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Abstract

This Ph.D. thesis consists of six papers, which are labeled with roman numer-
als. Papers I-III have already been presented in a licentiate thesis published in
2017, and this Ph.D. thesis therefore focuses on Papers IV-VI. All six papers
are within the scope of microwave and antenna engineering, with applications
to radar, electronic warfare (EW), radio astronomy or communications.

The common theme for Papers IV-VI is installed antenna performance
(IAP). These papers present three methods for solving three problems related
to IAP, by using information available in the installed far-field data. In these
papers, we address the main challenges within the scope of IAP, i.e. antenna
placement, electromagnetic compatibility (EMC), estimation of installed sys-
tem performance (particularly direction-of-arrival (DoA) estimation accuracy)
and optimization methods to compensate for or minimize installation effects.
The presented methods make no simplifying assumptions regarding the anten-
nas or their installation, and instead rely on using the installed far-field data,
which is obtained through computational electromagnetics. These methods
are therefore valid for generic array antennas. The presented methods are
useful for antenna placement studies, i.e. as input for the decision on antenna
placement on a platform such as an aircraft, ship, satellite or car.

Paper IV considers the problem of antenna placement with respect to
EMC. A platform, such as an aircraft, ship, satellite, or car, may have a
large number of radio-frequency (RF) systems installed onboard. Since some
systems transmit a high RF power, while other systems aim to receive weak
RF signals, there is a significant risk for unwanted electromagnetic interference
(EMI) due to an insufficient isolation between the antennas associated with
each RF system. This paper presents a method for estimating the isolation
between antennas installed on the same platform, in order to determine the
risk for EMI as a function of antenna placement. Finally, a numerical case-
study is presented, considering two monopole antennas installed on a small
aircraft under line-of-sight conditions. Results are also presented for other
installation configurations, where the antennas are not within line-of-sight.

Paper V considers antenna placement and radome design with respect
to DoA estimation accuracy. Firstly, we define the term “installation error”
applied to DoA estimation. A method for determining the DoA estimation
accuracy for a specific installation is thereafter presented. The paper ends
with a numerical case-study for an array antenna installed behind a single-
shell radome in the tail of a realistic full-scale model of a fighter aircraft.

Paper VI presents a method to compensate for radome effects on radi-
ation patterns for array antennas. A convex optimization approach is used
to minimize the side-lobe level, while taking the radome effects and mutual
coupling into account. The paper ends with a numerical case-study for a
monopulse-array installed behind a single-shell radome.
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Sammanfattning

Denna doktorsavhandling best̊ar av sex forskningsartiklar, som här numreras
med romerska siffror. Artiklarna I-III har redan presenterats i en licenti-
atavhandling som publicerades under 2017, och den här avhandlingen behand-
lar därför primärt Artiklarna IV-VI. Alla sex artiklar är inom mikrov̊ag- och
antennteknik, med tillämpningar inom radar, telekrig (EW), radioastronomi
och kommunikation.

Det gemensamma temat för Artiklarna IV-VI är installerad antennpre-
standa. Dessa artiklar presenterar tre metoder som har utvecklats för att lösa
tre problem relaterade till installerad antennprestanda, genom att använda
information som är tillgänglig i installerad fjärrfältsdata. I dessa artiklar be-
möter vi de huvudsakliga utmaningarna inom installerad antennprestanda,
dvs antennplacering, elektromagnetisk kompatibilitet (EMC) och telekon-
flikt, estimering av installerad systemprestanda (speciellt vinkelmätningsnog-
grannhet), samt metoder för att kompensera för installationseffekter. Dessa
metoder är inte baserade p̊a n̊agra förenklande antaganden, och kan därför
tillämpas för godtyckliga gruppantenner, där fjärrfältsdata bestäms med elek-
tromagnetiska beräkningar (CEM). Metoderna är användbara exempelvis un-
der en förstudiefas för en ny plattform (exempelvis ett flygplan, fartyg, satellit
eller bil) för att fatta beslut om antennplaceringar.

Artikel IV presenterar en metod för att uppskatta risken för telekonflikt
för föreslagna antennplaceringar. En plattform har idag typiskt ett stort an-
tal radiofrekvens (RF)-system ombord. D̊a vissa RF-system sänder en hög
effekt, samtidigt som andra RF-system ska ta emot svaga signaler, finns det
en risk för elektromagnetisk interferens (EMI), dvs telekonflikt, mellan dessa
system. Telekonflikt kan allts̊a uppst̊a p̊a grund av en för l̊ag isolation mellan
systemens antenner. Denna artikel presenterar en metod för att uppskatta iso-
lationen mellan antennerna ombord som en funktion av deras placering. Flera
antennplaceringar undersöks, inklusive monopolantenner installerade p̊a ett
litet flygplan, där antennerna har fri sikt till varandra. Resultat presenteras
ocks̊a för antenner som inte har fri sikt till varandra.

Artikel V handlar om antennplacering och radomdesign, med hänsyn till
vinkelinmätningsnoggrannhet. Vi definierar först begreppet “installationsfel”
tillämpat p̊a vinkelestimering. Därefter presenteras en metod för att upp-
skatta systemets vinkelinmätningsnoggrannhet för en föreslagen installation,
genom att använda installerade fjärrfält som indata. Denna artikel presen-
terar en fallstudie för en liten gruppantenn med en radom, som installeras i
aktern p̊a ett modernt stridsflygplan.

Artikel VI presenterar en metod för att kompensera för radomers p̊averkan
p̊a str̊alningsdiagram hos gruppantenner. En konvex optimeringsmetod an-
vänds för att minimera sidlobsniv̊an i en monopuls-gruppantenn, med hänsyn
till de fel som radomen orsakar. Denna metod tar även hänsyn till övriga ef-
fekter, som till exempel ömsesidig koppling. Artikeln presenterar en fallstudie
för en liten gruppantenn som installerats bakom en enkelskalsradom.
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Emma som har korrekturläst och stöttat. Tack till Andrés (numera p̊a University
of Twente) för v̊art samtal om kantdiffraktion, som inspirerade delar av diskussio-
nen i Section 3.6. Denna avhandling har finansierats genom KTH EE Excellence
Doctoral Program, ChaseOn iAA samt Stiftelsen för Strategisk Forskning (SSF).

v



vi ACKNOWLEDGMENTS

About the Author

Henrik Frid received the B.Sc. and M.Sc. degrees in Engineering Physics from
the KTH Royal Institute of Technology, Stockholm, Sweden, in 2015. Parallel to
his B.Sc. and M.Sc. studies, he worked as a research assistant at KTH on the topic
of electrohydrodynamic flow simulations for liquid high-voltage insulators. During
2013, he joined Saab, Sweden, for an internship on polarimetric radar calibration,
and in 2014, he did a M.Sc. thesis project at Saab on computation of isolation
between antennas installed on an aircraft. Since August 2014, he has been pursuing
the Ph.D. degree in electrical engineering at KTH. Since 2016, he has the role as
R&D microwave and antenna engineer and industrial Ph.D. student at Saab. Henrik
Frid received the 2012 Multiphysics Student Award, he was selected for the 2014
Excellence Doctoral Program at KTH, and he received the URSI Young Scientist
Award at the 2018 AT-RASC conference. Since 2018, Henrik Frid is also taking on
the role as project manager for R&D projects at Saab. During 2019, Henrik Frid
was selected for the Saab EW Advanced Engineering Program, which is a two year
program aimed at developing technical leadership skills. Mr. Frid will defend his
Ph.D. thesis on March 9, 2020.

Contact information

Email adress: henrik.frid@saabgroup.com or henrik@henrikfrid.com.

Due to recent changes in KTH’s policy, I may be unable to access henrik.frid@ee.kth.se
after graduation.



Contents

Acknowledgments v
Contact information . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vi

Contents vii

List of Publications ix

Summary of Publications xiii

Notation xvii
Radio-Frequency Bands . . . . . . . . . . . . . . . . . . . . . . . . . . . . xvii
Acronyms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xviii

List of Figures xix

1 Introduction 1
1.1 Thesis scope and disposition . . . . . . . . . . . . . . . . . . . . . . . 2
1.2 The radio-frequency battlespace . . . . . . . . . . . . . . . . . . . . . 3
1.3 Phased-array antenna technology . . . . . . . . . . . . . . . . . . . . 8
1.4 Installed antenna performance . . . . . . . . . . . . . . . . . . . . . 14
1.5 Systems engineering and antenna installation . . . . . . . . . . . . . 19
1.6 Electromagnetic compatibility and antenna installation . . . . . . . 21

2 Antenna Theory 25
2.1 Electromagnetic radiation . . . . . . . . . . . . . . . . . . . . . . . . 26
2.2 Post-processing of far-field data . . . . . . . . . . . . . . . . . . . . . 28
2.3 Far-field data for array antennas . . . . . . . . . . . . . . . . . . . . 29
2.4 The array factor and ideal beamsteering . . . . . . . . . . . . . . . . 31
2.5 Maximum gain theorem . . . . . . . . . . . . . . . . . . . . . . . . . 33
2.6 EIRP for array antennas . . . . . . . . . . . . . . . . . . . . . . . . 34
2.7 Convex optimization for array antennas . . . . . . . . . . . . . . . . 35
2.8 Receiving array antennas . . . . . . . . . . . . . . . . . . . . . . . . 36
2.9 Direction-of-arrival estimation . . . . . . . . . . . . . . . . . . . . . . 39

vii



viii CONTENTS

3 Near-Field Transmission Integral 43
3.1 Introduction and problem statement . . . . . . . . . . . . . . . . . . 43
3.2 Plane-wave spectrum . . . . . . . . . . . . . . . . . . . . . . . . . . 45
3.3 Derivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
3.4 Using far-field data as input . . . . . . . . . . . . . . . . . . . . . . . 49
3.5 The non-singular transmission integral . . . . . . . . . . . . . . . . . 50
3.6 Coupling mechanisms for installed antennas . . . . . . . . . . . . . . 51

4 Discussion and Conclusions 55
4.1 On the installed radiation pattern . . . . . . . . . . . . . . . . . . . 55
4.2 On EMC and antenna-to-antenna isolation . . . . . . . . . . . . . . 56
4.3 Future work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

References 61

Index 69

Paper Reprints 71
Paper I . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71
Paper II . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76
Paper III . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90
Paper IV . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100
Supplement to Paper IV: Conference Paper iii . . . . . . . . . . . . . . . . 108
Paper V . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111
Paper VI . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130



List of Publications

This thesis is based on the following international peer-reviewed papers:

I. H. Frid, “Closed-Form Relation between the Scan Angle and Feed Position
for Extended Hemispherical Lenses based on Ray-Tracing”, IEEE Antennas
and Wireless Propagation Letters, Vol. 15, pp. 1963-1966, 2016.

II. H. Frid, F. Töpfer, S. Bhowmik, S. Dudorov and J. Oberhammer,
“Optimization of Micromachined Millimeter-Wave Planar Silicon Lens Anten-
nas with Concentric and Shifted Matching Regions”, Progress in Electromag-
netics Research C, Vol. 79, pp. 17-29, 2017.

III. U. Shah, T. Reck, H. Frid, C. Jung-Kubiak, G. Chattopadhyay, I. Mehdi
and J. Oberhammer, “A 500–750 GHz RF MEMS Waveguide Switch”, IEEE
Transactions on Terahertz Science and Technology, Vol. 7, pp. 326-334, 2017.

IV. H. Frid, H. Holter and B. L. G. Jonsson, “An Approximate Method for Cal-
culating the Near-Field Mutual Coupling between Line-of-Sight Antennas on
Vehicles”, IEEE Transactions on Antennas and Propagation, Vol. 63, No. 9,
pp. 4132-4138, 2015.

V. H. Frid*, J. Malmström and B. L. G. Jonsson, “Determining Direction-of-
Arrival Accuracy for Installed Antennas by Post-Processing of Far-Field Data”,
Radio Science, Vol. 54, No. 12, 2019.

VI. H. Frid and B. L. G. Jonsson, “Compensation of Radome Effects in Small
Airborne Monopulse Arrays by Convex Optimization”, Proceedings of the Eu-
ropean Conference on Antennas and Propagation (EuCAP), 2018.

The scientific contribution to this dissertation is derived from the above publica-
tions, which are referred to in the following chapters by their roman numerals.
Papers I-III have already been presented in the preceding licentiate thesis “On
millimeter and submillimeter wave focal plane arrays implemented with MEMS
waveguide switches”, see [op1] below. This dissertation will therefore focus on Pa-
pers IV-VI. These papers are supplemented by a number of conference papers, as
described below.

*This paper was featured on the front-page of this issue of Radio Science.

ix



x LIST OF PUBLICATIONS

The contribution of Henrik Frid to these publications:

I. I am the sole author of this work.

II. Main part of the simulations, analysis and paper writing.

III. Microwave design and parameter study of the switch surface based on simu-
lations. Analysis of switch surface with non-perfect contacts. Part of paper
writing.

IV. The topic was suggested by H. Holter. I carried out the necessary derivations,
simulations, Matlab implementation and I did the main part of the paper
writing. The project was supervised by H. Holter and B. L. G. Jonsson, who
gave useful advice relevant to the derivations and Matlab implementation, as
well as contributed to the paper writing.

V. I independently carried out the necessary derivations and Matlab implemen-
tation, in order to solve a problem in an R&D project at Saab. Some time
later, I summarized the results from this project and presented simulation re-
sults in the Conference Paper v below. Thereafter, I derived a more general
formulation, which is applicable to multiple DF algorithms, and wrote the
journal version. B. L. G. Jonsson provided input on the derivations and the
sources of estimation errors. Based on the results above, J. Malmström modi-
fied the Matlab code to generate additional simulation results for the MUSIC
algorithm.

VI. I suggested the topic, carried out the necessary derivations, simulations, Mat-
lab implementation and paper writing. B. L. G. Jonsson provided feedback
on the results and paper writing.

Furthermore, regarding Conference Paper iii: I suggested to my colleague J. Malm-
ström, that the results in Paper IV encouraged further analysis of antennas beyond
LoS. In addition to suggesting the topic, I provided the Matlab code and contributed
to the paper writing. J. Malmström carried out the simulations, main part of the
paper writing and the GTD analysis for Conference Paper iii.



xi

This thesis work has also been presented at the following conferences:

i. U. Shah, T. Reck, E. Decrossas, C. Jung-Kubiak, H. Frid, G. Chattopad-
hyay, I. Mehdi and J. Oberhammer, “500-750 GHz Submillimeter-Wave MEMS
Waveguide Switch”, IEEE MTT-S International Microwave Symposium (IMS),
2016.

ii. U. Shah, T. Reck, E. Decrossas, C. Jung-Kubiak, H. Frid, G. Chattopad-
hyay, I. Mehdi and J. Oberhammer, “Micromachined Waveguide Integrated
RF MEMS Switch Operating between 500-750 GHz”, The 17th edition of the
International Symposium on RF-MEMS and RF-microsystems (MEMSWAVE
2016), 2016.

iii. J. Malmström, H. Frid and B. L. G. Jonsson, “Approximate Methods to De-
termine the Isolation between Antennas on Vehicles”, IEEE International Sym-
posium on Antennas and Propagation, 2016.

iv. J. Malmström, H. Frid and B. L. G. Jonsson, “Mutual Coupling between An-
tennas on Aircrafts – Approximate Methods”, Swedish Microwave Days, 2016.

v. H. Frid* and B. L. G. Jonsson, “Determining Installation Errors for DoA
Estimation with Four-Quadrant Monopulse Arrays by using Installed Element
Patterns”, 2nd URSI Atlantic Radio Science Meeting (AT-RASC), 2018.

vi. H. Frid** and B. L. G. Jonsson, “Using Convex Optimization to Compensate
for Radome Effects in Monopulse Arrays”, 2nd URSI Atlantic Radio Science
Meeting (AT-RASC), 2018.

vii. H. Frid and B. L. G. Jonsson, “Using Convex Optimization to Compensate
for Radome Effects in Monopulse Arrays”, Swedish Microwave Days, 2018.

viii. H. Frid**, Electronic Warfare - Naval and Airborne Technologies, 2020 Polish-
Swedish Naval Technology Forum, (planned oral presentation), Naval Academy
in Gdynia, 25-26 March, 2020.

Conference Papers i-ii supplement Paper III, Conference Papers iii-iv supplement
Paper IV, Conference Paper v supplements Paper V, and Conference Papers vi-vii
supplement Paper VI.

* URSI Young Scientist Award 2018.
** Invited speaker.
*** Multiphysics Student Award 2012 (next page).

This thesis work has also inspired the following patent application:

p1. H. Frid, Method for Operating Wide-Band AESA, submitted 2019-12-04



xii LIST OF PUBLICATIONS

Other publications by the author:

op1. H. Frid, “On Millimeter and Submillimeter-Wave Focal Plane Arrays Imple-
mented with MEMS Waveguide Switches”, Licentiate Thesis, ISBN 978-91-
7729-208-1, KTH, 2017.

op2. H. Frid, “Efficient Computation of the Near-Field Mutual Coupling Between
Antennas on Vehicles”, M.Sc. Thesis, XR-EE-EE 2014:002, KTH, 2014.

op3. H. Frid, “Simulation of Microbubbles during the Initial Stages of Breakdown
in Cyclohexane”, B.Sc. Thesis, KTH, 2013.

op4. M. Becerra, H. Frid, and P. A. Vázquez, “Self-Consistent Modeling of Lami-
nar Electrohydrodynamic Plumes from Ultra-Sharp Needles in Cyclohexane”,
AIP Physics of Fluids, Volume 29, Issue 12, 2017.

op5. M. Becerra and H. Frid, “Electrohydrodynamic Motion due to Space-Charge
Limited Injection of Charges in Cyclohexane” in Proceedings of the 2014 IEEE
International Conference on Dielectric Liquids, 2014, pp. 1-4.

op6. H. Frid and M. Becerra, “Simulation of Microbubbles During the Initial
Stages of Breakdown in Cyclohexane” in Annual Report 2013 IEEE Confer-
ence on Electrical Insulation and Dielectric Phenomena, 2013, pp. 901-904.

op7. M. Becerra and H. Frid, “On the Modeling of the Production and Drift of
Carriers in Cyclohexane” in Annual Report 2013 IEEE Conference on Electri-
cal Insulation and Dielectric Phenomena, 2013, pp. 905-908.

op8. H. Frid*** and M. Becerra, “Generation, Growth and Collapse of Microbub-
bles during the Initial Stages of Breakdown in Dielectric Liquids” in Interna-
tional Conference on Multiphysics in Lisbon, Portugal, 2012.

H. Frid acted as the main supervisor for the following M.Sc. thesis,
which includes results relevant to this thesis:

t1. H. Hultin, “Investigation of Near-Field Contribution in SBR for Installed An-
tenna Performance”, M.Sc. Thesis, TRITA-EECS-EX 2019:294, KTH, 2019.



Summary of Publications

Paper I - Closed-Form Relation between the Scan Angle and Feed Posi-
tion for Extended Hemispherical Lenses based on Ray-Tracing

This letter presents a closed-form relation between the scan angle and feed position
for extended hemispherical lenses. This relation is derived using ray-tracing, and it
is valid for both large and small scan angles, in excellent agreement with full-wave
simulations. It is demonstrated that the relation is linear in the small-angle limit,
and the effective focal length determining the scan angle is presented. It is also
demonstrated that the scan angle only depends on the geometrical configuration,
and that it is independent of the lens material. To demonstrate the applicability of
this scan angle relation to the design of focal plane arrays (FPAs), we demonstrate
that it can be used to determine the FPA spacing that results in −3 dB overlap
between switched beams. A comparison with full-wave simulations of lenses with
varying materials and FPA elements demonstrates a root mean square (RMS) ac-
curacy of 0.27◦ for the scan angle estimation, and RMS accuracy of 0.26 dB for
the −3 dB overlap criterion between the central and adjacent beams. Finally, we
present scaling rules which show that the scan resolution is inversely proportional
to the lens diameter, whereas the FPA spacing is independent of the total lens size.

Paper II - Optimization of Micromachined Millimeter-Wave Planar Sil-
icon Lens Antennas with Concentric and Shifted Matching Regions

This paper presents a study of planar extended hemispherical lens antennas, fab-
ricated from a high-resistivity silicon substrate. The high-permittivity lenses are
matched to free-space using up to three stepped impedance matching regions. The
effective permittivity of the matching regions is tailor-made by etching periodic
holes in the silicon wafer. The optimal thickness and permittivity of the matching
regions was determined using TRF optimization, in order to yield the maximum
wide-band aperture efficiency and smallest side-lobes. We introduce a new geom-
etry for the matching regions, here referred to as shifted-type matching regions.
The simulation results presented here indicate that using three shifted-type match-
ing regions results in twice as large aperture efficiency as compared to using three

xiii



xiv SUMMARY OF PUBLICATIONS

conventional concentric-type matching regions. A prototype antenna with a single
matching region was fabricated and measured in the W-band. By increasing the
number of matching regions from one to three, the band-averaged gain is increased
by 0.3 dB when using concentric matching regions, and by 3.7 dB when using shifted
matching regions, which illustrates the advantage of the new shifted-type matching
region.

Paper III - A 500–750 GHz RF MEMS Waveguide Switch

This paper reports on a submillimeter-wave 500−750 GHz MEMS waveguide switch
based on a MEMS-reconfigurable surface to block/unblock the wave propagation
through the waveguide. In the non-blocking state, the electromagnetic wave can
pass freely through the MEMS-reconfigurable surface, while in the blocking state
the electric field lines of the TE10 mode are short circuited which blocks the wave
propagation through a WM−380 (WR−1.5) waveguide. A detailed design param-
eter study is carried out to determine the best combination of the number of hori-
zontal bars and vertical columns of the MEMS-reconfigurable surface for achieving
a low insertion loss in the non-blocking state and a high isolation in the block-
ing state for the 500 − 750 GHz band. Two different switch concepts relying on
either an Ohmic-contact or a capacitive-contact between the contact cantilevers
have been implemented. The measurements of the switch prototypes show a supe-
rior RF performance of the capacitive-contact switch. The measured isolation of the
capacitive-contact switch designed with 8 µm contact overlap is 19 to 24 dB and the
measured insertion loss in the non-blocking state is 2.5 to 3 dB from 500−750 GHz
including a 400 µm long micromachined waveguide section. By measuring refer-
ence chips, it is shown that the MEMS-reconfigurable surface contributes only to
0.5 to 1 dB of the insertion loss while the rest is attributed to the limited sidewall
metal thickness and to the surface roughness of the 400 µm long micromachined
waveguide section. Finally, reliability measurements in an uncontrolled laboratory
environment on a comb-drive actuator with an actuation voltage of 28 V showed
no degradation in the functioning of the actuator over one hundred million cycles.
The actuator was also kept in the actuated state for 10 days and showed no sign of
failure or deterioration.

Paper IV - An Approximate Method for Calculating the Near-Field Mu-
tual Coupling between Line-of-Sight Antennas on Vehicles

Calculating the mutual coupling between antennas on vehicles using full-wave sim-
ulations requires a vast amount of computer resources due to the electrical size of
the structures. We therefore propose an alternative and approximate method to
determine mutual coupling between antennas on vehicles for the case where there
is line-of-sight (LoS) between the antennas. The proposed method is based on ap-
proximating the mutual coupling between LoS antennas on vehicles as near-field
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transmission between antennas in free space. We begin the analysis with a brief
review of four methods for calculating the near-field free-space transmission. Of
the investigated methods, we demonstrate that a nonsingular form of the near-field
transmission integral originally proposed by Yaghjian (1982) is the most suitable for
LoS antennas on vehicles. We introduce a modification to this method, in order to
only use the antenna far-fields and geometrical separation to determine the mutual
coupling. The comparison with full-wave simulations indicates that the proposed
method has a good accuracy for LoS antennas. This paper ends with a full-scale
mutual coupling calculation for two monopoles on an aircraft under LoS conditions,
demonstrating a root mean square (RMS) accuracy of 6 dB for frequencies up to
5 GHz, as compared with full-wave simulations.

Paper V - Determining Direction-of-Arrival Accuracy for Installed An-
tennas by Post-Processing of Far-Field Data

Direction-of-arrival (DoA) estimation accuracy can be degraded due to installation
effects, such as platform reflections, diffraction from metal edges and reflections
and refraction in the radome. To analyze these effects, this paper starts with a
definition of the term “installation error” related to DoA estimation. Thereafter,
we present a post-processing method, which can be used to determine the DoA
estimation accuracy for installed antennas. By computing synthetic signals from
the installed far-field data, it is possible to analyze the installation errors described
above, in addition to analyzing array model errors. The method formulation is
general, thus allowing generic array configurations, installation configurations, and
direction-finding (DF) algorithms to be studied. The use of the presented method is
demonstrated by a case study of a wideband four-quadrant array. In this case study,
we investigate the installation errors due to a single-shell radome. Thereafter, the
effects of platform reflections are also analyzed, for an antenna placement in the
tail of a fighter aircraft. Simulation results are presented for both the monopulse
and the MUSIC DF algorithms.

Paper VI - Compensation of Radome Effects in Small Airborne Monopulse
Arrays by Convex Optimization

The quality of small array antennas in airborne monopulse systems can be signifi-
cantly reduced by the radome. We therefore present a convex optimization approach
to minimize radome effects in monopulse arrays. This is achieved by using active el-
ement patterns in the optimization to determine the excitation weights. Simulation
results for a BoR array with 48 elements and an extended hemispherical radome
are presented. We demonstrate that it is possible to reduce the side-lobe level by
3.5 dB by taking radome effects into account in the optimization. This approach
also results in an increased gain, particularly at large scan angles. Furthermore, the
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presented approach allows the monopulse slope to be indirectly specified as a design
parameter. It is shown that the trade-off between the monopulse slope coefficient
and the side-lobe level is approximately linear.



Notation

Radio-Frequency Bands

The IEEE Standard Letter Designations for Radar-Frequency Bands [1] defines
the band labels from HF to W in Table 1. It is worth noticing that these radio-
frequency (RF) band definitions are not identical to those used by the International
Telecommunications Union (ITU), and that the IEEE standard will be used in this
thesis. Frequencies between 30− 300 GHz are classified as millimeter-waves, while
frequencies above 300 GHz are referred to as submillimeter-waves. For millimeter-
and submillimeter-waves, the standard MIL-DTL-85/3C, used for the rectangular
waveguides (RWG) and described in e.g. [2], is used. As an example, the frequency
band in Paper III is 500− 750 GHz, with the RWG standard WR-1.5.

Table 1: RF Bands

Frequency band Frequency range

High Frequency (HF) 3− 30 MHz
Very High Frequency (VHF) 30− 300 MHz
Ultra High Frequency (UHF) 300− 1000 MHz
L 1− 2 GHz
S 2− 4 GHz
C 4− 8 GHz
X 8− 12 GHz
Ku 12− 18 GHz
K 18− 27 GHz
Ka 27− 40 GHz
V 40− 75 GHz
W 75− 110 GHz

RWG standard Frequency range

WR-10 75− 110 GHz
...

...
WR-1.5 500− 750 GHz

xvii



xviii NOTATION

Acronyms

A list of acronyms is presented in the index on page 68.



List of Figures

1.1 Venn diagram illustration of the thesis scope. The size of the illustrated
regions indicate their relevance to this thesis, but not their importance
to applications or research in general. . . . . . . . . . . . . . . . . . . . 2

1.2 Illustration of a generic array antenna, with N antenna elements lo-
cated at coordinates ~rn with far-field radiation patterns ~fn where n =
1, 2, . . . , N. The antenna elements may be of different type, size and
orientation, as illustrated by the two distinct antenna element symbols. 8

1.3 (top) Passive electronically scanned array (PESA) and (bottom) active
electronically scanned array (AESA). Remark 1: The ∆ channel is used
in a monopulse array, and it is therefore omitted in other systems. Note
that there may be one or two ∆ channels in a monopulse array. Re-
mark 2: The transmit/receive module (TRM) is illustrated in Fig. 1.4. 9

1.4 Simplified illustration of a transmit/receive module (TRM), shown here
in the receive (Rx) mode. The variable gain αm(ω) and the variable
phase Φm(ω) of TRM nr m are functions of the angular frequency ω =
2πf . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

1.5 (top) AESA in sub-array configuration and (bottom) fully digital AESA.
In general, each sub-array includes Pn antenna elements, with Pn = 2
used in this illustration. Remark: In a four-quadrant array, Pn = M/N ,
with N = 4. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

1.6 (a) Illustration of a four-quadrant monopulse array of dimensions w×h,
with sub-array numbering. (b) BoR array antenna with extended hemi-
spherical radome, divided into corresponding sub-arrays. Half of the
radome is hidden to show the array beneath. This figure from Paper VI
is reprinted with permission from IEEE. . . . . . . . . . . . . . . . . . 14

1.7 Comparison of embedded element patterns with and without radome,
in the vertical plane at 20 GHz. Results are presented for a central
element (black) and an edge element (blue). This figure from Paper VI
is reprinted with permission from IEEE. . . . . . . . . . . . . . . . . . 17

xix



xx List of Figures

1.8 Illustration of the investigated cases in Paper V: (a) BoR array in free
space and (b) BoR array installed behind radome. Half of the radome is
hidden to show the array beneath. (c) BoR array with radome installed
in the tail of the aircraft Viggen. The equivalent currents on the Huygens
box are shown at 20 GHz. This figure from Paper V is reprinted with
permission. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

2.1 Illustration of a region V containing the antennas labeled n = 1, 2, . . . , N ,
located at coordinates ~rn with far-field radiation patterns ~fn. The an-
tenna elements may be of different type, size and orientation, as illus-
trated by the two distinct antenna element symbols. The region outside
V consists of vacuum, without any sources. . . . . . . . . . . . . . . . . 27

2.2 Realized gain for BoR array with radome, for the scan direction θ0 =
20◦, φ0 = 0◦ at 20 GHz. The results for three optimized excitation
vectors are presented here: w = a(∗), a(wo) and a(af), as defined in
Paper VI. This figure from Paper VI is reprinted with permission from
IEEE. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

2.3 DoA estimation error for the polar angle, i.e. |θ − θest|, expressed in
degrees (◦), for the BoR array with radome installed on the aircraft
(case (c) in Fig. 1.8), for monopulse estimation. The scan direction r̂0

is marked by +. This figure is reprinted from Paper V. . . . . . . . . . 39

3.1 Illustration of two arbitrarily oriented antennas with normalized far-
field amplitudes (~ft, ~fr), complex voltage amplitudes (at, bt, ar, br), and
system of coordinates (O, x, y, z). . . . . . . . . . . . . . . . . . . . . 45

3.2 Spiral antennas under LoS condition on electrically large PEC planes
which are (a) connected and (b) isolated. We here use (b) to approximate
(a). The opening angle 2χ between the antenna planes is 90◦ in this
figure. This (modified) figure from Paper IV is reprinted with permission
from IEEE. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

3.3 Mutual coupling between the antennas in Fig. 3.2 calculated using dif-
ferent methods. The RMS errors compared to case (a) are 2 dB for case
(b), 4 dB for NSTI and 24 dB when using Friis transmission equation
or the Kim et al. formula. This figure from Paper IV is reprinted with
permission from IEEE. . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

3.4 (a) Simplified model of a small aircraft of length 4 m and width 4 m.
The red cones symbolize the location of the two polarization-mismatched
monopole antennas. (b) Mutual coupling between the antennas in (a) as
a function of frequency. The RMS errors were 6 dB using the NSTI and
7 dB using Friis transmission equation. These figures from Paper IV are
reprinted with permission from IEEE. . . . . . . . . . . . . . . . . . . . 52



Chapter 1

Introduction
“Even if you want to pursue some other topic
than physics, such as electrical engineering or
chemistry, it is a good idea to start by study-
ing physics. This will give you a fundamental
understanding of nature, and it will help you
to develop problem-solving skills that will help
you in basically any field of engineering and re-
search.”

Christer Larsson, 2009.

If you have ever been close to a military aircraft or naval ship, you have perhaps
noted the large number of antennas installed onboard the platform. The number
of antennas relate to the number of radio-frequency (RF) systems onboard. Some
indications of the platform’s capabilities, performance and intended uses can there-
fore typically be extracted by inspecting its antennas and their installation. The RF
systems onboard are designed with the aim to use and control the electromagnetic
spectrum, which is “an increasingly congested and contested battlespace” [3].

This chapter starts with a presentation of the thesis scope in Section 1.1. A brief
introduction to the most important RF system types on a military platform, i.e.
radar, electronic warfare (EW) and communications, is presented in Section 1.2.
Based on this understanding of the needed capabilities, the subsequent sections
present some of the challenges related to antenna installation. Section 1.3 presents
a short overview of phased-array antenna technology, whereas a more detailed re-
view of the theory for phased-array antennas relevant to the papers in this thesis
is presented in Chapter 2. Section 1.4 presents an introduction to installed an-
tenna performance and antenna placement. The systems engineering perspective
on antenna placement and installation is described in Section 1.5. Thereafter, Sec-
tion 1.6 presents an introduction of electromagnetic compatibility (EMC), from the
perspective of antenna installation and placement.

The reference IEEE Standard for Definitions of Terms for Antennas [4], in com-
bination with a standard textbook, e.g. [5] is recommended for the occasional cases

1
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Figure 1.1: Venn diagram illustration of the thesis scope. The size of the illus-
trated regions indicate their relevance to this thesis, but not their importance to
applications or research in general.

where technical terms are used without introduction. The IEEE Standard Letter
Designations for Radar-Frequency Bands [1] is used in this thesis, as presented in
Table 1 on page xvii.

1.1 Thesis scope and disposition

This thesis is within the field of microwave and antenna engineering. This research
was carried out in a collaboration between the university KTH and the company
Saab, specifically aimed at applications in EW and radar. The scope of this thesis
is illustrated in the Venn diagram in Fig. 1.1. Note that the papers are summarized
on pages xiii-xvi, and not in this section. All papers are reprinted in the appendix
“Paper Reprints”, starting on page 71.

Papers I, II and III have already been presented in the licentiate thesis [op1].
These papers will therefore not be described in detail in this thesis, and the reader
is instead referred to [op1]. Paper I presents novel research results for lens antennas,
with scaling rules useful for the design of focal plane arrays. Paper II presents novel
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research results for planar lenses, particularly in relation to silicon-micromachining
fabrication processes. Paper III presents a radio-frequency micro-electromechanical
systems (RF-MEMS) switch for 500− 750 GHz, which was developed in a research
collaboration between KTH and the NASA Jet Propulsion Laboratory.

The common theme connecting Papers IV-VI is the use of installed far-field data
to solve problems related to installed antenna performance. Chapter 2 presents an
introduction to antenna theory, specifically aimed at introducing the mathematical
relationships applied in Papers IV-VI. Chapter 3 presents the mathematical back-
ground knowledge required for Paper IV, which presents a method for estimating
the isolation between antennas installed on the same platform. The need to de-
velop the method in Paper IV is described in Section 1.6. Paper IV is presented
on page 100. Conference Paper iii, which supplements Paper IV, is presented on
page 108. Based on the results presented in Paper IV and Conference Paper iii,
Chapter 3 ends with a discussion on the classification of coupling mechanisms, in
order to describe the transmission between antennas.

Paper V presents a definition of the term installation error applied to DoA
estimation. Paper V also presents a method for determining the DoA estimation
accuracy for installed antennas. This paper is also a useful reference on monopulse
arrays and the four-quadrant array configuration. The necessary background knowl-
edge for Paper V is presented in Chapter 2, and the paper is presented on page 111.
Paper VI presents a method to compensate for the installation effects caused by a
radome for a small array antenna. The necessary background knowledge for Pa-
per VI is presented in Chapter 2, and the paper is presented on page 130. Finally,
the discussion and conclusions are presented in Chapter 4.

Based on the above, it is recommended to first read Chapters 1, 2 and 3, there-
after Papers IV-VI, and finally the discussion and conclusions in Chapter 4.

1.2 The radio-frequency battlespace

Electronic warfare

Electronic warfare (EW) activities are often classified as electronic attack (EA),
electronic surveillance (ES)1 or electronic protection (EP), see e.g. [6]. The first
recorded occurrence of EA against (i.e. jamming of) a radio communication system
dates back to 1901. In fact, this occurred during the first ever use of radio for com-
mercial news broadcasting [7], indicating that EW activities started immediately
following the invention of radio technology. According to [7], “Electronics warfare is
one of the most significant military technological innovations of the modern era.”.
The following subsections briefly introduce EW applied to communications and
radar.

1ES is often unabbreviated as electronic support [6].
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Communications

Most military radio communication systems use the HF, VHF and UHF frequency
bands, with the exception of satellite communication (Satcom) systems, which are
typically found at significantly higher frequencies, such as 7− 7.5 GHz used in [8].
The HF-band has the advantage of over-the-horizon coverage, while requiring large
antennas due to the long wavelength. Typical HF antennas on ships and land-based
vehicles are whip antennas or half-loop antennas, see e.g. [9]. Blade antennas are
very commonly used as VHF and UHF communications antennas on aircraft, both
for civilian and military use. An example of a military radio communication link is
Link 16, which is used by Nato.

Omnidirectional antennas, such as blade or whip antennas, are typically used
for radio communications in order to have coverage simultaneously in all directions.
Meanwhile, it is possible to use high-gain antennas for directive transmission and
reception (at least above the HF band). The use of directive antennas is most
common for Satcom, where reflector or array antennas are typically used. By using
directive antennas instead of omnidirectional antennas, the communication link
will be more challenging for an ES system to detect, since this typically requires
side-lobe detection.

Communications electronic warfare

It is possible to gain some situational awareness by surveillance of hostile communi-
cations signals [10]. This is referred to as communications electronic support mea-
sures (C-ESM) or communications intelligence (COMINT). The exact definitions
of C-ESM and COMINT vary between organizations, but the distinction typically
lies in the time-scales involved. C-ESM typically refers to the surveillance used for
real-time situational awareness. The C-ESM system and its operator are tasked
with detecting and classifying communications signals. Additionally, an important
task for both C-ESM and COMINT is direction-of-arrival (DoA) estimation2, i.e.
estimating the direction to the communications emitter. A COMINT system, on
the other hand, may be used to record signals in order to analyze them during a
longer period of time.

From an RF-engineering point of view, C-ESM and COMINT systems are both
passive sensors, which can have similar front-ends depending on the system require-
ment specifications. Most DoA estimation algorithms require array antennas, such
as linear arrays or uniform circular arrays. In the communications bands, these
arrays are often implemented with blade or dipole antenna elements. Such antenna
arrays can be found on aircraft [11] and naval ships, as well as on land, and they
are often recognizable unless they are covered by a radome. DoA estimation will
be described further below.

2This is also referred to as direction-finding (DF).
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Radar

A radar system is an active sensor which transmits a signal, and receives the echo
reflected off a radar target [12, 13]. Most radar systems are monostatic, i.e. the
transmitter and receiver are co-located. As indicated by the unabbreviated name
“RAdio Detection And Ranging”, an important task for a radar system is to es-
timate the range (distance) to the target. The range information relies in the
time-difference between the transmitted and received signals. In addition to the
military applications described below, radars have numerous scientific and civilian
applications, including radar meteor science [14, 15], landing radar [16, 17], con-
cealed weapons detection [18, 19, 20], and automotive radar for collision warning
and adaptive-cruise control [21, 22].

A very common radar type on civilian and naval ships is the navigation radar.
A navigation radar produces a radar image of nearby land and other ships, and is
typically implemented with a rotating high-gain antenna. Some angular information
can be extracted with a navigation radar by sweeping the narrow antenna beam.
More accurate DoA estimates can be obtained using the DF methods that are
described below. An example of a tactical navigation LPI3 radar is Pilot, which
was developed by Philips Research Laboratory, which is nowdays part of Saab, see
[23]. Navigation radars are typically implemented in the X-band with one or two
slotted waveguide antennas.

Another type of radar is the surveillance radar, which is tasked with detecting
and monitoring ships and aircraft in a given space. Typical surveillance radars
rotate using a motor and use the L or S bands. Airborne radars have a greater dis-
tance to the radar horizon compared to surface radars, thus resulting in a greater
coverage compared to their ground-based counterparts. The airborne surveillance
radar is therefore an integral sensor used for airborne early warning and control
(AEW&C). An example of an airborne surveillance radar is the Saab Erieye radar
[24], which is electronically scanned instead of using a motor to rotate the antenna.
The integrated mast is a recent trend for naval ships. An example of an integrated
mast is the Thales I-MAST integrated on HNLMS Holland [25]. An integrated mast
has a rectangular footprint, with one set of sensors in each of the four sectors. The
integrated mast therefore avoids the use of mechanically moving parts while ob-
taining simultaneous coverage in all four sectors. Integration of surveillance radars
in such masts requires four radar apertures which are all electronically scanned.

A fire-control radar is used in a fire-control system (FCS), to assist a weapon
system in targeting. The fire-control radar provides the FCS with range, velocity
and angle data, often with very high requirements on accuracy. An example of
a naval fire-control radar is the Saab Ceros 200. Another type of radar is the
radar target seeker found in the nose of a radar-guided missile. An example of
a radar-guided missile is the Saab RBS15 [23]. Both fire-control radars and radar
target seekers require accurate DoA estimation. A commonly used method for DoA
estimation in radar is the monopulse technique [26], and a radar system employing

3See definition of LPI radar below on page 8.
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the monopuse technique is referred to as a monopulse radar. Both fire-control
radars and radar target seekers traditionally use the X-band or the Ku-band. The
nose radar in a fighter aircraft is also typically using the X-band.

Radar electronic warfare

In this section, we briefly summarize the vast topic of radar EW. For a more detailed
presentation, see e.g. [27, 28, 29, 10]. We will first consider electronic surveillance
(ES), followed by electronic countermeasures (ECM). In this thesis, we mainly use
the term ECM, without going into detail on the distinction between EA and EP.

Similarly to surveillance of communications signals, the surveillance of radar
signals can be divided into electronic support measures (ESM) and electronic in-
telligence (ELINT). ELINT activities include creating and maintaining libraries of
radar signal parameters, which can be used for classification of measured radar sig-
nals, see e.g. [6]. An example of an ELINT sensor is the Saab EPS-500 described
in [30]. These libraries are thereafter used in ESM systems and radar warning re-
ceivers (RWRs) to classify the measured radar signals. For an RWR, which among
other things is tasked with warning the operator in the case of incoming radar-
guided missiles, it is important to quickly classify the threat in order to start an
appropriate countermeasure as soon as possible. Based on the above, the design
priorities for an RWR is high probability of intercept (POI) and fast reaction time.
Meanwhile, the design priority for an ESM system is typically DF accuracy, while
the design priority for ELINT is typically high sensitivity.

Radar EW systems need to be wideband, and preferably dual-polarized. It
is common to cover the full frequency range from 2 − 18 GHz with a single EW
system, see e.g. [6]. This is to ensure high POI, independently of which frequency
and polarization the radar might be using. For a fighter aircraft, this capability
should also be independent of the orientation of the carrying platform. There are
multiple DoA estimation techniques that can be used for ESM, ELINT and RWR
systems, including e.g. the monopulse method described above.

Electronic countermeasures (ECM) are countermeasures against a radar system.
Self-protection jamming (SPJ) is targeting incoming radar-guided missiles, or fire-
control radars. As an example, cross-eye jamming is an ECM technique which is
targeting monopulse radars [31]. Escort jamming is used to protect other platforms
[10]. Another method to deceive a radar system is to use chaff [10], which is a
system for dispensing metal strips. A cloud of metal strips has a large RCS, and
there is therefore a chance that a tracking radar, used for surveillance, fire-control
or radar missile guidance, will track this decoy instead of the intended target.

There are multiple jamming techniques. In noise jamming, the jammer trans-
mits ideally white Gaussian noise [10]. A repeater jammer uses a digital radio-
frequency memory (DRFM) to temporarily store a received radar signal [10]. This
stored radar signal can be modulated and transmitted back to the radar to simu-
late a radar echo, thus deceiving the radar to detect one or more false targets. It
is sometimes argued that ECM is a “peaceful” approach to suppress hostile radar
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capabilities, by comparing to other methods, such as using anti-radiation missiles
which are designed to home on hostile radars.

The first line of defense against a radar system is to avoid detection [32, 33, 34].
One method to avoid detection is by stealth, i.e. to design the platform for a small
radar cross-section (RCS). The platform can be designed for a low RCS by using
flat surfaces to reflect incident radiation in a specified direction instead of scattering
back to the radar. This means that a stealth platform is optimized for operating
and navigating with the radar threats in specified directions in relation to the plat-
form. Sub-surfaces that do not satisfy the geometrical constraints described above,
can be covered by radar-absorbing materials. The antennas installed onboard also
need to satisfy RCS requirements, which affect both the antenna design and the
antenna installation. While stealth aircraft have had some success against tradi-
tional X-band and Ku-band radars, they are not designed to avoid detection by
radars at lower frequencies such as VHF, where the wavelength is large compared
to the structures on the platform. Special ECM capabilities are therefore being de-
veloped to target VHF radars, see e.g. [35]. Furthermore, while stealthy ships are
designed to avoid detection by naval radars, they are typically visible from space,
e.g. by using space-borne synthetic aperture radar (SAR). There are ECM methods
developed to target SAR, see e.g. [36].

A key performance parameter for a jammer system is the effective isotropically
radiated power (EIRP). The EIRP is defined in [4] as “the gain of a transmitting
antenna multiplied by the net power accepted by the antenna from the connected
transmitter”, and it is therefore often also referred to as the PG-product. Equiv-
alently, the EIRP can be calculated as the product of the total radiated power
and the antenna directivity. Physically, the EIRP can be interpreted as the power
that a hypothetical isotropic antenna located at the same position would need to
transmit in order to have the same effect as the considered transmitter. The EIRP
product appears in the radar range equation, which relates the received to the
transmitted power [12, 10], as well as in the Friis transmission equation (see e.g.
[5] or Paper IV). The EW radar jamming equation [10] shows the benefit of a high
jammer EIRP. As an example, by increasing the jammer’s EIRP, it is possible to
increase the maximum platform RCS that can be protected by that jammer. In
summary, parallel optimization to minimize the RCS, while maximizing the EIRP
of the jammer system, is required to maximize the chances for mission success and
platform survivability.

Radar systems can have countermeasures against ECM, which are referred to as
electronic counter-counter measures (ECCM). Since radar antennas typically have a
high gain and a narrow main lobe, in addition to low side-lobes, it can be challenging
to jam a radar in the side-lobes, as compared to jamming the radar in the main
lobe. An example of an ECCM technique is a guard function, or side-lobe blanker,
to distinguish signals received in the main lobe from signals received in the side-
lobes, see [37, 10] and page 41. Since radar systems may be detected, intercepted
and located by ES operations, there are low probability-of-intercept (LPI) radars,
defined by using “a special emitted waveform intended to prevent a noncooperative
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intercept receiver from intercepting and detecting its emission” [23].
For continued reading, there are multiple published papers on the topic of false

target jamming techniques, see e.g. [38, 39]. The Saab Electronic Attack Jammer
Pod is described in [35] and the EW system on the modern fighter aircraft Gripen
E is described in [40, 41].

1.3 Phased-array antenna technology

Sub-array configurations and electronic beam-steering

A generic phased-array antenna (Fig. 1.2) consists of N antenna elements, which
may be of different type, size and orientation. In a sub-array configuration (see
Fig. 1.5 below), each “antenna element” is a sub-array consisting of Pn antenna

elements, whereby the total number of antenna elements is M =
∑N
n=1 Pn.

In both passive electronically scanned arrays (PESAs) and active electronically
scanned array (AESAs), illustrated in Fig. 1.3, each antenna element is assigned the
phase-coefficient Φm(ω), where the angular frequency ω indicates that the phase-
coefficient is frequency-dependent. For a PESA or AESA in the receive (Rx) mode,
the M signals in the M antenna ports are summed to a sum channel Σ by the
use of an analog power-combining network. In the transmit (Tx) mode, the signal
transmitted in the Σ channel will be transmitted by all the antenna elements. By
controlling the phase of each antenna element, it is possible to control the beam
scanning (or pointing) direction for both Tx and Rx, similarly to beam-steering
with a lens or reflector, and it is also possible to control the beam shape. Based

x

y

z

f1, r1
f2, r2

fN, rN

Figure 1.2: Illustration of a generic array antenna, with N antenna elements located
at coordinates ~rn with far-field radiation patterns ~fn where n = 1, 2, . . . , N. The
antenna elements may be of different type, size and orientation, as illustrated by
the two distinct antenna element symbols.
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be one or two ∆ channels in a monopulse array. Remark 2: The transmit/receive
module (TRM) is illustrated in Fig. 1.4.
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in the receive (Rx) mode. The variable gain αm(ω) and the variable phase Φm(ω)
of TRM nr m are functions of the angular frequency ω = 2πf .
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on the above, both PESAs and AESAs are capable of electronic beam-steering,
which is significantly faster than mechanical beam-steering enabled by a motor.
Remark: Electronic beam-steering with lens antennas is described in Paper I and
the licentiate thesis [op1].

Monopulse arrays

The four-quadrant monopulse array (see Fig. 1.6(a)), which will be considered in
more detail in Paper V, is a commonly used sub-array configuration with N = 4.
Traditional monopulse systems use an analog monopulse comparator, such that
only three signals (sum Σ, azimuth difference ∆a and elevation difference ∆e) need
to be sampled in order to estimate the DoA [26]. The sub-array sums formed
directly behind a sub-array are referred to as Σ1, Σ2, Σ3, and Σ4, such that Σ =
Σ1 + Σ2 + Σ3 + Σ4. In a four-quadrant array with the sub-array numbering in
Fig. 1.6(a), we have ∆a = (Σ1+Σ3)−(Σ2+Σ4) and ∆e = (Σ1+Σ2)−(Σ3+Σ4). The
DoA estimation algorithm used to determine the DoA using these three sampled
signals is described in e.g. [42]. The accuracy of this DoA estimation algorithm
with respect to antenna installation and placement is described in Paper V.

In an analog monopulse comparator, the signals Σ, ∆a and ∆e are formed by
using four 180◦-hybrids, see Chapter 5 in [27]. Fig. 1.3 illustrates a simple analog
monopulse comparator, which has a sum Σ channel and a single difference channel
∆. With only one difference signal, the DoA estimation can not be carried out
simultaneously in both elevation and azimuth.

Based on the above, a monopulse array with an analog monopulse comparator
has two or three digital channels. If a guard function is also required for side-lobe
blanking (described on page 8), an additional sub-array and digital channel can
be included, resulting in a total of four digital channels. Note that the plus and
minus symbols used above are not strict mathematical relations for these signals,
since they do not account for the losses in the analog power-combining network or
the 180◦-hybrids. As an alternative to using an analog monopulse comparator, the
four sub-array sums Σ1, Σ2, Σ3, and Σ4 can be sampled directly, as illustrated in
Fig. 1.5. The sum and difference signals can thereafter be determined in the digital
domain, i.e. the sum and difference signals are determined without the losses of an
analog monopulse comparator.

Definition of PESA, AESA and fully digital AESA

Depending on the system architecture, the phased-array antenna may be classified
as a PESA, an AESA, or as a fully digital AESA. In order to understand some of
the the key differences between these definitions, we will consider how they scale
with respect to EIRP. Firstly, consider the well-known relation between the antenna
gain and the aperture area A [43]:

G = 4π
eaA

λ2
, (1.1)
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Figure 1.5: (top) AESA in sub-array configuration and (bottom) fully digital AESA.
In general, each sub-array includes Pn antenna elements, with Pn = 2 used in this
illustration. Remark: In a four-quadrant array, Pn = M/N , with N = 4.

where ea is the aperture efficiency and λ is the wavelength. Remark: Eqn. (1.1)
also relates the absorption cross-section in the receiving situation A to the gain in
the transmitting situation G, which is referred to as the power-reciprocity theorem
[44]. Eqn. (1.1) holds for any antenna, and not just for array antennas.

For an array antenna, the area may be expressed as

A = MAel, (1.2)

where Ael is the area of a single antenna element, that is, the antenna gain in (1.1)
is proportional to M . One of the main limitations of a PESA is that a central
high-power transmitter is used for the Σ channel. Increasing the PESA size will
increase the antenna gain, but the power will be limited by the central high-power
transmitter and the losses in the analog feed network and the phase-control units.
In conclusion, the EIRP for a PESA is at best proportional to M [43]. When
considering the efficiency ea which takes into account the losses in the antenna feed
network, one also needs to take into account that increasing the size of the array
also increases the losses in the antenna feed network.
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In an AESA, each antenna element is connected to a transmit/receive module
(TRM), as illustrated in Fig. 1.3. A simplified illustration of a TRM is presented in
Fig. 1.4. The TRM includes a high-power amplifier (HPA) for Tx and a low-noise
amplifier (LNA) for Rx. The switches in the TRM are used to set the TRM in the Tx
or Rx mode. The variable phase-control unit has a nominal phase-coefficient Φm(ω).
The phase-control unit is typically a phase-shifter or true-time-delay (TTD), as will
be described further in Chapter 2. In practice, a TRM typically also contains a
Tx filter, an Rx filter and an Rx limiter. The term active in AESA is due to the
TRM amplifying the signal, as described by the amplitude coefficient αm(ω). The
variable gain can be achieved using a variable-gain amplifier (VGA). Note that a
PESA can include passive amplitude control for amplitude tapering i.e. by using
attenuators. AESA design is a challenging task, especially at high frequencies, since
the TRMs need to be small enough to fit behind the antenna elements in the array.
An analog feed network is used to connect each antenna element and TRM to the
Σ channel, similarly to a PESA.

By increasing the size of an AESA, we increase both the number of antenna
elements and the number of HPAs, and we therefore increase the total radiated
power in addition to increasing the antenna directivity. Therefore, the EIRP of
an AESA is proportional to M2 [43]. For a more detailed presentation of AESA
EIRP, see (2.42). Furthermore, since the transmitted output power from the TRMs
occurs after the antenna feed network, the losses in the antenna feed network are
not relevant for the maximum EIRP that can be achieved. Therefore, an advantage
of AESA technology is that a very high EIRP can be achieved. Another advantage
of AESA technology is that a centralized high-power transmitter (e.g. a traveling-
wave tube, TWT, or a magnetron) is not needed, and a larger number of HPAs
are used instead. The large number of HPAs allow for graceful degradation, since a
small number of TRMs may be damaged without significantly reducing the system
performance.

Note that both the PESA and AESA technologies in Fig. 1.3 rely on an ana-
log feed network between the antenna elements and the receiver or transmitter,
which include analog-to-digital converter(s) (ADC) or digital-to-analog converter(s)
(DAC). As illustrated in Fig. 1.5, an array antenna may have a total of M antenna
elements organized in N sub-arrays. The notation from Fig. 1.2 is still used by
interpreting one sub-array as an antenna element in an array of sub-arrays. A fully
digital array is defined by M = N . If a fully digital array is constructed with
an active front-end, i.e. with TRMs including amplifiers, then we use the term
fully digital AESA. This means that a fully digital array has a very large number
of digital channels, as compared to an AESA or a PESA. Remark: Note that a
monopulse array with an analog monopulse comparator typically requires only three
digital channels (or four, if a guard channel is also included in addition to Σ, ∆a

and ∆e), while there may be over 1000 of antenna elements M . Replacing such an
AESA by a fully digital AESA would therefore require a significant increase in the
number of digital channels.

There are many advantages of fully digital AESAs, and there is therefore a
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significant amount of R&D aimed towards the development of such arrays. One
advantage is that the TRMs in fully digital AESAs do not need phase-control
units, since the phase-coefficients for electronic beam-steering can be applied in
the digital domain. While the idea of digital array antennas and digital radar has
been around for some time, see e.g. [45], it is only recently that ADCs and DACs
are becoming small, power-efficient, and cheap enough to fit behind each antenna
element in a fully populated planar array at high frequencies, and that sufficiently
large computational resources are becoming available to handle the amounts of data
generated by a fully digital array. Fully digital array antennas are most common
for receiving arrays, e.g. in the receiving array for a radar divided into separate Tx
and Rx apertures. By transmitting a low-gain wide beam, it is possible to form
multiple simultaneous lobes using the fully digital receiver array, see [46].

The configuration illustrated in Fig. 1.3 with N = 1 and M > 1 is sometimes
referred to as an “analog AESA” in spite of an ADC and a DAC being used in the
system. In this situation, the term “analog” refers to the antenna feed network, and
the system may still include some digital signal processing. The top configuration
in Fig. 1.5 is sometimes referred to as a “‘hybrid AESA”, i.e. as a hybrid between
an “analog” and a “fully digital” AESA.

Array antenna configurations

The term planar array is used if all antenna elements are located in one plane, e.g.
with ẑ ·~rn = z0 in Fig. 1.2, and the term linear array is used if all antenna elements
are placed along a single line. Planar array antennas are typically implemented
with a rectangular or triangular grid [47]. There are also a vast number of sparse
array designs [20, 48], which have a small number of antenna elements for a spec-
ified aperture area, as compared to fully populated arrays, which typically have an
inter-element spacing less than or equal to λ/2. Special care is needed in the design
of sparse arrays, in order to prevent the occurrence of grating lobes (a very brief
introduction to grating lobes is presented in Chapter 2). There are multiple advan-
tages in reducing the number of antenna elements for a specified area, particularly
to reduce the cost and to allow more space for the TRMs, while still maintaining
a small beamwidth. One classical sparse array design is the Mills cross, which is
formed by a cross of two perpendicular linear arrays, and such arrays have been
used at least since the 1950s in the field of radio astronomy [49].

Array antenna elements

A significant amount of R&D for both radar and EW has focused on the develop-
ment of array antenna elements with high performance. A very popular antenna
element for single-polarized wideband phased-array antennas is the tapered-slot, or
Vivaldi, element [47, 50, 51]. As noted above, the EW requirements are in general
more strict than the radar requirements, since the EW array needs to cover multiple
radar bands while being dual-polarized. A summary of the research on wideband
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Figure 1.6: (a) Illustration of a four-quadrant monopulse array of dimensions w×h,
with sub-array numbering. (b) BoR array antenna with extended hemispherical
radome, divided into corresponding sub-arrays. Half of the radome is hidden to
show the array beneath. This figure from Paper VI is reprinted with permission
from IEEE.

dual-polarized array antennas leading up to the body-of-revolution (BoR) element,
which is patented by Saab [52, 53], is presented in [54]. An example of a BoR array
is presented in Fig. 1.6(b). More recently, a surface-mounted notch element was
presented in [55]. A surface-mounted dual-polarized Vivaldi array antenna for the
Ka-band was presented in [56].

While tapered-slot, Vivaldi, notch and BoR elements typically satisfy an inter-
element spacing less than λ/2, there are some types of antenna elements that may
be used in sparse arrays with greater inter-element spacing. One example of larger
antenna elements, which are both dual-polarized and wideband, are sinuous anten-
nas [57, 58].

Integrated array antennas (IAAs) is a concept based on integrating some of the
TRM functionalities into the antenna element. This could potentially be useful for
reducing the size of the array system. As an example, the integration of a PA inside
the antenna element is investigated in [59]. The joint effects of PA nonlinearity and
mutual coupling are analyzed in [60].

1.4 Installed antenna performance

Installed radiation pattern

The radiation pattern for an antenna in free-space, or in the antenna measure-
ment range, is not identical to the radiation pattern for the same antenna when
installed on a platform. The latter radiation pattern is referred to as the installed
radiation pattern. This discrepancy is due to the following three effects. Firstly, re-
flections in metal structures on the platform cause multipath effects. These effects
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can be observed as a rapidly oscillating “ripple” in the antenna far-field patterns.
Secondary installation effects include diffraction from metal edges and creeping
waves on curved metal surfaces, see e.g. [61, 62]. Thirdly, most installations also
include a radome, i.e. a shell consisting of dielectric materials, which cover the
antenna to protect it from the environment [63, 64, 65]. The radome design is typi-
cally a trade-off between structural, thermodynamic, aerodynamic and electromag-
netic considerations [66]. Radomes may also include frequency-selective surfaces or
polarization-twisting reflectors [67]. A basic example of a polarization filter is the
wire-grid polarized described in [op1] and [68]. Remark: The wire-grid polarizer is
also the basis for the RF-MEMS waveguide switch presented in Paper III.

The task for engineers and researchers working on installed antenna performance
is to take the effects described above into account, to find an acceptable antenna
placement and installation, in order to satisfy the system performance requirements.
The design priorities for a fighter aircraft have historically focused on optimizing
the aerodynamic flight performance. More recently, the role of EW has become
increasingly important. A modern fighter aircraft may therefore be designed for
optimal antenna placement to ensure high EW capability, with some compromises
on the flight performance [40]. The placement of DF antennas on an aircraft is
described in [69].

Computational electromagnetics (CEM) methods which do not include approxi-
mations, other than the approximations inherent in numerical analysis, are referred
to as full-wave methods. Some examples of full-wave methods are the method
of moments (MoM), multilevel fast multipole method (MLFMM), finite-difference
time-domain (FDTD) method and the finite integration technique (FIT). For full-
wave methods, the computational time and memory requirements increase with
increasing frequency and platform size [70, 71, 72].

The CEM analysis of installed radiation patterns has always been considered to
be a very challenging task. These challenges are mainly due to the electrical size
of the platforms, which make the numerical problems extremely large. Due to the
increase in computer power during the last decade, it is now possible to determine
installed radiation patterns for a fighter aircraft from full-wave methods, at least
up to a few GHz. This trend also enables large array antennas to be modeled in a
full-wave manner, whereby the effects of mutual coupling and “edge effects” can be
analyzed in detail. The trend of increasing computer power is expected to continue,
which opens the possibility to determine installed radiation patterns accurately for
increasingly large problems. Remark: Another class of challenging CEM problems
is found when multiple length scales are involved. One such example is presented
in Paper III, where the 200 nm gap of non-ideal contacts need to be appropriately
meshed inside a waveguide, which can vary between 400 µm and 2.5 mm in width.

It is also a very challenging task to measure the installed radiation pattern.
Research on measurements of installed antennas is presented in [73, 74, 75]. In
general, a naval ship or aircraft does not fit inside an antenna measurement range.
It is therefore more common to test the system performance on a higher level, that
is testing the installed system for specified scenarios, rather than attempting to
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measure the installed radiation pattern directly. Furthermore, measurements can
only be carried out after the system is fully installed, at which point it is very
difficult to change the antenna placement. A significant advantage of computing
the installed antenna performance is that the installed system performance can
be estimated already during the pre-design and concept phase, which is when the
decisions on antenna placement are usually taken, see Section 1.5.

To illustrate the effects of antenna installation, we consider the following exam-
ple from Paper VI. Fig. 1.7 presents a comparison of the embedded element patterns
(EEPs) of a central element and an edge-element in the array in Fig. 1.6, with and
without the radome included in the simulation. Note that the array consists of an
even number of rows and columns, whereby no element is perfectly centered in the
array. Because of this, even the“central element”as shown in Fig. 1.7, has a slightly
asymmetrical element pattern. The central element has an amplitude pattern with
very little ripple. When introducing the radome, there is a significant increase in
the amplitude ripple. The edge-element pattern has some amplitude ripple even
without the radome due to edge-effects, that is, the effects of mutual coupling in a
finite array. When installing the radome, there is additional ripple due to the com-
bination of radome-effects and edge-effects. The difference between the EEPs with
and without the radome is usually most significant for the edge-elements for most
radome types, since this results in grazing incidence on the radome. The lower part
of the figure depicts the phase of the EEPs. Note the significant phase shift caused
by the radome, which varies with angle. Once the array with radome is installed
on a platform, the performance may be degraded further, due to reflections in the
platform.

The analysis of installed antenna performance can be carried out in three steps,
see Fig. 1.8. Firstly, the antenna is analyzed in free-space, to determine the system
performance for the considered antenna. For an array antenna, this analysis in-
cludes the mutual coupling effects. Thereafter, the degradation in performance due
to installation behind a radome is analyzed. Lastly, the installation of the antenna
and radome on the platform is analyzed.

High-frequency approximations in CEM

In this section, we consider the CEM challenges for installed antenna performance
at high frequencies. This should not be confused with the frequency band labeled
“high frequency”(HF), since this band today covers the smallest frequencies relevant
to most military platforms, see Table 1 on page xvii. In the HF-band, the platforms
are typically sufficiently electrically small to carry out full-wave analysis. In [76], the
installed antenna performance for HF antennas was analyzed using characteristic
mode theory.

High-frequency approximations in CEM have been developed for installed an-
tenna performance, for cases where it is too challenging to do a full-wave analysis.
Modeling, for example, a 100 m long naval ship at 40 GHz, is almost impossible to-
day using full-wave analysis due to the electrical size of the platform, in spite of the
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Figure 1.7: Comparison of embedded element patterns with and without radome,
in the vertical plane at 20 GHz. Results are presented for a central element (black)
and an edge element (blue). This figure from Paper VI is reprinted with permission
from IEEE.

recent advancements in computer power. Most high-frequency methods are based
on previously existing methods used for the computation of RCS, and analysis of
electrically large antennas or optical systems. In this subsection, we present a very
brief overview of the geometrical optics (GO), physical optics (PO) and shooting
and bouncing rays (SBR) methods, and diffraction models such as the physical
theory of diffraction (PTD).

The GO approximation is used to trace rays which propagate along straight
lines until they are refracted or reflected in a surface between two materials [77].
While the GO approximation is a significant simplification which neglects diffraction
[68], it is a very efficient and useful tool for electrically large problems. As an
example, ray-tracing can be used to determine the direction of the main beam
for electronically scanned lens antennas, as demonstrated in Paper I. Furthermore,
GO can be used to determine the line-of-sight (LoS) coverage for an antenna for a
specific installation location on a platform.

In the PO approximation, the surface current ~Js on a perfect electrically con-
ducting (PEC) surface with unit normal n̂ is estimated from the incident magnetic

field ~Hi [78]:
~Js ≈ 2n̂× ~Hi. (1.3)

This approximate current is used as input to the far-field radiation integral [78],
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Case (a) Case (b)

Case (c)

Figure 1.8: Illustration of the investigated cases in Paper V: (a) BoR array in free
space and (b) BoR array installed behind radome. Half of the radome is hidden
to show the array beneath. (c) BoR array with radome installed in the tail of the
aircraft Viggen. The equivalent currents on the Huygens box are shown at 20 GHz.
This figure from Paper V is reprinted with permission.

thereby including diffraction. The accuracy to which the scattering problem can
be solved therefore depends on how accurately these surface currents can be de-
termined. In the PO approximation (1.3), the incident field is approximated as a
locally plane wave. This approximation is valid when the radius of curvature of
the scatterer is large. The PO approximation is therefore not valid on sharp edges,
where the electromagnetic fields show a singular behavior. Special methods, such
as PTD, are used to determine the diffraction from sharp edges.

The SBR method [79] is a popular extension of PO to multi-bounce geometries
by using GO ray-tracing. The mathematical background needed to implement
the SBR method for installed antenna performance simulations is found in [t1].
Furthermore, [t1] investigates the accuracy of the approximation (1.3), depending

on if near-field effects are taken into account or not when computing ~Hi. Recent
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development of the SBR method for installed antenna performance have included
extensions for creeping waves, in addition to diffraction models such as the uniform
theory of diffraction [61, 62]. The SBR method has also been extended for scattering
problems in half-space [80], which is relevant for naval installations.

In the SBR method applied to installed antenna performance, the antenna is
typically represented by equivalent currents on a surface. In practice, the surface
of a rectangular slab is typically used, which is referred to as a Huygens box. The
equivalent currents are obtained by solving the electromagnetic problem inside the
box using e.g. the FDTD method. Thus, the full-wave analysis is only carried
out for the internal problem inside the Huygens box. This is a form of domain
decomposition, where one CEM method is used inside the Huygens box, and another
method is used outside the Huygens box. An investigation of the accuracy due to
Huygens box representation is presented in [81].

The direct application of the PO methods described above result in a surface
current that discontinuously drops to zero at the edges to shadow regions, that are
not within line-of-sight of the source antenna. Since currents are expected to be
continuous, this is an error introduced in the PO approximation, which translate
to errors in the scattered field. To improve this approximation, creeping waves can
be taken into account. Creeping waves are electromagnetic waves which propagate
along curved metallic surfaces, with polarization normal to the surface [61, 82].
Creeping waves do not fall into the definition of surface waves, since surface waves
by definition decrease exponentially with the distance along the normal direction
[83], which creeping waves do not. Even though creeping waves do not fall into
the category of surface waves, they do follow the curved metallic surface. Once the
creeping waves reach edges in the surface, they are scattered, which results in a
far-field radiation contribution. This can be observed as a ripple in the installed
far-field, and this effect can be readily studied using full-wave simulations. Creeping
waves also degrade the isolation between antennas. Due to these unwanted effects,
it is preferable to design antennas to minimize the excitation of creeping waves,
by considering factors such as antenna design, antenna placement and the use of
absorbing materials or “soft surfaces”, which block propagation of these waves, see
e.g. [84, 85].

1.5 Systems engineering and antenna installation

The need for defense capabilities in the RF spectrum described above is the basis
for a number of systems, of which some examples have been mentioned. The devel-
opment of such systems include a large number of detailed design topics, such as RF
electronics, antennas, signals processing, software and mechanical engineering (con-
sider again the Venn diagram in Fig. 1.1). The “glue” which hold these technically
complex engineering disciplines together is referred to as systems engineering. The
International Council on Systems Engineering (INCOSE) use the following defini-
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tion4: “Systems engineering is a transdisciplinary and integrative approach to enable
the successful realization, use, and retirement of engineered systems, using systems
principles and concepts, and scientific, technological, and management methods.”
In addition to the technical development processes described in the handbook [86],
technical leadership is also an integral part of SE, see e.g. [87, 86].

In Section 1.2, the system-of-interest (SOI) was firstly a military aircraft or naval
ship. Thereafter, we considered communications, radar and EW systems. These
RF systems are sub-systems to the platform system. In turn, the AESA system
considered in Section 1.3 is a sub-system to an RF system. In this thesis, the
RF system performance is a set of properties of an RF system, while the installed
system performance is a set of properties of a platform system, which includes one
or more RF systems installed onboard. The platform system is the SOI throughout
this thesis, although the RF sub-systems need to be modeled in order to determine
the installed system performance. Based on the above, it should also be apparent
that a naval ship or an aircraft is a “system of systems”, see e.g. [88, 86, 89].

The platform pre-design and concept phase

Every man-made system has a life-cycle, which is spanning from its pre-design and
concept phase, through design and development, manufacturing, testing and veri-
fication, utilization, and to its ultimate retirement [86]. The decisions on antenna
placement and installation are typically made during the pre-design and concept
phase for a platform system. During the pre-design and concept phase, the prelim-
inary system requirement specification will be filled with TBDs and SWAGs, which
are abbreviations for To Be Determined, and Scientific Wild-Ass Guess, respec-
tively. To replace the TBDs and SWAGs with reliable figures, there is a need to
estimate and optimize the installed system performance. This could be done using
simulations, or by using scale models [90, 88].

The effects of the decisions made during the pre-design and concept phase typi-
cally become apparent during the testing and verification phase. When testing the
system, there is a risk that the system performance is not sufficient with respect to
the system requirement specification, and managing this risk is within the scope of
risk management. However, if problems appear during the testing and verification
process, it is often very difficult, costly and time-consuming, if not impossible, to
change the antenna placement.

The RF system performance and the installed system performance are often
specified in two separate requirements specifications. One reason for this can be
understood by considering an example where the organization which produce RF
systems (e.g. a radar) is not the same organization which is responsible for pro-
ducing the platform (e.g. an aircraft) and installing the systems onboard. In some
cases, the RF system performance can be tested in the antenna measurement range.

4This quote is from https://www.incose.org/systems-engineering, 2019. See [86] for more
information.
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Later, when the (already tested) RF system is installed on the platform, the in-
stalled system performance can be tested. If the platform is too large for the antenna
measurement range, the installed antenna performance can be tested indirectly us-
ing methods such as flight tests or sea acceptance tests. This systems engineering
perspective on installed antenna performance is described for the application of DF
systems in Paper V.

1.6 Electromagnetic compatibility and antenna installation

Isolation between installed antennas

We have already noted that a platform, such as a military aircraft or naval ship, is
a system of systems that may contain a very large number of RF systems. When
one RF system (referred to as the victim) receives an RF signal that was trans-
mitted by another RF system (referred to as the source) on the same platform,
there may be temporary loss of function in the victim system due to electromag-
netic interference (EMI). Unintentional EMI can occur even if the systems operate
at different frequencies, since all transmitting systems have some level of spurious
radiation due to harmonics or intermodulation products. The engineering topic of
preventing EMI between systems or sub-systems is referred to as electromagnetic
compatibility (EMC). A similar definition of EMC is found in [86]: “EMC is the
engineering discipline concerned with the behavior of a system in an electromag-
netic environment”. In addition to unintentional EMI occurring due to the limited
isolation between the antennas, EMC engineering also includes other topics not
covered in this thesis, such as the conducted emission between RF-cables [90] and
low-frequency analysis of power-providing units, etc.

One cause of EMI is insufficient isolation between the victim system’s antenna
and the source system’s antenna. The risk for EMI can therefore be determined
for a specific antenna placement from the isolation between the antennas. If a
poor antenna isolation is found during the testing and verification process, costly
and time-consuming redesign may be required. In a military context, there may
be serious consequences resulting from unwanted EMI, see e.g. [91]5, since loss of
function for a critical sensor, such as a self-protection system, can result in a loss
of life. As stated in [88]: “The consequence of not addressing EMI issues in time
can be potentially catastrophic as evidenced by HMS Sheffield in May 1982 ”. See
[92] for information on the sinking of HMS Sheffield.

A variety of issues can occur due to insufficient isolation between antennas. In
the extreme cases, the power leaking from the source to the victim can exceed the
victim system’s power handling capability, thus damaging the victim system. If
the leaked power exceeds the victim system’s compression point, then the victim

5Available online:
https://web.archive.org/web/20101217003534/http://foi.se/FOI/templates/Page____624.aspx



22 CHAPTER 1. INTRODUCTION

system will be saturated. In a receiver, the leaked signal mixes with the desired
signal, thus causing intermodulation distortion [88, 93].

An example of a system which requires high isolation between the Tx and Rx
antennas is a repeater jammer. The signal path in a repeater jammer consists of
the Rx antenna, LNA, DRFM, HPA, and Tx antenna [27], i.e. a received signal is
amplified by a loop gain, and thereafter re-transmitted back to the threat, possibly
with some modulation or doppler shift. If the loop gain is greater than the isolation
between the Rx and Tx antennas, then the system will be unstable, i.e. any noise
in the signal path will be amplified, transmitted, received, amplified again, trans-
mitted, etc, thus causing unstable oscillations in the system. The isolation can be
increased by increasing the separation distance between the antennas. The isolation
can also be increased by taking part of the transmitted signal, and adding it out
of phase in the Rx channel. In conclusion, the Tx and Rx antennas for a repeater
jammer need to be installed so that the isolation is greater than some specified
value, which depends on the loop gain. Typical loop gain values range from 40 dB
to 60 dB, see Chapter 9 in [27].

The authors of [88] also emphasized the need to estimate the EMI during the
platform concept phase. A comparison of simulations and measurements for anten-
nas on a scale-model of a Royal Navy Type 22 Batch II Frigate is presented in [88].
The maximum scaled frequency in [88] is 2 GHz, which with a scaling factor of 50
corresponds to an actual (un-scaled) frequency of 40 MHz. Similarly to the aircraft
example presented in Paper IV, the time-domain solver in CST Microwave Studio
was used in [88] to compute the isolation between antennas. A typical deviation
between simulation and measurement of 5 dB was found in [88]. Measurement re-
sults for communication antennas installed on a cylinder are presented in [90]. A
comparison between measurement and simulation is also presented in [94].

Based on the above, there is a demand for CEM methods to determine the
isolation between antennas as a function of the antenna placement. In order to
reduce the risk for EMI, such simulations should preferably be carried out at during
the pre-design and concept phase, as input for decisions on the installation and
placement of the systems on board.

Commercial software

Some commercial CEM software packages include the capability to compute the
isolation between installed antennas. A review of the commercially available CEM
software packages for EMC analysis is presented in [8], and very briefly summarized
here:

• CST Microwave Studio - including FIT, MoM, SBR and more.

• HFSS - including the finite element method (FEM), SBR6, and more.

6The SBR solver in HFSS was previously called Savant.
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• FEKO - including MoM, PO, and more.

• Ship Electromagnetic Design Framework (Ship EDF) - including MoM, PO,
and more, according to [8].

• Spectre, see e.g. [8].

Similarly to the computation of installed far-fields described in Section 1.4,
the application of high-frequency approximations, such as PO or SBR, enables
fast computation, while introducing some errors inherent in the approximation. It
seems that at least some of these software packages use the PO or SBR method to
determine the fields which propagate from one antenna to the other, while using
the reaction theorem to determine the isolation from the computed fields on a
Huygens box. The accuracy of the antenna-to-antenna isolation then depends on
the accuracy to which the fields on the Huygens box are determined. Additionally,
the Huygens box representation of antennas on platforms is approximate, see e.g.
[81]. A further literature review of CEM methods for determining isolation between
antennas is presented in Chapter 3.





Chapter 2

Antenna Theory

“Antenna engineering may appear as a narrow
field, however it is possible to spend all the years
of your career developing antennas, and still con-
tinue to encounter new ideas and learn new meth-
ods.”

Ola Forslund, senior antenna engineer.

The purpose of this chapter is to introduce the antenna theory and mathemati-
cal relations which are used in Papers IV-VI. For a more general introduction to
antenna theory, see the textbook [5], and the IEEE Standard for Definitions of
Terms for Antennas [4]. All theory presented in this chapter is valid for generic
array antennas (Fig. 2.1), i.e. any array antenna can be modeled if the embedded
element patterns (EEPs) and antenna element coordinates are known. The theory
for array antennas is applicable to individual antennas by setting the number of
antenna elements equal to one.

This chapter starts with the basics of electromagnetic radiation in Section 2.1,
and gradually proceeds up to the results used in the papers of this thesis. Section 2.7
presents the background knowledge relevant for Paper VI, while Sections 2.8 and 2.9
present the background knowledge relevant for Paper V. Based on these results, the
introduction to Paper IV continues in Chapter 3.

Notation

The vector arrow symbol~ is used for vectors consisting of three components, where
each component corresponds to one of three spatial dimension, e.g. (x, y, z). The
hat symbol ˆ is reserved for unit vectors. As an example, the position vector is ~r
and the unit direction vector is r̂ ≡ ~r/r, where r is the magnitude of ~r. Vectors
of other lengths than three are not given special notation, and are assumed to be
in column format. As an example, a ∈ CN implies that a = [a1, a2, . . . , aN ]T ,
where T is the transpose symbol. Furthermore, ~an is the n:th element in a set of
N vectors which all have three components. Finally, the l2-inner product on CN is

25
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given by 〈a, b〉 ≡ bHa [95], where H = (∗T ) denotes the Hermitian transpose, and
∗ denotes the complex conjugate. The variable definitions in Table 1 of Paper V
are used in this chapter, with a few exceptions.

2.1 Electromagnetic radiation

The physics of electromagnetic radiation are well understood and modeled by
Maxwell’s equations, which is expressed with standard notation as [96]:

∇× ~E = −∂
~B

∂t
, (2.1)

∇× ~H =
∂ ~D

∂t
+ ~J, (2.2)

∇ · ~D = ρ, (2.3)

and
∇ · ~B = 0. (2.4)

These equations are referred to as Faraday’s law, Ampère’s law with Maxwell’s
addition, Gauss’ law and Gauss’ law for magnetism, respectively. The constitutive
relations for homogenous and isotropic materials are [96]:

~D = ε ~E and ~B = µ ~H. (2.5)

With the time-convention ejωt, these equations can be expressed in the frequency-
domain. The Helmholtz equation is readily derived from Maxwell’s equations,
by using the epsilon-delta identity from vector analysis (expressed as εijkεklm =
δilδjm − δimδjl with the Einstein notation [97]):

(∇2 + k2) ~E = jωµ ~J +∇ρ/ε, (2.6)

where k = 2π/λ = ω/c and c = 1/
√
µε. Helmholtz equation (2.6) is a frequency-

domain representation of the wave equation, indicating that the electric field ~E
propagates as a wave with the velocity c.

With this background knowledge, we will now introduce some relevant antenna
definitions. Note that standard antenna definitions are specified for transmitting
antennas according to the IEEE Standard for Definitions of Terms for Antennas [4].
Consider a bounded volume V enclosing one or multiple antennas, as illustrated
in Fig. 2.1. Let DV be the maximum length inside the volume V , and let the
volume outside V contain only air and no sources. In order for the length DV to be
meaningful, we select V as the smallest possible sphere enclosing the main radiating
parts of the antenna. Below, we consider the asymptotic dependence for fields at
large r, i.e. r � DV . The region “far away” from the antenna is referred to as the
far-field region. The Fraunhofer distance 2D2

V /λ is often used as a rule-of-thumb
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Figure 2.1: Illustration of a region V containing the antennas labeled n =
1, 2, . . . , N , located at coordinates ~rn with far-field radiation patterns ~fn. The
antenna elements may be of different type, size and orientation, as illustrated by the
two distinct antenna element symbols. The region outside V consists of vacuum,
without any sources.

for the starting point of the far-field region [5]. With the Fraunhofer distance in
mind, the installation problem becomes apparent, since V could contain only one
antenna, i.e. DV ∼ 1 m, or the main parts of a naval ship, i.e. DV ∼ 100 m.

The electric-field solution to Maxwell’s equations in the asymptotic far-field
limit r →∞ can be expressed as [5]:

~En(~r) =
e−jkr

r
V0
~fn(r̂), (2.7)

where ~En(~r) is the radiated electric far-field due to the source terms jωµ ~J+∇ρ/ε on
antenna n inside the volume V . We refer to V0 as the reference potential coefficient,
since it is a coefficient of dimension voltage, which depends on the transmitted
power, as will be demonstrated below. Note that the radiated field is a spherical
wave V0e

−jkr/r with the angular modulation ~fn(r̂). Furthermore, e−jkr/r is only a

function of the radial distance from the origin, whereas ~fn(r̂) describes the angular
dependence of the radiation, since the unit direction vector r̂ is only a function
of angle. In conclusion, the function ~fn(r̂), which is referred to as the far-field
amplitude, describes the far-field radiation from an antenna as a function of angle
and frequency. The unit direction vector r̂ can be represented as [98]:

r̂ ≡ ~r/r = ux̂+ vŷ + ψẑ, (2.8)

where the direction cosines are given by u(θ, φ) = sin θ cosφ, v(θ, φ) = sin θ sinφ
and ψ(θ) = cos(θ). The polar angle θ is measured from the positive z-axis, while
the azimuth angle φ is measured from the positive x-axis.

The magnetic far-field is given by [78]:

~Hn(~r) =
1

η
r̂ × e−jkr

r
V0
~fn(r̂), (2.9)
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where η =
√
µ/ε is the free-space impedance. The time-averaged radiated power is

given by Poynting’s vector 1
2Re{ ~E× ~H∗}, and it follows that the radiation intensity

is given by:

U(r̂) =
r2

2η
| ~E(~r)|2, (2.10)

where ~E(~r) is the radiated electric far-field, as given by (2.7).

2.2 Post-processing of far-field data

After a computational electromagnetics (CEM) software is used to compute antenna
far-fields, the resulting far-field data can be post-processed with programs developed
using e.g. Matlab or Python. The first step of any far-field post-processing is to
import and apply appropriate normalization to the computed far-fields. In this
section, we consider a single antenna inside the volume V , and the antenna element
index n is therefore omitted.

It is convenient to choose the reference potential coefficient V0 such that the
realized gain is given by:

Gr(r̂) = |~f(r̂)|2, (2.11)

where the realized gain is defined as [5]:

Gr(r̂) ≡
U(r̂)

Ps/(4π)
, (2.12)

and Ps is the stimulated power, i.e. the power incident on the antenna port from the
transmitter. That is, the realized gain is defined by the radiation intensity (2.10)
normalized by the reference intensity defined by the stimulated power spread over
the unit sphere (the “area” 4π · 12). By definition, the directivity or gain is found
from (2.12) by replacing Ps by the radiated or accepted power, respectively. By
substitution of (2.7) and (2.10) into (2.12), one can show that setting

V0 =

√
ηPs

2π
(2.13)

results in the convenient results (2.11). In Paper IV, we used an alternative nor-
malization by omitting the factor 1/

√
2π, which results in a short notation for

computing the near-field transmission integral.
CEM software is typically implemented to export the computed electric far-

field for a specified frequency and stimulated power as a function of the spherical
angles θ and φ. Once the far-field data is imported, the far-field amplitude can be
computed by dividing the electric field by V0. The default stimulated power in CST
Microwave Studio is Ps = 0.5 W, as of 2019. If antennas with multiple ports are
considered, the total stimulated power needs to be calculated for the normalization,
as described in the following section.
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2.3 Far-field data for array antennas

In this section, we apply the results from the previous section to array antennas.
There are two methods to determine the far-field for an array antenna. In simultane-
ous excitation, all N antenna elements are excited simultaneously with N specified
excitation coefficients, and the combined far-field amplitude of the array is obtained
either from measurement or simulation. However, the results will only be valid for
the excitation coefficients that were used for the measurement. Thus, simultaneous
excitation determines the total far-field amplitude due to the N excitation voltages
at the N antenna ports. Since Maxwell’s equations are linear, this superposition
can also be carried out by summation at the post-processing step, which is referred
to as sequential excitation. The equations below have been implemented as a Mat-
lab code during the course of this Ph.D. project. It has been confirmed that the
results for simultaneous excitation and sequential excitation are identical for the
BoR array with the radome in Fig. 1.6(b), for both sum and difference patterns
(i.e. for monopulse arrays).

When using sequental excitation, the embedded element pattern (EEP)1 ~fn
for each antenna element is first computed by full-wave simulation with all other
antenna elements terminated in matched loads [99]. For an array antenna with
N elements, this requires an initial computational cost of N full-wave simulations.
Thereafter, any excitation can be studied efficiently in the post-processing step.
This enables very efficient array optimization of the array pattern, while still taking
all edge-effects and mutual coupling into account. The far-field amplitude for the
array antenna is found as a sum over the EEPs:

~F (r̂) =

N∑

n=1

wn ~fn(r̂), (2.14)

where we use the following notation for the excitation coefficients:

wn(ω) = αn(ω)ejΦn(ω), [αn,Φn] ∈ R2. (2.15)

In the case of an AESA, the amplitude and phase coefficients are controlled in the
TRM, as illustrated in Fig. 1.4. Note that no simplifying assumptions have been
made, and the analysis is therefore valid for generic array antennas. Specifically,
(2.14) does not assume that the antenna elements are similar. This method of
sequential excitation is also useful for aperiodic sparse arrays where the mutual
coupling effects differ between the various elements more than in periodic arrays
[48]. Due to the advantages described above, (2.14) is used as a basis for the
optimization problem in Paper VI.

1Also referred to as the active element pattern (AEP).
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Figure 2.2: Realized gain for BoR array with radome, for the scan direction θ0 =
20◦, φ0 = 0◦ at 20 GHz. The results for three optimized excitation vectors are
presented here: w = a(∗), a(wo) and a(af), as defined in Paper VI. This figure from
Paper VI is reprinted with permission from IEEE.

Remark: If a sub-array configuration is considered according to Fig. 1.5, then
the following double sum is used:

~F (r̂) =

N∑

n=1

wn

M∑

m=1

w′mqnm ~fm(r̂), (2.16)

with qnm = 1 if antenna m is in sub-array n, and 0 otherwise. The combined
excitation coefficient for antenna element m consists of the sub-array excitation
wn multiplied by the excitation inside the sub-array w′m. Eqn. (2.16) is used for
computing the realized gain of a four-quadrant monopulse array in Fig. 2.2.

We normalize (2.14) according to the definitions for realized gain, gain and
directivity, similarly to the previous section. If each antenna element is fed by the
power Psα

2
n, where Ps is a reference power value, the total stimulated power is given

by:

Ptot = Ps

N∑

n=1

α2
n ≡ Ps

N∑

n=1

|wn|2. (2.17)

It is therefore convenient to use the following normalization:

N∑

n=1

|wn|2 = 1. (2.18)
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That way, the total stimulated power for the array pattern equals the stimulated
power for a single antenna element, as used for the simulation of each EEP. Note
that the EEP ~fn(r̂) is defined from (2.7) with the normalization (2.13). Therefore,
by normalizing the excitation vector w according to (2.18), the realized gain of the
array antenna is computed using (2.11), with the sum over EEPs (2.14).

The normalization given by (2.18) and (2.11) is verified by taking the sum over
EEPs and inserting into (2.10):

U(r̂) =
1

2η

∣∣∣∣∣
N∑

n=1

V0wn ~fn(r̂)

∣∣∣∣∣

2

. (2.19)

When inserting this result into (2.12), we keep in mind that the total power (2.17)
shall be used, i.e.

Gr(r̂) =
4π

Ps
∑N
n=1 |wn|2

1

2η

∣∣∣∣∣
N∑

n=1

√
ηPs

2π
wn ~fn(r̂)

∣∣∣∣∣

2

, (2.20)

where V0 is given by (2.13). By simplifying the relation above, we find

Gr(r̂) =
1(∑N

n=1 |wn|2
)
∣∣∣∣∣
N∑

n=1

wn ~fn(r̂)

∣∣∣∣∣

2

. (2.21)

That is, when using the normalization (2.18), the realized gain of the array antenna
is determined by the squared magnitude of the far-field amplitude sum, provided
that (2.13) is used to normalize the EEPs. Eqn. (2.21) is also found in [100]. The
relation (2.21) is useful for computing and presenting the realized gain of an array
antenna for a specified excitation, when using the EEPs data is input. Furthermore,
this relation is also used below, when we consider the EIRP for AESAs.

Note that the realized gain in (2.21) is defined with the reference plane at the
N antenna ports, and not the Σ port illustrated in Fig. 1.3. For sake of doing an
RF signal budget, we are typically interested in the gain of the complete antenna
system, with the reference plane at the Σ port. In order to move the reference plane
to the Σ port, it is useful to note that the power incident at the N antenna ports
is given by Psα

2
n. Thus, the gain (or loss) of the antenna feed network, which may

include TRMs or other devices, should be taken into account in order to move the
reference plane to the Σ port.

2.4 The array factor and ideal beamsteering

The far-field of an array antenna has so far been expressed for N generic antenna
elements, which can be distinct in general, see (2.14). For large periodic arrays,
edge effects are often neglected whereby it is possible to approximate the element
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patterns as equal. This is equivalent to approximating the array as periodic and
infinite. This approximation is given by:

~fn(r̂) ≈ ~fel(r̂)e
jk~rn·r̂, (2.22)

where ~fel is the element pattern which is approximately identical for each element,
and ~rn is the location of element n. The exponential factor in (2.22) captures the
phase shifts between the elements due to their placement.

It is common to approximate the element pattern gain by:

∣∣∣~fel(r̂(θ, φ))
∣∣∣
2

∼ 4π
(λmin/2)2

λ2
cosξ θ, (2.23)

where ξ is a parameter specifying the beamwidth of the element pattern. In (2.23),
we have assumed that the array has a square lattice with a period of λ/2 at the
highest frequency in the bandwidth, i.e. Ael = (λmin/2)2, where Ael is defined in
(1.2). Furthermore, it is assumed that the antenna elements are aligned to radiate
in the z-direction (the boresight direction).

Using the approximation (2.22), the far-field amplitude of the array (2.14) can
be expressed as:

~F (r̂) =

N∑

n=1

wn ~fn(r̂) ≈ ~fel(r̂)AF(r̂), (2.24)

where the array factor is defined as:

AF(r̂) =

N∑

n=1

wne
jk~rn·r̂. (2.25)

To steer the beam in a specific direction, consider the notation from (2.15):

AF(r̂) =

N∑

n=1

|wn|ej(k~rn·r̂+Φn). (2.26)

The array factor will have a maximum in the direction r̂0 if the phase of each
element is chosen according to

Φn = −k~rn · r̂0, (2.27)

since this will result in all antenna elements radiating in phase for the direction r̂0.
Note that (2.27) depends on the angular frequency ω since k = 2π/λ = ω/c. When
using ideal phase shifters, the phase is a constant function of frequency, which
results in a frequency-dependent pointing direction, which is referred to as beam
squint. The beam squint is removed by using time delays τn, where

Φn = ωτn. (2.28)
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The pointing direction of (2.26) will then be independent of frequency. True-Time-
Delay (TTD) circuits ideally satisfy (2.28).

A slotted waveguide antenna is a periodic leaky-wave antenna which is com-
monly used for navigation radars. The waveguide has propagation constant β and
the periodic distance between slots d, i.e. the phase shift between slots is Φ = −βd.
When aligning the waveguide with the x-axis and inserting this phase shift into
(2.27), we find the following relation for the beam squint:

sin θ0 = β/k, (2.29)

with a similar result presented in [101].

2.5 Maximum gain theorem

In this section, we review the maximum gain theorem, which states that the max-
imum partial realized gain is found when the excitation coefficients are taken as
the complex conjugate of the EEPs, see e.g. [102, 103, 104, 100]. By partial gain,
we refer to the gain of a specified polarization. Thus, the maximum gain theorem
can be used to directly determine the optimal excitation voltages from the EEPs.
The disadvantage with this approach is that no regard is taken to other far-field
parameters such as side-lobe level, beamwidth or efficiency. One advantage is that
the return loss is taken into account if the implementation follows the steps in this
section. It is worth to note that this method holds for one frequency, and it is
therefore of interest to investigate the robustness of this method with respect to a
specified bandwidth.

It is convenient to denote the complex conjugate of the excitation vector by b:

w = b∗. (2.30)

With this notation, each polarization component of the far-field sum (2.14) can be
interpreted as the l2-inner product between two vectors:

F (co)(r̂) =

N∑

n=1

b∗nf
(co)
n (r̂) = 〈f (co)(r̂), b〉, and (2.31)

F (cr)(r̂) =

N∑

n=1

b∗nf
(cr)
n (r̂) = 〈f (cr)(r̂), b〉, (2.32)

where ~F (r̂) = F (co)(r̂)n̂(co) + F (cr)(r̂)n̂(cr).
The Cauchy-Schwarz inequality states that [95, 104]:

|〈b, f(r̂)〉| ≤ ||b|| ||f(r̂)||, (2.33)

where the norm is defined by ||b|| =
√
〈b, b〉. When using the normalization from

the previous section, we have ||b|| = 1. Using (2.33), we can formulate a limit on
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the partial realized gain, i.e. the realized gain of one polarization component:

G(co)
r (r̂) = |F (co)(r̂)|2 = |〈b, f (co)(r̂)〉|2 ≤ ||f (co)(r̂)||2 (2.34)

For an array antenna with known EEPs, the partial realized gain can never be higher
than the maximum value given by (2.34). A useful result is that the maximum value
occurs when the vectors are collinear:

b = qf (co)(r̂), (2.35)

where q ∈ R. This is readily shown using the homogeneity property:

〈qf (co)(r̂), f (co)(r̂)〉 = q〈f (co)(r̂), f (co)(r̂)〉 = q||f (co)(r̂)||2, (2.36)

which satisfies the equality in (2.34) when q is used to set the normalization ||b|| = 1.

2.6 EIRP for array antennas

In Chapter 1, we noted the importance of high EIRP for EW and radar systems.
The EIRP is defined in [4] as “the gain of a transmitting antenna multiplied by
the net power accepted by the antenna from the connected transmitter”. This is
equivalent to the total stimulated power multiplied by the realized gain. Based on
the above, the EIRP is given by the product of (2.21) and (2.17):

EIRP(r̂) = Ps

∣∣∣∣∣
N∑

n=1

wn ~fn(r̂)

∣∣∣∣∣

2

, (2.37)

where Ps is the power reference for a single antenna element, used in the normal-
ization defined by (2.13).

Based on the previous section, recall that the absolute value of the sum (or
equivalently, l2 inner product) in (2.37) occurs for the direction r̂0 when wn =

qf
(co)
n (r̂0)∗. For an array antenna of identical antenna elements, the far-field gain

for each antenna element is approximately equal, i.e. we use the approximation
(2.22): ~fn(r̂) ≈ ~fel(r̂)e

jk~rn·r̂. Inserting these relations into (2.37), and neglecting
the cross-polarization component, results in

EIRP(r̂) ≤ Ps

∣∣∣∣∣
N∑

n=1

qf
(co)
el (r̂0)∗f (co)

el (r̂)

∣∣∣∣∣

2

= Ps

∣∣∣Nqf (co)
el (r̂0)∗f (co)

el (r̂)
∣∣∣
2

, (2.38)

that is,

EIRP(r̂) ≤ PsN
2
∣∣∣qf (co)

el (r̂0)
∣∣∣
2 ∣∣∣f (co)

el (r̂)
∣∣∣
2

, (2.39)

where |f (co)
el (r̂)|2 is the element pattern gain. The factor PsN

2|qf (co)
el (r̂0)|2 will be

described separately for AESAs and PESAs below.
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Active electronically scanned arrays

In Chapter 1, we noted that the EIRP for an AESA is proportional to N2 (or M2

if sub-arrays are considered). This result is proven here, based on (2.39). When
calculating the maximum EIRP for an AESA, the compression point of the HPAs
in the TRMs needs to be taken into account. The optimization problem to obtain
the maximum EIRP is therefore different compared to the optimization problem to
obtain the maximum gain. Specifically, we introduce the following constraints:

Ps|wn|2 ≤ Pc, n = 1, ..., N, (2.40)

where Pc is the compression point for the TRM. That is,

Ps|qf (co)
el (r̂0)|2 ≤ Pc, (2.41)

using the excitation coefficients described above, i.e. wn = qf
(co)
n (r̂0)∗ with ~fn(r̂) ≈

~fel(r̂)e
jk~rn·r̂. This results in wn ∼ e−jkr̂0·~rn , which is referred to as uniform ex-

citation coefficients, since the amplitude tapering is uniform. This results in the
far-field contribution from each antenna element adding in phase, according to the
approximation (2.22). Note that the uniform amplitude tapering allows all HPAs
to be used at the compression point, thus maximizing the total stimulated power.
In conclusion, by direct application of (2.41) in (2.39), we find:

EIRP(r̂) ≤ Pc|f (co)
el (r̂)|2N2, (2.42)

where Pc is the compression point of the individual TRMs, N is the number of

antenna elements and |f (co)
el (r̂)|2 is the element pattern gain, which is often approx-

imated using (2.23).

Passive electronically scanned arrays

In a PESA, the central transmitter has an output power of Ptot. The condition for
a PESA corresponding to (2.41) is thus given by

Ps|qf (co)
el (r̂0)|2 ≤ Ptotεeff

N
, (2.43)

where εeff is the efficiency describing the losses of the antenna feed network. By
direct application of (2.43) to (2.39), we find

EIRP(r̂) ≤ N2Ptotεeff

N

∣∣∣f (co)
el (r̂)

∣∣∣
2

= Ptotεeff

∣∣∣f (co)
el (r̂)

∣∣∣
2

N. (2.44)

2.7 Convex optimization for array antennas

There are several benefits in formulating an optimization problem as convex if pos-
sible. Firstly, there are very efficient numerical tools for solving convex optimization
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problems, see e.g. [105]. Secondly, a local optimal solution to a convex optimization
problem is also the global optimal solution [106]. Therefore, mathematicians often
state that the problem is “solved” once it is formulated on convex form. In some
cases, non-convex problems may be relaxed to (approximated by) convex prob-
lems, see e.g. [107]. In this section, we very briefly review the basics of convex
optimization, as presented in [106], and focus on applications to array antennas.

A convex problem can be formulated as (chapter 4.2 in [106]):

whitespace
minw g(w)
subject to hn(w) ≤ 0, n = 1, . . . , Nc

qTmw = pm, m = 1, . . . , Mc,

where w ∈ CNw is the optimization variable vector, g is the real-valued objec-
tive (cost) function, hn are the real-valued inequality constraints functions, and
qm, pm ∈ CNw . The optimization problem is convex if g and hn are all convex
functions of w. Some examples of convex functions are [106]: affine functions, ex-
ponential functions with real-valued arguments and powers of absolute value (i.e.
|w|l for l ≥ 1). Furthermore the composition of two convex functions is also convex.

Based on the above, it is relevant to ask if the far-field of an array antenna is a
convex function of the excitation vector w. Firstly, we remember that the partial
realized gain pattern is the squared magnitude of (2.31), i.e. |wT f (co)|2, as stated
in (2.11). Strictly speaking, by comparing to (2.21) and (2.37), we note that the
function |wT f (co)|2 in fact represents the EIRP, i.e.

EIRP(r̂, w) = Ps|wT f (co)(r̂)|2. (2.45)

Noting that wT f (co) is a convex function of w, and that the composite of two convex
functions is also convex, it follows that (2.45) is a convex function of w. Keeping in
mind that (2.18) is not a convex constraint, it follows that convex optimization over
|wT f (co)|2 is actually an optimization of the EIRP and not the partial realized gain
function. Furthermore, we note that the constraints (2.40) are convex. Due to the
normalization (2.13), it follows that return loss, ohmic losses and dielectric losses
are all included in the optimization, if it is based on optimizing the convex function
(2.45). These results are used to formulate an optimization problem to minimize
the side-lobe level in Paper VI. In Paper VI, we also take cross-polarization into
account and introduce constraints relevant for monopulse arrays.

2.8 Receiving array antennas

So far in this chapter, we have considered transmitting antennas. Recall that the
standard antenna definitions according to the IEEE Standard for Definitions of
Terms for Antennas [4] are specified for transmitting antennas. In the following
sections, we will consider receiving antennas, and comment on applications to DF
in both passive and active sensors. One result shown below is that the receiving
array factor is given by the complex conjugate of the (transmitting) array factor.
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Signal model in the frequency domain

An emitter, which is transmitting the signal s, is located at the coordinate ~r.
We use a system of coordinates with the origin close to the considered receiving
array antenna, whereby r̂ = ~r/r is interpreted as the DoA. We assume far-field
transmission from the emitter to the receiving array antenna. The complex-valued
frequency-domain signal measured in receiver channel n is therefore given by Friis’
transmission equation on the general form derived in e.g. [108, 109]. This derivation
is outlined in Chapter 3 and Paper IV. The signal received by antenna element (or

sub-array) n with far-field amplitude ~fn(r̂) is thus given by:

xn(ω) =

(
2πj ~fn(−R̂n) · ~ft(R̂n)

e−j(ω/c)Rn

(ω/c)Rn

)
s(ω), (2.46)

where ~ft is the far-field amplitude of the transmitter antenna and ~Rn is the distance
vector from the transmitter antenna to receiver antenna n located at ~rn. Note that
~ft and ~fn(r̂) are frequency-dependent, but the explicit frequency dependence (i.e.
~fn(−R̂n, ω)) is omitted in the notation here.

By invoking the assumption that the emitter is in the far-field of the array
antenna, i.e. rn/r � 1, the usual far-field approximation [43] can be applied to
simplify (2.46). With all N antennas located close the the origin, the amplitude
factor can be approximated as 1/(kRn) ≈ 1/(kr). In the exponential factor, the
approximation Rn ≈ r−~rn ·(±r̂), where + is used in the transmitting situation and
− is used in the receiving situation, is applied for the phase [43, 108]. In conclusion,
(2.46) can be simplified to

xn(ω) = P (r̂, ω)n̂ · ~fn(r̂)e−j(ω/c)~rn·r̂s(ω), (2.47)

where the simplified notation

P (r̂, ω)n̂ = 2πj ~ft(−r̂)
e−j(ω/c)r

(ω/c)r
, (2.48)

is used. Here, n̂ is interpreted as the unit polarization vector of the plane wave
incident on the array antenna, and P (r̂, ω) is a complex-valued coefficient which
describes the transmitter antenna properties. Note that P (r̂, ω) is independent of
the receiver index n. By comparing the signal model (2.47) to the signal model used
in e.g. [110, 111], the models are identical if the following notation is introduced
for the steering vector components an:

an(r̂) = n̂ · ~fn(r̂)e−j(ω/c)~rn·r̂. (2.49)

It is convenient to explicitly state the following result observed from (2.47); the
far-field amplitude of an antenna with phase-reference point in the origin is given
by

~fref,n(r̂) = ~fn(r̂)e±jk~rn·r̂, (2.50)
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where ~fn(r̂) is evaluated with phase-reference point in ~rn, and the same convention
for ± as above. The transmitting situation, with + in (2.50), is most prevalent in
the literature, since the far-field amplitude is defined in the transmitting situation
[4]. Note that the array factor can be directly derived from (2.50), see (2.22). Due
to the exponential factor, the phase will be slowly varying (ideally constant) as a

function of the angle for ~fn(r̂), but rapidly varying for ~fref,n(r̂).

Signal model in the time domain

The frequency-domain signal model (2.47) can be transformed to the time-domain.

Firstly, we deembed the effects of the TRMs by introducing the notation ~fn =
ejωτn ~f ′n, where τn = Φn/ω is the time delay for the receiver channel n. When

s is a narrowband signal, we approximate P (r̂, ω)n̂ · ~f ′n(r̂) as constant within the
bandwidth centered around ωc. This is consistent with the narrowband assumption
described in e.g. [111]. By noting that F−1[e−j(ω/c)~rn·r̂ejωτns(ω)] = s(t− (1/c)~rn ·
r̂ + τn), where F−1 is the inverse Fourier transform, we get

xn(t) = P (r̂, ωc)n̂ · ~f ′n(r̂)s(t+ ∆tn + τn). (2.51)

The time difference ∆tn = −r̂ · ~rn/c can be understood physically as the time
difference for antenna (or sub-array) n relative to an antenna located in the origin,
see e.g. [112]. This relation between time delay and antenna placement is of critical
significance for most DF algorithms. As expected, when τn = +r̂0 · ~rn/c is used to
steer the beam to the direction r̂0, then ∆tn and τn will cancel if r̂0 = r̂ [43].

The receiving array factor

Based on the above, the vector of N received signals (the signal vector) is given by:

x(ω) = a(r̂)s(ω), (2.52)

where a(r̂) is the steering vector of dimension N × 1 and s is the signal incident
on the array. The transmitter properties P (r̂, ω) are not written out explicitly
here, as they can be embedded as part of s. Using (2.49), with the approximation

n̂ · ~fn(r̂) ≈ 1 (recall the approximation (2.23)), the steering vector is modeled as

an(r̂) ≈ e−j(ω/c)~rn·r̂. (2.53)

The sum of the received signals divided by s is approximately given by the
receiving array factor :

RAF(r̂) =

N∑

n=1

bne
−j(2π/λ)~rn·r̂ = aT (r̂)b, (2.54)

where bn is the complex-valued receiving coefficient for antenna element n, and a
is determined using the approximation (2.53). By comparing to (2.26), we note
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Figure 2.3: DoA estimation error for the polar angle, i.e. |θ − θest|, expressed in
degrees (◦), for the BoR array with radome installed on the aircraft (case (c) in
Fig. 1.8), for monopulse estimation. The scan direction r̂0 is marked by +. This
figure is reprinted from Paper V.

that the main difference between RAF and AF is the sign in the exponential factor.
This can be understood since the propagation direction is reversed when comparing
the transmitting and receiving situation. Using the same argument of reversing the
direction of propagation, we have the result

wn = b∗n, (2.55)

and in conclusion,
RAF(r̂) = AF(r̂)∗. (2.56)

2.9 Direction-of-arrival estimation

Considering (2.52), the topic of direction of arrival (DoA) estimation can be sum-
marized as estimating r̂ from the measured signals x. In order to estimate the
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direction, some representation of the steering vector a is needed as input to the
DF algorithm. The accuracy of this representation influences the DoA estimation
accuracy, see Fig 2.3. The most simple representation is a direct application of
(2.49), with the approximation n̂ · ~fn(r̂) ≈ 1, i.e. (2.53).

A basic example of a DF system is a two-antenna phase-interferometer. With
one antenna placed in the origin and the other in ~r2 = x̂d, the ratio of the received
signals is x2/x1 = e−j[(2π/λ)du+2πp], where u = sin θ cosφ and p is an integer. By
measuring the phase of x2/x1, we can estimate u. Since −1 ≤ u ≤ 1, the argument
in the exponential with p = 0 will range from −2πd/λ to 2πd/λ. If d/λ < 1/2, then
the full range will be within the period 2π for the complex exponential. However,
if d/λ > 1/2, then a full period will pass while u ranges from its minimum to
maximum value, i.e. one measured phase value will correspond to multiple possible
directions. In conclusion, ambiguity problems occur if the antenna separation d is
too large, as a consequence of the periodicity in the steering vector components.

In the next step, the spherical angles are determined from the estimated direc-
tion cosines. If we are only interested in estimating the azimuth angle φ in the
horizontal plane using the two-antenna phase-interferometer, we can use the as-
sumption θ = π/2, after which the azimuth angle φ can be determined by inverting
u = cosφ. However, since cos(φ) is not a one-to-one function for φ ∈ (−π, π) (since
cos(φ) = cos(−φ)), there is an ambiguity problem. This ambiguity problem for
the two-antenna phase-interferometer can be resolved by adding a third antenna
at ~r3 = dŷ, or by providing additional information on the general direction to the
emitter. It is relatively common to resolve ambiguities by providing additional
information, with one example being the use of a guard function in a monopulse
system, as described on page 41.

Most commonly, it is the periodicity of the steering vectors, and not the direction
cosines, that cause ambiguities. The periodicity of the steering vectors is also the
reason for grating lobes, that occur in the array factor. If the steering vector is not
one-to-one, that is,

a(r̂a) = a(r̂b), r̂a 6= r̂b (2.57)

then the same signal vector x could be measured for both r̂a and r̂b. By inspection
of (2.53), we note that (2.57) is satisfied if

(ω/c)~rn · (r̂a − r̂b) = 2πp, (2.58)

where p is an integer, and n = 1, . . . , N . If exactly the same signal vector can be
measured from two different directions, the ambiguity can not be resolved without
adding more information.

Eqn. (2.57) is also related to grating lobes, i.e. multiple identical main beams,
which occur if the receiving array factor is periodic. By taking the dot product of
(2.57) with the receiving coefficient vector b, we find:

RAF(r̂a) = RAF(r̂b). (2.59)
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A general result for arrays of period d is that grating lobes occur if the following
condition is violated [43]

d <
λ

1 + sin θ0
, (2.60)

where θ0 is the maximum scan angle off-boresight. With θ0 = π/2, the relation
d < λ/2 is found, which agrees with the basic result for the two-antenna phase-
interferometer considered above.

The results above can be stated in a more general form. For the MUSIC DF
algorithm, a condition can be derived stating that the DoA estimation is ambiguity-
free under the condition that {a(r̂1), a(r̂2), ..., a(r̂N )} is a linearly independent
set [111]. This means that there does not exist a set of coefficients {cn}Nn=1, which
are not all zero, such that

N∑

n=1

cna(~rn) = 0. (2.61)

Clearly, when a is not one-to-one as defined by (2.57), the set will be linearly
dependent, since this equation can be solved using c1 = −1 and c2 = 1, with the
remaining coefficients being zero, that is, a(r̂a)− a(r̂b) = 0.

Resolving ambiguities in the four-quadrant array using side-lobe
blanking

The ambiguity-free region for a four-quadrant array coincides with the main lobe
(as shown in Paper V). Side-lobe blanking is a commonly used method to resolve
ambiguities due to signals received in the side-lobes. This is achieved by providing
additional information using a guard radiation pattern. The guard radiation pat-
tern can be implemented using a separate omnidirectional antenna, or it can be
implemented as a sub-array in the array antenna. The guard radiation pattern can
also be achieved using a separate set of excitation coefficients [37]. A guard radia-
tion pattern has a far-field pattern with a wider lobe compared to the far-field sum
pattern. The radiation pattern and gain level of the guard channel is designed to be
lower than the maximum sum-pattern gain, while being above all the side-lobes and
back-lobes of the sum pattern. If the amplitude of the signal measured in the sum
channel is greater than the amplitude of the signal measured in the guard channel,
then the signal was received within the main lobe, i.e. within the ambiguity-free
region.

Side-lobe blanking is not restricted to four-quadrant arrays or monopulse sys-
tems in general. The same principles apply for other antenna types, such as re-
flector or lens antennas. Another use for side-lobe blanking is in ECCM, as briefly
described on page 7.





Chapter 3

Near-Field Transmission Integral

“Everyone knows the Leibniz rule for
differentiating an integral”

Harley Flanders in [113].

In Chapter 1, we noted the requirement to install numerous RF systems on the
same platform. In order to satisfy requirements on electromagnetic compatibility
(EMC), there is a need for methods to estimate the isolation between the antennas
associated with these systems. In this chapter, we will briefly review the mathemat-
ical foundation behind one method for estimating the isolation between antennas;
the near-field transmission integral, which was first presented in [108]. This inte-
gral formulation has thereafter been used for probe-correction in antenna near-field
measurements, see e.g. [109], and it was used for the first time in the application
of EMC for installed antennas in Paper IV.

This chapter is organized as follows. Firstly, Section 3.1 presents the general
problem statement and a review of methods to compute the isolation between anten-
nas. Thereafter, Section 3.2 reviews the plane-wave spectrum for electromagnetic
radiation. Based on this background theory, the derivation of the near-field trans-
mission integral is presented in Section 3.3. Thereafter, Section 3.4 shows how the
integral can be reformulated in order to use far-field data as input. These sections
present the mathematical background knowledge used in Paper IV on page 100. In
Section 3.5, we address the singularity in the integrand of the near-field transmis-
sion integral. In the more recent Conference Paper iii on page 108, we provided
some additional results on the line-of-sight (LoS) condition. Based on the results in
these papers, a discussion on the coupling mechanisms between installed antennas
is presented in Section 3.6.

3.1 Introduction and problem statement

Consider two antennas configured according to Fig. 3.1. A transmitting antenna
is placed in the origin O of the system of coordinates, and a receiving antenna is

43
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placed at the coordinate ~p. The transmitting antenna is fed with the complex-
valued voltage at, which results in a radiated far-field amplitude ~ft. The receiving
antenna, with far-field amplitude ~fr, consequently receives a complex-valued voltage
br, assuming that ar = 0. If the antennas are in each other’s far-field regions, it is
well known that the mutual coupling br/at (i.e. the inverse of the isolation at/br)
can be determined using Friis transmission formula [114]. Essentially, the Friis
transmission formula is the “inverse square law” in physics applied to antennas.
However, Friis transmission formula is not applicable in the near-field region [115,
5], i.e. if the antennas are too close. A commonly used rule-of-thumb, is that
the far-field starts at the Fraunhofer distance1 p > 2D2

V /λ, [5] where DV is the
largest dimension of the antenna. The near-field transmission integral described
in this chapter is applicable in the near-field region, and it is equivalent to the
Friis transmission formula in the asymptotic far-field limit [116]. Thus, the near-
field transmission integral can be considered to be one out of several methods to
derive Friis’ transmission formula. In general, the installed transmission problem is
challenging to solve numerically due to the electrical size of the platform [71, 117].

Paper IV presents a post-processing approach for estimating the isolation be-
tween antennas. Firstly, a CEM solver is used to compute the field data which are
needed as input to the integral. Thereafter, the isolation is estimated by applica-
tion of the near-field transmission integral. In the implementation of the near-field
transmission integral in Paper IV, the installed far-field data was used to compute
the integral. One advantage in using the installed far-field data is that this data is
also used for other types of analysis, such as verifying requirements on the side-lobe
level, coverage, beamwidth etc, or in the DoA estimation accuracy analysis as in
Paper V.

Since the publication of Paper IV, a similar post-processing approach for com-
puting isolation has been used by my colleague in [71], who proposed using an
alternative integral formulation, based on the reaction theorem. According to the
reaction theorem, the mutual impedance between two antennas may be calculated
using the reaction integral, provided that the electric and magnetic near-fields for
both antennas are known on a common surface [71, 5]. For the case of low mu-
tual impedance, the mutual coupling is approximately proportional to the mutual
impedance, and the reaction integral can therefore be readily applied for estimating
the mutual coupling or isolation [71]. Therefore, the reaction integral can also be
applied as a post-processing step to a CEM solver used to compute these fields. As
a common surface, a rectangular box (a “Huygen’s box”) can be used to enclose one
of the antennas. It has been demonstrated in [118] that the isolation between two
antennas which share the same printed circuit board (PCB) can be computed with
the domain decomposition using a Huygen’s box. Furthermore, a similar approach
was used for multilayer PCBs in [119].

1Also referred to as the Rayleigh distance, see e.g. [109].
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~fr
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ẑd

z
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z = d

Figure 3.1: Illustration of two arbitrarily oriented antennas with normalized far-
field amplitudes (~ft, ~fr), complex voltage amplitudes (at, bt, ar, br), and system of
coordinates (O, x, y, z).

3.2 Plane-wave spectrum

In this section, we briefly review the plane-wave spectrum for electromagnetic fields,
following e.g. Chapter 3.2 in [109]. The basic theory is also found in [120], where it
is stated that “Free space may be regarded as a uniform waveguide having infinite
cross-sectional dimensions”. Therefore, the fields can be expressed as a superpo-
sition of an infinite set of modes. This is demonstrated in (3.3) below, where the
“waveguide modes” are plane waves.

With respect to the system of coordinates in Fig. 3.1, the observation-point
vector is composed of a transverse and a parallel component: ~r = ~R + ẑz, with
ẑ · ~R = 0. In this section, we only consider the transmitting antenna, and the
receiving antenna located at ~r = ~p = ~P + ẑd is taken into account first in the
following sections. The Fourier transform of the transmitted electric field ~E taken
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over a plane located at z = z0 is defined as:

~b( ~K, z0) =
1

2π

∫∫

R2

~E(~R+ ẑz0)ej
~K·~Rd2R, (3.1)

where the wave vector ~k is divided into a parallel component γ and a transverse
component ~K, i.e.

~k = ~K + ẑγ, (3.2)

with ẑ · ~K = 0. Conversely, the electric field at the observation-point ~r may be
calculated by the inverse Fourier transform:

~E(~R+ ẑz0) =
1

2π

∫∫

R2

~b( ~K, z0)e−j
~K·~Rd2K. (3.3)

The electromagnetic fields satisfy the Helmholtz equation, which is readily derived
from Maxwell’s equations. Following [109], inserting (3.3) into the Helmholtz equa-
tion results in:

~b( ~K, z) = ~T ( ~K)e−jγz, (3.4)

where ~T ( ~K) is called the plane-wave spectrum of ~E(~r). Recall that a plane-wave

propagating in the direction ~k is given by ej(ωt−
~k·~r). Thus, by inserting (3.4) into

(3.3), it is possible to interpret the electric field as an infinite sum of electric plane-
waves, with the complex-valued “amplitude coefficients” determined by the plane-
wave spectrum.

Eqn. (3.4) holds for waves propagating away from the transmitting antenna in
the half-space z > z0. By taking the magnitude of (3.2), it follows that k2 =
K2 + γ2, or γ = +

√
k2 −K2. Note the sign convention with γ being positive,

i.e. we are considering wave propagating from z = z0 in the positive z-direction,
i.e. z > z0. If K > k, then we use the solution γ = −j|γ|, which corresponds
to evanescent waves. Meanwhile, the solution +j|γ| would correspond to waves
which increase exponentially in amplitude as they propagate, which is unphysical,
unless the surrounding material is adding energy to the wave. Furthermore, it is
convenient to express the wave-vector using the spherical angles θ and φ, see e.g.
[98]:

~k = k(cosφ sin θx̂+ sinφ sin θŷ + cos θẑ). (3.5)

Specifically, we will use γ/k = cos θ below.
In the far-field, (3.3) can be simplified to the following asymptotic (r → ∞)

expression [109, 5]:

~E(~r) = j
ke−jkr

r

γ

k
~T ( ~K(θ, φ)). (3.6)

Eqn. (3.6) is derived by application of the method of stationary phase, see e.g. [5].

Recall the definition of far-field amplitude ~f from (2.7):

~E(~r) =
e−jkr

r
V0
~f(r̂)
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A stimulated power Ps results in a given electric field strength in the far-field. This
is why the normalization (2.13) is introduced to normalize the electric far-field with
respect to the stimulated power. Similarly, in (3.6), a stimulated signal at gives
rise to a cooresponding far-field electric field strength. Keeping in mind that Ps =
|at|2/Zc, where Zc is the characteristic impedance in the feeding waveguide, and

V0 =
√
ηPs/(2π), we define the normalized transmitting spectrum ~T0 by dividing

~T by at:
~T ( ~K) = at

~T0( ~K). (3.7)

In conclusion, we find that

~T0( ~K) =
k

γ
C ~f(k̂), (3.8)

where the complex-valued coefficient C, which is independent of θ and φ, will be
considered below. Keeping in mind the spherical angles according to (3.5), both

the notation ~f(k̂) and ~f(r̂) are used analogously, since the far-field amplitude is a
function of angle and frequency. In conclusion, the normalized transmitting spec-
trum ~T0( ~K) relates, for a given antenna, how a stimulated signal at is related to a

transmitted plane-wave with wave vector ~k = ~K + ẑγ.
The equations reviewed above are commonly used for planar near-field mea-

surements. Firstly, the electric near-field is measured on a planar grid in front of
the transmitting antenna. The plane-wave spectrum is thereafter computed as the
Fourier transform (3.1), with application of (3.4). Finally, the far-field amplitude
~f is determined from (3.8), that is

~f(k̂(θ, φ)) = C cos(θ)~T0( ~K(θ, φ)), (3.9)

where the normalized transmitting spectrum is given by

~T0( ~K) =
1

at
ejγz~b( ~K, z). (3.10)

For sake of simplicity, we choose the system of coordinates such that the measure-
ment plane lies in z = 0, whereby the following simple relation is found:

~T0( ~K) =
1

at

1

2π

∫∫

R2

~E(~R)ej
~K·~Rd2R. (3.11)

That is, the gain is determined by

∣∣∣~f(k̂(θ, φ))
∣∣∣
2

= | cos θ|2
∣∣∣∣
C

at

1

2π

∫∫

R2

~E(~R)ej
~K·~Rd2R

∣∣∣∣
2

, (3.12)

where ~E(~R) is the near-field measured in the plane z = 0. In addition to being useful
for planar near-field measurements, this relation is also useful for basic antenna
design and specification. As an example, (3.12) can be used to estimate the gain,
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beamwidth, aperture efficiency and side-lobe level for an antenna with a specified
size and tapering function.

By analogy to the normalized transmitting spectrum, a normalized receiving
spectrum ~ρ0( ~K) can be defined for the same antenna in the receiving situation.

The normalized receiving spectrum relates an incoming plane-wave defined by ~K
to an infinitesimal received signal contribution dbr. Since we are considering re-
ciprocal antennas, there is naturally a reciprocity relation between the normalized
transmitting spectrum and the normalized receiving spectrum of the same antenna.
The reciprocity relation is given by [108, 109]:

ρ0( ~K) =
γ

k
T0(− ~K). (3.13)

The proof of this reciprocity relation is beyond the scope of this thesis. However,
the key steps of the proof are in Section 1.6 and Appendix A of [108]. As a physical
interpretation of (3.13), it can be noted that the direction of wave propagation in the
receiving situation is opposite to the direction of propagation for the transmitting
situation, which is expected. Meanwhile, the ratio γ/k is due to the impedance of
the transverse (TE or TM) plane wave.

3.3 Derivation

In this section, we will summarize the derivation of the near-field transmission in-
tegral from [108]. The derivation presented here follows Chapter 6 in [109], where
it is referred to as the “plane-wave transmission formula”, and is used for probe
correction in near-field measurements. This derivation illustrates the physical in-
terpretation of the transmission in terms of plane-wave propagation between the
antennas, by direct application of the equations from the previous section.

We use a notation where all functions associated with the transmitting antenna
have the subscript t, and the functions associated with the receiving antenna have
the subscript r. Thus, the normalized transmitting spectrum of the transmitting
antenna in Fig. 3.1 is given by ~T0t( ~K). Recall from the previous section that ~T0t( ~K)
relates the stimulated signal at to a transmitted plane-wave in the direction defined
by ~K. From (3.3), this plane-wave contribution arriving at the receiving antenna

located in the point ~p is given by (2π)−1at ~T0t( ~K)e−j
~k·~pd2K. Thus, multiplying the

incoming plane-wave contribution with the normalized receiving spectrum for the
receiving antenna ~ρ0r results in:

dbr = [(2π)−1at
~T0t( ~K)e−j

~k·~pd2K] · ~ρ0r( ~K). (3.14)

The dot product in (3.14) takes care of the polarization match between the receiving
spectrum and the polarization of the incident plane-wave. By integrating these
contributions, we have

br
at

=

∫∫

R2

(2π)−1 ~T0t( ~K)e−j
~k·~p · ~ρ0r( ~K)d2K. (3.15)



3.4. USING FAR-FIELD DATA AS INPUT 49

y

z x

y

z x

(a)

(b)

2χ

2χ

1

z=z1z=z2

Figure 3.2: Spiral antennas under LoS condition on electrically large PEC planes
which are (a) connected and (b) isolated. We here use (b) to approximate (a). The
opening angle 2χ between the antenna planes is 90◦ in this figure. This (modified)
figure from Paper IV is reprinted with permission from IEEE.

Eqn. (3.15) is the near-field transmission integral as presented in [109, 108, 116].

3.4 Using far-field data as input

In this section, it is shown that far-field data can be used as input to the near-
field transmission integral, following [116]. Firstly, the reciprocity relation (3.13) is
inserted into (3.15):

br
at

=

∫∫

R2

(2π)−1 ~T0t( ~K)e−j
~k·~p · γ

k
T0r(− ~K)d2K. (3.16)

By inserting (3.8) into (3.16), we find

br
at

=

∫∫

R2

(2π)−1

(
k

γ
Ct
~ft(k̂)

)
e−j

~k·~p · γ
k

(
k

γ
Cr
~fr(−k̂)

)
d2K. (3.17)
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Figure 3.3: Mutual coupling between the antennas in Fig. 3.2 calculated using
different methods. The RMS errors compared to case (a) are 2 dB for case (b), 4
dB for NSTI and 24 dB when using Friis transmission equation or the Kim et al.
formula. This figure from Paper IV is reprinted with permission from IEEE.

By truncating the integration over propagating waves, thus neglecting evanescent
waves, the integral takes the form

br
at
≈ CtCr

2π

∫∫

k2x+k2y<k

k√
k2 − k2

x − k2
y

~ft(k̂) · ~fr(−k̂)e−j
~k·~pdkxdky. (3.18)

Note that since (3.18) models the propagation of plane-waves from the transmitting
to the receiving (victim) antenna, multiple interactions between the antennas are
neglected. Furthermore, the evanescent part of the plane-wave spectrum (k2

x+k2
y >

k) is neglected in (3.18). Eqn. (4) in Paper IV is equivalent to (3.18), with a system

of coordinates such that ~P = 0 (see Fig. 3.1), and the notation
CtCr

2π = −C′

k .

3.5 The non-singular transmission integral

Due to the boundary singularity in (3.18) when k2
x+k2

y = k, this integral formulation
is challenging to compute, unless at least one of the far-field amplitudes are close
to zero at this boundary. However, this is only true for high-gain antennas. This
problem was addressed in Paper IV. An example where the integral can be computed
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numerically in spite of the singularity is for high-gain antennas [116], where the
near-singular part of the integrated has only a small contribution to the mutual
coupling. However, for small or mid-sized antennas, special care is needed to handle
the singularity. In Paper IV, we used a change of variables to write the integral on
regular form, which is referred to as the non-singular transmission integral (NSTI).
Furthermore, a special normalization is derived in Paper IV, in order to normalize
the far-field data with respect to the realized gain. These mathematical tricks enable
us to model both small and large antennas, while all losses, including mismatch,
are included in the far-field data. A detailed presentation of these results is found
in Paper IV on page 100.

3.6 Coupling mechanisms for installed antennas

In this section, we discuss the limitations and accuracy of the NSTI approach for
estimating the isolation between antennas installed on a platform. If there exists a
straight line connecting the antennas without intersecting the platform, we say that
the antennas are within line-of-sight (LoS). For sake of this discussion, we define
the following coupling mechanisms:

• direct LoS far-field transmission

• direct LoS near-field transmission

• non-LoS transmission due to edge-diffraction

• non-LoS transmission due to creeping waves

• transmission due to reflections

These coupling mechanisms are defined below, by considering some examples.
The plane-wave propagation modeled by the NSTI takes place in the region

between the antennas given by z1 < z < z2, as exemplified in Fig. 3.2. Recall that
this region is modeled as a waveguide of infinite cross-section. Strictly speaking,
the assumption that there is a free-space region with infinite cross-section between
the antennas is not true for two antennas installed on the same platform. Consider
the antenna installation in Fig. 3.2(a), where there is no region located between
the antennas, which does not intersect the platform. This installation and platform
may be approximated according to Fig. 3.2(b). This approximation results in a
2 dB RMS error in the mutual coupling, as determined using full-wave simulation.
Thus, we find that LoS transmission for antennas on a platform may be modeled
using the NSTI in both the near-field and the far-field, although this implies an
approximation in the platform geometry.

The accuracy is investigated by comparing the NSTI results to a reference so-
lution determined using a full-wave solver. A full-scale mutual coupling calculation
for two monopoles within LoS on a small aircraft model is presented in Fig. 3.4. The
RMS accuracy for this example is 6 dB. Recall that the Friis transmission equation
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Figure 3.4: (a) Simplified model of a small aircraft of length 4 m and width 4 m.
The red cones symbolize the location of the two polarization-mismatched monopole
antennas. (b) Mutual coupling between the antennas in (a) as a function of fre-
quency. The RMS errors were 6 dB using the NSTI and 7 dB using Friis trans-
mission equation. These figures from Paper IV are reprinted with permission from
IEEE.
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(2.46) models the far-field transmission while neglecting the near-field contribution.
Since good results are also obtained using the Friis transmission equation for this
example, we conclude that the direct LoS far-field transmission coupling mecha-
nism is dominant in this example. An example where the main contribution to the
mutual coupling is direct LoS near-field transmission is presented in Fig. 3.2 and
Fig. 3.3. For this example, the NSTI approach is significantly more accurate than
the Friis transmission equation.

Paper IV focuses on antennas within LoS, but also presents some results for
antennas beyond LoS. When 2χ > 180◦ in Fig. 3.2, the antennas are outside LoS.
The accuracy is remarkably high for this case, considering that the antennas are not
within LoS, see Fig. 6 in Paper IV. One could argue that the main contribution to
the mutual coupling when the antennas are beyond LoS (2χ > 180◦) is due to edge-
diffraction, i.e. the signal propagating from the transmitting antenna is diffracted
from the edges of the PEC plane, radiated as edge-diffraction, diffracted again
at the edges of the PEC plane of the receiving antenna, and thereafter reaching
the receiving (victim) antenna. We refer to this coupling mechanism as non-LoS
transmission due to edge-diffraction. For the transmitting antenna located at z = 0,
scattering occurring in z < z1 (including edge-diffraction) is captured in the far-field

data sets, if the installed far-field data is used for ~ft. Similarly for the receiving
antenna, scattering occurring in the region z > z2 is captured in the installed far-
field data ~fr. Since this diffraction effect is captured in the installed far-field data,
the mutual coupling is accurately estimated, even though the antennas are outside
LoS.

Remark: With 2χ > 180◦, the antenna configuration in Fig. 3.2 can be used for
amplitude-comparison monopulse, i.e. the DoA may be estimated by comparing the
two amplitudes measured simultaneously by these spiral antennas.

The results for 2χ > 180◦ encouraged a further analysis of antennas outside
LoS. Supplementing results were therefore presented in the more recent Conference
Paper iii, which is presented on page 108. In this case study, the RMS accuracy
for two antennas installed on adjacent sides of a PEC cube, i.e. not satisfying
the LoS condition, is found to be 6.5 dB. The dominating coupling mechanism for
this example is also non-LoS transmission due to edge-diffraction, similarly to the
installation described above.

For non-LoS antennas on a cylindrical structure, the main coupling effect is by
creeping wave propagation, and this can be modeled by the geometric theory of
diffraction (GTD). We refer to this coupling mechanism as non-LoS transmission
due to creeping waves. In Conference Paper iii, we considered (in addition to the
example mentioned above) monopole antennas installed on a cylindrical aircraft
model. Monopole antennas are similar to blade antennas, as typically used for
airborne communications or communications EW. It was found that the NSTI is
accurate when the antennas are within LoS, but for antennas beyond LoS, the NSTI
overestimates the mutual-coupling with an RMS error of 13 dB. These results indi-
cate that the NSTI method is less appropriate for modeling non-LoS transmission
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due to creeping waves, however, it may still be useful for a rough order of magnitude
estimation.

If the antennas are not within LoS (thus eliminating the direct LoS contribu-
tion), the dominating coupling mechanism may also be transmission due to reflec-
tions, if there is a surface in the platform causing a strong reflection between the
antennas. While examples where transmission due to reflections is the dominating
coupling mechanism have not yet been investigated for the NSTI approach, it is
expected that the NSTI can be accurate for these configurations as long as the
reflections are accurately captured in the far-field data.

Based on the above, we note the importance of understanding the dominat-
ing coupling mechanisms, that is, the main contributions to the mutual coupling,
relevant for the considered platform and antenna installation. Specifically, it is im-
portant to choose a coupling estimation method which is appropriate with respect
to the dominating coupling mechanisms relevant to the considered antenna instal-
lation. The results presented in Paper IV and Conference Paper iii indicate that
the NSTI approach is well suited for direct LoS far-field transmission, direct LoS
near-field transmission and non-LoS transmission due to edge-diffraction, but less
well suited for non-LoS transmission due to creeping waves.



Chapter 4

Discussion and Conclusions
“Sometimes, making the wrong choice is better
than making no choice. You have the courage to
go forward, that is rare. A person who stands
at the fork, unable to pick, will never get any-
where.”

Terry Goodkind in Wizard’s First Rule

In order to make the decision to proceed with a suggested installation of an RF
system on a platform, such as an aircraft, naval ship, satellite or car, three main
questions need to be answered during the pre-design and concept phase:

1. Does the installed system performance satisfy the requirement specification?

2. Does the platform system satisfy EMC requirements? Specifically, are the
antenna-to-antenna isolation values above the specified limit values?

3. What is the accuracy of the analysis used to answer questions 1 and 2?

Firstly, the installed far-field data needs to be analyzed to determine if the installed
system performance satisfies the requirement specification. Secondly, the antenna
placement also affects the EMC on a platform-level. The isolation between anten-
nas corresponding to different RF systems need to be above some case-dependent
specified limit values. Lastly, the confidence in the results should be assessed by
estimating the accuracy of the results. In Sections 4.1 and 4.2, we discuss the sci-
entific contributions in Papers IV-VI and we make suggestions for future work in
Section 4.3.

4.1 On the installed radiation pattern

The antenna placement, installation configuration and radome design affect the
installed far-field pattern. In turn, the installed far-field pattern affects the installed
system performance, most notably DoA estimation accuracy (as demonstrated in

55
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Paper V), in addition to the side-lobe level (as demonstrated in Paper VI) and
coverage. In order to determine if a suggested antenna placement will satisfy the
system requirements, the installed radiation pattern is firstly determined using a
CEM software. Depending on the frequency and platform size, this may be a full-
wave simulation or a high-frequency approximation. The installed far-field data is
thereafter post-processed in order to test the system requirements.

The accuracy of the computed installed far-field data depends both on the ac-
curacy of the model1 and on the accuracy of the CEM method. The CEM method
may include approximations, such as the high-frequency approximations described
in Section 1.4. Even full-wave analysis, which do not include such approximations,
are still subject to the approximations inherent in numerical analysis, i.e. in using
mesh elements and time steps of a finite size. If an approximate method is used,
it is important to assess the accuracy of the approximation. This can be done by
comparing to a reference solution which is computed using a full-wave method. A
comparison to a reference solution is referred to as a cross-validation [88]. The
confidence in the results can also be assessed by determining if the assumptions for
the approximation are valid for the considered example. For both approximate and
full-wave methods, it is recommended to carry out a convergence analysis, i.e. to
determine that the finite sizes of time and mesh cells, or other relevant parameters,
are sufficiently small. For further discussion on accuracy and convergence analysis,
see a textbook on CEM e.g. [70].

The CEM task of computing installed far-field data is challenging, but it has
also reached a certain maturity, particularly considering the recent advancements
in CEM software and computer hardware, including both GPU computing and
large-scale computer clusters. In this thesis, we have therefore mainly investigated
how the far-field data generated using CEM software can be used. Paper V defines
the term “installation error”, as applied to DoA estimation. Thereafter, Paper V
presents a post-processing method to determine the DoA estimation accuracy using
the installed far-field data. Using this method, different antenna placements, instal-
lations and radome designs can be tested until an acceptable installed performance
is found. Paper VI demonstrates that the far-field data can be used to compensate
for installation effects, by using a convex optimization approach. In conclusion,
these papers demonstrate that it is possible, not only analyze the installation ef-
fects, but also mitigate them by optimization.

4.2 On EMC and antenna-to-antenna isolation

In order to use the estimated antenna-to-antenna isolation as a basis for deciding
the antenna placement during the pre-design and concept phase, it is critical to
have confidence in the accuracy of this estimation. Otherwise, there is a risk that
insufficient isolation is discovered during the testing and verification phase, at which
point it is very time-consuming and costly, if not impossible, to change the antenna

1Models include CAD models, equivalent circuit models, models of materials, etc.
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placement and installation. A proper analysis of the isolation between antennas
onboard the platform should therefore be considered a risk mitigating effort in the
context of risk management on a platform-level.

In Paper IV, we propose that the near-field transmission integral (3.18) can
be used for estimating the isolation between installed antennas. It is suggested
that the computation of the integral is applied as a post-processing step to a CEM
solver, which is used for computing installed far-field data. This approach is based
on the approximation discussed in Section 3.6. Furthermore, Paper IV presents
the integral (3.18) on regular form, referred to as the non-singular transmission
integral (NSTI), which enables the integral to be computed for small and mid-sized
antennas. A normalization was also introduced to normalize the far-field data with
respect to realized gain.

An advantage of the NSTI approach presented in Paper IV is that the same
installed far-field data, that is needed for the analysis and optimization described
in Section 4.1, can be used to estimate the antenna-to-antenna isolation. When
this data is available, the isolation between antennas can be estimated very quickly,
simply by computing the NSTI integral. The NSTI approach takes near-field effects
into account, and it is demonstrated that this makes the estimation more accurate
compared to a direct application of Friis transmission equation.

A new result, which is presented in this thesis but not mentioned in Papers I-VI,
is the definition and description of the coupling mechanisms listed in Section 3.6.
The results presented in Paper IV and Conference Paper iii indicate that the NSTI
approach is well suited for direct LoS far-field transmission, direct LoS near-field
transmission and non-LoS transmission due to edge-diffraction, but less well suited
for non-LoS transmission due to creeping waves. While examples where transmis-
sion due to reflections is the dominating coupling mechanism have not yet been
investigated for the NSTI approach, it is expected that the NSTI can be accurate
for these configurations as long as the reflections are accurately captured in the
far-field data.

4.3 Future work

The analysis method presented in Fig. 2 of Paper V may have several uses. In
Paper V, we commented that this method can potentially be used to compare the
accuracy of different DF algorithms. Furthermore, the results in Paper V indicate
that two DF methods can have different sensitivity to installation errors, depending
on e.g. what assumptions are made in the derivation of the DF algorithms. Thus, it
would be interesting to apply the analysis method in Fig. 2 of Paper V to compare
different DF algorithms.

We refer to the optimization method presented in Paper VI as a single-frequency
optimization method, since the optimization is carried out at a single frequency.
When optimizing a single frequency point inside the bandwidth of a wideband ar-
ray, this results in a radiation pattern which is optimal at the optimized frequency,
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but sub-optimal with respect to the bandwidth. As a result, the performance is
typically degraded at the band edges when the optimization is carried out for the
center frequency. Single-frequency methods are often sufficient for communications
and radar systems, which are typically narrowband compared to EW systems. For
wideband arrays used for EW, ultra-wideband radar or ultra-wideband communica-
tions, it is of interest to develop optimization algorithms which result in a radiation
pattern that is optimal for a specified bandwidth. We refer to optimization methods
which optimize for a specified bandwidth as wideband array optimization methods.
One such method has already been invented, and submitted as a patent application,
see [p1] on page xi. Further investigation of the method presented in [p1] would be
interesting for future work.

Numerous military aircraft and naval ships have been designed, manufactured,
tested and delivered by various companies around the world during the last decades.
There is therefore no doubt that there is already a significant amount of experi-
ence from hands-on EMC and antenna placement in the industry. However, there
seems to be little information available in the open literature regarding the accu-
racy of EMC analysis tools. Such results are mainly found in Paper IV, Conference
Paper iii, and in [94, 88]. Out of the three questions listed above on page 55, it
therefore seems that questions one and two can be answered following a challenging
analysis. However, question three is rarely discussed in relation to EMC, and there
is a lack of information in the literature, particularly at high frequencies.

Based on the discussion above, much of the work in Paper IV and the supple-
menting Conference Paper iii is aimed at estimating the accuracy of the presented
NSTI approach for estimating the antenna-to-antenna isolation. The accuracy of
estimated isolation between antennas can be assessed similarly to the accuracy of
far-field data described in Section 4.1, i.e. by comparison to a reference solution.
We have used the FIT and MLFMM solvers in CST Microwave Studio to produce
reference solutions in Paper IV. The reference solution is subjected to a thorough
convergence analysis. Since both FIT and MLFMM are full-wave methods, they are
very accurate when appropriately converged, but also require significant amount of
computer resources and computer time.

While the SBR and reaction theorem approach outlined in Section 1.6 is ap-
proximate, it could perhaps be more accurate than the NSTI method, by taking
multiple platform reflections into account using ray-tracing. However, there do not
seem to be benchmark studies available in the open literature investigating what
accuracy can be expected in the antenna-to-antenna isolation for such SBR-type
solvers, when considering challenging installation problems, such as the examples
described below. It is therefore of interest for future work to develop benchmark
cases to investigate the accuracy of various EMC analysis tools. This includes the
development of reliable reference solutions for challenging installation problems,
considering all the coupling mechanisms defined in Section 3.6. Some examples
of interesting benchmark cases include estimating the isolation between a radar
AESA and an EW AESA, or the isolation between Tx and Rx antennas for a re-
peater jammer, on a realistic aircraft or naval mast. Using such benchmark cases,
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the accuracy of both existing and future EMC analysis tools may be investigated
by comparison to known reference solutions. The most challenging part in such re-
search is computing the reference solutions, since this requires a significant amount
of computer resources and time. In spite of these challenges, the results of such an
accuracy investigation will be useful to answer question three on page 55, in order
to support the decision-making on antenna placement.
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Closed-Form Relation Between the Scan Angle and
Feed Position for Extended Hemispherical Lenses

Based on Ray Tracing
Henrik Frid

Abstract—This letter presents a closed-form relation between
the scan angle and feed position for extended hemispherical lenses.
This relation is derived using ray tracing, and it is valid for both
large and small scan angles, in excellent agreement with full-wave
simulations. It is demonstrated that the relation is linear in the
small-angle limit, and the effective focal length determining the
scan angle is presented. It is also demonstrated that the scan angle
only depends on the geometrical configuration, and that it is inde-
pendent of the lens material. To demonstrate the applicability of
this scan angle relation to the design of focal plane arrays (FPAs),
we demonstrate that it can be used to determine the FPA spacing
that results in −3-dB overlap between switched beams. A compari-
son with full-wave simulations of lenses with varying materials and
FPA elements demonstrates a root-mean-square (rms) accuracy of
0.27◦ for the scan angle estimation, and rms accuracy of 0.26 dB
for the −3-dB overlap criterion between the central and adjacent
beams. Finally, we present scaling rules, which show that the scan
resolution is inversely proportional to the lens diameter, whereas
the FPA spacing is independent of the total lens size.

Index Terms—Beam steering, extended hemispherical lens, focal
plane array (FPA), ray tracing.

I. INTRODUCTION

EXTENDED hemispherical lenses with switched focal
plane arrays (FPAs) for electrical beam steering, as illus-

trated in Fig. 1(a), have previously been investigated for auto-
motive radar and millimeter-wave high-data-rate point-to-point
links [1]–[3]. Hemispherical lens antennas have also been con-
sidered for emerging terahertz applications [4], [5]. Despite the
success of the extended hemispherical lens antenna for beam-
steering applications, there was no closed-form relation for de-
termining the scan angle as a function of the feed position in
the literature before the publication of this letter. Design and
optimization of the lens and the FPA is, therefore, usually done
using ray-tracing/field-integration simulation methods that are
suitable for mid-sized and large lenses [2], [6]–[8] and full-
wave simulation methods that are suitable for mid-sized and
small lenses [1], [9]–[11].

The first study of the extended hemispherical lens for
the off-axis configuration was presented in [8], where the
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Digital Object Identifier 10.1109/LAWP.2016.2545858

Fig. 1. Illustration of an extended hemispherical lens with radius R, extension
height L, and relative permittivity εr . (a) Far-field pattern, with scan angle γ ,
due to an FPA element located in x = −d. (b) A ray radiated from the FPA
element with angle α with respect to (w.r.t.) the z-axis will have an angle ξ
w.r.t. the z-axis after refraction in the spherical surface. (c) The central ray
passes through the center of the hemisphere and has local normal incidence to
the hemispherical surface.

direction of the main beam was calculated for varying feed
positions for silicon and quartz lenses using ray-tracing/field-
integration simulations. The simulation results in [8] indicate
that the scan angle γ depends linearly on the feed position d for
small angles. This linear relation between the scan angle γ and
the feed position d for small angles holds for any thin lens of
focal length fl [12]

γ ≈ d/fl (1)

where γ is measured in radians. However, since the extended
hemispherical lens is a thick lens, it needs to be approximated
by a thin lens in order to use (1). As illustrated in Fig. 1(a),
this approximate thin lens could be placed either at the top or
bottom of the hemispherical surface, or anywhere in between. As

1536-1225 © 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications standards/publications/rights/index.html for more information.
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Fig. 2. Ray-tracing analysis outside the hemisphere. The rays radiated from
the hemisphere are approximately parallel with the central ray. Due to spherical
aberrations, the rays radiated close to the edges (edge rays) are tilting inwards
toward the central ray. The presented rays were computed using an in-house
ray-tracing program.

a consequence, the effective focal length fl , which determines
the scan angle for the extended hemispherical lens, is not known.

This letter presents a relation between γ and d for the ex-
tended hemispherical lens, which is valid not only for small
scan angles, but also for large scan angles. The relation is de-
rived in Section II based on ray tracing, and it is based on the
observation that there exists a central ray, which very well de-
scribes the direction of the main beam. By studying the derived
relation in the small-angle limit, we derive the effective focal
length fl to be used in the scan angle relation for thin lenses (1).
In Section III, the derived relation is compared to results from
full-wave simulations.

To illustrate the applicability of the scan angle relation to the
design of FPAs, Section IV demonstrates that the presented re-
lation can be used to determine the FPA spacing, which results
in −3-dB overlap between switched beams. The −3-dB over-
lap condition is commonly used in switched-beam applications
[1], [3], and a relation for estimating the required FPA spacing
saves time and costs in the design process since the number of
time-consuming simulations can be reduced. Finally, we present
scaling rules for FPAs with extended hemispherical lenses.

II. DERIVATION OF THE SCAN ANGLE RELATION

Fig. 1(b) illustrates a ray radiated from an FPA element lo-
cated in x = −d, with an angle α to the z-axis. After refraction
in the spherical surface, which is described by Snell’s law (see,
e.g., [7] and [8]), the ray has an angle ξ to the z-axis. While
α and ξ are distinct in general, there exists one ray satisfying
α = ξ. This ray is here referred to as the central ray, and it is
illustrated in Fig. 1(c). The central ray passes through the center
of the hemisphere, and it will consequently have local normal
incidence to the spherical surface. As a consequence of Snell’s
law, the direction of the central ray does not change when pass-
ing through the spherical surface. In this section, we will show
that the central ray is the key for estimating the scan angle of
the main lobe γ.

Fig. 2 shows several rays radiated from the spherical surface
when the lens is illuminated by an isotropic point source placed

a distance d off-axis. It can be seen in this figure that all rays
have approximately the same angle as the central ray, i.e., θ, after
refraction in the spherical surface. Due to spherical aberrations,
rays to the left of the central ray have a slightly larger angle than
the central ray, i.e., ξ � θ, whereas rays to the right of the central
ray have a slightly smaller angle, i.e., ξ � θ. As a consequence,
these edge rays are tilting slightly inwards toward the central ray.
In conclusion, the angle of the central ray θ is a good estimate
of the average angle for rays after refraction in the spherical
surface. As a consequence, the direction of the main radiation
lobe γ can be approximately determined by θ, i.e., γ ≈ θ. From
the geometry presented in Fig. 1(c), the exact trigonometric
relation between θ and d is found to be d/L = tan θ. With
γ ≈ θ, the scan angle can be estimated using

tan γ =
d

L
. (2)

Using the well-known Taylor series expansion of the tangent
function, we find the following approximation in the small-
angle limit:

γ ≈ d

L
=

d

lR
(3)

where γ is measured in radians and l = L/R is the normalized
extension height.

There are three interesting consequences of (2) and (3). First,
by a comparison to the general small-angle relation for thin
lenses (1), we note that L can be interpreted as the effective
focal length, which determines the scan angle for the extended
hemispherical lens, i.e.,

fl = L. (4)

The physical interpretation of this result is that the extended
hemispherical lens can be approximated by a thin lens, which
is placed in the center of the hemisphere, i.e., the lowest of the
three possible positions marked in Fig. 1(a). It is interesting to
note that the effective focal length fl , which determines the scan
angle, is different from the image focal length of the spherical
surface derived in [12], which is the sum of the extension height
and the radius, i.e., Fl = L + R, if the feed is placed in the image
focus. Second, the direction of the central ray θ depends only
on the geometric configuration, and not on the lens material.
Since we estimate γ by θ, it follows that γ is approximately
independent on the lens permittivity. This is demonstrated in
Section III using full-wave simulations. Third, we also note that
the scan angle is independent of the frequency according to (2).

III. COMPARISON TO FULL-WAVE SIMULATIONS

Fig. 3 presents γ as a function of d, for lenses of three different
extension heights l and nine different permittivity values in
the range from Teflon (εr = 2.1) to silicon (εr = 11.7). The
finite integration technique (FIT) implemented in [13], which is
known to be an accurate method for large-scale problems [14],
was used to calculate the far fields for lenses of diameters 8λ and
10λ. Both open-ended waveguide (oewg) antennas and patch
antennas were considered as FPA elements, and it is evident
from Fig. 3 that the choice of FPA element does not affect
the scan angle. There is an excellent agreement between the
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Fig. 3. Scan angle γ calculated as a function of the normalized feed position
d/R using full-wave simulation (FIT) for lenses of different permittivity εr and
with different FPA elements (oewg and patch) for three different normalized
extension heights l = L/R. The agreement with (2) is excellent.

theoretical curve (2) and the simulated results, also for very
large scan angles (γ > 30◦). The small-angle approximation (3)
is valid for small angles, but overestimates the scan angle for
larger angles.

The normalized extension heights used in Fig. 3 were not
optimized for maximizing directivity, and the synthesized ellip-
tical lens relations [6] for determining the extension height were
not used.

As expected from Section II, it can be seen in Fig. 3 that
different lens materials result in the same scan angle if the same
extension height is used. This may appear as a contradiction
to [8], where it was commented that larger lens permittivity
resulted in larger scan angles. However, one also needs to take
into account that smaller extension heights were used for the
lenses with larger permittivity in [8], and that a smaller extension
height results in a larger scan angle.

IV. APPLICATIONS TO FPA SPACING

A. −3-dB Beam Overlap

To demonstrate the applicability of the presented scan angle
relation to the design of FPAs, we use (3) to determine the FPA
spacing that results in −3-dB overlap between switched beams.
As we will see in Section IV-C, we can also determine if the
same FPA design can be used with different lenses, without
compromising the −3-dB overlap criterion. Hence, we can add
some physical insight to the design process.

The previous sections demonstrated that γ depends only on
the lens properties and the position d of the FPA element’s
phase center. However, the −3-dB beamwidth (full-width at
half-maximum, FWHM) depends also on the choice of FPA el-
ement and the wavelength, and it is therefore more challenging
to estimate. The full −3-dB beamwidth γ−3dB ≡ γFWHM mea-
sured in radians can be determined according to [15]

γ−3dB = cf λ/(2R) (5)

where cf is a feed-dependent coefficient, which can be
determined from a single simulation. Alternatively, cf can be

Fig. 4. (a) −3-dB beamwidth γ
(1)
−3dB

for FPA element 1 and scan angle γ (2)

for FPA element 2, at 77 GHz for lenses (R = 18 mm) of varying permittivity
for oewg and patch FPA elements calculated using FIT. (b) Resulting beam
overlap, with rms accuracy of 0.26 dB compared to the −3-dB level.

determined according to cf = 1.02 + 0.0135 Te [dB], where
Te [dB] is the edge taper defined in [15]. Fig. 4(a) presents
γ−3dB calculated using a full-wave simulation for an extended
hemispherical lens of radius 18 mm for varying permittivity
at 77 GHz. Both patches and dielectric-filled oewgs were con-
sidered as FPA elements in Fig. 4, and it was found that the
permittivity-averaged coefficient cf is 0.97 and 0.86 for patch
antennas and dielectric-filled oewg feeding, respectively.

With γ−3dB known from either a single simulation or from
(5), it is possible to determine the FPA spacing that results in
−3-dB overlap between switched beams. We here consider a
linear FPA where we denote the distance from array element n
to the z-axis by dn . Assuming that the beamwidth is independent
of the scan angle γ, which is a good approximation when γ is
small, it is easily understood that by setting the scan angle (1)
equal to γ−3dB , we find

|dn − dn+1 | = flγ−3dB . (6)

Equation (6) is valid for any lens or reflector system described
by an effective focal length fl . As demonstrated Section II,
the effective focal length for the extended hemispherical lens
is given by (4). This enables (6) to be used for the extended
hemispherical lens.

Since the relation between γ and d is the same for both E-
plane and H-plane scans [8], (6) is applicable to 2-D arrays for
two elements located approximately on a line that goes through
the center axis z.

B. Comparison to Full-Wave Simulations

Equation (6) is here evaluated using the full-wave simulation
software [13] for lenses of varying permittivity and different
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FPA elements. For simplicity, we first consider an FPA of two
elements. The first FPA element is placed in d1 = 0, and the
adjacent element is placed in d2 . We here use γ

(1)
−3dB from the

simulation results in Fig. 4(a) to calculate d2 using (6). The sim-
ulated scan angle γ(2) due to an FPA element located in d2 is
presented in Fig. 4(a), and it is clear that we are successful in set-
ting γ(2) approximately equal to γ

(1)
−3dB . The root-mean-square

(rms) accuracy of (3) for estimating γ(2) is 0.27◦. The overlap
between the two switched beams is presented in Fig. 4(b). The
rms accuracy compared to the desired −3-dB level is 0.26 dB.
Note that all investigated cases are well within a 1-dB error,
which is typically considered to be sufficient [1]. This demon-
strates that (6) is applicable to lenses of varying permittivity and
FPA elements.

Equation (6) is also valid for larger arrays. Our simulations
show that all the beam overlaps are within an error of 0.4 dB for
a linear FPA of seven oewg antennas with a 9λ-diameter quartz
lens of normalized extension height l = 0.76.

C. Scaling Rules for FPAs

By substituting (5) into (6), it is possible to derive a scaling
rule for the FPA spacing, which adds some physical insight to
the design process. It follows that

|dn − dn+1 | = cf λl/2 (7)

which is independent of the total size of the lens. Once an ap-
propriate FPA spacing has been determined, varying the lens
diameter, while keeping the ratio l = L/R constant, will there-
fore conserve the −3-dB overlap property while changing the
scanning resolution. This indicates that the same FPA design can
be used together with lenses of different diameter to achieve dif-
ferent scanning resolutions, determined by |dn − dn+1 |/L. Ad-
ditionally, there is usually a minimum criterion on the spacing
between FPA elements, i.e., |dn − dn+1 | > dmin , where dmin

is determined by the mutual coupling between FPA elements
and the size of the FPA elements and switches. If the distance
between the FPA elements is too large to yield a −3-dB over-
lap between the beams, then according to (7), this cannot be
compensated by scaling the lens size. A better solution in that
case is to use a lens with a larger extension height. Finally,
it is interesting to note that the FPA spacing (7) is propor-
tional to the wavelength, which can be expected from Rayleigh’s
criterion [12].

V. CONCLUSION

This letter presents a closed-form relation (2) between the
scan angle γ and the feed position d for the extended hemispher-
ical lens. Comparison to full-wave simulation results demon-
strates that (2) is valid for different lens materials and FPA ele-
ments, also for very large scan angles (γ > 30◦). Furthermore,
the effective focal length for the extended hemispherical lens,
which determines the scan angle, is also presented in (4). The
theoretical results (2) and (4) have not been previously found in
the literature.

To demonstrate the applicability of these theoretical results
to the design of FPAs, we present a simple relation (6) for

determining the FPA spacing that results in −3-dB overlap be-
tween switched beams. This relation can save time in the design
of FPAs and the corresponding switch networks since the re-
quirements on the FPA spacing can be determined without the
need for time-consuming simulations. The relation (6) is demon-
strated to be valid for different FPA elements and varying lens
materials. For all investigated cases, the resulting beam overlaps
are well within a 1-dB error, which is typically considered to
be sufficient [1]. For certain specific applications where very
accurate beam overlaps are needed, (6) can be used as a starting
point for an optimization procedure.

Based on the results presented in this letter, our future research
will be focused on the development of switched submillimeter-
wave FPAs using microelectromechanical (MEMS) waveguide
switches. The switch concept from [16] is considered for the
switches.
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Optimization of Micromachined Millimeter-Wave Planar Silicon Lens
Antennas with Concentric and Shifted Matching Regions

Henrik Frid*, Fritzi Töpfer, Shreyasi Bhowmik,
Sergey Dudorov, and Joachim Oberhammer

Abstract—This paper presents a study of planar silicon lens antennas with up to three stepped-
impedance matching regions. The effective permittivity of the matching regions is tailor-made by
etching periodic holes in the silicon substrate. The optimal thickness and permittivity of the matching
regions were determined by numerical optimization to obtain the maximum wideband aperture efficiency
and smallest side-lobes. We introduce a new geometry for the matching regions, referred to as shifted
matching regions. The simulation results indicate that using three shifted matching regions results in
twice as large aperture efficiency as compared to using three conventional concentric matching regions.
By increasing the number of matching regions from one to three, the band-averaged gain is increased
by 0.3 dB when using concentric matching regions, and by 3.7 dB when using shifted matching regions,
which illustrates the advantage of the proposed shifted matching region design.

1. INTRODUCTION

There is a growing interest in low-loss millimeter-wave antennas with fan-beam radiation patterns
for communication [1] and radar [2]. Recently, several papers have presented the design, analysis
and measurements of planar lens antennas with fan-beam radiation patterns for millimeter-wave
frequencies [2–6]. The reported lens antennas have many advantages, including large bandwidths [3],
frequency-stable far-fields, beam scanning capabilities [2, 6, 7] and frequency-stable phase center [3].
Planar lenses have many similarities with non-planar lenses, where there are many good references,
see e.g., [8–13]. High-resistivity silicon is an excellent dielectric material for millimeter-wave planar
lenses, due to its very small losses and accurate micromaching fabrication processes [14, 15]. However,
homogeneous lenses of high permittivity materials, such as silicon, suffer from reflections at the air-
dielectric interface caused by the large difference in impedance compared to free-space (see e.g., [9]).
To reduce such reflections, high-permittivity lenses are commonly designed with up to three λ/4-
matching regions, i.e., regions with permittivity and thickness determined as single or multiple λ/4-
transformers [3, 9–11]. The advantages in using up to three λ/4-matching regions for non-planar
rotationally symmetric lenses have been described in [11], based on time-domain simulations. The
advantages described in [11] include improved forward-to-backward ratio and reduction of the beam
distortions due to ground plane and substrate truncation.

A micromachined, planar extended hemispherical silicon lens prototype with a single matching
region designed for W-band (75–110 GHz) was previously presented by the authors at a conference [16],
see Fig. 1. The effective permittivity in the matching region was tailor-made by etching periodic holes in
the silicon wafer, as described below in Section 2. One of the advantages of this antenna is the small size
in the H-plane. It is therefore possible to use multiple planar lenses in a linear phased H-plane array.
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(a) (b)

Figure 1. (a) Illustration of a planar silicon lens fed by a rectangular waveguide through a dielectric
wedge transition. (b) Photograph of a fabricated W-band prototype antenna with a single matching
region [16]. The period of the etch hole pattern in (b) is p = 80µm and size of the square holes is
h = 60µm, to obtain the effective relative permittivity of 4, as shown in Fig. 3.

Compared to conventional linear H-plane arrays of open-ended waveguides, an array of waveguide-
mounted planar lenses has the advantage of higher gain and narrower beam in the E-plane. Such arrays
usually have a relatively small scanning range, due to grating lobes appearing when scanning to large
angles [17]. With appropriate care taken to avoid grating lobes, once could also consider this type of
lens for sparse planar arrays and monopulse systems.

Interestingly, the optimal parameters for the matching region found in [16] were somewhat different
compared to a λ/4-transformer. While [16] did not discuss the reason for the observed difference
in thickness and permittivity compared to a λ/4-transformer, this can be explained due to the λ/4-
transformer permittivity and thickness being derived for normal incidence [18], which is only satisfied
approximately in a small area close to the center of the lens. The large variation in angle of incidence
over a lens surface is shown in Fig. 2 in [13]. Based on this, it can be understood that λ/4-matching
regions do not have the optimal thickness and permittivity to minimize the total internal reflections in
lenses. The performance of lenses with matching regions could therefore potentially be improved by
using an alternative method for determining the permittivity and thickness of the matching regions,
or by using matching regions of different geometry. In this paper, we address the problem of finding
optimal matching region thickness and permittivity for planar silicon lenses. Matching regions with
thickness and permittivity different from the conventional λ/4-transformer have been studied for non-
planar lenses [19, 20], and for radomes [21].

Previously reported lenses typically use matching regions of uniform thickness [3, 9–11], here referred
to as concentric matching regions. In this paper, we present a new matching region geometry, referred
to as a shifted matching region. This new geometry was inspired by studying the simplified problem
of oblique incidence on a single matching region on a semi-infinite dielectric slab, see e.g., [18]. The
impedance of the matching region is described by a parallel impedance (for TM polarization) and
a transverse impedance (for TE polarization), which depend differently on the angle of incidence
depending on the polarization. Following [18], it is possible to calculate the permittivity and thickness
of the matching region, which eliminates the reflection for a single angle of incidence, frequency and
polarization. This simplified example illustrates the difficulties in designing matching regions, since
the reflection coefficient depends on frequency, polarization and angle of incidence. Interestingly, the
matching region thickness which eliminates the reflection at a single frequency, increases with increasing
angle of incidence for TE polarization, but decreases for TM polarization. This observation is the basis
for the here proposed shifted matching region.

Compared to [16], which considered only a single matching region of concentric type, this paper
presents an analysis of planar silicon lenses with up to three matching regions. Furthermore, while [16]
focuses on microfabrication and measurements, this paper presents a numerical optimization approach to
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Figure 2. Illustration of a silicon wafer with square holes of size h and period p. The investigated
cases of TEM polarization have been marked in the figure. Case 4 is related to Case 3 by a 45◦ rotation
around the H-axis.

determine optimal matching regions. The measurement results for the prototype were in good agreement
with simulations [16]. For sake of brevity, the measurement results from [16] are not repeated here, and
the reader is instead referred to [16]. In Section 3.1, we discuss the choice of cost function to use in the
optimization. Numerical results are presented in Sections 3.2 and 3.3. Finally, conclusions are drawn
in Section 4.

2. TAILOR-MADE EFFECTIVE PERMITTIVITY REGIONS IN A SILICON WAFER

The method of artificially lowering the permittivity of a dielectric material by introducing a density
of spherical or cylindrical holes was demonstrated already in the 1950s [22]. This type of artificial
dielectrics have since then been used in antenna design (e.g., [2, 7]), for test samples with a known
permittivity [14], and in the design of W-band phase shifters [23]. We here use this technique in order
to achieve tailor-made permittivities for the matching regions in the proposed lens antennas by etching
periodic square holes of width h and period p in a silicon wafer according to Fig. 2. The period p was
chosen to be 80µm, which is significantly smaller than the wavelength λd at W-band (75–110 GHz).
This period was chosen since it is very well suited for deep reactive ion etching (DRIE) with straight
side-walls in silicon. Since λd � p, the effective relative permittivity εeff is to a good approximation
independent of the frequency, and it can be calculated in the long-wave limit [22]. It is interesting to note
that the polarizability of cylinders (which are here implemented with a square cross-section) depends
on the direction of the applied electric field, and the effective permittivity will therefore not be the same
for all the cases of plane wave propagation depicted in Fig. 2. Thus, the effective material is anisotropic
such that Cases 1, 3 and 4, for which the applied electric field is perpendicular to the cylindrical air
holes, correspond to the perpendicular permittivity component ε⊥, whereas Case 2 corresponds to the
parallel component ε‖. Due to the polarization of the TE10 mode in the feeding waveguide in Fig. 1,
the propagation through the matching regions of the proposed antenna is described by Cases 3 and 4
illustrated in Fig. 2. Following [7], the effective relative permittivity is calculated according to:

εeff = εs
εs(1 − κ) + κ + Kd(1 − (εs(1 − κ) + κ))

εs + Kd(1 − (εs(1 − κ) + κ))
, (1)
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where κ = (h/p)2 is the volume density of holes, and εs = 11.6 is the relative permittivity of the
surrounding high-resistivity silicon substrate. The depolarization coefficient, Kd, equals 0.5 if the electric
field vector is perpendicular to the hole axis (cases 1, 3, 4) and 0 if the electric field vector is parallel to
the hole axis (case 2), whereby both ε⊥ and ε‖ can be calculated using Eq. (1). In order to verify the
validity of Eq. (1), in addition to determining the frequency-dependence of εeff not given by Eq. (1),
the effective relative permittivity was derived from numerical simulation for the four cases of plane
wave propagation depicted in Fig. 2. We determine εeff directly from the dispersion diagram, which is
calculated using eigenmode analysis of the unit cell. The Eigenmode Solver implemented in [24] was used
for this simulation. Since the relative permeability of silicon is very close to 1 in the W-band [15], we
have n =

√
εeff where n is the calculated refractive index. Based on the simulated dispersion relation

(i.e., the relation between the wave number k and the angular frequency ω), the permittivity was
extracted according to εeff = (ck/ω)2 where c is the speed of light in vacuum. The numerical results are
presented in Fig. 3(a), in excellent agreement with (1). The permittivity is also presented as a function
of frequency in Fig. 3(b). The standard deviation in the calculated relative permittivity is smaller than
0.012 for all curves in Fig. 3(b), which demonstrates that the effective material is independent of the
frequency to a very good approximation in the W-band. Hence, we conclude that 80µm is a sufficiently
small hole period for achieving a frequency-independent permittivity. It can also be seen in Fig. 3 that
the material is only weakly anisotropic. It is also possible to calculate εeff from simulated reflection or
transmission coefficients for TEM waves incident on a semi-infinite slab of the considered material, see
e.g., [25].

(a) (b)

Figure 3. (a) Effective relative permittivity of a silicon substrate with periodic square holes of size
h and period p = 80µm, derived from simulation, as a function of the normalized hole size h/p. The
agreement with the theoretical curve (1) is excellent. (b) Effective relative permittivity for Case 3
extracted as a function of frequency from the simulated dispersion diagram.

3. MATCHING REGION CONCEPTS FOR PLANAR SILICON LENSES

3.1. Overview

In this section, we present a comparison between different matching region concepts for planar extended
hemispherical lenses of diameter D, as illustrated in Fig. 4. We also present the optimization method
used to determine optimal values of the thickness and permittivity of each matching region. Since the
antenna gain G is related to the physical aperture area Ap according to G = 4πeaAp/λ

2 [18], where ea

is the aperture efficiency, it is important to consider the same physical aperture size when comparing
the different matching region concepts. The matching regions are therefore implemented such that the
diameter D is the same for all investigated designs, independently of the thickness of the matching
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Figure 4. Different implementations of matching regions for planar extended hemispherical silicon
lenses: (a) Design A: no matching region, (b) Design B: single concentric matching region, (c) Design C:
single shifted matching region, (d) Design E: three shifted matching regions and (e) Design F: three
concentric matching regions. The relevant parameters for matching region i are the relative permittivity
εi and the width wi. Design D is based on Design B with ε1 and w1 calculated as a λ/4-transformer at
100 GHz.

regions. Thus, we investigate which matching region concept in Fig. 4 results in the highest gain for the
same physical aperture size, i.e., we are interested in determining which design results in the highest
aperture efficiency. A 300µm thick high-resistivity (tan δ = 6·10−4) silicon wafer is considered for lenses
of diameter D = 11 mm for this study, in order to compare with the measured prototype from [16].
The free-etched lenses are installed on a WR-10 waveguide. The tapered dielectric wedge transition was
designed following [14], and minimizes reflections at the boundary between the feeding waveguide and
the dielectric body of the lens throughout the W-band (75–110 GHz).

The simplest design without any matching region is referred to as Design A. By including a single
matching region, as illustrated for Designs B-C in Fig. 4, it is possible to reduce the reflections at the
boundary between the lens and free-space. Design B has a single concentric matching region, just like
prototype in [16], while Design C has a single shifted matching region. This shifted matching region is
defined as the difference between two circles with the same diameter, where one is shifted (translated)
by a distance w1 along the direction of the waveguide, with respect to the other. The motivation of
this novel matching region geometry is described below. As described in Section 1, we do not expect a
matching region with thickness and permittivity determined as a λ/4-transformer to provide the optimal
matching region. For sake of comparison, we therefore define Design D based on Design B, with ε1 and
w1 calculated as a λ/4-transformer at 100 GHz.

For the lenses presented in Fig. 1 and Fig. 4, the wave launched through the dielectric wedge into
the dielectric slab is TM-polarized with respect to the lens surface. From the simplified case of a plane
wave incident on a semi-infinite slab with a single matching region described above and in [18], we
know that the thickness which eliminates the reflection at a single frequency, decreases with increasing
angle for TM polarization. Therefore, it seems that the best matching region would not be uniform



22 Frid et al.

as the concentric geometry (Designs B and F), but rather be tapered to be thinner at larger angles
of incidence, towards the edges of the lens. Although there are several geometries of tapering the
thickness, we have for sake of simplicity used a shifted geometry (Designs C and E), as described above.
From transmission-line theory, it can be expected that using multiple matching regions will improve the
performance compared to using a single matching region [18, 26]. Three matching regions were used for
Designs E and F.

The optimal parameters for each design considered in Fig. 4 have been determined using
Trust Region Framework (TRF) optimization together with the Finite Integration Technique (FIT)
implemented in [24]. Firstly, we attempted to minimize the return loss in the entire W-band
(Objective I). Secondly, we attempted maximizing the averaged gain over this frequency band
(Objective II). Thirdly, we attempted maximizing the band-averaged gain while simultaneously
minimizing the side-lobe level with equal weights of the goals (Objective III). It is interesting to note
that all three choices of objective functions resulted in similar parameters and antenna performance. All
objectives resulted in similar band-averaged gain, the only difference being, Objective III resulted in the
smallest side-lobe level, about 2 dB lower than obtained using Objectives I or II. Therefore, the results
from the optimization using Objective III are presented here. Section 3.2 presents the comparison
between Designs A-D which are based on a single matching region, and Section 3.3 presents the
comparison between Designs E-F, which are based on three matching regions. The optimized parameters
are presented in Table 1, and the band-averaged figures-of-merit for each design are summarized in
Table 2. Once the optimal permittivity is obtained, the corresponding hole size h to be used for
fabrication is readily extracted from Fig. 3. Since the optimization problem is not convex, special care
needs to be taken in order to ensure that the optimal value determined using TRF optimization is not
only a local minimum, but a global minimum. We therefore repeated the TRF optimization several
times using several different initial values. Thus, we believe that the parameter set presented in Table 1
corresponds to the global optimum.

Table 1. Design parameters, determined using TRF optimization, for Designs A-F, as defined in Fig. 4.
For sake of comparing the aperture efficiency, all designs have the same diameter, D = 11 mm.

Extension Height, h (mm) Relative permittivity, εi Width, wi (mm)
Design A 3.4 - -
Design B 3.4 6.4 0.48
Design C 1.8 9.7 1.54
Design D 3.4 3.4 0.41
Design E 1.74 7.73, 4.92, 2.73 1.43, 2.49, 4.18
Design F 3.55 10.5, 8.33, 4.12 0.27, 0.49, 0.51

Prototype [16] 3.0 4.0 0.50

Table 2. Calculated figures-of-merit for Designs A-F presented in Fig. 4. These figures-of-merit were
calculated as an average over the W-band (75–110 GHz). As usual, the notation S11 is used for the
reflection coefficient, and side-lobe level is abbreviated by SLL.

Gain (dB) S11 (dB) E-plane SLL (dB) H-plane SLL (dB) Cross-pol. (dB)
Design A 12.5 −15.3 −9.72 −12.2 −12.5
Design B 13.7 −21.3 −16.1 −14.4 −17.5
Design C 13.3 −17.8 −13.8 −10.6 −15.2
Design D 13.2 −17.7 −14.1 −11.5 −15.8
Design E 17.4 −19.3 −14.7 −18.7 −22.8
Design F 14.0 −20.8 −14.2 −17.1 −17.4
Prototype 13.1 −19.1 −13.1 −14.1 −15.1
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It is expected that the accuracy of the simulation results compared to measurements is mainly
determined by fabrication tolerances in the silicon microfabrication process, in addition to the accuracy
when installing the lens on the feeding waveguide. The fabrication and measurements are beyond the
scope of this paper, and the reader is instead referred to [16].

As can be seen in Fig. 4, Design E is longer in the z-direction than Design F. Note that the
aperture area Ap is defined in the xy-plane [18], whereby the length in the z-direction does not affect
the physical aperture area. Meanwhile, it is interesting to note that Design E has a larger focal length
than Design F, thereby occupying a larger volume. It is typical that quasi-optical systems become more
efficient as they increase in length, however only until a certain threshold value. Beyond that, the gain
can only be increased by increasing the diameter [18]. The same phenomenon is seen in array antenna
elements such as the BoR-element [27], which also becomes more efficient when made longer, but it is
ultimately limited by the area occupied in the xy-plane. In addition to the above, it is also important
to compare the available gain for a fixed diameter when considering sparse arrays consisting of multiple
lenses. In a planar array, each element has only a fixed area in the xy-plane. For some applications such
as sparse arrays and monopulse systems, it is needed to maximize the gain produced using this fixed
area. For such applications, the length is not a critical parameter, unless it results in a significantly
increased weight. Thus, the diameter (or equivalently, the area in the xy-plane) becomes the most
important limitation. Based on the above, we have decided to compare the lenses for a fixed diameter,
but without limitation on the length.

3.2. Wideband Analysis of Planar Lenses with a Single Matching Region

Starting with Design A, the extension height h was determined to maximize the gain. The same
extension height was used for Designs B, C and D. The thickness and permittivity for Designs B and C
were determined using TRF optimization, with Objective III described above. The design parameters
for all designs are presented in Table 1. Hence, Designs B and C were optimized for two parameters
(w1 and ε1), and there was no significant change in the optimal parameters when optimizing for three
parameters (i.e., w1, ε1 and h). Note that there is some difference in optimal parameters for Design B
compared to the prototype in [16]. This is due to different optimization goals used here compared to [16].
The reflection coefficient is presented as a function of frequency in Fig. 5, while the gain, side-lobe level
and cross-polarization are presented as functions of frequency in Fig. 6. Band-averaged figures-of-merit
are presented in Table 2.
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Figure 5. Calculated reflection coefficient for (a) lenses with a single matching region (Designs B-D)
and (b) lenses with three matching regions (Designs E-F). Compared to a lens without any matching
region (Design A), the introduction of (a) single matching regions and (b) three matching regions,
substantially reduces the return loss. It can also be seen that the return loss is reduced in a wideband
sense over the entire frequency band.
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Firstly, we consider the reflection coefficients in Fig. 5(a). While the λ/4-transformer used for
Design D is designed for 100 GHz, we note that Design D improves the return loss, as compared to
Design A, not only at 100 GHz, but also on average over the entire W-band. The reflection coefficient
varies rapidly with frequency for all designs (see Fig. 5), but due to the optimized dielectric wedge
transition (Fig. 1), the maximum return loss is relatively small even for Design A, which at worst has
8 dB return loss within the band.

(a) (b)

(c)

Figure 6. Calculated (a) gain (b) side-lobe level and (c) cross-polarization for Designs A, B and D as
a function of frequency. Design A has no matching region, Design D has a λ/4-transformer matching,
and Design B has an optimized matching region. By reduction of internal reflections, both Designs B
and D have higher gain, lower side-lobe level and smaller cross-polarization than Design A. It is also
seen that the optimized matching region for Design B is superior to the commonly used λ/4-transformer
(Design D).
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The inclusion of the λ/4-transformer in Design D increases the gain while reducing the side-lobe level
and the cross-polarization, see Fig. 6. While Design D is an improvement as compared to Design A,
it is possible to improve the performance further by using an optimized matching region. Design B
has smaller return loss (Fig. 5(a)), higher gain (Fig. 6(a)), smaller side-lobe level (Fig. 6(b)) and
smaller cross-polarization (Fig. 6(c)) than Design D. As can be seen in Table 1, the optimal values for
Design B are also somewhat different that for Design D. Hence, we have found that the conventional
λ/4-transformer (Design D) does not provide the optimal parameters for the matching region for small
planar lenses (D = 11 mm). In conclusion, Table 2 shows that Design B has the highest gain (and
consequently also the highest aperture efficiency), lowest side-lobe level, cross-polarization and return
loss, all of which are superior to Designs A, C and D. While Design C does not provide an improvement
compared to Design B, the advantages in using the shifted matching region from Design C will become
demonstrated in the following section where we consider multiple matching regions.

3.3. Wideband Analysis of Planar Lenses with Three Matching Regions

In total, 7 parameters were determined for Designs E and F, i.e., the extension height, in addition to
the thickness and permittivity of all three matching regions. As a starting point for the optimization,
we used multistage λ/4-transformer matching regions, see e.g., [26]. The optimized permittivity and
width for each matching region is presented in Table 1. As seen in Table 2, the band-averaged gain of
the optimized lens is 17.4 dB for Design E, and 14.0 dB for Design F. Compared to Design B, which is
the best design with a single matching region, with band-averaged gain of 13.7 dB, there is only a small
improvement in increasing the number of concentric matching regions. Meanwhile, there was a 3.7 dB
increase in the band-averaged gain when using three shifted matching regions. A comparison between
the far-field radiation patterns of Designs E and F is found in Fig. 7. It is interesting to consider the
frequency 100 GHz, where Design E has more than 3 dB higher gain than Design F, whereby the effective
area of Design E is at least twice as large as for Design F. Thus, we can conclude that, while maintaining
the same physical aperture size, Design E proves to be superior to Design F in terms of its aperture
efficient design. Fig. 7 shows that there are relatively small variations over frequency. The wideband
performance is therefore well captured by the average values presented in Table 2. In addition to the
highest band-averaged gain, Design E also has the lowest band-averaged cross-polarization, which is
5 dB lower than Designs B and F, see Table 2.

(a) (b)

Figure 7. Calculated gain in (a) E-plane and (b) H-plane for Design E and Design F. The far-field
pattern has the shape of a fan-beam, with a wide beam in the H-plane and a narrow beam in the
E-plane.
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Figure 8 presents near-field plots for Designs A and E, in both E- and H-planes. This figure shows
how the lens acts as a matching from the TE10 mode, to free-space TEM waves. It can be seen that the
antenna radiates with a flat phase front (and consequently a narrow beam) in the E-plane, and a wide
beam in the H-plane. This explains the fan-beam shape of the far-field pattern seen in Fig. 7. The
internal reflections for Design A are clearly visible in Fig. 8(b), which has a severely disturbed field with
a clearly visible standing waves within the lens, which is greatly improved for Design E in Fig. 8(d).
Fig. 8(b) also shows that there are some back-lobes forming for Design A. Considering Table 2, we note
that the internal reflections increase the amount of power radiated into the side-lobes, and increase the
cross-polarization, thus decreasing the gain. Another interesting observation in the H-plane near-field
plot for Design E (Fig. 8(c)) is the concentration of the electric field to the high-permittivity silicon
slab. This is similar to the field concentration seen in dielectric rod waveguides [14], where the field
concentration is more significant for larger permittivity values. Since Design E has a permittivity which
decreases in three steps, over the relatively long matching regions, we note that the field widens around
the lens as it propagates through the regions of lower permittivity. This effect is clearly visible in
Fig. 8(c).

(a)

(b)

(c)

(d)

Figure 8. Logarithmic near-field plot of the electric field magnitude at 100 GHz, demonstrating the
transition from the waveguide TE10 mode to free-space TEM waves, for (a)–(b) Design A and (c)–(d)
Design E, in H- and E-planes. The internal reflections for Design A are clearly visible in (b). There
is a flat phase front in the E-plane, see (b) and (d), and a wide beam in the H-plane, see (a) and (c),
which results in a fan-beam radiation pattern.
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Figure 9. Calculated realized gain at 100 GHz for (a) co-polarization open-ended waveguide, (b) cross-
polarization for open-ended waveguide, (c) co-polarization for Design E and (d) cross-polarization for
Design E. The cross-polarization is zero in principal planes both for the open-ended waveguide and the
lens antenna. Note that the sub-figures are arranged with the open-ended waveguide results to the left
and the corresponding lens results to the right.

The cross-polarization values presented in Table 2 are calculated as the maximum cross-polarization
(evaluated over all angles), normalized by the co-polarization in the main lobe (i.e., θ = 0◦), based on
Ludwig’s 3rd definition [28]. The angular dependence of the cross-polarization is similar to that of an
open-ended waveguide, with zeros in the principal planes (φ = 0◦,±90◦) due to symmetry [29], and
the maximum value occurring roughly at 45◦ between the two planes, see Fig. 9. Based on the above,
the cross-polarization values presented in Table 2 represent a worst-case estimate averaged over the
frequency band.

4. CONCLUSIONS

This paper presents the design and optimization of planar silicon-micromachined extended hemispherical
lens antennas, with up to three stepped-impedance matching regions. The primary aim of this paper is
to describe how to obtain optimal matching regions for this type of lens. The width and permittivity
of each matching region was determined using TRF optimization. The optimization cost function was
chosen to maximize the gain while simultaneously minimizing the side-lobe level over a wide frequency
range (75–110 GHz), as described in Section 3.1. It has been demonstrated that the introduction of
matching regions result in a wideband improvement of return loss, side-lobe level and cross-polarization,
while increasing the aperture efficiency.

An important result is that the optimal width and permittivity of a single matching region,
determined using optimization, differs from those of a λ/4-transformer. This can be explained by
the fact that the derivation of the λ/4-transformer assumes normal incidence, which is only valid in a
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small area in the center of the lens. This illustrates that the conventional λ/4-transformer matching
region is not optimal for this type of lens. The optimized single matching region (Design B) provides an
improvement compared to the conventional λ/4-transformer (Design D) since the width and permittivity
are optimized to achieve the best performance, which allows the optimal trade-off to partly compensate
for the geometry of the lens and matching region.

When considering oblique TM incidence on a semi-infinite dielectric slab with a single matching
region, the thickness of the matching region should be slightly smaller than λ/4 [18]. This is the reason
why the proposed shifted matching region is tapered such that the thickness decreases towards the edges,
where the angle of incidence is greater. The presented simulation results indicate that the matching
region geometry is an important parameter which can be varied to improve the performance. The
simplicity of the shifted matching regions used here could explain why Design C does not provide an
improvement compared to Design B. Meanwhile, we noted a significant improvement when comparing
three concentric matching regions (Design F) with three shifted matching regions (Design E). From
the simulation results, it can be concluded that increasing the number of concentric matching regions
does not result in a significant improvement compared to using a single concentric matching region.
However, by using three shifted matching regions, it was possible to increase the gain significantly,
while the aperture size remained the same. Thus, we conclude that the proposed shifted matching
region geometry is superior to the concentric geometry when three matching regions are used.

It is an interesting observation that the stepped matching regions we have considered here could be
thought of as discretization of the permittivity distribution in a gradient-index (GRIN) lens (see e.g., [30–
32]). Similarly to most GRIN-lenses, the permittivity distribution in Design E and F presented here
is monotonically decreasing from the maximum value, as we move closer to the air-dielectric interface.
Since Design E is superior to Design F, we make the interpretation that the shifted region is more
efficient than the concentric region for discretizing a planar hemispherical GRIN lens. Furthermore,
the silicon-micromachining process used here is not limited to stepped-permittivity matching regions,
whereby this fabrication process is of interest for future planar silicon-GRIN lenses.
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Abstract—This paper reports on a submillimeter-wave 500–
750 GHz micorelectromechanical systems (MEMS) waveguide
switch based on a MEMS-reconfigurable surface to block/unblock
the wave propagation through the waveguide. In the non-blocking
state, the electromagnetic wave can pass freely through the MEMS-
reconfigurable surface, while in the blocking state, the electric field
lines of the TE10 mode are short-circuited that blocks the wave
propagation through a WM-380 (WR-1.5) waveguide. A detailed
design parameter study is carried out to determine the best com-
bination of the number of horizontal bars and vertical columns
of the MEMS-reconfigurable surface for achieving a low insertion
loss in the non-blocking state and a high isolation in the blocking
state for the 500–750 GHz band. Two different switch concepts re-
lying either on an ohmic-contact or a capacitive-contact between
the contact cantilevers have been implemented. The measurements
of the switch prototypes show a superior RF performance of the
capacitive-contact switch. The measured isolation of the capacitive-
contact switch designed with an 8 µm contact overlap is 19–24 dB
and the measured insertion loss in the non-blocking state is 2.5–
3 dB from 500 to 750 GHz including a 400 µm long micromachined
waveguide section. By measuring reference chips, it is shown that
the MEMS-reconfigurable surface contributes only to 0.5–1 dB of
the insertion loss, while the rest is attributed to the limited sidewall
metal thickness and to the surface roughness of the 400 µm long mi-
cromachined waveguide section. Finally, reliability measurements
in an uncontrolled laboratory environment on a comb-drive actu-
ator with an actuation voltage of 28 V showed no degradation in
the functioning of the actuator over one hundred million cycles.
The actuator was also kept in the actuated state for ten days and
showed no sign of failure or deterioration.

Index Terms—Micromachined waveguide, rectangular
waveguide, RF micorelectromechanical systems (MEMS),
submillimeter-wave, terahertz, waveguide switch.

I. INTRODUCTION

WAVEGUIDES exhibit a very low insertion loss and
a high power handling capability, which makes them
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the preferred transmission media for high-frequency and high-
power applications. Rectangular waveguides are the most com-
monly used waveguide type at millimeter- and submillimeter-
wave frequencies. These waveguides are usually fabricated from
metals utilizing conventional metal machining techniques. How-
ever, for waveguides at WM-380 (WR-1.5) band and above, the
typically specified fabrication accuracy is 15–20 µm [1], making
the fabrication more difficult, costly, and time consuming [2].
The dimensional accuracy requirements are even more severe
for resonant structures [1]. As an alternative, micromachining
can be employed to fabricate waveguides for submillimeter-
wave frequency using silicon, which is then metallized [3].
Silicon micromachined waveguides have already shown
encouraging results, fabricated for applications at 2.7 THz [4].

Microwave waveguide switches are used in waveguide-based
front-ends for signal routing, signal control, frequency band
selection, beam scanning, and calibration and redundancy
applications. Conventional waveguide switch technology is
mainly based on two concepts, namely, the mechanical switch
concept using rotary motors and the semiconductor switch
concept using p-i-n diodes and MESFETS integrated into the
waveguide. The mechanical switches exhibit low insertion loss
and high isolation but are bulky, heavy, require high power,
and have a very slow switching speed [5]. On the other hand,
semiconductor switches are small in size and have a fast
switching speed but exhibit poor insertion loss and isolation,
especially at higher frequencies [6]. Micorelectromechanical
systems (MEMS) switches fabricated by micromachining have
the potential to combine the advantages of both the mechanical
and the semiconductor switches and replace the existing switch
technology. This is due to the fact that the RF MEMS switches
offer very low insertion loss, high isolation, high linearity, large
bandwidth of operation, low power consumption, switching
speed in microsecond range, and high miniaturization [7]. These
switches have evolved and matured since their inception in the
early 1990s and by now the major challenges they are facing are
power handling and reliability [8]. At high input power levels,
the power handling is limited by two mechanisms, namely, the
self-actuation in the open state and the latching in the closed
state [9]. At submillimeter-wave frequencies, power handling
is not an issue since at these frequencies only a few milliwatts
power is typically available [10]. Reliability, on the other hand,
is limited by dielectric charging for capacitive switches and by
the contact physics for metal-contact microswitches [11]. In
recent publications [12], [13], layered contacts have been used
to enhance reliability of metal contact switches by having a soft
metal coated with a thin layer of a hard metal.

2156-342X © 2017 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications standards/publications/rights/index.html for more information.
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MEMS waveguide switches utilizing a ridge waveguide with
electrothermal and electrostatic actuators have previously been
reported for Ku and K band applications [14], [15]. More re-
cently, an upper V-band waveguide switch design based on
curled up MEMS actuators integrated inside the waveguide
channel [16] has been shown, achieving a better than 20 dB
isolation and good insertion loss performance. Furthermore,
the authors have previously shown a very low insertion loss
(below 0.3 dB) and a very high isolation (above 30 dB)
MEMS waveguide switch for the upper V-band using a MEMS-
reconfigurable surface to block the wave propagation in a rectan-
gular waveguide [17], [18]. In a recent publication, the authors
have used these MEMS-reconfigurable surfaces for switching
waveguide stubs to implement a phase shifter operating in the
frequency band between 500 and 550 GHz [19], which was the
highest frequency RF MEMS device ever reported so far.

This paper introduces the first ever submillimeter-wave
MEMS waveguide switch operating in the frequency band be-
tween 500 and 750 GHz using a MEMS-reconfigurable surface
[17], [18] to block/unblock the wave propagation. This MEMS
reconfigurable surface waveguide switch concept is very broad-
band, as the bandwidth is only limited by the waveguide-modes
cutoff. The authors have reported, in a recent conference publi-
cation [20], the basic concept of this MEMS waveguide switch
at WM-380 (WR-1.5) frequencies. This paper is an extension
of the conference publication and discusses the switch design
in detail and present new measurement data (both electrome-
chanical and RF). To the best knowledge of the authors, the RF
MEMS switch reported here is the first RF MEMS switch above
220 GHz [21] and the first MEMS waveguide switch above
75 GHz. Very recently, another MEMS waveguide switch op-
erating between 500 and 750 GHz based on a ridge waveguide
using an electrostatic actuator was reported [22] and our confer-
ence publication [20] was referenced as the first MEMS wave-
guide switch at these frequencies by that paper.

II. CONCEPT AND DESIGN

The waveguide switch reported in this paper com-
prises a single-pole single-throw design utilizing a MEMS-
reconfigurable surface inserted in the cross-sectional plane of
the rectangular waveguide as shown in Fig. 1. The use of
the MEMS-reconfigurable surface for blocking/unblocking the
wave propagation into a waveguide has already been shown by
Baghchehsaraei et al. [17] and Baghchehsaraei and Oberham-
mer [18] for V-band. Fig. 1(b) shows the two states of the MEMS
waveguide switch. In the non-blocking state, the gap between
the contact cantilevers allows for the electromagnetic wave to
propagate freely through the MEMS-reconfigurable surface and
in the blocking state, the movable contact cantilevers are moved
to contact the fixed contact cantilevers to form a series of ver-
tical columns which short circuit the electric field lines of the
TE10 mode blocking the electromagnetic wave propagation.

The overall switch performance is influenced by the num-
ber of horizontal bars (rows), the number of vertical con-
tact cantilevers (columns), and the overlap of the contact can-
tilevers. The performance variation based on these model pa-
rameters are simulated using full-wave simulations in CST

Fig. 1. Submillimeter-wave MEMS waveguide switch design using a MEMS-
reconfigurable surface: (a) 3-D illustration of the cross section and (b) non-
blocking and blocking state of the MEMS waveguide switch.

Fig. 2. Design parameter study at 625 GHz for an ohmic-contact overlap of
2 µm: (a) insertion loss in the non-blocking state, (b) isolation in the blocking
state, and (c) return loss in the non-blocking state.

Microwave Studio and are shown in Figs. 2 and 3 to find the best
combination of the model parameters for the switch design
for 500–750 GHz, i.e., ten times higher frequency than pre-
vious designs. The simulation results show that the isolation
in the blocking state improves, while the insertion loss in the
non-blocking state degrades with increasing number of ver-
tical columns (see Figs. 2 and 3). The number of horizon-
tal bars has a minimal impact on the isolation performance
in the blocking state since the horizontal bars are perpen-
dicular to the short-circuited electric field lines. In the non-
blocking state of the switch, the insertion loss is significantly
higher when three horizontal bars are used instead of four or
five horizontal bars. This is an indirect effect resulting from
the larger contact cantilever length used for a switch design
with lower number of horizontal bars to maintain the same
contact overlap. The longer contact cantilevers adversely af-
fect the waveguide electric field lines in the non-blocking sate
since the contact cantilevers are parallel to the field lines. The
degradation of the insertion loss with increasing length of the
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Fig. 3. Design parameter study at 625 GHz for an ohmic-contact overlap of
8 µm: (a) insertion loss in the non-blocking state, (b) isolation in the blocking
state, and (c) return loss in the non-blocking state.

contact cantilevers is also observed when the contact overlap
is increased from 2 to 8 µm as shown in Figs. 2(a) and 3(a),
respectively. This design parameter study makes it clear that for
the optimal switch design, the selection of the number of hori-
zontal bars and vertical columns requires a compromise between
insertion loss, isolation, and the return loss. Based on the sim-
ulation results, the design with seven horizontal bars and four
vertical columns is selected for a 2 µm contact overlap since it
has the non-blocking state insertion and return loss below 0.4 dB
and 12 dB, respectively, and the blocking state isolation above
20 dB.

It has been shown by the authors in a recent publication [19]
that due to fabrication inaccuracies, an ohmic contact cannot be
guaranteed for all individual switch contacts simultaneously. For
the design with 2 µm contact overlap, each contact cantilever has
a length of 11 µm with a 4 µm width resulting in a spring constant
of 60 900 N/m, which limits the possible movement of all further
cantilevers into contact to only 0.5 nm after the first contact is
closed. Thus, with the implemented actuator design, closing of
all further switch contacts is not guaranteed. In contrast, the
spring constant of the contact cantilevers for the V-band ohmic-
contact MEMS waveguide switch design published previously
by the authors was only 170 N/m [17], [18], which is much more
compliant and allows for a possible further movement of 200 nm
after the first contact is closed. To overcome this issue, the
contact overlap was increased from 2 to 8 µm. This results in the
required isolation being achieved in the blocking state even for
a small air gap between the contact cantilevers, i.e., a capacitive
contact is sufficient and a metal contact is not required. This
increased overlap adversely influences the non-blocking state
return loss as shown in Figs. 2(c) and 3(c), which is a design
compromise. Therefore, a second switch design, herein referred
to as capacitive-contact waveguide switch in contrast to the 2 µm
overlap ohmic-contact switch, with the 8 µm contact overlap
using five horizontal bars and four vertical columns achieving
a simulated insertion loss below 0.8 dB, isolation above 20 dB
and the return loss below 8 dB was also fabricated.

Moreover, the authors have shown in the previous V-band
waveguide switch publication [18] that a strong sinusoidal con-
figuration of the contact cantilevers in the waveguide cross sec-
tion achieves a similar overall performance for a reduced num-
ber of contact points. For the current WM-380 (WR-1.5) wave-

Fig. 4. Simulation results of the design parameter study to evaluate the switch
isolation when having a capacitive contact instead of an ohmic contact for a
contact overlap of 8 µm using five horizontal bars and four vertical columns.

guide switch design, the waveguide dimensions are such that the
design with the maximum number of contact cantilevers only
has a total of 24 contact points instead of 440 contact points
used in [18]. Any further reduction in this number of contact
points is not possible while simultaneously maintaining similar
performance of the blocking state isolation and non-blocking
state insertion and return loss.

Fig. 4 shows S21 as a function of the contact gap for a switch
design with the 8 µm contact overlap using five horizontal bars
and four vertical columns. The desired isolation is achieved even
for a contact gap of 200 nm when the overlap between the contact
cantilevers is 8 µm. This gap is used in further simulations in this
paper to better model the contact between the contact cantilevers
in the blocking state. Furthermore, a 15 µm initial contact gap
was chosen for the non-blocking state.

The MEMS switch has standard WM-380 (WR-1.5) rect-
angular waveguide dimensions (0.380 mm × 0.190 mm) with
the electrostatic comb-drive MEMS actuator having 160 fingers
placed on one side of the narrow wall of the waveguide us-
ing four folded-beam springs as suspension beams each with a
length of 700 µm, symmetrically placed around the narrow wall
of the waveguide opening. Four different comb-drive designs
with different spring widths and finger gaps achieving spring
constant variations of 1.06, 1.69, and 3.59 N/m were imple-
mented as actuator variations.

III. FABRICATION AND ASSEMBLY

The assembled switch consists of a MEMS waveguide switch
chip with the MEMS-reconfigurable surface and a top silicon
chip that is used to align the MEMS waveguide switch chip
to the waveguide flanges. The MEMS waveguide switch chips
are fabricated using a silicon-on-insulator (SOI) wafer in a two
mask micromachining process developed by Baghchehsaraei
et al. [17] and Baghchehsaraei and Oberhammer [18]. The fab-
ricated chips are metallized by sputtering a gold layer thickness
of 700 nm on the SOI handle wafer and a gold layer thickness
of 200 nm on the SOI device layer. Fig. 5 illustrates a close-up
SEM image of a single MEMS waveguide switch chip showing
the MEMS-reconfigurable surface, the comb-drive actuators,
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Fig. 5. Close-up SEM image of the fabricated MEMS waveguide switch chip
with MEMS-reconfigurable surface and the comb-drive actuators.

Fig. 6. MEMS waveguide switch: (a) exploded-view drawing showing the
mounting/assembly of the MEMS waveguide switch into the WR-1.5 waveguide
flanges, and (b) illustration of the complete MEMS waveguide switch chip.

and the mechanical springs. The total dimensions of the MEMS
waveguide switch elements are 1.6 mm × 1.5 mm. The pro-
cessed wafer had a total of 112 MEMS waveguide switch chips
achieving a process yield of between 90% and 95% during fab-
rication in a university cleanroom.

Fig. 6(a) shows the exploded-view drawing illustrating the
mounting/assembly procedure of the MEMS waveguide switch
and (b) shows a drawing of the entire MEMS waveguide switch
chip of overall dimensions of 3.07 mm × 10.58 mm, includ-
ing the dc bias lines, bias pads, and alignment recesses. The
waveguide flanges, the MEMS waveguide switch chip, and the
top silicon chip have omega-shaped alignment recesses where
omega-shaped springs are inserted for accurate alignment be-
tween the metal and the silicon pieces [23]. Fig. 7 shows micro-
scope pictures of the mounting/assembling of the MEMS wave-

Fig. 7. Assembly/mounting of the MEMS waveguide switch: (a) waveguide
flange with omega springs inserted into the omega-shaped micromachined align-
ment recesses, (b) placement of the top silicon chip, and (c) placement of the
MEMS waveguide switch chip.

guide switch. First, omega-shaped silicon springs are placed in
the machined alignment recesses on the waveguide flange [see
Fig. 7(a)]. This is followed by alignment and placement of the
top silicon chip on the waveguide flange [see Fig. 7(b)]. Next,
omega-shaped silicon springs are placed in the etched micro-
machined alignment recesses on the top silicon chip and the
MEMS waveguide switch chip is aligned and placed on the top
of the top silicon chip [see Fig. 7(c)]. Finally, the second wave-
guide flange is placed on top and the whole assembly is screwed
together. One of the waveguide flanges has an edge removed
on one side (see Fig. 7) so that the dc bias pads on the MEMS
waveguide switch chip can be accessed by dc probes.

IV. CHARACTERIZATION AND ANALYSIS

A. Submillimeter-Wave Characterization

The submillimeter-wave measurements of the MEMS wave-
guide switch prototypes were performed with an Agilent PNAX
system using VDI WR1.5 (WM-380)-VNAX Extenders cali-
brated using SOLT calibration. Two different MEMS waveguide
switch concepts have been implemented: 1) capacitive-contact
switch with a contact overlap of 8 µm for which capacitive,
i.e., proximity, contact between the cantilevers is sufficient and
2) an ohmic-contact switch with a contact overlap of 2 µm re-
lying on metal contact between the cantilevers, i.e., physical
touching of all contact points and sufficiently low contact resis-
tance.

1) Capacitive-Contact Switch: Fig. 8 shows the simulated
and measured insertion and return loss for the capacitive-contact



330 IEEE TRANSACTIONS ON TERAHERTZ SCIENCE AND TECHNOLOGY, VOL. 7, NO. 3, MAY 2017

Fig. 8. Measured and simulated S-parameters of the capacitive-contact
MEMS waveguide switch with contact overlap of 8 µm having five horizontal
bars and four vertical columns: (a) S21 and (b) S11 . The reference waveguide
measurement shows the measurement of micromachined hollow straight refer-
ence waveguide without any MEMS surfaces.

MEMS waveguide switch design with an 8 µm contact overlap
having five horizontal bars and four vertical columns. The cali-
bration is done between the two waveguide flanges without any
MEMS chip. The broadband frequency measurements between
500 and 750 GHz show that the blocking state isolation (S21) is
better than 19 dB and even reaching 24 dB at 750 GHz. This is
well matched with the simulation results from CST Microwave
Studio where a 200 nm gap between the contacts is used for
the blocking state with a simulated insertion loss of 17.5 dB
(500 GHz) to 25 dB (750 GHz). The measured insertion loss in
the non-blocking state is around 2.2 dB higher when compared
to the simulations, which is assumed to be partially attributed to
the small gaps in the chip assembly which result in a significant
increase in the insertion loss already shown by Shah et al. [19].
In addition, the higher insertion loss is also due to limited side-
wall gold coverage during sputtering and higher surface rough-
ness during deep reactive ion etching (DRIE) of the 400 µm
long micromachined waveguide section. This waveguide sec-
tion is formed by etching the handle layer (thickness = 400 µm)
of the SOI wafer used for fabrication. Using an SOI wafer
with a thinner handle layer could improve the insertion loss as
shown for the ohmic-contact MEMS waveguide switch where
a 300 µm SOI handle wafer was used instead. Fig. 9 shows the

Fig. 9. Cross-sectional SEM image of the fabricated capacitive-contact
MEMS waveguide switch with contact overlap of 8 µm. Close-up of the top
and bottom waveguide sidewalls are shown.

Fig. 10. Measured isolation as a function of actuation voltage for the
capacitive-contact MEMS waveguide switch with contact overlap of 8 µm hav-
ing five horizontal bars and four vertical columns.

cross-sectional SEM image of the MEMS waveguide switch
chip. The close-up inserts illustrate a uniform metal cover-
age with a thickness of 150 nm at the top of the microma-
chined waveguide section and non-uniform metal coverage at
the bottom. The higher surface roughness is also clearly vis-
ible at larger etch depths of the waveguide section. The con-
tribution to the insertion loss by the MEMS-reconfigurable
surface is only about 0.5–1 dB, which is verified by the ref-
erence waveguide measurement of a straight micromachined
waveguide without the MEMS-reconfigurable surface. The loss
factor (1 − |S11 |2 − |S21 |2) for this switch in the blocking state
is 0.65 at 500 GHz and going down to 0.3 at 750 GHz. For the
non-blocking state, the values are 0.4 at 500 GHz and 0.2 at
750 GHz.

Fig. 10 shows the measured isolation (S21) as a function of
actuation voltage for the capacitive-contact MEMS waveguide
switch design with an 8 µm contact overlap having five horizon-
tal bars and four vertical columns. There is a minimal change
in the isolation (S21) when the actuation voltage is increased
from 0 to 20 V. From 20 to 28 V, the isolation (S21) increases to



SHAH et al.: 500–750 GHz RF MEMS WAVEGUIDE SWITCH 331

Fig. 11. Measured S-parameters of the capacitive-contact MEMS waveguide
switch with contact overlap of 8 µm having five horizontal bars and three vertical
columns: (a) S21 and (b) S11 . The reference waveguide measurement shows the
measurement of micromachined hollow straight reference waveguide without
any MEMS surfaces.

above 15 dB. At 40 V, the first contact points are touching and
any further increase of the actuation voltage does not increase
the isolation (S21).

Fig. 11 shows the measured insertion and return loss for a
design variation of the capacitive-contact MEMS waveguide
switch having five horizontal bars and three vertical columns.
The isolation in the blocking state is reduced by around 4 dB
when the number of vertical columns is reduced from 4 (see
Fig. 8) to 3 (see Fig. 11). This confirms the CST simulations
shown in Fig. 3. The improvement in the insertion and return
loss in the non-blocking state as predicted by CST simulations
in Fig. 3 is not observed in the measurements which is due to the
overall losses being dominated by the loss of the 400 µm long
micromachined waveguide section. The measured loss factor for
this switch in the blocking state is 0.65 at 500 GHz and going
down to 0.3 at 750 GHz. For the non-blocking state, the values
are 0.4 at 500 GHz and 0.2 at 750 GHz.

2) Ohmic-Contact Switch: Fig. 12 shows the simulated and
measured insertion and return loss for the ohmic-contact MEMS
waveguide switch design with a 2 µm contact cantilever over-
lap having seven horizontal bars and four vertical columns. The
switch has a broadband frequency response with the insertion
loss of around 1.2 dB in the non-blocking state for the design

Fig. 12. Measured and simulated S-parameters of the ohmic-contact MEMS
waveguide switch with contact overlap of 2 µm having seven horizontal bars
and four vertical columns: (a) S21 and (b) S11 .

Fig. 13. Cross-sectional SEM image of the contact cantilevers showing a
sidewall inclination of 0.25◦: (a) top part of the cantilever and (b) bottom part
of the cantilever.

frequency range of 500–750 GHz. The measured insertion loss
in the non-blocking state is 1.3 dB better than for the capacitive-
contact switch (see Fig. 8), which is due to the combination of
using a shorter contact cantilever length [see Figs. 2(a) and 3(a)]
and the fact that a thinner SOI wafer with handle layer thickness
of 300 µm was used in the fabrication. However, the measured
switch isolation (S21) in the blocking state is only about 5 dB.
This is due to the fabrication irregularities resulting in the de-
creased probability of all contacts closing which is required
for proper operation of the metal-contact switch. Fig. 13 shows
fabrication inaccuracies by illustrating the cross-sectional SEM
images of the top and bottom part of the contact cantilevers
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TABLE I
ACTUATOR DESIGN AND CHARACTERIZATION

Actuator
No.

Spring Width
[µm]

Gap Between
Fingers [µm]

Spring Constant
[N/m]

Measured Actuation
Voltage [V]

1 3 2 1.06 28
2 3 2.5 1.06 36
3 3.5 2.5 1.69 40
4 4.5 2 3.59 49

Fig. 14. Life-time measurements with the actuation voltage being monitored
over 100 million cycles using a 36 V unipolar square waveform with a 50%
duty cycle and a cycle frequency of 100 Hz.

showing a sidewall scallop size of 150–200 nm in the deep
reactive ion-etched device layer. In addition, the contact can-
tilever sidewall profile is not straight and a sidewall angle of
0.25◦ is measured from the cross-sectional SEM images. To
take these fabrication inaccuracies into account in the model, a
200 nm gap between the contact cantilevers was, therefore, used
in simulations for the blocking state. The measured loss factor
for this switch in the blocking state is 0.3 at 500 GHz and going
down to 0.1 at 750 GHz. For the non-blocking state, the values
are 0.2 at 500 GHz and 0.1 at 750 GHz.

B. Electromechanical Characterization and Reliability

The design parameters used for the four implemented comb-
drive actuators are summarized in Table I together with the
measured actuation voltages. Actuator 1 was chosen for further
detailed electromechanical characterization. The actuation volt-
age repeatability measurement shows that for 20 consecutive
actuation cycles, the average actuation voltage is 27.99 V with
a standard deviation of 44.7 mV.

For performing the lifetime measurements, actuator 1 (see
Table I) was cycled using a unipolar square waveform with a
50% duty cycle at a frequency of 100 Hz with an actuation
voltage of 36 V (28% overvoltage drive). Fig. 14 shows the
result of the lifetime measurements where the actuation voltage
was measured after each decade of actuation cycles and remains
stable at 28 V with no significant variation over the measured
one hundred million cycles (standard deviation of all 45 mea-
surement points is 66.1 mV), performed even in an uncontrolled
laboratory environment.

Fig. 15. Long-term continuous actuated state measurements using a voltage
of 36 V, with the actuation voltage monitored once per day.

As a further reliability test of the switch design, long-term
actuation measurements were performed on actuator 1. The ac-
tuator was held in a continuous actuated state for ten days with
a voltage of 36 V and only once per day the actuation voltage
was measured by averaging the results from three consecutive
actuation-voltage ramping cycles at each measurement point.
Fig. 15 summarizes the results and shows a very low varia-
tion in the measured average actuation voltage over the ten day
forced-ON period. The actuator remained fully operational dur-
ing and after the measurement tests without any sign of failure
or degradation.

V. CONCLUSION

We have reported the design, fabrication, and detailed charac-
terization of the first submillimeter-wave 500–750 GHz MEMS
waveguide switch comprising a MEMS-reconfigurable surface
for blocking/unblocking the wave propagation through a wave-
guide. Detailed design parameter analysis was performed to
select the best design parameters for achieving a low insertion
loss in the non-blocking state and a high isolation in the block-
ing state. Two different switch concepts based on an ohmic-
contact and a capacitive-contact between the contact cantilevers
were compared. The ohmic-contact waveguide switch did not
work properly in the blocking state achieving and isolation of
only 5 dB. On the other hand, the capacitive-contact waveguide
switch achieved an isolation of 19–24 dB and an insertion loss of
2.5–3 dB, which included losses from a 400 µm long microma-
chined waveguide section. The major part of the insertion loss
is attributed to insufficient gold coverage and surface roughness
of the waveguide sidewalls and only 0.5–1 dB is attributed to
the MEMS-reconfigurable surface. In addition, lifetime mea-
surements show high actuator reliability at medium actuation
voltages, with 100 million cycles and a 10-day down-state test
successfully completed.
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ing 2013, he joined Saab, Linköping, Sweden, for an internship on polarimetric
radar calibration, and in 2014, he did a M.Sc. thesis project with Saab, Järfälla,
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An Approximate Method for Calculating the
Near-Field Mutual Coupling Between Line-of-Sight

Antennas on Vehicles
Henrik Frid, Student Member, IEEE, Henrik Holter, and B. L. G. Jonsson

Abstract—Calculating the mutual coupling between antennas
on vehicles using full-wave simulations requires a vast amount
of computer resources due to the electrical size of the structures.
We therefore propose an alternative and approximate method
to determine mutual coupling between antennas on vehicles for
the case where there is line-of-sight (LOS) between the antennas.
The proposed method is based on approximating the mutual cou-
pling between LOS antennas on vehicles as near-field transmission
between antennas in free space. We begin the analysis with a brief
review of four methods for calculating the near-field free-space
transmission. Of the investigated methods, we demonstrate that a
nonsingular form of the near-field transmission integral originally
proposed by Yaghjian (1982) is the most suitable for LOS anten-
nas on vehicles. We introduce a modification to this method, in
order to only use the antenna far-fields and geometrical separation
to determine the mutual coupling. The comparison with full-wave
simulations indicates that the proposed method has a good accu-
racy for LOS antennas. This paper ends with a full-scale mutual
coupling calculation for two monopoles on an aircraft under LOS
conditions, demonstrating a root mean square (rms) accuracy of
6 dB for frequencies up to 5 GHz, as compared with full-wave
simulations.

Index Terms—Aircraft antennas, aircraft reliability, electrically
large structures, electromagnetic interference, near-fields.

I. INTRODUCTION

T HE DESIGN and characterization of antennas installed
on vehicles focuses mainly on the properties of the

radiated or scattered field. However, electromagnetic interfer-
ence and mutual coupling become increasingly important with
multiple antennas installed on one vehicle body [1]. Recent
advancements in adaptive cruise control and collision warn-
ing systems [2], [3] results in an increased number of antennas
on cars. For sensors with critical tasks, disturbances from
other systems need to be below some case-dependent speci-
fied value. Military vehicles often have an even larger number
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of antennas used for communication, electronic warfare, and
radar. The number of antennas on an aircraft can reach up to
50 (see [1], [4]). While the reduction of antenna-to-antenna
coupling is critical for the function of the associated sen-
sors, it becomes increasingly difficult to satisfy the mutual
coupling criteria as the number of antennas per vehicle is
increasing.

Due to the cost and technical difficulties in measuring the
mutual coupling between antennas on large vehicles, there is a
demand for methods to calculate the mutual coupling between
antennas on vehicles before installation. However, performing
full three-dimensional (3-D) simulations to find the mutual cou-
pling between the antennas at high frequencies requires large
computer resources due to the electrical size of the vehicle.
Today’s fast numerical methods applied to large structures (see
[5], [6] and the asymptotic solver in [7]) are aimed toward deter-
mining radiation pattern or radar cross section, and there is
currently no adequately fast method for calculating the mutual
coupling between antennas on electrically large vehicles. In
this paper, we therefore propose an approximate method for
determining the mutual coupling between line-of-sight (LOS)
antennas on vehicles. LOS implies that there exists a straight
line between the antennas that does not intersect any part of the
vehicle structure. The proposed method uses the antenna far-
fields calculated for a known feeding power and the geometrical
configuration of the antennas. It can, therefore, be implemented
as a post-processing step which enables mutual coupling cal-
culations using asymptotic methods for calculating the antenna
far-fields.

The proposed method is based on approximating the mutual-
coupling between LOS antennas on vehicles as near-field trans-
mission between antennas in free space. We therefore begin the
analysis with a brief review of free-space coupling methods
as given by: 1) Friis transmission equation [8]; 2) Kim et al.
[9] method; 3) a series expansion of Yaghjian’s transmission
integral [10], [11]; and 4) a nonsingular form of Yaghjian’s
transmission integral [10]. In Section II, we modify 3) and
4) to avoid the need to calculate the reflection coefficient
or port impedance. The methods (1–4) are benchmarked in
Section III. After identifying which method is most suitable
for vehicle applications, we proceed to consider antennas on
vehicles in Section IV. We end this paper with a full-scale
example where we calculate the mutual coupling between two
antennas on a 4 m long aircraft for frequencies up to 5 GHz in
Section IV-B.

0018-926X © 2015 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.
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Fig. 1. Illustration of two arbitrarily oriented antennas with normalized far-
field amplitudes (�ft, �fr) and complex voltage amplitudes (at, bt, ar, br). The
system of coordinates is chosen such that the z-axis intersects each antenna.
The antenna separation is d.

II. MUTUAL COUPLING IN FREE SPACE

Consider a two-port network consisting of two antennas
placed at a distance d from each other in free space according
to Fig. 1. A system of coordinates is chosen such that the origin
coincides with the position of one of the antennas. The variables
corresponding to this antenna are denoted with index t (trans-
mitter), whereas the variables of the other antenna are denoted
with index r (receiver). Due to the reciprocity theorem for two
antennas (see [12]), it does not matter which of the antennas
is considered to be transmitting and which is considered to be
receiving. The voltage (or wave-guide mode coefficient) into
the transmitting antenna is thus denoted by at and the volt-
age out of the port of the receiving antenna is denoted by br.
Hence, if the system is isolated and the receiving antenna is ter-
minated in a matched load, then |br|2/|at|2 = |S21|2 = |S12|2
is the ratio of received to transmitted power, referred to as the
mutual coupling between the antennas.

A. Friis Transmission Equation With a Gain Reduction Factor

For antennas located in each other’s far-fields in free space,
the mutual coupling can be estimated using Friis transmission
equation (see [8] or [12])

∣∣∣∣
br

at

∣∣∣∣
2

= Gt(0, 0)Gr(π, π)

(
λ

4πd

)2

|n̂t · n̂∗
r |2. (1)

Here, n̂t and n̂r are the unit polarization vectors of the
respective antennas defined in the transmitting situation [13],
and Gt and Gr are the realized gain of the transmitting and
receiving antennas, respectively, expressed in the system of
coordinates in Fig. 1.

Several attempts have been made to extend the validity of the
Friis free-space transmission equation to the near-field region

[9], [14], [15]. Kim et al. [9] added an empirical gain reduc-
tion factor to Friis transmission equation (1) to improve the
estimation of the mutual coupling between antennas within the
near-field region. This empirical gain-reduction factor was cho-
sen based on six choices of antennas. Hence, the right-hand side
of (1) should be multiplied with

γtγr = (1 − 0.06F (Gt)(2Gt/(π2d/λ)))

(1 − 0.06F (Gr)(2Gr/(π2d/λ)) (2)

where F (G) = 2.5 − 3 arctan (G − 10)/π when using the
method in [9].

B. Near-Field Free-Space Transmission Integral

Yaghjian [10] derived a near-field transmission integral based
on the plane-wave scattering matrix description of antennas by
Kerns [16]. This integral formula, referred to as a near-field
generalization of Friis transmission equation [11], is presented
in this section. We also present a modification to this integral in
order for the method only to use the antenna far-fields and the
distance between the antennas d.

The time-convention ejωt is assumed throughout this paper.
It is well known that the electric far-field of an antenna placed
at the origin decays as e−jkr/r in the far-field region [17] and
it is therefore possible to uniquely describe the electric far-field
using the vector far-field amplitude

�fV0
(θ, φ) ≡ 1

V0
lim

r→∞
re+jkr �E(�r) (3)

where V0 is a normalization constant of dimension voltage.
This function is commonly denoted by both �f(r̂) and �f(�k) in
the literature depending on the context. Using the system of
coordinates given in Fig. 1, the wave vector is divided into com-
ponents perpendicular and parallel to the z-axis according to
�k = �K + γẑ where �K = kxx̂ + ky ŷ and γ =

√
k2 − K2 are

chosen as real and positive for K < k. The mutual coupling
can then be calculated using the near-field transmission integral
from [10]

br

at
= −C ′

k

∫

K<k

d2K
�fr1(−�k) · �ft1(�k)

γ
e−jγd. (4)

The integral relation (4) is derived by neglecting multiple
reflections and evanescent modes. It is valid for separation dis-
tances beyond “encroachment,” i.e., for separation distances
sufficiently large to ensure that a plane perpendicular to the
z-axis may be placed between the two antennas without inter-
secting either antenna [10].

The far-field amplitudes �fr1 and �ft1 are here denoted with
index 1 to clarify that the choice of V0 from [10] is used. With
this choice of normalization, the reflection coefficient and char-
acteristic impedance in the feeding waveguide must be known
for calculating the mismatch factor C ′. We here derive an alter-
native choice of normalization constant V0, thus avoiding the
need for explicitly calculating C ′. First, we embed −C ′ by
introducing the following notation:

�fr(−�k) · �ft(�k) ≡ −C ′ �fr1(−�k) · �ft1(�k). (5)
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Using the method of stationary phase (see [12], [18]), it is
readily shown that (4) with the notation (5) has the follow-
ing asymptotic behavior in the far-field limit where kd � 1:
br/at ≈ 2πj �fr(−ẑ) · �ft(ẑ)e−jkd/kd. This asymptotic behav-
ior is also found in [10]. In order for (4) to be consistent with
(1), we therefore arrive at the following, alternative normaliza-
tion for the antenna far-fields: |�f(θ, φ)|2 = G(θ, φ)/(4π). In
this work, the antenna far-fields �E(r, θ, φ) = �FP (θ, φ)e−jkr/r
are calculated using [7] for some known feeding power P .
Based on the above, we calculate �f in the system of coordinates
presented in Fig. 1 using

�f(θ, φ) =
�FP (θ, φ)√

Pη
(6)

where η is the free-space impedance. From (3), it follows that
the corresponding choice of normalization variable is V0 =√

Pη. The advantage of this normalization is that the algorithms
based on (7) and (9) below only need the antenna far-fields nor-
malized using (6) and the geometrical separation d as input.
As a consequence, there is no need to determine the reflec-
tion coefficients which would otherwise have been required for
calculating C ′.

The integrand in (4) has a singularity on or near the boundary
of the integration domain (K < k) where γ = 0, which makes it
challenging to evaluate numerically. Integrals with singularities
on or near the boundary of the integration domain have been
studied in [19] and [20]. In [10], it was suggested to truncate
the integration domain closest to the singularity in the inte-
grand. It was noted in [10] that low-directivity antennas are
not accurately captured with such a truncation. However, [11]
demonstrated that a series expansion approach accurately cap-
tures low-directive dipole antennas. This series expansion of (4)
is given by [10]

br

at
=

∞∑

n=0

Bnh(2)
n (kd) (7)

where h
(2)
n is the spherical Hankel function of the second kind

and

Bn = (−j)n 2n + 1

2

∫ π

0

dθ

∫ 2π

0

dφ�fr(π − θ, π + φ)

· �ft(θ, φ)Pn(cos θ) sin θ. (8)

Here, Pn is the Legendre polynomial of order n. Note that
[10] used the time-convention e−jωt and the corresponding
first-order spherical Hankel functions. The advantage in using
(7) to calculate (4) is that the singularity in the integrand of (4)
is not present in the coefficients in this expansion. A disadvan-
tage with the series expansion (7) is that it does not converge
for separation distances smaller than the sum of the radii of
the smallest spheres enclosing the radiating parts of respec-
tive antenna, i.e., d < ρr + ρt [10]. This is disadvantageous for
vehicle applications since the effective size of an antenna on a
vehicle can be significantly larger than the physical size of the
antenna due to radiating currents on the body of the vehicle.

Based on the above, there is a demand for an alternative
approach for calculating (4) for vehicle applications. A method

to improve the numerical properties of integrals that have singu-
larities on the boundary of the integration domain is to remove
the singularity with a change of variables [19]. With the change
of variables K2 + γ2 = k2 and γ = k cos θ, we have d2K =
KdKdφ = −γdγdφ = γk sin θdθdφ (see [21]), whereby the
integration can be taken over the azimuthal (φ) and polar (θ)
angles in the spherical system of coordinates (Fig. 1)

br

at
=

∫ π/2

0

dθ

∫ 2π

0

dφ �fr(π − θ, π + φ) · �ft(θ, φ)e−jγd sin θ.

(9)

The integral (9) is hereafter referred to as the nonsingular
transmission integral (NSTI). Using the NSTI, it is possible to
calculate the mutual coupling between low-directivity antennas
without requiring any truncation of the integration domain or
introducing a restriction on the antenna separation as for the
series expansion. Note that a similar form of this integral is
also found in [10]; however, the advantageous properties of this
nonsingular form of the integral were not utilized.

III. BENCHMARKING

In this section, we demonstrate that the NSTI can be used to
calculate (4) without any truncation of the integration domain,
and that it can also be used for the separation distances
d < ρr + ρt where the series expansion does not converge. A
comparison with method-of-moments (MoM) [7] simulation
results demonstrates excellent agreement for antennas located
in the radiating near-field. We also compare our results to Friis
transmission equation [8] and the Kim et al. formula [9].

A. Linearly Polarized Antennas

We here consider two linearly polarized circular horn anten-
nas in a polarization-matched configuration facing each other,
as depicted in Fig. 2. A model of the horn antenna is avail-
able in [7]. The mutual coupling between the horn antennas
was calculated as a function of the separation distance d for the
frequency 10 GHz. The results from using MoM, Friis trans-
mission equation (1) [both with and without the empirical gain
reduction factor (2)], the series expansion (7), and the NSTI (9)
are presented in Fig. 2. The required number of terms N for
convergence in the summation of (7) was in good agreement
with the formula from [10]: N ≥ k(ρr + ρt + λ) ≈ 17.

The far-fields used in the coupling calculations is each anten-
nas free-space far-field calculated using MoM, i.e., any other
antenna (alt. structure) is not considered when calculating the
far-field. This simplification is based on the observation in [11]
that antenna-to-antenna perturbations is mainly due to higher
order interactions and that these effects become negligible for
mid-sized antennas when d > 0.2λ [22]. The antenna far-fields
were expressed in the system of coordinates presented in Fig. 1
with the origin of each far-field coinciding with the phase center
of the antenna. It was verified that a far-field sample spac-
ing equal to 0.5◦ is sufficient for accurately calculating the
near-field transmission between the considered horn antennas.

The empirical gain reduction factor from [9] improves the
mutual coupling estimation as compared with Friis transmis-
sion equation for d > 2λ, but the agreement is worse for
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Fig. 2. Mutual coupling between two horn antennas which are facing each
other with the separation distance d along the z-axis. An illustration of the
horn antennas separated by three wavelengths is also included in this figure.

smaller antenna separations (see Fig. 2). Similarly, the agree-
ment between the MoM results and the series expansion (7)
is excellent for d > ρr + ρt = 1.7λ where the series is conver-
gent. The agreement between the NSTI (9) and the simulation
results, on the other hand, is excellent also for extremely small
antenna separations (0.2λ). This demonstrates that the NSTI
can be used to calculate (4) without requiring any truncation
of the integration domain and furthermore that it can be used
for separation distances d < ρr + ρt where the series expansion
does not converge.

B. Circularly Polarized Antennas

Previous implementations of the near-field transmission inte-
gral from [10] have only been demonstrated for linearly polar-
ized antennas [11], [18], [23], [24]. To demonstrate the validity
of this method also for circularly polarized antennas, we here
replace the horn antennas in Section III-A by circularly polar-
ized spiral antennas with the same diameter. These antennas
were designed to operate in the band 2–18 GHz [12] and con-
nected to a 190-Ω reference impedance in the simulation. The
mutual coupling between the antennas was calculated as a
function of the separation distance d ≥ 0.2λ for the frequency
10 GHz using MoM [7]. The results from using MoM, Friis
transmission equation (1) [both with and without the empiri-
cal gain reduction factor (2)], the series expansion (7), and the
NSTI (9) are presented in Fig. 3. Similar to the previous section,
the antenna far-fields were calculated in the absence of the other
antenna. N = 17 terms were used when calculating the series
expansion (7). The first set of curves from the top in this figure
represents the mutual coupling between two right-hand circu-
larly polarized (RHCP) antennas and the second set of curves in
this figure represents the mutual coupling between one RHCP
antenna and one left-hand circularly polarized (LHCP) antenna.

It should be noted that the agreement with MoM is bet-
ter for the polarization-matched case than the polarization-
mismatched case. Note that the mutual coupling between two
polarization-mismatched antennas increases rapidly once the

Fig. 3. Mutual coupling between two spiral antennas which are facing each
other with the separation distance d along the z-axis. The red rings are
used to distinguish the curves corresponding to the polarization-matched and
polarization-mismatched cases, respectively.

antennas enter each other’s reactive near-field, as can be seen in
the MoM curve in Fig. 3. In the reactive near-field, higher order
interactions can perturb the cross-polarization of the antenna.
The result is a degradation of the polarization isolation and con-
sequently a rapid increase in the mutual coupling in the reactive
near-field. Since all the considered methods in Fig. 3 except
MoM assume that the antenna cross-polarization is independent
of the separation distance, the agreement with MoM is worse
for polarization-mismatched antennas located in each other’s
reactive near-fields.

IV. ANTENNAS ON VEHICLES

A. LOS Antennas

As a simplified model of two LOS antennas on a vehicle,
consider two spiral antennas placed on an electrically large
perfectly conducting (PEC) surface according to Fig. 4(a).
The dimensions of the local ground planes [see Fig. 4(b)] are
10λ × 10λ at the center frequency 10 GHz. A similar prob-
lem for an aircraft is to calculate the mutual coupling between
one antenna installed on the tail of the aircraft and one antenna
installed on the wing of the aircraft, such that there is LOS
between the antennas. We use this simplified model to illus-
trate the idea behind the proposed method and we thereafter
demonstrate the method for a more realistic vehicle model in
Section IV-B.

We here introduce the approximation which makes it possi-
ble to calculate the near-field mutual coupling between anten-
nas on vehicles using the free-space methods discussed in
Section II. We approximate the geometry in Fig. 4(a) as two
antennas in free space according to Fig. 4(b) where a piece of
the vehicle between the antennas has been removed. We expect
that coupling between antennas on a vehicle within LOS of each
other is dominated by its free-space contribution to the cou-
pling. We here investigate how well the free-space estimates of
|S21| account for the on-vehicle mutual coupling. The numer-
ical verification is discussed later in this section and in Fig. 5.
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Fig. 4. Spiral antennas under LOS condition on electrically large PEC planes
which are: (a) connected and (b) isolated. We here use (b) to approximate (a).
The opening angle 2χ between the antenna planes is 90◦ in this figure.

Fig. 5. Mutual coupling between the antennas in Fig. 4 calculated using differ-
ent methods. The rms errors compared to case (a) are 2 dB for case (b), 4 dB
for NSTI and 24 dB when using Friis transmission equation or the Kim et al.
formula.

By considering these antennas (i.e., spiral antennas with ground
plane) to be approximately in free space according to Fig. 4,
we can thus use the NSTI to determine the mutual coupling
between the antennas.

The antenna separation d in this example is 10λ at 10 GHz.
Observe that the conducting plane closest to each spiral is
effective part of the antenna due to radiating currents in the
conducting planes. These antennas are therefore much larger
than the physical size of the spirals. Hence, we do not expect
to find a good agreement using Friis transmission equation
for the considered antenna separation. Neither can we expect
the series expansion (7) to converge for all frequencies due

to the convergence criterion d > ρt + ρr. It was found that
the series expansion (7) does not converge for this example
below 14 GHz. The NSTI algorithm does not suffer from these
problems, as demonstrated in Section III.

The mutual coupling between the antennas was calculated as
a function of frequency using the time domain solver imple-
mented in CST [7] for both cases (a) and (b) depicted in
Fig. 4. The results are presented in Fig. 5. The root-mean-
square (rms) error in the mutual coupling between these two
cases is 2 dB, which supports the expectation that the coupling
is dominated by its radiated LOS contribution. The considered
methods are evaluated based on the rms error compared to the
CST results for the configuration depicted in Fig. 4(a). The far-
field for NSTI was determined from one spiral antenna with
its surrounding conducting plane [i.e., one of the two bodies in
Fig. 4(b)], and sampled with a spacing of 0.25◦. The rms error
between the CST results and the NSTI (9) is 4 dB. Meanwhile,
both Friis transmission equation and the semiempirical trans-
mission formula from [9] underestimate the mutual coupling in
this example with an rms error of 24 dB.

Observe that the empirical gain-reduction factor (2) can be
approximated with unity for this example as demonstrated in
Fig. 5. In the previous example presented in Fig. 2, we demon-
strated that even though the Kim et al. formula [9] improves
the estimation compared to using Friis transmission equation
for antenna separations d > 2λ, the NSTI has significantly bet-
ter performance for smaller antenna separations. Furthermore,
antennas installed on vehicles typically have different radia-
tion pattern characteristics as compared to those of the antennas
used in [9]. The Kim et al. formula [9] is therefore not expected
to improve the estimation of the mutual coupling between
antennas on a vehicle compared to Friis transmission equation,
as demonstrated in Fig. 5.

We also consider the mutual coupling as a function of the
opening angle 2χ between the antenna planes at 10 GHz. The
size of the vehicle structure in Fig. 4(a) was increased such that
the antenna separation d varies from 10λ for 2χ = 0◦ to 30λ for
2χ = 180◦. The spiral antennas are mounted on a PEC surface
and it is therefore not possible to find a straight line between
the spirals without intersecting this surface if 2χ > 180◦. If
we consider only the spirals as antennas, then this configu-
ration would therefore not satisfy the LOS condition defined
in Section I for 2χ > 180◦. Interestingly, a good agreement
between NSTI and simulation results is found using the NSTI
method also for 2χ > 180◦, as demonstrated in Fig. 6.

The far-fields in the NSTI calculation were determined using
the multilevel fast multipole method (MLFMM) [7] by consid-
ering the entire structure depicted in Fig. 4(a). The far-fields
were sampled with a sample spacing of 0.25◦. The results for
NSTI, MLFMM, and Friis transmission equation are presented
in Fig. 6. The results from using the empirical gain reduction
factor from [9] were not included in this figure since, simi-
lar to the previous example, they do not differ notably from
Friis transmission equation. The rms error using Friis transmis-
sion equation was 18 dB. Similar to the previous example, the
rms error found using the NSTI is significantly smaller, only
5 dB in this example. Errors of this magnitude can be tolerated
in vehicle design applications where the calculation is done to
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Fig. 6. Mutual coupling between antennas on a vehicle structure similar to
Fig. 4(a) as a function of the opening angle 2χ. The corresponding antenna
separations d have been marked in the figure. The rms errors compared to the
MLFMM results are 5 dB for NSTI and 18 dB for Friis transmission equation.

Fig. 7. Model of an aircraft of length 4 m and width 4 m. The red cones
symbolize the location of the two polarization-mismatched monopole antennas.

determine if the mutual coupling is below some case-dependent
specified value.

B. LOS Antennas on an Aircraft

In the previous sections, we demonstrated that the NSTI (9)
can be used to determine the mutual coupling between LOS
antennas on a vehicle. As a final example to demonstrate the
value of this method, we calculate the mutual coupling between
two antennas on an aircraft of length 4 m and width 4 m (Fig. 7)
for frequencies up to 5 GHz. The antennas are monopoles
placed at a distance of 2.7 m (45λ at 5 GHz). One method to
reduce the mutual coupling between antennas on a vehicle is
by polarization mismatch. The monopole antennas considered
here are therefore polarization-mismatched. The mutual cou-
pling calculated using the time-domain solver implemented in
CST [7], Friis transmission equation (1), and the NSTI (9) are
presented in Fig. 8. We evaluate the NSTI method based on
how well it agrees with the CST results. The rms error using
the NSTI was 6 dB and a reasonable agreement was also found
using Friis transmission equation where the rms error was 7 dB.

The vehicle structure is extremely large at these frequencies
and 700 million mesh cells were required when running a full

Fig. 8. Mutual coupling between the antennas in Fig. 7 as a function of fre-
quency. The rms errors were 6 dB using the NSTI and 7 dB using Friis
transmission equation.

3-D simulation using the time-domain solver implemented in
CST [7]. The antenna far-fields were determined using the time-
domain solver, considering the entire structure in Fig. 7, and
sampled with a spacing of 0.25◦. The total simulation time was
2 days on a dedicated simulation computer. As a comparison,
the evaluation of the NSTI (9) was of the order of an hour.
It is interesting to note that, since the NSTI method requires
the antenna far-fields with a given sample spacing, the typical
computational time for the mutual coupling depends strongly
on which method is used for calculating the antenna far-fields.
This opens the possibility of using asymptotic methods for
calculating the far-fields.

V. DISCUSSION AND CONCLUSION

This paper has presented an efficient method for deter-
mining the near-field mutual coupling between LOS antennas
on electrically large vehicles. The main idea behind the pro-
posed method is to use (9) to approximate the mutual cou-
pling between two LOS antennas based on the free-space
approximation illustrated in Section IV-A. Using the NSTI,
we demonstrated that it is possible to calculate the near-field
mutual coupling without introducing any restriction on the
antenna separation or truncation of the integration domain.
Most importantly, this paper demonstrates the applicability of
the free-space near-field transmission integral [10] for LOS
antennas on vehicles. The rms error using the NSTI is of the
order of 6 dB, which is significantly smaller than the error
found when using Friis transmission equation or the Kim et al.
formula [9], as demonstrated in Figs. 5 and 6.

We have used MoM, MLFMM, and the time-domain solver
in [7] to determine both far-fields and mutual coupling, which
enables benchmarking of the here proposed NSTI method.
These full-wave methods require very large computational
resources for electrically large structures. For future work, it is
therefore of interest to calculate the antenna far-fields with fast
far-field methods (e.g., [5], [6] or the asymptotic solver in [7]),
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which can not presently be used to determine the mutual cou-
pling. Upon implementing the NSTI as a post-processing step,
the possibility to calculate the mutual coupling between LOS
antennas using these fast far-field methods is enabled.
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Approximate Methods to Determine the
Isolation between Antennas on Vehicles

Johan Malmström, Henrik Frid, B. L. G. Jonsson
KTH Royal Institute of Technology,

Stockholm, Sweden

Abstract—The isolation between antennas needs to be consid-
ered when integrating antennas on vehicles, since poor isolation
between antennas can cause interference between radio systems
on-board. The electrical size of vehicles at gigahertz frequencies
often limits the usage of full-wave methods. This paper therefore
evaluates two efficient methods to approximate the antenna
isolation; the non-singular transmission integral (NSTI) method
and the geometric theory of diffraction (GTD). We present
the first evaluation of NSTI for antennas outside line-of-sight
(non-LOS). It is shown to provide a 6.5 dB RMS accuracy in
the early non-LOS zone for an antenna position sweep on an
aircraft at 2 GHz, and for frequency sweeps on a cube and
cylinder, the latter only to 5 GHz. The GTD implementation
gives a 4.4 dB RMS accuracy for cylinders and simplified aircraft
models. Both investigated methods give remarkably accurate
results, considering memory requirements and runtime, which
makes them interesting for further investigations.

I. INTRODUCTION

The isolation between on-board antennas is a key design
parameter when integrating systems on vehicles. A low isola-
tion, due to e.g. unfavorable antenna placement, can severely
degrade system performance [1]–[3], and imply costly mod-
ifications late in the design process. The isolation can be
accurately calculated using full-wave methods. However, both
memory requirements and computational complexity grows
fast for full-wave methods with increasing electrical size of the
problem. As an example, an 18 m long aircraft at a modest fre-
quency of 6 GHz typically requires 100 GB of memory, even
when using memory-effective full-wave methods. Hence, there
is a demand for faster and more memory-efficient methods to
calculate antenna isolation before installation.

Two approximate methods for determining antenna isolation
are investigated in this paper; the NSTI method presented
in 2015 [4], and a GTD approximation for smooth convex
surfaces [5]. The NSTI method, which has previously been
shown to give good estimates for antennas within line-of-sight
(LOS) [4], is here evaluated for non-LOS antennas for the
first time. The GTD approximation is well-known and has
previously been used in vehicle applications [1], [6].

The antenna isolation I21 is closely related to the mutual
antenna coupling S21 by the simple relation I21 = 1/S21. In
this paper we present results in terms of mutual coupling.

II. SIMULATION MODEL AND METHODS

The isolation calculated with the approximate methods is
compared with reference solutions from full-wave simulations
using CST Microwave Studio 2015. The evaluations are either
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Fig. 1. Illustrations of the models used; cube model (left), cylindrical model
(middle), and aircraft model (right). The transmitting and receiving antenna
positions are rt (fixed) and rr (movable). The models are not to scale.

for a fixed frequency and varying antenna positions, or a fixed
antenna positions and varying frequency.

Three models are used in the simulations, a cube model, a
cylindrical model and an aircraft model, all depicted in Fig. 1.
The models are all made of perfect electrical conductor (PEC).
The cube model has side length 0.2 m. The cylindrical model
is a 5 m long circular cylinder with radius 0.5 m. The aircraft
model is identical with the cylindrical model, but also includes
wings, tail, and half-spheres endings the fuselage. The wing
span is 5 m and the tail height is 0.5 m.

All three models carry two 1.8 GHz resonant monopole
antennas, also illustrated in Fig. 1. On the cylindrical and
aircraft the position of one antenna is fixed while the other
is described by a separation angle α, as illustrated in the inset
pictures in Fig. 3. The separation along the z-axis is 1.5 m.

A. Non-Singular Transmission Integral (NSTI)

Fast asymptotic methods can approximate installed antenna
far-fields (see e.g. the software Delcross Savant). In [4] it
was shown that installed far-fields can be used to estimate
the isolation between LOS antennas on vehicles. This opens
for the idea that mutual coupling may be estimated as a post-
processing step once the installed far-fields are known. Using
the NSTI method [4], mutual coupling is estimated from the
complex-valued far-fields fr and ft by

S21 =

∫ π/2

0

dθ
∫ 2π

0

dφ fr(π−θ, π+φ) ·ft(θ, φ)e−jγd sin θ, (1)

where θ and φ are the polar and azimuth angles as defined in
[4], γd = kd cos θ, where k is the free-space wavenumber, and
d is the distance between the antennas. In order to evaluate
the accuracy of the NSTI method, we here use the antenna
far-fields fr and ft from full-wave simulations.

B. Cylindrical GTD approximation

For smooth convex PEC surfaces the electromagnetic fields
is well approximated by the GTD expressions presented in [5],

131978-1-5090-2886-3/16/$31.00 ©2016 IEEE AP-S 2016
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Fig. 2. Comparison of mutual coupling S21 as a function of frequency
for antennas on the cube model (top) and the cylindrical model for a fixed
separation angle α = 90◦ (bottom), calculated by NSTI (dashed red lines),
and the reference solution (solid black lines). The GTD approximation in (2)
is not applicable in frequency sweeps since K0 depend on frequency.

from which the following approximate relation can be derived

S21 = K0(k) (n̂
′ ·Te · n̂T )G0(kt), (2)

where n̂′, n̂ are surface normal unit vectors for the two
antennas, k is the wavenumber, and t is the geodetic length
between antennas. The surface dyadic Te and G0(kt) are
defined in [5]. Using (2) we can estimate S21 for any antenna
position on the surface for a fixed frequency, if K0(k) is
determined. We use one single value of S21 from the full-
wave simulation to determine K0(k) for a fixed frequency.

III. RESULTS

The mutual couplings as a function of frequency is pre-
sented in Fig. 2 for the cube model and the cylindrical model,
together with RMS errors. The antennas are non-LOS.

The mutual couplings as a function of separation angle α
are presented in Fig. 3 for the cylindrical model and aircraft
model, with corresponding RMS errors. The results from the
cylindrical GTD are identical for the two models, since the
same cylinder approximation is used in both cases.

IV. CONCLUSIONS

To address the need for alternative methods to approximate
isolation between antennas on vehicles this paper evaluates
two approximative methods: the NSTI and a cylindrical GTD.

The accuracy of the mutual coupling calculated with NSTI
for antennas within LOS is in agreement with what was
reported in [4]. Interestingly, the NSTI gives the same accuracy
in the first part of the non-LOS region, both for the cylindrical
and aircraft models. This shows that the installed far-fields
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Fig. 3. Comparison of mutual coupling S21 as a function of separation angle
α at f = 2 GHz for the cylindrical model (top) and the aircraft model
(bottom), calculated using NSTI (dashed red lines), GTD (dotted green lines)
and reference solution (solid black lines). The large decrease in the interval
90◦ to 120◦ for the aircraft model is due to the effects from the wings.

capture relevant information for estimating the isolation also
for non-LOS antennas. NSTI determines the isolation on the
cube with a RMS accuracy of 6.5 dB over the frequency band.
Using this average accuracy as a guide on the cylinder and the
aircraft model, we get a validity interval up to |α| < 95◦. Far
into the non-LOS region NSTI underestimates the isolation.

As expected, the implemented GTD approximation gives
excellent results for the cylindrical model. It also performs
remarkably well for the aircraft model for separation angles
|α| < 100◦, even though all geometrical features are not taken
into account. These results indicate that the major parts of the
isolation is still captured correctly by the cylindrical GTD.

The two approximate methods are both significantly faster
than the full-wave methods and also have order of magnitudes
lower memory requirements.
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Determining Direction-of-Arrival Accuracy for Installed
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Abstract Direction-of-arrival (DoA) estimation accuracy can be degraded due to installation effects,
such as platform reflections, diffraction frommetal edges, and reflections and refraction in the radome. To
analyze these effects, this paper starts with a definition of the term installation error related to DoA
estimation. Thereafter, we present a postprocessing method, which can be used to determine the DoA
estimation accuracy for installed antennas. By computing synthetic signals from the installed far-field
data, it is possible to analyze the installation errors described above, in addition to analyzing array model
errors. The method formulation is general, thus allowing generic array configurations, installation
configurations, and direction-finding algorithms to be studied. The use of the presented method is
demonstrated by a case study of a wideband four-quadrant array. In this case study, we investigate the
installation errors due to a single-shell radome. Thereafter, the effects of platform reflections are also
analyzed, for an antenna placement in the tail of a fighter aircraft. Simulation results are presented for
both the monopulse and the MUltiple SIgnal Classification direction-finding algorithms.

1. Introduction
Direction-of-arrival (DoA) estimation is an important task for a number of active and passive sensors
(see, e.g., Filik & Tuncer, 2009; Tuncer &Özgen, 2009; Tuncer et al., 2007). Radar systems implementedwith
direction-finding (DF) algorithms are classified as active DF systems, since they contain both a transmitter
and a receiver. In radar meteor science, the DoA estimates are used to calculate meteroid trajectories and
orbits (Kastinen, 2018; Kero et al., 2012). Passive DF systems, on the other hand, only receive signals. Pas-
sive DF systems are used in a number of electronic warfare (EW) applications, such as surveillance of radar
signals in electronic support measures and electronic intelligence (DeMartino, 2012). Similarly, the surveil-
lance and DoA estimation of communications signals are classified as communications electronic support
measures and communications intelligence. TheDoA estimation accuracy requirements vary between these
applications. As an example, an electronic intelligence system typically has strict requirements on DoA
estimation accuracy, while a radar warning receiver instead has strict requirements on fast processing and
detection speed, with less strict requirements on DoA estimation accuracy. These requirements directly
influence the choice of antenna configuration and DF algorithm and how the antennas are installed on the
platform.

There are a number of factors that can negatively impact the DoA estimation accuracy. The effects of array
model errors, such as sensor position errors and the mutual coupling between antennas, have been studied
previously (Elbir, 2017; Friedlander &Weiss, 1991; Ye&Liu, 2008; Zhang et al., 2005). Several DF algorithms
compensate for mutual coupling (see, e.g., Zhang et al., 2005). In Swindlehurst and Kailath (1992), a theo-
retical expression is presented for the MUltiple SIgnal Classification (MUSIC) DoA estimation error due to
array model errors.

In addition to array model errors, installation errors are introduced when the DF system is installed on a
platform, such as an aircraft, satellite, ship, or an antenna mast. The installation errors are caused by the
following three effects. First, reflections in metal structures on the platform cause multipath effects. These
effects can be observed as a rapidly oscillating “ripple” in the antenna far-field patterns. Secondary installa-
tion effects include diffraction frommetal edges and creepingwaves on curvedmetal surfaces (see, e.g., Kipp
et al., 2015; Kipp&Capoglu, 2014). Third, most installations also include a radome, that is, a shell consisting
of dielectric materials (and possibly a frequency-selective screen), which cover the antennas to protect them
from the environment (Nair & Jha, 2014). The radome design is typically a trade-off between structural,
thermodynamic, aerodynamic, and electromagnetic considerations (Kozakoff, 2010). As a consequence,
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the radome may have suboptimal performance from an electromagnetic point of view, resulting in a point-
ing error. The radome-induced pointing error for monopulse systems has previously been studied using a
high-frequency analysis in Burks et al. (1982). The error in DoA due to refraction in a radome is commonly
referred to as the boresight error (Kozakoff, 2010). Radomes also degrade system performance by increasing
the cross-polarization and the side-lobe level.

There are multiple interesting references on array calibration (see, e.g., Aumann et al., 1989; Gupta et al.,
2003; Thoma et al., 2004); however, note that this paper does not present a method for array calibration.
Rather, the backgroundmotivating this research is the need to compare different antenna placements for an
EW system on an aircraft. The presented method is useful for estimating the installed system performance
for a given antenna placement and installation, in order to determine during the predesign phase if it is
possible to satisfy the system requirement specification with the suggested antenna placement and radome
design.

All of the three installation effects described above can be captured in the installed far-field data. The embed-
ded element pattern (EEP) is the far-field amplitude of an antenna element, where the mutual coupling to
the neighboring elements is taken into account (Pozar, 1994). EEPs data, which also include the installa-
tion effects, are here referred to as installed EEPs. The computation of installed EEPs has historically been
considered to be a very challenging task. These challenges are mainly due to the electrical size of the plat-
forms, which makes the numerical problems extremely large (Malmström, 2017; Macnamara, 2010). This
has resulted in the development of high-frequency approximate methods, such as the shooting and bounc-
ing rays (SBR) method. The installation problem is thereby considered as a scattering problem similarly to
the analysis of radar cross section, although the source is an antenna installed on the platform, rather than
a plane wave as typically used for radar cross section analysis. Further development of the SBR method for
installed antenna performance has included extensions for creeping waves, in addition to diffraction mod-
els such as the uniform theory of diffraction (Kipp et al., 2015; Kipp & Capoglu, 2014). Due to the increase
in computer power during the last decade, it is now possible to determine installed EEPs from full-wave
methods, such as the method of moments or the finite difference time domain method, at least up to a few
GHz. Using modern GPU computing, it is possible to perform full-wave analysis of small- and middle-sized
radomes (Frid & Jonsson, 2018a). This trend also enables large array antennas to be modeled in a full-wave
manner, whereby the effects of mutual coupling and “edge effects” can be analyzed in detail. The trend
of increasing computer power is expected to continue, which opens the possibility to determine installed
EEPs accurately for increasingly large problems. As a result, new postprocessing methods for analyzing the
installed EEPs data have recently emerged. In particular, it was shown in Frid et al. (2015) that the installed
far-field data can be used to estimate the isolation between antennas, whereby the risk for unintentional
interference between multiple systems on the same platform can be assessed. Case studies have been used
to investigate the accuracy of the computed installed far fields (Malmsträm et al., 2018).

While array model errors are already well described in the literature, little attention has been given to the
DoA estimation error caused by the antenna installation. Most of the previous work has focused specifically
on the analysis of radomes for monopulse systems (see Arpin & Ollevier, 2007; Burks et al., 1982; Siwiak et
al., 1979), while other installation configurations and DF algorithms have received less attention. In most
practical cases, the installed DoA accuracy is verified by measurements during the integration and verifica-
tion process. However, measurement results can only be obtained at a late stage in the integration process
for an installed DF system. At this point, it is usually difficult and costly to change the installation configu-
ration or antenna placement. There is therefore a demand for general simulation methods that are capable
of estimating all installation errors prior to installation.

The separation of the array model error and the installation error is of interest for systems-engineering (SE)
and requirementsmanagement. In SE (INCOSE, 2015), the DF system is a subsystem to the platform system
(e.g., the aircraft system).Note that the arraymodel error is a property of theDF system,while the installation
error is a property of the platform system, and these errors are therefore typically handled in two different
requirement specifications. This SE reasoning for separating the two errors is also typically reflected in the
organization and the time plan for the project, that is, the organization that produce DF systems is often not
the same organization which is responsible for producing the platform and installing the systems onboard.
Therefore, the effects of the array model error can be measured in the antenna measurement range once
the DF system is manufactured, before it is installed on the platform. The effects of the installation error
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can be determined at a later time, for example, using flight tests or sea acceptance tests. As a final example,
note that the same DF system may be sold to and installed on multiple platforms, for example, when using
the same EW system on two different aircraft. In this example, the array model error is unchanged, while
the installation error is changed. In conclusion, there is a practical need to separate the array model error
from the installation error, since they are properties of different systems, are possibly managed by different
organizations, and are typically tested at different times.

This paper starts with a definition of the term installation error 𝜖(i)n , as applied to DoA estimation. This def-
inition is applicable to generic array configurations and multiple DF algorithms. Thereafter, we present a
postprocessing method for determining the DoA estimation accuracy from installed EEPs data. One of the
advantages in using installed EEPs data is that both installation errors and array model errors are taken into
account. The presented method is relatively straightforward: First, synthetic signals are computed from the
installed EEPs data, and these signals are then used as input to the DF algorithm. The accuracy is there-
after determined by comparing the estimated and the known directions. The main originality of this paper
centers on the installation error and our method to determine the installed DoA accuracy in the predesign
phase, at which point neither the DF system or the platform is ready for verification measurements. The
focus on the installation error, as a difference to the more well-studied array model error, is mainly due to
that the installation error can be larger than the arraymodel error, as demonstrated here with a case study of
airborne EW antennas. The method presented here thus provides essential information for antenna place-
ment studies that can be used either to accept the antenna placement and installation configuration or to
search for a better antenna placement on the platform. Some results for the monopulse DF algorithm have
been presented at the 2018Atlantic Radio Science Conference (Frid& Jonsson, 2018b), which resulted in the
invitation to present this extended version. In this paper, we extend this method to be applicable to multiple
DF algorithms. To demonstrate this applicability to multiple DF algorithms, we present simulation results
for the MUSIC algorithm, in addition to the monopulse algorithm. This extended version also includes new
simulation results, as described below.

The presented postprocessing method is applicable to generic arrays, as long as the installed EEPs and
the locations of the antenna elements are known. The use of this postprocessing method is exemplified by
considering a simulation model of a wideband four-quadrant array. First, the installation error due to a
single-shell radome is considered. Thereafter, an additional example presents the installation error for this
arraywith radome,when installed in the tail of the fighter aircraft Viggen. This example is of particular inter-
est since EW antennas are also placed in the tail of other fighter aircraft such as Gripen E (e.g., Augustsson,
2017; Scott, 2019). This antenna placement is also interesting since it results in significant reflections in the
aircraft, notably affecting the DoA estimation accuracy. To our knowledge, no other paper has presented a
similar method applied to installed antenna performance nor has any previous paper considered a realistic
antenna placement for a DF system on an aircraft similar to the example presented here.

2. Method
Consider the generic array antenna illustrated in Figure 1a. The antenna numbered n is represented by
a coordinate r⃗n and an EEP 𝑓n. The theoretical presentation in this section will be based on this generic
formulation, and the method can therefore be applied to any array antenna with known coordinates and
EEPs. The antennasmay therefore be of different type, size, or orientation, since this information is captured
in the EEP data. It is possible for one antenna in Figure 1a to be a sub-array corresponding to one receiver
channel, due to power combining at the sub-array level in the antenna feed network. In general, we therefore
consider a total of M ≥ N antenna elements connected to N receiver channels. A common DF array is
the uniform circular array, which is typicaly implemented with N = M. Another example, which will be
discussed in detail below, is the four-quadrant array with N = 4 and M ≫ N (see Figures 1b and 1c).
Sub-array configurations will be further described in section 2.3.

An emitter, which is transmitting the signal s, is located at the coordinate r⃗. We use a system of coordinates
with the origin close to the DF system, and r̂ = r⃗∕r is therefore interpreted as the DoA. The DoA can be
expressed in terms of direction cosines, that is, r̂ = ux̂+v�̂�+𝜓 ẑ. The direction cosinesu, v, and𝜓 are related to
the spherical angles 𝜃 and 𝜙 according to u(𝜃, 𝜙) = sin 𝜃 cos𝜙, v(𝜃, 𝜙) = sin 𝜃 sin𝜙 and 𝜓(𝜃) = cos(𝜃). Once
the DoA has been estimated, the spherical angles can be calculated from the estimated direction cosines uest
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Figure 1. (a) Illustration of a generic array antenna with N antenna elements (connected to N receiver channels)
located at coordinates r⃗1, r⃗2, … , r⃗N , with far-field amplitudes 𝑓1, 𝑓2, … , 𝑓N . The antenna elements do not
need to be identical and may have different orientations, which is illustrated by two different antenna element symbols.
In the case where one receiver channel is used for one sub-array, the total number of antenna elementsM will be
greater than the number of receiver channels N (see section 2.3). (b) Illustration of the four-quadrant array (N = 4)
with aperture dimensions w × h. (c) BoR array antenna withM = 48 elements divided into corresponding sub-arrays
(N = 4), with the z axis in the system of coordinates is aligned with the boresight direction.

and vest according to

𝜙est = arctan(vest∕uest), (1)

followed by

𝜃est = arcsin(uest∕ cos𝜙est). (2)

This section is organized as follows. Section 2.1 presents the frequency-domain signal model used to
compute synthetic signals from installed far-field data. The corresponding time-domain signal model is pre-
sented in section 2.2. Section 2.3 shows how to compute the EEP of a sub-array from the EEPs of the antenna
elements in the sub-array. Section 2.4 presents the definition of installation error 𝜖(i)n applied to DoA esti-
mation. The relation between the installation error and the array model error 𝜖(m)

n is also described. The
four-quadrant configuration is considered below in section 2.5. The monopulse and MUSIC algorithms are
briefly reviewed in sections 2.6 and 2.7, respectively. Finally, section 2.8 summarizes the method to deter-
minine the DoA accuracy from the installed far-field data. For sake of clarity, a list of variable definitions is
presented in Table 1.

2.1. Frequency-Domain Signal Model
Wewill first consider the signalmodel in the frequency-domain,with the time convention ej𝜔t, and thereafter
consider the signal model in the time-domain in the subsequent section. The signal model below can also
be used for an active DF system (radar), by interpreting s as the signal reflected off a radar target. By using
superposition, it is straightforward to extend the signal model below to multiple simultaneous emitters.

We assume far-field transmission from the emitter to the DF system. The complex-valued frequency-domain
signal measured in receiver channel n is therefore given by Friis' transmission equation on the general form
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Table 1
List of Variable Definitions

Variables Definitions
N Total number of receiver channels in the DF system
M Total number of antenna elements, including elements in all sub-arrays
qnm Sub-array coefficient
r⃗n Coordinates of antenna (or sub-array) n in the DF system
𝜌m Coordinates of antenna elementm inside a sub-array
r⃗ Location of emitter (or radar target)
r̂ DoA, that is, the unit direction vector pointing at the emitter, r̂ = r⃗∕r
u, v, 𝜓 Direction cosines, defined by r̂ = ux̂ + v�̂� + 𝜓 ẑ,

where u(𝜃, 𝜙) = sin 𝜃 cos𝜙, v(𝜃, 𝜙) = sin 𝜃 sin𝜙 and 𝜓(𝜃) = cos(𝜃)
𝜃 Polar angle, measured from the z axis
𝜙 Azimuth angle, measured from x axis toward the y axis
r̂0, 𝜃0, 𝜙0 Scan direction and corresponding scan angles
r̂est, uest, vest Estimated DoA with corresponding direction cosines
𝜃est, 𝜙est Estimated angles of arrival
x, y, z Cartesian coordinates
𝜔 Angular frequency 𝜔 = 2𝜋f, where f is the frequency
t Time
k Wavenumber: k = 𝜔∕c, where c is the speed of light in vacuum
s(t) or s(𝜔) Signal transmitted by emitter in the time or frequency domain
xn(t) or xn(𝜔) Signal received at channel n in the DF system
x̃(t) or x̃(𝜔) Synthetic signals determined from installed far-field data
P(r̂, 𝜔) Factor describing properties of emitter or target
L(r̂) Common far-field amplitude used in the approximation (11)
an(r̂, 𝜔) Component of steering vector corresponding to receiver channel n
ãn(r̂, 𝜔) Approximate representation of an(r̂, 𝜔) by data set or model
bm Excitation coefficient for antenna elementm
𝑓n(r̂) Far-field amplitude (EEP) of receiving antenna (or sub-array) n
𝑓t(r̂) Far-field amplitude of transmitting antenna
𝜏n True time delay in receiver channel n
𝜖n Error due to approximations in the signal model used for the DF algorithm,

including both the array model error 𝜖(m)
n and the installation error 𝜖(i)n

n̂ Unit polarization vector for the plane wave incident on the DF system
𝜎, de, da Sum, elevation difference and azimuth difference signals
𝜅e, 𝜅a Monopulse slope coefficients in elevation and azimuth, respectively
h,w Height and width of rectangular array aperture
K Number of time samples in sampled time-domain signal
X Covariance matrix
G MUSIC pseudo-spectrum
E Matrix with column vectors determined by the basis for noise space

Note. In all cases, the index n spans from 1 to N, and the indexm spans from 1 toM.

derived in, for example, Kerns (1981), Hansen andYaghjian (1999), and Frid et al. (2015). The signal received
by antenna (or sub-array) n with far-field amplitude 𝑓n(r̂) is thus given by

xn(𝜔) =
(
2𝜋𝑗𝑓n(−R̂n) · 𝑓t(R̂n)

e−𝑗(𝜔∕c)Rn
(𝜔∕c)Rn

)
s(𝜔), (3)

where 𝑓t is the far-field amplitude of the transmitter antenna and R⃗n is the distance vector from the trans-
mitter antenna to receiver antenna n located at r⃗n. Note that 𝑓t and 𝑓n(r̂) are frequency dependent, but the
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explicit frequency dependence (e.g., 𝑓n(−R̂n, 𝜔)) is omitted in the notation here. By invoking the assump-
tion that the emitter is in the far-field of the DF system, that is, rn∕r ≪ 1, the usual far-field approximation
(Mailloux, 2005) can be applied to simplify (3). With all N antennas located close the origin, the amplitude
factor can be approximated as 1∕(kRn) ≈ 1∕(kr). In the exponential factor, the approximationRn ≈ r−r⃗n·(±r̂),
where+ is used in the transmitting situation and− is used in the receiving situation, is applied for the phase
(Kerns, 1981; Mailloux, 2005). In conclusion, (3) can be simplified to

xn(𝜔) = P(r̂, 𝜔)n̂ · 𝑓n(r̂)e−𝑗(𝜔∕c)r⃗n ·r̂ s(𝜔), (4)

where the simplified notation

P(r̂, 𝜔)n̂ = 2𝜋𝑗𝑓t(−r̂)
e−𝑗(𝜔∕c)r
(𝜔∕c)r , (5)

is used. Here, n̂ is interpreted as the unit polarization vector of the plane wave incident on the DF system,
and P(r̂, 𝜔) is a complex-valued coefficient which describes the transmitter antenna properties, which is
independent of the receiver index n. There are some algorithms that enable simultaneous estimation of DoA
r̂ and polarization n̂ (see, e.g., Li & Compton, 1991). By comparing the signal model (4) to the signal model
used in, for example, Krim and Viberg (1996) and Schmidt (1986), the models are identical if the following
notation is introduced for the steering vector components an:

an(r̂) = n̂ · 𝑓n(r̂)e−𝑗(𝜔∕c)r⃗n ·r̂ . (6)

Equation (6) is a useful identity, which will be studied further in section 2.4.

It is convenient to explicitly state the following result observed from (4); the far-field amplitude of an antenna
with phase-reference point in the origin is given by

𝑓ref n(r̂) = 𝑓n(r̂)e±𝑗kr⃗n ·r̂ , (7)

where 𝑓n(r̂) is evaluated with phase-reference point in r⃗n and the same convention for± as above. The trans-
mitting situation, with + in (7), is most prevalent in the literature, since the far-field amplitude is defined in
the transmitting situation (IEEE Standard for Definitions of Terms for Antennas, 2014). Note that the array
factor can be directly derived from (7) (see Balanis, 1997 and section 2.4). Due to the exponential factor, the
phase will be slowly varying (ideally constant) as a function of the angle for 𝑓n(r̂) but rapidly varying for
𝑓ref,n(r̂).

Beam steering is typically used when the DF array has high gain. Beam steering enables the capability to
track the emitter with the main beam, which increases the antenna gain in the direction of the emitter.
Furthermore, a guard function, or side-lobe blanker, can be used to resolve ambiguities (see, e.g., Toland,
2001). In an active electronically scanned array, each antenna element is connected to an individual trans-
mit/receive module containing both an amplifier and a true time delay or a phase shifter. It is useful to
deembed the effects of the transmit/receive modules by introducing the notation 𝑓n = e𝑗𝜔𝜏n𝑓 ′

n, where
𝜏n = 𝜑n∕𝜔 is the time delay for the receiver channel n.

2.2. Time-Domain Signal Model
The frequency-domain signal model (4) can be transformed to the time-domain. When s is a narrowband
signal, we approximate P(r̂, 𝜔)n̂ · 𝑓 ′

n(r̂) as constant within the bandwidth centered around 𝜔c. This is con-
sistent with the narrowband assumption described in, for example, Krim and Viberg (1996). By noting that
ℱ −1[e−𝑗(𝜔∕c)r⃗n ·r̂e𝑗𝜔𝜏n s(𝜔)] = s(t − (1∕c)r⃗n · r̂ + 𝜏n), whereℱ −1 is the inverse Fourier transform, we get

xn(t) = P(r̂, 𝜔c)n̂ · 𝑓 ′
n(r̂)s(t + Δtn + 𝜏n). (8)

The time difference Δtn = −r̂ · r⃗n∕c can be understood physically as the time difference for antenna (or
sub-array) n relative to an antenna located in the origin (see, e.g., Friedlander & Weiss, 1991). This relation
between time delay and antenna placement is of critical significance for most DF algorithms. As expected,
when 𝜏n = +r̂0 · r⃗n∕c is used to steer the beam to the direction r̂0, then Δtn and 𝜏n will cancel if r̂0 = r̂
(Mailloux, 2005).
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2.3. Embedded Element Patterns, Mutual Coupling, and Sub-arrays
The n:th EEP 𝑓n is determined from simulation or measurement by stimulating port n and terminating the
remaining ports in matched loads (Pozar, 1994). Since mutual coupling effects are included in the EEPs, it
follows that the signal model above includes the mutual coupling effects if the EEPs are used to represent
the antenna far-field amplitudes. This property of the EEP is also useful for array optimization (Frid &
Jonsson, 2018a).

If the DF system is implemented with N sub-arrays in an array antenna consisting ofM antenna elements,
then 𝑓n can be determined by the following approach. Let antenna element m be located at 𝜌m and have
the EEP g⃗m evaluated with phase-reference point in the origin. Note that 𝑓n is the EEP of sub-array n in
an array of N sub-arrays, whereas g⃗m is the EEP of antenna element m in an array ofM antenna elements.
The sub-array pattern can thus be computed by (Frid & Jonsson, 2018a)∑M

𝑗=m bmqnmg⃗m(r̂), where bm is the
excitation coefficient describing the amplitude and phase tapering for antenna element m. The sub-array
coefficient qnm equals 1 ifm is located in sub-array n and 0 otherwise. Note that the origin is used as phase
reference point for this sum expression, and the phase reference point r⃗n is used for 𝑓n in the signal model
above. With the standard (IEEE Standard for Definitions of Terms for Antennas, 2014), g⃗m are defined in
the transmitting situation. Thus, (7) can be inverted to obtain

𝑓n(r̂) = e−𝑗kr⃗n ·r̂
M∑
m=1
bmqnmg⃗m(r̂). (9)

Since (9) is evaluated with phase reference point in r⃗n, 𝑓n may be directly inserted in the frequency-domain
signal model (4) and the narrowband time-domain signal model (8).

The phase tapering bm = e−𝑗kr̂0 ·𝜌m is applied to steer the main beam of each sub-array to the scan direction
r̂0 = u0x̂ + v0�̂� + 𝜓0ẑ, where 𝜌m is the location of antenna elementm (Mailloux, 2005). This corresponds to
the time delay 𝜏n described in section 2.2 in the average sense, that is, 𝜏n is the effective time delay applied to
sub-array n, by applying individual time delays at all antenna elements in that sub-array. Amplitude tapering
can also be included in bm (Frid & Jonsson, 2018a).

2.4. ArrayModel Errors and Installation Errors
ADF algorithm needs some representation of the DF antennas in order to estimate the DoA, and this repre-
sentation is commonly expressed in terms of steering vectors. Note that any data set or mathematical model
used to represent the steering vectors in the DF algorithm will include some errors, due to simulation or
measurement accuracy or due to modeling assumptions (Swindlehurst & Kailath, 1992). We therefore use
the notation

an(r̂) = ãn(r̂) + 𝜖n(r̂), (10)

where ãn is the representation of an(r̂), based on a mathematical model or a data set, and 𝜖n is the resulting
error term.

It is common to assume that the DF antennas (or sub-arrays) are identical, that is,

ãn(r̂, 𝜔) = L(r̂)e−𝑗(𝜔∕c)r⃗n ·r̂ . (11)

We introduce the notationL(r̂) to express this approximation of identical far fields. From (6), it follows that n̂·
𝑓n(r̂) ≈ L(r̂). Note that L is independent of the antenna index, while fn has index n. This approximation gives
rise to an error term 𝜖n, as described above. This is the same approximation that is made in the derivation
of the array factor (Balanis, 1997; Mailloux, 2005). It is common to implement DF algorithms for radar and
EW using the simple approximation L(r̂) = 1 (see, e.g., Kastinen, 2018; Mailloux, 2005), that is,

ãn(r̂, 𝜔) = e−𝑗(𝜔∕c)r⃗n ·r̂ . (12)

Equation (12) can be interpreted as representing each sub-array by an isotropic point antenna located in the
center of the sub-array.

The sources of error in the approximation (11) can be understood by comparison to (6). Theoretically, the
far-field patterns are identical in the case of an infinite periodic array or in the idealized case of zero mutual
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coupling between the antennas (Mailloux, 2005). For all other cases, the far-field patterns are not identical
since the electromagnetic environment, including mutual coupling, is different for all antenna elements
(Ellgardt, 2009). This is particularly clear when comparing an element located at the edge of the array to
an element located in the center of the array, as shown in Frid and Jonsson (2018a). Further errors arise
due to antenna placement accuracy, as well as phase and gain errors between the receiver channels. With a
sub-array configuration, the sub-array tapering can also contribute to the sub-array patterns being dissimilar.
All of the above are referred to as array model errors (see, e.g., Swindlehurst & Kailath, 1992). Additional
errors arise due the antenna installation, that is, due to reflections in the platform and diffraction frommetal
edges, in addition to reflection and refraction in the radome. As an example, the effects of the radome on
the EEP will differ from antenna element to antenna element, thus introducing an error with respect to the
approximation (11). This can be summarized by partitioning the error term into

𝜖n = 𝜖(m)
n + 𝜖(i)n , (13)

where 𝜖(m)
n is the array model error and 𝜖(i)n is the installation error. Note that the installation error defined

by (13) is an error in terms of steering vector components. The resulting pointing error (or DoA accuracy)
in terms of angles or direction cosines will be described in section 2.8. While the array model error 𝜖(m)

n and
the installation error 𝜖(i)n both appear directly in (10), there is a practical need to separate the two errors.
This practical need to separate the array model error and the installation error is described from the SE
perspective in the introduction of this paper.

2.5. Four-Quadrant Arrays
The four-quadrant array is a sub-array configuration where an array is divided in four sub-arrays, as illus-
trated in Figures 1b and 1c. The far-field amplitude of sub-array n can be determined by the sum (9).
The geometrical center of the sub-array is used as phase-reference point, that is, r⃗1 = −wx̂∕4 + h�̂�∕4,
r⃗2 = wx̂∕4 + h�̂�∕4, r⃗3 = −wx̂∕4 − h�̂�∕4 and r⃗4 = wx̂∕4 − h�̂�∕4. The signals received by the sub-arrays after
the power combining network are labeled x1, x2, x3, and x4.

It is well known that DF algorithms will only give an ambiguity-free estimation under certain conditions
(Kastinen, 2018; Godara & Cantoni, 1981; Tan et al., 1996). As will be demonstrated in section 2.6, the
monopulse method applied to a four-quadrant array is only ambiguity-free in the main lobe of the sum
pattern. A DF system usually does not need to be ambiguity-free, as long as additional information can be
provided to resolve the ambiguities, for example, by using a guard antenna. To handle ambiguities, the array
can be steered such that the emitter is within the main lobe, as described in section 2.1.

2.6. TheMonopulse DF AlgorithmApplied to Four-Quadrant Arrays
In this section, we briefly review the derivation of the monopulse DF algorithm applied to four-quadrant
arrays. Compared to standard references such as Nickel (2006), we will here focus on the approximations
which aremade in the derivation and how these approximations relate to the accuracy of theDF system. The
derivation of the monopulse method is often presented based on an array factor expression. However, since
the array factor is defined in the transmitting mode (IEEE Standard for Definitions of Terms for Antennas,
2014), the resulting expressions will be related to the correct expressions by a complex conjugate. This
common mistake also appears in our conference paper (Frid & Jonsson, 2018b), and it is corrected below.

The sum 𝜎, elevation difference de, and azimuth difference da signals are defined as 𝜎 = x1 + x2 + x3 +
x4, de = x1 + x2 − x3 − x4, and da = x1 − x2 + x3 − x4. Note the sub-array numbering in Figures 1b and
1c. This definition of sum and difference signals is standard for monopulse estimation (see, e.g., Nickel,
2006; Sherman & Barton, 2011), and it results in a simple yet effective method for directly extracting the
DoA from the measured signals, as described below. By application of (4), the signals at sub-array level are
determined by

xn(𝜔) = P(r̂, 𝜔)(ãn(r̂, 𝜔) + 𝜖n)s(𝜔). (14)

Invoking the approximation (11), including time delays for beam steering following section 2.1, and omitting
the error term results in

xn(𝜔) = P(r̂, 𝜔)L(r̂)s(𝜔)e−𝑗(𝜔∕c)r⃗n ·(r̂−r̂0). (15)
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By direct application of (15), we find

de(r̂) = P(r̂, 𝜔)L(r̂)s(𝜔)
[
e−𝑗kr⃗1 ·(r̂−r̂0) + e−𝑗kr⃗2 ·(r̂−r̂0) − e−𝑗kr⃗3 ·(r̂−r̂0) − e−𝑗kr⃗4 ·(r̂−r̂0)

]
. (16)

This expression can be simplified by application of Euler's formula:

de(r̂) = −4𝑗P(r̂, 𝜔)L(r̂)s(𝜔) cos(kw(u − u0)∕4) sin(kh(v − v0)∕4), (17)

where r⃗n are determined according to section 2.5. The azimuth difference da and sum 𝜎 signals are found
by analogy:

da(r̂) = 4𝑗P(r̂, 𝜔)L(r̂)s(𝜔) sin(kw(u − u0)∕4) cos(kh(v − v0)∕4), (18)

𝜎(r̂) = 4P(r̂, 𝜔)L(r̂)s(𝜔) cos(kw(u − u0)∕4) cos(kh(v − v0)∕4). (19)

Since the array factor is defined in the transmitting situation, the corresponding array factors are found as
the complex conjugate of (17)–(19), when omitting the factor P(r̂, 𝜔)L(r̂)s(𝜔). The difference array factors,
and thereby also the difference patterns, are odd, with a null in the direction of the main lobe of the sum
pattern, that is, when (u, v) = (u0, v0). The difference patterns have two major lobes, located on opposite
sides of this null, with opposite phase. The approximately linear slope through the null is used for the DoA
estimation.

By dividing (17) and (18) by (19), we have the following relations between the monopulse ratios and the
DoA (u, v):

de
𝜎

= −𝑗 tan(𝜅e(v − v0)), (20)

da
𝜎

= 𝑗 tan(𝜅a(u − u0)). (21)

The advantage of this normalization is that the monopulse ratios are independent of the sub-array pat-
terns 𝑓n(r̂). However, one should keep in mind that this only holds for the idealized case with 𝜖n = 0. The
monopulse slope coefficients are determined by 𝜅e = kh∕4 and 𝜅a = kw∕4. When tapering is applied in
such a way that the far-field amplitudes of the sub-arrays are not identical, (20) and (21) can still be applied
approximately by replacing the monopulse slope coefficients 𝜅e and 𝜅a by their corresponding tapered val-
ues. By tapering the array excitation, the beamwidth is increased, and the monopulse slope coefficients are
therefore decreased (see, e.g., Frid & Jonsson, 2018a).

It is interesting to note that the DoA information resides in the imaginary part of the monopulse ratios. Fur-
thermore, the DoA information in the monopulse ratio is related to the phase shifts between the sub-arrays
(see, e.g., (16)), and all sub-array patterns have the same scan direction. These properties are often collected
into the category phase monopulse, as a contrast to amplitude monopulse, where the DoA information is in
the real part of the monopulse ratios (Sherman & Barton, 2011).

In conclusion, the unknowns u and v can be directly determined from the imaginary parts of the measured
monopulse ratios by inverting (20) and (21). Thereafter, 𝜃, 𝜙, and r̂ can be calculated according to (1) and
(2). In principle, this enables the DoA to be estimated from a single pulse, hence the namemonopulse. Since
(20) and (21) are periodic, the estimate of u and v is ambiguous outside the ambiguity-free region, which is
given by

𝜋∕2 >
{
𝜅e|v − v0|
𝜅a|u − u0|. (22)

Therefore, a guard antenna is often used to verify that the measured signal was received within the
ambiguity-free region and not in the side-lobes (see, e.g., Toland, 2001).

2.7. TheMUSIC DF AlgorithmApplied to Four-Quadrant Arrays
The MUSIC algorithm is a well-known subspace method, described in a number of references (see, e.g.,
Krim&Viberg, 1996; Schmidt, 1986). The input data used by theMUSIC algorithm are themeasured signals
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Figure 2. Flowchart illustrating the postprocessing method to determine
DoA accuracy using installed far-field data. Steps 2–4 are repeated for the
set of investigated arrival directions r̂ and frequencies.

x(t) = [x1(t), x2(t), … , xN (t)]T and a steering vector function a(r̂) =
[a1(r̂), a2(r̂), … , aN (r̂)]T . Let E be the matrix with column vectors deter-
mined by the basis for the noise space (Pillai, 2012), that is, using the basis
eigenvectors determined from the covariance matrix. The covariance
matrix is estimated by (Krim & Viberg, 1996)

X ≈ 1
K

K∑
k=1
x(tk)xH(tk), (23)

where T represents the transpose and H represents the conjugate trans-
pose. The squaredEuclidean distance from the signal space to the steering
vector is given by d2 = aH(r̂)EEHa(r̂) (see, e.g., Meyer, 2000). The peak
location(s) in the MUSIC pseudo-spectrum, which is given by

G(r̂) = aH(r̂)a(r̂)
aH(r̂)EEHa(r̂) , (24)

therefore correspond to the direction(s) of arrival. By considering (10), it
is evident that an error in the representation ãn results in an error in the
MUSIC pseudo-spectrum G.

2.8. Determining DoA Accuracy From Installed Far-Field Data
With the previous sections introducing the relevant definitions and the-
ory, this section presents the method used for determining the DoA

accuracy. The method is illustrated in Figure 2. First, the installed far-field patterns 𝑓n are obtained either
from simulation or measurement. If needed, the phase-reference point may be moved using (7). In the case
of a sub-array configuration, the sub-array far-field amplitude is calculated from the installed EEPs by appli-
cation of (9). Thereafter, synthetic signals x̃ are determined using the signal model in the frequency-domain
(4) or the time-domain (8) for some specified DoA r̂. These signals are used as input for the DF algorithm,
which produces an estimated DoA r̂est. The DoA accuracy is determined by comparing r̂est and r̂. With the
application of (1) and (2), the results can be presented in terms of spherical angles.

For themonopulse method, r̂est is obtained by inverting (20) and (21). By comparison of r̂est and r̂, the effects
of the approximation (11) can be determined. For the MUSIC algorithm, the synthetic signals x̃ are used in
(23), and the steering vector components ãn are used in (24). We have used the isotropic approximation (12)
in the implementation of the MUSIC algorithm here. The resulting DoA accuracy will therefore include
both array model errors (i.e., mutual coupling) and installation errors (i.e., reflection and refraction in the
radome in addition to reflections and diffraction from the platform). To determine the effects of mutual
coupling, we have used the following approach. First, the DoA accuracy is determined for a DF system in
free space by application of the process in Figure 2. Thereafter, the DoA accuracy for an installed DF system
is determined by repeating the process with a new data set representing installed antennas. By comparison
of these two accuracy results, the relative importance of array model errors and installation errors can be
estimated.

In the implementation, we have calculated the synthetic signals x̃(t) from time-harmonic signals s(t) =
ej𝜔t. While the analysis can be extended to more generic signals, we have chosen to restrict the analysis
to time-harmonic signals in order to analyze the DoA accuracy as a function of frequency. This is not a
restriction, since wideband signals can be considered by superposition of multiple narrowband components
(Krim & Viberg, 1996). White noise is not added to the synthetic signals here, since we are interested in
determining the accuracy due to the installation configuration in the absence of noise. The DoA accuracy
due to a specified SNR, without the installation effects taken into account, are analyzed in, for example,
Barton (1988) and Sherman and Barton (2011).

3. Results
3.1. Installed Far-Field Data
To demonstrate the use of the method in Figure 2, we consider a wideband array antenna of dimensions
w = 50mm and h = 43mm, designed for 5–24 GHz (Figure 3a). The body-of-revolution (BoR) array (Holter,
2007) is a relevant example antenna, since it is popular for airborne EW applications. First, the installation
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Figure 3. Illustration of the investigated cases: (a) BoR array in free space and (b) BoR array installed behind radome.
Half of the radome is hidden to show the array beneath. (c) BoR array with radome installed in the tail of the aircraft
Viggen. The equivalent currents on the Huygens box are shown at 20 GHz.

error due to a single-shell radome is investigated, and thereafter, the installation error due to platform reflec-
tions is investigated. To determine the array model errors, we first consider the BoR array in free space. To
determine the combination of array model errors and installation errors, we thereafter consider the BoR
array installed behind the radome (see section 2.8). The two cases are referred to as (a) and (b) and are illus-
trated in Figure 3. By using the same methodology, we thereafter investigate Case (c), that is, including the
aircraft model.

The BoR array consists of 8× 6 elements of vertical polarization, that is, the antenna elements have �̂� polar-
ization with the system of coordinates in Figure 1c. The single-shell radome has an extended hemispherical
shape (similar to an extended hemispherical lens; (Frid, 2016)) of diameter 90 mm and extension 34 mm,
made from quartz composite (𝜖r = 3.2, tan 𝛿 = 0.006) of thickness 7.5 mm. The 48 installed EEPs g⃗m for
the BoR array were computed using the finite integration technique (FIT) implemented in CST Microwave
Studio. A postprocessing script implemented in Matlab was used to compute the sub-array patterns using
(9). Thus, any combination of frequency, tapering, incident polarization, and scan direction can be studied
efficiently using the method in Figure 2.

As a final example, we consider the installation of this array and radome in the tail of the Swedish aircraft
Viggen, as illustrated in Figure 3c. The installed far-field data, including scattering in the metal aircraft
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Figure 4. Estimated angle of arrival 𝜃est, estimated for the BoR array in Figure 3a, plotted versus true angle of arrival 𝜃
for (a) monopulse and (b) MUSIC. Within the ambiguity-free region, the curves collapse on the ideal dashed line.

and diffraction from metal edges, was computed using the SBR method implemented in CST Microwave
Studio. As source for the SBR simulation, we used the equivalent currents on a box, referred to as a Huygens
box, enclosing the array and radome. The representation using equivalent currents on a Huygens box is
a standard procedure described in, for example, Malmsträm et al. (2018). Thus, the near-field data from
the FIT simulation described above is used to form the 48 Huygens boxes. Using this method of domain
decomposition, the effects from the radome are determined using the FIT simulation, while the reflections
in the aircraft (including edge diffraction) are determined from the SBR method. The SBR simulation was
carried out using a dedicated simulation computer with two Nvidia Tesla K80 GPUs.

3.2. Simulation Results
The first example illustrates the array model errors for Case (a). We estimate the polar angle 𝜃est for a set of
angles 𝜃 in the elevation plane 𝜙 = 90◦, for various frequencies and scan angles 𝜃0. The results for Case (a)
are shown in Figure 4. As expected, the relation between 𝜃est and 𝜃 collapses on a straight line with unity
slope. The boundaries of the ambiguity-free region are visible in the figure due to the abrupt discontinuity in
the curve. The ambiguity-free region is smaller in the upper part of the frequency band, as shown in (22) for
themonopulsemethod. These ambiguities are also present in theMUSIC estimation, which can be observed
as multiple peaks in the spectrum (see Figure 5). Since the radome is not considered for Case (a), any devi-
ation from the straight line within the ambiguity-free region is due to array model errors, including mutual
coupling. A comparison between Figure 4a and Figure 4b shows similar results for both monopulse and
MUSIC algorithms, with only some minor differences close to the boundary of the ambiguity-free region,
that is, close to the first null in the sum pattern.

Figure 6 shows the monopulse estimation error in polar angle, that is, |𝜃 − 𝜃est| for both Cases (a) and (b).
The array model errors in Case (a) are due to mutual coupling, and the monopulse algorithm does not com-
pensate for mutual coupling. The error obtained when the radome is installed (Case (b)) is a combination of
array model errors and installation errors. From (13), it is expected that the error for Case (b) is greater than
the error for Case (a). Indeed, Figure 6 shows a maximum error of 2◦ for Case (b) and an error below 1◦ for
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Figure 5.MUSIC pseudo-spectrum determined from synthetic signals at 20 GHz for Case (b) in Figure 3. The
ambiguity-free region is indicated with a red dashed rectangle of width Δu = 0.6 and height Δv = 0.8, centered around
the scan direction u0 = 0.5 and v0 = 0. The true DoA is shown as a green circle, which agrees well with the
corresponding peak in the pseudo-spectrum.

Case (a). Similar results were obtained for the MUSIC algorithm, as further described below. These results
show that the installation error (due to a radome in this example) can be as large as the array model error.

To identify if there are directions where a significant error occurs, it is convenient to use contour plots.
Figure 7 presents contour plots of the elevation estimation error for the monopulse method applied to Cases
(a)–(c). We start by considering the radome effects (Case (b)) and consider the full installation (Case (c))
below. Corresponding results for the MUSIC algorithm are presented in Figure 8. These plots correspond
to 20 GHz and the scan direction 𝜃0 = 30◦, 𝜙0 = 0◦. As expected, the error for Case (b) is greater than
the error for Case (a) for both monopulse and MUSIC algorithms. In Figures 7a and 7b, we note that the
error is smallest at the center of the main lobe, and the error is increasing with increasing distance from the
center. The maximum radome-induced error is below 0.05 in terms of direction cosines. We used K = 64
time samples for the results presented in Figure 8, and increasing K beyond this value does not significantly
affect the results. For Cases (a) and (b) considering array model errors and radome errors, the results for the
monopulse algorithm in Figure 7 are similar to those for the MUSIC algorithm in Figure 8. There are only
small differences between Figures 7a and 7b and Figures 8a and 7b. Some deviation between these figures
is expected due to the differences between the DF algorithms and their implementations. Specifically, the
monopulse algorithm is based on the approximation (11), while the MUSIC algorithm implemented here
uses the isotropic approximation (12), which is more strict.

Figure 6.Monopulse estimation error in polar angle |𝜃 − 𝜃est|, computed in the elevation plane (𝜙 = 90◦) at 20 GHz.
The scan angle is set to 𝜃0 = 30◦ in the elevation plane. Results are presented for both Case (a), that is, without radome,
and Case (b), that is, with the radome installed.
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Figure 7. Elevation estimation error |v − vest| at 20 GHz for (a) BoR array without radome, (b) BoR array with radome,
and (c) BoR array with radome installed on aircraft, determined for the monopulse DF algorithm. The scan direction
(u0, v0) is marked by +, and the axis limits are set by (22).

Finally, we consider Case (c), that is, the array with radome installed on the aircraft (Figure 3c). Comparing
Figure 7b and Figure 7c, we note that the reflections in the aircraft cause the error to increase. We also note
that there is some rapid variations (“ripple”) in Figure 7c, due to reflections in the aircraft. The increase in
error due to reflections in the aircraft is more significant for the MUSIC implementation (Figure 8c) com-
pared to the monopulse implementation. This is expected since the monopulse implementation assumes
that the sub-array far-field patterns are identical, while the MUSIC implementation here has a stricter
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Figure 8. Elevation estimation error |v − vest| at 20 GHz for (a) BoR array without radome, (b) BoR array with radome,
and (c) BoR array with radome installed on aircraft, determined for the MUSIC DF algorithm. The scan direction
(u0, v0) is marked by +, and the axis limits are set by (22).
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Figure 9. Estimation error for the polar angle, that is, |𝜃 − 𝜃est|, expressed in ◦, for the BoR array with radome installed
on the aircraft (Case (c)), for (a) monopulse and (b) MUSIC. The same scan direction as for Figures 7 and 8 is
considered, but the results are expressed in spherical angles instead of direction cosines. The scan direction is marked
by +.

assumption of isotropic far-field patterns. The maximum error (in terms of direction cosines) occurring in
the work region 0.4 ≤ u ≤ 0.6 and −0.2 ≤ v ≤ 0.2 is 0.17 for the MUSIC implementation for Case (c).
Locally large errors are often considered acceptable as long as the average root-mean-square error is below
some specified value. The root-mean-square error for the MUSIC implementation in the work region for
Case (c) is 0.045. The importance of the installation error and antenna placement is evident by a comparison
of Figure 8a and Figure 8c.

Most of the results so far are presented in terms of direction cosines, rather than spherical angles. While
the use of direction cosines is standard in some fields of antenna engineering, it is often considered that
the presentation in spherical angles is more intuitive. By application of (1) and (2), Figure 9 presents the
estimation error for the polar angle, that is, |𝜃− 𝜃est|, as a function of the spherical angles 𝜃 and 𝜙. Note that
while Figures 7 and 8 only presets the estimation error in the elevation direction cosine v, Figure 9 considers
also the horizontal direction cosine u according to (1) and (2).

4. Conclusions
First, this paper presents a definition of the term installation error applied to DoA estimation. Based on (10)
and (13), the installation error can by understood as an error in the representation of the antenna steering
vectors, which are used by the DF algorithm. Specifically, the installed EEPs include some effects due to
reflections in the platform, creepingwaves, and diffraction fromedges, aswell as reflections and refraction in
the radome. Second, this paper present a method to determine the DoA estimation accuracy for an installed
DF system, by using the installed EEPs as input (Figure 2). After the installed EEPs have been determined
by simulation, this method can be applied as a postprocessing step.
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It is preferred to apply this postprocessingmethod at an early stage, typically in the predesign phase, in order
to find an installation configuration and antenna placement which will satisfy DoA accuracy requirements.
Measurement results for the installed performance can only be obtained after the DF system is installed.
At this point, it is very difficult and costly to change the antenna placement, and such measurements are
therefore mainly useful for verifying system performance once the system is fully installed.

In the presented simulation results, we have demonstrated the applicability of this postprocessing method
for both the MUSIC and the monopulse DF algorithms. Note that this is to demonstrate the generality of
the method and not for sake of comparing the two DF algorithms. Although it is beyond the scope of this
paper, it is perhaps possible using the analysis method presented in Figure 2, to do a comparison of different
DF algorithms. As an example, a DF algorithm that includes calibration to compensate for mutual coupling
could be compared to aDF algorithm that does not include such calibration, by exchanging theDF algorithm
used in Step 3 of Figure 2 and comparing the results.

We have presented simulation results for a realistic installation of EW antennas on a fighter aircraft. These
results demonstrate that installation errors (e.g., Figure 8c) due to reflections in the platform can be signifi-
cantly larger than arraymodel errors (e.g., Figure 8a). The emphasis of this paper is not on this specific array
or radome design but rather on the application of the method in Figure 2. Indeed, the accuracy of this par-
ticular system can probably be improved by using either a thinner radome or a sandwich radome design or
by changing the antenna placement. Such considerations can be investigated further by direct application
of the method that we have presented here. In fact, the general method formulation allows any other array
and installation configuration to be analyzed.
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Abstract—The quality of small array antennas in airborne
monopulse systems can be significantly reduced by the radome.
We therefore present a convex optimization approach to minimize
radome effects in monopulse arrays. This is achieved by using
active element patterns in the optimization to determine the
excitation weights. Simulation results for a BoR array with 48
elements and an extended hemispherical radome are presented.
We demonstrate that it is possible to reduce the side-lobe level by
3.5 dB by taking radome effects into account in the optimization.
This approach also results in an increased gain, particularly at
large scan angles. Furthermore, the presented approach allows
the monopulse slope to be indirectly specified as a design
parameter. It is shown that the trade-off between the monopulse
slope coefficient and the side-lobe level is approximately linear.

Index Terms— radomes, phased array antennas, airborne
ESM, convex optimization, monoulse DOA estimation

I. INTRODUCTION

A commonly used architecture for monopulse arrays is
based on dividing the array into four quadrants (sub-arrays)
[1], [2], as illustrated in Fig. 1. Such arrays are widely used
for monopulse direction finding in a number of applications,
such as radar and electronic support measures (ESM). There
are several other monopulse sub-array configurations described
in the literature, and it is possible to determine the sub-array
configuration using optimization [3]. The four-quadrant split
in Fig. 1 is popular due to its simplicity and good performance.
By forming sum and differences between the signals received
by the four sub-arrays, three simultaneous patterns are used for
direction finding: the sum pattern (Σ), the elevation difference
pattern (Δe) and the azimuth difference pattern (Δa). The
system complexity and cost can be reduced by using the same
excitation (weight) vector for all three-patterns (see e.g. [1],
[2]), with only the sign differing when adding the far-field
contributions from each quadrant. In wideband applications,
180◦ hybrids are typically used to form the difference and
sum signals simultaneously. Note that classical monopulse
excitations (such as Taylor-Bayliss [4], where Taylor tapering
is used for the sum pattern and Bayliss tapering is used for
the difference pattern) is not possible here, since the same
excitation vector is used for all three simultaneous patterns.
The optimization problem of finding the common excitation
vector, which results in the best trade-off between both sum
and difference patterns, has previously been studied in [2], [5].

For airborne applications, there are usually strict mechanical
and thermal requirements on the radome shape, thickness and
materials, particularly for applications at supersonic veloci-
ties. Common radome designs are thin-shell radomes, λ/2
radomes, and sandwich radomes. In any case, radomes are

Fig. 1. (a) Illustration of array aperture of dimensions w × h divided into
four sub-arrays of dimensions w/2×h/2. The sub-array numbering is shown.
(b) BoR-array antenna with extended hemispherical radome, divided into
corresponding sub-arrays. Half of the radome is hidden to show the array
beneath.

non-ideal from an antenna perspective. It is well-known that
radomes have a degrading influence on the radiation patterns
of monopulse antennas, and thus on the accuracy of monopulse
systems, see e.g. [6]. When installing a radome on top of an
antenna, this usually increases the side-lobe level. This makes
the system more sensitive to jamming, ground and sea clutter,
and also reduces the quality of the guard function1. Based on
the above, there is a need for methods to compensate for the
negative effects caused by the radome.

Optimization algorithms are often implemented to optimize
the array factor (e.g. [2], [8], [9]), which relies on the usual
array approximation, where the individual antenna element
patterns are assumed to be equal. This approximation is valid
for large arrays where edge effects can be neglected, or arrays
with very low mutual coupling [4]. The usual array approxima-
tion is therefore valid for most monopulse radar arrays, which
typically contain more than one thousand elements [1]. In this
paper we are concerned with small array antennas used for
airborne ESM systems, where the usual array approximation
has some clear limitations. The radome effects as well as
mutual coupling and edge effects can be taken into account by
using active element patterns2 (AEP) when computing the far-
field sum [11]. AEPs have been used for sparse arrays [10],
where this enables mutual coupling effects to be taken into
account. AEPs have also been used for monopulse arrays in
[5]. The disadvantage in using AEPs is that, for an array of
N elements, this requires N full-wave simulations of the full

1The guard function is used to determine if an emitter is located within the
main lobe of the sum pattern, see e.g. [7].

2Also known as embedded element pattern (EEP), e.g. [10].



array with radome. With the progress in modern computational
electromagnetics, hardware and GPU computing, this is no
longer a significant restriction for small and mid-sized arrays.
Once the N AEPs have been computed, any excitation can
be considered as a post-processing step, thus enabling very
efficient optimization.

The paper is organized as follows. Section II presents the
considered BoR-array antenna, and shows the significance of
radome effects on the AEPs. Section III presents a convex
optimization approach to determine the optimal excitation
vector for the monopulse array, to compensate for radome
effects. In Section IV-A, we present simulation results for
the optimized array, in comparison with optimization without
the radome taken into account. The proposed method allows
the monopulse slope coefficient to be specified indirectly,
and we study the relation between the side-lobe level and
the monopulse slope coefficient in Section IV-B. Finally,
conclusions are presented in Section V.

II. RADOME EFFECTS ON THE ELEMENT PATTERNS

We present simulation results for a BoR-array antenna
designed following [12]. The BoR-array (Fig. 1(b)) consists of
8 × 6 antenna elements of vertical (ŷ) polarization. The total
array dimensions are w = 50 mm, h = 43 mm. The radome
is made from polymide quartz (εr = 3.2, tan δ = 0.006) of
uniform thickness of 7.5 mm. The radome outer shape is an
extended hemisphere (similarly to the extended hemispherical
lens, e.g. [13]), with diameter 90 mm and extension 34 mm.
The presented simulation results correspond to 20 GHz.

The AEPs �E
(v)
i (r̂) are computed for each antenna element

i using the finite integration technique (FIT) implemented in
CST Microwave Studio, with all other elements terminated in
50 Ω loads [11]. Fig. 2 depicts a comparison of the AEPs
of a central element and an edge element in the array in
Fig. 1, with and without the radome included in the simulation.
Note that the array consists of an even number of rows and
columns, whereby no element is perfectly centered in the
array. Because of this, even the “central element” as shown in
Fig. 2, has a slightly asymmetrical element pattern. The central
element has an amplitude pattern with very little “ripple”.
When introducing the radome, there is a significant increase
in the amplitude ripple. The edge element pattern has some
amplitude ripple even without the radome due to edge effects.
When adding the radome, there is additional ripple due to the
combination of radome effects and edge effects. The difference
between the AEPs with and without the radome is usually most
significant for the edge-elements for most radome types, since
this results in grazing incidence on the radome. The lower
part of the figure depicts the phase of the AEPs. Note the
significant phase shift caused by the radome, which varies with
angle. This shows that the usual array approximation of equal
element patterns is not very accurate for small array antennas
with radomes. Fortunately, by using AEPs, we can take these
effects into account in the optimization, as described below.

Fig. 2. Comparison of active element patterns with and without radome, in the
vertical plane at 20 GHz. Results are presented for a central element (black)
and an edge element (blue).

III. CONVEX OPTIMIZATION

The AEP is composed of co-polarization and cross-
polarization components according to �E

(v)
i (r̂) = Ei(r̂)n̂

(co) +
Ei(r̂)

(cross)n̂(cross). We have used Ludwig’s 3rd definition
[14] for n̂(co) and n̂(cross) in the implementation. We express
all element patterns with respect to the same system of
coordinates (see Fig. 1), such that the combined co-polarized
sum far-field corresponding to the excitation vector a is found
using

E(Σ)(r̂) =

N∑

i=1

aiEi(r̂) = E(r̂)T a. (1)

This formulation takes edge effects, mutual coupling, mis-
match, losses and radome effects into account, since all this
information is embedded in the AEPs [10], [11]. The AEPs
including radome effects are closely related to the installed
AEPs, which also include reflections in the aircraft [15].

As described above, the array is divided into four sub-arrays,
see Fig. 1(a). The excitation vector a is common for all three
patterns, with only the sign (±) differing when computing
the difference patterns. Let (A1, A2, A3, A4) be the set of
antenna element numbers corresponding to each sub-array. The
azimuth difference far-field is then computed as

E(Δa)(r̂) =
∑

i∈H1

aiEi(r̂) −
∑

i∈H2

aiEi(r̂) = E(r̂)T Saa, (2)

where H1 = A1 ∪ A3, H2 = A2 ∪ A4, and Sa is a
diagonal matrix indicating the sign. The elevation difference
pattern is found by analogy: E(Δe)(r̂) = E(r̂)T Sea. We are
interested in finding the excitation vector a which results
in the optimal trade-off for lowest side-lobes in all three
simultaneous patterns.

For sake of formulating a convex optimization problem, we
normalize the common excitation vector a with the constraint
E(r̂0)

T a = 1, where r̂0 = u0x̂ + v0ŷ + cos θ0ẑ is the
considered scan direction3. We also include the constraints
E(Δe)(r̂0) = E(Δa)(r̂0) = 0, to set the null of the difference
patterns in direction r̂0.

The side-lobe level is minimized in specified side-lobe
regions. We define ΩΣ, ΩΔe and ΩΔa to be the side-lobe

3As usual, u = sin θ cos φ and v = sin θ sin φ [4].



Fig. 3. Sampling of side-lobe regions ΩΣ, ΩΔa and ΩΔe, for boresight
radiation (u0 = v0 = 0). Only one quadrant is shown. Note that u2+v2 ≤ 1.

regions for the tree simultaneous patterns. We sample the
far-field amplitude of all patterns in a total of n points in
these regions, and collect the data in a vector s = Aa,
where A ∈ Cn×N . Each row of A is a vector containing
the N AEPs, evaluated in the sampled direction. Note that
s contains the co-polarized side-lobe levels. We therefore in-
troduce s(cross) = A(cross)a which contains the corresponding
cross-polarized side-lobe levels. Let B = [s, s(cross)], and
let d ∈ Rn be the vector of l2-norms of each row in B.
We set the objective to minimize the maximum side-lobe

f(a, �E(v)) = ||d||∞= maxi

√
|si|2+|s(cross)

i |2 for a set of
N known AEPs �E(v). Thus, we have the following convex
optimization problem:

(3)

min
a

f(a, �E(v))

subject to:
E(r̂0)

T a = 1

E(r̂0)
T Saa = E(r̂0)

T Sea = 0.

We solve (3) using the CVX convex optimization tool [16].
The convex optimization problem (3) is similar to that in

[9], with the following modifications:
(i) The optimization problem (3) is defined for three simul-
taneous monopulse patterns. We have introduced the require-
ments E(r̂0)

T Saa = E(r̂0)
T Sea = 0 to specify the zeros in

the difference patterns.
(ii) We have used the AEPs instead of using the array factor.
(iii) Cross-polarization is taken into account when evaluating
the side-lobe level cost.

IV. NUMERICAL RESULTS

A. Radome compensation

In this example, we used rectangular side-lobe regions in the
direction cosine (uv) space, due to the well-known observation
[4] that the main beam and side-lobes of a uniform rectangular
aperture have rectangular shapes in uv-space. Let Ω2 be the
unit disk and Ωm be the region of the main beam as specified
by Ωm = {(u, v) ∈ Ω2 | u

(Σ)
min ≤ u ≤ u

(Σ)
max, v

(Σ)
min ≤

v ≤ v
(Σ)
max}. Then ΩΣ = Ω2 \ Ωm. Similarly, ΩΔe and ΩΔa

are defined by the parameters u
(Δa)
min , u

(Δa)
max , u

(Δe)
min , u

(Δe)
max ,

v
(Δa)
min , v

(Δa)
max , v

(Δe)
min and v

(Δe)
max . The sampled side-lobe regions

are illustrated in Fig. 3. A total of n = 16 · 103 side-lobe
samples were used when computing A and A(cross), and it was
verified that the numerical results are not notably changed by
increasing or decreasing the number of samples.

To demonstrate the radome compensation, three cases with
corresponding optimal excitation vectors a(∗), a(wo) and a(af)

are considered. The excitation a(wo) was computed with the
AEPs for the BoR-array without the radome, while the radome
was included when computing a(∗). As a reference, a(af) is
determined for the array factor (without the radome), with the
idealized far-field element pattern Ei(r̂) = ejk�ri·r̂ [4]. All
other parameters remained unchanged.

We firstly consider the case when the array is steered to
boresight, i.e. u0 = v0 = 0. The side-lobe regions used for
this example are shown in Fig. 3. When using a(wo) for the
array without the radome, the side-lobe level is −20.0 dB.
When using a(wo) with the radome, the resulting side-lobe
level is −17.5 dB. This demonstrates the expected result that
installing the radome on an array which is not optimized for
that radome, will increase the side-lobe level. Fig. 4 shows the
far-fields of the BoR-array with radome in the horizontal plane,
evaluated with the excitation vectors a(∗), a(wo) and a(af). The
maximum side-lobe level in all side-lobe regions is −20.1 dB
for the excitation a(∗). The side-lobe levels corresponding to
a(af) and a(wo) (−16.6 dB and −17.5 dB) are higher than that
of a(∗) due to neglecting radome effects in the optimization.
This demonstrates that the radome increases the side-lobe level
of the array, but it is possible to compensate for this effect
by taking the radome into account in the optimization. In
summary, this first example demonstrates that the side-lobe
level can be reduced by 3.5 dB by using AEPs instead of
optimizing the array factor. In particular, we note that almost
the same side-lobe level (within numerical error of 0.1 dB) as
without the radome can be achieved even with the radome, if
the radome is taken into account in the optimization.

It is now interesting to compare a(∗) and a(af). The excita-
tion vector a(af) is shown in Fig. 5. This excitation exhibits
some amplitude tapering, both towards the array edges, but
also between the sub-arrays. In this sense, there are some
similarities with the tapered difference-pattern aperture field

Fig. 4. Optimized sum and difference patterns in the horizontal plane for the
BoR-array antenna with radome at 20 GHz. The results for three optimized
excitation vectors are presented here: a(∗), a(wo) and a(af). The sampled
side-lobe regions ΩΣ and ΩΔa are shown. Note that the curves for a(∗) are
everywhere below these marks, while the curves for a(wo) and a(af) are not,
which shows that the best side-lobe level is achieved for a(∗).



distributions described in e.g. [17]. Furthermore, since the
beam is steered to boresight in this example, the excitation
phase is expected to be zero across the aperture, which agrees
well with the numerical results in Fig. 5. The excitation a(∗) is
depicted in Fig. 6. Firstly, note that the amplitude tapering in
Fig. 6 puts more weight on the central elements. This could be
due to the low quality of the edge-elements. Other than that,
there are some similarities between the amplitude excitations.
The phase in Fig. 6 however differs significantly compared
Fig. 5. In Fig. 6, the phase varies between the elements to make
sure that, including the phase shift caused by the radome, the
element patterns add constructively in the scan direction for
the sum pattern, while adding destructively in the side-lobe
regions. It is particularly interesting to note that there is a set
of elements oriented in a ring, which have a significant phase
shift compared to the rest of the array. Such “rings” have not
been observed for a(wo). Finally, it is interesting to point out
that for the case of boresight radiation and symmetric side-lobe
constraints, there is symmetry in a(af), see Fig. 5. Meanwhile,
a(∗) has horizontal symmetry, but not vertical symmetry, see
Fig. 6. This is caused by the radome placement being slightly
off-center in the y-direction, due to mechanical considerations.

There is little difference in sum-pattern gain between the
three excitation vectors for boresight radiation considered in
Fig. 4. When scanning the beam on the other hand, a(∗)

results in the highest sum-pattern gain. The far-fields for
the scan direction θ0 = 20◦, φ0 = 0◦ are presented in
Fig. 7. The sum-pattern gain corresponding to a(∗) is 4.2 dB
higher as compared to the sum-pattern gain corresponding to
a(af). When comparing a(∗) and a(wo), there is only 0.7 dB
difference in realized gain, which indicates that the major part
of the observed gain reduction is due to edge-effects rather
than radome effects. This example shows that, by using AEPs
in the optimization, we can improve both the side-lobe level
and the sum-pattern gain in the scan direction. The difference

Fig. 5. Optimal aperture excitation a(af), optimized for the array factor at
20 GHz. Left: amplitude. Right: phase (◦).

Fig. 6. Optimal aperture excitation a(∗) for an array of BoR-elements with
radome (see Fig. 1) at 20 GHz. Left: amplitude. Right: phase (◦).

Fig. 7. Realized gain for BoR-array with radome, for the scan direction
θ0 = 20◦, φ0 = 0◦ at 20 GHz. The results for three optimized excitation
vectors are presented here: a(∗), a(wo) and a(af). Note that realized gain is
used here, whereas normalized gain is used in Fig. 4.

Fig. 8. Trade-off between maximal side-lobe level (calculated here as the
magnitude within the specified side-lobe regions, for all three simultaneous
patterns) and monopulse slope, at 20 GHz. Radome effects are included.

in gain appears to be more significant at larger scan angles.

B. Monopulse slope coefficient

By specifying the side-lobe regions ΩΣ, ΩΔa and ΩΔe, we
indirectly control the shape of the beams, the beamwidths of
the patterns and the monopulse slope coefficients. The azimuth
and elevation monopulse slope coefficients κa and κe are
defined as the slope in the ratio of received signals in the
difference and sum channels as a function of direction. Hence

κa =
∂(E(Δa)/E(Σ))

∂u
, (4)

under the assumption that the received signal is vertically
polarized, and that the same receiver gain is used for both
difference and sum channels. The slope coefficient is an
important parameter for the accuracy of the monopulse system
[1]. Fig. 8 depicts κa evaluated in the scan direction r̂0, for
different scan directions and different side-lobe region con-
straints. It is clear from Fig. 8 that there is a trade-off where a
higher monopulse slope coefficient results in higher side-lobes.
The trade-off relation is approximately linear. The theoretical
monopulse slope for a uniform array is κu = kw/4 = 5.19,
where k is the wavenumber and w is the array width (as
derived from [1]).



V. CONCLUSIONS

This paper has presented the effects of an extended hemi-
spherical radome on the performance of small monopulse
arrays used in airborne ESM systems. A convex optimiza-
tion approach (3), implemented with AEPs, is presented to
compensate for the radome effects. It was demonstrated that
introducing the radome increased the side-lobe level from
−20.0 dB to −17.5 dB. By taking the radome effects into
account in the optimization, it was demonstrated that a side-
lobe level of −20.1 dB could be achieved. Compared to
optimization carried out for the array factor, the optimization
with AEPs resulted in 3.5 dB lower side-lobe level. In addition
to improving the side-lobe level, the presented approach also
increases the sum-pattern gain in the scan direction.

There are several method to synthesize optimal monopulse
patterns in the literature, as described in Section I. The
here proposed method of compensating for the radome is
mainly depending on using AEPs, which therefore is the most
important property of (3). It is therefore expected that radome
compensation can be achieved with several optimization al-
gorithms, as long as AEPs are used. For future work, it is
of interest to investigate the robustness of this method with
respect to a wide bandwidth and implementation with discrete
phase states.
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