
U1(Xs, s, πs)ds+ U2(Xθ∧τ , θ ∧ τ)

∣∣∣∣∣Xt = x

)
. (3.10)

We need a more general version of the dynamic programming principle
for this case:
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(a) For every π ∈ A and stopping time θ

u(x, t) ≤ E
(∫ θ∧τ

t
U1(Xs, s, πs)ds+ U2(Xθ∧τ , θ ∧ τ)

∣∣∣∣∣Xt = x

)
; (3.11)

(b) for every δ > 0 there exists π ∈ A such that

u(x, t) + δ ≥ E
(∫ θ∧τ

t
U1(Xs, s, πs)ds+ U2(Xθ∧τ , θ ∧ τ)

∣∣∣∣∣Xt = x

)
.

(3.12)

The main difference from the previous section is that u in (3.10) is only
required to be continuous to be a viscosity solution of an HJB equation.

We cite Corollary 5.3.1 in [FS]

Theorem 3.2. Suppose u ∈ C(Q̄) given by (3.10) satisfies (3.11)–(3.12).
Then u is the viscosity solutions of the dynamic programming equation

− ∂

∂t
u(x, t) +H(D2u,Du, x, t) = 0 in Q,

where

H(D2u,Du, x, t)

= sup
π∈A

−1
2

n∑
i,j=1

σij(x, t, π)uij −
n∑
i=1

fi(x, t, π)ui − U1(x, t, π)


where σij = σiσj.

Remark 3.3. As this section is only intended to give an overview of stochastic
control and viscosity solutions we leave out some details regarding assump-
tions on the coefficients and involved functions in the statements above.

3.3 Indifference pricing
As we have seen under the market assumptions in Chapter 1 the price of a
contingent claim in complete markets is defined by taking the expectation
of some quantity under the unique martingale measure of the discounted
underlying payoff process. Assuming completeness of the market means
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roughly that for any random variable X which is measurable with respect
to the information known at time T we can construct a portfolio consisting
only of the market components which has the same value as X at time T .
Though market completeness is a convenient theoretical assumption it is not
always realistic in practice. It is known by the Second Fundamental Theorem
of Asset Pricing ([MM] Prop. 2.6.5) that if we remove the completeness as-
sumption the martingale measure will no longer be unique. Thus, valuation
in incomplete markets cannot be done simply by calculating the expected
discounted payoff of the contract.

The concept of indifference pricing was introduced by Hodges and Neu-
berger in [HN] for valuation in incomplete markets. Rather than calculating
the value (or price) of the contract explicitly the price is defined implicitly
as the quantity for which the value of two different portfolio strategies are
equal to each other in some sense. The two strategies considered are the
optimal strategy when investing in the contract and the optimal strategy
when refraining from investment in the contract.

In our setting the incompleteness of the market comes from a stochas-
tic factor which is not traded in the market. Hence, we assume a market
consisting of (3.1), (3.2) and the non-traded stochastic factor

dYs = b(Ys, s)ds+ a(Ys, s)dW ′s (3.13)
Yt = y, (3.14)

where W ′s is a standard Brownian motion which is correlated with Ws (of
(3.2)) by a factor ρ ∈ (0, 1). For ease of the presentation we assume that
the discount factor r = 0.

As in Section 3.1 an investor aims to maximize the utility of the terminal
wealth of the portfolio (3.3). In this case, however, she can choose at present
time t to invest in a European-type contract which pays g(ST , YT ) at the
terminal date T . If she chooses not to invest in the contract she faces exactly
Merton’s problem for which the value function u(x, t) is given by (3.4). If
she, on the contrary, invests in the contract she will have to pay some amount
H(x, y, t) at time t in order to enter the contract. Hence her initial wealth
will be x′ = x −H(x, y, t). At terminal time T she gets payed the amount
g(ST , YT ) which defines a second value function (using the same notation as
in Section 3.1)

ug(x′, S, y, t) = sup
πs∈A

E
(
U(XT + g(ST , YT ))|St = s, Yt = y,Xt = x′

)
.
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The indifference price is defined as the quantity H for which the investor is
indifferent between the two portfolio choices, i.e. such that

u(x, t) = ug(x−H(x, S, y, t), S, y, t). (3.15)

It can be shown that H is in fact independent of the variable x.

HJB for the indifference price function

The HJB equation satisfied by the indifference price function H(S, y, t) de-
fined by the relation (3.15) is found by considering the HJB satisfied by ug.
We note that a naive application of Theorem 3.2 to the function ug would
give us

−ugt −max
π∈A

(1
2
σ2π2ugxx + π(σ2SugxS + ρσaugxy + µugx)

)
− Lug = 0 (3.16)

where

Lv = 1
2
σ2S2vSS + ρσaSvSy + 1

2
a2vyy +

(
b− ρµ

σ
a

)
vy. (3.17)

Even though Theorem 3.2 is not directly applicable due to lack of uniform
bounds on the control of the equation (3.16) it can be justified by taking the
limit of a normalized version of (3.16) as was done in [DZ]. We introduce
the minus sign in the equation for consistency reasons since it is convenient
when working with American-type contracts.

From the first order condition, when maximizing the left hand side of
(3.16) with respect to π, we get an expression for the optimal portfolio

π∗ = 1
σ2ugxx

(
σ2Sugxs + ρσaugxy + µugx

)
.

Using the pricing equality (3.15), recalling the value function (3.8) and
evaluating (3.16) in the point x−H(S, y, t) we get

−Ht − LH + 1
2
(1− ρ2)γa2H2

y = 0. (3.18)

Hence the indifference price H solves the following problem

HH = 0
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H(S, y, T ) = g(S, y),

where the operator H is defined by

Hv = −vt − Lv + 1
2
γ(1− ρ2)a2v2

y . (3.19)

We have carried out all calculations of this section as if the involved
functions where smooth and the calculations hold in classical sense. The
regularity is, however, not known a priori and the calculations must be
considered in viscosity sense to be justified (see [DZ]).

Indifference pricing functional

For the case when the payoff only depends on the stochastic factor Y ,
g(S, y) = g(y), we can find a non-linear stochastic representation functional
for the indifference price. For this case the equation (3.18) reads

−Ht −
1
2
a2Hyy −

(
b− ρµ

σ
a

)
Hy + 1

2
(1− ρ2)γa2H2

y = 0.

Considering the function

G(y, t) = e−(1−ρ2)γH(y,t)

we note that G solves the terminal value problem

−Gt −
1
2
a2Gyy −

(
b− ρµ

σ
a

)
Gy = 0

G(y, T ) = e−(1−ρ2)γg(y,T ).

By the Feynman-Kac formula G has the stochastic representation

G(y, t) = EQ
(
e−γ(1−ρ2)g(YT )|Yt = y

)
,

where we choose the probability measure so that the Q-dynamics of the
process Y is given by

dYs =
(
b− ρµ

σ
a

)
ds+ adW̃s

and W̃s is a Brownian motion under Q. This measure Q is called theminimal
entropy martingale measure (see [F]). It follows that H has the stochastic
representation

H(S, y, t) = − 1
γ(1− ρ2)

lnEQ
(
e−γ(1−ρ2)g(YT )|Yt = y

)
.
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American-type contracts

Similarly to the European contracts discussed above we can define the indif-
ference price of American-type contracts, i.e. contracts that allow for early
exercise. Following the notation above, this contract will pay the amount
g(Sτ , Yτ ) at the random stopping time τ ∈ T[t,T ] (recall the definition of
T[t,T ] in Section 1.2). An investor investing in the contract will seek to
choose the optimal time to exercise the contract and we therefore define the
value function

ugA(x, S, y, t) = sup
(πs,τ)∈A×T[t,T ]

EQ (u(Xτ + g(Sτ , Yτ ))|St = S, Yt = y,Xt = x) .

where u is given by (3.4). We define the indifference price of the American
contract as the quantity h for which

u(x, t) = ugA(x− h(x, S, y, t), y, t).

Again h is independent of x. The function h is then the unique viscosity
solution to the following variational inequality (see [MZ] Theorem 5)

min(Hh, h− g(S, y)) = 0 in R+ × R× [0, T ) (3.20)
h(S, y, T ) = g(S, y) in R+ × R, (3.21)

where H is the operator (3.19).





Chapter 4

Overview of Paper II

We consider the problem of pricing an American call or put option by indif-
ference as described in Section 3.3. The option is written on the stochastic
factor Ys, i.e. at the stopping time τ the contract pays g(Yτ ), where g(y) is
either (K − y)+ or (y −K)+ and K is the strike price of the option. The
indifference price h(y, t) of the contract will satisfy the variational inequality
(3.20)–(3.21) (where obviously terms involving derivatives with respect to S
vanish in the equation).

The aim of the paper is twofold: We present regularity results for the
early exercise boundary and we wish to illustrate how methods from the
theory of non-linear PDEs can be applied in finance. The regularity results
consider the growth rate of the early exercise boundary away from its termi-
nal state, which depends on the regularity of the payoff in the terminal point
of the early exercise boundary. To obtain the result we apply the blow-up
technique which is a useful technique when working with non-linear PDEs.
A general presentation of the technique is given in Section 2.6 in Paper II.

The early exercise boundary at expiry

The first step in determining the early exercise boundary regularity close
to expiry is to locate the limit point of the boundary as t → T . Assuming
that the early exercise boundary can be parameterized by a curve (β(t), t) ∈
R× [0, T ) we denote this point of convergence by β0 = limt→T β(t).

The behavior of the early exercise boundary follows from the behavior of
the payoff function g when the operatorH is applied to it. If for instance g(y)
is a strict subsolution to the operatorH (in viscosity sense), then h will never

19
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touch g for t < T and no early exercise boundary appears. We show also in
one of the proofs that the early exercise boundary does not converge towards
a point in the interior of the set {g = 0}, i.e. β0 /∈ {g = 0} \ {y = K}. The
Lemmas of Section 3 of the paper state results in the same spirit. Lemma 1
states that β0 ∈ {g > 0} can only occur if Hg changes sign in the point β0,
i.e. g is a subsolution on one side of β0 and a supersolution on the other
side. Lemma 2 states that if g is a strict supersolution in the set {g > 0}
then the early exercise boundary will hit β0 = K at expiry.

The lemmas are useful when investigating the early exercise boundary
regularity since it depends on the regularity of the payoff function. We note
that g is smooth on {g > 0} but only Lipschitz continuous at the point
y = K.

4.1 Regularity of the solution and early exercise
boundary

Regularity of h

The point we are making in this section is to show compactness of the space
of solutions to variational inequalities of the form (3.20). Compactness is
essential when working with the blow-up technique since it requires taking
the limit of rescaled solutions to get a global solution in a point. When doing
this for PDEs, as described in Section 2.6 in the paper, we can refer to the
literature for compactness results (see [W1], [W2]). However, we do not
have similar results for variational inequalities. Instead we must establish
uniform growth and continuity results for solutions to these problems. Once
we have this the theorem by Ascolà-Arzeli allows us to pass to the limit.

We use different approaches to obtain uniform growth for the case of
Lemma 1 when β0 ∈ {g > 0} and the case of Lemma 2 when β0 = K. For
the case when β0 ∈ {g > 0} we note that we can pick r such that the cylinder
Br(β0)× [T − r2, T ], where Br is a ball or radius r, does not intersect with
the line y = K. In this cylinder g is smooth and we can in fact calculate Hg.
We introduce the function u = h−g and find that the variational inequality
solved by u can be rewritten as the following PDE:

Ĥu = −Hg · χ{u>0},

where Ĥ is a slight modification of H and χ is the indicator function. Propo-
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sition 4 of the paper states that this function u has uniform cubic growth.
The idea behind the scaling in the proof is to ensure that u is bounded above
by some cubic factor, but at the same time, in order to avoid degeneracy of
the function u, it is bounded below by cubically rescaled versions of itself,
i.e. for r1 < r2 we have supQr2 |u| ≥ (r2 − r1)3 supQr1 |u|, where Qr is a
cylinder of radius r.

For the second case when β0 = K the variational inequality cannot be
rewritten as a PDE in any straightforward manner since that would involve
takingH of g in the point y = K. Instead we apply the rescaling argument to
the variational inequality and get a sequence of operatorsHj and solutions hj
solving rescaled versions of (3.20). Since we cannot pass to the limit with hj
we define h0

j and hεj solving Hh0
j = Hhεj = 0 and we choose such boundary

data that h0
j ≤ hj ≤ hεj . Since h0

j and hεj are solutions to PDEs their
limits exist and are well defined. The functions h0

j and hεj are furthermore
constructed in such a way that the difference hεj − h0

j is uniformly bounded
and approaches zero as j → ∞. This gives us sufficient information about
the limiting function h0 = limj→0 hj to conclude the result of Proposition
5, which is linear growth of the function h from the terminal early exercise
boundary point (β0, T ).

We end the section with a uniform continuity result. In the exercise
region the procedure is similar to the previous proof where the function is
rescaled and squeezed between an upper and a lower bound with proper-
ties implying the result of the proposition. In the continuation region the
estimate follows from standard estimates in [W1].

Early exercise boundary regularity close to expiry

The main results of the paper are presented in Theorems 7 and 8. Theorem 7
states that the free boundary grows approximately as the quadratic function
t = ξ0(y−β0)2 when β0 6= K. We also get an implicit expression for the value
of ξ0. Theorem 8 states that the early exercise boundary approaches expiry
“subquadratically”, i.e. any quadratic function will eventually approach
expiry faster than the early exercise boundary.

Using the growth results from the previous section it is straightforward to
perform the local analysis by scaling the problems by the respective growth
rates found for the two cases. In the case β0 6= K we find in fact a self-
similar solution to the blow-up limit of the problem. We derive an analytic
solution to the self-similar problem.





Chapter 5

Overview of Paper III

This paper is a translation of Paper II from PDE to stochastic language. In
Paper II we apply the blow-up technique to the HJB variational inequalities
of the American put and call options priced by indifference pricing. We
obtain regularity results for the early exercise boundary close to expiry. In
this paper we again apply the blow-up technique in order to obtain early
exercise boundary regularity results, but this time we apply the technique
to the optimal stopping problem solved by the option price. For simplicity
and illustration we consider the linear framework of Black-Scholes instead
of the indifference pricing model.

The regularity results are of minor interest in this case since better reg-
ularity results are known for this framework, see [CC]. Instead this paper
is motivated by the application of the blow-up technique purely in terms
of stochastics. The paper should be considered to be a preparation be-
fore applying the blow-up technique to more general non-linear problems,
such as the mixed optimal stopping-optimal stochastic control problems of
[EKPPQ].

The blow-up technique in terms of stochastics

The idea of the paper can be summarized by considering the application of
the blow-up technique to the European option value function (1.1). Let us
assume we want to study this function locally in a point (x0, T ). Introducing
the parabolically rescaled variables (ρS+x0, ρ

2t+T−ρ2), subtracting by the
payoff in the point of scaling, e−r(T−ρ2)g(x0), and scaling the value function

23
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by a factor αρ gives us the rescaled value function

V ρ(S, t) = 1
αρ

(V (ρS + x0, ρ
2t+ T − ρ2)− e−r(T−ρ2)g(x0))

= eρ
2rt 1
αρ
E
(
g(ST )− e−r(ρ2t+T−ρ2)g(x0)|Sρ2t+T−ρ2 = ρS + x0

)
.

Note that the point (x0, T ) corresponds to (0, 1) in the scaled variables. Let
us also introduce the rescaled process Sρt = 1

ρ(Sρ2t+T−ρ2−x0), which satisfies

dSρs = ρr(ρSρs + x0)ds+ σ(ρSρs + x0)dW ρ
s

Sρt = S,

where W ρ
s = 1

ρ(Wρ2s+T−ρ2 −WT−ρ2) is a Brownian motion. In terms of this
process we have

V ρ(S, t) = eρ
2rt 1
αρ
E
(
g(ρSρ1 + x0)− e−r(ρ

2t+T−ρ2)g(x0)
∣∣∣Sρt = S

)
. (5.1)

The limit of this function as ρ → 0 is called the blow-up limit. Let us
consider first the limit of the scaled payoff. Taking the call option payoff
g(S) = (S −K)+ and assuming that αρ = ρ we have

g0(S) = lim
ρ→0

eρ
2rt 1
ρ

(
g(ρS + x0)− e−r(ρ

2+T−ρ2)g(x0)
)

=


0 if x0 < K
S+ if x0 = K
S if x0 > K.

It follows by the Lebesgue dominated convergence theorem, using for exam-
ple h(S) = S as dominator, that the limit function V 0(S, t) = limρ→0 V

ρ(S, t)
satisfies

V 0(S, t) = E(g0(S0
1)|S0

t = S).

In Paper III we apply this blow-up technique to an optimal stopping
problem and the calculations become a little bit more tedious. Rather than
verifying convergence of the scaled functions for special cases, we work with
quite general problems and make assumptions regarding the convergence.
We refer to known results, such as [CT], for cases when the convergence
assumptions can indeed be justified.

Having well-defined blow-up limits for the optimal stopping problems we
obtain the early exercise boundary regularity using the same arguments as
in Paper II.



Chapter 6

Overview of Paper IV

The optimal switching problem treated in this paper is motivated by its
industrial application. Let Xs be a diffusion process with dynamics given
by

dXs = b(Xs, s)ds+ σ(Xs, s)dWs

Xt = x,

whereWt is standard Brownian motion. We consider an investment process,
during a time interval [0, T ], that can assume three different states: open,
closed and terminated. We assume that [0, T ] is partitioned into 0 ≤ τ1 <
τ2 < . . . < τN ≤ γ∧T , where the process alters between the states open and
closed exactly at the stopping times τn and, possibly, the process terminates
on the stopping time γ (if γ < T ).

There are three profits and costs involved in the investment process: The
profit per unit time

Ψ(x, t, u) =
{
ψ1(x, t) when u = open
ψ2(x, t) when u = closed

where we denote the state variable by u(t) and Ψ is real-valued. The cost is
a1(x, t) for changing from open to closed state and a2 from closed to open,
where ai(x, t) ∈ R+. The cost of switching into the state terminated is

F (x) =
{
F1(x, t), when u = open
F2(x, t), when u = closed,

25



26 CHAPTER 6. OVERVIEW OF PAPER IV

where Fi is negative. Following a strategy δ = ((τn)n≥1, γ) the expected
payoff is

J(x, t; δ) = E
[ ∫ γ∧T

0
Ψ(Xs, s, us)ds+ F (Xγ)χ{γ<T}

−
∑
n≥1

(a1
τ2n−1χ{τ2n−1<γ} + a2

τ2nχ{τ2n<γ})
∣∣∣Xt = x

]
.

The goal is to maximize this expected payoff.
As shown in [DH] the solution to this problem is given by Y 1

0 = supδ J(δ)
if Y 1 and Y 2 are given by the following system of Snell envelopes

Y 1,xt
t = ess sup

τ≥t
E

[∫ τ

t
ψ1(Xs, s)ds+ (−a1

τ + Y 2
τ ) ∨ F (Xτ )χ{τ<T}

∣∣∣∣Xt = x

]
Y 2,xt
t = ess sup

τ≥t
E

[∫ τ

t
ψ2(Xs, s)ds+ (−a2

τ + Y 1
τ ) ∨ F (Xτ )χ{τ<T}

∣∣∣∣Xt = x

]
Y 1,xt
T = Y 2,xt

T = 0,

where we use the notation a ∨ b = max(a, b) for a, b ∈ R.
In Paper IV we investigate three cases when Y 1 and Y 2 are given by

deterministic function of time and the underlying process, Y 1,xt
s = v(Xxt

s , s)
and Y 2,xt

s = v(Xxt
s , s), which are viscosity solutions to the following system

of variational inequalities

min
(
v1 − (v2 − a1) ∨ F1,−Hv1 − ψ1

)
= 0 (6.1)

min
(
v2 − (v1 − a2) ∨ F2,−Hv2 − ψ2

)
= 0, (6.2)

v1(x, T ) = v2(x, T ) = 0, (6.3)

where H = ∂
∂t +A and A is the infinitesimal generator of Xs, namely

A = 1
2

n∑
i,j=1

(σ · σ∗)ij
∂2

∂xi∂xj
+

n∑
i=1

bi(x, t)
∂

∂xi
.

Furthermore, we give regularity results for the solutions v1 and v2. Note
that the problem we consider is slightly more general than [?] as the cost of
termination from the open state is F1 and from the closed state F2.
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6.1 Regularity of the solutions

Regularity of the solution up to the free boundary follows from the corre-
sponding regularity result for the classical obstacle problem with non-linear
operator. We know that with H as given above the solution to the following
obstacle problem

min(u− F,Hu) = 0 (6.4)

is as regular as the obstacle F up to C1,1 regularity (Theorem 4.1 in [PS]).
The same regularity is acquired for v1 and v2 of (6.1) - (6.2) by the following
reasoning: Introduce A1 = {v1 = v2 − a1} and A2 = {v2 = v1 − a2} and
note that A1 ∩ A2 = ∅. On A1 the function v2 solves an obstacle problem
on the form (6.4), on A2 the function v1 solves (6.4) and on Ac1 ∪ Ac2 both
v1 and v2 solve (6.4). Thus the only place where regularity might be lost is
on the boundary of A1 and A2 as stated in Theorem 3.3 of the paper.

It is not possible to obtain any better regularity than what is given by
Theorem 3.3. This follows by an example where C1,1-regularity is lost on
the free boundary.

Uniqueness

We present three situations when the solutions to (6.1)–(6.3) are unique.
Case 1 is when we remove the default risk, i.e. F1 = F2 = 0. Then our

problem is equivalent to the double obstacle problem on the following form

min(v + a1; max(v − a2,−Hv − ψ)) = 0
v(T, x) = 0,

where v = v1 − v2 and ψ = ψ1 − ψ2. Uniqueness follows by well known
results.

In case 2 we assume that ψ1(x, t) 6= ψ2(x, t), F1 = F2 and a1, a2 =
const. In this case either v1 or v2 solves a variational inequality of the form
(6.4). Without loss of generality we assume that v1 solves (6.4). This gives
uniqueness of v1 but it also fixes the obstacle (v1−a2)∨F1, so v2 also solves
a (6.4)-type obstacle problem.

In case 3 we assume that ψ1 = ψ2, F1 = F2 and a1, a2 = const. Arguing
by contradiction we suppose that there exists two pairs of solutions (v1, v2)
and (u1, u2) and we derive a contradiction to the maximum principle.
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Multiple switching problems

A generalized version of Theorem 3.3 holds if we consider an arbitrary num-
ber of states for the system. This follows by studying the system separately
on the sets

Aij = {(t, x) ∈ Ai : vi = vj − aij},

where
Ai = {(t, x) : vi = max

j 6=i
{vj − aij}}.

Theorem 4.1 states that we have C1,1 regularity away from the boundaries
of the sets Aij . On the boundaries the function is C0,1.

Furthermore, we show that the sets Ai are disjoint in the sense that
∩mi=1Ai = ∅. However, we can construct an example which shows that the
sets Ai are not pairwise disjoint.



Chapter 7

Numerical methods

All projects presented in this thesis have involved some numerical calcula-
tion for graphical illustrations of the presented ideas. In particular we have
solved free boundary problems numerically. It is, however, well known that
numerical methods tend to perform weakly close to free boundaries. This
is in fact one motivation to study free boundary problems analytically. In
this chapter we outline the procedure of computing numerical solutions and
mention a few known issues when treating free boundary problems numeri-
cally. Our main reference for numerical methods in this class of problems is
[WDH].

Solving PDEs numerically

We use finite difference schemes to solve free boundary problems. They have
the advantage (over finite element methods) that they are easy to implement
on rectangular domains, which are of interest in our papers. To concretize,
we usually consider a space-time domain of points (x, t) ∈ [a, b] × [0, T ].
Discretize the domains with the steps ∆x and ∆t so that b = a + (N +
1)∆x and T = (M + 1)∆t and denote umn = u(a + n · ∆x,m · ∆t). PDEs
can be solved by replacing the involved partial derivatives by their discrete
approximations, e.g. ∂u/∂t ≈ (um+1

n −umn )/∆t in the point (a+m∆x, n∆t).
The replacement results in M · N linear equations from which umn can be
solved.

We use predominantly the Crank-Nicholson discretization scheme for
which ∂u/∂t is discretized as in the example above and the second spacial
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derivative is discretized by

∂2u

∂x2 ≈
1

2∆x2

(
um+1
n+1 − 2um+1

n + um+1
n−1 + umn+1 − 2umn + umn−1

)
.

This discretization scheme has the advantage over the explicit scheme of
being stable also when ∆t/∆x2 > 1/2 and the advantage over the implicit
scheme of having an error term of order ∆t2 rather than ∆t.

7.1 Numerics for free boundary problems

Free boundaries and implicit schemes

When applying explicit schemes to heat-type PDEs all information for cal-
culating the current time step is given by the previous time step. In other
words um+1

n = F (umi ) where 0 ≤ i ≤ N + 1 for some function F . Implicit
schemes, such as the Crank-Nicholson, interconnect all current time steps,
um+1
n = F (um+1

i ) for i 6= n, hence all values for the current time step must
be calculated simultaneously.

This complicates the application of implicit schemes to free boundary
problems. For the explicit scheme the free boundary problem can be solved
by calculating the PDE solution from the explicit scheme and then applying
the obstacle condition, as illustrated in the following algorithm:

for ( 0 <= m <= M )
{

y = F(u(i,m));
u(n,m+1) = max( y, obstacle );

}

The same procedure does not work for implicit schemes. After applying the
obstacle condition the solution would no longer satisfy the PDE.

To overcome this issue we apply the following method, known as the
Gauss-Seidel method. For each time step we follow an iterative procedure
which is initiated with the values from the previous time step. We then
borrow the molecule from the scheme we chose, so for Crank-Nicholson, at
the (k + 1)’th step of the iteration we obtain

um+1,k+1
n = F (umn−1, u

m
n , u

m
n+1, u

m+1,k+1
n−1 , um+1,k

n+1 ). (7.1)



7.1. NUMERICS FOR FREE BOUNDARY PROBLEMS 31

Note that all but one input arguments are known or have been calculated
for the current iteration step. The outcome is then adjusted to satisfy the
obstacle condition and the procedure is iterated until sufficient accuracy is
obtained. The algorithm reads

for ( 0 <= m <= M )
{

while ( error > tolerance )
{

error = 0;
for ( 1 <= n <= N )
{

uOld = u(n,m+1);
y = F(u(n-1,m+1), u(n+1,m+1), u(n-1,m), u(n,m), u(n+1,m));
u(n,m+1) = max( y, obstacle );
error = error + |u(n,m+1) - uOld|;

}
}

}

The Gauss-Seidel method converges for increasing k (see [S]). It can however
be further improved as described in the next section.

Successive over-relaxation

The analysis in [S] suggests that the rate of convergence of the Gauss-Seidel
method can be considerably improved by introducing an over-relaxation
parameter. The method suggests adding a multiple of the difference (uk+1−
uk) to uk+1. We choose an over-relaxation parameter ω ∈ (1, 2) and get the
following modification of (7.1):

um+1,k+1
n = um+1,k

n + ω
(
F (umn−1, u

m
n , u

m
n+1, u

m+1,k+1
n−1 , um+1,k

n+1 )− um+1,k
n

)
.

(7.2)
The value of the parameter ω is continuously updated for each time step,

with the aim of finding the value which minimizes the number of iterations.
The method goes by the name of successive over-relaxation (SOR). Intro-
ducing the obstacle condition does not affect the convergence of the method.
In this case it is called the projected SOR method.
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