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Abstract
This thesis concerns the topological features of plane geometric shapes and fi-
nancial transaction data. Topological properties of the data such as homology
groups and their stable ranks are analysed. It is investigated how to mathemat-
ically describe differences between data sets and it is found that stable ranks
can be used to capture these differences. Sub sampling is introduced as a way
to apply stochastic methods to geometric structures. It is found that the average
stable rank can be used to differentiate data sets. Furthermore, the sensitivity
of average stable ranks to random noise is explored and it is studied how a sin-
gle point changes the average stable ranks of geometric shapes and financial
transaction data. A method to incorporate categorical data within the analy-
sis is introduced. The theory is applied to financial transaction data with the
objective to understand if there are topological differences between fraudulent
and legit transactions which can be used to classify them.
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Sammanfattning
I denna uppsats analyseras finansiell transaktionsdata samt plana geometriska
objekt med hjälp av verktyg inom Topologisk Dataanalys. Topologiska egen-
skaper såsom homologi samt stabil rang analyseras och det undersöks hur en
matematiskt kan beskriva skillnaden mellan geometriska objekt. Det visar sig
att simplistiska komplex och dess motsvarande stabila rang kan användas för
att beskriva dessa skillnader. Det undersöks även hur stokastiska metoder kan
appliceras på geometrisk data och begreppet genomsnittlig stabil rang introdu-
ceras. Känsligheten för brus hos den genomsnittliga stabila rangen undersöks
för plana objekt och det undersöks hur den genomsnittliga stabila rangen av en
datamängd ändras om en datapunkt läggs till. Enmetod för att beskriva avstånd
på kategorisk data introduceras eftersom analysen av stabil rang kräver ett de-
finierat avstånd mellan datapunkter. Det undersöks huruvida det finns topolo-
giska skillnader mellan bedrägliga och icke-bedrägliga transaktioner, samt om
det finns skillnader mellan olika typer av bedrägliga transaktioner.
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Chapter 1

Introduction

In every part of society, large amounts of data are produced and recorded at an
increasing speed. The increasing ability to collect and store data raises ques-
tions of how to interpret and analyse it. There are many different approaches
offered, and one field of interest is Topological Data Analysis. Here, data is
transformed into a topological space and topological features are analyzed.
The hope is to gain understanding of the data and to develop methods which
can be used to analyse data or as a pre-processing step to be combined with
machine learning models.

Topology is a field in mathematics where one studies geometric proper-
ties preserved under continuous deformation such as stretching, shrinking and
bending. From a topological point of view, a circle is the same as a square but
different from a disc (a filled circle). This is because the circle has a hole where
as the disc does not. In this thesis, we describe features like these holes with
the aid of Homology vector spaces. Given a data set, one can transform the
data points into topological objects and topological features can be analysed.
The aim of this thesis is to describe this transformation and analyse geometric
two dimensional shapes and financial transaction data. One objective is to find
a way to differentiate geometric structures by analysing samples transformed
into topological objects.

An issue that needs to be handled is that the methods introduced only
works on numerical data. This is because the transformation into a topological
space requires that we can describe the distance between data points. In many
real world situations, the data collected has categorical values. For example,
we could be interested in how bicycle accidents are dependent on the bicycle
brand. We have no obvious way to describe how much two bicycle brands dif-
fer. To overcome this, we introduce a transformation of categorical data into a

1



2 CHAPTER 1. INTRODUCTION

distance space where the differences between data points can be computed.
Another issue that arises when analysing samples form a geometric object

is that there is no obvious way to apply stochastic methods to geometric shapes.
To illustrate this, one could ask how to compute the average of a circle and a
square. We will see that averages could be taken over a feature called stable
rank. Using this, different data sets can be differentiated based on their average
stable rank.

The obtained results can be used to visualize differences in data. However,
a drawback of the methods is that these differences are very hard to inter-
pret and the implications are dependent on the area of application. Therefore,
interpretation of results requires, apart from mathematical understanding, an
extensive domain knowledge.



Chapter 2

Background

In this section, we present theoretical background on Topological Data Anal-
ysis. We illustrate how metric information can be transformed into simplicial
complexes. We then present how to obtain homologies of these complexes.
Homologies are fundamental invariants studied in Topological Data Analysis.
Our aim is to describe in practical terms how the homological features can be
used to obtain statistically meaningful information in data.

2.1 Topological Data Analysis
In this section we present a theoretical background in topology and algebraic
topology. References for the definitions can be found in [3]. We start by intro-
ducing basic notions regarding geometry.

2.1.1 Geometry
Let us choose a set U referred to as the universe. Its elements are called ver-
tices. The key mathematical objects studied in this thesis are sets with dis-
tances.

Definition 2.1.1. A distance on set X ⊆ U is a function

d : X ×X → [0,∞]

such that for all x, y in X

• Symmetry : d(x, y) = d(y, x)

• Reflexivity : d(x, x) = 0

3
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A distance is called a pseudo-metric if in addition:

• Triangular inequality: d(x, z) ≤ d(x, y) + d(y, z)

A pseudo-metric is called a metric if:

• d(x, y) = 0 if and only if x = y

Given a data set X of measurements, points in X represent observations
and distance between points ofX represents differences between observations.
The first step in Topological Data Analysis is to convert distance information
into a geometric object. The most fundamental mathematical object that en-
codes geometry is that of a topological space:

Definition 2.1.2. A topological space (X, τ) consists of a set X and a set τ
of subsets of X such that

1. ∅ ∈ X

2. τ is closed under arbitrary unions, i.e. for all {σi}i∈I ∈ τ the union
∪i∈Iσi belongs to τ .

3. τ is closed under finite intersections, i.e. for all {σi}ni=1 ∈ τ the inter-
section ∩ni=1σi belongs to τ .

For example, let d be a distance on a setX . A disc with a center x inX and
radius r is by definition the subset {y ∈ X | d(x, y) < r}. Consider τ to be
the collection of the subsets ofX which are unions of discs with various radii.
If d is a pseudo-metric, then (X, τ) is a topological space. If d is not a pseudo-
metric, then in general (X, τ) can fail to be a topological space. Topological
spaces are convenient mathematical objects for describing continuity. It is
however, hard to encoded them on a computer. Furthermore, we want our
methods to work on distances which are not pseudo metrics, such as the cosine
distance. For these purposes we introduce simplicial complexes, a structure
that can describe geometry encoded by distances.

Definition 2.1.3. A simplicial ComplexK is a set of non-empty, finite subsets
σ of U such that σ ∈ K and τ ⊆ σ for τ 6= ∅ implies τ ∈ K. An element
σ ∈ K, is called a simplex of K.

For example, let d be a distance on a set X ⊂ U . For any real number t in
[0,∞) we define the Vietoris-Rips complex at scale t.
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Definition 2.1.4. The Vietoris-Rips Complex of (X, d) at scale t is a sim-
plicial complex consisting of all non-empty, finite subsets σ ⊆ X such that
d(x, y) ≤ t for any x and y in σ, i.e.

V Rt(d) := {σ ⊆ X | σ 6= ∅, |σ| <∞, ∀x, y ∈ σ : d(x, y) ≤ t}.

For any t in [0,∞), the Vietoris-Rips construction enables us to translate
distance information on a set into a simplicial complex.

Given a simplicial complex K, we will need to divide the simplices of K
into groups based on their cardinality. To this end, we introduce the dimension
of a simplex.

Definition 2.1.5. The dimension n of a simplex σ is defined asn = |σ|−1. We
will denote by Kn the set of n-dimensional simplices in a simplicial complex
K

For exampleK0 is the vertex set ofK,K1 is the set of edges between ver-
tices andK2 the set of triangles between three vertices. Simplicial complexes
encode geometric objects and can as such be very complex. We aim to in-
troduce a simpler structure called stable rank, a real valued function in which
some of the features of the simplicial complexes is preserved. Then, methods
of real analysis such as lp-distance can be used to compare the underlying data.
In the transformation from simplicial complexes we loose some information
about the underlying object but we gain simplicity and computability. Stable
ranks are based on homology, which we introduce in the next section.

2.1.2 Homology
The homology of a simplicial complexK is a vector space associated withK.

Definition 2.1.6. Let F be a field, and K a simplicial complex. The vec-
tor space over K, FK = ⊕x∈KF is a vector space defined by the basis
{(ex)y}x,y∈K

(ex)y =

{
0 x 6= y

1 x = y

In this thesis, we mainly consider F to be the field F2 of two elements. We
will now define the di-map between sub simplicial complexes Kn.

Definition 2.1.7. Let K be a simplicial complex with a vertex set K0 =

{xi}mi=1 where x0 < x1 < . . . < xm is an ordering of K0. We define the
di-map, di : Kn → Kn−1 by

di : σ = (x0 < ... < xn) 7→ (x0 < . . . < x̂i < . . . < xn)
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where the x̂i corresponds to removing the i-th element of σ.

Let F be a field. When considering the elements of Ki as basis elements
for the vector space, as in Definition 2.1.6, di induces a linearmapFdi between
vector spaces FKn. This map will now be used to define the homology of K
of degree n.

Definition 2.1.8. Let K be a simplicial complex and F a field. Define δn :

FKn → FKn−1 to be the map

δn =
n∑
k=0

(−1)iFdi.

We define the homology of degree n Hn(K,F ) as

Hn(K,F ) = ker(δn)/ im(δn+1)

Vector spaces are entirely determined by their dimension and we introduce
Betti numbers, as the degree of homologies.

Definition 2.1.9. The n:th Betti number of a simplicial complex K (with
respect to the field F ) is the degree of its nth homology Hn(K,F ).

The Betti numbers are of importance since they have an interesting geomet-
ric interpretation. The number β0 corresponds to the number of components
of the considered simplicial complex. For n ≥ 1, the nth Betti number βn
corresponds to the number of n-dimensional "holes" in the complex. For ex-
ample β1 is the number of circular holes and β2 is the number of 2-dimensional
cavities.

In Figure 2.1 we see that the left figure has one component so β0 = 1

and one hole so β1 = 1. The right figure, of a filled triangle, also has one
component so β0 = 1 but it has no holes so β1 = 0. None of the shapes has
holes of larger dimension so βn = 0 for all n ≥ 2.

Figure 2.1: The nonzero Betti numbers for the left figure are
β0 = β1 = 1 and for the right figure only β0 = 1 is nonzero.

In this thesis, we consider the homologies of Vietoris-Rips complexes. The
homology of V Rt depends on t and we get a family of homologies indexed by



CHAPTER 2. BACKGROUND 7

t. Since homologies are vector spaces we get a family of vector spaces indexed
by t in [0,∞). In the next section we will define vector spaces parametrized
by [0,∞) and explain how it relates to the obtained families of vector spaces
corresponding to the Vietoris Rips complexes.

2.1.3 Parametrized vector spaces
In this section, we define the concept of parametrized vector spaces. We also
explain how homology of Vietoris-Rips complexes form parametrized vector
spaces. These vector spaces have the interesting and useful property of satis-
fying a tameness condition.

Definition 2.1.10. A set D parametrized by [0,∞) is defined to be a se-
quence of sets Dt and a sequence of functions Ds<t : Ds → Dt called tran-
sitions for s, t ∈ [0,∞) and s < t. The transition has the property that for all
r < s < t, the following diagram commutes

Ds

Dr Dt

Ds<t

Dr<t

Dr<s

The set D is a parametrized vector space if it consists of vector spaces
and linear functions between vector spaces.

Definition 2.1.11. A tame setD parametrized by [0,∞) is a set for which there
is a sequence 0 = a0 < a1 < . . . < an in [0,∞) such that for all s, t ∈ [0,∞)

contained in the same interval I for

I ∈ {[a0, a1), [a1, a2), . . . , [an,∞)},

and s < t, the function Ds<t is an isomorphism. Such a sequence a0 < a1 <

. . . < an is said to discretise D.

Topological data analysis is based on distances. Thus, measuring distances
between parametrized vector spaces is important and we will define the inter-
leaving distance between parametrized vector spaces. First, we need to define
notions of being ε-small, ε-equivalence and being ε-closed.

Definition 2.1.12. A tame vector space parametrized by [0,∞) is ε-small if
for all x ∈ [0,∞), the map

Vx<x+ε : Vx → Vx+ε

is the zero map.
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Definition 2.1.13. An ε-equivalence is a map f between tame vector spaces
parametrized by [0,∞) such that there are numbers ε1, ε2 ∈ [0,∞) for which
ε1 + ε2 ≤ ε and

1. ker(f) is ε1-small

2. coker(f) is ε2-small

Definition 2.1.14. The tame vector spaces V,W parametrized by [0,∞) are
ε-close if there is a tame vector space U parametrized by [0,∞) and numbers
ε1, ε2 ∈ [0,∞) such that ε1 + ε2 ≤ ε and

1. there is a ε1-equivalence f1 : U → V

2. there is a ε2-equivalence f2 : U → W

We can now define the interleaving distance.

Definition 2.1.15. The interleaving distance between tame vector spaces V,
W parametrized by [0,∞) is defined as

don(V,W ) = inf{ε|V,W are ε-close}.

Wenow explain howVietoris-Rips construction leads to tame parametrized
vector spaces. These parametrized objects contain exactly the information of
the distance space (X, d) analysed. We think about this construction as con-
verting measurements into geometry.

Let (X, d) be a finite distance space. Let {V Rt(d)}t∈[0,∞) be the family
of Vietoris Rips complexes of the distance space (X, d) as defined in Defini-
tion 2.1.4. Note that if s < t, then V R(d)s is a subcomplex of V R(d)t. Let
the transition functions {Vs<t(d)}s<t be the inclusions. These complexes to-
gether with the transition functions form a parametrized set which we denote
by V R(d). We now argue that V R(d) is tame. Define the set S ⊂ [0,∞) to
be the set of all t ∈ [0,∞) such that, for all s < t, V Rs(d) 6= V Rt(d). The set
S contains exactly the points t for which the Vietoris Rips complexes V Rt(d)

change (a simplex is added). Note that S is finite sinceX is finite. We can or-
der the elements of S and form an increasing sequence a1 < · · · < a|S|. Note
that if s, t ∈ [ai, ai+1) then V Rs(d) = V Rt(d). Thus this sequence dicretises
V R(d) which proves:

Theorem 2.1.1. The set {V Rt(d)}t together with the functions {Vs<t(d)}s<t
defined above form a tame set.
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We can now use homologies to convert the Vietoris-Rips parametrized sets
into tame parametrized vector spaces. Let F be a field and n a natural num-
ber. The collection of vector spaces {Hn(V R(d)t, F )}t∈[0,∞) together with the
following linear maps for all s < t form a parametrized vector space.

Hn(V Rs<t(d), F ) : Hn(V Rs(d), F )→ Hn(V Rt(d), F ). (2.1)

Note that these transition functions may no longer be inclusions. Since
V R(d) is tame, for any n and F , Hn(V R(d), F ) is also tame. These tame
parametrized vector spaces are fundamental invariants studied in this thesis.
As mentioned, vector spaces are determined by their dimensions. The so
called rank of a parametrized vector space is a notion corresponding to the di-
mension for vector spaces. This invariant however is not fully discriminatory,
as the dimension is for vector spaces. There are non isomorphic parametrized
vector spaces with the same rank. The rank has another serious limitation, it is
not stable. Therefore, we will introduce a related invariant called stable rank
which, as the name suggests, has the property of being stable. The next sec-
tion is devoted to the discussion related to rank and stable rank parametrized
vector spaces.

2.1.4 Stable ranks
In this section we introduce stable ranks. Stable ranks are important because
they provide a way to apply statistical analysis on geometric objects. The prop-
erties of vector spaces are determined by their dimension. The notion corre-
sponding to the dimension for parametrized vector spaces is called rank.

Definition 2.1.16. Given a tame vector space V parametrized by [0,∞) and
a sequence 0 = a0 < a1 < ... < an that discretises V the rank, rank(V ) is
defined as

rank(V ) = dimV0 + dim coker(V0<a1) + . . .+ dim coker(Van−1<an)

The rank assigns to a tame parametrized vector space a natural number.
It turns out that this number does not depend on the choice of a discretizing
sequence for V .

For data analysis purposes we need invariants that are stable in the sense
that small changes in the input lead to controllable changes in the output. Rank
does not satisfy this property. In fact, parametrized vector spaces with a small
interleaving distance can have wildly different ranks. Because of this, for sta-
tistical analysis, using the rank directly is not sufficient. Therefore we will
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convert the rank into a so called stable rank. Stable ranks are piecewise con-
stant functions.

Definition 2.1.17. A piecewise constant function, pcf f is a function f :

[0,∞) → (−∞,∞) for which there is a finite sequence 0 = a0 < a1 <

. . . < an, such that the restriction of f to the right open intervals [a0, a1), . . . ,
[an−1, an), [an,∞) is constant.

Pcf’s have rich geometry and well developed statistical techniques. We are
particularly interested in the l1 distance given by the integral of the absolute
value of the difference:

l1(f, g) =

∫
|f(x)− g(x)|dx.

We can now define stable rank, the key invariant studied in this thesis.

Definition 2.1.18. Let V be a tame vector space parametrized by [0,∞). The
stable rank, r̂ank, is defined as

r̂ankV (t) = min{rank(W )|W is a tame vector space and don(V,W ) ≤ t}.

The reason we are interested in the stable rank is the following stability
result, which is stated in [1] as Proposition 1.2.

Theorem 2.1.2. The assignment V 7→ r̂ankV is a continuous function be-
tween the collection of tame vector spaces parametrized by [0,∞) with the
interleaving distance, and the collection of piecewise constant functions with
the l1 distance.

For data analysis purpose stable invariants are important. An equally im-
portant aspect is computability of considered invariants. Definition 2.1.18 is
convenient for proving mathematical properties about the stable rank. How-
ever it is not convenient for computing the stable rank. It is a non-trivial fact
that stable rank can be computed. Note that in the definition of the stable rank
we need to minimize over an infinite set. At this point it is even unclear if com-
puting stable rank is an algorithmic problem. Computability of the stable rank
is a consequence of a so called bar decomposition result. This is the content
of the next section.

2.1.5 Bars
In this section, we introduce bars and explain their relation to stable ranks. We
begin by defining the notion of bars.
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Definition 2.1.19. Given 0 ≤ a < b ≤ ∞ we define [a, b)t as follows.

[a, b)t =

{
F if a ≤ t < b

0 otherwise.

Let the functions [a, b)s<t be defined by

[a, b)s<t =

{
0 if [a, b)t = 0 or [a, b)s = 0

Id if [a, b)t = [a, b)s = F.

The vector spaces [a, b)t together with the functions [a, b)s<t forms a tame
vector space parametrized by [0,∞). We denote this vector space by [a, b)

and call it the bar starting at a and ending at b.

Note that the rank of any bar [a, b) is 1. Thus [0, 1) and [0, 100) are exam-
ples of non isomorphic tame parametrized vector spaces with the same rank
1.

It can be shown that the following theorem, called the bar decomposition
theorem, holds [5].

Theorem 2.1.3. Any tame vector space parametrized by [0,∞) is isomorphic
to a direct sum of bars

⊕r
i=1[ai, bi). In particular this implies that for any

t ∈ [0,∞): Vt ∼=
⊕r

i=1[ai, bi)t

The decomposition into a direct sum is called a bar decomposition. The
bar decomposition can be used to compute the stable rank of a tame vector
space. The following theorem states how this can be done [3].

Theorem 2.1.4. If V is a vector space parametrized by [0,∞) with the bar
decomposition V ∼=

⊕n
i=1[ai, bi), then

r̂ankV (t) = |{i : bi − ai ≥ t}|.

SinceVietoris-Rips constrictionV R(d) is a tame parametrized vector space,
it has a bar decomposition in terms of which the corresponding stable rank can
be expressed. In the next section, we illustrate how the stable rank is computed.

2.2 Calculating Stable Ranks
In the rest of the thesis, the field of coefficients F is assumed to be the field F2.
All homologies and stable rank are taken with respect to F2. In this section, we
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illustrate the process of transforming finite distance spaces into stable ranks.
It turns out that stable ranks can be used to differentiate geometric objects.
In two or three dimensions objects can be plotted and visually distinguished
based on their geometry. For example, we can easily distinguish the plotted
shapes in Figure 2.2.

Figure 2.2: The three geometric objects are easily distinguish-
able to the naked eye.

However it is not obvious how to describe the size of the differences between
objects. Even harder is the task of analysing differences in sub samples of
data, especially if the samples contain errors or random noise. Figure 2.3
shows sample point clouds of a square, a circle and a triangle with a normally
distributed error ε ∼ N(0, 1.27).

Figure 2.3: Point clouds of geometric objects with an error
ε ∼ N(0, 1.27).

Figure 2.4 illustrates the difficulty of geometric interpretation of the point
clouds, compared to the underlying shapes.
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Figure 2.4: The three geometric objects are easily distinguish-
able in the left figure. The point clouds with errors in the right
figure are harder to distinguish.

A separate issue, when trying to visually interpret data associated with geo-
metric objects, is that it does not work in dimension higher than three. We
can not plot all the dimensions and thus the above method is inapplicable in
most real world situations. Calculating the stable ranks associated with the
point clouds gives us means to compare geometric objects of any dimension
and assign size to differences between them. Bellow, we briefly describe the
process of calculating stable ranks given data in a distance space.

LetX be the points inR2 plotted in Figure 2.5 representing a triangle with
an error ε ∼ N(0, 1.27). It is a finite distance space with the euclidean distance
d(x,y) = ||x− y||.
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Figure 2.5: Point cloud of a triangle with an error ε ∼
N(0, 1.27).

For any t ∈ [0,∞) we denote by V Rt(d) the corresponding Vietoris-
Rips complex. Figure 2.6 illustrates how a Vietoris-Rips complex at scale
t is formed for a fixed t.

Figure 2.6: Vietoris rips complex V Rt(d) generated by dis-
tance function d for a fixed t. The circles represent the distance
t
2
around the vertices and two vertices are in the same face in

V Rt(d) if the corresponding circles overlap.

By Theorem 2.1.1 this forms a tame set. We consider the parametrized vec-
tor space Hn(V R(d), F ), given by the n-th homology of the Vietoris-Rips
construction V R(d) defined in Section 2.1.3. This is a tame vector space
parametrized by [0,∞). By Theorem 2.1.3 it is isomorphic to a bar decompo-
sition

n⊕
i=1

[ai, bi).
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In Figure 2.7 we plot the bars corresponding to the triangle for homologiesH0

and H1.

Figure 2.7: Bars in homologiesH0 andH1 for the point cloud
in 2.5.

Now, by Theorem 2.1.4, the stable rank of Hn(V R(d), F ) is given by

r̂ank(Hn(V R(d), F ))(t) = |{i : bi − ai ≥ t}|.

Figure 2.8 shows the stable rank in homologiesH0 andH1 for the point cloud
in 2.5.



16 CHAPTER 2. BACKGROUND

Figure 2.8: Stable rank in homologiesH0 andH1 for the point
cloud in 2.5.

The differences in stable ranks between two data sets can be used to differen-
tiate them. This thesis compares stable ranks of different data sets.



Chapter 3

Generating Data

In this chapter, we explain how we generate data for our analysis based on
topology and homology. The key data of interest in this thesis is financial
transactions data. Stable ranks are invariants related to various geometrical
properties of data sets. To gain understanding of the behaviour of average
stable rank we begin by analysing known data of plane geometric shapes. We
consider three such shapes: circle, square and triangle. By adding various
errors and noise types we obtain several other plane figures. with controllable
errors and noise. The hope is that this will enable us to interpret the results of
the financial transaction analysis.

The transaction data contains many categorical values such as country of
account holder, type of transaction and age of account holder. For homological
calculations, we need to be able to calculate distances between data points. In
order to apply these methods to categorical data, we first need to transform the
data into a distance space. Explaining how this is done is the content of the
second section.

3.1 Plane figures
In this section, we describe various subsets of the plane for which the stable
ranks are going to be analysed in the next chapter. All the subsets are going to
be derived from the geometrical objects (circle, square and triangle) illustrated
in Figure 3.1. We have a well established intuition about geometrical differ-
ences between these objects. In the next chapter we investigate if homology
and stable rank can be used to distinguish between various plane figures.

17
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Figure 3.1: Circle, square and triangle in the subset [−10, 10]2 ⊂ R2.

Some of the subsets of the plane that we are going to analyse consists of
points from the shapes in Figure 3.1 with a normally distributed error ε. Figure
3.2 illustrates such subsets of 5000 points with error ε ∼ N(0, 1.27):

Figure 3.2: Samples of the of the shapes in Figure 3.1 with an
error ε ∼ N(0, 1.27).

Apart from adding normally distributed error to the base objects, we can also
add ambient noise. For example, in the next chapter, we are going to anal-
yse subsets of the plane which are formed by adding random noise uniformly
distributed in the square S = [−15, 15]2 ⊂ R2. We generate such subsets as
follows. A subset consists ofm points, of which rm points belong to the am-
bient random noise uniformly distributed in the square, and m(1 − r) points
are taken from the base objects, either with or without en error. Figures 3.3
and 3.4 illustrates subsets of this form wherem = 100 and r = 20%.
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Figure 3.3: Samples from geometrical shapes and random
noise uniformly distributed in S = [−15, 15]2 ⊂ R2.

Figure 3.4: Samples from geometrical shapes with and error
ε ∼ N(0, 1.27) and random noise uniformly distributed in S =

[−15, 15]2 ⊂ R2.

We will look at a specific type of ambient noise where a single ambient
noise point is added to the original data set. The analysis will be conducted
for the points shown in Figure 3.5.

Figure 3.5: Random points in the subset S = [−15, 15]2 ⊂ R2.
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3.2 Transformation of categorical data
In this section, we introduce a method of transforming categorical data to a
distance space. Given a k dimensional data set Y containing some dimen-
sions with categorical values, we aim to transform Y into a distance space X
so that the stable rank can be computed according to Section 2.2. In real world
applications, a data set is often represented by a table where each column cor-
responds to a dimension and each row to a data point. Let Y be such a data
set. The columns with categorical values are transformed using the algorithm
bellow. Given a column with categorical values, the distinct values in the col-
umn are referred to as levels of the column. We denote by COL a column with
categorical values and LEVELS the list of levels in COL. Let TABLE be the
data set Y . In the algorithm below, adding two tables means concatenating
them so that each row still corresponds to a unique data point.
Algorithm 1: Pseudo code for categorizing algorithm
Data: COL
Result: NEW TABLE

1 NEW TABLE = empty table;
2 for CAT in LEVELS do
3 NEW COLUMN = empty column;
4 Add NEW COLUMN to NEW TABLE;
5 for i in range(0,length(COL)) do
6 value = COL[i];
7 if value == CAT then
8 NEW COLUMN[i] = 1;
9 else
10 NEW COLUMN[i] = 0;
11 end
12 end
13 end
14 Remove COL from TABLE;
15 Add TABLE to NEW TABLE;
16 return NEW TABLE

When this algorithm has been applied to every categorical column in Y
we have obtained a set X endowed with the euclidean distance d(x,y) =

||x− y||.



Chapter 4

Analysis

In data analysis, it is of great importance to understand the impact of errors
and random noise. In many real world applications, data quality is poor and
errors and noise can lead to large deviation in results. To reduce these effects,
we present sub sampling in the calculations of stable ranks. As a result, we
introduce the notion of average stable rank, referred to as AVGSR. This gives
us a way to average over features of geometrical objects.

Several different sets of data are analysed in the framework of AVGSRs.
Two dimensional shapes are compared, and it is investigated how they are af-
fected by random noise. It is studied how the addition of a single point changes
the AVGSRs of the shapes. Financial data of fraudulent and legit transactions
are analysed and compared. It is investigated if different fraud types have dif-
ferent AVGSRs and how sensitive legit transactions are to a single fraudu-
lent data point. The average stable ranks are computed using the software
Ripser.py [4] and software from the course SF2956 Topological Data Analy-
sis at Royal Institute of Technology, KTH 2019 [2].

4.1 Sub sampling
In this section, we introduce sub sampling as a way to apply stochastic methods
to geometrical objects. We will assume that we have an underlying object and
a data set corresponding to the object. The data can be represented by a point
cloud and we allow measurement errors or random noise. Assuming the noise
and errors are random, their impact will be reduced if we can average over sub
samples of the data. Unfortunately, there is no obvious way to average over
different point clouds. However, using theory of real analysis, we can average
over real valued functions such as piecewise constant functions 2.1.17. The

21
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stable rank is a piecewise constant function. In sub sampling, stable ranks of
sub samples of the data are computed and their average is calculated. We call
the obtained piecewise constant function average stable rank. In the paragraph
bellow, a detailed description of how to compute the average stable rank is
given.

Let N be the data set of interest and let {Ni}ki=1 be k randomly chosen
subsets of N with equal cardinality m. Let r̂ankNi

denote the stable ranks
corresponding to each Ni. The average stable rank is defined as

avgr̂ankN ,k :=

∑k
i=1 r̂ankNi

k
. (4.1)

We will from here on refer to the average stable rank as AVGSR. In Figure 4.1
10 stable ranks and their average of the point cloud in 2.5 is shown.

Figure 4.1: Stable ranks and their average and avgr̂ankN ,10
for the triangle in Figure 2.2 with an error ε ∼ N(0, 1.27) in
homologies H0 and H1.

As k increases r̂ankN ,k converges, yielding the underlying geometry of
the data. In Figure 4.2 the l1 distance of avgr̂ankN ,400 and avgr̂ankN ,k for
k ∈ [10, 400] is plotted. Here N is the triangle in Figure 2.2 with an error
ε ∼ N(0, 1.27) and the samples Ni are as in Figure 2.5.
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Figure 4.2: The l1 distance of avgr̂ankN ,400 and avgr̂ankN ,k
for the triangle in Figure 2.2 with an ε ∼ N(0, 1.27).

4.2 AVGSR analysis 2D shapes
In this section, the average stable ranks of the three two dimensional geomet-
rical objects in Figure 3.1 are analyzed. The aim is to gain understanding
of stable ranks and help us interpret differences in stable ranks in data. The
AVGSRs are computed for homologies H0 and H1. Although the Vietoris-
Rips complex of a two dimensional object can have non-trivial homologies in
degrees higher than 1, we regard these homologies as an artifact of the con-
struction and not a reflection of geometrical properties of the object. For this
reason, we consider only homologiesH0 andH1. The AVGSRs are compared
and a known random error ε ∼ N(0, 1.27) is introduced as in Figure 3.2. The
sensitivity to random noise is investigated and it is evaluated how the AVGSRs
are affected by a single point.

4.2.1 AVGSR of square, triangle and circle
In this part, the average stable ranks of the shapes in Figure 3.1 are compared.
A square, a triangle and a circle are plotted using a collection N of N =

5000 data points. The AVGSRs with and without error are computed. Sub
sampling is used and samplesNi of sizem = 100 are calculated. The number
of samples is k = 100. The AVGSRs are computed with and without an error
ε ∼ N(0, 1.27). Figure 4.3 shows the AVGSRs for the circle, square and
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triangle in Figure 2.2 in homologiesH0 andH1without error ε. The different
figures have distinguishable stable ranks in both homologies H0 and H1.

Figure 4.3: Average stable ranks for point clouds correspond-
ing to different geometrical objects with homologies H0 and
H1.

Figure 4.4 shows the AVGSRs with an error ε ∼ N(0, 1.27) introduced. The
different shapes still have distinguishable average stable ranks for homologies
H0 and H1. Which means that the stable ranks are robust in terms of sensi-
tivity to added error.
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Figure 4.4: Average stable ranks for point clouds correspond-
ing to different geometrical objects with homologies H0 and
H1 with an error ε ∼ N(0, 1.27).

4.2.2 Noise sensitivity of AVGSR
In this section, random noise is added to the shapes in section 4.2.1. The
random noise is uniformly distributed in the subset S = [−15, 15]2 ⊂ R2.
Again, k = 100 samples of sizem = 100 are drawn but in this case the sample
contains rm random noise points and m(1 − r) real points for a noise ratio
r. The analysis is done for r = 10%, 20%, 30%, 40%, 50% with and without
error ε ∼ N(0, 1.27). Figure 3.3 and 3.4 are examples of the sub samples
considered. These are samples with random noise of noise ratio r = 20%.

In Figures 4.5 and 4.6, the AVGSRs of the shapes with different noise ratios
are shown. We see that the shapes can be distinguished with random noise up
to around 30%.
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Figure 4.5: Average stable ranks for noise ratios 0, 10, 20, 30, 40 and 50% in
homology H0.

Figure 4.6: Average stable ranks for noise ratios 0, 10, 20, 30, 40 and 50% in
homology H1.

In Figure 4.7 and 4.8 the same plots, with an added error ε ∼ N(0, 1.27), are
shown. Here the shapes can be considered distinguishable up to 20% noise
ratio.
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Figure 4.7: Average stable ranks for noise ratios 0, 10, 20, 30, 40 and 50% in
homology H0 with a sample error ε ∼ N(0, 1.27).

Figure 4.8: Average stable ranks for noise ratios 0, 10, 20, 30, 40 and 50% in
homology H1 with a sample error ε ∼ N(0, 1.27).

In Figures 4.9, the difference between the AVGSRs with and without ran-
dom noise are plotted. The noise ratios 10, 20, 30, 40 and 50% corresponds to
the functions in each plot. In Figure 4.10, the same plots, with an added error
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ε ∼ N(0, 1.27) are shown. The different columns correspond to the different
shapes in Figure 2.2.

Figure 4.9: Difference in average stable ranks with and with-
out noise. The different colors corresponds to different noise
ratios. The rows correspond to homologiesH0 andH1 respec-
tively.
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Figure 4.10: Difference in average stable ranks with and with-
out noise with an error ε ∼ N(0, 1.27). The different colors
corresponds to different noise ratios. The rows correspond to
homologies H0 and H1 respectively.

We see, as expected, that the difference becomes larger as the noise ratio
increases. We also note that the differences have the same shape, which means
that uniformed distributed noise affect the shapes in a non-arbitrary manner.
We see that the relative differences between the stable ranks are much larger
in the data without errors. But the scales of the axes suggest that the absolute
difference might be similar.

4.2.3 Sensitivity of AVGSR when adding single data
point

In this section, a single point s ∈ [−15, 15]2 ⊂ R2 is added to the sub samples.
The sub samplesNi now containsm−1 randomly chosen points of the shapes
in Section 4.2.1 and the single point s. The analysis is conducted for m =

20, 60 and 100. The obtained AVGSRs are compared to the ones in Section
4.2.1. The experiment is repeated for the five different points in Figure 4.11.
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Figure 4.11: Points in the subset S = [−15, 15]2 ⊂ R2.

In Figures 4.12- 4.14, the difference between the AVGSRwith and without
an added point is plotted for five different points. We see that different points
have very different effects on the stable ranks. For example in the leftmost
column corresponding to the circle the sensitivity to the green, yellow and the
blue points are distinctive in homology H0. In homology H1 however, the
only distinctive point seems to be yellow for the circle. This means that differ-
ent homologies captures different points. We note that the the plots are similar
for different sample sizes in homologyH0 but that the weight of the functions
seems to be moving to the right as the sample size increases in homologyH1.
This suggests that the sample size might be of importance when comparing
stable ranks of different data sets.

Figure 4.12: Difference in average stable ranks with and with-
out an added point. The different colors corresponds to dif-
ferent points. The rows correspond to homology H0 and H1

respectively. The sub sample size ism = 20.
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Figure 4.13: Difference in average stable ranks with and with-
out an added point. The different colors corresponds to dif-
ferent points. The rows correspond to homology H0 and H1

respectively. The sub sample size ism = 60.

Figure 4.14: Difference in average stable ranks with and with-
out an added point. The different colors corresponds to dif-
ferent points. The rows correspond to homology H0 and H1

respectively. The sub sample size ism = 100.

The experiment is repeated for data samples with an error ε ∼N(0, 1.27).
Figure 4.15, the five points are shown.
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Figure 4.15: Points in the subset S = [−15, 15]2 ⊂ R2 and
a sample of 5000 points of the shapes with an error of ε ∼
N(0, 1.27).

In Figures 4.16-4.18, the same plots, with an added error ε ∼ N(0, 1.27)

are shown. The different columns correspond to the different shapes in Figure
2.2. We again conclude that different homologies capture different points and
that the size of the sub samples affect the shapes of the AVGSRs in homology
H1. We see that the graphs presented seems to distinguish the same points as
most affecting as the graphs in Figures 4.12-4.14. This suggests robustness to
random errors.

Figure 4.16: Difference in average stable ranks with and with-
out an added point with an error ε ∼ N(0, 1.27). The different
colors corresponds to different points. The rows correspond to
homologies H0 and H1 respectively. The sub sample size is
m = 20.
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Figure 4.17: Difference in average stable ranks with and with-
out an added point with an error ε ∼ N(0, 1.27). The different
colors corresponds to different points. The rows correspond to
homologies H0 and H1 respectively. The sub sample size is
m = 60.

Figure 4.18: Difference in average stable ranks with and with-
out an added point with an error ε ∼ N(0, 1.27). The different
colors corresponds to different points. The rows correspond to
homologies H0 and H1 respectively. The sub sample size is
m = 100.

4.3 AVGSR analysis financial transactions
In this section, average stable ranks of financial transaction data are analysed.
The aim is to find geometrical differences in the data which can be used for
classification of fraudulent transactions. We analyse different subsets of the
transaction space in order to find such differences. As a first step, categorical
data is transformed into numerical columns according to Section 3.2. We then
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consider the transactions as a distance space of transactions T = F tLwhere
F are the fraudulent transactions andL are the legit transactions. The AVGSR
of fraudulent and legit transactions are compared, it is investigated if different
types of frauds inF have different AVGSR. The homogeneity ofF is evaluated
and the sensitivity of AVGSRs in L to addition of a point f ∈ F is analysed.
The homologies analysed are H0, H1, H2 and H3.

4.3.1 AVGSR of fraudulent and legit data
In this section, the average stable ranks of financial and legit transactions are
compared. Any difference found will suggest that the average stable rank cap-
tures the difference between legit and fraudulent transactions. This could be
used to develop classification models where one topologically analyses the
transaction data to understand if it contains fraudulent data. The AVGSRs
avgr̂ankF ,k and avgr̂ankL,k for k = 200 are compared and the k sub samples
have sizem = 200.

In Figure 4.19 the AVGSRs of the fraudulent space and the legit space are
plotted for homologies H0, H1, H2 and H3. In Figure 4.20 the difference in
stable ranks between the two spaces are shown. We see that homologies H0

andH1 have a small relative difference between the fraudulent and legit trans-
actions, however the plots of H2 and H3 illustrates relative differences. This
suggests that homologiesH2 andH3might be useful in capturing differences
between legit and fraudulent data.

Figure 4.19: Average stable ranks for fraudulent (red) and legit
(green) data for homologies H0, H1, H2 and H3.
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Figure 4.20: Difference in average stable ranks between fraud-
ulent and legit data for homologies H0, H1, H2 and H3.

4.3.2 Homogeneity of the fraudulent space
In this part, the homogeneity of the fraudulent transaction space F is inves-
tigated. Homogeneity refers to the geometrical shape of the data and in par-
ticular it is investigated if randomly chosen subsets of the data have different
average stable ranks. FromF , subsetsF j of size F j = 300 are randomly cho-
sen. If it is found that F is not homogeneous, it means that different types of
frauds behaves differently with respect to geometrical properties. This insight
is important since it raises questions about how classification models should
be developed. If differences are found, machine learning models could have
better accuracy if trained on subsets of the fraudulent data or if a parameter
was introduced to describe how the transactions affect the AVGSRs.

The average stable ranks avgr̂ankFj ,k for k = 200 are computed by av-
eraging stable ranks over sub samples F ji ⊂ F j of size m = 50. In Figure
4.21 the AVGSRs of randomly sampled sub sets of the fraudulent space are
plotted for homologies H0, H1, H2 and H3. In the figure, the plot corre-
sponding to homologyH3 is not at all smooth, suggesting that we might need
a larger k to illustrate the true differences between the underlying shape. The
rightmost plot of this figure is therefore excluded from the analysis. The figure
shows that there are distinguishable differences between homologies in degree
2. This suggests that the fraudulent space might not be homogeneous and there
might be relevant differences between different categories of fraudulent data.
In section 4.3.3 we analyse stable ranks of fraudulent transactions based on a
certain feature.
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Figure 4.21: Average stable ranks for sub samples of sizem =

300 of fraudulent data for homologies H0, H1, H2 and H3.

4.3.3 AVGSR, based on fraud type
The fraudulent transaction data contains a categorical dimension describing
the fraud type. In this section, the AVGSRs of different fraud types are anal-
ysed. If it is found that different fraud types have different AVGSRs, then
AVGSRs of a subset containing both legit and fraudulent transactions could
depend on the fraud types. If this turns out to be the case, one could use this
to discover fraudulent transactions based on how they affect the average stable
ranks.

In this section, the points of the fraudulent space are divided into different
categories F j based on type of fraud. The dimension describing fraud type
is then excluded in the sets F j and their AVGSRs are compared. The average
stable ranks avgr̂ankFj ,k for k = 200 are computed by averaging stable ranks
over sub samples F ji ⊂ F j of sizem = 20.

In Figure 4.22 the AVGSRs of the different subsets are plotted for homolo-
gies H0, H1, H2 and H3. The figure show that homologies H0 and H1 cap-
tures geometrical differences which means that there are in fact homological
differences between fraud types. The figure also suggests thatH2 andH3 can
not be used to capture differences.
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Figure 4.22: Average stable ranks for subsets F j of fraudulent
data for homologies H0, H1, H2 and H3.

4.3.4 Legit data AVGSR sensitivity to single fraudu-
lent point

In this section, similarly to section 4.2.3, a single point f ∈ F is added to
subsets of L. The idea is to investigate if the AVGSRs of previous transactions
are affected by a single fraudulent transaction. If this turns out to be the case,
this could be used to classify incoming transaction, based on how they affect
the AVGSRs of data set containing it and previous transaction.

Here, the points are chosen so that all transactions belong to the same
costumer. The aim is to analyse if there are meaningful information in the
AVGSRs of the set consisting of a new transaction added to historical legit
transactions of a costumer. The number of samples is k = 2000 and the sam-
ples size is m = 20. The sub samples contains m − 1 legit transactions and
one fixed fraudulent transaction. The AVGSRs with and without an added
fraudulent point are compared.

In Figure 4.23 the difference in AVGSRs of legit data with and without
one fraudulent data point is plotted for homologies H0, H1, H2 and H3 and
for ten different costumers. We see that homology H0 captures differences
in AVGSRs after a fraudulent point has been added. Just as in Section 4.2.3,
the plots suggest that points belonging to points affect the AVGSRs differently.
The differences could depend on both the costumer and the properties of the
point added. Further investigation could be conducted to determine how the
differences in AVGSR depends on the properties of the fraudulent point and
on the costumer.
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Figure 4.23: Difference in average stable ranks with and with-
out an added fraudulent point for homologiesH0, H1, H2 and
H3 for ten different costumers.



Chapter 5

Conclusion

In this thesis we have analysed average stable ranks of plane geometric objects
and financial transaction data. The analysis carried out in this thesis shows that
there are interesting differences between fraudulent and legit financial trans-
actions. These differences should be further investigated and might be useful
in the classification of fraudulent transactions.

We can see that the differences between the two dimensional shapes anal-
ysed are captured by the stable ranks. It is shown that the differences are cap-
tured even after introduction of noise, which means that the stable ranks have
a high background noise resilience. This is a property which is very important
since it enables the analysis of data with poor data quality. We see that the
impact of random noise on the plane objects seems to follow a non-arbitrary
pattern in terms of the shapes of the stable rank curves. This suggests that the
AVGSRs sensitivity to uniformly distributed noise are higher for some t-values
than others.

Furthermore, it is found that different types of fraudulent transactions have
different geometry. This means that the stable ranks of the transaction space
should be further investigated with respect to fraudulent types. For example,
one could check if different fraudulent types affect stable ranks of legit data
with a fraud point added differently. If that turned out to be the case, this could
in turn be used to classify new transactions.However, more research needs to
be done within this area in order to interpret the differences and to make use
of them.

For the plane shapes it is shown that samples of data without error, for
which a single point is added, have different AVGSRs depending on the added
point. Which of the points that mostly affects the AVGSR depends on the
degree of the considered homology. This area could be further investigated

39
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with the aim of differentiating points based on which homology they affect.
This is an interesting result concerning stable ranks in general and it should be
considered in the further analysis of financial transactions since transactions
could have similar properties.

In this thesis, we find that there are topological differences in the data
set when a fraudulent transactions is added to legit transactions. It is found
that points have different effects on the AVGSRs, which could depend on the
point itself or on the corresponding costumer. Further investigation should be
conducted to understand if there are certain features of the fraudulent points
that makes them affect the average stable ranks. For example, as mentioned
above, one could try to differentiate frauds based on the fraud type. The re-
sults might depend on the costumer, a fact that needs to be taken into account
in future analysis. If successful, one could classify a new transaction based on
the AVGSRs of a collection of transactions including the new transaction.

In conclusion, this thesis finds that differences in AVGSR can be used to
capture underlying geometrical differences. However, issues arises in inter-
preting the differences and trying to draw conclusions based on the size or
shape of them. A problem is that differences can mean different things in dif-
ferent areas of application. The results suggests that Topological Data Analy-
sis could be used to capture differences between fraudulent and non fraudulent
transactions. Further analysis needs to be conducted in order to fully under-
stand how to make use of the average stable ranks for classification of financial
transactions.
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