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Abstract
Generalized Parton Distributions (GPDs) allow the access to a rich informa-
tion on the structure of hadrons. They notably encode the correlations between
the longitudinal momentum fraction and the transverse position of quarks and
gluons inside a hadron, shed light on its spin structure and allow to extract
some mechanical properties of hadron matter. However, these objects are only
indirectly accessible, through exclusive experimental processes like Deeply
Virtual Compton Scattering (DVCS). This work will focus on understanding
to what extend known theoretical and experimental inputs provide a constraint
on these objects for their parametrization and extraction. We will first show
that it is possible to build a large variety of models while still respecting most
of the current knowledge on these objects, and then interest ourselves to the
question of fitting procedures and the evaluation of associated uncertainties.
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Sammanfattning
Generaliserade Parton-distributioner (GPDs) möjliggör åtkomst till en rik in-
formation om strukturen hos hadroner. De kodar särskilt korrelationerna mel-
lan den längsgående momentumfraktionen och det tvärgående läget för kvar-
kar och gluoner inuti en hadron, belyser dess spinnstruktur och gör det möj-
ligt att utvinna några mekaniska egenskaper hos hadronmaterial. Men dessa
objekt är endast indirekt tillgängliga via exklusiva experimentella processer
som Deeply Virtual Compton Scattering (DVCS). Detta arbete kommer att fo-
kusera på att förstå hur långt känd teoretisk och experimentell kunskap ger
en begränsning för dessa objekt för deras parametrisering och extraktion. Vi
kommer först att visa att det är möjligt att bygga ett stort antal modeller me-
dan vi fortfarande respekterar större delen av den nuvarande kunskapen om
dessa objekt och sedan intresserar vi oss för frågan om fittingsförfaranden och
utvärdering av tillhörande osäkerheter.
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Introduction

A brief history of hadron physics
The first hint at the composite nature of the proton came in 1933 with the

measurement of its anomalous magnetic moment by O. Stern [1, 2]. After the
Second World War, the discovery of an ever-growing number of hadrons led
to a chaotic "particle zoo" era. Following the early approach by W. Heisen-
berg, who introduced isospin in 1932 to explain the symmetries between the
proton and the neutron, the new particles were assigned into isospin multi-
plets, i.e. irreducible representations of the Lie algebra su(2). The discovery
of the kaon in 1947 led M. Gell-Mann, A. Pais and K. Nishijima to suggest
the introduction of a new quantum number, called strangeness. In 1961, the
known particles were grouped by M. Gell-Man [20] and Y. Ne’eman [19] in
the Eightfold Way, composed of irreducible representations of the Lie algebra
su(3). This classification allowed the prediction of the existence and charac-
teristics of the Ω− baryon, which was discovered in 1964. The same year, M.
Gell-Mann [3] and G. Zweig [4] understood that the Eightfold Way could be
encoded in terms of three elementary fermionic constituents, now called con-
stituent quarks. However, the failure of free quarks searches first led some
physicists to consider them as merely convenient mathematical structures. On
the contrary, R. Feynman developed the concept of partons as real constituents
of hadrons. Deep inelastic scattering experiments at the Stanford Linear Ac-
celerator Center (SLAC) by 1969 [5, 6] brought convincing evidence of the
physical existence of such point-like constituents in the proton. In 1973, quan-
tum chromodynamics (QCD) was developed by H. Fritzsch, H. Leutwwyler
and M. Gell-Mann [7] as a quantum field theory where color is the source of
the strong force. This theory of exact color gauge symmetry SU(3) involves
colored current quarks and gluons. Evidence of the existence of gluons was
discovered at PETRA in 1979. Retrospectively, the Eightfold Way appears as
the consequence of the approximate flavor symmetry between the three light
quarks (u, d, s).

2



CONTENTS 3

Although QCD has now been established as the theory of the strong inter-
action as part of the Standard Model for more than 40 years, it remains a very
active field of research due to the remarkable challenges it offers. Among
them, let’s cite a precise understanding of confinement, which prevents any
colored particle from being observed freely, or the mass generation inside
hadrons. These questions are deemed important enough to be the subject of
a Millenium Prize Problem by the Clay Mathematics Institute entitled "Yang-
Mills and Mass Gap" [8].

Generalized Parton Distributions
By its strong coupling at low energy, QCD is inherently non-perturbative,

which makes usual tools of perturbative quantum field theory inoperative. As
we will see in the first chapter, a major tool in the study of hadron structure
is given by factorization theorems, allowing to decompose some hadron pro-
cesses between a perturbative part calculable thanks to asymptotic freedom,
and a universal part encoded in diverse parton distributions. This report will
focus on so-called Generalized Parton Distributions (GPDs), which provide a
generalization of the usual Parton Distribution Functions (PDFs) and elastic
Form Factors (FFs). After defining them and discussing some of their physi-
cal interest in the first chapter, we will expose their parametrization in terms
of Double Distributions (DDs) in the second chapter. In the next chapters,
we expose our personal research, centered towards the study of the remaining
freedom in the parametrization of GPDs once theoretical and up-to-date ex-
perimental constraints are implemented. In the third chapter, we show how to
construct models with a given PDF as forward limit, and then proceed to the
block-diagonalization of the transform linking a polynomial DD to the associ-
ated GPD, known as the Radon transform. In the fourth chapter, we focus on
the Compton Form Factors (CFFs), which are commonly considered as a key
experimental input to extract GPDs. We discuss their invertibility at leading
and next-to-leading order. Finally, in the fifth chapter, we focus on the standard
fitting procedures to extract GPDs from CFFs and elaborate on a method to
assess the impact of a new measurement without having to go through lengthy
global refits.



Chapter 1

Introduction toGeneralized Par-
ton Distributions

1.1 Factorization theorems
Asymptotic freedom [9, 10] is a feature of some gauge theories, like QCD,

which causes the interaction between particles to become weak at high en-
ergies. Factorization takes advantage of that property to decompose hadron
processes involving a probe of high virtuality between a "hard" perturbative
part, linked to the short distance interactions between the probe and asymp-
totically free partons, and a "soft" part, linked to the long distance interactions
with the rest of the hadron. The rigorous proof of the validity of this approach
has to be established for each process of interest. It has been demonstrated
notably in the context of inclusive Deep Inelastic Scattering (DIS) [11, 12],
the Drell-Yan process and Deeply Virtual Compton Scattering (DVCS) [13,
14]. These proofs are subtle and far out of the reach of this brief introduction.
It is enough for our study to know that they state that the cross-section or the
amplitude of the previously cited processes can be parametrized by structure
functions, which write as the convolution of a parton distribution, containing
the soft physics, and a coefficient function, containing the high-energy pertur-
bative part of the process.

In the simplest case of DIS, whose schematic process is shown on Fig.1.1,
we define the virtuality of the exchanged photon and Bjorken’s scaling variable
as

Q2 ≡ −q2 > 0, xB ≡
Q2

2P · q
The cross-section of this process can be parametrized by two structure

4



CHAPTER 1. INTRODUCTION TO GENERALIZED PARTON
DISTRIBUTIONS 5

Figure 1.1: Deep Inelastic Scattering of an electron off a proton target. The
four-vectors are expressed in the target rest frame.

functions F1 and F2 to obtain

d3σ

d2ΩdE ′
=

α2
0

2E2 sin4 θ/4

(
1

M
F1(xB, Q

2) sin2 θ

2
+
MxB
Q2

F2(xB, Q
2) cos2 θ

2

)
in the target rest frame, where Ω is the solid angle of the outgoing electrons, E
and E ′ are the incoming and outgoing electron energies, θ the angle between
them, M the mass of the target and α0 the fine structure constant. Then it
is possible to show that in the limit where both Q2 and P · q are large, but
their ratio xB remains finite (regime known as Bjorken limit), the factorization
theorem can be applied, so that the structure functions write as

F (xB, Q
2) =

∑
a=g,u,d,...

∫ 1

0

dx C

(
xB
x
,
Q2

µ2

)
qa(x, µ

2) +O
(
M2

Q2

)
where C is a coefficient function that can be computed in perturbation theory,
and qa(x, µ2) will be called the Parton Distribution Function (PDF) associ-
ated with type a (gluon or different quark flavors). µ is called the factorization
scale. It is a non-physical dependence, which must vanish when perturbative
expansions are summed to all orders and the convolution is performed. The
scale dependence of the PDF is governed by the integro-differential DGLAP1

[15-17] equation, which writes for valence distributions (the quarks that bear
the quantum numbers of the hadron, by contrast with the sea of quarks-antiquarks)

µ2 ∂

∂µ2
qval(x, µ

2) =
αS(µ2)

2π

∫ 1

x

dy

y
Pqq

(
x

y

)
qval(y, µ

2)

1Dokshitzer, Gribov, Lipatov, Altarelli, Parisi
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where Pqq is the so-called splitting function and αS the coupling constant of
the strong interaction. The interest of such representation of the structure func-
tions is that PDFs are universal objects, in the sense that they do not depend
on the specific process used for their extraction and can be used in others with
the appropriate change of coefficient functions. In particular, predictions of
cross-sections at hadron colliders like the LHC rely on a precise knowledge of
these objects, to the point that a large source of theoretical uncertainty comes
from the uncertainty of PDFs [18]. We will give a more precise probabilis-
tic interpretation of these objects in the context of lightfront quantization in
Sec.1.3.

In the following, we will focus on another process, called Deeply Virtual
Compton Scattering (DVCS). Contrary to DIS, this time the hadron target re-
mains intact and the process is exclusive, i.e. all particles in the final state are
detected. A schematic diagramm of DVCS is given on Fig.1.2.

Figure 1.2: Example of Deeply Virtual Compton Scattering, at leading twist
and leading order, where the virtual photon interacts with a quark of the
hadron. The + notation refers to lightcone coordinates, see Sec.1.2.

We introduce some useful notations for the study of DVCS.

Q2 ≡ −q2 > 0, xB ≡
Q2

2p · q
, P ≡ p+ p′

2
,

∆ ≡ p′ − p, t ≡ ∆2 < 0

Wewill also define a variable ξ, called skewdness, which measures the transfer
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of longitudinal momentum to the target. We postpone its precise definition to
the next section.

It must be noted that the DVCS process interferes coherently with the
Bethe-Heitler (BH) process which has the same final state (an example is
shown on Fig.1.3) and is fully calculable in QED2. Therefore, the total cross-
section writes

d3σ

dxBdQ2d|t|
∝ |TBH |2 + |TDV CS|2 + I

where I denotes the interference between the two processes. The DVCS am-
plitude TDV CS can be parametrized in terms of structure functions known as
Compton Form Factors H (CFFs). This time, the factorization theorem ap-
plies if, in addition to the Bjorken limit, the invariant momentum transfer t is
small. One will note that the factorization applies directly at the level of the
complex amplitude of the process, and not of the cross-section as in the case
of DIS. The result at leading twist is the convolution

H(ξ, t, Q2) =

∫ 1

−1

dx

ξ

∑
a=g,u,d,...

C

(
x

ξ
,
Q2

µ2

)
Ha(x, ξ, t, µ2) (1.1)

The object H(x, ξ, t, µ2) is called a Generalized Parton Distribution (GPD),
and was originally introduced by Müller et al. [22], Radyushkin [23] and
Ji [24]. It depends now on three variables in addition to the scale, whereas
PDFs only depended on one, and we can therefore expect that it contains a
much richer information on hadron structure. In the next section, we will give
a more formal definition of these objects with lightcone coordinates, before
focusing on their properties and physical interest.

1.2 Definition and basic properties
A detailed review of GPDs is found in [25, 26]. We borrow most notations

from [25]. The formal definition of GPDs is conveniently expressed in the con-
text of lightfront quantization, where we replace the usual (instant) time z0 by
the lightcone time, denoted by z+ = (z0 + z3)/

√
2. We use the Minkowskian

metric ηµν of signature (+−−−) and introduce the two light-like four-vectors

n+ = (1, 0, 0, 1)/
√

2 and n− = (1, 0, 0,−1)/
√

2

2but depends on the nucleon elastic form factors
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Figure 1.3: Example of the Bethe-Heitler process. The final state is identical
to that of the DVCS shown on Fig.1.2.

so that any four-vector writes

vµ = v+nµ+ + v−nµ− + vµ⊥

where v+ = v · n−, v− = v · n+ and vµ⊥ = (0, v1, v2, 0). With these notations,
we define the skewdness as a measure of the transfer of plus-momentum

ξ = − ∆+

2P+

Then the quark GPDs Hq and Eq are defined by the lightcone projection of a
bilocal matrix element taken at zero lightcone time z+3

1

2

∫
dz−

2π
eixP

+z−〈p′, λ′|ψ̄q
(
−z

2

)
γ+ψq

(z
2

)
|p, λ〉

∣∣∣∣
z+=z⊥=0

(1.2)

=
1

2P+

(
Hq(x, ξ, t)ū(p′, λ′)γ+u(p, λ) + Eq(x, ξ, t)ū(p′, λ′)

iσ+µ∆µ

2M
u(p, λ)

)
where λ and λ′ denote the helicity of the hadron states, the Dirac matrices are
defined by {γµ, γν} = 2ηµν where {·, ·} stands for the anticommutator, so
that γ+ = γ · n− = (γ0 + γ3)/

√
2, and σµν = i

2
[γµ, γν ]. The normalization

of the spinors is taken as ū(p, λ)u(p, λ′) = 2Mδ(λ, λ′). As noted by [25],
the factorization scale that we encountered in the previous section arises tech-
nically as the renormalization scale of the bilocal operator. Unless explicitly
discussed, it will not be mentioned. As seen on Fig.1.2, xP+ is the average

3here in the lightcone gauge A+ = 0, so that no Wilson line is required to preserve gauge
invariance
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plus-momentum of the active parton and −2ξP+ the plus-momentum trans-
fer. One can also introduce polarized GPDs H̃q and Ẽq by exchanging γ+ with
γ+γ5 in the matrix operator. One can similarly introduce gluon GPDsHg,Eg,
H̃g, Ẽg. We will however mostly focus on the quark GPDHq in the following,
and most of the developments made aboutHq andEq can be straightforwardly
extended to the other GPDs.

Domain The physical domain of the GPD Hq(x, ξ, t) is t ≤ 0 (space-like)
and (x, ξ) ∈ [−1, 1]2 with however the inequality [27]

|ξ| ≤
√

−t
−t+ 4M2

which imposes either an upper bound to |ξ| or t. For instance, if we take
−t = 0.2 GeV2, the upper bound for |ξ| is 0.23 for the nucleon.

ξ parity Time reversal invariance gives that the GPD Hq is ξ-even

Hq(x, ξ, t) = Hq(x,−ξ, t)

Real-valuedness Hermiticity of the operator used in the definition of the
GPD gives that Hq is a real function.

Link to PDFs In the so-called forward limit, where ∆ = 0, we have p = p′

and the definition (1.2) corresponds to that of the PDF. Therefore

Hq(x, 0, 0) = q(x)θH(x)− q̄(−x)θH(−x)

where θH is the Heaviside step function and q̄ the PDF of the antiquark of
flavor q, which carries a negative fraction of the total momentum. The GPD
Eq decouples in the forward limit due to the ∆µ factor.

Link to FFs GPDs generalize also the Dirac and Pauli elastic Form Factors
(FFs) F1 and F2, which parametrize the matrix element of the electromagnetic
current

〈p′|Jemµ |p〉 = 〈p′|ψ̄q(0)γµψ
q(0)|p〉

= ū(p′)

(
F q

1 (t)γµ + iF q
2 (t)

σµν∆
ν

2M

)
u(p)

Indeed ∫ 1

−1

dx Hq(x, ξ, t) = F q
1 (t),

∫ 1

−1

dx Eq(x, ξ, t) = F q
2 (t) (1.3)
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Partonic interpretation Fig.1.2 has been drawn for x ± ξ > 0, that is
x > |ξ|. We will refer to this region as DGLAP> due to the similarity of
the factorization scale evolution equation of the GPD in this region compared
to the PDF evolution equation. In terms of partonic interpretation, this corre-
sponds to the interaction of the virtual photon with a quark of plus-momentum
(x+ ξ)P+, then re-absorbed with plus-momentum (x− ξ)P+.

If x < −|ξ|, we will refer to this region as DGLAP<, and we can interpret
it as the interaction of the virtual photon with an antiquark of plus-momentum
(ξ − x)P+, then re-absorbed with plus-momentum −(x+ ξ)P+.

Finally, if x ≤ |ξ|, we will refer to this region as ERBL4 [14, 21], and it
can be interpreted as the annihilation of a quark-antiquark pair with respective
plus-momentum (x + ξ)P+ and (ξ − x)P+ by the virtual photon. A corre-
sponding diagram is shown on Fig.1.4, and the name of the different regions
summarized on Fig.1.5

Figure 1.4: Deeply Virtual Compton Scattering, at leading twist and leading
order, corresponding to the ERBL region x ≤ |ξ|.

4Efremov, Radyushkin, Brodsky, Lepage
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Figure 1.5: Naming scheme of the different regions of the GPD depending on
the values of (x, ξ).

1.3 Interest for hadron structure

3D hadron structure
In the naive parton model, the PDF qa(x) is the number density of a parton

of type a carrying the fraction x of the total momentum of the hadron. In the
context of relativistic QCD, this probabilistic interpretation can be made rigor-
ous in the lightfront quantization formalism that we introduced in the previous
section, which corresponds to a frame where the hadron has infinite momen-
tum along z3. Then its plus-momentum corresponds approximately to its lon-
gitudinal momentum and qa(x, µ2) is the number density of a parton of type
a carrying the fraction x of the hadron’s plus-momentum at scale µ (which
intuitively corresponds to the energy "resolution" at which the hadron is ob-
served).

As generalizations of PDFs, GPDs in lightfront quantization have an even
more interesting probabilistic interpretation, in the so-called impact parame-
ter space representation [28]. Let’s define states of definite plus-momentum
p+ and definite transverse position b⊥ = (b1, b2), where boldface denotes 2-
vectors in the transverse plane, as

|p+,b⊥〉 =

∫
d2p⊥
(2π)2

e−ip⊥·b⊥ |p+,p⊥〉
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and the center of plus-momentum as

b⊥0 =

∑
p+
i b⊥i∑
p+
i

summed over the partonic content of the hadron. ξ measures the transfer of
plus-momentum between the initial and final states, and the center of plus-
momentum is displaced by an amount ξb⊥0 between them. Taking ξ = 0

and the Fourier transform of the GPD along ∆⊥ gives the Impact Parameter
Distribution (IPD)

q(x,b⊥) =

∫
d2∆⊥
(2π)2

e−ib⊥·∆⊥H(x, 0, t = −∆2
⊥) (1.4)

This distribution gives a direct access to the density of unpolarized partons
with plus-momentum fraction x and transverse distance b⊥ from the center
of plus-momentum b⊥0 in an unpolarized hadron. Therefore, GPDs contain
information on the 3D structure of the hadron. An example of extraction of
this quantity is given on Fig.1.6.

Figure 1.6: Position of up quarks b⊥ in an unpolarized proton as a function
of x. Both valence and sea contributions are shown. Fit performed with the
PARTONS software [35].

Spin decomposition
The PDFs obey a momentum sum rule, in accordance with their physical

interpretation as momentum fraction density, which reads

1 =
1

〈P+〉
∑

a=g,u,d,...

〈P+
a (µ2)〉 =

∑
a=g,u,d,...

∫ 1

−1

dx xqa(x, µ
2)

As underlined by the explicit dependence we restored, the decomposition of
the momentum between flavors depends on the renormalization scheme and
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scale. It is easily understood since at low energy, the hadron is well described
by two or three constituent quarkswhich carrymost of themomentum, whereas
at high energy, gluons and sea quarks-antiquarks have a dominant role.

GPDs obey sum rules giving the total angular momentum inside a hadron,
that is its spin, known as Ji’s sum rule (1995) [29]. If we note J3 the total
angular momentum relative to z3, then for a proton

1

2
=

∑
a=g,u,d,...

〈J3
a(µ2)〉 =

∑
a=g,u,d,...

1

2

∫ 1

−1

dx x
(
Ha(x, 0, 0, µ2) + Ea(x, 0, 0, µ2)

)
Therefore, GPDs are an interesting tool to understand the emergence of the
spin of the proton, one of the remarkable puzzles of QCD. Some decompo-
sitions between spin and orbital angular momentum have been suggested for
quark flavors [30]. However, in addition to the usual dependence on the renor-
malization scale (and scheme) dependence, there is no gauge invariant sepa-
ration between spin and orbital momentum for gluons.

After this brief introduction to GPDs, which we hope will give a sense of
their physical interest notably for the study of hadron structure and spin gen-
eration, we will discuss another important property called polynomiality and
its implications for their modeling.



Chapter 2

GPDs and Double distributions

2.1 Polynomiality of GPDs
The relation between the GPD Hq and the quark contribution to the elastic

Form Factor F q
1 was previously stated in eq. (1.3) as∫ 1

−1

dx Hq(x, ξ, t) = F q
1 (t)

The fact that this integral is independent of ξ is noteworthy. It is actually a
specific case of the general property known as polynomiality. Namely, the n-
th Mellin moment of the quark GPDHq, notedHq,n, is a polynomial of order
n in ξ if n is even and of order n+ 1 if n is odd. ξ-parity of the GPD implies
that only even powers of ξ can appear, so

Hq,n(ξ, t) =

∫ 1

−1

dx xnHq(x, ξ, t) =
n+1∑

k=0 even

Hq,n
k (t)ξk

The demonstration of this property relies on Lorentz covariance. We give a
brief sketch of the proof, borrowed from [25], with a pion GPD Hq

π for sim-
plicity. Since the pion is a scalar particle, its has only one chiral-even GPD
and

Hq
π(x, ξ, t) =

1

2

∫
dz−

2π
eixP

+z−〈p′|ψ̄q
(
−z

2

)
γ+ψq

(z
2

)
|p〉
∣∣∣∣
z+=z⊥=0

Then

Hq,n
π (ξ, t) =

∫ 1

−1

dx xnHq
π(x, ξ, t)

=
1

2

∫
dz−

2π

∫ ∞
−∞

dx xneixP
+z−〈p′|ψ̄q

(
−z

2

)
γ+ψq

(z
2

)
|p〉
∣∣∣∣
z+=0,z⊥=0

14
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where the support property of the GPDs allowed us to extend the integral from
[−1, 1] to [−∞,∞]. The Fourier transform of xn makes the n-th derivative of
the Dirac delta appear, so that

Hq,n
π (ξ, t) =

(−i)n

2(P+)n+1

∫
dz−

(
∂

∂z−

)n [
δ
(
z−
)]
〈p′|ψ̄q

(
−z

2

)
γ+ψq

(z
2

)
|p〉
∣∣∣∣
z+=0,z⊥=0

=
1

2(P+)n+1
〈p′|
(
i
∂

∂z−

)n (
ψ̄q(0)γ+ψq(0)

)
|p〉

The operator in the last line is a special case of so-called twist-2 operators.
Lorentz invariance dictates their decomposition in terms of the four-vectors
P µ and ∆µ and the Lorentz-scalar t = ∆2. The study of this decomposition
brings

Hq,n
π (ξ, t) =

1

(P+)n+1

n+1∑
k=0 even

Hq,n
π,k(t)

(
−∆+

2

)k (
P+
)n+1−k

Remembering that ξ = −∆+/2P+, we finally retrieve

Hq,n
π (ξ, t) =

n+1∑
k=0 even

Hq,n
π,k(t)ξk

The polynomiality of Mellin moments of GPDs is a characteristic property of
the image of the Radon transform [33, 34]. It means that if Hq,n(ξ, t) were a
polynomial in ξ of order n for all n, there would exist a generalized function
F (β, α, t), known as a double distribution (DD) such that c Respectively, it
is easy to show that any such DD F would generate a GPD whose Mellin
moments are polynomials of order n in ξ. However, since the Mellin moments
are in general of order n+ 1, two DDs F and G are needed and

Hq(x, ξ, t) =

∫
dβdα δ(x− β − αξ) (F (β, α, t) + ξG(β, α, t)) (2.1)

This representation in terms ofDDs can also be obtained via a direct parametriza-
tion of the matrix element defining GPDs. Historically, it has been indepen-
dently introduced byMüller et al. [22] and Radyushkin [31]. The parametriza-
tion by two DDs was pointed out by Polyakov and Weiss [32].

Basic properties For |ξ| ≤ 1, the support of the GPD is |x| ≤ 1, so due
to the δ(x − β − αξ) term in eq. (2.1), the support of F and G is given by
|α| + |β| ≤ 1. Time reversal invariance and hermicity constrain DDs to be
real and F to be α-even whereas G is α-odd.



16 CHAPTER 2. GPDS AND DOUBLE DISTRIBUTIONS

GPDs are linked to DDs via the integration on the line x = β+αξ as seen
in eq. (2.1). An example in the DGLAP> region (x > |ξ|) is given on Fig.2.1.
It is easy to see from this figure that the GPD in this region, where x > 0, only
depends on values of the DDs for β > 0. On the contrary, in the DGLAP<
region, where x < −|ξ| ≤ 0, the GPD only depends on values of the DDs
for β < 0. Therefore, by linearity of the Radon transform, we can consider
these two regions, which correspond respectively to the quark and antiquark
sectors according to the partonic interpretation of Sec.1.2, as independent. On
the contrary, the ERBL region mixes both sectors, as expected since it probes
pairs of quark-antiquark.

Figure 2.1: The light grey square represents the support of the DD, and the
orange dotted line the domain on which the integration is performed to retrieve
the GPD in the DGLAP> region. We have α1 = (x − 1)/(1 + ξ) and α2 =

(1− x)/(1− ξ)

Impact parameter space When going to the impact parameter space, we
find ∫ 1

−1

dx xnq(x,b⊥) = Hq,n
0 (b⊥)
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2.2 Schemes of Double Distributions
As mentioned above, we introduced two DDs to fulfill the polynomiality

of GPDs at order n + 1. However, as pointed out by Teryaev [36], such a
parametrization is not unique. Indeed, the GPD Hq is invariant under the
transformations

F (β, α, t)→ F (β, α, t) +
∂

∂α
χ(β, α, t)

G(β, α, t)→ G(β, α, t)− ∂

∂β
χ(β, α, t)

provided that χ(β,−α) = −χ(β, α). One specifically interesting choice is to
minimize the information contained in G. It boils down to choosing G so that
it contributes only to the term of order n+ 1 in the n-th Mellin moment [32].
This minimal part can be written under the form

G(β, α, t) = δ(β)D(α, t) (2.2)

D is often designated as the D-term, and is a fundamental property which can
be linked to the energy-momentum tensor of the hadron. As such, it allows to
define interesting mechanical properties, like the pressure inside a hadron (see
[55]). It lives only on the β = 0 line as seen in eq. (2.2), it is α-odd and its
support is α ∈ [−1, 1]. Therefore, it can only contribute to the ERBL region
(x < |ξ|) of the GPD. Whatever choice of G has been made, the D-term can
be retrieved as

D(α, t) =

∫ 1−|α|

|α|−1

dβ G(β, α, t)

It has also been proposed to parametrize GPDs by a single DD, that would
then generate an intrinsic D-term. For instance, the so-called BMKS scheme
[38] uses

Hq(x, ξ, t) = x

∫
dβdα δ(x− β − αξ)FBMKS(β, α, t)

whereas the Pobylitsa scheme [39], which we will encounter again later, reads

Hq(x, ξ, t) = (1− x)

∫
dβdα δ(x− β − αξ)FP (β, α, t)

One can verify easily that the additional factor guarantees the propern+1 order
of the Mellin moments. A final scheme of interest is Tibuzi’s [40], introduced
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as the Drell-Yan scheme. It consists this time in maximizing the information
contained in G. More precisely, since∫ 1

−1

dx xnHq(x, ξ, t) =
n+1∑

k=0 even

Hq,n
k (t)ξk

then ∫ 1

−1

dx xnHq(x, 0, t) = Hq,n
0 (t)

so ∫ 1

−1

dx xn
Hq(x, ξ, t)−Hq(x, 0, t)

ξ
=

n∑
k=1 odd

Hq,n
k+1(t)ξk

We see that the Mellin moments of (Hq(x, ξ, t) − Hq(x, 0, t))/ξ are always
polynomials of order n, so we can introduce a DD GT such that

Hq(x, ξ, t) = Hq(x, 0, t) + ξ

∫
dβdα δ(x− β − αξ)GT (β, α, t)

This scheme decouples the ξ behavior of the GPD from the ξ = 0 limit, which
corresponds to the (t-dependent) PDF.

2.3 Modeling GPDs
We have seen that DDs are the natural way to implement the polynomial-

ity property. Therefore, numerous phenomenological models have been built
on this basis. Among them, the VGG1 [41, 42] and the GK2 [43] models,
which are widely used for phenomenology and experiment design, are built
on the same fondamental premise, known as Radyushkin’s Double Distribu-
tion Ansatz (RDDA) [37].

The idea is to write the GPDs in the scheme where the information inG is
reduced to the D-term, and choose the DD F as

F q(β, α, t) = πN(β, α)q(β, t)

where q(β, t) encompasses the known limits of the GPD and πN is a profile
function. For instance, to retrieve the PDF q(x) in the forward limit (ξ = t =

1Vanderhaeghen, Guichon, Guidal
2Goloskokov, Kroll
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0), it has to satisfy

q(x) =

∫
dβdα δ(x− β)F q(β, α, 0)

= q(x, 0)

∫ 1−x

x−1

dα πN(x, α)

so the latter integral must yield 1. As we will see in the next chapter, there are
many ways to do so. The one adopted by Radyushkin consists in taking

πN(β, α) =
Γ(N + 3/2)√
πΓ(N + 1)

((1− |β|)2 − α2)
N

(1− |β|)2N+1
(2.3)

where Γ is Euler’s gamma function. To build a model, one can then choose a
parametrized form for q(β, t) and fit to recover the behavior of the FF F q

1 (t).
The final freedom resides in the choice of N and of a D-term.

Although this method has provided relatively realistic phenomenological
models by allowing an easy implementation of the forward limit, it suffers
from some rigidity. [44, 54] show in particular that the ansatz converges very
quickly when N increases, so that the effective freedom provided by this pa-
rameter is limited. In order to include one of the key experimental knowledge
for the extraction of GPDs, namely the Compton Form Factors that we in-
troduced in eq. (1.1), we would like to provide a parametrization as free as
possible, so as to limit the introduction of bias. Our personal study, starting
from now, has been orientated towards understanding the remaining freedom
in GPDs parametrization once the known constraints coming from experiment
(notably PDFs, and CFFs of various orders) are implemented in a least-biased
possible way, while still respecting the polynomiality property.



Chapter 3

The polynomial parametrization

We exposed at the end of the previous chapter one of the most popular basis
for GPD modeling with Radyushkin’s Double Distribution Ansatz (RDDA).
This raises our first question on the goal to a bias-free parametrization of GPDs
encompassing polynomiality and all our experimental knowledge. What kind
of freedom do we have on GPDs once we have imposed their forward limit as a
given PDF? To explore this freedom in an unbiased way, the first idea to come
to mind might not be choosing our DDs as polynomials. But although it seems
like a very constrained parametrization, we know by the Stone-Weierstrass
theorem that any continuous function on a compact Hausdorff space can be
uniformly approximated by polynomials. Furthermore, if we allow ourselves
to consider pointwise convergence, then polynomials can approximate pretty
much anything, including distributions. Finally, for practical reasons, it seems
the best thing to start with.

3.1 Vanishing PDFs
The remaining freedom for a GPD once its PDF is imposed is given by the

study of GPDs with vanishing PDFs. This is what we devote this section to.
Since the D-term has no influence in the DGLAP region where the PDF lives,
we will only consider the DD F , and neglect the t dependence which is not
elucidated by the DD formalism (DD have the same t dependence as GPDs).
Let’s assume our DD takes an analytical form (we recall that F is α-even)

F (β, α) =
∞∑

m even,n=0

cm,nα
mβn (3.1)

20
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then, using Fig.2.1 to determine the integration bounds,

HDGLAP>(x, ξ) =

∫ (1−x)/(1−ξ)

(x−1)/(1+ξ)

dα F (x− αξ, α)

we find

H(x, ξ)DGLAP> =
∞∑

m even,n=0

cm,nx
n

n∑
k=0

(
n

k

)
(−1)k

m+ k + 1

(
ξ

x

)k
× (3.2)

((
1− x
1− ξ

)m+k+1

−
(
x− 1

1 + ξ

)m+k+1)
In particular, the PDF is given by

q(x) = HDGLAP>(x, 0) = 2(1− x)
∞∑

m even,n=0

cm,n
m+ 1

xn(1− x)m

= 2(1− x)
∞∑
i=0

xi
∞∑

m even

min(i,m)∑
k=0

cm,i−k
m+ 1

(
m

k

)
(−1)k (3.3)

Now, having a vanishing PDF just boils down to solving the infinite homoge-
neous linear system in terms of the coefficients of F written in eq. (3.3). To
make it a little more manageable, let’s suppose temporarily that F (β, α) is ac-
tually a polynomial of orderN at most. Then F has at most pN = (N + 2)2/4

non-vanishing coefficients cm,n ifN is even, and pN = (N+1)(N+3)/4 ifN
is odd. Eq. (3.3) is then a system of N + 1 equations, and we verify that they
are independent, since only the equation associated with xi involves the coef-
ficient c0,i. Therefore, we can already know that the space of polynomial DDs
of order N at most, which further generate a vanishing PDF, has dimension

dN = pN − (N + 1) =
N2

4
if N ≡ 0[2], dN =

N2 − 1

4
if N ≡ 1[2]

Actually, it is possible to solve explicitly the system relatively easily, and we
find the general form of a polynomial DD with vanishing PDF as

F (β, α) =
∞∑

m=2 even

Pm(β)

(
− 1

m+ 1
(1− β)m + αm

)
(3.4)

where Pm(β) are arbitrary polynomials in β. This shows exemplarily that
imposing a given PDF to GPDs produces actually very little constraint. The
formula (3.4) can even be generalized to show that any DD with an analytical
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dependence on α and an arbitrary dependence on β, and such that it has a
vanishing PDF, can be written under this specific form, where Pm(β) are now
arbitrary distributions. Indeed, formula (3.4) essentially states that one can
choose any function for the α-dependent part of the DD, but once this choice
is done, there is exactly one possibility ofα-independent part such that the PDF
vanishes. When taking all non vanishing Pm(β) equal to δ(β), one then finds
back the definition of the D-term in eq. (2.2), which has indeed a vanishing
PDF.

Since we have now the explicit formula for all α-analytical DDs with a van-
ishing PDF, we can infer easily a formula for all α-analytical DDs with a PDF
uniformly equal to 1. This is precisely the type of profile functions used to
build the RDDA exposed in Sec.2.3. For that, we just have to find one particu-
lar DD with a PDF q(x) = 1. Eq. (3.3) gives one immediately, so the general
answer is

F (β, α) =
1

2(1− β)
+ F0(β, α)

where F0 is an instance of eq. (3.4).
Radyushkin’s profile function given in eq. (2.3) writes in our representa-

tion as

πN(β, α) =
1

2(1− |β|)
+ CN

∞∑
m=2 even

Pm(β)

(
− 1

m+ 1
(1− |β|)m + αm

)
where CN is the normalization factor Γ(N + 3/2)/

√
πΓ(N + 1) and

Pm(β) =
(−1)m/2

(1− |β|)m+1

(
N

m/2

)
Any other choice of Pm would also produce a model with the correct forward
limit. Therefore, most current phenomenological models explore only a very
small portion of the space of GPDs with appropriate forward limit. Of course,
we could choose to favor some particularly smooth GPDs in this space for
instance. But the bias introduced by a restrictive parametrization should be
carefully considered. We shall give more interest to such questions in Chapter
5.

Since the t dependence is untouched in the DD formalism, we see that both
limits of GPDs, PDFs and FFs, bring very little global constraint to GPDs.
Our hope is that Compton Form Factors (see eq. (1.1)) would bring more,
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since they are functions of ξ integrated over x with a convolution kernel - the
coefficient function - with a non trivial dependence on both x and ξ. But before
switching to this study, we first need to be able to navigate freely between the
DD and the GPD pictures.

3.2 Block-diagonalisation of theRadon trans-
form

As we have explained in Sec.2.1, GPDs are the Radon transform of DDs.
The Radon transform is a linear invertible integral transform. As such, it seems
that there should be no problem going from the DD to the GPD picture and
back. However, it is well-known from the mathematical literature devoted to
medical applications of the Radon transform in tomography [33] that the in-
verse Radon transform is not continuous on L2(R). Therefore, in this space,
arbitrarily close GPDs may have very different DDs and inversion is an ill-
posed problem. In our context of polynomial DDs, and applying similar, but
more delicate techniques as in the previous section, we exhibit an explicit for-
mula for the inverse Radon transform. We will see that it has some importance
for models than do not guarantee per se the polynomiality property, and this
formula will be necessary for our further work on CFFs.

Using the same notations as in the previous section, the expression of the
GPD derived from a polynomial DD in the DGLAP> region was given in eq.
(3.2). The tricky part resides in finding the appropriate reformulation of the
GPD to proceed to the inversion. We found that the most suitable represen-
tation was the partial fraction decomposition around the poles at ξ = ±1.
Therefore, we rewrite eq. (3.2) under the form

H(x, ξ)DGLAP> =
∞∑
u=1

(
1

(1− ξ)u
+

1

(1 + ξ)u

) ∞∑
v=0

xvqu,v (3.5)

where

qu,v =
∞∑

m even,n=0

cm,n
∑
j

(−1)u+v+j+n+1

m+ j + 1

(
n

j

)(
j

m+ j + 1− u

)(
m+ j + 1

v + j − n

)
The sum over j is finite due to the binomial coefficients. This again is an infi-
nite linear system linking the coefficients cm,n of F to those qu,v of the partial
fraction decomposition ofH . Let’s assume again that the DD is a polynomial
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of order N at most. For the PDF linear system, we had only N + 1 equations
for ∼ N2/4 coefficients cm,n, but this time, we have (N + 1)(N + 2) equa-
tions. The system is over-constrained, and might very well have no solution
at all. It illustrates the fact that the form that we have chosen in eq. (3.5) can
also correspond to DDs that are not polynomial, or maybe no DD at all.

To inverse the system, it is necessary to choose a specific subset of qu,v
such that the matrix relating the cm,n to the qu,v is invertible. A precise study
of the matrices shows a systematic way to do so, by choosing

q1,1, q1,2, ..., q1,N+1

q3,3, q3,4, ..., q3,N+1

...

With this subset and a proper ordering of the elements, the matrix of the Radon
transform relating the cm,n to the qu,v is block-diagonal, so easily invertible.
The beginning of the system (restricted toN = 3) is given below, where zeros
in the matrix have been left as blank to highlight the block-diagonal shape

−1

−1/2

−1/3

−1/3 −1/3 · · ·
−1/4

−1/4 −1/12
...





c0,0

c0,1

c0,2

c2,0

c0,3

c2,1
...


=



q1,1

q1,2

q1,3

q3,3

q1,4

q3,4
...


The inversion of the previous system gives

c0,0

c0,1

c0,2

c2,0

c0,3

c2,1
...


=



−1

−2

−3 · · ·
3 −3

−4

12 −12
...





q1,1

q1,2

q1,3

q3,3

q1,4

q3,4
...


By extracting the matrix at large orders of N , we observe that the solution of
the system can be written as

cm,n = (−1)1+m/2

(
n+m

m

)
(n+m+1)

m/2∑
k=0

(
m

2k

)
(−1)k q2k+1,n+m+1Am−2k

(3.6)
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where A2k denotes Euler’s zig number, also called secant numbers, since they
appear in the Taylor expansion of the secant function

sec(x) =
1

cos(x)
=
∞∑
k=0

A2k

(2k)!
x2k

These numbers increase at an hyper-exponential rate, and we have notably
A0 = 1, A2 = 1, A4 = 5, A6 = 61, A8 = 1385, ... Their presence renders
eq. (3.6) rather intractable unless the non-vanishing qu,v are either in a finite
number or decaying quickly to zero with v. We illustrate the first situation by
a pion GPD model borrowed to [45, 49].

A pion model The model is based on the formalism of lightfront wavefunc-
tions, which allows a direct obtention of the GPD as a scalar product. This
approach guarantees a property of GPDs, known as positivity, which arises
from the Cauchy-Schwartz inequality applied to the scalar product. In the
case of the pion, the positivity property writes [25]

|Hq
π(x, ξ, t)|2 ≤ q

(
x+ ξ

1 + ξ

)
q

(
x− ξ
1− ξ

)
(3.7)

where q(x) is the PDF. The lightfront wavefunction formalism gives an in-
tuitive picture of the physical content of GPDs, but it does not automatically
assure their polynomiality. In the model of [49], the valence GPD of the quark
u in the pion is given as

Hu
π (x, ξ, t)DGLAP> =

15

2

(1− x)2(x2 − ξ2)

(1− ξ2)2(1 + ζ)2

(
3 +

1− 2ζ√
ζ(1 + ζ)

arctanh

(√
ζ

1 + ζ

))
where

ζ =
−t

4M2

(1− x)2

1− ξ2

We focus on t = 0 for simplicity. Then

Hu
π (x, ξ, 0)DGLAP> = 30

(1− x)2(x2 − ξ2)

(1− ξ2)2

The study of this GPD is convenient in the Pobylitsa scheme (see Sec.2.2), so
we write it under the form of eq. (3.5) with an additional (1− x) factor

Hu
π (x, ξ)DGLAP> =

15

2
(1− x)

((
1

1− ξ
+

1

1 + ξ

)
(1− x+ x2 − x3)

+

(
1

(1− ξ)2
+

1

(1 + ξ)2

)
(−1 + x+ x2 − x3)

)



26 CHAPTER 3. THE POLYNOMIAL PARAMETRIZATION

The coefficients of interest for our extraction are q1,1 = −1, q1,2 = 1 and
q1,3 = −1. The matrices that we have noted previously are enough to extract
the DD in the Pobylitsa scheme as

FP (β, α) =
15

2
(1− 2β + 3β2 − 3α2)

It is necessary to calculate the Radon transform of this DD and verify that we
get indeed the correct GPD, which is the case here. Indeed, our extraction was
insensitive to a large number of qu,v coefficients, like q1,0 or q2,v for any v, so
we have to check that we retrieve them correctly. One will note by the way
that the polynomial form of the DD is not invariant under a change of scheme,
and there seems to be schemes more appropriate than others for extraction.

We see that the formula (3.6) can be used to test whether a function which
lets itself write under the form (3.5) derives indeed from a polynomial DD in
a given scheme. This sheds a light on the so-called covariant extension prob-
lem. Assuming one is given a function in the DGLAP region, for instance
by the means of lightfront wavefunctions, how does one assess its polynomi-
ality, and then extend it to the ERBL region? Finding a DD that gives back
the initial function, or at least a good approximation, answers to both ques-
tions1. Following this idea, in [27], N. Chouika developed an approach to
fulfill simultaneously the positivity and polynomiality properties on the basis
of a numerical inversion of the Radon transform on a reasonable candidate of
GPD in the DGLAP region.

1up to the liberty contained in the D-term, which has no influence in the DGLAP region.
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Vanishing Compton Form Fac-
tors

Compton Form Factors were defined in eq. (1.1) as the structure functions
parametrizing the amplitude of the DVCS process. They are therefore exper-
imentally accessible and are commonly considered as one of the key experi-
mental inputs to access GPDs. However, GPDs act only through a convolution
with a coefficient function, a kernel which is extracted to a perturbative order
in αS , the strong coupling constant, thanks to asymptotic freedom. In the fol-
lowing sections, we will present and discuss the constraints imposed on GPDs
by the CFFs at leading order (LO) and next-to-leading order (NLO). The form
of the coefficient functions is taken from [46].

4.1 Leading order
The LO CFF reads

Hq
LO(ξ, t, Q2) = −e2

q

∫ 1

−1

dx

(
1

x+ ξ − iε
− 1

−x+ ξ − iε

)
Hq(x, ξ, t)

We will detail the procedure to extract the ε-free real and imaginary parts,
which is simpler at leading order.

ReHq
LO(ξ, t) = −e2

q

∫ 1

−1

dx

(
x+ ξ

(x+ ξ)2 + ε2
+

x− ξ
(x− ξ)2 + ε2

)
Hq(x, ξ, t)

ImHq
LO(ξ, t) = −e2

q

∫ 1

−1

dx

(
ε

(x+ ξ)2 + ε2
− ε

(x− ξ)2 + ε2

)
Hq(x, ξ, t)

27
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Let’s note conventionally

Hq(±)(x, ξ, t) = Hq(x, ξ, t)∓Hq(−x, ξ, t)

Since X2/(X2 + ε2) is X-even, tends towards 1 when X � ε and towards 0
when X � ε, it is Cauchy’s principal value and we find

ReHq
LO(ξ, t) = −e2

q P
∫ 1

−1

dx Hq(+)(x, ξ, t)

(
1

x+ ξ
+

1

x− ξ

)
(4.1)

where only the x-odd part of the GPD was mentioned since the x-odd coeffi-
cient function cancels the x-even part of the GPD. For the imaginary part,

lim
ε→0

ε

X2 + ε2
= 0 if X 6= 0, and

∫ ∞
−∞

dx
ε

X2 + ε2
= π

we conclude that
ε

X2 + ε2
→ πδ(X)

Therefore
ImHq

LO(ξ, t) = πe2
q H

q(+)(ξ, ξ, t) (4.2)

Thus, the imaginary part of the LO CFF provides a direct access to values
of the x-odd part of the GPD at the x = ξ line. One could wonder what
information the real part, which is integrated over x, provides in addition. A
part of the answer is given by the LO dispersion relation.

Dispersion relation The real and imaginary parts given respectively in eq.
(4.1) and (4.2) are related by a so-called dispersion relation with the addition
of a subtraction constant C(t), linked to the D-term

ReHq
LO(ξ, t, Q2) = −e2

qP
∫ 1

−1

dx Hq(+)(x, x, t)

(
1

x+ ξ
+

1

x− ξ

)
+ C(t)

(4.3)
where

C(t) = e2
q

∫ 1

−1

dα
2Dq(α, t)

1− α
The derivation can be found in [47]. The fact that the subtraction constant
gives access to the D-term has triggered an important interest in its extraction
recently, due to its link with mechanical properties of hadrons [55].
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In eq. (4.3), the integration is performed overHq(+)(x, x, t) and notHq(+)(x, ξ, t)

as in eq. (4.1). The first term of the right hand side of eq. (4.3) has the shape
of a Hilbert transform, which is invertible. When neglecting the contribution
of the D-term, we see therefore that having a vanishing LO CFF is equivalent
for an x-odd GPD to having a vanishing line x = ξ.

It does not seem very different from our previous study of vanishing PDFs,
which corresponded to a vanishing line ξ = 0. However, the extraction is far
more subtle as we will see. From now on, we will consider only the DD F as
defined in eq. (2.1) and x-odd GPDs.

GPDswith definite parity Since we consider GPDs with a definite x-parity,
let’s briefly state a few results that we will use in the following

• If the GPD H(x, ξ) is x-even (resp. x-odd), then by definition,

HDGLAP>(x, ξ) = ±HDGLAP<(−x, ξ)

but assuming thatHDGLAP> andHDGLAP< can be continued outside of
their strict definition range (which is the case in the context of polyno-
mial DDs), their individual x-parity has no reason to be defined.

• The DD F associated with a GPD of definite x-parity has the same β-
parity.

• If F is β-even (respectively β-odd), the associated GPD verifies

HERBL>(x, ξ) +HERBL>(x,−ξ) = 2H
(∓)
DGLAP>(x, ξ) (4.4)

This property assumes the functions have been continued.

LO CFF of odd GPDs Considering that, using the dispersion relation, the
real and imaginary parts of the LO CFF vanish together when the D-term is
neglected, it seems the simplest would be to try and solve directlyH(ξ, ξ) = 0

as we did for the PDF H(x, 0). However, there is no such obvious simplifica-
tion for higher orders, and this calculation will allow us to see LO from a new
viewpoint in the next section. For simplification, let’s introduce a "half" CFF,
which is just half of the real part of the CFF for x-odd GPDs, as

H1,LO(ξ) =
1

2
ReHLO(ξ) = P

∫ 1

−1

dx
H(x, ξ)

x− ξ

=

∫ −ξ−ε
−1

dx
HDGLAP<(x, ξ)

x− ξ
+

∫ ξ−ε

−ξ+ε
dx

HERBL(x, ξ)

x− ξ
+

∫ 1

ξ−ε
dx

HDGLAP>(x, ξ)

x− ξ
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Careful calculations, using the representation of the GPD given in eq. (3.5)
and the property (4.4), yield

H1,LO(ξ) =

(
2 log(2)− log

(
1 + ξ

1− ξ

))
H

(+)
DGLAP>(ξ, ξ)+log

(
1− ξ2

ξ2

)
H

(−)
DGLAP>(ξ, ξ)

−2 log(2)H(ξ, ξ)+2
∞∑
u=1

(
1

(1− ξ)u
+

1

(1 + ξ)u

) ∞∑
v=0

qu,v

v−1∑
k=0 even

ξk − (−ξ)v

v − k
(4.5)

This expression shows interesting features. Assuming the GPD has only a
finite number of non-vanishing coefficients qu,v (which is the case if it derives
from a finite polynomial DD), then all terms in the expression have poles of
finite order at ξ = ±1, except the two terms with the logarithm on the first
line, which exhibit essential singularities. Since(

1, log

(
1 + ξ

1− ξ

)
, log

(
1− ξ2

ξ2

))
constitutes a free family in the space of rational functions of ξ, we conclude that
(4.5) allows the explicit identification ofH(+)

DGLAP>(ξ, ξ) andH(−)
DGLAP>(ξ, ξ).

Adding these two gives therefore H(ξ, ξ) and we see that, at least for poly-
nomial DDs, the real part of the LO CFF allows to retrieve completely the
information contained in its imaginary part.

To go further, we calculate again the partial fraction decomposition of the
finite poles of eq. (4.5). For the x-odd GPD that we consider, H1(ξ) is even,
and we can write it as

H1,LO(ξ) =
∞∑

j=−∞

(−1)j
[
(1− ξ)j + (1 + ξ)j

]
kj

− log

(
1 + ξ

1− ξ

)
H

(+)
DGLAP>(ξ, ξ) + log

(
1− ξ2

ξ2

)
H

(−)
DGLAP>(ξ, ξ)

Now, in the case of a polynomial DD of finite order, we can relate the kj coef-
ficients to the qu,v by the means of a complicated, but finite matrix, and since
we know how to relate the qu,v to the cm,n coefficients of the DD F with eq.
(3.6), we have the required tools to extract a polynomial DD from the real part
of a LO CFF.

Vanishing LO CFFs As for the PDF study, we will focus on the kernel of
the linear system giving the kj in terms of the cm,n. Let’s first start by a di-
mensional argument. When taking a polynomial DD of order N , we generate
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potentially all kj with−(N + 1) ≤ j ≤ N , so only 2(N + 1) coefficients. But
a β-odd DD hasN(N + 6)/8 non vanishing cm,n coefficients ifN is even and
(N2 +8N−1)/8 ifN is odd. As in the discussion for PDFs, the space of DDs
increases quadratically inN whereas the space of CFFs increases only linearly,
so we know already that the size of the kernel must increase quadratically with
N . In addition, the 2(N + 1) equations are not independent.

We solve numerically the system to cancel all kj . We find the first non-
trivial solution at order 5 as

F5(β, α) = β(3− 10β2 − 18α2 + 15(β2 − α2)2)

Order N = 7 brings two additional vectors as

F7,1(β, α) = β3(2− 7β2 − 9α2 + 7(β2 − α2)2)

F7,2(β, α) = β(2− 3β2 − 3β4 + 14β6 − 9α2 − 45α2β2 − 21α2β4 + 7α6)

and every new odd order N brings (N − 3)/2 new vectors. We verify that all
these GPDs have a vanishing H(±)

DGLAP>(ξ, ξ), so in particular vanish on the
x = ξ line, so that cancelling the kj is actually enough to cancel the entire
LO CFF. We are therefore constructing a basis for the polynomial DDs with
vanishing LO CFF.

We have presented F5 and F7,1 in a way that highlights their specific shape.
Although producing a complete characterization of the kernel as simple as eq.
(3.4) was not possible, we extracted a general family of polynomial DDs with
vanishing LO CFF as

FN(β, α) = βN−4

(
N2 − 7N + 16

N2 +N
− 2(N − 3)

N + 1
β2 − 2

(
N2 − 3N + 8

N2 +N

)
α2

+(β2 − α2)2

)
The fact that the dimension of the space of LO CFFs grows linearly withN

is coherent with the picture according to which a LO CFF contains essentially
just informations on the x = ξ line. Indeed, knowing a polynomial function
of order N in two variables on just a line gives roughly ∼ N equations on
the ∼ N2 coefficients of this function. LO CFFs do not seem to be any better
than PDFs from this regard, and knowing both of them still brings very little
constraint to the GPD if we stick to our bias-free attempt. But maybe this
resides in the particular shape of the LO coefficient function. Higher orders
might come with a stronger constraint for GPDs.



32 CHAPTER 4. VANISHING COMPTON FORM FACTORS

4.2 What about next-to-leading order?
The coefficient function at NLO is much more complicated than at LO. One

reason is that NLO Feynman diagrams for quark processes involve gluons.
Furthermore, since these diagrams contain loops, they have to be renormalized
and the renormalization scale makes its appearance in our calculations. An
explicit dependence on Q2 appears also in the so-called collinear term. This
phenomenon is known as scaling violation, in reference to Bjorken’s scaling
law which predicted the structure functions of DIS (defined in Sec.1.1) to be
independent of Q2 in the Bjorken regime, due to the point-like nature of par-
tons. This is true at leading order, but QCD brings logarithmic dependence on
Q2 at next-to-leading order.

The full NLO CFF for a quark reads [46]

Hq
NLO(ξ, t, Q2) =

∫ 1

−1

dx

(
Cq

0(x, ξ) + Cq
1(x, ξ, αs) + log

(
Q2

µ2
F

)
Cq
coll(x, ξ, αs)

−(x→ −x)

)
Hq(+)(x, ξ, t)

where−(x→ −x) reminds that the coefficient function has to be made x-odd,
Cq

0 denotes the LO coefficient function we already studied, Cq
coll the collinear

part and Cq
1 the NLO coefficient function which we will exclusively focus on.

Its expression is given by

Cq
1(x, ξ, αs) =

e2
qαsCF

4π

1

x+ ξ − iε

(
9− 3

x+ ξ

x− ξ
log

(
x+ ξ

2ξ
− iε

)
− log2

(
x+ ξ

2ξ
− iε

))
To eliminate the ε dependence, we have first to give ourselves a determination
of the complex logarithm. We do so by fixing

log (x− iε) =
1

2
log
(
x2 + ε2

)
− 2i arctan

(
ε

x+
√
x2 + ε2

)
We study only the imaginary part in the following for simplicity. It reads

Im Cq
1(x, ξ, αs) =

1

((x+ ξ)2 + ε2)

(
ε

(
9− 3

x+ ξ

x− ξ
log r − log2 r + θ2

)
+(x+ ξ)θ

(
−3

x+ ξ

x− ξ
− 2 log r

))
(4.6)
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where we have dropped the prefactor for convenience, and used

log r ≡ 1

2
log

((
x+ ξ

2ξ

)2

+ ε2

)
−→
ε→0

1

2
log

((
x+ ξ

2ξ

)2
)

θ ≡ −2 arctan

 ε

x+ξ
2ξ

+

√(
x+ξ
2ξ

)2

+ ε2

 −→
ε→0 − πθH(−x− ξ) for ξ > 0

and θH is the Heaviside step function. The limit of each term appearing in eq.
(4.6) has to be studied to eliminate the ε dependence. Taking Hq(ξ, ξ) = 0

allows us to directly eliminate the various emerging Dirac deltas, so we find
the finite expression for ξ > 0

H1,NLO(ξ) =

∫ 1

−1

dx Im Cq
1(x, ξ)Hq(x, ξ)

= π

∫ −ξ
−1

dx

(
3

x− ξ
+ 2 log

(
−x+ ξ

2ξ

)
1

x+ ξ

)
Hq(x, ξ)

(4.7)

The bound−ξ on the integral comes from the cut of the complex logarithm. As
a consequence, the integral only concerns the DGLAP region. Interestingly,
[56] notes that dispersion relations at any order also involve only the DGLAP
region.

Now, we would like to produce a formula similar to eq. (4.5), to relate a
finite number of coefficients of the NLO CFF in terms of a finite matrix of
coefficients from the GPD. It is useful to take a step back and consider how
eq. (4.5) was obtained. So far, both at LO and NLO, the CFFs have involved
"building blocks" of the like of1

A(ξ) =

∫ 1

ξ

dx

x
C

(
ξ

x

)
H(x, ξ)

Then assuming C is an analytical function and verifies

C(z) =
∞∑
k=0

Akz
k

1Nothing guarantees firmly to our knowledge that other coefficient functions would not
involve other types of building blocks as well.
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using eq. (3.5), we find

A(ξ) =
∞∑
u=1

(
1

(1− ξ)u
+

1

(1 + ξ)u

) ∞∑
v=0

qu,v

(
−Avξv log ξ +

∞∑
k=0,k 6=v

Ak
ξv − ξk

v − k

)

For the real part of A(ξ) at LO, we observed the term

1

x
C

(
ξ

x

)
=

1

x− ξ
=

1

x

∞∑
k=0

(
ξ

x

)k
so for all k, Ak = 1. Now we note that

∞∑
k=v+1

ξv − ξk

v − k
= ξv

∞∑
k=1

1− ξk

k

is divergent, hence the requirement for regularizing prescriptions, like Cauchy’s
principal value. Assuming one has got ridden of the diverging

∑
1/k, remains

−ξv
∞∑
k=1

ξk

k
= ξv log(1− ξ)

which, summed over for u and v will finally yield

log(1− ξ)H(ξ, ξ)

This way, we resum the infinite part of the sum over k into an essential singu-
larity factorizing the GPD on the x = ξ line, and keep only a finite sum over
k = 0 to v−1 to give eq. (4.5). The technique of factorization of the essential
singularity we develop here seems however to rely on the specific shape of the
Ak. Let’s see how it works for NLO.

Coming back to eq. (4.7), we focus first on the second term involving the
logarithm. Since we assumed Hq(ξ, ξ) = 0 for ξ ∈ [−1, 1], and remembering
that Hq is ξ-even, we can write

Hq(x, ξ) = (x2 − ξ2)hq(x, ξ)

where hq is x-odd since we assumed Hq to be so as well, and admits a finite
partial fraction expansion of the form of eq. (3.5) ifHq does so as well. Using
hq instead of Hq makes the following integral finite∫ −ξ
−1

dx log

(
−x+ ξ

2ξ

)
Hq(x, ξ)

x+ ξ
=

∫ −ξ
−1

dx log

(
−x+ ξ

2ξ

)
(x− ξ)hq(x, ξ)

(4.8)
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Now, noticing that∫ −ξ
−1

dx log

(
−x+ ξ

2ξ

)
xn =

(−1)n

n+ 1

(
log

(
1− ξ

2ξ

)
(1− ξn+1) +

n∑
k=0

ξn+1 − ξk

n+ 1− k

)
and using the form of eq. (3.5) applied to hq(x, ξ), we find that∫ −ξ
−1

dx log

(
−x+ ξ

2ξ

)
hq(x, ξ) =

∞∑
u=1

(
1

(1− ξ)u
+

1

(1 + ξ)u

) ∞∑
v=0

qu,v
v + 1

×(
log

(
1− ξ

2ξ

)
(ξv+1 − 1)−

v∑
k=0

ξv+1 − ξk

v + 1− k

)
We recognize an interesting term. Indeed,

∂

∂x

(
∞∑
u=1

(
1

(1− ξ)u
+

1

(1 + ξ)u

) ∞∑
v=0

qu,v
v + 1

xv+1

)
= hq(x, ξ)

so if we note h̃q(x, ξ) a partial x-primitive of hq(x, ξ), we find∫ −ξ
−1

dx log

(
−x+ ξ

2ξ

)
hq(x, ξ) = log

(
1− ξ

2ξ

)
(h̃q(ξ, ξ)− h̃q(1, ξ))

+
∞∑
u=1

(
1

(1− ξ)u
+

1

(1 + ξ)u

) ∞∑
v=0

qu,v
v + 1

v∑
k=0

ξk − ξv+1

v + 1− k
(4.9)

where

h̃q(ξ, ξ)− h̃q(1, ξ) = −
∫ 1

ξ

dx hq(x, ξ) = −
∫ 1

ξ

dx
Hq(x, ξ)

x2 − ξ2

The same procedure gives that∫ −ξ
−1

dx log

(
−x+ ξ

2ξ

)
xhq(x, ξ) = log

(
1− ξ

2ξ

)∫ 1

ξ

dx xhq(x, ξ)

+
∞∑
u=1

(
1

(1− ξ)u
+

1

(1 + ξ)u

) ∞∑
v=0

qu,v
v + 2

v+1∑
k=0

ξv+2 − ξk

v + 2− k
(4.10)
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Combining (4.9) et (4.10) to express (4.8), we find∫ −ξ
−1

dx log

(
−x+ ξ

2ξ

)
Hq(x, ξ)

x+ ξ
= log

(
1− ξ

2ξ

)∫ 1

ξ

dx
Hq(x, ξ)

x− ξ

+
∞∑
u=1

(
1

(1− ξ)u
+

1

(1 + ξ)u

) ∞∑
v=0

qu,v

((
1

v + 1
+

1

v + 2

) v+1∑
k=1

ξv+2 − ξk

v + 2− k

+
ξv+2 − 1

(v + 2)2

)
(4.11)

Therefore, essential singularity factorization for the imaginary part of the CFF
at NLO results in the factorization of the quantity∫ 1

ξ

dx
Hq(x, ξ)

x− ξ
(4.12)

instead of simply Hq(±)(ξ, ξ) as for the real part of the CFF at LO. The same
reasoning as in the analysis of eq. (4.5) gives is that the term (4.12) is di-
rectly accessible from eq. (4.11) if the GPD has only a finite number of non-
vanishing of qu,v. One will note in addition that (4.12) looks much like the LO
coefficient function.

Let’s include the first term of eq. (4.7) as well.∫ −ξ
−1

dx
Hq(x, ξ)

x− ξ
=

∫ −ξ
−1

dx (x+ ξ)hq(x, ξ)

=
∞∑
u=1

(
1

(1− ξ)u
+

1

(1 + ξ)u

) ∞∑
v=0

qu,v

(
ξv+2 − ξ
v + 1

− ξv+2 − 1

v + 2

)
so using eq. (4.11) brings the final

H1,NLO(ξ) = 2π log

(
1− ξ

2ξ

)∫ 1

ξ

dx
Hq(x, ξ)

x− ξ
+ π

∞∑
u=1

(
1

(1− ξ)u
+

1

(1 + ξ)u

) ∞∑
v=0

qu,v×(
2

(
1

v + 1
+

1

v + 2

) v+1∑
k=1

ξv+2 − ξk

v + 2− k
+ 2

ξv+2 − 1

(v + 2)2
+ 3

(
ξv+2 − ξ
v + 1

− ξv+2 − 1

v + 2

))
(4.13)

Now proceeding in the same way as for leading order, we can obtain the
partial fraction expansion around the finite poles in eq. (4.13). The same
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dimensionality argument applies to show that if we take a polynomial DD
of order N , it will generate only a number of coefficients of order O(N) in
the partial fraction expansion, whereas the number of coefficients of the DD
increases as O(N). It is however not settled yet whether this implies directly
non-invertibility, since one would have to cancel also the term of eq. (4.12).

It was known from the dispersion relations at leading order that the LO CFF
would not be invertible. However, to our knowledge, no attempt to character-
ize its kernel had been led. Concerning next-to-leading order, a common intu-
ition and hope was that the complicated form of the NLO coefficient function
would favor invertibility. Our discussion of factorization of essential singular-
ities shows that there are serious reasons to doubt that it would be true. If it
were indeed the case, it would have practical consequences on the extraction of
GPDs from experimental data due to the possible non univocality. This would
require more theoretical constraints or other experimental channels to reduce
the degeneracy. Finally, our discussion highlights the richness of the analytical
structure of CFFs, which undoubtedly would deserve longer developments.



Chapter 5

Fitting theCompton form factors

A large diversity of DVCS observables have already been measured, as re-
viewed in [57, 58]. They come as functions of several Compton Form Factors,
which first need to be extracted. Then two important questions arise in front
of this number of experimental inputs. First, how do we extract GPDs from
the CFFs in an optimal way? We have already gathered some insights on the
effective constraint produced by several type of data usually used to build GPD
models (PDFs, FFs and CFFs of various order). We will study now the impor-
tance of the choice of parametrization to evaluate the uncertainty of the extrac-
tion. The second question is in which kinematical regions, on which devices
(colliders, fixed targets, etc.), andwhich observables tomeasure (asymmetries,
cross-sections, Fourier coefficients, etc.)? As the construction of an Electron-
Ion Collider (EIC) is being currently planned in the US, these questions are of
primordial interest. Answers can come by analyzing the contribution of each
observable to global fits and evaluating their potential. For that, it is useful to
possess a tool to evaluate quickly the result of adding points to a fit without
going through lengthy refitting procedures.

Several fits of CFFs have been recently published, at LO [35, 48] and NLO
[50]. Different choices of parametrization have been made, some based on the
traditional RDDA approach, other choosing more flexible parametrizations by
the use of Neural Networks (NN). [50] shows eloquently how different choices
of parametrization can result in completely different uncertainty extraction.
We reproduce a figure taken from the paper on Fig.5.1.

Indeed, it is crucial to give both a best-fit value and an estimation of the
uncertainty associated with the extraction. This uncertainty stems from two
majors sources: the uncertainty of the experimental data used for the fit, both
in terms of statistic and systematic errors, and the uncertainty linked to the

38
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Figure 5.1: Imaginary part of the LO CFF H as a function of ξ for t = −0.3

GeV2 and Q2 = 2 GeV2. The blue lines correspond to the result of a previous
analysis [35], based on the choice of a specific ansatz, whereas the gray band
corresponds to the 68% confidence level in an analysis with a Neural Network.
The dotted and dashed curves correspond to two common phenomenological
models based on Ansätze, respectively GK and VGG. Source [50].

choice of a specific constrained parametrization. In the case of very precise
data, a specific attention must be given to systematic errors. Considering most
data for CFFs still have a largely dominating statistic error, we will consider
only them in the following. However, with the 12 GeV upgrade of the Jefferson
Laboratory (JLab) and the project of EIC, GPDs will soon enter the precision
era.

A review of PDF extraction can be found in [18]. Several methods have
been developed to give an account of experimental uncertainty. Among them,
let’s quickly discuss the widely spread Hessian matrix procedure. The best-fit
value is found when minimizing the χ2, which writes for uncorrelated statistic
uncertainties as

χ2({α}) =

Npt∑
k=1

(fk({α})−Dk)
2

σ2
k

where {α} spans the space of parameters, Npt is the number of experimental
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points, fk the fitted value, Dk the central value of the experimental measure-
ment and σk the experimental error. Assuming all experimental errors to be
Gaussian, in the vicinity of the minimal χ2 value, noted χ2

min and found for
parameters {α0}, we have

∆χ2({α}) ≡ χ2({α})− χ2
min =

N∑
i,j=1

Hij(αi − α0
i )(αj − α0

j )

where N is the number of parameters and H the Hessian matrix computed at
the minimal point

Hij({α0}) =
1

2

∂2

∂αi∂αj
χ2

∣∣∣∣
α=α0

Then, the uncertainty can be propagated to a functionF which depends on the
parton distribution and therefore on the fit parameters, by

σF = T

(
n∑

i,j=1

∂F
∂αi

H−1 ∂F
∂αj

)1/2

where T =
√

∆χ2 is the tolerance factor. Taking 1 should give the usual 68%
confidence interval, but in the context of PDF extraction, values of T ≈ 5−10

are frequently met as mentioned in [18].

In the following, we will focus on another widely used method, known as
total Monte-Carlo, or replica method, which can be applied without assuming
that the χ2 is quadratic in the vicinity of its minimum. The generalization of
massive computing resources has made this method increasingly popular. It
consists in creating replicas of the experimental data sets by Monte-Carlo sim-
ulation with the given experimental error bars, and fitting independently each
replica, so that the replica sample gives approximately a probability density
in the space of parton distributions. We will first start by considering analyt-
ical cases of increasing complexity, before studying a more realistic model in
Sec.5.2.

5.1 The linear replica fitting procedure
Fitting with parametrizations linear in their fitted parameters allows analyt-

ical calculations. Not only does it provide interesting insights on a problem,
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but it can also serve as a benchmark of more complicated fitting algorithms.
Our goal is first to understand the influence of the choice of a constrained
parametrization on the uncertainty of the extraction, and secondly to propose
a strategy to evaluate the impact of adding an experimental point to an exist-
ing fit. For that, we start by the simple choice of a constant model, and then
generalize to polynomial models of increasing order.

Constantmodel Let’s assumewewant to fitNpt experimental points (xi, yi, σi)

by a constant function f0(x) = α. Then we take a replica of each experimental
point, denoted by the random variable Yi,t chosen in a normal distribution of
central value yi and standard deviation σi, which we note

Yi,t ∼ N (yi, σ
2
i )

If we note f0,t(x) = αt the fit value for this replica, the associated χ2 is

χ2
t =

Npt∑
i=1

(αt − Yi,t)2

σ2
i

and the ideal value is found for

dχ2
t

dαt
= 0 =

Npt∑
i=1

2(αt − Yi,t)
σ2
i

so finally, introducing

C0 =

Npt∑
i=1

1

σ2
i

we find

f0,t(x) ∼ N

(
1

C0

Npt∑
i=1

yi
σ2
i

,
1

C0

)
(5.1)

We note that adding a new experimental point can only contribute to increas-
ing C0, and therefore, decreasing the spread of the replica distribution. More
precisely, and this calculation, although trivial in the constant case, will prove
important for the following, if we note 〈f0〉(x) the mode1 of the replica dis-
tribution at abscissa x, ∆f0(x) its spread (here measured by the standard de-
viation), and use prime notations for the same quantities when a new point
(x0, y0, σ0) is added to the fit, then

〈f ′0〉(x) = ∆f ′20 (x)

(
y0

σ2
0

+
∑
i

yi
σ2
i

)
= ∆f ′20 (x)

(
y0

σ2
0

+
〈f0〉(x)

∆f 2
0 (x)

)
(5.2)

1we define the mode of a distribution as the global maximum of its probability density
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∆f ′0(x) =

(
1

σ2
0

+
∑
i

1

σ2
i

)−1/2

=

(
1

σ2
0

+
1

∆f 2
0 (x)

)−1/2

(5.3)

Fit by polynomials Let’s add an x dependency in our model, but still choose
a model linear in its fitting parameters αk

fN(x) =
N∑
k=0

αk x
k

The best fit is given for

∂χ2
t

∂αj,t
= 0 =

Npt∑
i=1

2xji
σ2
i

(
N∑
k=0

αk,tx
k
i − Yi,t

)
Similarly as before, we note

Cj =

Npt∑
i=1

xji
σ2
i

and introduce

P =


C0 C1 · · · CN
C1 C2
... . . .
CN C2N


known in the mathematical literature as a Hankel matrix. Assuming it is in-
vertible,

fN,t(x) =

Npt∑
i=1

Yi,t
σ2
i

N∑
k=0

xk
N∑
j=0

xji (P
−1)k,j

so

fN,t(x) ∼ N

(
Npt∑
i=1

yi
σ2
i

N∑
k=0

xk
N∑
j=0

xji (P
−1)k,j,

2N∑
j=0

Cj

2N∑
k=0

xk
k∑
l=0

j∑
m=0

(P−1)l,m(P−1)k−l,j−m

)
(5.4)

In particular, we see that its standard deviation ∆fN(x) never depends on the
yi. It is easy to check that N = 0 (constant case) gives back the result of eq.
(5.1). Let’s apply formula (5.4) for N = 1 (linear fit). Then we find

f1,t(x) ∼ N

(
Npt∑
i=1

yi
σ2
i

xxiC0 − (x+ xi)C1 + C2

C0C2 − C2
1

,
x2C0 − 2xC1 + C2

C0C2 − C2
1

)
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∆f 2
1 (x) is a polynomial of degree 2, and noting that C0 > 0 and

C0C2 − C2
1 =

∑
i<j

(xi − xj)2

σ2
i σ

2
j

> 0

it is a parabola with minimum reached at xmin = C1/C0, of value 1/C0. xmin

is the barycenter of the xi with weights 1/σ2
i , and the minimal value of the

spread is exactly that found in the constant case (see eq. (5.1)). If a new point
(x0, y0, σ0) were added to the fit, then

∆f ′21 (x) =
x2C0 − 2xC1 + C2 + x2/σ2

0 − 2xx0/σ
2
0 + x2

0/σ
2
0

(C0 + 1/σ2
0)(C2 + x2

0/σ
2
0)− (C1 + x0/σ2

0)2

We notice that taking x = x0 yields

∆f ′21 (x0) =
x2

0C0 − 2x0C1 + C2

C0C2 − C2
1 + x2

0C0/σ2
0 − 2x0C1/σ2

0 + C2/σ2
0

so

∆f ′1(x0) = ∆f1(x0)

(
1 +

∆f 2
1 (x0)

σ2
0

)−1/2

=

(
1

σ2
0

+
1

∆f 2
0 (x0)

)−1/2

which is exactly the result of eq. (5.3), although it is now valid only when
evaluated at the abscissa of the newly added point. A similar calculation for
the mode of the distribution shows that eq. (5.2) generalizes to N = 1 when
evaluated at x0.

We perform the calculation at order N = 2 and N = 3, to find that the
same features hold again. For N ≤ 3, the spread of the replica at order N is
always larger than for N − 1, and when a new point (x0, y0, σ0) is added, eq.
(5.2) and (5.3) evaluated at x0 are true. Therefore, it is easy to evaluate the
impact of adding a new point to the experimental data set without having to
perform a global refit, which can prove extremely costly in terms of computa-
tion resources considering the complexity of the calculation of the convolution
involved in the extraction of parton distributions, their evolution with Q2 and
the number of replicas generated (from 100 for the extraction of the central
value and standard deviation, up to 1000 if correlations are studied). In addi-
tion, choices of more flexible fits, that is in this context, simply fits of higher
order N , always result in a growth of the spread of the replica. In the limit of
over-fitting, when N ≥ Npt, we find

∆fN(x) =∞ if x 6∈ {xi}
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and
∆fN(xi) = σi

The problem is that fitting procedure are rarely linear in the fitted param-
eters, so we devote the next section to a study of the non-linear case.

5.2 Considerations on non-linearity
When choosing a form for f(x) which is non-linear in the fitted parameters,

analytical calculations often become impossible due to the appearance of tran-
scendental equations. To perform this study, we will therefore give ourselves
a simple, yet realistic model, intended to reproduce the well-known general
features of a PDF. Inspired by the method described in [18], we decide to take
f as

f(x) = axb(1− x)c(1 + dx) (5.5)

where a, b, c and d are the fitted parameters which are allowed to take any real
value. This choice is motivated by the fact that, for a valence quark PDF in a
proton, Regge theory predicts a low x behavior of the order of

√
x, whereas

perturbative QCD predicts a large x (x→ 1) behavior of the order of (1−x)3.
To constrain appropriately the behavior at low x, we generate 10 "experimen-
tal" data points spaced regularly in logarithmic scale between xmin = 0.01

and xmax = 0.4. These values are chosen keeping in mind that the best-known
kinematical region for DVCS corresponds to xB ≈ 0.05−0.4 at JLab, with ad-
ditional points obtained around xB ≈ 10−4 − 10−3 by collider experiments at
HERA. The central value is taken at the exact value given by a = 1.9, b = 0.5,
c = 3 and d = 2, and we choose a relative Gaussian uncertainty of 15%, rep-
resentative of typical statistical uncertainties for JLab DVCS data before the
12 GeV upgrade. The result with 100 replicas is shown on Fig.5.2.

In the linear case, we could always write ft(x) as a linear combination of the
Yi,t, so ft(x) would always be normally distributed, with a spread independent
of the yi (eq. (5.4)). On the contrary, in a non-linear example, as easily seen in
the region of very low x on Fig.5.2 far from the given points, the structure of the
replica distribution can be very asymmetrical and in particular non-Gaussian.
We would like to see how reliable the intuition we gained in the linear case
will prove for our model. We are mostly interested in eq. (5.3), which gave
the prediction of the variation of the spread of the replica distribution when a
new point is added.
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Figure 5.2: In red, the exact curve on which the experimental points in green
have been taken. The green bars represent the Full Width at Half-Maximum
(FWHM) associated with a 15% relative gaussian error. In blue, 100 replicas
have been drawn.

Let’s start by adding the new point in the bulk of the distribution, that is on
the red line of Fig.5.2. We do so both far from previous points in the low x re-
gion at x0 = 5e-4, and among previous experimental points at x0 = 0.09. The
results are shown on Fig.5.3. Since the distributions are no longer expected to
be Gaussian, we use the mode and Full Width at Half-Maximum (FWHM) to
characterize them. The FWHM of a Gaussian distribution of standard devia-
tion σ is approximately given by 2.35 σ.

The blue line in both graphs of Fig.5.3 is the FWHM divided by the mode
of the distribution (which we will call relative FWHM in the following) in the
initial configuration of Fig.5.2. In the region where experimental points were
taken (x ≈ 0.01− 0.4), we find a value of the relative FWHM of about 0.17,
to compare with the relative FWHM of the experimental data, which verifies
2.35 × 0.15 ≈ 0.35. Therefore, the spread of the replicas is inferior by half
relatively to the spread of the experimental data in the initial situation. Our
discussion of linear fits has shown us that the more flexible a fit is, the larger
the spread of the replica distribution is. The lesser spread of the distribution
when fitting with eq. (5.5) is a measure of the degree of theoretical constraint
we imposed on the parametrization.

When adding a new point, we see clearly on Fig.5.3 that the distribution
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Figure 5.3: In both graphs, the blue curve is the initial FWHM divided by the
mode of the distribution. From top to bottom, the other curves are for an ad-
ditional point at x0 = 5e-4 (left) and x0 = 0.09 (right) with relative Gaussian
uncertainty σ0 = 15% (green), 10% (red), 5% (cyan), 2.5% (magenta), 1%
(olive), 0.5% (black). The yellow band denotes the region x = 0.01 − 0.4

where the initial 10 points were selected.

locally tightens. We give in Table 5.1 the relative FWHM of the replica dis-
tribution at x0 (expressed in % for lisibility) compared to the relative FWHM
of the added point, 2.35 σ0 where σ0 = 15%, 10%, 5%, 2.5%, 1% and 0.5%.
The values in red are calculated using eq. (5.3) and the measured value of
∆frel(x0), the relative FWHM before the addition of the new point. As seen
in the Table, the agreement is very satisfactory for both regions.

FWHM add. (%) ∆f ′rel(x0 = 5e-4) (%) ∆f ′rel(x0 = 0.09) (%)
∆frel(x0) = 66 ∆frel(x0) = 17

35 29 31 15.2 15.2
24 22 22 13.9 13.6
11.8 11.3 11.5 9.6 9.6
5.9 5.6 5.9 5.6 5.6
2.4 2.1 2.4 2.4 2.4
1.2 1.2 1.2 1.2 1.2

Table 5.1: Evolution of the relative FWHM of the replica distribution evalu-
ated at x0 where a new experimental point is added in the bulk of the distri-
bution with a given relative FWHM. ∆frel(x0) denotes the relative FWHM
before the addition of the point, and ∆f ′rel(x0) after. In black, values mea-
sured on Fig.5.3. In red, values calculated using eq. (5.3) with the measured
∆frel(x0).
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For a linear fit, the choice of yi is without importance for ∆f . We saw fur-
thermore that applying eq. (5.3), established in the linear case, proved efficient
in our PDF model when yi is chosen in the bulk of the distribution. But it is
doomed to fail in the general case. Let’s imagine the simple example of the
non-linear parametrization f(x) = max(0, α). Then, if we have just a point
(x0, y0 = −1, σ0 = 0.5), 98% of the replicas will pile up at the value α = 0,
so the standard deviation of the replica distribution will be almost null. On the
contrary, having only a point (x0, y0 = 1, σ0 = 0.5), just 2% of the replica will
pile up at value α = 0 and the standard deviation of the replica distribution
will be almost 0.5.

Let’s try therefore to take largely eccentric values of y0 with respect to
the bulk of the distribution. We start with x0 = 0.09 and show the result on
Fig.5.4. We have added the eccentric point (x0 = 0.09, y0 = 0.1) with various
values for σ0. As the uncertainty decreases, the importance of the point be-
comes stronger and the whole distribution is attracted towards it. Let’s see how
well the linear formulas of eq. (5.2) and (5.3) still describe the distribution in
Table 5.2 (all values denoting the spread of the distribution have been multi-
plied by 100 for lisibility, but they are now absolute spread and not relative
since the central value of the distribution changes considerably)

FWHM add. (×100) ∆f ′abs(x0 = 0.09)(×100) 〈f ′abs〉(x0 = 0.09)

∆fabs(x0) = 8.0 〈fabs〉(x0) = 0.51

18 7.5 7.3 0.44 0.44
12 6.6 6.6 0.38 0.37
6.1 4.5 4.7 0.25 0.24
3.1 2.6 2.8 0.16 0.15
1.2 1.2 1.2 0.11 0.11

Table 5.2: Evolution of the absolute FWHM and the mode of the replica distri-
bution evaluated at x0 where a new experimental point is added with y0 = 0.1

and a given relative FWHM. Unprimed quantities denotes quantities before
the addition of the new point, and primed quantities after. In black, values
measured on Fig.5.4. In red, values calculated using eq. (5.3) in the middle
column and eq. (5.2) on the right with the measured ∆fabs(x0) and 〈fabs〉.

As seen from the red values calculated with the linear formulas, the agree-
ment is once again remarkable both for the spread and the mode of the distri-
bution. The reason why our linear approximation holds so well, although we
are now taking points far from the bulk of the distribution, is that in the region
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of x = 0.09, the distribution of replicas is already Gaussian to a very good ap-
proximation. This is due to the influence of the numerous other experimental
points taken in x ≈ 0.01− 0.4.

Figure 5.4: The FWHM of the replica distribution is materialized by the col-
ored bands. In blue, the usual replica distribution of Fig.5.2. In orange, green,
yellow, purple and coral, the FWHM of the distribution after adding the point
(x0 = 0.09, y0 = 0.1, σ0 ∈ 0.51 × {15%, 10%, 5%, 2.5%, 1%}). The error
bar shown as an example on the graph is 0.51 × 15%, it is the absolute error
bar that the point would have if it were in the bulk of the distribution with a
relative uncertainty of 15%.

But we know it is not the case when going far from experimental points,
for instance in the low x region (the same is true for x very close to 1). These
regions have a clear phenomenological importance, since we are often inter-
ested in integrals of parton distributions for x = 0 to 1, and current extractions
of the gluon or sea contributions seem to have (integrable) divergences when
x → 02. When adding a new point far from the bulk in this region, we can
end up in situations like Fig.5.5, where the structure of the replica distribution
is deeply altered. The process is better seen on Fig.5.6. In blue is the replica

2the behavior at very low x will involve saturation, coming through the recombination of
partons, for instance via three-point gluon vertices. Therefore, the true behavior at very low
x remains speculative.
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distribution in the initial configuration of Fig.5.2. The other curves show the
replica distribution when adding a new point (x0 = 5e-4, y0 = 0.4, σ0) with
increasing precision. For small values of σ0, the distribution becomes Gaus-
sian again, but for intermediate or large values, the result is very different from
the predictions of the simple linear model.

Figure 5.5: The addition of the new point (x0 = 5e-4, y0 = 0.4, σ0 = 0.1)
triggers a branching in the replica distribution.

We can draw two conclusions of this brief discussion of replica fitting pro-
cedures. The first concerns the delicate evaluation of the uncertainty due to
the choice of parametrization. As discussed in the linear case for various poly-
nomial orders, the lowest spread of the replica distribution is found for a con-
stant fit, and additional orders result in an increase of this spread. A flexible
parametrization will have a spread equivalent to the experimental data in their
vicinity, and quickly increase when going away from the data-constrained re-
gion.

This behavior is traditionally observed for Neural Network fits, like [50] or
fits performed by the NNPDF collaboration [51], which are reputed for their
less biased approach. On the contrary, a fit whose form is strongly constrained,
as our model was, will exhibit a smaller spread than the experimental data used
to extract it. As seen on Fig.5.1, if a choice of constrained parametrization was
guided by conveniency more than strong theoretical reasons, then the small
spread of the replica distribution could contribute to a false feeling of preci-
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Figure 5.6: In blue, the initial replica distribution at x = 5e-4. Then, the
distribution after adding the points (x0 = 5e-4, y0 = 0.4, σ0 ∈ 0.51×{40%,
20%, 15%, 10%, 5%}).

sion. In addition, the future collection of precise experimental data with JLab
12 GeV and possibly the EIC makes the precise consideration and reduction
of theoretical and parametrization uncertainties necessary.

The second conclusion is that under some circumstances, it is easy to eval-
uate the impact of a new measurement on an existing fit. The cost of realizing
global fits on large datasets and with coefficient functions of high order is very
large, and it is useful to benefit from fast estimates of the importance of a
new measurement. Several propositions have been made in this sense. One is
known as Bayesian reweighting [52]. It consists in starting from a sample of
replicas, and quantifying the compatibility of each of them with the new data
by a weighting function. Typically, one will choose

ωt =
(χ2

t )
N−1/2 exp (−χ2

t/2)∑N
t=1(χ2

t )
N−1/2 exp (−χ2

t/2)

where N is the number of replicas and χ2
t is the goodness-of-fit indicator

between the replica t and the new experimental dataset. Therefore, replicas
with a poor agreement with the new data are exponentially suppressed. This
amounts to discarding certain previous replicas and fitting only withNeff repli-
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cas, where Neff is given by the Shannon entropy of the reweighted set

Neff ≡ exp

(
1

N

N∑
t=1

ωt ln (N/ωt)

)

The importance of the constraints on the PDF provided by the new dataset is
given by how much Neff is reduced compared to N . However, a known issue
of this approach is the selection of the weighting function. Several competing
proposals are referenced in [18].

One can also mention the PDFSense approach [53], which introduces sen-
sitivity as a measure of the correlation between the post-fit residuals and the
extracted PDF, and allows to determine the sensitivity of a given experiment
to a specific feature of the parton distribution.

It seems to us that the relative success of eq. (5.2) and (5.3) allows a simple
and efficient approach under the following assumptions: either

• the new point (x0, y0, σ0) is added in a region where the distribution of
replica is already Gaussian to a good approximation, or

• it is added in the bulk of the distribution, i.e. |y0 − 〈f〉(x0)| < ∆f(x0),
or

• it has a much better precision that the current distribution, i.e. σ0 �
∆f(x0) (in practice, a factor 3 seemed enough in our tests).

If one of the previous conditions is insured, then the replica distribution in-
cluding the new point has locally approximately a Gaussian distribution, and
is well characterized by eq. (5.2) and (5.3) evaluated at x0. Resampling the
replica distribution to match this Gaussian subdistribution could give a quick
insight on the impact of the addition of the new point.



Conclusion

Generalized Parton Distributions (GPDs) are an important tool in order to
progress on the long-lasting quest towards a satisfactory description of hadron
structure. Among other aspects, they shed a light on the spin decomposition by
Ji’s sum rule, allow the 3D tomography of the proton via the impact parameter
space representation, and give access to form factors of the energy-momentum
tensor, which can be used to define mechanical properties of the hadron mat-
ter. At the center of a considerable theoretical effort over the last 20 years,
GPDs are close to entering an era of experimental precision with the begin-
ning of measurements at an upgraded Jefferson Laboratory, and the project of
construction of an Electron-Ion Collider.

In this report, we have explored how an important theoretical property of
GPDs, namely the polynomiality of their Mellin moments induced by Lorentz
covariance, interacts with known constraints of GPDs stemming from exper-
iments and other analysis. First, we have shown how to build a general class
of GPDs with a given PDF as forward limit and discussed a popular, but rigid
choice of parametrization of GPDs by Ansätze. Then we have shown that the
representation of GPDs in terms of Double Distributions (DDs), which is the
consequence of the polynomiality property and implies an integral transform
known as Radon transform, can be inverted in the case of polynomial DD.
We have derived an explicit formula [eq. (3.6)] for this inversion, original to
our knowledge, and we have linked this derivation to the problem of covariant
extension. Indeed, GPDs must also fulfill another theoretical property known
as positivity, and the approach of covariant extension intends at insuring both
polynomiality and positivity.

Then we have focused on the question of the invertibility of the Compton
Form Factors (CFFs). They are a major experimental input to GPDs, but in an
indirect way since factorization theorems state that CFFs are the convolution of
GPDs with a coefficient function. We have led a study of both the leading and
next-to-leading order coefficient functions. We have developed a technique of
factorization of the essential singularities when dealing with polynomial DDs
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and shown how to use it to extract families of GPDs that produce a vanishing
LO CFF. Applying this technique to the NLO CFF has given interesting new
insights on their possible invertibility. Therefore, it cannot be excluded that
current experimental and theoretical inputs on GPDs might be not enough to
constrain them in a strong way.

We have devoted the final part of this report to a brief study of an increas-
ingly popular fitting procedure. We first wanted to understand how the choice
of a specific parametrization would influence the apparent extraction uncer-
tainty. We observe that the use of rigid Ansätze to model GPDs could lead
to a false estimation of the uncertainty. If most phenomenological studies are
performed with a restrained set of rigid models, it is difficult to estimate the
generality of the predicted features. Finally, we observe that under some con-
ditions, results obtained for fits linear in their fitted parameters can be applied
with good accuracy to more complicated models. This is a first step towards
the production of a quick evaluation of the impact of new measurements on
existing fits. The increasing cost of global fits makes such evaluations in-
creasingly necessary to guide the design of new experiments, for example by
prioritizing the choice of experimental channels, observables, kinematics or
facilities in order to make faster quantitative progress in the evaluation of key
parameters of GPD physics.
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