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Abstract

GNSS hardware biases appear in code and phase observations, and orig-
inates both from the receiver and satellite hardware. The presence of biases
in GNSS observations might affect the accuracy in precise GNSS position-
ing applications, and might also be of relevance in other GNSS applications.
They may also be a cause of incompatibility between different receiver types
or GNSS constellations.

In this thesis, which is based on four papers, the biases in GNSS code and
carrier phase observables are investigated. This is done by: characterizing and
analyzing some selected biases; revealing some previously unknown biases;
developing new methods to estimate some of the biases; and compiling and
presenting information about biases in a new and comprehensive way.

Paper 1 gives a full review of how various kinds of biases affect various
applications of precise GNSS positioning, including multi-GNSS positioning
and ambiguity resolved PPP.

In Paper 2, two cases of relative phase biases, that potentially could de-
grade the positioning accuracy in precise positioning applications, are inves-
tigated. Fortunately, these biases turns out to be small in size with negligi-
ble effect on the positioning accuracy in both cases, which involves relative
between-receivers biases for receivers of different type and between-signals
biases for carrier phase observations of different signals associated with the
same carrier frequency.

Paper 3 characterizes GNSS observations from a Nexus 9 Android tablet.
By doing this, it reveals a number of earlier unknown biases. A drift be-
tween the code and phase observable of -3 and 2 mm/s is revealed for GPS
and GLONASS, respectively. Additionally, an unexpected variation in the
GLONASS phase observable, which seems to be dependent on the topocen-
tric range rate of the satellite, is discovered.

In Paper 4, the existence of nadir dependent code biases is confirmed for
GNSS observations from BeiDou-2 satellites of the BeiDou constellation by
analyzing the residuals of 2-D and 3-D ionosphere modeling. This a new
method to derive this kind of bias, independent of the earlier employed ap-
proach based on the multipath linear combination. The estimated effect is,
however, too small to infer a similar nadir dependence for GPS and Galileo
as well.
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Sammanfattning

Hårdvaru-relaterade GNSS biases uppträder i kod- och bärvågsobserva-
tioner som små avvikelser eller fel. Dessa är karaktäristiska för en viss typ
av hårdvara och har sitt ursprung både i satellit och mottagare. Förekoms-
ten av biases i GNSS-observationer har en potentiell negative påverkan för
mätosäkerheten för tillämpningar av noggrann GNSS-positionering. Även i
andra GNSS-tillämpningar kan biases i vissa fall vara relevanta. Förekoms-
ten av biases kan också vara en orsak till kompatibilitetsproblem när GNSS-
observationer från olika mottagartyper eller GNSS-konstellationer kombine-
ras.

Denna avhandling, som är baserad på fyra artiklar, tittar närmare på
biases som förekommer i kod- och bärvågsobservationer. Mer specifikt så in-
volverar detta: karaktärisering och analys av några utvalda biases; avlöjande
av vissa tidigare okända biases; utvecklande av nya metoder för estimering
av biases; och sammanställning och presentation av biases på ett nytt och
övergripande sätt.

Artikel 1 är en litteraturstudie som behandlar hur olika typer av biases
påverkar tillämpningar för noggrann GNSS-positionering. Dessa tillämping-
ar innefattar bland annat GNSS-positionering som involverar flera GNSS-
konstellationer och PPP med heltalslösning av periodobekanta.

Artikel 2 undersöker två typer av relativa biases för bärvågsobservationer.
Dessa skulle potentiellt sett kunna ha en negativ inverkan på mätosäkerheten
för noggranna GNSS-tillämpningar. De två typerna innefattar biases relativa
mellan två mottagare, och biases relativa mellan två signaler. Lyckligtvis så
visade det sig att dessa är så små att de endast har en försumbar effekt i de
flesta GNSS-tillämpningar.

I artikel 3 karaktäriseras GNSS-observationerna från en surfplatta av mo-
dell Nexus 9 och med Android som operativsystem. Här avslöjas två tidigare
okända biases: drift mellan kod- och bärvågsobservablerna motsvarande -3 och
2 mm/s för GPS och Glonass; samt en variation i Glonass bärvågsobservabel
som verkar bero på den topocentriska hastigheten.

Artikel 4 bekräftar förekomsten av ett nadir-beroende för kod-biases för
BeiDou-observationer gällande de satelliter som betecknas BeiDou-2. Detta
resultat är härlett från jonosfärsmodellering i två och tre dimensioner genom
analys av motsvarande residualer. Den presenterade metoden för denna här-
ledning är ny, då metoden utnyttjad i tidigare studier istället använder sig av
flervägsfelslinjärkombinationen av kod- och bärvågsobservationer.
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Chapter 1

Introduction

Global Navigation Satellite Systems (GNSSs) are today seen as an inseparable
part of the modern society. The navigation systems that originally were designed
mainly for military purposes, have over the past decades literally exploded in civil
usages and applications. This has happened in parallel with continuous adapta-
tion of the GNSS systems for civil usage. The earliest measures for adaptation,
like releasing the technical details for GLONASS in 1988 and turning off selective
availability (SA) for GPS in 2000, have been followed by technical modernization
with extended functionality aimed especially to encourage civil usage. Additional
civil signals without the military encryption have been added for the satellites to
transmit. Furthermore, during the last decade two additional satellite navigation
systems with global coverage have emerged. The European Galileo and the Chinese
BeiDou extend the capability of satellite navigation and positioning with increased
redundancy and greater availability, and thereby enable satellite positioning in situ-
ations earlier too challenging due to bad satellite availability, like in urban canyons.

The introduction of new signals and GNSS constellations introduces a new com-
plexity when these are used together in the positioning process. Various sources of
incompatibility exist, partly due to differences in the design choices made for the
systems and signals. Most obvious of the between-systems incompatibilities are the
coordinate frame and time scale differences, but also more subtle incompatibilities
exist due to, for instance, the choices of carrier frequencies and signal structures.
Another incompatibility is the hardware biases that appear due to the hardware
and signal design.

The presence of hardware biases can be problematic in several situations where
different types of receiver and satellite hardware are involved to achieve precise
positioning. This involves combing observations from multiple GNSS systems into
one positioning solution, employing different receiver types at the user and the
service provider in relative positioning, or resolving phase ambiguities in Precise
Point Positioning (PPP), just to mention a few.

With the release of version 7.0 of the smart phone and tablet operating system

1



2 CHAPTER 1. INTRODUCTION

Android, GNSS raw observables are accessible through the application program-
ming interface (API). This opens up for future mass market applications, like pre-
cise GNSS positioning with mobile devices, but also introduces additional biases,
which are normally not present with high-grade geodetic receivers.

1.1 Objective

The purpose of the doctorate studies presented in this thesis is to perform research
about the GNSS hardware biases influence in various cases of precise positioning
and ionosphere modeling. The work is presented in the four papers that comprise
the second part of this thesis.

Contributions
The contributions of this study are:

• To compile and present information about biases in a new and comprehensive
way. This is done in Paper 1, which is a review paper about biases in the
context of precise positioning with multiple GNSS constellations.

• To characterize and analyze selected biases. This is done in Paper 2, 3, and
4. Paper 2 analyses the satellite dependency of phase biases in two cases:
between-receiver biases in a zero-baseline setup, and between-signal biases
for signals transmitted between the same satellite and receiver and associated
with the same carrier frequency. Paper 3, confirms the existence and estimates
Globalnaya Navigatsionnaya Sputnikovaya Sistema (GLONASS) code inter-
frequency biases (IFBs) biases, and GPS-GLONASS code inter-system biases
(ISBs) for Nexus 9 GNSS observations. Paper 4 confirms the existence of
nadir dependent code biases. Varying code biases might also be referred to
as group delay variations (GDV).

• To reveal previously unknown biases. This is done in Paper 3, where two
additional unexpected biases are revealed for the Nexus 9 Android tablet:
a drift over time between the code and the phase observable for GPS and
GLONASS, and a drift of the GLONASS phase observable dependent on the
topocentric range rate of the satellite.

• To develop new methods to estimate selected biases. This is done in Paper 4,
where a new method utilizing ionosphere modeling is presented for estimation
of nadir dependent code biases.

1.2 Outline

This thesis is a compilation of four scientific peer reviewed papers. Prior to the
papers, a general overview of GNSS observations and GNSS positioning in partic-



1.3. GNSS IN THE CONTEXT OF SUSTAINABLE DEVELOPMENT 3

ular is given. This is followed by a discussion and elaboration of some findings
from the four papers. The first of the four papers is published in GPS Solutions.
In this paper, a review of hardware biases and their influence on precise GNSS
positioning is given. The second paper, published in Journal of Geodetic Science,
investigates the satellite dependency for two cases of relative phase biases. In the
third paper, which is published in GPS Solutions, characterization of the GNSS ob-
servables from a Nexus 9 Android tablet is performed. From this characterization,
additional biases, which are normally not present in high-grade geodetic receiver
observations, are revealed. The fourth and last paper, which is submitted to an in-
ternational journal, investigates the nadir dependence of code biases and how these
affect ionosphere modeling.

1.3 GNSS in the context of sustainable development

The UN 2030 Agenda for Sustainable Development and the 17 Sustainable Devel-
opment Goals were adopted in 2015 with the purpose to achieve a more sustainable
future. These goals address various aspects related to sustainable development such
as the climate and environment, and social questions including poverty, inequality,
peace and justice.

GNSS is already strategic national infrastructure, since it is a key technology in
many applications, like

• telecommunication (by synchronization and timing)

• transport (navigation and tracking of vehicles)

• precise positioning and machine guidance in the architecture, engineering and
construction (AEC) industry

As such, it is also important for the achievement of the sustainable develop-
ment goals. Additionally, GNSS contributes to sustainable development in several
ways, in accordance to the UN goal of clean energy and efficient energy usage, for
instance by precision agriculture with tractor guidance and transport optimization
for reduction of fuel usage (United Nations, 2018). It can furthermore be employed
for climate monitoring and research as several important parameters can be derived
from GNSS observations independently, such as water moisture in the atmosphere,
and sea levels from reflected GNSS signals.

Additionally, GNSS may, as globally available positioning systems for everyone
with a GNSS receiver, contribute to the sustainable development goal of reduction
of inequalities between rich and poor countries. Low-price consumer receivers,
available for instance in smartphones and tablets, furthermore increase this effect.

GNSS also enables unification of national geodetic reference systems through
the International Terrestrial Reference System (ITRS), which was recognized in a
resolution by the UN General Assembly in 2015, “A Global Geodetic Reference
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Frame for Sustainable Development”. The unification and connection of these ref-
erence systems to the ITRS is made with GNSS through networks of continuously
operating reference stations (CORS). Unification of reference systems greatly sim-
plifies cross border and national development projects in, for instance, several of
the African countries (Kufoniyi, 2016).

The research presented herein is related to sustainable development through
increased capabilities of GNSS, and especially precise GNSS in terms of flexibility
and increased accuracies. Knowledge of GNSS hardware biases is valuable and
sometimes necessary for compatibility between hardware types related to GNSS
constellation, satellite, and receivers with different architecture. It will also allow
positioning with increased accuracies as it enables new positioning technologies and,
in some cases, increases the redundancy of the positioning solutions.



Chapter 2

The GNSS code and carrier phase
observables

The GNSS observables comprise various quantities estimated in the tracking pro-
cesses performed by the receiver at the reception of signals from a satellite. Ac-
cording to Enge and Misra (2006) a transmitted signal, as a function of time, can
be described mathematically as

s (t) =
√

2PAxA (t)D (t) cos (2πft+ θ) +√
2PBxB (t)D (t) sin (2πft+ θ)

(2.1)

where f is the carrier frequency, t is time, and θ is the phase. This equation
describes the carrier wave of the signal modulated with ranging codes xA (t) and
xB (t) together with navigation data D (t). The ranging codes xA (t) and xB (t)
could for instance be C/A-code and P-code modulated on the L1 carrier frequency
of GPS. The amplitude in Equation (2.1) is related to the powers PA and PB of
the transmitted signal.

For the derivation of pseudorange observations the received ranging codes are
compared to a locally generated replica in the receiver. The pseudorange can then
be determined in the receiver from the observed shift between these. In parallel,
for the derivation of pseudorange to be possible, also the Doppler shift needs to
be derived (Doberstein, 2012). More advanced receivers also produce observations
of the carrier phases in addition to the pseudoranges and Doppler. In addition to
these observation types, the signal powers of the received signals are determined
and expressed as for instance the signal to noise ratio.

Observation equations
The main GNSS observables for the purpose of positioning are the code pseudorange
and the carrier phase, where the latter is of crucial importance in precise positioning.
The observation equations given below are slightly modified in comparison to the

5
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versions that can be found in Hoffman-Wellenhof et al. (2008). Equations for code
and carrier phase are given below in the unit of length as

Rsys,ssig,r = ρsr + c
(
δr − δs +Bsyssig,r −B

s
sig + τsys

)
+ T sr + Isfsig,r +Ms

sig,r + εR (2.2)

φsys,sf,r =ρsr + c
(
δr − δs + ϕr − ϕs + bsysf,r − b

s
f + τsys

)
+T sr − Isf,r +Ms

f,r + λfN
s
f,r + εφ

(2.3)

The Equations (2.2) and (2.3) have been modified to also include the hardware
bias terms

{
Bsyssig,r, B

s
sig, b

sys
f,r , b

s
f

}
for the receiver and satellite hardwares denoted

by subscript r and superscript s, respectively. Other subscript and superscript
notations used are: sys for GNSS system, sig for signal (e.g. C/A-code on L1
for GPS), and f for the carrier frequency. For the sake of completeness, the ini-
tial phases of the receiver ϕr and the satellite ϕs are also included in the phase
equation. The initial phases are often omitted as they cancel out together with
the phase biases when forming double differences, and, as the satellites are con-
tinuously operating, can be considered as merged with the satellite phase biases
in PPP applications where the phase ambiguities are resolved. Because of this, in
Paper 1 on page 57 and Paper 3 on page 81, these are assumed to be merged with
the receiver and satellite phase biases, while in Paper 2, on page 69, they are stated
explicitly. The other terms of these equations are geometric range ρ, receiver and
satellite clock error δr and δs, system time offset τsys, tropospheric refraction T ,
ionospheric refraction I, code and phase multipath M and m, phase ambiguity N ,
and noise together with other remaining error sources for code and phase denoted
as εR and εφ. The error sources of Equation (2.2) and Equation (2.3) are described
in the next section.

2.1 Error sources

The GNSS signals are influenced by various effects during their propagation from
the satellite to the receiver. These induce errors in the range observables made
by the receiver, and they will affect the accuracy of the calculated position if not
accounted for properly. This section gives a short summary of those error sources
that have the largest influences on the positioning accuracy, and are of greatest
importance in relation to GNSS hardware biases.

Receiver clock error
The clock errors of the receiver and satellites are present due to the fact that indi-
vidual satellite and receiver clocks are not perfectly synchronized with the system
time. The receiver clocks are in general of low quality in terms of stability, and
they therefore need to be determined continuously. This is done in the positioning
calculation together with the determination of the 3-dimensional (D) position.
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In some cases an external frequency source of higher stability is used as input
to the receiver to stabilize the receiver clock. This does not mean that the receiver
clock error term cancels out in Equation (2.2) and (2.3), but only that the drift of
the clock over time will be considerably smaller. It is thereby possible, for instance,
to reduce the number of clock error terms to be estimated in a positioning solution
to one common receiver clock error for several epochs, instead of one clock error
term every epoch.

Satellite clock errors
Satellite clock errors appear due to drift of the satellite clocks over time, even
though the oscillators used in the satellites, in general, are much more stable than
those used in the receivers. The satellite clock error needs to be corrected for in
the observations before a position can be calculated. For Single Point Positioning
(SPP) purposes, corrections for these are broadcasted in the navigation message
transmitted from the satellites (IS-GPS-200K, 2019). For more precise positioning
they are also available as a product from various analysis centers, as for instance
International GNSS Service (IGS) (Dow et al., 2009).

Multipath
Multipath is a local error source that exists due to reflections of the GNSS signal
by the surrounding environment. The multipath error occurs as the GNSS antenna
receives both the direct and reflected signals. As the direct and the reflected signals
propagate different distances before reaching the receiver antenna, they will be
misaligned at the moment of reception. The misalignment gives an attenuation of
the received signals together with a range error induced both on the code and the
phase observations (Hoffman-Wellenhof et al., 2008).

The way signals are reflected by a surface is dependent on the orientation of the
surface together with the angle of incidence on the inbound signals. As a result,
the multipath error is dependent on both the characteristics of the surrounding en-
vironment and on the momentary geometry of the GNSS satellites. This gives the
multipath error the behavior of repeating itself along with the satellite geometry in
a surrounding that remains unchanged. For GPS this repetition of satellite geom-
etry occurs every sidereal day. Other GNSS systems also have repeating satellite
geometries, but with different lengths of the periods.

Ionospheric refraction
Refraction affects the GNSS signals on their propagation to the receiver through
the ionosphere, located in the upper part of the atmosphere, about 50 km to 1000
km above surface of the earth (Hoffman-Wellenhof et al., 2008). The ionospheric
delays occur due to ionized particles and free electrons that are present in this
part of the atmosphere. The measure of the number of free electrons is often
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referred to as Total Electron Content (TEC) (Hoffman-Wellenhof et al., 2008).
The ionosphere is a dispersive media for the frequency bands employed by GPS
and other GNSS systems, which means that the signal delays differ depending on
the carrier frequency employed.

The relationship between the ionospheric signal delay and the carrier frequency
can be expressed as

If,R = 40.3
f2 TEC, If,φ = −40.3

f2 TEC (2.4)

where the first and the second equation are the delays for code and phase obser-
vations, respectively. f denotes the frequency of the carrier wave in Hertz (Hz)
and TEC is the number of free electrons expressed in TEC units (TECUs), where
1TECU = 1016 electrons per m2. As can be noted in Equation (2.4), the iono-
spheric delays for code and phase have different signs. This means that the code
is delayed, while the carrier phase is advanced when it propagates through the
ionosphere. This code-carrier divergence appears due to the fact that the iono-
sphere is dispersive for GNSS frequencies (Enge and Misra, 2006). The number
40.3 in Equation (2.4) is derived from the electron charge, the electron mass, and
the permittivity in vacuum (Schaer, 1999).

Equation (2.4) accounts only for the first order delays related to the carrier
frequency. This is, however, sufficient for handling of the most significant part of
the ionospheric delays, as the remaining contributions from higher order terms most
often amount only to about 1 cm (Leick et al., 2015).

Due to the dispersiveness of the ionosphere it is possible to eliminate this error
source by forming a linear combination of observations associated with two or more
carrier frequencies. The ionosphere free combination between two signals with
different carrier frequencies is formed by

Rsys,sIF,r =
f2
sig1R

sys,s
sig1,r − f2

sig2R
sys,s
sig2,r

f2
sig1 − f2

sig2
(2.5)

and

φsys,sIF,r =
f2

1φ
sys,s
f1,r − f2

2φ
sys,s
f2,r

f2
1 − f2

2
(2.6)

This linear combination is derived from Equation (2.4) and therefore only account
for the first order delays related to the carrier frequency.

GNSS measurements can also be used for modeling of the ionosphere if the
hardware delays in the receiver and the satellites are considered (Jensen et al.,
2007; Schaer, 1999). This is discussed in section 3.2.

Tropospheric refraction
The troposphere is a non-dispersive medium for the carrier frequencies used by
GNSS, located in the lower non-ionized part of the atmosphere. It thus induces
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the same delay on the transmitted signals, regardless of their associated carrier
frequencies. Regarding the delay for a transmitted radio signal, the modeling of
the troposphere can be separated into a dry and a wet part, where the dry part
constitutes the hydrostatic atmosphere and the wet part constitute its water vapor
(Hoffman-Wellenhof et al., 2008).

The division of the troposphere into a dry and a wet part simplifies its mod-
eling. The water vapor part only covers the lowest layer of the troposphere below
approximately 13 km above the surface of the earth, while the dry part extends to
about 45 km above the surface of the earth (Hoffman-Wellenhof et al., 2008).

About 90% of the tropospheric delay is due to the dry part, but this part is on
the other hand easier to model deterministically than the wet part which is difficult
to model, due to large temporal and spatial variations in the amount of water vapor
(Hoffman-Wellenhof et al., 2008).

Therefore, it is common in high accuracy GNSS positioning to estimate the
wet part of the troposphere as an extra unknown parameter, while letting the dry
part be corrected by some deterministic model (Leick et al., 2015). This is rele-
vant in precise positioning applications where the error sources need to be handled
explicitly, for instance for PPP.

Hardware biases

Biases induced by the hardware appear both in the code and the carrier phase
observations. These are described more closely in chapter 3, and in the first paper,
Håkansson et al. (2017), on page 57.

2.2 GNSS positioning

GNSS positioning is done by trilateration, i.e. a position is calculated with the
knowledge of the distances to points with known coordinates (Enge and Misra,
2006). The points with known coordinates are in satellite based positioning realized
by the antennas of the transmitting satellites, while the distances are estimated in
the GNSS receiver from the received signals. The geometric distance between the
receiver and a satellite is, in a non-rotating Cartesian coordinate system, given by

ρ =
√

(xs − xr)2 + (ys − yr)2 + (zs − zr)2 (2.7)

where ρ is the geometrical distance, and (·)r and (·)s are the coordinates of the
receiver and the satellite in the x, y, and z directions, respectively. With three
unknowns a minimum of three equations are needed to get a non-singular system.
However, the internal oscillators in GNSS receivers are in general of insufficient
quality for the precise timing required for range estimation. Thus, in practice,
also a clock error parameter of the GNSS receiver needs to be calculated in the
positioning process.
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R = ρ+ cδr (2.8)

where R and δr is the measured range and the clock error of the receiver, respec-
tively, and c is the speed of light in vacuum. In practice, numerous other error
sources also affect the range observation done by the receiver, as shown with the
Equations (2.2) and (2.3) for code and phase observations respectively. As the
measured range R also includes other terms in addition to the geometrical range ρ,
it is commonly referred to as the pseudorange between the receiver and the satellite
(Hoffman-Wellenhof et al., 2008).

As both the geometric 3-D position and the receiver clock error need to be
calculated in the positioning process, a minimum of four equations are needed in
the most basic applications of GNSS positioning. In other words, this means that
the receiver needs to track at least four satellites to establish a positioning fix.

Precise positioning methods
Precise positioning with GNSS can be roughly divided into two techniques. Posi-
tioning where observations from a reference receiver with known position are used in
addition to the observations collected by the user receiver in the position calculation
is commonly referred to as relative positioning. In this technique, the calculated
positions will be given in the same coordinate frame as in which the reference sta-
tions coordinates are defined. In the other technique, PPP, no observations from
a reference receiver are used directly in the positioning calculation. This can thus
be regarded as an absolute positioning technique, where the calculated coordinates
are given in the same reference frame as the satellite positions provided.

Relative positioning

The aim of relative positioning is to determine the position of a point with unknown
coordinates by determining the baseline to a point with known coordinates. This
technique relies on the fact that some error sources of the GNSS observations from
different receivers are identical or spatially correlated. This means that receivers
on nearby locations experience similar range errors for their measurements, i. e
GNSS code and carrier phase. It is thereby possible to remove most of the errors of
the user receiver observations if also GNSS observations from a reference receiver
at a site with known coordinates are available. A distinction is sometimes made
between relative positioning and the closely related differential positioning, which
both use individual reference stations to calculate positions with improved accuracy.
The main difference lies in that relative positioning employs corrections without la-
tency, most often conveyed to the user as code and carrier phase observations of the
reference receiver, in contrast to pseudorange and range rate corrections which are
employed in the differential case (Hoffman-Wellenhof et al., 2008). Mathematically,
all common errors are removed lumped together in the precise positioning calcula-
tion. A common way to process the code and the carrier phase observations in this
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step, is to form so called double difference between the observations of the refer-
ence receiver and the user receiver. By doing this all common error of the receivers
and the satellites are removed. Alternatively, precise relative positioning might be
performed with undifferenced observations (De Jonge, 1998). Double differences
are composed by first forming single differences between the observations of the
user receiver and the reference receiver. Double differences are then formed from
these differences by creating differences of these against a chosen reference satellite.
Error sources that are common between the two receivers cancel out in the first
step, when the single differences are formed. In the second step error sources that
are common between the satellites cancel out.

Precise Point Positioning

In contrast to relative positioning, where most error sources are similar between the
reference receiver and the user receiver, and therefore cancel out when for instance
forming double difference, methods for positioning with PPP have to deal with each
and every error source explicitly.

In PPP (Zumberge et al., 1997; Kouba and Héroux, 2001) accurate positions
are estimated by the use of precise orbits and satellite clock corrections. As all
error sources are handled explicitly, they either need to: be estimated in the solu-
tion, be determined from some deterministic model, or be provided as corrections
determined externally. Those error sources includes those mentioned in section 2.1.
In the traditional dual frequency PPP the tropospheric refraction and ionospheric
refraction are handled in the positioning calculation, either by estimating them as
additional parameters (troposphere and ionosphere) or eliminating it by forming a
linear combination of the dual frequency observations (ionosphere), i. e. Equation
(2.5). The parameters associated with the atmospheric influence is calculated in
addition to the four unknowns associated with the 3-D position and receiver clock
error.

In addition to the error sources mentioned in 2.1 some additional error sources,
not considered in relative positioning with short baselines, need to be considered
as well. These includes: solid earth tides, ocean loading, phase wind up, various
hardware biases, satellite phase center offsets. Most of these are efficiently handled
by applying deterministic models or by applying pre-calibrated values.

As all spatially correlated error sources are either corrected for by a determin-
istic model or handled in the positing calculation by estimation or elimination,
PPP tends to have a more homogeneous performance over large areas in terms of
positioning accuracy.

The accuracy of a PPP solution increases with the accumulation of GNSS ob-
servations from several epochs. In a real-time PPP solution this means that the
accuracy of the solution will converge over time to a value ultimately determined
by uncertainties of: the code and phase observations, the applied corrections in-
cluding precise orbits and satellite clocks, and of the PPP model itself and how well
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it corresponds to the reality. The convergence time of the solution depends, among
others, on how good the initial values of the parameters are.

Convergence can be improved by integer ambiguity resolution (PPP-AR), and
by initializing the PPP solution with values for the tropospheric and ionospheric
refraction supplied as corrections to the PPP user (PPP-RTK or PPP-SSR) (Choy
et al., 2017).



Chapter 3

GNSS biases in the code and
carrier phase observables

Biases appear as systematic offsets in GNSS code and phase observations due to
the hardware design both with regard to the GNSS receiver and to the GNSS satel-
lite. These, sometimes unintentional offsets, might be problematic in various GNSS
applications, and gets even more problematic when observations from various types
of hardware are to be combined. This might be: combining observations from two
different receiver manufacturers in relative positioning, where the service provider
uses some receiver brand and the GNSS correction user uses another; combining
observations from different GNSS systems in the same positioning solution; or in-
cluding observations associated with more than one signal in the solution. Paper
one, on page 57, gives a general review of how GNSS biases affects GNSS position-
ing. This chapter gives a short introduction to GNSS biases, and how they might
affect various cases of GNSS positioning.

3.1 Bias dependencies on satellite and receiver

Analyzing Equations (2.2) and (2.3), it is apparent that the biases, together with
most other terms, are assumed to be either satellite or receiver dependent, except
in cases with multiple GNSS constellations. That is, the hardware bias for a given
signal originating from a specific satellite are assumed to be the same, regardless
of the receiver making the observation. In the same way, the hardware biases
originating from the receiver for a given signal are assumed to be the same for all
observations done by the same receiver, regardless of the satellite transmitting the
signal, with the exception of satellites belonging to different GNSS systems. This
is a simplification, but nevertheless an acceptable approximation in many cases of
GNSS positioning or other GNSS applications, like ionosphere modeling.

To illustrate how this approximation might be useful, Equations (2.2) and (2.3)
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are reformulated so that all terms except the biases are merged together. This gives

Rsys,ssig,r = ρ́sys,ssig,r + c
(
Bsyssig,r −B

s
sig

)
(3.1)

and
φsys,sf,r = ρ́sys,sf,r + c

(
b́sysf,r − b́

s
f

)
(3.2)

where all error terms and the geometric range are merged together in the terms
ρ́sys,ssig,r and ρ́sys,sf,r , and phase biases and initial phases are merged together so that
b́sysf,r = ϕr + bsysf,r and b́sf = ϕs + bsf .

Situations that conform to this assumption are most obviously beneficial when
double differences are formed in the application of relative positioning. This oper-
ation results in

R
sysisysj ,sisj
sig,rkrl

= ρ́
sysisysj ,sisj
sig,rkrl

+ c
(
B
sysj
sig,rkrl

−Bsysisig,rkrl

)
(3.3)

and
φ
sysisysj ,sisj
f,rkrl

= ρ́
sysisysj ,sisj
f,rkrl

+ c
(
b́
sysj
f,rkrl

− b́sysif,rkrl

)
(3.4)

where the satellites si and sj belong to the GNSS systems sysi adn sysj respectively.
As is apparent from the equations, all biases cancel out if all satellites belong
to the same GNSS system. Otherwise, the relative ISB, if non-zero, also has to
be considered. In situations where both the receivers are of the same type, the
relative ISB can be considered to be zero (Odijk and Teunissen, 2012; Paziewski
and Wielgosz, 2014).

As in the positioning case, situations allowing separation of the hardware bias
contribution into a receiver-only and a satellite-only dependent term is also bene-
ficial for ionosphere modeling, where the code bias differences between signals, so
called differential code biases (DCBs), have to be considered. Forming differences
between signals from the same satellite-receiver combination eliminates the geome-
try dependent terms, while leaving the ionospheric influence, multipath, noise, and
DCBs.

Rsys,ssigmsign,r
= Ísys,ssigmsign,r

+ c
(
Bsyssigmsign,r

−Bssigmsign
)

(3.5)

where Ísys,ssigmsign,r
= Isfsigmsign ,r + Ms

sigmsign,r
+ εRsigmsign , and Bsyssigmsign,r

and
Bssigmsign are the receiver and satellite DCBs between signals m and n. In this
case, this type of separability is beneficial as it reduces the number of code bias
parameters to be estimated from nr · ns, for one combined DCB parameter of each
receiver-satellite combination, to nr + ns, for one DCB parameter of each receiver
and satellite, where nr and ns are the number of receivers and satellites for the
observations in the solution.

Deviations from the assumption of separable biases
Even though the assumption of hardware biases being separable into receiver-only
and satellite-only dependent terms are valid and sufficiently accurate in many cases,
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a few exceptions exist. In these cases, some property of the transmitted signal, that
somehow is characteristic for the transmitting satellite, induces additional biases in
the receiver hardware that depend on the receiver architecture. These additional
biases will thereby be dependent, not only on either the receiver or satellite, but
on the receiver-satellite combination. Solving these as additional parameters is not
always a viable option, as these might be highly correlated with other terms, and
thereby introduce rank deficiencies to the equation system. They do not necessarily
cancel out when forming double differences, which potentially could degrade the
accuracy of the solution. The second paper, on page 69, investigates whether this
type of bias is present in GPS carrier phase observations.

Cases where this apply are for instance IFBs in GLONASS code and carrier
phase observations, and biases in code observations due to signal distortions. For
the IFBs in GLONASS observations, the property that induces the biases in the
receiver is the carrier frequency of the transmitted signals. As GLONASS employs
Frequency Division Multiple Access (FDMA), this frequency is unique for every
visible satellite at any instant of time. In the second case, biases are induced in the
receiver due to distortions in the transmitted signals. These are more or less unique
for each satellite, and they are caused by mulitpath and other types of interference
happening at the satellite. In the receiver, these lead to small range errors for the
pseudoranges, which are estimated by correlating the actual code signal with a lo-
cal replica in part of the receiver chip called discriminator. Different discriminator
designs translate to different range errors for a specific signal distortion. Figure 3.1
presents single differenced C/A code biases for three receiver combinations between
the receiver types Trimble NetR9 and Javad Sigma from a zero-baseline setup. The
receiver combination Trimble NetR9 - Javad Sigma shows considerable larger vari-
ation between satellites, than single differences formed between the same receiver
types. It is obvious that this must be due to receiver code biases that are both
receiver and satellite dependent, as the variations would not show up if the satellite
dependent variations were the same on both receiver types.

The biases mentioned above, depend on either the receiver, or the satellite, or a
combination of these. In regard to other properties, they are regarded as constant.
However, biases that depend on additional properties might in some instances also
be present. These additional properties include time, topocentric range rate, or
nadir/elevation angles. In Paper 3, on page 81, the characterization of observations
from a Nexus 9 Android tablet reveals time dependent biases, such as a drift between
the code and the phase observable, and a topocentric range rate dependence for the
GLONASS phase observable. In the fourth paper, on page 95, nadir dependence of
code biases are proved to be present and further investigated.

3.2 Impact of GNSS biases on GNSS positioning

Paper 1, Håkansson et al. (2017), on page 57, gives a review of how hardware
biases influence precise positioning with GNSS. Additionally, biases also influence
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Figure 3.1: Single differenced code biases for GPS C/A-code from a zero-baseline
setup. The diagram shows biases for the receiver type combinations Trimble NetR9
- Javad Sigma, Javad Sigma - Javad Sigma, Trimble NetR9 - Trimble NetR9

estimation of TEC from GNSS observations. The influence of biases mainly revolves
around situations that can be divided into five cases:

1. Positioning not employing the ionosphere free linear combination

2. Impact of GNSS biases on estimation of TEC

3. Integer ambiguity resolution in PPP

4. Multi-GNSS positioning

5. Positioning with GLONASS

A short discussion for each of these cases is given below.
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Positioning not employing the ionosphere free linear combination

As the satellite clock corrections provided in the broadcast navigation message,
and from analysis centers like IGS, are aligned with some, for the GNSS constella-
tion specified ionosphere free linear combination, positioning not employing these
combinations must consider the existence of code biases at the satellite side (IS-
GPS-200K, 2019; Tetewsky, 2009; Collins et al., 2005).

For GPS, this alignment is done for the ionosphere free linear combination of
P-code on the L1 and L2 frequencies. For other GNSS constellations, other linear
combinations are utilized.

The existence of code biases in general only needs to be considered in absolute
positioning, as the satellite and receiver code biases will cancel out when double
differences are formed, as shown in Equation (3.3). In SPP the accuracy of the
positioning solution will be directly affected, while PPP in real-time will suffer of
prolonged convergence times as its initial solution is heavily dependent on code
observations. The same applies for shorter observation intervals in post-processed
PPP.

As the biases in Equation (2.2) are not estimable in their absolute form, due to
their correlation with the receiver and satellite clock errors, they are in practical ap-
plications treated as a bias difference. Common ways to treat the code biases are in
the form of DCBs (Montenbruck and Hauschild, 2014), or group delay differentials
(IS-GPS-200K, 2019).

Impact of GNSS biases on estimation of TEC

GNSS based modeling of the ionosphere utilizes the fact that the ionosphere is a dis-
persive medium, i.e. signals associated with different carrier frequencies propagate
through it with different velocities. It is thereby possible to estimate the ionospheric
delay induced on the signal by forming linear combinations of observations associ-
ated with different carrier frequencies. However, hardware biases originating from
the receiver and the satellite should preferably be considered for this estimation.
The reason is that these biases in general are not identical for different signals, and
they thereby do not cancel out in the formed linear combination.

The slant Total Electron Contents (STECs) can be estimated from GNSS ob-
servations with

Rssig1,r−Rssig2,r = 40.3
(

1
f2
sig1
− 1
f2
sig2

)
STEC+c

(
DCBssig1,sig2 −DCB

sys
sig1,sig2,r

)
(3.6)

where DCBssig1,sig2 = Bssig2 −Bssig1 and DCBsyssig1,sig2,r = Bssig2 −Bssig1 (Jin et al.,
2008). STEC is the amount of free charged particles along the path of the signals,
given in the unit of TEC. The DCBs are the hardware delay differences of the
signals at the satellite, DCBssig1,sig2, and at the receiver, DCBsyssig1,sig2,r.
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Equation (3.6) can be used for estimation of global ionospheric maps (GIMs).
This might be done with the assumption that the ionosphere is distributed as an
infinitely thin shell covering the earth (Jensen et al., 2007; Schaer, 1999). The
estimations of STEC are here assumed to be performed at the pierce points of the
GNSS signals with the thin shell. The shell is commonly assumed to be located
at heights ranging between 300-400 km above the surface of the earth (Hoffman-
Wellenhof et al., 2008). The IGS analysis centers assumes a height of 450 km in
their GIM products.

Integer ambiguity resolution in PPP
Integer ambiguity resolution in PPP reduces the convergence time for real-time
applications, and increase the accuracy of the positioning solution, especially in the
longitudinal direction (Collins et al., 2008). Fixed ambiguities are however not as
easy to achieve in PPP as in relative positioning.

In relative positioning, the bias terms of Equations (2.2) and (2.3) together
with many other error sources will cancel out when forming double differences.
This is not true for absolute positioning with PPP, which demands that most error
sources are handled explicitly. This is also true for the bias terms. When it comes
to integer ambiguity resolution in PPP, the satellite bias term bsf will be especially
problematic. This is due to the fact that the satellite phase bias is highly correlated
with the phase ambiguity. It will thus inhibit the resolution of the phase ambiguity
as an integer if the bias is not accounted for.

A real-time PPP user that requires integer ambiguity resolution must thereby be
provided with satellite phase bias corrections in addition to the precise clocks and
orbits of the traditional PPP user, where the phase ambiguities are not fixed. The
high degree of correlation between the error sources in Equation (2.3) requires that
the equation is reparametrized, and certain assumptions are made for some of its
error sources, in order to estimate the satellite phase bias corrections for the PPP
user. Making these assumptions is sometimes also referred to as choosing a S-basis
(Teunissen, 1985), or to set minimal constraints (Leick et al., 2015). Due to the
reparametrization, the satellite phase bias corrections sent to the PPP user will not
be in its absolute form as described in Equation (2.3), but will be merged with other
error sources and will be relative to the assumptions made. It is therefore of crucial
importance that the user employs the same parametrization and assumptions in the
positioning calculation when applying the satellite phase bias corrections. Several
suggestions of parametrizations for integer ambiguity resolved PPP exist, and it
has been proved that most of them can be mapped into each other (Teunissen and
Khodabandeh, 2014).

Multi-GNSS positioning
Due to differences in carrier frequencies and signal structures employed by various
GNSS constellations, biases between systems emerge on both code and phase ob-
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servations from the receiver hardware. These are commonly referred to as ISBs.
As these biases appear both for code and phase observations, they cause problems
in a variety of situations.

Examples of code ISBs of several hundreds of meters have been demonstrated
(Odijk and Teunissen, 2012). Therefore, it is important that also less accurate SPP
considers the existence of this type of bias.

ISBs are characteristic to the receiver type, and thereby of relevance in situations
where mixed receiver types are employed. This might be relative positioning where
the reference receiver and the user receiver are of different types, or PPP when the
service provider of PPP corrections employs other receiver types for the estimation
of the transmitted corrections than the user.

The phase ISBs will in some situations prevent the integer resolution of the
phase ambiguities. They will otherwise in a float relative or PPP solution merge
with the phase ambiguity parameters. Many cases of multi-GNSS positioning are in
situations where the GNSS systems employs different carrier frequencies. In these
situations, some separation must be made between the observations from different
GNSS systems in the positioning model, in order to preserve the integer nature of
the phase ambiguities. In relative positioning this might for instance mean that
the double difference must be formed separately for each GNSS system, as the
integer nature would not remain for cross constellation differences. In PPP, the
most extreme measure is to introduce system specific receiver clocks instead of one
common receiver clock for all the systems. It is also possible to introduce one extra
time offset parameter per system, which includes both system time offset and ISBs.
Depending on how much the system time offsets and the ISBs vary over time, these
parameters could be regarded as constants (Dach et al., 2010). The phase ISBs will
in these cases not be problematic for the integer resolution of the phase ambiguities.

An exception from the cases discussed above are cases with overlapping carrier
frequencies between the GNSS constellations, for instance combined GPS/Galileo
positioning. As the frequencies L1/E1 and L5/E5 are identical, the observations
from the two systems can be handled more tightly in the positioning model without
destroying the integer nature of the phase ambiguities. This means that cross
constellation double differences can be formed in relative positioning, under the
condition that also the relative between-receivers ISB is considered. It will otherwise
inhibit integer resolution of the phase ambiguity due to the correlation between the
ISB and the phase ambiguity.

Also in the case of PPP with GPS/Galileo the consideration of the phase ISB is
necessary in some instances. It would in this case not be necessary to divide the re-
ceiver clock error into system specific clock errors as mentioned above, but it would
still be necessary to know both the system time offset and the ISB. Unfortunately,
as these two terms are highly correlated it is not possible to identify the absolute
value of these (Melgard et al., 2013). Yet, with some choice of reparametrization
both these terms could be handled. One scenario could be that the system time
offset τsys merged with the ISB were sent out as a correction to the PPP user. The
PPP user would then have to know the relative ISB between the receiver types of
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the service provider and the user receiver, to account for the presence of the ISB
in the transmitted corrections.

Positioning with GLONASS
In positioning with GLONASS, biases originating from the receiver hardware have
to be considered, due to the fact that GLONASS is using FDMA to distinguish be-
tween satellites (Leick et al., 1998; Raby and Daly, 1993; Wanninger and Wallstab-
Freitag, 2007). FDMA means that each satellite has its own dedicated carrier
frequency, in contrast to Code Division Multiple Access (CDMA) where the satel-
lites are recognized by different ranging codes. The differences in carrier frequency
of the satellites induces biases in the receiver hardware that are dependent of the
carrier frequency, and thus also dependent on the satellites. They are commonly
referred to as IFBs.

As in the case with the ISB and multi-GNSS positioning, these biases are receiver
type dependent, and they thereby generally differs between receivers of different
types.

Code IFBs affect both SPP and PPP by decreasing the positioning accuracy
of the former and prolonging the convergence time of the latter, due to the great
weight of the code observations in the initial PPP solution.

Phase IFBs inhibit integer ambiguity resolution due to their high correlation
with the phase ambiguity. In the relative case, this is critical when the reference
receiver and the user receiver are of different types, and the relative IFBs must be
known in order to resolve the phase ambiguities as integers. In PPP, the phase
bias correction transmitted to the user would be contaminated by the IFBs of the
receivers on the service provider side. Knowledge of the relative phase IFBs between
the service provider receiver type and the user receiver type would also be required,
at the user side, to adapt the satellite phase bias corrections.



Chapter 4

Estimation methods

This chapter gives a more extensive summary of the estimation methods employed
in the three papers attached on pages 69, 81, and 95, i.e. Papers 2, 3, and 4. In Paper
2, it is investigated whether there exists any kind of satellite dependency in the
biases of the carrier phase observables. Two cases are investigated. The first case is
relative between-receivers phase biases. The second case is relative between-signals
phase biases which may originate from both the receiver and satellite hardware.
Paper 3 characterizes GNSS observations collected from a Nexus 9 Android tablet.
Paper 4 investigates nadir dependence of GNSS code biases. Nadir dependence
of code biases are derived for the geometry-free linear combination by analyzing
residuals from 2-D and 3-D ionosphere modeling. The nadir dependence is then
also analyzed with regard to ionosphere modeling.

4.1 Phase bias estimation in Paper 2

The second paper, on page 69, investigates the satellite dependency for two cases of
relative phase biases. This section gives a more thorough explanation of the math-
ematical methods used therein for the estimation of phase biases. The experiment
is done with zero baseline setups on two sites as described in the paper.

All bias estimates in the paper are made using GNSS observations stored in the
Receiver Independent Exchange Format (RINEX) 3.03 (IGS and RTCM-SC104,
2015) with a logging frequency of 1 Hz. Low elevation observations were filtered out
by applying an elevation mask of 15 degrees. Only biases for the GPS constellation
were estimated.

First case: estimation of relative between-receivers biases

In the first case, single differenced C/A-code tracking phase observations from re-
ceivers in a zero-baseline setup were used for estimation of relative between-receivers
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biases. Single differences between two receivers A and B were formed by

φsL1,AB = φsL1,B − φsL1,A (4.1)

In a zero-baseline setup, this means that Equation (2.3) becomes

ΦsAB = 1
λf
φsAB = f (δAB + ϕAB + bsAB) +Ns

AB + εAB (4.2)

Most error sources in this equation will cancel out as they are common between the
receivers. Possible multipath residuals are assumed to be included in εAB . The bias
term bsAB is here referring to the receiver hardware, and in contrast to Equation
(2.3), it is not assumed that this bias is satellite independent. The term thus has
the s superscript notation. For the sake of brevity, superscript and subscript labels
for GNSS system and carrier frequency have been omitted in Equation (4.2), and
will be so henceforth in this chapter.

In the article, relative between-receivers biases are estimated, either with the
assumption that the relative clock and biases are constant, or that they vary over
time. A mathematical derivation for each case is given below.

Estimation of relative between-receivers biases assumed constant over
time

Equation (4.2) must be reparametrized in order to be solvable, due to the correlation
between parameters. This is done by

ΦsAB = δ̃AB + Ñs
AB + εAB (4.3)

where
δ̃AB = f

(
δAB + ϕAB + b1

AB

)
+N1

AB (4.4)

and

Ñs
AB =

f (δAB + ϕAB + bsAB) +Ns
AB − f

(
δAB + ϕAB + b1

AB

)
−N1

AB =
f
(
bsAB − b1

AB

)
+Ns

AB −N1
AB

(4.5)

In this parametrization Ñ1
AB = 0. Hence, ns − 1 phase ambiguity parameters Ñs

AB

together with the receiver clock δ̃AB must be estimated, where ns is the number of
currently tracked satellites. The number of estimated parameters for each epoch
will thus equal the number of tracked satellites.

The equation system given in Equation (4.6) can be formed from Equation (4.3),
where ΦsAB (t) is the single differenced phase observation between receivers A and
B, for satellite s and at epoch t.

` = Ax (4.6)
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where

` =



Φ1
AB (1)

Φ2
AB (1)
...

ΦnsAB (1)
Φ1
AB (2)
...

ΦnsAB (2)
...

Φ1
AB (nt)

...
ΦnsAB (nt)



, A =



1 0 · · · 0
1 1 · · · 0
...

...
. . .

...
1 0 · · · 1
1 0 · · · 0
...

...
. . .

...
1 0 · · · 1
...

...
...

...
1 0 · · · 0
...

...
. . .

...
1 0 · · · 1



, and x =


δ̃AB
Ñ2
AB
...

Ñns
AB

 (4.7)

In Equation (4.7) ns and nt denotes the number of satellites and epochs, respec-
tively. It is obvious that the equations associated with each epoch form an inde-
pendent set of ns equations. Therefore A is full rank.

The equation system in Equation (4.6) can be solved in a least squares sense by

x =
(
ATA

)−1 AT ` (4.8)

With Equation (4.6) it is assumed that δ̃AB and Ñs
AB do not change between

epochs. This is of course not true for Ñs
AB in the event of cycle slips or between

satellite passes. Observations separated by such events are in a first stage assumed
to belong to different satellites s in the solution, i.e. one parameter δ̃AB or Ñs

AB

per cycle slip or satellite pass. After solving Equation (4.6) by Equation (4.8), cycle
slips and differences due to satellite passes are removed by subtracting the relative
phase ambiguities resolved as integers from the estimated parameters. This is done
by 

Φ̄s(1)
AB

Φ̄s(2)
AB
...

Φ̄s(np)
AB

 =


Φs(1)
AB + bÑs(1)

AB − Ñ
s(1)
AB e

Φs(2)
AB + bÑs(1)

AB − Ñ
s(2)
AB e

...
Φs(np)
AB + bÑs(1)

AB − Ñ
s(np)
AB e

 (4.9)

where s (p) denotes observations for satellite s and within group p separated from
other groups by either cycle slips or satellite passes. b·e is the rounding to the
nearest integer operator. This is possible as

bÑs(i)
AB − Ñ

s(j)
AB e = N

s(i)
AB −N

s(j)
AB (4.10)

derived from Equation (4.5) and the fact that bs(i)
AB = b

s(j)
AB if the phase biases are

assumed to be constant over time.
The biases were then estimated a second time with the cycle slip free observa-

tions Φ̄sAB and Equation (4.8), where Φ̄sAB ⊇ Φ̄s(p)
AB .
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It could be argued that if satellite dependent variations of relative receiver phase
biases exist, they should be much smaller than a wavelength. The reason for this
is that satellite dependent variations of the receiver phase biases will not cancel
out when double differences are formed if they differ between the reference receiver
and the user receiver. Experience furthermore shows that the double differenced
phase ambiguities can be resolved as integers, even in cases with mixed receiver
types. This implies that satellite dependent receiver phase biases if they exist
are small enough not to interfere with the integer ambiguity resolution, and thus
are considerably smaller than a wavelength. According to this reasoning the term
f
(
bsAB − b1

AB

)
of Equation (4.5) has a value very close to 0, and thus 0 as its integer

part. It can thereby be derived from Equation (4.5) that

f
(
bsAB − b1

AB

)
= Ñs

AB − bÑs
ABe (4.11)

as bÑs
ABe = Ns

AB −N1
AB .

At the last step, the relative phase bias estimates b̂sAB were determined by
Equation (4.11), and then centered around zero by subtracting the common mean.
Hence

b̂sAB = Ñs
AB − bÑs

ABe −
1
ns

ns∑
i=1

[
Ñs
AB − bÑs

ABe
]

(4.12)

Estimation of relative between-receivers biases with assumed temporal
variation

For estimation of relative between-receivers biases that are allowed to vary over
time, the dynamics of the biases must be considered in the estimation process. For
this purpose a Kalman filter was designed (Horemuz, 2006). In a Kalman filter,
a state vector is updated regularly as new observations get available. The state
vector is partially determined by the new observations with the filters observation
model, and partially from previous values of the state vector with the filters dynamic
model. The calculations made by the filter for each iteration can be summarized
in the following steps:

1. Initialization:
x̂−0 = E [x0] (4.13)

Q−x,0 = var
[
x−0
]

(4.14)

2. Time propagation:
x̂−k = Tk,k−1x̂k−1 (4.15)

Q−x,k = Tk,k−1Qx,k−1TT
k,k−1 + Qk (4.16)

3. Gain calculation:

Kk = Q−x,kH
T
k

[
Rk + HkQ−x,kH

T
k

]−1
(4.17)
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4. Measurement update:

x̂k = x̂−k + Kk

[
L̃k − hk

(
x̂−k
)]

(4.18)

5. Covariance update:
Qx,k = [I−KkHk] Q−x,k (4.19)

The Kalman filter is initialized with initial values for the state vector and the
covariance matrix, where the initial state vector and the initial covariance matrix
are denoted by x̂−0 and Q−x,0, respectively. Predicted values of the state vector x̂−k
are determined for each iteration k from the previous state vector estimate x̂k−1
with the dynamic model of the filter, defined by the transition matrix Tk,k−1. The
transition matrix together with the covariance matrix of the dynamic model Qk

are used to determine the predicted covariance matrix Q−x,k. Kk is the optimal
Kalman gain that determines which weight observations should have in relation
to the predicted state vector. The matrix Hk defines the observation model of
the filter, while Rk is the covariance matrix of the observations themselves. The
estimated state vector x̂k is determined from the predicted state vector and the
observations L̃k weighted by the Kalman gain. The covariance matrix of the state
vector Qx,k can be determined after the Kalman gain is known in step 3, Equation
(4.17).

Preprocessing of observations Before the observations can be used as input
to the designed Kalman filter, ambiguity differences must be removed. This does
not only apply to differences in time due to cycle slips and between passes, but also
between satellites. The observations were therefore preprocessed in the following
way.

Φ̄sAB (t) =
ΦsAB (t) + bΦ1

AB (1)− ΦsAB (t)e =
ΦsAB (t) +N1

AB (1)−Ns
AB (t) =

f (δAB (t) + ϕAB + bsAB (t)) +N1
AB (1) + εAB (t)

(4.20)

This equation was derived from Equation (4.2) with a time dependency added,
where ΦsAB (t) denotes ΦsAB at epoch t. This is possible because, as discussed on
the previous page, f

(
b1
AB (1)− bsAB (t)

)
is assumed to be very close 0, i. e. not only

the bias variations between satellites are assumed to be small, but also the bias
variations over time.

Observation model and state vector The equation system of the preprocessed
observations in Equation (4.20) is singular and it thus needs to be reparametrized.
As the purpose of the designed filter is to estimate both the relative clock er-
ror and the relative biases, an additional constraint is needed in addition to the
reparametrization.



26 CHAPTER 4. ESTIMATION METHODS

It is possible to consider

f

ns∑
i=1

biAB (t)− nsv (t) = 0 (4.21)

for some value v (t), where ns is the number of tracked satellites at epoch t. Equa-
tion (4.20) can then be reparametrized as

Φ̄sAB (t) = δ̃AB (t) + b̃sAB (t) + εAB (t) (4.22)

where
δ̃AB (t) = f (δ (t) + ϕAB) +N1

AB (1) + v (t) (4.23)

and
b̃sAB (t) = fbsAB (t)− v (t) (4.24)

The additional constraint included for each epoch will then be

ns∑
i=1

b̃iAB (t) = 0 (4.25)

Due to this constraint, the relative clock and bias estimates will be offset by the
unknown quantity v (t), in accordance with the Equations (4.23) and (4.24). The
observation model Hk and the state vector xk of the Kalman filter can then be
summarized as

L̃k = Hkxk (4.26)

where

L̃k =


Φ̄1
AB (t)

Φ̄2
AB (t)
...

Φ̄nsAB (t)
0

 , Hk =


1 1 0 · · · 0
1 0 1 · · · 0
...

...
...

. . .
...

1 0 0 · · · 1
0 1 1 · · · 1

 , and xk =


δ̃AB (t)
b̃1
AB (t)
b̃2
AB (t)
...

b̃nsAB (t)

 (4.27)

In this equation, an epoch t of the observations will be mapped to an iteration k of
the filter.

Discretization of a continuous dynamic system A general continuous dy-
namic system can be described by the linear, non-homogeneous, first order, ordinary
differential equations

ẋ (t) = F (t) x (t) + G (t) w (t) (4.28)

where x (t) is the state vector, ẋ (t) is the time derivative of x (t), F (t) is the matrix
that describes the relation between ẋ (t) and x (t), w (t) is a stochastic component,
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and G (t) is the linear relation between ẋ (t) and w (t). If this is the case, the
transitions matrix of the discretized system can be described as

xk = Tk,k−1xk−1 + uk (4.29)

where xk is the state vector at discrete time k, and Tk,k−1 is the previously men-
tioned transition matrix (Jekeli, 2000). As earlier mentioned, in these equation t
refers to continuous time while k refers to discrete time. It is here possible from
the matrix F (t), that describes the dynamics of the continuous system, derive the
corresponding transitions matrix Tk,k−1 of the discrete system by

Tk,k−1 =
∞∑
n=0

[
1
n!F (t)n ∆tn

]
=

I + F (t) ∆t+ 1
2F (t)2 ∆t2 + 1

6F (t)3 ∆t3 + 1
24F4∆t4 + . . .

(4.30)

where ∆t is the incremental time interval of the discrete system (Jekeli, 2000;
Hoffman-Wellenhof et al., 2008). A similar derivation between G (t) and w (t), and
the covariance matrix Qk of the dynamic model is done by

Qk =QG∆t+
[
FQG + QGFT

] ∆t2

2 +[
F2QG + 2FQGFT + QG

(
FT
)2] ∆t3

6 +[
F3QG + 3FQG

(
FT
)2 + 3F2QGFT + QG

(
FT
)3] ∆t4

24 + . . .

(4.31)

where QG = GQGT and Q is the auto- and cross-power spectral densities for the
white noise processes in the vector w (t) (Farrell and Barth, 1999; Jekeli, 2000).

Derivation of the transition and covariance matrix of the dynamic model
Both the relative clock error δ̃AB (t) and the relative biases b̃sAB (t) were modeled
as a random walk process in the designed filter. For the differential equation in
Equation (4.28), this means that

F (t) = 0, G (t) = I (4.32)

where 0 is the zero-matrix, and I is the identity matrix. This implies that the change
of the state vector over time is fully determined by the stochastic component w (t).
The transition matrix according to Equation (4.30) then becomes

Tk,k−1 = I (4.33)

The covariance matrix of the dynamic model can similarly be derived from the
equations Equations (4.31) and (4.32) as

Qk = Q∆t (4.34)
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where ∆t = 1s as the observation interval was 1 second. It is from this equation
obvious that if no correlation between the white noise processes in w (t) exist, Qk

will be a diagonal matrix.

Covariances The observation covariance matrix Rk was derived from the un-
certainties of the single differenced phase measurements from the receivers of the
experiment, while the covariance matrix of the filters dynamic model Qk was de-
rived by a trial and error approach. It was assumed that all measurements from
a single epoch and the parameters in the state vector were uncorrelated, i.e. the
covariance matrices are diagonal. The following value were therefore given to Rk

and Qk.

Rk =



σ2
φ

λ2
f

· · · 0 0
...

. . .
...

...
0 · · · σ2

φ

λ2
f

0

0 · · · 0 σ2
C

λ2
f

 (4.35)

Qk =



σ2
t

λ2
f

0 · · · 0

0 σ2
b

λ2
f

· · · 0
...

...
. . .

...
0 0 · · · σ2

b

λ2
f

 (4.36)

In these matrices σφ is the standard deviation of the single differenced phase obser-
vations, σC is the standard deviation of the constraint, σt is the standard deviation
of the estimated relative clock error, and σb is the standard deviation of the es-
timated relative receiver biases. The following values were given to the standard
deviations:

σφ σC σt σb
2.5 mm 0.1 mm 2 · 10−5 mm 6 · 10−4 mm

Table 4.1: Covariance matrix values

The relatively small values of the covariance matrix of the dynamic model will
give the predicted state vector considerable higher weight than the observations in
the estimation of the state vector. This will have an effect similar to a moving
average filter as if it was applied to bias estimates independently determined for
each epoch. It will thus remove high frequency variations, which are assumed to be
noise, while the lower frequency variations are maintained.
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Initialization of the filter The initial state vector x̂−0 of the filter was initialized
to 0 for all biases, and initialized to the observation mean value for the relative clock
error. That is

x̂−0 =


1
ns

∑ns
i=1 Φ̄sAB (t0)

0
...
0

 (4.37)

Conclusions from the first case

A short summary of the conclusions made in Paper 2 about relative between-receiver
biases is here given.

In this study it was discovered that the relative between-receiver biases actually
had a small satellite dependency. However, the sizes of these variations were, for
the receiver combinations tested, so small that they would be negligible in most if
not for all applications, as their sizes amounted only to about 0.8 mm between the
largest and smallest values.

The discovered satellite dependency seems to be dependent on the receiver type,
as the estimated biases for mixed receiver combinations showed much larger satellite
dependent variations.

It was furthermore discovered that these biases varied periodically over time,
with a period of one sidereal day. Multipath was ruled out as a possible source
for these variations by performing the same experiment on two different sites. It
is however still probable that they are related somehow to the repetition of the
satellite geometry every sidereal day. The experiment could however not clearly
determine their cause.

Second case: estimation of relative between-signals biases
In the second case, the satellite dependency of relative between-signals biases are
studied. These are the result of single differenced observations measured by the
same receiver and associated with the same carrier frequency, e.g. between carrier
phase measurements of C/A-code tracking and P-code tracking on L1. The exper-
imental setup does in this case only require a GNSS receiver connected to a GNSS
antenna.

Single differenced observations between two signals are formed as

φsS1S2,r = φsS2,r − φ
s
S1,r (4.38)

The single differenced observation equation between signals can then be derived
from Equation (2.3) as

ΦsS1S2,r = 1
λf
φsS1S2,r =

f
(
ϕS1S2,r − ϕsS1S2

+ bsS1S2,r − b
s
S1S2

)
+Ns

S1S2,r + εS1S2

(4.39)
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In this equation, the remaining error sources are relative receiver and satellite ini-
tial phases, relative receiver and satellite biases, and the relative phase ambiguity.
Reparametrization of Equation (4.39) gives

ΦsS1S2,r = b̃sS1S2,r +Ns
S1S2,r + εS1S2 (4.40)

where
b̃sS1S2,r = f

(
ϕS1S2,r − ϕsS1S2

+ bsS1S2,r − b
s
S1S2

)
(4.41)

The observations ΦsS1S2,r
were preprocessed to remove the relative ambiguity

term Ns
S1S2,r

. This was done by

Φ̄sS1S2,r = ΦsS1S2,r − bΦ
s
S1S2,re = b̃sS1S2,r + εS1S2 . (4.42)

This is possible as b̃sS1S2,r
is assumed to be very close to 0, and thus 0 as its integer

part. The equation system
` = Ax (4.43)

where

` =



Φ̄1
S1S2,r

(1)
...

Φ̄nsS1S2,r
(1)

Φ̄1
S1S2,r

(2)
...

Φ̄nsS1S2,r
(2)

...
Φ̄1
S1S2,r

(nt)
...

Φ̄nsS1S2,r
(nt)



, A =



1 · · · 0
...

. . .
...

0 · · · 1
1 · · · 0
...

. . .
...

0 · · · 1
...

...
...

1 · · · 0
...

. . .
...

0 · · · 1



, and x =

b̃
1
S1S2,r
...

b̃nsS1S2,r

 (4.44)

was formed. This equation system is solvable in a least squares sense in accordance
with Equation (4.8).

For comparability, the estimated biases were adjusted to a zero-mean level by
subtracting their common mean. The final bias estimates were thus determined as

b̂sS1S2,r = b̃sS1S2,r −
1
ns

ns∑
i=1

b̃iS1S2,r (4.45)

Conclusions from the second case

A short summary of the conclusions made in Paper 2 about relative between-signal
biases is here given.
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Also in the case with between-signals biases a satellite dependency was discov-
ered. The satellite dependent variations were somewhat larger in this case, with a
difference of about 3.5 mm between the greatest and the smallest values.

In contrast to the case with between-receivers biases, it was discovered that
these biases were independent of the receiver type, as both tested receiver types
showed similar values. It can thereby be concluded that these biases most probably
originate from the satellite hardware. The biases in this case also showed constant
behavior over time, both over one sidereal day and between two consecutive days.

4.2 Estimation methods for Nexus 9 tablet GNSS
characterization

Paper 3, on page 81, characterizes GNSS observations from a Nexus 9 Android
tablet. In addition, code based and carrier phase based precise positioning of the
Nexus 9 are evaluated in the paper. The characterization and positioning evalu-
ation is done in two setups with different multipath conditions, controlled by the
use of an Eccosorb in one of the setups. The positioning results turns out to be
very sensitive to the multipath setup in use. Due to the low quality antennas on
the Nexus 9, code multipath errors of tens of meters are not unusual for the ob-
servations. The characterization reveals additional biases, normally not present
on high-grade geodetic receivers. These includes a drift between the code and the
phase observable, and a drift of the GLONASS carrier phase that is dependent on
the topocentric range rate of the satellite.

This section presents some additional results, related to carrier phase based
positioning, that are omitted in the paper. These results are about how observation
length affects the positioning uncertainty, and about whether the phase ambiguities
are of integer nature or not.

Positioning with carrier phase observations

Evaluation of positioning with carrier phase observations was done with a static
carrier phase only solution. This type of solution was also examined by Realini
et al. (2017) for the Nexus 9 tablet. The main reasons for this approach is that the
code measurements available from the Nexus 9 were discovered to be very noisy,
and in general heavily affected by multipath errors. This means that in the best
case it will give a small contribution to the quality of the positioning solution, but
in the worst case, with unfavorable multipath conditions, the quality of the solution
might be degraded considerably.

Effect of observation length on position uncertainty

The expected accuracy of a static float solution depends on the length of the obser-
vation interval of the solution, both because more observations will be available for
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a given observation frequency, and because of the more significant change of satel-
lite geometry. To evaluate this dependency for phase measurements from the Nexus
9 tablet, positioning solutions with observation lengths ranging from 60 seconds to
600 seconds were calculated from measurements collected during a time period of
5 hours from the setup with Eccosorb installed. Figure 4.1 presents the standard
deviations for the different solution lengths for each of the coordinate components.
This measure was used instead of RMS as the exact location of the Nexus 9 GNSS
antenna is not known. This diagram shows that the precision converges toward
zero up to the observation length of 540 seconds. The diagram is, however, noisier
for the longer solution observation lengths, as these estimates are based on fewer
calculated positions. For GNSS observation collected during a period of 5 hours
this gives between 30 and 300 samples for positioning solutions based on 600 to
60 seconds of observations. To prove convergence for longer observation lengths,
longer observation periods than the 5 hours that were available in this study are
required.

Figure 4.1: Position uncertainty for solutions of different observation length

Evaluation of integer ambiguity resolution

To assess whether the phase ambiguities of the Nexus 9 carrier phase observa-
tions are of integer nature or not, candidates for integer fixed ambiguities were
calculated with the least-squares ambiguity decorrelation adjustment (LAMBDA)
method (Teunissen, 1995). A ratio test was then applied to each of the candidates
to evaluate the likelihood of correctly estimated integers for the ambiguities of each
of the positioning solutions. The ratio test, described in Teunissen and Verhagen
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(2011), was done according to the formula

R (â) = D (ǎ)
D (ǎ′) (4.46)

where â is the float ambiguity, ǎ and ǎ′ are the best and the second best candidate of
the fixed ambiguities, and D (z) = (â − z)T Q−1

ââ (â − z), where Qââ is the variance-
covariance matrix of the float ambiguities, and z is the evaluated candidate (in this
case ǎ or ǎ′). A ratio close to zero indicates that a candidate is likely to be correct
while a value close to one indicates the opposite. Estimation of the ratio was done
for each of the 5-minute positioning solutions from 5 hours of observations. The
average value for the ratio tests of the Nexus 9 tablet was 0.74, which indicates that
the calculated integer candidates were unlikely to be correct. As a comparison, the
same test was also performed for a geodetic receiver, where the average ratio was
estimated to 0.07. These tests give a clear indication that the phase ambiguities
of the Nexus 9 are not likely to be of integer nature. These result also correspond
well with those of Realini et al. (2017) and Riley et al. (2017).

4.3 Ionosphere modeling methods

Paper 4, on page 95, investigates nadir dependence of GDV by analyzing residuals
from ionosphere modeling. The paper shows that it is possible to confirm the
existence of GDV of the geometry-free linear combination both from 2-D and 3-D
ionosphere modeling. While 2-D ionosphere modeling is quite forward to perform
by spherical harmonics expansion, as explained in the paper, a more elaborate
description of 3-D ionosphere modeling by ionospheric tomography is given below.

Ionospheric tomography
Tomography seeks to determine a spatial distribution in some higher dimensional
space from the knowledge of some integrals over lower dimensional manifolds, oc-
cupying the higher dimensional space (Kunitsyn and Tereshchenko, 2003). Tomog-
raphy of the ionosphere determines the 3-D distribution of ionospheric electron
densities (IEDs) from STECs, corresponding to the lines-of-sight (LOSs) between
GNSS satellites and receivers, by exploiting the dispersive nature of the ionosphere
for the frequency bands employed by GNSSs.

Linear observation model
Regional modeling of the ionosphere by tomography can be done by a model where
the inversion volume is divided into a finite number of volume elements, so called
voxels. By assuming constant IED in each voxel, this turns out to be a linear model,
which can be expressed in vector form as

lM×1 = AM×NxN×1 (4.47)
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where l is the observation vector with calculated STECs for each of theM satellite-
receiver pairs as elements. x is the vector of unknown IEDs for each of the voxels.
The STECs of l are estimated with Equations (3.6). The matrix A of Equation
(4.47) defines the geometry of the problem with the length of the signal path through
each of the voxels, associated with each STEC observation, as elements. This is a
problem that suffers of poor geometry when only receivers located on the ground
are employed. Equation (4.47) therefore represents a rank deficient ill-conditioned
equation system to be solved. As a consequence, no unique least-squares solution
exists and various strategies might be employed to find a reasonable solution.

Inversion methods

A short summary of some inversion methods often employed is given below. These
can be divided into iterative and non-iterative methods. The iterative methods
include the algebraic reconstruction technique (ART), the multiplicative algebraic
reconstruction technique (MART), and the simultaneous iteration reconstruction
technique (SIRT) just to mention a few, while non-iterative methods include finding
the least-squares-least-norm solution by singular value decomposition (SVD) and
various kinds of regularization.

ART The ART is an iterative inversion algorithm that updates the solution by
processing one equation at a time, i. e. one element of l and one row of A at a
time. This makes it suitable when low memory usage is of importance. The ART
converges to the least-norm solution for equation sets that are consistent (Austen,
1988). The solution is updated according to

xk+1 = xk + λk
li −Aixk

AiAT
i

AT
i (4.48)

where Ai is the ith row of A as a row vector, k refers to the kth iteration, li is
the ith element of the observation vector l, and λk is the relaxation parameter
belonging to the interval 0 < λk < 2.

MART As for the ART, the MART updates the solution iteratively equation-
wise, but in contrast this is done multiplicatively by

xk+1
j = xkj

(
li

Aixk

)λkAij
(4.49)

where xj is the jth element of x, and the relaxation parameter λk is chosen such
that 0 < λkAij < 1 (Raymund et al., 1990; Kunitsyn and Tereshchenko, 2003).

The MART is a maximum entropy algorithm, which therefore seeks to maximize
the entropy of x

H (x) = −xT ln (x) (4.50)
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This means that it does not have tendencies towards any particular solution, which
for instance is beneficial for avoidance of erroneous artifacts (Raymund et al., 1990).
Another benefit of the multiplicative updating is that negative IEDs effectively are
avoided in the solution.

SIRT In the SIRT all equations are considered simultaneously for each update of
the solution. This means that the solution cannot be affected by the order in which
the equations occurs. The solution is updated according to

xk+1
j = xkj + 1

Pj

∑
i

λk
li −Aixk

AiAT
i

AT
i (4.51)

where Pj denotes the number of rays intersecting the voxel j (Kunitsyn and Tereshchenko,
2003). This algorithm is similar to the ART, but with averaging of the corrections
associated with all equations before being applied to the solution.

SVD Due to poor geometry of the inversion problem, the equation system in
Equation (4.47) tends to be inconsistent and lacking a unique least-squares solution
at the same time. A unique least-squares solution is thus not possible to find, as
the dimension of the null space of A is bigger than zero. However, a unique solution
is still possible to find through a generalized matrix inverse corresponding to the
least-squares-least-norm solution. Derivation of this generalized inverse can be done
through SVD (Banerjee and Roy, 2014). In SVD, a matrix A is factorized as

AM×N = UM×RΛR×RVT
N×R (4.52)

where Λ is a diagonal matrix with R singular values positive non-zero values, R
is the rank of matrix A, and U and V are truncated orthogonal matrices. The
general matrix inverse is given from this decomposition as

A† = VΛ−1UT (4.53)

The most straight forward approach is to apply this equation directly to the prob-
lem of Equation (4.47). In more sophisticated approaches various kinds of prior
information, such as knowledge of the expected electron distribution and uncer-
tainties of measurements and model parameters, are included in the calculation.
Additionally, Λ might be truncated by removing singular values below a certain
threshold. The assumption is that these values are separated from zero due to
noise, and hence do not belong to the information space of A. Application of SVD
to ionospheric tomography is described in Raymund et al. (1994) and Zhou et al.
(1999).

Regularization with additional objective function terms To deal with rank
deficiencies of A additional objectives might be added to the least-squares objective
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of the observation model (Nygrén et al., 1997). The cost function to be minimized
then becomes

J (x) =
∥∥∥∥[ l

0

]
−
[
Am

Ar

]
x
∥∥∥∥2

2
(4.54)

where Am is the original measurement matrix associated with the observations
model, and Ar is the regularization matrix associated with the additional cost
terms. By defining the covariance matrix

Σ =
[
Σm 0
0 Σr

]
(4.55)

the weight between the measurement objective and the added objective is defined
in the solution. The regularized optimized solution will then become

x̂ =
(
AT
mΣ−1

m Am + AT
r Σ−1

r Ar

)−1 AT
mΣ−1

m l (4.56)

Regularization preferably introduces additional information of expected proper-
ties that the solution should comply with. The additional cost terms could consist
of, for instance, norm minimization of IEDs or minimization of IED differences
between adjacent voxels. Regularization is employed in Nygrén et al. (1997), Lee
et al. (2007), and Lee (2009).

Formulation of a convex optimization problem Various inversion methods
were evaluated with observations from the SWEPOS network of reference stations
(Lilje et al., 2014). As some disadvantages of these methods were identified, prob-
ably largely due to the high latitude of the network, an improved method was
developed by the author and adapted to address these shortcomings. This was
done by formulating an optimization problem with convexity as a property. This is
a beneficial approach as many convex optimization problems can be solved by well
established algorithms implemented as so called convex solvers. As the property of
strong duality holds for convex optimization problems satisfying Slater’s condition,
optimality of the derived solution is guarantied (Boyd and Vandenberghe, 2004).

The convex optimization problem, that was formulated to produce solutions to
the tomographic inversion problem, is given by

minimize
x∈RN

‖Bx‖1

subject to ‖Ax− l‖2 ≤ σ
√
M

Dx ≥ 0
Cx = 0
x ≥ 0

(4.57)

where M is the number of observation equations, and Bx are differences between
adjacent voxels belonging to the same 2-D layer, such that for a row vector Bi in
B

Bix = xj1 − xj2 (4.58)
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Here, xj1 and xj2 refer to two elements of x that correspond to two adjacent voxels
in the same layer. In Equation (4.57), the D matrix ensures that the top side
electron density profile decreases in size at least at a certain rate. This means that,
for a row vector Di in D,

Dix = 1
2xh1 − xh2 (4.59)

where voxel xh2 lies directly above voxel xh1. This constraint is active above 350
km and prevents unreasonably large IEDs at high altitudes. The constraint Cx = 0
of Equation (4.57), enforces all voxels that belong to the topmost and bottommost
layers to IED values of zero. The last constraint, x ≥ 0, ensures that the IEDs of
all voxels are non-negative.

In Equation (4.57), the notations ‖ · ‖1 and ‖ · ‖2 refers to the L1 and L2
norms respectively. Convexity of Equation (4.57) is given by the convexity of all L
norms, the convexity of compositions between convex functions and affine mappings,
the convexity and concavity of affine mappings, the convexity of sets defined by
f (x) ≤ 0 where f (x) is convex, and the convexity of the intersection between
convex sets (Boyd and Vandenberghe, 2004).

Determination of voxel dimensions

Tomography was performed on various voxel partitionings of the inversion volume
in order to determine optimal voxel dimensions. The area covered by the considered
inversion volume is depicted as a grid in Figure 4.3. The grid itself, in this case,
corresponds to a 8 x 16 partitioning for the longitudinal and latitudinal directions
respectively. Of the considered volume only the voxels above the orange colored
squares belong to the inversion volume actually evaluated in the tomography. These
are squares that either contains some reference stations or lie between squares that
contain some reference stations. The height of the inversion volume was chosen to
be 1000 km, as the effect on STECs is assumed to be negligible above this height
due to the sparsity of charged particles.

In order to find the most beneficial partitioning, an investigation was made
evaluating a variety of voxel partitionings. For this investigation the ART algo-
rithm was employed for the inversion, and subsequent analysis of the residuals was
performed to find optimal voxel dimensions. Figure 4.2 presents the standard devi-
ations of the residuals corresponding to various partitions of the inversion volume.
As can be observed from this figure, partitions in the height dimension into more
than 10 voxels do not achieve much improvement in terms of standard deviation of
the residuals. For the longitudinal and latitudinal directions, the lowest standard
deviation is, not surprisingly, achieved for the partition with most voxels, which
is 12 x 24. This partition, however, belongs to a group with similar standard de-
viations, where the one with the least number of voxels is 8 x 16. The 8 x 16 x
10 partition was therefore chosen for all tomographic inversion performed subse-
quently. This is also the partition depicted in Figure 4.3, which leads to voxels
with a size of about 100 km i each dimension in the southern part of the inversion
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volume. As the partition is done longitudinally and latitudinally, the size of the
voxels in the longitudinal direction is somewhat smaller in the northern part.

Figure 4.2: Standard deviation of residuals for various longitude and latitude voxel
partitionings of the inversion volume plotted as function of the number of voxels in
the height dimension

Evaluation of inversion methods

The inversion methods described above were evaluated against each other in order to
find the most suitable method to be employed in the subsequent analysis described
in the paper, targeted at nadir dependence of GDVs. The evaluation was first done
with simulated STECs, derived by the NeQuick model (Nava et al., 2008) but using
the same geometry as the actual reference station network and available satellites
at the same time of the real measurements used later. In this first evaluation step,
the distribution given by the NeQuick model therefore serves as a reference, and
the objective that successful tomographic inversion should achieve. In the second
step, the evaluation was done with the actual STEC measurements.
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Figure 4.3: The inversion volume partitioned into voxels. The map is given in the
national Swedish map projection.

Evaluation with simulated STEC observations Figures 4.4 and 4.5 presents
ionosphere altitude profiles for three voxel columns on three locations in Sweden.
The three voxel columns are shown in Figure 4.3. In these, the earlier men-
tioned inversion methods are compared with the IEDs predicted by the NeQuick
model, which in this case with simulated observations represents the objective to
be achieved. In Figure 4.4, the IED distribution was calculated from observations
simulated at day of year (DOY) 2018, 0100 hours Universal Time Coordinated
(UTC). The second diagram, in Figure 4.5, shows observations simulated at 1300
hours UTC the same day. As can be observed, the inversion methods ART, MART,
SVD, and Convex optimization as earlier described perform quite well for the voxel
column located at the lowest latitude. On higher latitudes, the deviations to the
objective, represented by the NeQuick model, increases for some of these method.
ART, SIRT, and the SVD even produce unreasonable negative IEDs for the mid and
high latitude columns at observation time 0100 hours UTC. The best performance
overall, for the three locations and the two observation times, is demonstrated
by the inversion method employing convex optimization (convex opt. in figure).



40 CHAPTER 4. ESTIMATION METHODS

This inversion method was, as previously described, specifically developed for the
problem at hand, i. e. ionospheric tomography on high latitudes.

Figure 4.4: Height profile comparison from simulated observations for some in-
version methods of three voxel columns from DOY 182 01:00 UTC. The NeQuick
model in this case represents the objective to be achieved by the inversion methods

Figure 4.5: Height profile comparison from simulated observations for some in-
version methods of three voxel columns from DOY 182 13:00 UTC. The NeQuick
model in this case represents the objective to be achieved by the inversion methods

Evaluation with actual STEC observations Evaluation of the inversion method
was also performed with STECs derived from actual GNSS observations, collected
at the reference stations depicted as dots in Figure 4.3. The diagrams in Figures
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4.6 and 4.7 show altitude profiles for the same voxel columns and observations
times as for the evaluation with simulated STECs. In addition, IEDs derived from
Ionosonde measurements in Kiruna are shown for the voxel column located at the
highest latitude. As can be observed, several of the inversion methods produce
results that can be considered as reasonable, with the exceptions of ART, SIRT,
and SVD that produce negative IEDs for some voxels. Also with STECs based on
actual GNSS observations, the inversion method employing Convex optimization
(convex opt. in the figure) is considered to produce the best overall results. This
assessment is based on the fact that the shapes produced by this inversion method
better correspond to the shapes predicted by the NeQuick model, and that it shows
better overall stability when inversion is done for observation times covering the
whole day. Results for the full days are not shown.

Figure 4.6: Height profile comparison for some inversion methods of three voxel
columns from DOY 182 01:00 UTC
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Figure 4.7: Height profile comparison for some inversion methods of three voxel
columns from DOY 182 13:00 UTC



Chapter 5

Conclusions and outlook

This thesis reviews GNSS hardware biases, which affect precise GNSS positioning
and other applications like ionosphere modeling. The review given in Paper 1, deals
with cases where biases influences precise GNSS positioning. These are of course
not, in any way, isolated from each other. Cases when they need to be considered
in combination are not hard to recognize, and they appear when several of the
objectives, ambiguity resolved PPP, combining observations from multiple GNSS
constellations, or involving GLONASS, are to be achieved in the same solution. This
demands a thorough understanding of each of the biases to handle the complexities
in parameterizing the functional model.

As discussed in section 3.1, biases might be induced in the receiver from some
satellite dependent properties of the transmitted signals, making the bias both
satellite and receiver dependent at the same time. This kind of bias can not, for
instance, be eliminated by forming double differences, and is thus harder to handle
than biases that can be separated into a satellite and a receiver dependent part.
Paper 2, investigated whether satellite dependencies exist in two cases of relative
phase biases. Such satellite dependencies have the potential to degrade the accuracy
in precise positioning where the phase ambiguities are resolved as integers. This
is due to the fact that they do not cancel out when double differences are formed,
and also might contaminate satellite phase bias corrections transmitted to a PPP
user.

In these experiments it was discovered that satellite dependent variations ac-
tually do exist for both cases. Fortunately, these turned out to be quite small in
size. They will thereby have a negligible impact on the positioning accuracy, and
can thus safely be ignored in most situations. The between-receivers biases showed
variations of about 0.8 mm between the greatest and the smallest values, while the
corresponding value for between-signals biases were 3.5 mm.

The experiments in Paper 2, were limited to GPS, and only a subset of the
available signals. It is, however, probable that similar satellite dependent variations
exist also for other GNSS systems and signals. Future studies might investigate
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whether this is true or not.
In Paper 3, where GNSS observations from a Nexus 9 Android tablet are char-

acterized, additional unexpected biases were discovered. The discoveries included
a drift between the code and the phase observable for both GPS and GLONASS.
These were estimated to -3 and 2 mm/s for GPS and GLONASS respectively. Ad-
ditionally, the GLONASS phase observable showed a small variation, which proved
to be dependent on the topocentric range rate of the tracked satellite. Both of these
discovered effects might affect precise GNSS positioning if not properly accounted
for in the functional model. Precise positioning with GNSS capable smart devices
is a quite novel field of research, but it has a huge potential for the future mass
markets. It is thus certain that additional research about related biases will be
required as new smart GNSS capable devices appear.

GNSS hardware biases are often considered as constant over time. An exception
to this rule are so called GDV, which are non-constant code biases induced at the
satellite and the receiver site. In Paper 4, the nadir dependence of these are inves-
tigated by analyzing the residuals of 2-D and 3-D ionosphere modeling. In previous
studies, e. g. (Wanninger and Beer, 2015) and (Wanninger et al., 2017), the nadir
dependence of these biases have been analyzed by the multipath linear combination.
Paper 4, thus introduces an novel independent method, as the geometry free linear
combination was utilized instead. The paper confirms nadir dependence of Beidou
code biases. However, the shown variations of GPS and Galileo are too small to
infer nadir dependence of code biases from these systems as well.

This thesis has investigated and evaluated the effect of GNSS hardware biases.
This is a field with, no doubt, extensive possibilities for further research. Past ex-
perience has shown that new types of GNSS hardware inevitably introduces new
biases. It is therefore highly probable that the continuing addition of new hardware
in the form of GNSS receivers, of professional grade as well as consumer grade, to-
gether with the continuing modernization and extension of the GNSS constellations
will introduce new kinds of unexpected behavior and biases. As previous experience
shows, this is especially true when GNSS observations from different types of GNSS
hardware are to be combined into one single solution.



Additional contributions

Presentation Håkansson M., Code and phase biases in multi-GNSS positioning,
2016, ENC 2016, Helsinki Finland

Poster Håkansson M., Code and phase biases in SWEPOS receivers - preliminary
results, 2016, Nordic Geodetic Commision Summer School, Båstad Sweden

Presentation Håkansson M., Betydelsen av biases vid positionering med GNSS,
2017, Kartdagarna 2017, Örebro Sweden

Poster Håkansson M., Study of satellite dependency of phase biases between re-
ceivers and between signals, 2017, IGS Workshop 2017, Paris France

Presentation Håkansson M., Precise Positioning with Android, 2018, ENC 2018,
Gothenburg Sweden

45





Papers

Paper 1 Håkansson M., Jensen, A. B. O., Horemuz, M., and Hedling, G. Review
of code and phase biases in multi-GNSS positioning, GPS Solutions 21(3),
2017

Paper 2 Håkansson M. Satellite dependency of GNSS phase biases between re-
ceivers and between signals, Journal of Geodetic Science 7:130-140, 2017

Paper 3 Håkansson M. Characterization of GNSS observations from a Nexus 9
Android tablet. GPS Solutions 23(1), 2019

Paper 4 Håkansson M. Nadir dependent GNSS code biases and their effect on 2D
and 3D ionosphere modeling, submitted to Remote Sensing, 2020

47





Author’s contributions

Paper 1 The author did the review and wrote most of the paper, except some
part of the introduction which was written by Anna Jensen. Anna Jensen
and Milan Horemuz suggested the subject of the paper. Supervision was
given by Anna Jensen, Milan Horemuz, and Gunnar Hedling during the work
of the paper.

Paper 2-4 The author is the single contributer to these papers. Supervision was
given by Anna Jensen, Milan Horemuz, and Gunnar Hedling.

49





References

Austen, J. R. Ionospheric imaging using computerized tomography. Radio Science,
23(3):299–307, 1988. doi: 10.1029/RS023i003p00299.

Banerjee, S. and Roy, A. Linear Algebra and Matrix Analysis for Statistics. CRC
Press, 2014. ISBN 978-1-4200-9538-8.

Boyd, S. and Vandenberghe, L. Convex Optimization. Cambridge University Press,
2004.

Choy, S., Bisnath, S., and Rizos, C. Uncovering common misconceptions in GNSS
Precise Point Positioning and its future prospect. GPS Solutions, 21(1):13–22,
2017. ISSN 1080-5370. doi: 10.1007/s10291-016-0545-x.

Collins, P., Gao, Y., Lahaye, F., Héroux, P., MacLeod, K., and Chen, K. Accessing
and Processing Real-Time GPS Corrections for Precise Point Positioning - Some
User Considerations. In proceedings of the (ION GNSS 2005), pages 1483–1491.
Institute of Navigation, 2005.

Collins, P., Lahaye, F., Heroux, P., and Bisnath, S. Precise Point Positioning with
Ambiguity Resolution using the Decoupled Clock Model. In proceedings of the
(ION GNSS 2008), pages 1315–1322. Institute of Navigation, 2008.

Dach, R., Schaer, S., Lutz, S., Meindl, M., and Beutler, G. Combining the ob-
servations from different gnss. In proceedings of the EUREF 2010 Symposium,
2010.

De Jonge, P. J. A processing strategy for the application of the GPS in networks.
Dissertation, Delft University of Technology, 1998.

Doberstein, D. Fundamentals of GPS Receivers: A Hardware Approach. Springer,
New York, 2012. ISBN 978-1-4614-0408-8. doi: 10.1007/978-1-4614-0409-5.

Dow, J. M., Neilan, R. E., and Rizos, C. The international gnss service in a
changing landscape of global navigation satellite systems. Journal of Geodesy,
83(3):191–198, 2009. ISSN 0949-7714. doi: 10.1007/s00190-008-0300-3.

51



52 REFERENCES

Enge, P. and Misra, P. Global positioning system: Signals, Measurements, and
Performance. Ganga-Jamuna Press, Lincoln, MA, 2 edition, 2006. ISBN 0-
9709544-1-7.

Farrell, J. A. and Barth, M. The Global Positioning System & Inertial Navigation.
The McGraw-Hill Companies, 1999. ISBN 0-07-022045-X.

Hoffman-Wellenhof, B., Lichtenegger, H., and Wasle, E. GNSS–Global Navigation
Satellite Systems: GPS, GLONASS, Galileo and more. Springer-Verlag, Wien,
2008. ISBN 978-3-211-73012-6.

Horemuz, M. Integrated navigation. Lecture Notes, KTH, Stockholm, Sweden,
2006.

Håkansson, M., Jensen, A. B. O., Horemuz, M., and Hedling, G. Review of code
and phase biases in multi-GNSS positioning. GPS Solutions, 21(3):849–860, 2017.
doi: 10.1007/s10291-016-0572-7.

IGS and RTCM-SC104. Rinex - the receiver independent exchange format - version
3.03. Report, 2015.

IS-GPS-200K. Interface Specification IS-GPS-200. Navstar GPS Space Seg-
ment/Navigation User Interfaces, 2019.

Jekeli, C. Inertial Navigation Systems with Geodetic Applications. Walter de
Gruyter GmbH & Co, Berlin, Germany, 2000. ISBN 3-11-015903-1.

Jensen, A. B. O., Ovstedal, O., and Grinde, G. Development of a regional iono-
sphere model for norway. In proceedings of the (ION GNSS 2007), pages 2880–
2889, 2007.

Jin, S., Luo, O. F., and Park, P. GPS observations of the ionospheric F2-layer
behavior during the 20th November 2003 geomagnetic storm over South Korea.
Journal of Geodesy, 82(12):883–892, 2008. doi: 10.1007/s00190-008-0217-x.

Kouba, J. and Héroux, P. Precise Point Positioning Using IGS Orbit and Clock
Products. GPS Solutions, 5(2):12–28, 2001. doi: 10.1007/pl00012883.

Kufoniyi, O. GNSS CORS, the Bedrock of Sustainable Development. In proceedings
of the International Training Workshop on Global Navigation Satellite Systems,
2016.

Kunitsyn, V. E. and Tereshchenko, E. D. Ionospheric Tomography. Springer-Verlag
Berlin Heidelberg, 1 edition, 2003. ISBN 978-3-662-05221-1. doi: 10.1007/978-3-
662-05221-1.

Lee, J. K. GPS-Based Radio Tomography With Edge-Preserving Regularization.
IEEE Transactions on Geoscience and Remote Sensing, 47(1):312–324, 2009.
ISSN 0196-2892. doi: 10.1109/TGRS.2008.2001637.



REFERENCES 53

Lee, J. K., Kamalabadi, F., and Makela, J. J. Localized three-dimensional iono-
spheric tomography with GPS ground receiver measurements. Radio Science, 42
(4):1–15, 2007. ISSN 1944-799X. doi: 10.1029/2006RS003543.

Leick, A., Beser, J., Rosenboom, P., and Wiley, B. Assessing glonass observation.
In proceedings of the (ION GPS 1998), pages 1605–1612. Institute of Navigation,
1998.

Leick, A., Papoport, L., and Tatarnikov, D. GPS satellite surveying. John Wiley
& Sons, Inc., Hoboken, New Jersey, 4 edition, 2015. ISBN 978-1-118-67557-1.

Lilje, M., Wiklund, P., and Hedling, G. The use of GNSS in Sweden and the
national CORS network SWEPOS. In proceedings of the FIG XXV International
Congress, 2014.

Melgard, T., Tegedor, J., de Jong, K., Lapucha, D., and Lachapelle, G. Interchange-
able integration of gps and galileo by using a common system clock in ppp. In
proceedings of the (ION GNSS 2013), pages 1198–1206. Institute of Navigation,
2013.

Montenbruck, O. and Hauschild, A. Differential Code Bias Estimation Using Multi-
GNSS Observations and Global Ionosphere Maps. In proceedings of the (ITM
2014), pages 802–812. Institute of Navigation, 2014.

Nava, B., CoÃ¯sson, P., and Radicella, S. M. A new version of the NeQuick
ionosphere electron density model. Journal of Atmospheric and Solar-Terrestrial
Physics, 70(15):1856–1862, 2008. doi: 10.1016/j.jastp.2008.01.015.

Nygrén, T., Markkanen, M., Lehtinen, M., Tereshchenko, E. D., and Khudukon,
B. Z. Stochastic inversion in ionospheric radiotomography. Radio Science, 32(6):
2359–2372, 1997. ISSN 1944-799X. doi: 10.1029/97RS02915.

Odijk, D. and Teunissen, P. J. G. Characterization of between-receiver GPS-Galileo
inter-system biases and their effect on mixed ambiguity resolution. GPS Solu-
tions, 17(4):521–533, 2012. doi: 10.1007/s10291-012-0298-0.

Paziewski, J. and Wielgosz, P. Accounting for Galileo - GPS inter-system biases
in precise satellite positioning. Journal of Geodesy, 89(1):81–93, 2014. ISSN
1432-1394. doi: 10.1007/s00190-014-0763-3.

Raby, P. and Daly, P. Using the glonass system for geodetic survey. In proceedings
of the (ION GPS 1993), pages 1129–1138. Institute of Navigation, 1993.

Raymund, T. D., Austen, J. R., Franke, S. J., Liu, C. H., Klobuchar, J. A., and
Stalker, J. Application of computerized tomography to the investigation of iono-
spheric structures. Radio Science, 25(5):771–789, 1990. ISSN 0048-6604. doi:
10.1029/RS025i005p00771.



54 REFERENCES

Raymund, T. D., Bresler, Y., Anderson, D. N., and Daniell, R. E. Model-assisted
ionospheric tomography: A new algorithm. Radio Science, 29(6):1493–1512,
1994. doi: 10.1029/94RS01537.

Realini, E., Caldera, S., Pertusini, L., and Sampietro, D. Precise GNSS Positioning
Using Smart Devices. Sensors, 17(10), 2017. doi: 10.3390/s17102434.

Riley, S., Lentz, W., and Clare, A. On the path to precision - observations with
android gnss observables. In proceedings of the ION GNSS 2017, pages 116–129.
Institute of Navigation, 2017.

Schaer, S. Mapping and Predicting the Earth’s Ionosphere Using the Global Posi-
tioning System. Dissertation, 1999.

Tetewsky, A. Making Sense of Inter-signal Corrections: Accounting for GPS Satel-
lite Calibration Parameters in Legacy and Modernized Ionosphere Correction
Algorithms. Inside GNSS, 4(4):37–48, 2009.

Teunissen, P. Zero Order Design: Generalized Inverses, Adjustment, the Datum
Problem and S-Transformations, pages 11–55. Springer Berlin Heidelberg, Berlin,
Heidelberg, 1985. ISBN 978-3-642-70659-2. doi: 10.1007/978-3-642-70659-2-3.

Teunissen, P. J. G. The least-squares ambiguity decorrelation adjustment: a method
for fast GPS integer ambiguity estimation. Journal of Geodesy, 70(1-2):65–82,
1995. ISSN 0949-7714. doi: 10.1007/BF00863419.

Teunissen, P. J. G. and Khodabandeh, A. Review and principles of PPP-RTK
methods. Journal of Geodesy, 89(3):217–240, 2014. doi: 10.1007/s00190-014-
0771-3.

Teunissen, P. J. G. and Verhagen, S. Integer aparture estimation - a framework for
gnss ambiguity acceptance testing. Inside GNSS, (March/April):66–73, 2011.

United Nations. European Global Nabigation Satellite System and Coperni-
cus: Supporting the Sustainable Development Goals. Navstar GPS Space Seg-
ment/Navigation User Interfaces, 2018.

Wanninger, L. and Beer, S. Beidou satellite-induced code pseudorange variations:
diagnosis and therapy. GPS Solutions, 19(4):639–648, 2015. ISSN 1521-1886.
doi: 10.1007/s10291-014-0423-3.

Wanninger, L. and Wallstab-Freitag, S. Combined Processing of GPS, GLONASS,
and SBAS Code Phase and Carrier Phase Measurements. In proceedings of the
(ION GNSS 2007), pages 866–875. Institute of Navigation, 2007.

Wanninger, L., Sumaya, H., and Beer, S. Group delay variations of GPS transmit-
ting and receiving antennas. Journal of Geodesy, 91(9):1099–1116, 2017. ISSN
1432-1394. doi: 10.1007/s00190-017-1012-3.



REFERENCES 55

Zhou, C., Fremouw, E. J., and Sahr, J. D. Optimal trunctation criterion for appli-
cation of singular value decomposition to ionospheric tomography. Radio Science,
34(1):155–166, 1999. doi: 10.1029/1998RS900015.

Zumberge, J. F., Heflin, M. B., Jefferson, D. C., Watkins, M. M., and Webb, F. H.
Precise point positioning for the efficient and robust analysis of GPS data from
large networks. Journal of Geophysical Research: Solid Earth, 102(B3):5005–
5017, 1997. doi: 10.1029/96JB03860.



56 REFERENCES


